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Abstract

The Discrete Pulse Transform (DPT) is a nonlinear decomposition of a signal and extracts the
structures in a signal at discrete scale levels. This study models the image structure extracted using
the DPT as connected components. For this purpose, the Matérn cluster process is being used as it
mimics the pulses of the DPT as clusters. In this paper it is applied to a marine image. Inhomogeneity
of the pattern is dealt with by means of the fitted intensity. The model residuals exhibited the same
pattern as the original image, and a refit resulted in residuals without pattern. The study concludes
that the Matérn cluster model well fits the pulses obtained using the DPT and is well able to model
the wave pulses of the ocean surface as clusters. This type of hierarchical cluster modeling presents
interesting opportunities for simulations via conditioning.

Keywords: Discrete Pulse Transform, Matérn cluster process, Spatial modelling, inhomogeneity,

LULU operators, big spatial data

1. Introduction

With modern sensors, images of an increasing size are being obtained. This applies to both images
taken from satellites as well as for images taken by professional and handheld devices. A common use
of images is automatic object recognition. LULU theory for images [I] has been developed in the past
and has by now found a general acceptance. It has found a particular place in segmentation and object
detection, whereas its potential to use it for noise removal has been reported in [2, 3[4 B]. Refinement
of applications, however, is still very much at large. The LULU operators L,, and U,, at discrete scale
n, are smoothers operating in Z¢ using maximum and mimimum operations iteratively. For the case
d = 2 the smoothing of images specifically is attained. They are nonlinear smoothers and have many

useful smoothing properties [1J.

*Corresponding author
Email address: inger.fabris-rotelli@up.ac.za (Alfred Stein)

Postprint submitted to Spatial Statistics July 19, 2018



15

20

25

30

35

Various types of images contain longitudinal objects. One may think of images taken from the
sea, where waves are clearly visible, or images taken in a forest, satellite images focusing on natural
objects like roads and dykes [6] and incisions in several types of medical images. On all such images,
it is important to separate the objects, be it waves, trees, geological faults or human texture elements
from their background. In addition, their relative positioning is important, which we will model as the
pattern of objects.

In this paper we focus specifically on marine images where the question is to identify waves as
objects. A water surface is relatively complicated as the angle of view requires one to incorporate a
change in scale with the texture as we move towards pulses on the horizon; waves can be smooth or
rough at a varying degree, are foamy or not; also solar glint cause intense spikes in the water ‘colour’
which has to be accounted for. Existing models for water simulation make use of physical models
to deal with glint [7, [8, @] 10, 11l 12, 13] and to simulate water (generally for computer graphics)
[14, 15, 16l 17, 08, 19, 20]. A model using a statistical texture model has not been attempted so far.
Discussions on texture analysis of natural scenes can be found in [21], [22] and [23]. Here, water texture
is described as partly stochastic and partly structural.

The LULU operators are able to well distinguish individual elements, but have to date not been
investigated for their ability to quantify a pattern. In order to proceed, we turn to spatial statistics,
in particular point pattern methods, where the aim is to model the occurrence of point objects as a
function of their separation distance. These methods have been proven to be useful for quantifying
patterns of e.g. trees, earthquakes, landslides and deforested patches in the Amazonian forest. Their
emphasis has been on objects that can essentially be reduced to points. For object modelling, however,
as far as we know the methods have not been explored. It is therefore a promising direction to combine
the elements of spatial statistics to improve the application of the LULU image operators. We do so
by focusing on the pulses obtained through the Discrete Pulse Transform (DPT) of an image. Each
pulse is represented as an object in a spatial domain.

The DPT is a nonlinear multi-scale decomposition of an image obtained through recursive appli-
cation of the operators L,, and U, into connected constant valued groups of pixels over all possible
discrete scales (equivalent to the number of pixels in a group) in the image [I]. The pulses obtained
from the DPT provide useful constructs for background modelling of images. The image in Figure
a) from the Brodatz texture databaseﬂ and images (b) - (d) in Figure [1{ shows waves against a dark
background. Objects are clearly horizontal, whereas there is a change in wave size from the front of
the image towards the horizon. This change in size requires specific modeling, as there is no reason

to assume that the distribution of relative wave sizes are different nearby as compared to that at a

Thttp://www.ux.uis.no/ tranden/brodatz.html



(c) (d)

Figure 1: Examples of water images ((a) is from the Brodatz texture database, (b) - (d) are real images) all of size

640 x 640 pixels
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further distance. In spatial modelling this implies an inhomogenenous pattern with a specific direction
for the change in intensity, that is, from front to back. Furthermore, each pulse obtained from the
DPT has a specific size as well as a shape, so that the variety of shapes provides information on the
textures of the pattern of the pulses. The DPT pulses, grouped appropriately, provide information on
separate waves which can be obtained through quantifying the pattern of the pulses. As far as we are
aware, relations between the DPT and spatial statistics have not been investigated.

The aim of this paper is to present a point process modeling approach of the pulses at the scales
which capture the pattern of the image. The study is applied on the images (greyscale versions) in
Figure |1} and clustering characteristics of such marine images are discussed. This is a new approach

to the pulses of the DPT and provides insight to their spatial nature inherent in images.

2. Point patterns resulting from the DPT

Let B be an arbitrary non-empty set. A family C of subsets of B is called a connected class or a
connection on B [24] if
(ivec
(ii) {z} €C forallz € B
(i) for any family {C;};e;r CC we have ( C; #0 = |J C; € C.
If a set C belongs to a connection C therIGCI' is called colnerfected.

The LULU operators were first developed for one dimensional signals on Z, which is a fully ordered
domain. The extension to Z%,d > 2 requires the concept of a connection to define the neighbours in
higher dimensions (see [1] for more details). The Discrete Pulse Transform (DPT) is obtained via the

sequential application of the LULU operators L,, and U,, n = 1,2,.., N where N is the total number
of pixels in the image. They are defined following [1], for f € A(Z?), a vector lattice, and n € N, as

max min , v €Z2,
VEN, (z) yeV f(y)

_ : 2
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h
3
—~
=
—
&

I

where N, (z) = {V € C: 2z € V,card(V) = n+ 1} and C is a connection defined as above. L,, and U,

act as area openings and closings [25] respectively. The LULU operators act only on local maximum

and local minimum sets. A connected subset V of Z? is called a local maximum set of f € A(Z?) if
S fly) < inf f(=),

where adj(V') is the set of neighbouring pixels of V' defined according to the connection C. Similarly

V is a local minimum set if

inf > su T).
yEadj(V)f(y) me\gf( )



(a) Scale 1 (b) Scale 1 zoomed snapshot

(c) Scale 2 (d) Scale 3 Scale 4 (f) Scale 5

(g) Scale 6 (h) Scale 7 (1)

(k) Scale 10 (1) Scales 1 to 10 (m) Scale 1 to 10 zoomed snapshot

Figure 2: Illustration of the pulse patterns at various scales of the DPT for image (a) in Figure
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The DPT is obtained via iterative application of the operators L,, U, with n increasing from 1
to N, decomposing the image into a number of pulses ¢,s using the operations P, = L, o U, or
P,=U,oL, and Q, = P,oP,_10...0P;. At each iteration we retain the portions of the image which
are filtered out by the application of P,(f), n=1,2,...,N ie. (I — P,)(f) = Dn(f), until we obtain
Qn(f), a constant function, where I is the identity operator. The function f is then decomposed as
the DPT of f:

N
f:ZDn(f):Z Pns-

n=1 n=1 s=1

This image decomposition provides us with information about the content of the image at all scales
from n =1 up to N. The number of pulses at scale n, v(n), decreases exponentially as n increases.

To illlustrate the DPT extraction of pulses from an image we apply it to the image in Figure a)
and extract the pulses given in Figure[2] Only the small scales, namely 1 to 10, are shown. Note that
the largest scale is 6402 = 409600. It is clear the DPT thus presents a computationally heavy problem.
Advances in this have however been developed through a graph based algorithm [4] 26], which has the
added advantage of an accessible structure of the DPT pulses and their values.

The scale 1 pulses in Figure a) replicate the texture of the image. The texture becomes less
visible with increasing scale from 2 up to 10. However, combining scale 1 to 10 in Figure 1) shows a
strong texture extraction. The scale 1 to 10 for the other example images are also shown in Figure
The DPT thus provides useful information for the texture of an image in the small scale range. Figure
illustrates the pulse numbers (n) across scales to 1100 for image (a), indicating that pulses in scales
1 to 10 covers approximately 80% of the total number of pulses. The details of the image, namely the
texture, are extracted in the small scales and the background shading in the remainder of the pulses
sizes. This is similarly observed for image (b) - (d). Note that the scale and pulses contain relevant

image information as the image is assumed to be free from noise here.

3. An inhomogeneous cluster model

Consider a point process Z(x) on Z2, for the case of images. Here the spatial domain is divided
into a grid representing the pixels, and Z(z) represents the spatial function with value equal to the
pixel luminosity at pixel position z [27), Section 3.6]. For each pixel in a pulse, that is, a white pixel in
the images in Figure[3] a point in the point pattern is allocated at the centre of that pixel position on
the pixel constructed window. Spatstat [27] allows for defining a discrete window and the extracted
point pattern can be modeled on this discrete window. This modelling approach was also implemented
(but not included in the paper) on a pixel domain instead of a continuous window. The resulting fits
are identical and the discrete domain approach adds in more computational need to an already high

computational problem. The approach presented in the paper thus sticks to the continuous window.



(a) 77091; 0.1882 (b) 42536; 0.1038

(c) 54200; 0.1323 (d) 49253; 0.1202

Figure 3: DPT pulses for scales 1 to 10 extracted for the images in Figure a) - (d) respectively, with the number of

points of the extracted point pattern and the average intensity shown below each
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Figure 4: Pulses numbers v(n) at the smaller scales n = 1,2, ...,1100 for image (a)
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The modeling is however done in a continuous manner. This is not counter intuitive as an image
is a discrete realisation of a continuous real-world construct. The continuous modeling can thus be
justified. Implementation in spatstat none-the-less outputs pixellated values post-fitting. Note that
for scale 1 in the DPT of any image no pixels are direct neighbours of any other pixels when using 4-
connectivity, that is neighbours above, below, left and right {(i,+1), (i,7—1), (:—1,7), (i+1,5)}, but
for scale 2, and higher scales, the pixels can have direct 4-connected neighbours. The scale 1 extracted
point pattern thus exhibits a natural inhibition at distance of two pixel lengths (the minimum distance
between two unconnected pixels). We thus model the point patterns extracted from Figure 3| to allow
for the incorporation of the pattern visible but without the inhibition present if only scale 1 is used.
The inhibition of 1 ixel length is unavoidable though.

Formally a point process Z(z) is stationary if its distribution is invariant under translations, where
its distribution refers to, in the simplest terms, the number of points per unit area. Here we investigate
modelling for the nonstationarity in a very large clustered process. A cluster is a group of points whose
pair distances are less than the pair distances in the whole pattern (measured in some appropriate
manner) and eludes to stochastic dependence between points [28]. This difference is at least second
order as opposed to the first order property of stationarity and should not be confused.

The clustered structure of the water images’” DPT pulses lead us to fit a Matérn cluster process
model, a special case of the Neyman-Scott process, to the point patterns extracted from the discrete
pulses in Figure [3] A Neyman-Scott spatial cluster point process models parent points as a homoge-
neous Poisson process with intensity x with offspring distributed isotropically around the parent points
with distances according to a density f,(r) and with number of offspring to each parent a random M
with some distribution with mean v [29]. For the Matérn cluster process [30] the density is determined
so that, conditionally on the location of the cluster centres, the realised points xz; are uniformly dis-
tributed in the ball b(c;, s) centered at ¢; of radius s, and for ¢; € C, where C'is the point process of the
parent points. For the homogeneous case the cluster centres (parent points) are a Poisson process, at
which offspring points are assumed as a second Poisson model in a disc of radius s (homogeneous and
with mean v) around each parent point independently and uniformly. To incorporate inhomogeneity
into the offspring we can use the approach of [3I] which allows for inhomogeneity of the intensity by
applying thinning to the parent points.

The Matérn cluster model is appropriate by representing each pulse as a cluster, that is the off-
spring points form each wave. In spatstat [27] the inhomogeneity can be emulated by estimating
an inhomogeneous fitted intensity image function. This is done while using the kppm function with
the Matérn cluster option. For the point patterns extracted from images (a) to (d) in Figure |3| the
trend A(u) = exp(Bo + S1x + Bay) is fitted to capture the inhomogeneity in the vertical and horizontal

directions, with parameters 5y, 81 and (2, and x and y the image axes.
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Parameter Estimate SE 2.5% CI 97.5% CI

Bo Image (a) | -1.78 9.68x1073 | -1.80 -1.76
Image (b) | -1.97 1.24x1072 | -1.99 -1.94
Image (c) | -2.08 1.15x1072 | -2.10 -2.06
Image (d) | -2.25 1.22x1072 | -2.28 -2.23

B Image (a) | 5.19x107° | 1.95x107° | 1.36x107° | 9.01x107°
Image (b) | 0.0004 2.63x107° | 0.0003 0.0004
Image (c) | 9.83x1075 | 2.33x1075 | 5.27x107° | 0.00014
Image (d) | -0.0001 2.44x107° | -0.00015 | -0.00005

s Image (a) | 2.96x107% | 1.95x1075 | 2.57x107* | 3.34x10~*
Image (b) | -0.0014 2.68x10° | -0.0015 -0.0014
Image (c) | 7.46x107° | 2.33x1075 | 2.90x107° | 0.00012
Image (d) | 0.00051 2.45x107° | 0.00046 0.00056

Table 1: Parameter estimates, standard errors and confidence intervals for the intensity fit parameters of the scale 1 to

10 point patterns in Figurem

Log Gaussian Cox processs (LGCP’s) [32] are also cluster processes that could be fitted to the
point patterns considered here. The logical nature of the Matérn process through the parent and
simple sibling processes fits the structure of wave pulses in the original image, however, being therefore
the focus here. Alternative cluster point process models, including the LGCP, were also fitted giving

similar fit strengths which is futher discussed next for the Matérn point process model.

4. Results and Discussion

We focus on the point patterns for the scale 1 to 10 pulses of the DPT for each of the sample
images In Figure 2] as the pattern represents a large point pattern with useful structural information
of the image, as already discussed and shown in Figure The inhomogeneity of these patterns is
confirmed by estimating the intensity A(u) = exp(8y + S1z + Ba2y) using the density.ppp function
of the spatstat package of R and is visible in Figure The bandwidth chosen was selecting using
Scott’s method [27] and provides an intensity which captures the structure without smoothing too
much. The fitted trend parameters are shown in Table [1| for the scale 1 to 10 extracted point patterns
of the sample images. The confidence intervals and standard errors for these fitted parameters are
also provided in Table [[] The standard errors and confidence intervals indicate the strength of the
inhomgeneity fitted.

Using the Jinhom function of the same package [33] the clustered nature of the point pattern is
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Figure 5: The kernel-fitted intensity for the point patterns of the scale 1 to 10 pulses plotted in two dimensions using

bandwidth selected by Scott’s method

confirmed as the fitted functions are below 1. Figure [6] shows these graphs. The stepped nature in
the fit is due to the pixellated data. Note that the inhomogeneous K-function cannot be applied to
this data as it is only implementable for point patterns of up to size 1000. It is a computationally
heavy calculation with solutions recently propsed in [34] and [35] using parallel programming with
cloud computing and GPUs.

The fitted inhomogeneous J-Function shows clustering for » > 1 since the points represent pixels
thereby introducing an automatic inhibition for r < 1. Note that r effectively refers to the pixels, that
is, 7 = 1 implies one pixel length. The DPT acts at a pixel level so even at a different pixel resolution
r will always be interpretable as the pixel lengths. All images in Figure [I| (a) -(d) considered here
have similar resolution and are thus comparable. As r increases the clustering gains strength. The
inhibition for r < 1 is visibly picked up as a regular pattern here as well, except for image (b) which
is the smallest pattern of the four.

Using the kppm function of spatstat the fitted Matérn model has a fitted parameters & (the parent
parameter) and § (the radius of the offspring process). The fitted parameters for the four images are
shown in Table[2] There is a distinct difference in the simulations versus the real images.

In Figure [7] the residuals of these fitted models are plotted. It is clear that there is still pattern

left in the residuals which is undesirable. Figure |8 shows these residuals as a histogram. Diagnostics

10
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Figure 6: Fitted inhomogeneous J-functions on the points patterns extracted from the images (a) - (d) respectively

were investigated for the kppm modelling, however due to the large size of these point patterns many
are not implementable e.g. envelopes. Thus the approach of investigating the residuals is proposed
as they are computationally faster (but still not very fast). Thus it is seen that the residuals cluster
around two values for all four images.

Since the residuals exhibit pattern a second round of fitting the Matérn cluster process using kppm
was implemented. The resulting residuals and their histograms of the second fit are shown in Figures
[ and [10] respectively.

It is now visible that the pattern has been removed and a good fit attained. This modeling approach
is hierarchical in nature and provides a new approach to modeling the pulses of the DPT for these
sample images. All the alternative fits of the cluster models using kppm showed similar patterned
residuals to those in Figure [7] but with heavier computational requirements. The Matérn cluster
model provides a simple approach and showcases the hierarchical fitting presented here.

The residuals were also tested for CSR usig the J-function, see Figure No clustering is present,

and a regular nature present for all four images.

11
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(a) | 45.17 | 10.38
Tmage (b) | 0.11 | 2.22
(
(

Tmage (c¢) | 0.098 | 4.87
d) | 0.196 | 1.77

Table 2: Fitted Matérn cluster point process parameters for images (a) - (d)

5. Discussion

Here we present a unique fitting of the Matérn model to an inhomogeneous point pattern of a large
size extracted from image constructs, namely the pulses obtained using the DPT. The pulses from the
DPT naturally model the patterns present in an image, as seen in Figure [I] The merging of this type
of spatial modelling to pattern analysis in images is novel and the results show that the merger has
been powerful and is applicable to similar types of images.

Further investigation into spatial modelling for such image constructs, however, warrants attention.
It is known in image analysis that pixels nearby exhibit dependence structures. This is most commonly
simplified to 4-connectivity. However, spatial statistics allows for more sophisticated correlation struc-
tures. This start of such modeling is shown in this paper. In addition a hierarchical cluster model is
fitted which has not been investigated to our knowledge and shows a promising approach to complex
large point patterns. The simulation of such a process could be theoretically advanced using a recently
proposed approach such as that of Mastrantonio, Gelfand and Lasinio in [36].

Further work on an appropriate covariance structure could also build towards enabling a full re-
construction of the original image using the fitted hierarchical model. The inhomogeneous nature has
been captured through the fitted intensity however the parameter x and s are isotropic in their nature
leading to a non-perfect reconstruction at the first level of fitting - the inter-pixel correlation is not yet
captured. Stochasticity of k and s could also assist in capturing the complexity of these point patterns
extracted using the DPT. The computational issues in these approaches would have to be carefully
considered however.

In addition, here we focus on a greyscale (one-dimensional) image. The modelling of RGB, HSV
or multispectral images presents an interesting spatial data set with possible important extensions of
the current methodology. Their large sizes will present a challenge, in particular in standard software
packages like spatstat, and will require a further very careful programming. In this sense, the methods
could become further of interest in the big data domain, following the work in [34], [35]. In addition,
time could be an additional consideration when looking at videos i.e. sequences of videos. The spatio-

temporal modeling may present mechanisms for image analysis tasks such as object tracking.

12
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Figure 7: Plots of the residuals of the fitted Matérn point processes to images (a) - (d)

Signal analysis currently receives much attention in the literature due to growth in the fields of
artificial intelligence and machine learning. The merger of spatial statistics and image analysis allows
for a wider scope of approaches, and most importantly the incorporation of stochasticity in a domain
governed by uncertainty of observations and spatial dependence. Recognition and quantification of
point patterns, possibly extended towards linear features and other types of objects may lead to a
better understanding of the process in nature or in image processing that is represented by individual
images. In addition, a further development of the current methods may result in the reconstruction of
images from separate, smaller, datasets and hence to a storage of images that is both easily accessible

and transferable.

6. Conclusion

This paper presented a novel application of a spatial cluster point process, the Matérn cluster
model, to model constructs extracted from images using the Discrete Pulse Transform. The pulses

of scales n = 1,2,3,...,10 from the DPT were modelled as a hierarchical point pattern and the fit

13



230

235

240

10000~

4000~

counts
counts

2000~ I
5

. . . . 05
05 00 0 10
Residual Values :

(a)

5000~

00 0
Residual Values

(b)

6000-
6000~

4000-

A0 count

counts

2000-

, . L 1 L

00
Residual Values

|

0% Residual values = 4

() (d)

Figure 8: Histograms of the residuals shown in Figure m

achieved shown to be good.

Alternatively the shape of pulses could be considered and the extracted pattern then modeled as
a marked point process. More of the structure could be extracted in this manner. In addition, other
image types, e.g. RGB, can be incorporated making the problem a multidimensional point pattern.
Both these approaches will need careful computational consideration.

The point pattern modeled herein is large leading this type of modelling into the big data domain as
the scale n is increased and incorported into the pattern. Already, many functions of spatstat cannot
handle the size of the point pattern, for example the inhomogeneous K-function and pair correlation
function.

Further investigation into simulating the original image from this hierarchical fit should be investi-
gated. In addition to capture more of the interaction between points a Cox process could be fitted [37].
This allows for randomness in the intensity coefficients and could enable modelling and more precise
resimulation of the point patten. A modified Thomas process with Gaussian clusters with anisotropic
variance is also a possibility. Here we present an initial investigation into the strength of modelling

the pulses of the DPT spatially.
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