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1 Introduction

Many correspondences (multi-functions) exhibit some form of Lipschitz be-
havior. A classical example is what may be termed the inverse image corre-
spondence of a continuous linear surjection between Banach spaces: Let X
and Y be Banach spaces and 7' : X — Y a continuous linear surjection. We
define the inverse image correspondence ¢ : Y — 2% by o(y) := Ty} for
all y € Y. Tt is easily seen that a map 7 : ¥ — X is a selection of ¢ (mean-
ing 7(y) € p(y) for all y € Y) if and only if 7 is a right inverse of T. It is
well-known, by the Bartle-Graves Theorem (a version is stated as Theorem 5.1
in this paper), that there always exists a continuous selection of ¢. Modern
proofs of this version of the Bartle-Graves Theorem, e.g. |2 Corollary 17.67],
proceed through a straightforward application of Michael’s Selection Theorem
(stated in this paper as Theorem [2.1]).

By the Open Mapping Theorem, it can be seen that the correspondence ¢
is Lipschitz when 2% is endowed with the Hausdorff distance. Furthermore, the
correspondence ¢ also exhibits a form of pointwise Lipschitz behaviour. Again,
by the Open Mapping Theorem, it can be seen that there exists a constant
a > 0 so that, for any y € Y and x € ¢(y), the correspondence 1) : Y — 2%
defined by ¢(z) := p(2)N(z+a ||y — z|| Bx) for all z € Y, is non-empty-valued.
All selections 7 : Y — X of ¢ (continuous or not) will therefore be strongly
pointwise a-Lipschitz at y (by which we mean ||7(y) — 7(2)|| < a|ly — 2| for
all z€Y).

Even though the correspondence ¢ always exhibits some form of Lipschitz
behavior, an example devised by Aharoni and Lindenstrauss (cf. [I] and [3]
Example 1.20]) shows that it is however impossible establish the existence of
Lipschitz selections of inverse image correspondences in general. Godefroy and
Kalton gave a characterization of the continuous linear surjections between
separable Banach spaces admitting Lipschitz right inverses as exactly the ones
with continuous linear right inverses, and hence, as exactly those with com-
plemented kernels (cf. [9, Corollary 3.2]). However, this does not extend to
non-separable Banach spaces (cf. [I0, Section 2.2]). We also refer the reader
to the negative result [I2, Theorem 2.4] by Przestawski and Yost.

Still, the Lipschitz-like behaviour of the inverse image correspondence of a
continuous linear surjection between Banach spaces (and other related corre-
spondencesED raises the following question:

Question. Given the general Lipschitz-like behavior of the inverse image cor-
respondence p, as defined above, do there exist selections of ¢ that exhibit more
regularity than the mere continuity ensured by the classical Bartle-Graves The-
orem? More generally, is there a theorem for correspondences displaying such
Lipschitz-like behavior, akin to Michael’s Selection Theorem, asserting the ex-
istence of selections which exhibit more reqularity than mere continuity?

1 For example, for Banach spaces X,Y and a closed cone C' C X, consider the inverse
image correspondence of a continuous additive positively homogeneous surjection T : C' — Y

(cf. B)).



4 Miek Messerschmidt

We will give one positive answer to this question in this paper. Our main
goal in this paper is to prove a general Pointwise Lipschitz Selection Theorem
(Theorem. This result gives sufficient conditions under which a correspon-
dence always admits a continuous selection that is pointwise Lipschitz on a
dense set of its domain. Explicitly:

Theorem (Pointwise Lipschitz Selection Theorem). Let (M,d) be a met-
ric space and X a Banach space. Let o > 0 and let p : M — 2% be a non-
empty—, closed—, and convex-valued correspondence that admits local strongly
pointwise a-Lipschitz selections (as defined in Definition . If ¢ has a
(bounded) continuous selection, then, for every 5 > «, there exists a (bounded)

continuous selection of  that is pointwise -Lipschitz (as defined in Defini-
tion on a dense set of M.

The proof proceeds through a somewhat delicate inductive construction
which is performed in proving Lemma [3.2] There we prove the existence of a
uniform Cauchy sequence of continuous selections that are pointwise Lipschitz
on the points successively larger maximal separations of M (cf. Deﬁnition.
Each selection in this sequence is constructed as a slight adjustment of its
predecessor so as to be pointwise Lipschitz at more points. This is done while
also taking care that our adjustments do not disturb the predecessor where it
is already known to be pointwise Lipschitz. The limit of this sequence is then
shown to have the desired properties in the proof of Theorem We refer
the reader to Section [3l for further details.

The condition of admitting local strongly pointwise a-Lipschitz selections
required in the hypothesis of the above theorem is admittedly somewhat syn-
thetic. The reason for working with this condition in favor of a more natural,
more easily verified condition, is purely to abstract out the important features
required in the proof of Theorem [3.4] Yet, the critical reader may well raise the
question: Why should correspondences with this property even exist? In reply,
we introduce the more natural notion of “lower pointwise Lipschitz-ness” of a
correspondence (cf. Definition . Section [4is devoted to showing that being
lower pointwise Lipschitz is sufficient for a correspondence to admit strongly
pointwise Lipschitz selections. This allows us to prove versions of Theorem
in Corollaries and [£.6] which are slightly less general, yet slightly more
natural.

Corollary Let (M, d) be a metric space, X a Banach space and o > 0.
Let o : M — X be a closed— and convezr-valued lower hemicontinuous corre-
spondence that is lower pointwise (« + €)-Lipschitz for every € > 0. Then, for
any B > «, there exists a continuous selection of p that is pointwise B-Lipschitz
on a dense set of M.

If, additionally, there exists a bounded continuous selection of o, then,
for any B > «, there also exists a bounded continuous selection of ¢ that is
pointwise B-Lipschitz on a dense set of M.

Corollary Let (M, d) be a bounded metric space, X a Banach space and
a>0. Let o : M — X be a closed— and convex-valued lower hemicontinuous
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correspondence that is lower pointwise (a+¢€)-Lipschitz for every e > 0. Then,
for any B > «, there exists a bounded continuous selection of ¢ that is pointwise
B-Lipschitz on a dense set of M.

As an illustrative application, we establish the following slightly improved
version of the classical Bartle-Graves Theorem:

Theorem (Improved Bartle-Graves Theorem). Let X and Y be infinite
dimensional Banach spaces and T : X — Y a continuous linear surjection.
Then there exists a constant n > 0 and a positively homogeneous continuous

right inverse T : Y — X of T that is pointwise n-Lipschitz on a dense meager
set of Y.

We note that Theorem is, in some sense, optimal. To elaborate, in
general it is impossible to conclude that a selection yielded by Theorem is
pointwise Lipschitz on its entire domain M. Should this be the case in general,
a result adapted from Durand-Cartagena and Jaramillo [§, Corollary 2.4] in
combination with a result by Schéffer [I3, Theorem 3.5]E|, will show that an
inverse image correspondence will always admit a Lipschitz selection. This
however contradicts the above mentioned example devised by Aharoni and
Lindenstrauss of an inverse image correspondence that admits no Lipschitz
selection. We refer the reader to Section [6] for further details.

We give a brief outline of the organization of the paper.

In Section [2] we provide the notation and definitions used throughout this
paper. Some elementary preliminary results are also proven. Specifically, Sec-
tion [2.4] gives some quite elementary results on so-called separations in metric
spaces, and Section proves some basic results on pointwise Lipschitz func-
tions.

Section [3| will establish our main result, Theorem The proof of this
theorem is presented in two steps. Firstly, we give sufficient conditions for a
correspondence to have a uniform Cauchy sequence of continuous selections,
where the members of this sequence are pointwise Lipschitz on successively
finer separations (cf. Lemma . The second step analyses the limit of such
a Cauchy sequence of selections and shows the limit is a selection which is
pointwise Lipschitz on a dense set of its domain (cf. Theorem (3.4)).

In Section [4] we define the notion of lower pointwise Lipschitz-ness of a
correspondence (cf. Deﬁnition. This property is more natural than that of
admitting local strongly pointwise Lipschitz selections as required in the hy-
pothesis of Theorem Proposition [£.4] shows that lower pointwise Lipschitz-
ness of a correspondence is sufficient for Theorem [3.4] to be applicable to the
correspondence, and results in the somewhat more natural versions of Theo-
rem [3.4] in Corollaries 5] and [£.6]

We give an application of our Pointwise Lipschitz Selection Theorem in
Section [5| by establishing a slightly improved version (Theorem [5.2)) of the
classical Bartle-Graves Theorem.

2 Proven independently by the author and Wortel [IT, Theorem 3.6], while in ignorance
of Schéffer’s work.
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Finally, in Section [6] we briefly discuss the significance of an example de-
vised by Aharoni and Lindenstrauss to our results. Specifically, we argue why
Theorem is, in some sense, the best possible general Lipschitz selection
theorem one can hope to prove.

2 Preliminary definitions, results and notation
2.1 Notation for balls in metric spaces

For a metric space (M, d) with a € M and r > 0, we will denote the open and
closed balls with radius r about a respectively by

By (a,r) :={be M | d(a,b) <r},
By (a,r):={be M| d(a,b) <r}.

Let X be a normed space. We denote the open unit ball, closed unit ball
and unit sphere respectively by Bx, Bx and Sx. To aid in readability by
reducing nested parentheses, for £ € X and r > 0, we will sometimes write
z + rBx and x + rBx instead of Bx(x,r) and Bx(x,r). We will view any
subset of X as a metric space with the metric induced from the norm on X.

2.2 Spaces of functions

Let F' be a Hausdorff space and X a normed space. By C(F, X) we will denote
the normed space of all bounded continuous functions on F' taking values in
X, endowed with the uniform norm ||-|| . A standard argument shows that
C(F,X) is a Banach space whenever X is a Banach space. For any function
f:F— X and G C F, we denote the restriction of f to G by f|g: G — X.

2.3 Correspondences

Let A, B be sets. By a correspondence we mean a set-valued map ¢ : A — 28
and we will use the notation ¢ : A — B. We will say ¢ is non-empty-valued
(respectively, convez-valued or closed-valued) if ¢(a) is non-empty (respec-
tively, convex or closed) for all a € A (granted that these notions make sense
in B).

Let A and B be topological spaces and ¢ : A — B be any correspondence.
We will say that ¢ is lower hemicontinuous at a € A, if, for every open set
U C B satisfying p(a) N U # (), there exists some open set V > a satisfying
p(v)NU # 0 for all v € V. We will say that ¢ is lower hemicontinuous, if ¢
is lower hemicontinuous at every point in A. By a selection of ¢ we mean a
function f: A — B satisfying f(a) € (a) for all a € A.

We quote the following two well-known classical results that we will need
in later sections.
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Theorem 2.1 (Michael’s Selection Theorem [2, Theorem 17.66]). Let P be
a paracompact space and X a Banach space. Every non-empty—, closed— and
convez-valued lower hemicontinuous correspondence ¢ : P — X has a contin-
uous selection.

Theorem 2.2 (Stone’s Theorem [14, Corollary 1]). Every metric space is
paracompact.

2.4 Separations in metric spaces

In this section we give some basic definitions and results concerning separations
in metric spaces. Lemmas 2.4 and [2.5] are elementary verifications whose proofs
we omit.

Definition 2.3. Let (M, d) be a metric space. For r > 0, a set B C M will
be called an r-separation in M, if, for distinct a,b € B, we have d(a,b) > r.
We partially order the set of all r-separations in M by inclusion.

A straightforward application of Zorn’s Lemma will establish:

Lemma 2.4. Let (M,d) be a metric space. Let r > 0 and let B be an r-
separation in M. Then there exists a maximal r-separation in M containing
B.

Lemma 2.5. Let (M,d) be a metric space and let {r,} be any descending
sequence of positive real numbers that converges to zero. For each n € N, let
B, be a mazimal r,,-separation with B,_1 C B, (where we set By := (). Then

Unen Br is dense in M.

2.5 Pointwise Lipschitz maps

In this section we introduce the notion of pointwise Lipschitz functions.

Definition 2.6. Let (M, d) and (M’,d’) be metric spaces, « > 0 and f : M —
M’ any map.

1. We will say f is pointwise a-Lipschitz at b € M, if

limsup (r~"sup {d'(f(b), f(a)) | a € By(b,7)}) < a.

r—0t+

For aset S C M, we will say f is pointwise a-Lipschitz on S if f is pointwise
a-Lipschitz at every point of S.

2. We will say f is strongly pointwise a—LipschitzEI atbe M, if foralla € M,

d'(f(b), f(a)) < ad(b, a).

3 The term calmness also occurs in the literature [6, Section 1.3].
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The following somewhat technical lemmas will be needed in later sections.
In summary, Lemma [2.7] shows that we may replace closed balls with open
balls in the definition of pointwise Lipschitz-ness, and Lemma [2.8| shows that
pointwise Lipschitz-ness is preserved by homogeneous extensions of bounded
functions.

Lemma 2.7. Let (M,d) and (M’,d') be metric spaces and o > 0. For some
be M, a function f: M — M’ is pointwise a-Lipschitz at b if and only if

timsup (" sup {d'(f(5), /(@) | @ € Bu(b,)}) < o
r—0+
Proof. Let f be pointwise a-Lipschitz at b. Since By (b,r) C By (b, r) for all
r > 0, we have
limsup (r~" sup {d'(f(b). f(a)) | a € B(b,7)})
r—0+

< limsup (r~" sup {d'(/(8). £(a)) | a € Bas(b,7)})

r—0+
< a.

Conversely, let limsup, o+ (r~*sup{d'(f(b), f(a)) | a € Bps(b,7)}) < o
Let ¢ > 0 be arbitrary. Then there exists some s > 0 such that, for all » € (0, ),
we have

r~tsup {d'(f(b), f(a)) | @ € Bar(b,r)} < a+27 e
Let r € (0, s) be arbitrary. Then, for any x > 0 satisfying

k <min{2 tre(a+27te) " s — 1},

we have 0 < r 4+ k < s, and hence

U sup {d(£(b), £(a)) | a € Bar(b,r)}
< r tsup{d'(f(b), f(a)) | a € Br(b,r + K)}
=17 (r+K)(r + K) " sup {d'(f(b), f(a) | a € By (b, + k)}
<rr+r)(a+27)
<(a+27'e) +rr ta+27e)
1
<a+ 55 + 55
=a+te.

Since r € (0, s) was chosen arbitrarily, we obtain

:2)10) (r~'sup{d'(f(b), f(a)) | a € Bap(b,7)}) < +e.

Since € > 0 was chosen arbitrarily, we obtain

limsup (r~ " sup {d'(f(b), f(a)) | a € By(b,7)}) < a. O

r—0+
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Lemma 2.8. Let Y and X be normed spaces. Let y € Sy, B > 0, and let
p € C(Sy, X) be pointwise 3-Lipschitz at y. Then the positively homogeneous
extension p: Y — X of p, defined by

(2) = 0 ifz=0 (zeY)
PET Vel () e, T

is continuous and is pointwise (23 + ||g||oo)—Lipschitz on the set {\y € Y|\ >

0}.

Proof. That p is continuous is a straightforward exercise using reverse triangle
inequality and the boundedness of p.

Let € > 0 be arbitrary. Since p is pointwise 8-Lipschitz at y, there exists
some R € (0,1), such that, for all r € (0, R),

r~sup { HB(y) —B(x)H ’ z€By(y,r) NSy} < B+27"e

Let 2 € {\yeY | A>0} and s € (0,27 |2|| R) be arbitrary. For any
x € By (z,s), we note that x # 0, since s < ||z||. Furthermore,

1
el Iz ]

z T

[2ied

z x

1zl [I=l

T x

Izl ]l

N

|+‘ 11
ST N
Izl ]

]l = 1I=l]
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(&l
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Izl =l
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Therefore, for any € By (z, s), we have

z T
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(B4 121l
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e (p) - ete ()|
Il o <H2H> —ll=llp <|i||> H

=l <||z||> ~ Izl (nﬁn) H
— szl o (””> -p (nin)
v et et o (75|
" <||§||> ) (Hin) +57 2~ al |lo]l.

<2 (”2:|>1 ply)—p (x)‘ +s57 s lel

|||
<20B8+27"¢) +|lp|l
=28+ ||p|| . +e

and hence,

s lp(2) = pla)]| = 57"

< st

4571

Since s € (0,271 ||z|| R) was chosen arbitrarily, we obtain

sup (5‘1 {llp(z) = p(2)| | = € By(z,s)}) <28+ HBHOO +e.
s€(0,271|z||R)

Since € > 0 was chosen arbitrarily, we have

timsup (1~ { () — p(@)l| | € By (2,7)}) <28+ || _ -

r—0+

Finally, since z was chosen arbitrarily from {\y € Y | A > 0}, we conclude that
p is pointwise (26 + HBHOO)—LipSChitz on {Ay €Y | A> 0} O

3 Main result: A Pointwise Lipschitz Selection Theorem

In this section we will prove our Pointwise Lipschitz Selection Theorem (The-
orem [3.4]).

For the sake of brevity and clarity of the proof, the results in this section is
stated under the somewhat synthetic assumption of a correspondence admit-
ting local strongly pointwise Lipschitz selections. Section [4] introduces a more
natural property which we call lower pointwise Lipschitz-ness which allows for
the statement of more natural versions of Theorem 341

Definition 3.1. Let o > 0 and (M, d) and (M’,d’) be metric spaces and let
be M.Let ¢o: M — M’ be a correspondence. We will say that ¢ admits local
strongly pointwise a-Lipschitz selections at b if, for every y € ¢(b), there exists
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some open neighborhood U C M of b and a continuous selection f : M — M’
of ¢ satisfying f(b) = y with the restriction f|y : U — M’ strongly pointwise
a-Lipschitz at b (as defined in Definition .

We will say ¢ admits local strongly pointwise a-Lipschitz selections, if it
admits local strongly pointwise a-Lipschitz selections at every point of M. If
we may choose the neighborhood U as the whole space M, we will omit the
‘local’” modifier, by saying ¢ admits strongly pointwise «-Lipschitz selections
(at b).

With this definition in hand, we can turn toward establishing our Pointwise
Lipschitz Selection Theorem (Theorem [3.4). The proof is somewhat delicate
and is split into two parts. We briefly describe the argument employed:

The first and most technical part is given in the proof of Lemma[3.2] Given
a non-empty— and convex-valued correspondence that admits local strongly
pointwise Lipschitz selections, we start with any continuous selection fy of
this correspondence. We inductively construct a sequence of selections {f,}
of the correspondence in such a way that, for each n € N, the selection f, is
pointwise Lipschitz at more points than its predecessor in the sequence f,_1.
This is achieved by making subtle adjustments to f,_1. It is necessary to use
a delicate hand in the construction of f, from f,,_1 to ensure that one does
not disturb f,,_1 at the points where it is already pointwise Lipschitz. We
do this by carefully adjusting a selection in the sequence only at points that
form part of a sequence of successively finer maximal separations (denoted
by {B,} in Lemma . This process yields precise control over the distance
from the points where f,,_; is already pointwise Lipschitz and points where it
is safe to adjust f,,_1. We exploit this control together with a standard par-
tition of unity argument and the assumption that the correspondence admits
strongly pointwise Lipschitz selections to then carefully adjust f,—1 to form
its successor fi,.

The second part is given in the proof of Theorem Using a sequence of
selections of the correspondence { f,,}, as obtained from Lemma it is easily
seen that this sequence is uniform Cauchy and hence converges to a continuous
selection of the correspondence. The bulk of the proof of Theorem [3.4] is a
verification of the properties of the limit of this sequence, in particular that it
is pointwise Lipschitz on a dense set of its domain.

Lemma 3.2. Let (M,d) be a metric space and X a normed space. Let o > 0
and ¢ : M — X be a non-empty— and convez-valued correspondence that
admits local strongly pointwise «-Lipschitz selections (as defined in Defini-
tion , Then, for every e > 0 and any continuous selection fo of v, there
exists a sequence of continuous functions {f, : M — X} and a sequence of
subsets {B,} of M such that, for every n € N:

1. The set B,, is a mazimal 27("71)—sepamti0n in M with B,_1 C B, (where
we take By :=10).

2. The function f, is a continuous selection of p. If fy is bounded, then so is

-
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3. We have sup,e s || fn(a) — fn—i(a)|| < 27"e.
4. The function f, is pointwise a-Lipschitz at every point of B,,.

5. For every b € B,\B,_1 there exists a number Jén) > 0 so that, for every
a € By (b,6™), we have || fn(b) — fala)|| < ad(b,a).

6. For any k € {1,...,n— 1} and b € By, the function f, coincides with all
the functions frn—1,..., fx on Bar(b,27™), that is,

falBa2-7) = fac1lBy 2y = - = frlByo2-7)-

Proof. Let &€ > 0 be arbitrary. Let By := () and let fo : M — X be a continuous
selection of .

We proceed inductively. Let n € N be arbitrary, and assume that the
functions fi,... fn—1 and the sets Bi,..., B,_1 have been defined to satisfy
(1)-(6) in the statement of the result. We will construct f,, : M — X and B,,.

Firstly, by Lemma there exists a maximal 2~ ("~D_separation in M,
denoted by B,, satisfying B,_1 C B,,.

For every b € B,\B,_1, by our assumption of ¢ admitting local strongly
pointwise a-Lipschitz selections, there exists some 7, > 0 and a continuous
selection g, : M — X of ¢ satisfying g,(b) = fn—1(b) with the restriction
9b|B s (b,r,) Strongly pointwise a-Lipschitz at b. In particular, g, is pointwise
a-Lipschitz at b. The map M > a — ||fn—1(a) — gs(a)|| is continuous, hence
there exists some 5,§n) > 0 with 615") < min{2= Y r,} such that, if a €

By (b, 26", then

[ fa-1(@) = gol@) = lfa-1(0) = b (B)]| < 27

But, since f,,—1(b) = g»(b), we have ||fn—1(a) — gp(a)|| < 27 "¢ for every a €
By (b, 26™).
We define the collections

U= {BM(b, 26{") ‘ be Bn\Bn,l} and C := {BM(b, ™) ‘ be Bn\B,H}.

(n=1)_separation in M and, for every b € B,,\B,_1, we have

Since B, is a 2~
5l§") < 2=(+1) “the elements of I are pairwise disjoint. Similarly, the elements
of C are pairwise disjoint. Furthermore, it can be seen that UC is closed (see
[7, 111.9.2]).

We define V := U U {M\ UC}, which is an open cover of M. Since M
is paracompact (cf. Theorem , there exists a locally finite partition of
unity {pv | V € V} subordinate to V [7, Theorem 4.2, p.170]. For V € V, if
V = M\UC, we define hy := fo_1. If V = By (b, 26.™) for some b € B,\By_1,
we define hy := gp. Finally, we define f, : M — X as

fala) =Y pr(@hy(a) (ae M),

vey
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Since ¢ is convex-valued, and, for every V' € V), the function hy is a continuous
selection of ¢, we have that f,, is a continuous selection of .

We claim that sup,e s || fro1(a) — fn(a)|| < 27"e. Let a € M be arbitrary.
We distinguish two cases: Firstly, if @ ¢ U, then a € M\ UC and therefore
| fn=1(a) — fn(a)]| = 0. Secondly, if a € U, then, since the elements of U are

disjoint, there exists a unique b € B,,\ B,,—1 so that a € B (b, 2(515”)) =:V and
hy = gp. Then, with W := M\ UC, we have hyy = f,,—1. By definition of 6§n),
we see that

fo-1(a) = fl@)ll = | fa-1(@) = > pula)hu(a)

Ue{Vv,W}
lov(@)] || fn—1(a) — hv(a)]|
+low (@) [ fn-1(a) — hw(a)]|
< lfn-1(a) = go(a)

< 27 e,

IN

establishing our claim that sup, ¢/ || fn—1(a) — fn(a)|| < 27 "e. If fy is bounded,
then f,_1 is bounded by assumption, and hence it is clear that f, is also
bounded.

We notice, by construction, for every b € B,,\B;,,—1 we have By (b, 61(7")) N
(M\ UC) = 0. Therefore fn|BM(b15£n)) = gb‘IBM(b,Jé"))' ) < 1y, the

restriction gb|BM(b 5™ is strongly pointwise a-Lipschitz at b, and hence, the
%

Because 55”

map f, is pointwise a-Lipschitz at b.

Again by construction, for any k € {1,...,n — 1} and b € By C B,_1,
we have By (b,27™) N (UU) = 0 so that filg,, b,2-7) = fn1lBy (b,2-7)- Since
fn—1 was assumed to be pointwise a-Lipschitz at b, so is f,. Furthermore, if
k < n —1, by our initial assumption, we have

fr—1lBy b2--0y = fo—2lBy b2~y = -+ = frlBy (b2,
and since By (b,27") € By (b,27 V), we conclude

TnlBa b2 = facileu 2y = - = frlBy .2 O

Remark 3.3. With {f,} and {B,} as constructed in the previous lemma, we
note, for every b € |,y Bn, the sequence {f,(b)} C X is eventually constant.
Specifically, if for some n € N, we have b € B,,, then f,,(b) = f,(b) for all
m > n. We will use this fact in the proof of Theorem

Theorem 3.4 (Pointwise Lipschitz Selection Theorem). Let (M,d) be a met-
ric space and X a Banach space. Let « > 0 and let ¢ : M — X be a non-
empty—, closed—, and convex-valued correspondence that admits local strongly
pointwise a-Lipschitz selections (as defined in Definition . If ¢ has a
(bounded) continuous selection, then, for every B > «, there exists a (bounded)
continuous selection of  that is pointwise B-Lipschitz (as defined in Defini-

tion on a dense set of M.
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Proof. Let fo : M — X be a continuous selection of ¢ and let 3 > « be
arbitrary. Define ¢ := 37}(8—a) > 0, and with this ¢ and fo, let {f,} and {B,,}
be as obtained from Lemma Since the family of sequences {f,(a)} C X
are uniformly Cauchy with respect to a € M, a standard exercise shows that
the pointwise limit f : M — X defined by f(a) := lim, 0 fn(a) for alla € M
is continuous. Since ¢ is closed-valued, and each f;, is a continuous selection of
, the limit f is also a continuous selection of ¢. If fj is bounded, the sequence
{fn} is Cauchy in the Banach space C(M, X), and hence the limit f is also
bounded.

We let B := |J,,cy Bn, and by Lemma the set B is dense in M. We
claim that f is pointwise S-Lipschitz on B.

Let b € B be arbitrary. Let N € N be the least number such that b € By.
With 51()N) > (0 as obtained from Lemma@, let K € N be the least number
satisfying K > N and 27X < 51()N). Let 7 € (0,27%) be arbitrary, and let
n € N be such that n > K and » € [27("+) 277 Let y € Bys(b,7) be
arbitrary. If y = b, then r=1 || f(b) — f(y)|| = 0. On the other hand, if y # b,
since By (b, 7) is open and f is continuous, there exists some § > 0 such that
both Bas(y,0) C Bas(b,r), and || f(y) — f(z)|| < re for all € Bps(y,0). By
the density of B in M, there exists some ¢ € Bys(y,d) N B. Let m > n be such
that c € By,.

Now, by construction of the sequence {f,} in Lemma[3.2] (cf. Remark [3.3)),
we have f(b) = f,(b) and f(c) = fi(c), and

TnlBy b,2-7) = fac1lBy b2y = -+ = INIBr (b2 7)-
Furthermore, since
¢ € Bar(y.8) C Bas(b,r) € Bar(b,27") C Bas (b, 8y),

again by Lemma[3.2] we have || fx (b) — fn(c)|| < ad(b,c) < ar. Finally, keep-
ing in mind that sup,c,; ||f5(a) — fi—1(a)|| < 279¢ for all j € N, and that
r > 2=+ we obtain

rHIF) = FW)

< HIfO) = F@I T () = FW)l

= f0) = fle)l +r7 e

= fa(®) = ()] +e

< (®) = fall + | 7 Z 1fj-1(e) = fi()l | +¢
Jj=n-+1

<R — f@l+ [ 3 2 | 4
Jj=n-+1

< fu(B) = fu(O)|| + 27127 £
=71 fn(b) — Fnle)]| + 3e
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<r~tad(b,c) + 3¢

<rra+3e
=a+p—a.
:/B'

Since y € By (b,r) was chosen arbitrarily, we have

r~ sup {[1£(0) = fF)Il |y € Bar(b,r)} < B.

But 7 € (0,27%) was also chosen arbitrarily, and therefore

lim sup (7’71 sup{ || f(0) — fW)| |y € BM(b,T)}) <pB.

r—0t+

By Lemma[2.7] the function f is pointwise S-Lipschitz at b € B. Finally, since
b € B was chosen arbitrarily, we conclude that f is pointwise S-Lipschitz on
B which is dense in M. O

Remark 3.5. We point out that a function that is pointwise a-Lipschitz for
some a > 0 on a dense set of its domain is not necessarily pointwise 5-Lipschitz
for some 8 > 0 on the whole of its domain. The Cantor function [I5, Exercise
1.6.48], which maps [0, 1] to [0, 1], is pointwise 0-Lipschitz on the complement
of the Cantor set (which is dense in [0, 1]), while it is not pointwise a-Lipschitz
for any a > 0 on the whole interval. An easy way to see this is to apply
Theorem noting that the Cantor function is not Lipschitz, while [0, 1] is
a length space (cf. [4, Definition 2.1.6]).

4 Lower pointwise Lipschitz correspondences

The condition of a correspondence admitting local strongly pointwise Lipschitz
selections in the hypothesis Theorem is admittedly somewhat synthetic. In
this section we will show that a more natural condition, which we call “lower
pointwise Lipschitz-ness” of a correspondence, is a sufficient condition for a
correspondence to admit local strongly pointwise Lipschitz selections.

Definition 4.1. Let (M, d) be a metric space, X a normed space, and o > 0.
A correspondence ¢ : M — X will be said to be lower pointwise a-Lipschitz
at b e M, if, for every y € p(b) and a € M, the set

p(a) N (y + ad(b,a)Bx)

is non-empty. We will say that ¢ is lower pointwise a-Lipschitz if it is lower
pointwise a-Lipschitz at every point of M.

The following few results are fairly straightforward in nature, if somewhat
technical. Our aim is to prove Proposition [£.4] which gives sufficient condi-
tions for a correspondence to admit strongly pointwise Lipschitz selections.
The bulk of the work is done in Proposition which establishes the lower
hemicontinuity of a certain correspondence derived from one that is assumed
to be lower pointwise Lipschitz. A straightforward application of Michael’s
Selection Theorem will then establish Proposition [.4]
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Lemma 4.2. Let X be a normed space. Let « > 0, x € X and G C X be a
convex set such that, for everye > 0, the set GN(x+ (a+¢)Bx) is non-empty.
If, for an open set U C X and some g9 > 0, the set GN(x + (e +¢9)Bx)NU
is non-empty, then G N (x4 (a4 ¢€9)Bx) NU is also non-empty.

Proof. Let U C X be open and gy > 0 such that GN(z+ (a+¢£9)Bx)NU # 0.
Let y € GN(xz+ (a+e9)Bx)NU. If y € 2+ (a+¢0)Bx, then we are done. We
therefore assume that y € 2+ (a+¢£¢)Sx. Let z € GN(z+(a+271g9)Bx) # 0.
Then, for every t € (0, 1],

Itz+ (1 =ty —z|| = |tz + (1 = t)y — te — (1 — t)x]|
Stllz—a+ (1 =t)|ly —
<tla+27"g0) + (1 —t)(a+2)
<tla+eg)+ (1 —t)(a+ep)
= (a+&op).

In other words, tz+ (1—t)y € 4+ (a+e)Bx for all t € (0,1]. Since [0,1] 5 t —
tz+(1—t)y is continuous, there exists some to € (0, 1] such that tgz+(1—tg)y €
U. Since G is convex, toz + (1 — t9)y € G. We conclude toz + (1 — to)y €
GN(z+ (a+e9)Bx)NU. O

Proposition 4.3. Let (M, d) be a metric space, X a normed space and o > 0.
Let a € M and let ¢ : M — X be a convex-valued lower hemicontinuous
correspondence that is lower pointwise (o + €)-Lipschitz at a € M for every
e > 0. Then, for every y € ¢(a) and € > 0, the correspondence ¢ : M — X,
defined by

P(0) == ¢(b) N (y + (v +€)d(a,0)Bx) (b€ M),
is lower hemicontinuous. Moreover, 1 is convex— and non-empty-valued.

Proof. Let y € ¢(a) and € > 0 be arbitrary and let ¢ : M — X be as defined
in the statement of the result. That 1 is convex-valued is immediate. That
is non-empty-valued, follows from ¢ being lower pointwise (« + ¢)-Lipschitz at
a€e M.

We first show that ¢ is lower hemicontinuous at a. Let U C X be an
open set satisfying (a) N U # (. Since ¥(a) = {y}, we have y € U. Let
r > 0 be such that y + rBx C U. Since ¢ is lower hemicontinuous, there
exists some neighborhood V' C M of a so that b € V implies that ¢(b) N
(y+mBx) # 0. Let 0 < s < (a+ &)~ r be such that Bys(a,s) C V. Fix any
b € Bas(a, s). Since ¢ is lower pointwise (a + €)-Lipschitz at a € M for every
e > 0, the set ¥(b) is non-empty, and hence there exists some z € ¢(b). But
2z € (y+ (a+¢)d(a,b)Bx) C y+ rBx C U. Therefore (b)) NU # @ for all
b € Bys(a, s). We conclude that ¢ is lower hemicontinuous at a.

Let ¢ € M\{a} be arbitrary. We claim that ¢ is lower hemicontinuous
at c. Let U C X be an open set satisfying 1(c) N U # (. Since ¢ is lower
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pointwise (« + ¢)-Lipschitz at a € M for every € > 0, by Lemma the set
p(c) N (y + (a+¢€)d(a,c)Bx) N U is non-empty. Let

z€ple)N(y+ (a+e)d(a,c)Bx)NU,
and choose r > 0 satisfying both 0 < r < (a + €)d(a,¢) — ||y — z|| and
z+1rBx C (y+ (a+¢e)d(a,c)Bx)NU.

Since ¢ is lower hemicontinuous, there exists some neighborhood V' C M
of ¢, such that b € V implies ¢(b) N (z +rBx) # 0. By definition of 7, we have
(a+e¢)d(a,c) — |ly — z|| — r > 0, hence we choose s > 0 to satisty both

0<s<dlac)—(a+e)z—yl—(ad+e)tr
and By (¢, s) C V. Then, for b € Bys(c, s), by the reverse triangle inequality,

(a+e)d(a,b) > (a+e)d(a,c) — (a+e)d(b,c)

> (a+e)d(a,c) — (a+¢)s

> (a+e)d(a,c) — (a+e)da,c) + |z —y[ +r
|

2=yl +7

Hence, for b € Bys(c, s) and any w € z + rBx,

lw =yl < flw—z]+1z -yl
<r+|lz =yl
< (a+¢)d(a,b),

so that (z +rBx) C (y + (o + ¢)d(a,b)Bx) for all b € Bys(c, s). By definition
of V, for any b € By(c,s) C V, there exists some 2’ € (z + rBx) N o(b) # 0.
But then 2’ € (z +rBx) C U and

€ (2 +7Bx) C (y+ (@ +2)d(a,b)Bx) C (y+ (o +£)d(a, b)Bx),

so that 2’ € ¥(b)NU. Hence ¥(b)NU # () for every b € By(c, s), and therefore
1) is lower hemicontinuous at c.
We finally conclude that v is lower hemicontinuous. O

Proposition 4.4. Let (M,d) be a metric space, X a Banach space and o > 0.
Let ¢ : M — X be a closed— and convezr-valued lower hemicontinuous corre-
spondence that is lower pointwise (« + €)-Lipschitz for every € > 0. Then, for
every € > 0, the correspondence ¢ admits strongly pointwise (o + €)-Lipschitz
selections.

Proof. Let € > 0, b € M and y € (b) be arbitrary. By Proposition the
correspondence v : M — X, defined by

P(a) = pla) N (y+ (a+e)db,a)Bx) (a€ M),
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is lower hemicontinuous, as well as being closed—, convex—, and non-empty-
valued. Since M is paracompact by Stone’s Theorem (Theorem , by ap-
plying Michael’s Selection Theorem (Theorem , there exists a continuous
selection f : M — X of . By definition of 1, the function f is also a contin-
uous selection of ¢. Furthermore, f is strongly pointwise (a + €)-Lipschitz at
b € M and satisfies f(b) = y.

Since e > 0, b € M and y € ¢(b) were chosen arbitrarily, we conclude that
 admits strongly pointwise (« + €)-Lipschitz selections for every e > 0. [

Easy applications of Proposition [f.4] and our Pointwise Lipschitz Selection
Theorem (Theorem yield the following two corollaries. Compared to The-
orem these two corollaries give more natural (but less general) sufficient
conditions on a correspondence for the existence of a continuous selection that
is pointwise Lipschitz on a dense set of its domain.

Corollary 4.5. Let (M,d) be a metric space, X a Banach space and o > 0.
Let ¢ : M — X be a closed— and convez-valued lower hemicontinuous corre-
spondence that is lower pointwise (« + €)-Lipschitz for every € > 0. Then, for
any B > «, there exists a continuous selection of p that is pointwise 5-Lipschitz
on a dense set of M.

If, additionally, there exists a bounded continuous selection of o, then,
for any B > «a, there also exists a bounded continuous selection of ¢ that is
pointwise B-Lipschitz on a dense set of M.

Proof. Since ¢ is lower pointwise (a+¢)-Lipschitz, it is also non-empty valued.
By Michael’s Selection Theorem (Theorem © has a continuous selection.
Let B > a and define € := 27!(3 — «). By Proposition the correspondence
¢ admits strongly pointwise (« + ¢)-Lipschitz selections. We note that a+¢ <
a + 2¢ = (. Then, by Theorem there exists a continuous selection of
o that is pointwise S-Lipschitz on a dense set of M. Furthermore, if ¢ has a
bounded continuous selection, Theorem [3.4] ensures the existence of a bounded
continuous selection of ¢ that is pointwise S-Lipschitz on a dense set of M. O

Corollary 4.6. Let (M,d) be a bounded metric space, X a Banach space and
a>0. Let p: M — X be a closed— and convex-valued lower hemicontinuous
correspondence that is lower pointwise (a+¢€)-Lipschitz for every € > 0. Then,
for any B > «, there exists a bounded continuous selection of ¢ that is pointwise
B-Lipschitz on a dense set of M.

Proof. Let e > 0 be arbitrary. By Proposition[4.4] the correspondence ¢ admits
strongly pointwise (a+¢)-Lipschitz selections. I.e., for any b € M and y € (b),
there exists a continuous selection f of ¢ that is strongly pointwise (a + €)-
Lipschitz selection at b. Since M is bounded, this selection f is a bounded
continuous selection of ¢. Applying Corollary [£.5 yields the result. O
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5 Application: An improved Bartle-Graves Theorem

We recall the following version of the classical Bartle-Graves Theorem:

Theorem 5.1 (Classical Bartle-Graves Theorem [2, Corollary 17.67]). Let
X and Y be Banach spaces. Fvery continuous linear surjection T : X — 'Y
has a continuous (and positively homogeneous) right inverse T:Y — X (i.e.,
Tor=1idy).

In this section we leverage our Pointwise Lipschitz Selection Theorem (The-
orem to establish a slight improvement of the classical Bartle-Graves The-
orem. Since the case where Y is finite dimensional is trivial (because the kernel
of T is then complemented), we restrict ourselves to the infinite dimensional
case. In Theorem we show that the map 7 in the above theorem can, in
fact, be chosen to be pointwise Lipschitz on a dense set of Y. The construction
of this dense set, through application of Theorem yields a meager set.

The proof of Theorem [5.2]is essentially a straightforward verification of the
lower pointwise Lipschitz-ness of the inverse image correspondence (restricted
to the unit sphere of the codomain). This allows us to apply Corollary to
complete the proof.

Theorem 5.2 (Improved Bartle-Graves Theorem). Let X and Y be infinite
dimensional Banach spaces and T : X — Y a continuous linear surjection.
Then there exist a constant n > 0 and a positively homogeneous continuous

right inverse 7 : Y — X of T that is pointwise n-Lipschitz on a dense meager
set of Y.

Proof. By the Open Mapping Theorem, there exists some v > 0 such that
By C T(Bx). We define the correspondence ¢ : Sy — X by o(y) :== T~ {y}
for y € Sy. It is clear that ¢ is non-empty—, closed—, and convex—valued.

We claim that ¢ is lower hemicontinuous. Let y € Sy be arbitrary and
U C X an open set satisfying p(y) NU # 0. Let € p(y) NU be arbitrary and
let » > 0 be such that © + rBx C U. Let z € Sy N (y + ryBy) be arbitrary.
Define 2’ := z — y so that 2z’ € ryBy. Then there exists some z’ € rBx such
that Ta’ = 2/, and hence T'(¢' + z) = 2/ +y = z —y + y = z. Therefore
xz+ 2 € p(z)N(x+ rByx), so that, for any z € Sy N (y + ryBy ), we have
©(z) NU # 0. We conclude that ¢ is lower hemicontinuous.

Let € > 0 be arbitrary and set o := 7~ 1. We claim that ¢ is lower pointwise
(a+¢)-Lipschitz. Let y € Sy and = € ¢(y) be arbitrary. For any z € Sy, define
2=z —y. Then 2’ € (1 +¢7) ]z —yl|By. Let 2’ € v~ ' (1 +e7) |2 — y[ Bx
be such that T2’ = z’. Then T(x + ') = y+ 2 = y+ 2z —y = z, so that
z+1x € p(z). Bt ' € (a+¢)|z—y||Bx C (a+¢)|z—y|Bx. Hence
e(z)N(z+ (a+e) ||z — y|| Bx) # 0, and we conclude that ¢ is lower pointwise
(o + €)-Lipschitz for every € > 0.

Let 5 > «a. By Corollary there exists a selection 7 € C(Sy,X) of
the correspondence ¢ that is pointwise S-Lipschitz on a dense set of Sy. We
denote this dense set by B C Sy, which, by construction is meager (see the
proof of Theorem H where B is constructed as |J, oy Bn, with B, being a
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2_(”_1)—separation for each n € N. Since Sy was assumed to not be discrete,
the set B, is nowhere dense in Sy for each n € N).

It is straightforward to see that B’ := {Ab| A >0, b € B} is dense and
meager in Y. By Lemma[2.8] the positively homogeneous extension 7: Y — X
of 7 is pointwise (28 + ||z )-Lipschitz on B’. Setting n := 28 + ||z[|,, and
noting that 7 is a right inverse of T' completes the proof. O

6 An example of Aharoni and Lindenstrauss

The following example, devised by Aharoni and Lindenstrauss [I], shows that
continuous linear surjections between Banach spaces need not have Lipschitz
or even uniformly continuous right inverses in general.

Example 6.1. Let D denote the space of all bounded real-valued functions on
[0, 1] that are right continuous at every point of [0, 1], whose left limit exists at
every point of [0, 1], and with discontinuities only occurring at rational num-
bers. We endow D with the uniform norm ||-|| . Let C([0,1]) € D denote the
closed subspace of all continuous real-valued functions on [0, 1]. The quotient
map ¢ : D — D/C([0,1]) has no Lipschitz (even uniformly continuous) right
inverse. We refer the reader to [I] or [3, Example 1.20] for proof of this fact.

Our improved Bartle-Graves Theorem (Theorem shows that the quo-
tient map ¢ has a continuous positively homogeneous right inverse that is
pointwise n-Lipschitz for some 7 > 0 on a dense meager set of D/C([0,1]).
That the quotient map ¢ does not admit a Lipschitz right inverse shows that
our Pointwise Lipschitz Selection Theorem (Theorem cannot be improved
to a general result which may yield a selection that is pointwise Lipschitz on
the whole of its domain:

We first quote the following result by Schéffer [I3, Theorem 3.6]:

Theorem 6.2. The unit sphere of every normed space is bi-Lipschitz homeo-
morphic to a length space (cf. [§l, Definition 2.1.6]).

Next, a straightforward adaptation of a result due to Durand-Cartagena
and Jaramillo [8, Corollary 2.4] yields the following result:

Theorem 6.3. Let X be a normed space. If a metric space (M,d) is bi-
Lipschitz homeomorphic to a length space, then every function f : M — X
that is pointwise a-Lipschitz for some o > 0 on the whole of M s, in fact,
Lipschitz.

Returning to Example with the correspondence ¢ : Sp,c(jo,1)) = D
defined by ¢(z) := ¢ t({z}) for all z € Sp/c(o,1)), should there exist a selec-
tion of ¢ that is pointwise a-Lipschitz on the whole of Sp /¢ ((0,1]), we could be
able to conclude that such a selection is Lipschitz by Theorems and
The positively homogeneous extension f would then be a Lipschitz right in-
verse of ¢, contradicting Aharoni and Lindenstrauss’ observation that no such
map exists.
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