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Abstract

We study two iterative schemes for the finite element approximation of the heat equation
coupled with Stokes flow under nonlinear slip boundary conditions of friction type. The iterative
schemes are based on Uzawa’s algorithm in which we decouple the computation of the velocity
and pressure from that of the temperature by means of linearization. We derive some a priori
estimates and prove convergence of these schemes. The theoretical results obtained are validated
by means of numerical simulations.
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1 Introduction

In this work, we are interested in the finite element computation of the solution of the system of
equations:
—2divv(0)Du+ Vp=f inQ,
divu=0 inQ, (1.1)
—kAO+ (u-V)0=Db inQ,

where Q is a bounded simply connected open domain in R? (d=2,3) with a Lipschitz-continuous
boundary 9 divided in two parts S and I' = 9Q\S with T NS = . In (1.1), u is the velocity
and 6 the temperature, while p stands for the pressure. b is the external heat source, while f
is the external body force per unit volume acting on the fluid. « is positive and stands for the
thermal conductivity. The Cauchy stress tensor T is

T =2v(0)Du —pI |

with v, positive and representing the viscosity of the fluid and depending on temperature [1]. T
is the identity tensor, and Dw is the symmetric part of the velocity gradient defined as follows

2Du =Vu + (Vu)T .

The first two equations of (1.1) are the Boussinesq approximation of a steady approximation,
while the third equation in (1.1) is a “perturbation” of the heat equation. The system (1.1) is
a simplified model for a number of incompressible fluids when some variations are observed in
the temperature and we refer to [2] for one of the first analysis of this simplification. A reader
interested in a rigorous derivation of (1.1) can consult [3, 4]. The coupling in (1.1) are represented
through the convective term (u - V)6 and the expression v(6)Du. The system of equations (1.1)
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is supplemented by the boundary conditions on the velocity and temperature. For that purpose,
we assume that
u=0 onl and 6=6p ondf, (1.2)

0o being given, and non-negative. On the other part of the boundary S, the velocity is decomposed
following its normal and tangential part; that is

u=unp+ur=w-nn+(u-7)7,

where n is the normal outward unit vector to .S and 7 is the tangent vector orthogonal to n. We
assume the impermeability of the fluid on S; that is,

u-n=0onsS. (1.3)

Just like the velocity, the traction T'n on S is decomposed following its normal and tangential
part; that is

Tn = (Tn-nn+ (Tn-7)r
(—p+2v(@)n - D(u)n)n+2v0)(t - D(u)n)T
= (Tn)n+ (Tn)r.

The traction (T'n)+ is related to usr following the nonlinear slip condition introduced by C.
Leroux [5] which states that

(Tn)r| <g=ur=0,
s
|(Tn)T|>g:>u7-7é0,—(Tn)-,-:g|Z—T| on 2
.

where |v|? = v - v is the Euclidean norm and g : S — (0, 00) is a given non-negative function
called threshold slip or barrier function. Following [6], it is readily shown that the nonlinear slip
boundary condition is equivalent to

—(Tn)r € go|ur| on S, (1.4)

where ] - | is the sub-differential of the real-valued function |- |. We recall that if X is a Hilbert
space with scalar product (-,-), and for xg € X, and y € X’,

y € 0¥ (xp) means that U(x) — ¥(zg) > (y,x —x9) Vre X.

At this point it is worth noting that the motion of a fluid under such boundary condition had
been formulated first by H. Fujita [7] with “Tresca’s friction law” which reads; if |(Tn)+| = g
then usr # 0, and slip occurs, but if |(Tn)+| < g then ur = 0 and no-slip.

Some practical assumptions are needed on v(#) for the mathematical analysis of (1.1)...(1.4).
Thus we assume that v(-) is a bounded continuous function defined on (0, 00) satisfying, for some
Yo, V1, V2,

veC'(RT) and for s€ RY, 0<wy<w(s)<vand [V (s) <we. (1.5)

It is important to note that the model used for the viscosity and diffusion functions for many
applications are not necessarily bounded over R, but the mathematical analysis of the resulting
problem is very complex.

The study of heat convection in a liquid medium whose motion is described by the Navier
Stokes or Darcy equations coupled with the heat equation under Dirichlet boundary condition
have been investigated in many publications (see [8, 9, 10, 11] just to mentioned a few). In
[8, 9, 11], the continuous and approximate variational formulations for the Navier-Stokes/Darcy
equations coupled with the heat equation are formulated and thorough discussion about the ex-
istence and uniqueness for both formulations are provided. The convergence of the approximate
solution is also made clear. In [10], the focus is in the convergence analysis via the contraction
principle of the iterative scheme proposed. Our work focus on the analysis and validation of
iterative schemes for the nonlinear problem (1.1)...(1.5) whose weak formulation is a variational
inequality of second kind. Our work is inspired from [12] and differs from it in many respect
among others; the number of unknowns we are dealing with, the presence of the nonlinear slip



condition (1.4) which is responsible of the inequality in the variational formulation, the nonlinear
terms v(6)Du and (6 - V)u.

In this work we did not considered the Navier Stokes equations because the nonlinearity of
the later has much in common with the expression (u-V)6. From the analysis point of view the
difficulties encountered in both problems are the same. Thus our work combined the difficulties
of the “Navier Stokes equations” and the ones generated by the non classical boundary condition
(1.4) together with v(6)Du. It should be noted that the unique weak solution of (1.1)...(1.5) can
be constructed following closely the arguments in [8](see theorem 2.2 and proposition 2.3), while
the convergence of the finite element approximation associated to it has been studied recently
and convergence of the following Uzawa’s type algorithm established in [13]

n+1 n+1 n+1 n+1
9h ’ Ah

Initialization: Given {u},p}, Ay, 07} , we compute { sup L py } by solving

Step 1: for all (v,q) € Vi, x My,

[ v+ Bpupt s Do [ divort = (£,0) - (Agvr)s.
Q Q (1.6)

/divuﬁ“qzo .
Q

Step 2: For all p € H},
f;/ VO Vo + d (w0 + G0, p) = (b ) — K;/ Voo - Vp. (1.7)
Q Q

Step 3:
for all v >0, Ap*' = Py(A} +yguit)) (1.8)

with Py : L*(S) — A = {a € L*(S); |a|] <1 a.. on S} the projection operator given as

follows o

Pl = St el

The trilinear form dp,(-,-,-) in (1.7) is
1, . .
dh(vha ahvph) = d(vhv eh»Ph) + 5 ((le Uh)gh,/)h) with d(’U, gvp) = ((U : V)G,p) )

and 6y is the lifting of 6y (see [14], Chap 4, Lemma 2.3). In (1.6), (1.7) and (1.8) we have
used standard notations and 7 is the triangulation of €2 consisting of closed non degenerate
triangles/tetrahedra which are regular in the sense of Ciarlet [15]. So

e for each h, € is the union of all elements of T,

e  the intersection of two distinct elements of 7;, is either empty, a common vertex, or an
entire common edge or face

e the ratio of the diameter of an element K in 7; to the diameter of its inscribed circle or
ball is bounded by a constant independent of h.

As usual h is the maximum of the diameters of the elements of 7;. For each non-negative integer
n and any K in 7, we denote P;(K) the space of restrictions to K of polynomials with d variables
and total degree less than or equal to [. The finite dimensional spaces V', M}, and H}(Q), are
defined as follows

V={ve H(Q) : vr=0, v-nlg=0},
Vi={v, €C(Q)?2NV, forall K € Ty, vu|x € Po(K)},
My, = {qn € L*(Q) NC(Q), forall K €T, qulx € P1(K)}, (1.9)
H} ={v, € H{(Q)NC(Q), for all K € Tp,, wp|x € P1(K)},
Hgy, = Hi N HY ().
In this contribution we study different iterative schemes for the numerical solution of (1.1)....(1.5).
The idea is to add an additional term in the algorithm (1.6), (1.7) and (1.8) by considering

1
the expression — (-,-), where « is an artificial time step that shall be chosen to speed up the
Q

computation and achieve convergence of the new algorithm. It is worth mentioning that the new
schemes have been formulated and studied recently in [12] for a nonlinear elliptic problem. The
first method we would like to analyze reads as follows:



nHL pr AP by solving

Initialization: Given {u},p}, A}l,07} , we compute {1, u ! p
Step 1: for all (v,q) € Vi, x My

1
St o)+ [

(05 + G)Dui ™ s Do~ [ divor ™ = (£.0) = (Agvr)s.
Q Q
/ divuZJrl qg=0.
Q
(1.10)
Step 2: For all p € H},

é(e;;“ — 0, p) + H/QVG;;H Vo + dp (w00 4 6y, p) = (b, p) — ,.;/Q Vo, - Vp.
(1.11)
Step 3:
for all v > 0, A} = Py(A7 + vgu;’fhl) . (1.12)

The additional term added relax the computation of the finite element solution in the sense that
in the condensation process, the stiffness matrix obtained can easily be inverted. Furthermore,
there is more flexibility to achieving convergence in the system (1.10)...(1.12) because we have
now two parameters to play with, namely v and «.

The second iterative scheme we explore in this work is the following;:

Initialization: Given {u},p}, Ay, 0}}, we compute {GZH, uZH,pZH, /\Z+1

Step 1: for all (v,q) € Vi, x My

} by solving

1 ~
a(Duz“ — Du}, Dv) + /Q v(0p + 00)Dujt! : Dv — /Q divopytt = (f,v) — (A}, gvr)s,
/ divuzﬂq =0.
Q
(1.13)
Step 2: For all p € H},

1 - _
a(ve;j“ — VO, Vp) + n/ VOV + dp (w07 4 00, p) = (b, p) — m/ Voo -Vp.
Q Q
(1.14)
Step 3:
for all v > 0, AP = Py(A} + vgu;’fhl) . (1.15)

The main difference between the algorithms (1.13), (1.14) and (1.10), (1.11) is the stabilization
term considered in both schemes. Our objectives in this work are as follows; study the feasibility
of these two iterative schemes, their convergence and compare them numerically. It should be
noted that similar additional terms have been incorporated to numerical schemes in different
contexts in [16, 17]. This work is the follow up of the other contribution [13], and we believe
that these contributions are to the best of our knowledge the first ones towards the numerically
analysis from the mathematical viewpoint of fluid flows under nonlinear slip boundary condition
coupled with the heat equation. The rest of the paper is organized as follows:

(a)  Section 2 presents the variational setting and finite element approximations.
(b)
d Section 4 is devoted to the analysis of the second iterative scheme.
Y
(d)

Section 3 is devoted to the analysis of the first iterative scheme.
Numerical experiments are discussed in Section 5.

2 Preliminaries

2.1 Variational formulation

To write the system (1.1)...(1.4) in a variational form, we need some preliminaries. We adopt the
standard definitions from [18] for the Sobolev spaces H*(D) and their associated inner products
(*;+)s,0, norms || - ||z (py, and semi-norms | - |gs(py for s > 0, and their subspaces Hg(D). For



each s > 0, H~*(D) denotes the dual space of Hg(D). The space H°(D) coincides with L?(D),
for which the norm and inner product are denoted as || - ||p and (-,-)p, respectively. If D = Q,
we drop D.

Throughout this work, boldface characters denote vector quantities, and H'(Q) = H'(Q)? and
L*(Q) = L2(Q)%.

The following space is important in the analysis of (1.1)...(1.5):

M= {qeLQ(Q) : /qua::O} : (2.1)

The following Poincaré-Friedrich’s inequality holds: there is a positive constant ¢ depending on
the domain €2 such that
forall veV | lv|| < C|’U|H1(Q) , (2.2)

which ensures that the norms || - [|g1(q) and | - [g1(q) are equivalent on V. We introduce the
following functionals that will be used to write the weak form on the problem in abstract setting.

ay : H'(Q) x H'(Q) — R
(v,u) —  a1(0 : v,u) = 2(v(0)Dv, Du)
as : HE(Q) x HL(Q) — R
(eap) — a2(97p) = H(V@, VP)
b H'(Q) x M — R
(v,9) — b(v,q) = —(dive,q) ,
j H'(Q) — R
v — j(v) = (9, |vr])s,
d: H'(Q)xH' Q) xH(Q) — R
(v,0,p) — d(v,0,p) = ((v-V)b,p).

We consider the variational problem: for 6y € H/2(9Q), f € H™*(Q) and b € H~(Q)

Find (u,p,0) € V x M x H'(Q), such that

0 =60y on 0N,

and for all (v,q,p) € V x M x H§(Q),

a1 (03w, v —u) +b(v —u,p) +j(v) — j(u) = (f,v —u),
b(u,q) =0,

az(0, p) + d(w,0,p) = (b, p),

with (-,-) being the duality pairing between H~1(Q) and H} (). It can be shown that (see [6])

Proposition 2.1. Problems (2.3) and (1.1),....,(1.4) are equivalent. Indeed, any triplet (u,p,0) €
V x M x HY(Q) is a solution of (1.1),....,(1.4) in the sense of distribution if and only if it is a
solution of (2.3).

The following standard results will be used for the analysis of problem (2.3) and its corre-
sponding finite element discretization.

Lemma 2.1. [18, 19] Given Q as described, then there exists ¢(2) such that
for all v € HY(Q) vl < Q)72 llvlF e o d=2
forall ve H' Q) [[v]1aq) < c@lvll2@lvlfng o d=3.

We also recall the Korn’s inequality from [6]: there exists ¢(£2) such that
|Dv|| > ¢(Q)||Vv|| forallveV . (2.4)

It is also important to recall Poincaré-Friedrichs’s inequality which reads;there exists ¢(§2) such
that
c(Q)|v]] < |Vv|| forallveV . (2.5)

Since v is bounded from below and above (see (1.5)), we deduce that ay(-,-) is continuous and
elliptic on V; this means that for (v, w) element of V x V|

a1(0;v,w) < vl g lwlai@ ,  a1(8;0,0) > welv|F g, - (2.6)



From (2.2), we deduce that az(-,-) is continuous and elliptic on Hg(); this means that for (6, p)
element of Hg () x H} (),

az(0, p) < kel mr)llpllai) »  azlpp) > HC||P||%11(Q)- (2.7)

The trilinear form d(-, -, -) enjoys the standard properties (see R. Temam [19]): for all (v, 6, p) €
H'(Q) x HY(Q) x H}(Q)

d(v,0,p) < c||v]|'?|[ Vol pl| /2| V I/ ? | VO (2.8)
and v is such that divw|g = 0, then

d(’U, 9) p) = _d(vv P 9) B

d(v,p,p) =0. (29)

One of key points for the study of (2.1) is the inf-sup condition, its proof can be seen in [14, 23]:
there exists ¢(€2) such that

b(v,q
ellgll < sup 0D
vev vl (@)

forall veV. (2.10)
The kernel of b(-,-) in V is
Vav={veV: bv,q) =0 forall g L*(Q)},

which is characterized by
Vaw={veV: divv|o=0}.

One easily verifies that b(-,-) is continuous; that is
for all (v,q) € H'(Q) x L3(©) ,  b(v,0) < [oll o llal (2.11)

The functional j(-) is convex, lower semi continuous (continuous) on V' but not differentiable at
Z€ero.
The following formulation equivalent to (2.3) will be useful later

Find (u,p,0,\) € V x M x H*(2) x A, such that

0 =06y on 09,

and for all (v,q,p) € V x M x H}(Q),

al(e; ’LL,’U) + b(U7p) + ()\,qu-)s = <fa ’U>, (2]‘2)
b(u,q) =0,

A ur =|ur| ae in S,
G‘Q(gv p) + d(uv 0, p) = <b, P> )

with
A={alae L*(S), |a|<1lae inS} .

The existence of A in the formulation (2.12) can be proved either by using the Hahn-Banach
Theorem (see [6]), or one can make use of a more constructive approach based on regularization
(see [20]). It should be noted that A - ur = |ur| a.e. in S is equivalent to;

forally >0 A= Py(A+~vygur),

with Pj being the projection operator L? (S) — A defined above. The equivalent formulation
(2.12) has many numerical advantages, and is the one uses to design numerical strategies. The
new unknown A is not strictly speaking a Lagrange nor Kuhn Tucker multiplier but has some
common properties with such vectors. Hence it is called multiplier by many researchers.

In what follows, c is a positive constant that may vary from one line to the next. We assume
that
feH(Q), gelL>™(S), be H Q) and 6, € H/?*(99) . (2.13)

Following [8] we claim that



Proposition 2.2. For any data (f,b,600,9) satisfying (2.13), the problem (2.3) admits at least
one weak solution (u,p,0) € H*(Q)x M x H*(Q), and there exist three positive constants c1, ¢z, c3
such the the following hold

a1
lwllzr) < — 1 Fflla-1@) »
%)

1 e
101121 (@) < 2 <1 + H) 1001l rr2/2(00) + = IIblla-1(0)
Ipll < esllfllm-1(0) -

1 1
Let p1,p2 two positive constants greater than one such that — + — = 7
P11 P2

Assume that uw € WHP2(Q), and choose vy or k such that the relation

120} 1 1
=2 [ (14 2 ) ol sty + ol -sn | Felhwry 20, (214

is satisfied for a positive constant ¢ depending only on Q. Then the solution of (2.3) is unique.

Remark 2.1. With the change of variable on the temperature, the problem (2.12) reads

Find (u,p,0,\) € V. x M x HX(Q) x A, such that
for all (v,q,p) €V x M x H}(Q),

a1(6 4+ go;u,'v) +b(v,p) + (A, gvr)s = (f,v),
b(u,q) =0,

A ur = |ur| ae inS,

az (0, p) + d(u, 0 + 0o, p) = (b, p) — az(fo, p)

(2.15)

The analysis here can be extended to the following situations:

(a)  one replaces (1.3) and (1.4) by the leak boundary conditions [21]
u-n=0 on S and — (Tn)n € g0lun| on S.

(b)  The Dirichlet boundary condition on 0 is replaced by the mized one

0
Olr =6y and 6—201 on S.
on

2.2 Finite element approximation

From now on, we assume that €2 is a polygon or polyhedron. In order to approximate the problem
(2.3), one considers a regular family (7), of triangulations of € introduced in section 1. We
consider the finite dimensional spaces defined in (1.9), and the finite element approximation of
the problem (2.3) reads;

Find (wp,pn,0n) € Vi x My, x H}, such that

0, =0y on 0N,

and for all (vp,qn, pn) € Vi, x My, x Hy,,

a1(On;up, vy —up) + b(vn —wp,pp) + 5(vn) — j(un) > (f,vn — un),
b(un,qn) =0,

az(On, pn) + dn(wn, On, pr) = (b, pn) -

(2.16)

The trilinear form dp,(-,-,-) enjoys the properties (2.8) and (2.9) (see R.Temam [19]). We recall
that the discrete version of inf-sup condition (2.11) holds: there exists 5 (independent of h) such
that

b’U}“q
Bllasll < sup —Om)

for all ¢, € My,. (2.17)
VeV ”vhHHl(Q)

The unique solvability of (2.16) can be obtained exactly in the same way as for the continuous
problem (2.3), and we have the following



Proposition 2.3. Let (f,b,60p,9) satisfying (2.13). Then the problem (2.16) has at least one
solution (wp, 0, pr) € Vi, x HE(2) x My, such that

C1
lunllzi) < — 1 flla-1(@) >
Yo

1 Co
||0h||H1(Q) <c <1 + H) ||00||H1/2(BQ) + ; ”b”H*l(Q) , (218)
Pl < esll Flla-1() -

If furthermore w;, € WP2(Q), and we take vy or k such that the relation
Vy 1 1
Yo — ¢ 1+ P 100l zr1/2(00) + EHb”H—l(Q) wnllwire @) >0, (2.19)
is satisfied for a positive constant ¢ depending only on ), then the solution of (2.16) is unique.

Before the formulation of the discrete version of (2.15), we need the following spaces

Lh:{ahaiu an= Y aglg, agxcR’ VKEWL} ;
K€7—h

where Zx is the characteristic function of K. We let A, = AN Ly,
The finite element approximation of problem (2.15) reads:

Find (wp,pn,0n, An) € Vi x My, x H}j, x A, such that
for all (v,q,p) € Vi, x My, x H},, and all v >0

a1 (0 + 0o; wn, v) + b(v,pn) + (An, gvr)s = (£, v),
b(un,q) =0,

A = Pr(An +vg9ur ) ae. in S,

a2 (0, p) + dn(wn, 01, + 6o, p) = (b, p) — az (6o, p) -

(2.20)

We conclude this section by recalling the following convergence result obtained recently [13]

Theorem 2.1. Let (u,p,0) be the solution of (2.3) such that w € W P*(Q) and (2.14) is valid.
Let (wn,pn,0n) the solution of (2.16) such that w, € W P2(Q) and (2.19) is valid. There is c
independent of h such that for all (vy,qn,sn) € Vi x My, x H}

1/2
[y, — ull 0y < el —vnllmi) +cllorn —urlly +elp —anll + el — sl .
1/2
10 = Onll i) < cll0 = sullmr o) + cllu — vullar (o) + cllvrn — ur||d? + cllp — anll,

1/2
Ip = pill < ellu—vnllo) + clorn —urlg? +ellp = anll + €ll6 = sill o)

3 First iterative scheme

3.1 Formulation

Since the discrete problem (2.20) is nonlinear, it can be solved by an iterative scheme. Considering
that we are dealing with two physical processes (fluid flow and convection diffusion), the need
to separate them for easy computation is very important. Hence we shall consider the following
Uzawa’s type iterative scheme

n+1 n+1 n+1 n+1
ah ’ )‘h

Initialization: Given {u},p}, Ay, 05} , we compute { ,up T, py

Step 1: for all (v,q) € V), x M},

} by solving

1 n n n 0 n n n
a(uhJrl —up,v) + a1 (0 + 0Oo; “hHa’U) + b(”aPhH) = (f,v) — (AL, 9v7)s, (3.1)
bupt q)=0.

Step 2: For all p € H},

1 ~ ~
E(HZ+1 - 9}?7;0) + a2(92+13p) + dh(uz+17 92+1 + 90) P) = <bap> - a2(907p) . (32)



Step 3:
for all v >0, Ap*' = Pa(A} +ygust,)) . (3.3)

Remark 3.1. In the algorithm (3.1)...(3.3), a is a positive parameter suitably chosen to ensure
the convergence of the process. It plays the role of an artificial time step. It can be observed
that the fluid has been decoupled from the heat convection. We shall prove that this Uzawa’s type
algorithm is convergent by applying to it the arguments in R.Glowinski [16, 20] introduced first
by Lions-Mercier in [22] for scalar equation.

For the iterative scheme (3.1)...(3.3), we take 6° solution of;
Jorall p € H(}}u a2(923p) = (b,p) — a2(§0ap) ) (3.4)
and \° = (0,1) with (u),p)) solution of
for all (v,q) € Vi x My,
ar(0) + 0o; up, v) + b(v, pj) = (f,v) , (3.5)
b(ul,q) =0.
For the analysis of the iterative scheme, we will need the following result [14] (see Chap 4,
Lemma 2.3): For any § > 0, there exists a lifting 6 € H'(Q) of 8y € H'/2(9Q) which satisfies
180llz4() < SN0l /200y and |80l 0y < cllollmi/2(an) - (3.6)

where ¢ is a positive constant independent of §.

3.2 A priori estimates

The analysis of the iterative scheme formulated will require the following;
2(a —b,a) = ||al|* — ||b|> + |l — b||*, for all a,bec L*(Q),
1 (3.7)

1
abggaer b? | for all a,b,e >0, with —+=-=1.
p qea/r P q

The first step can be recast as follows; given (u}, A}, 1), find (uy ™!, pi*!) such that for all
(U7 q) € Vh X Mh

ai(w; ™ v) +blo.pp ) = (), (3.8)
b(uptt, q) =0, '
with 1
a%(uz—i_lvv) = a(uz+lav) +a1(92 +90;’LLZ+1,’U), ( )
3.9

Aw) = (£.0) — (N gor)s + —(uf v).

The variational problem (3.8) is a perturbed Stokes equations. Hence the existence and unique-
ness of solution is obtained from the same conditions needed for the Stokes equations (see [14, 23]),
and we claim that

Proposition 3.1. Let (u}™', pi'™) be the solution of (3.8). There are c1,cz,c3,c4 (independent

of both h and n) such that if
C1
lufl? < 55 (11 ey + 9l -
0
then the following a priori estimates hold:

n €1
gl < S (I1F13-10 + llgli3) for alin >1,
0
U,

1 c
ni2 2 2 2
Ik oy < (e +1) 5 (1o + 13)

1 c
n+1 n|2 3 2 2
it = P < (o +a) 2 (11 + 013)

il <en (152 ((2a) )08 (s + lols)
Prll = ¢4 o % Q % o H-1(Q) glis) -



Proof. We take v = 2u}'™" in (3.8), use the first relation in (3.7). We find

gy I = a1+l = w2001 (6 + Go; up ™ up )

N . (3.10)
=2a(f,u +1> —2a( hvguT+h1)S

We now would like to find an upper bound of the right hand side of (3.10). For that purpose, we
use the inequalities of Cauchy-Shwartz, Holder, trace, (2.4) and (3.7)2 to obtain

2(f,up ™) < 2| flla-1 o) |1 Dup ™ < 7||f||H ) t+ *HD p
(3.11)
20\, gurh)s < 2lgllslluzlylls < 2¢llgllslDup™ | < *Hg\ls + *IIDU"HHQ-
Hence we deduce from (3.10), (1.5) and (3.11) that
n n n C
luh 1% = [luh|* + fup ™ = g + avol| Dug FH|* < aljollfllfg o ta- ||9||s- (3.12)

Thus to obtain the first inequality announced, we use the induction as follows.

We assume that [|u}"||? <4 <||f||H 1) T ||g||S> is verified for all m < n and we would like
to show the relation for m =n + 1.

If lu || < ||u}]|, then by induction hypothesis we deduce that it is true for m = n + 1.
But, if [|u} || > [lup|, the first three terms in left hand side of (3.12) can be ignored, and one
obtains . .
av|[Dup ™ ? < a—||fl[F-1 () +allgll§ -
Vo Vo

But the application (2.4) and (2.5) yields
12 o € 2 €2
vollw < S Aoy + ol
which is the desired result.
Now using (2.4) in (3.12), one obtains
avoellup 3 gy < llupll® + a*llfHH (@) +C’f*llglls

We then deduce the second inequality announced by replacing the bound on ||u}||.
From (3.12), we deduce that

n+1

gy ™t — ] < ||uh||2+a HfHH o) +04*||9||s

Whence the third inequality is obtained by replacing the bound on ||u}||.
Finally, from the inf-sup condition (2.20) and the first relation in (3.1), one has

b Vh,qn
Blpptt < sup D)
v,eV, ||Uh||H1(Q)
1
<-fa'v> - (AZagvT)S - *(UZJA - ’UJZ,U) - (ah + 007 n+1vv)
< sup a
v,eV) lvnll (o)

< -1 +ellglls + — IIU”+1 up |+ valluy e

n+1

thus the inequality is obtained by replacing the estimates on ||u, ™" — u}| and Huh+1||H1(Q

O

The second step within the first iterative scheme is re-written as follows:

Find 67t € HY, such that or all p € Hy,,

a0, p) = B5(p) (3.13)

10



with 1
ay (0", p) = E(GZH,/J) +ag (03, p) + dn(up ™07 p), 514

~ 1 i1
t3(p) = (b, p) — az(bo, p) + ~(6.p) - dp(upt, 00, p) -

It is readily checked that problem (3.13) has a unique solution as a consequence of the properties
of the trilinear form dp,(-, -, ) and the bilinear form as(, -).

Proposition 3.2. Let QZH be the solution of (3.13). There are c1,co (both independent of h
and n) such that if

1 1
ORI < 1 (5 I+ 1001 + g0 ) -
then the following a priori estimates hold
n||2 1 2 2 1 2
10117 < c1 ?”b||H*1(Q) + H90||H1/2(ag) + ?HGOHHU?(@Q) foralln =1,

. 1o 1 1
107171 ) < 2 (M”@}LHQ + ?Hbuil—l(ﬂ) + ||00||§{1/2(8Q) + Kg||90||§11/2(39)) :

Proof. We take p =20} in (3.13) and using (3.7); we obtain
167 1P = 108 P65 =07 1P +2ak || VO = 2a(b, 05 1) —2aas (8o, 05 ) —2ady (ufp ', B, 07 ) .
By using the standard inequalities we have
n n « n
2a(b, 03 ) < 20[bl|g-10) VO < gHbll?q—l(Q) +ae||[ VO,

~ ~ Ccak
20z (0o, 0,") < 20|V Oo|[[[VO, || < 2can||00]l 2 a0y I VO I < 7||9o||H1/2 (o0 T+ area| VO,

From the properties of dj(-,-,-) and (3.6)

2y (w80, 0771 < 20|00 VO < 20 ey 180 o [V
< 206]lup | Lao) 00l 11200y I VO |
§ 0n+1||2.

Sy s 012 oy + 0531V

We deduce for 6 = 1/||uj™||p1(q), €1 = €3 = £/3 and €5 = 1/3 that

651 = 16311 + 16571 = 03112 + sl | VO

3o (3.15)
< 7||b||H 1)+ CO‘“HGOHHlﬂ(aQ) +— ||‘90||H1/2(aQ)

We now use the induction to obtain the first inequality.

We assume that [|07]|]* < ¢; ( S10l17 1) ||90||H1/2 09) /<;2|90H§p/2(89)> is verified for all

m < n and we would like to show the relation for m = n + 1.

If |07 < [|67]], then by induction hypothesis we deduce that it is true for m = n + 1.

But, if [|7 > [|67|, the first three terms in left hand side of (3.15) can be ignored and one
obtains

HHVHZ—HHQ *HbHH Q) +CHH90HH1/2(39)+ ||00||H1/2 Q) *

Thus the first inequality follows. Next, from (3.15) we have
n+1)2 n2 . S 2 @ 2
ak| VO IT < (6517 + ?”b”Hfl(Q) + cal|fol|7r1/2(p0) + EHGOHHUz(aQ) :

Hence the second inequality is obtained by re-arranging terms. O

11



3.3 Convergence

In this paragraph, we are interested in the convergence analysis of the algorithm (3.1)...(3.3)
when n tends to infinity. We claim that

Theorem 3.1. Assume that the triangulations Ty, is uniformly reqular. Let (uZH,pZH, GZH, )\Z‘H)

be the solution of (3.1), (3.2), and (3.3). Assume that there are c1,co (independent of both h and
n) such that

C1
12 < 5 (1110 + 9l3) -
0
012 1 2 2 1 2
[0L1° < c2 ?HbHHfl(Q) + 1100ll%r1/2(50) + ?HGOHHU?(BQ) :

Let (up, On, pn, An) be the solution of (2.20) such that (2.19) holds. Then there is ¢ independent
of h and n such that if

2
V.
fHD“hH%m(Q) + 09l 7 sy + 100l 1117200

1 1 1
+ | —lblla-1() + 100l g1r200) + 100l 172 (00) Tan +1) <w

and

(3.16)

1 1 1 K
e 2000 + Bollsagony + ol rsom | (= +1) + ellollavacom — 5 0.

then the following properties hold:

ul —wy,  stronglyin V., 0 — 0, strongly in H'(Q) ,

and the sequence {||A;, — Anllg}, converges .

Proof. First we take the difference between the velocities equations in (3.1) and (2.20) for

v =u}"" — uy. Using the first relation in (3.7), one obtains

%”uh+1 —up|® - o5 lun — wy|* + %H“fr1 — up|? +/V(9h +00)|D(up ™ — up)[?

- N (3.17)

— [ (00 +80) = (63 + 80)) Dun s D™ =) + [ g = X0+ i~ wr).
S

Secondly, we take the difference between the temperatures equations in (3.2) and (2.20) for
p= 02”’1 — 0},. We use the first relation in (3.7), the properties of d(-,-,+) to find

1 n+1 2 1 n 2 n+1 n |2 n+1 2
%HHH = Onll” = 516k — Onll” + 05+ = 0112 + & V(O —6n)

o
2a
= dp (w07 4 0y, 0, — 07Y) + diy (wn, O, + O, 07 — 01) (3.18)
= dh(uh - ’u,ZJrl, 92*1 + 50,6}7;+1 - Hh) .

Putting together (3.17) and (3.18), one has

1 T 1 n 1 n n n
e P = g~ unl® g i = P+ [ w6+ 8o) DGy~ )

1 n+1 1 n 1 n-+1 n n+1
5 108 = Onll* = S M167 = Onll + =165 — ORI + sl V(6,7 — 6n)]?
= / (V(Hh +6o) — v(07 + 50)) Duy, : D(u}™ —up) — / g AL —Ap) - (u?fhl —urp)do

S
+ dh(uh - u2+1792+170}?+1 - 0}7,) + dh(uh - uZ+17§Oa 92-"_1 - eh) .
(3.19)

Thirdly, we recall that for v > 0, one has

An = Pa(An +ygurp) and AP = Py(A} 4+ ygultl).

T,h

12



Thus
APY = Ay = Pa(A} — Ap +79(u Thl —urp)) .

From the fact that Py is a contraction mapping, we obtain
1
AV = Anlls < IA = An +vg(uit) —urn)ls
from which we deduce that

ING T = AnllE = 1A = Anll

< Plguit —ur )2 + 2 /S GO = M) - (! = wr ) do

A

A

< P12 I DT — wn)|? + 29 /S 9N = ) - (uh] —ur ) do

Hence

- / g — An) - (u:—j—hl —urp)do
S

X 1 (3.20)
< —%H)\ZH = Anlls + 3 1A% = Anll§ + WHQHLOqS)HD( up ™ — )7
Inserting (3.20) in (3.19), we obtain
*||un+1 up|* -~ 7Huh —up® + *||U”+1 u|? +/ (0 + 00)| D(up ™ — )

+ *H@”Jrl — O - %H‘)Z — Onl* + 2*||9Z+1 —Orl* + sV (6T =612
s/(u<eh+5o)—u< ;;+§o>) Duy : D(uj ! —uy)

1 n n n
- %”)‘h-i_l Anll% Ty ||)\ —Anll% + VHQHLw(S)HD( )|

+ dp (up, — up ™, 9;;“,9;3“ — 0n) + dp(wp, — w0, 00— 6y)

which by re-arranging gives

Hun+1

e n 1 n n e
e WP G = ORI 4 I — o)+ [ (O] + B Dl )

< / ({60 +60) = (05 +80)) Dun = Dl —un) + gl s | Dt = wn)|

+ dp (wp, — w00 00— 0,) + dy (wp — wl T G, 00— 6)).
(3.21)
Now we need to estimate the terms on the right hand side of (3.21). For that purpose we recall
the following properties.

Generalized Holder’s inequality. Let 1 < i <n, 1 < p; < co with f; € LPi(Q) and

1 1 1
— = =Z<,
Y41 Pn p
then [] f; € LP(2) and
i=1
H fi < H ||fz||Lp1 Q) - (3.22)
i=1 ey i=1

Sobolev inequalities. If 2 is an open set of class C! with I' bounded then

1 1 1
for - =—-——ifp<d,
g p d

W1P(Q) is embedded in L7(f) or (3.23)

for all g € [p,o0) if p=4d .

13
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Thus using the mean value theorem, (1.5), the generalized Holder’s inequality (3.22) with ps = 2

1 1
and p =1, so that — + — = —, one finds

P p2 2
/(y(9h+§o) —u(92+§0)) Duy, : D(ul™ — ) < y2/|9h On| | Dun| | D(ul ! — )|

< v |65 = Onll o o) | Dl ez (o) [|D(up ™
Now using the Sobolev inequality (3.23) with p = 2 and d = 2 or d = 3, one has
107 = OnllLer (@) < V(O — 0n)] -

Thus

0 _ n 0 n+l

/Q (I/(Qh + 00) I/(ah + 00))Duh D( uh) (324)

<vac|| Dunl| Loz () [ V(0" = On) [ I D(uh ™ — )l
Secondly from the properties of dj(-,-, ), proposition 3.2, and (3.6) we find
dh(uh - ’U,ZJFI QZJrl 9n+1 - eh) + dh(uh — ’UJZJFI, 50, QZJFI — Gh)

<™ = wnl gy 1901057 = 00l gy + ™ = wnl gy | 900]| 165 = O0ll o0

1 1
SC *”b”H—l(Q) + ||90||H1/2(3Q) + /{90|H1/2(89):| (F + ].) HD n+1 — Uh)H HV(GZ+1 — ah)H

+cllOoll /200y | D(up™ —wn)|| [V —64)]| -

(3.25)
Returning to (3.21) with (3.24) and (3.25) and using Young’s inequality, one gets

HunJrl

n 1 n n n
||u —ug|? + £||9h+1 — 12 + KIVORT = 00)]1 + vol D(up ™ — up)|®
< §||V(9h —0n)|? + CfHDuhH%pz @ 57”9”%&(& + C||90||H1/2(89):| ID(up*t —up)|?
¥

1 1 .
| Lo+ 1ol som + 1 0ollvegon | (S +1) 100 = )

1 1 il 2

| 20l + ollsecony + wl0ollmvscom | (o +1) 1963+ = 60
n 2
+ cl|0ol| g2 502 ||V(9hJr1 - 9h)||

which is re-written as follows

1 1 K
n+1 n+1 n+1 n+1
e e T EVARE Y R N AR
1 1 1, K
- *||UZ —uy|? — %Heﬁ —O0p|* — %”Ah — A% - §||V(92 —0p)|?
n 1 n
e K [/ &
2
<e [2|Duh||m @+ 119125y + 8ol /20 —uo] 1D — )2 (3.26)
1 1 n+1 2
tc *||b||H—1(Q) + 1100l 172 002) + EHGOHHUZ(BQ) Jar + 1) |Dupt = wp)|
1 1 nal 2
| 2blla-scay + 1ollsecony + w00lirvscom | (o +1) 191677 = 60

+ cllboll 17200 ||V(9hJrl - 9h)|| - §Hv(eh+1 —0)]*.

14
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From (3.16), the right hand side of (3.26) is non-positive. Hence the sequence with general

. R . . .
expression %Huz —uy|® + %HHZ —0nl1* + Z”)\Z - AnllE+ §||V(HZ —01,)||? is non-increasing

and and positive, therefore converges. So

. 2
i 1 =0.

— gk w67 = Ol = S I = M3~ SV )

gt w4 05T = 0nl” + EIWH = MlE + IV = on)l?

So returning to (3.26), with (3.27) and (3.16), we deduce that

[IIDUhIILm(Q)+7||9|Loo(3)+||90||H1/2<m —vo| [D(up™ — )|

1 1 n 2
te [an o+ ol + 1 Wl o )HD )|

0< lim Vak
R f||bH v+ 180l 2 coe + ~1160 5172 ! IV — 6]
H-1(Q) mi/200) H1/2(89) \/@
i + cl|6ol| 172 (962 HV(QZH - ah)H - §||V(92+1 — 0|7 |
(3.28)

Thus one deduces from (3.28) that u} converges to uy, strongly in V' and 6} converges to 0
strongly in H*(£2). Returning to (3.27), one deduces that
lim A7 = Aplls = AR = Anlls] = 0. (3.29)

n—oo

O

Remark 3.2. Several observations about the convergence of the algorithm (3.1), (3.2) and (3.3)
are in order.

First, the assumption (2.19) is needed here to ensure the unique solvability of (2.20). It is
important to include that condition because convergence only make sense when there is a unique
solution.

Secondly, as mentioned before the proof of the above theorem is inspired from the original work in
[22], and the conditions (3.16) we obtained via an energy method is not necessary and sufficient.
Thirdly, choosing o and v via (3.16) is very hard to implement because the constant ¢ and po
appearing in || Dup|| 12y are not known.

Finally the convergence of (A})n is more complicated and we refer the interested reader to [16]

(Chapter 4).

4 Second iterative scheme

The objective in this section is to study the algorithm (1.13), (1.14), (1.15) by; deriving some a
priori estimates and study the convergence of the iterative solution.
4.1 Formulation
Initialization: Having {u?,p?, /\2, 09} from (3.4) and (3.5), we compute {(9,71”1, "+1,ph+1 )\”+1}
from {u}, py, A, 05} by solving
Step 1: for all (v,q) € V, x M},
1
L (Dupt — Dug, Do) + a0+ Bosui ™ 0) + blo,p) = (F.0) — (M gvr)s
b(upt,q) =0.

(4.1)

Step 2: For all p € H},
1 ~
~(VOR™ = V05, Vp) + ax(05", p) + di (™ 05 + B0,p) = (b,p) — az(f0,p) . (42)
Step 3:
for all v >0, Ap*! = Pa(A} +ygust,)) . (4.3)
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4.2 A priori estimates

The variational problem (4.1) is a perturbed Stokes equations. Hence the existence and unique-
ness of solution is obtained following to the line the Babuska-Brezzi’s approach for mixed problems
(see [14, 23]). Furthermore we claim that

Proposition 4.1. Let (uZH,pZH) be the solution of (4.1). There are c1,ca,c3 (independent of
both h and n) such that if

IVudl < 3 (161 + o)

then the following a priori estimates hold

n €1
IVuil? < 5 (110 + l9l3) for alin>1,
0

IV (up ™ —up) | < ”-f”H o)+ 2||9||s+a ||f||H 1<Q)+a H9H57
1 1 1 v 1
A < (14— 4 ———— 14— 42— .
pp "Il < es ( toet a1/2y3/2 ) [Fll-1(0) + 3 ( toe Tt 1121 llglls

Remark 4.1. The H'-estimate of u} is independent of o, which is in net contradiction of similar
estimate (see Proposition 3.1).

Proof. We follow the proof of Proposition 3.1.
We take v = 2uy ™! in (4.1) and obtain

1D 2= | D |+ D (wy ! =) |20 (6 460wy T up ) = 20wt —2a(N gup)s

We deduce using (2.6), (2.4) and (3.7)2 that

& &
IV 12 = (Vg || + [V (™ uh)||2+0wo||DU"+1||250‘70|\f|\§rl(m+0‘70|\9\\%~ (4.4)

We now use the induction to obtain the first inequality.

We assume that the relation is verified for all m < n and we would like to show the relation for
m=n+ 1L

If |V ™ < |[Vu?|l, then by induction assumption we deduce that it is true for m =n + 1.

But, if ||V’LLZ+1|| > [[Vu} ||, the first three terms in the left hand side of (4.4) can be ignored and

one obtains

C
1D M2 < S5 £ 310 + 23 l9ll3 -
) Yo

Hence application of the Poincaré-Friedrichs’s inequality conclude with the first inequality.
From (4.4), we deduce that

IV (u ™t —up) < IIVuh||2+a*||f||H ey ta - ||g||s

IN

c 2
27520y + ol +a o + o gl

which is the second bound. Finally, from the inf-sup condition (2.20) and the first relation in
(4.1), one has

n b V,dn
Bl < sup )
veV, HvHHl(Q)
n 1 n n
< <f7v> - (Ahvgv‘r)s - a(v(uhH_l - uh) V’U) - al(ah + 007 +1’ ’U)
< sup
veV, vl m (@)
< N Flla-1) +cllglls + *||V( W —u) + nlup )
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thus the inequality is obtained by replacing the estimates on ||V (u} ™" —u?)|| and [|[w} ™ || 1 ().

O

The second step within the second iterative scheme is a linear problem and reads as follows:
Find GZH € H}, such that

for all p € H,,,  a2(0"", p) = L3(p). (4.5)

with
1
az (0", p) = a(V%H, Vp) +az(0;, p) + di(up ™, 001 p),

~ 1 ol =
(3(p) = (b, p) — ax(00, p) + —(VO03;, V) = dn(w ™", 0. p)

It is readily checked that problem (4.5) has a unique solution as a consequence of the properties
of the trilinear form dj(, -, ) and the bilinear form a3(-,-).

Proposition 4.2. Let 0" be the solution of (4.2). There are c; (independent of both h and n)
such that if

1 1
168 s < ex (23100 + 180T + 5 Wolom )

then the following a priori estimate holds:

n 1 1
165 7 o) < e <,{2||bfql(g) + 11601 %1/2 (a0 + ,{2”90”?11/2(89)) .

Remark 4.2. The H'-estimate of 07! is independent of v, which is in net contradiction of similar
estimate (see Proposition 3.2).

Proof. We take p = 207" in (4.2) and obtain

V0P 2 — VORI + [V (07T — 67)[|? + 20k ]| VO + |12

= 2a(b, 7Y — 2aa5 (8o, 01FY) — 2ady, (up T, By, 071 .

IVEL 1P = IIVOR 1P + IV (05 = O0)I1* + an[ VO w0
4.6

3a _
< ?”bH%I*l(Q) +a(en+870) 100l a0 -

We now use the induction to obtain the first inequality.

We assume that the relation is verified for all m < n and we would like to show the relation for
m=n-+1.

If |VO 1| < || V7|, then by induction hypothesis we deduce that it is true for m = n + 1.

But, if | VOt > || V67|, the first three terms in the left hand side of (4.6) can be ignored and
one obtains

n 3 -
RlIVOR I < Il ) + (e 4+ 577) 100l17/2 00 »

Thus the first inequality follows. O

4.3 Convergence

In this paragraph, we are interested in the convergence of the algorithm (4.1), (4.2) and (4.3)
when n tends to infinity. We claim that

Theorem 4.1. Assume that the triangulations T, is uniformly regular. Let (uj ™t pitt optt Apth

be the solution of (4.1), (4.2), and (4.3), and assume that there are ¢y, co (independent of both h
and n) such that

C1
Ivafli? < 5 (IF1-s e + 9l3)
0

1 1
VORI < s (K2||b|?{1(9) + ||90||%{1/2(09) + H2||90||?{1/2(a§z)) '
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Let (up, On, ph, An) be the solution of (2.20) such that (2.19) holds. Then there is c¢ independent
of h and n such that if

v3 1 1
1D sy + oy + ¢ (2Iblisiey + Wollsegons + = 1oolmraon) ) < oo

and
1 1 K
e (bllarsioy + Bollsacony + - Iolimraon ) <5
(4.7)
then the following properties hold:
ul —wy,  stronglyin V., 0 — 6, strongly in H'(Q) ,

and the sequence {||A;, — Anllg}, converges .

Proof. We follow the proof of Theorem 3.1.

We take the difference between the velocities equations in (4.1) and (2.20) for v = uZ“ —up,.
We find

1 n+1 2 1 n 2 1 n+1 ny (12 n ., 9 n+1 2
%HD(UH —un)l” = 5o 1D (uh —ua)ll +%|‘D(uh+ —up)|?+ [ vl +00)|D(up ™ —up)|

- / (v(6n +60) = v(65: +80)) Dun : Dy — i) + /Sgw —AR) - (urh —urn).
(4.8)

We take the difference between the temperatures equations in (4.2) and (2.20) for p = 671 — 0,
and find

1 " 1 1 n "
%HV(%“ — )| — EHV@? —0)|I” + gllvwh“ —OI1P + V(O — 6,

= dp(up —uptt P! 4 9~07ez+1 —0) (4.9)
= dp(up —ul T 0P 9T 0,) 4 diy (up, — uP T 0o, 07— 6y)

Adding (4.8) and (4.9), and using (3.20) in the resulting relation we find

1 n+1 2 1 +1 2 1 n+1 2
%IID(%Jr — up)| +%”AZ *AhllsJF%IIV(@hJr — 0l

1 N 1 1 N
= 5 1D (g —wn)|* - %HAZ = lls = 5 V(67 = 0n)11”

+ / V(O + 00)| D(u) ™ — up)[? + £[| V(O — 65,2 (4.10)
_ _ ) . ]
< [ (#0014 80) = (63 + 80)) D DL =)+ Sl | DL =)

+ dp(up — w0 0T — 0,) + djy (s, — P 00,07 — 6))

Now using (3.24), properties of dj (-, -, ), Proposition 4.2 and making use of Young’s inequality,
one gets

1 n+1 2 1yt 2 1 K n+1 2

3l D@ =)+ N = Nl 4 (g 45 ) IV — 0]
1 n 1. ., 1 K n

— g Dk )| = SN = A - (2& +5 ) Ivi6r - o)

1/2

< (—Vo + C;QHDUhH%m @ +llglies) + 690|H1/2(an)> ID(up*t —up)|?

1 1 na1 2
+c E”b”H*l(Q) + 100l 172 002) + ;HQOHHV?(aQ) [ D(up ™ — )|

1 1 1 2
e —lblla-1@) + 100l m17200) + 100l 12 (00) [V (O —64)||

K n

+ (100l 117200y = 5) 196+ = )2
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We continue as in the proof of Theorem 3.1. g

Remark 4.3. In the first iterative scheme, there is a restriction on « to achieve convergence
(see Theorem 3.1), but in the second iterative scheme there is no restriction on o (see Theorem
4.1). This observation will is also be confirmed computationally.

5 Numerical experiments and Conclusion

All computations were performed using Matlab on Desktop DELL i3 with 8 GB RAM. The test
problems used are designed to illustrate the behavior of the algorithms more than to model an
actual phenomena. We study, computationally the following algorithms;

algorithm 1 : represented via (3.1),(3.2) and (3.3).
algorithm 2 : represented via (4.1), (4.2) and (4.3).
We stop the computations when the following condition is satisfied:
IV (up ™ — up)l? + V(O — )|

[Vup|? + Vo712

< tol = 3.60e — 9.

5.1 Example 1: choice of «

This simulation has been considered by Bernardi, Dakroub, Mansour, Rafei, Sayah [12] in a
different context. The objective is to compute the relative error with respect to « in order to
achieve the convergence of algorithm 1 and algorithm 2.
We consider the domain © = (0,1)? with its boundary 0 consisting of two portions I' and S
defined as follows

S=(0,1) x {1} and T =00\S .

We consider

uy (z,y) = 2027 (1 — 2)?y(2 — 3y),
uz(z,y) = —20(2x — 62° + 42°)y?(1 — y), (5.1)
p(z,y) = (22 —1)(2y — 1),
0(z,y) = zy(l —z)(1 —y),
and 1 1 1 9
v(h) = i + 3 for which 3 <v(d) < 3

The right hand side of (1.1) is adjusted for (5.1) to be the solution. Considering n = (0,1)T and
7= (1,00, a direct computation gives

(Tn)r = —80v(0) 2*(1 —2)>*7 on S and mgux|(Tn)~,—| = 5.625.

We consider v = 0.5, k =1, g = 3 and h = 1/10, and compute the relative error

[V (uh —w)[* +[[V(O — 0)|I?

RE =
[Vl + (Vo[

for different values of . Here (u,8) = (ures,Oresr) With (wpes,brer) being the finite element
solution when h = 1/128. The results reported in Table 1 shows the convergence of algorithm 1
and algorithm 2 with respect to a.

fe! 20 10 5 1 0.75 0.5 0.1 0.02 0.01
RE (algorithm 1) - - - - - 0.0193 | 0.0192 | 0.0192 | 0.0192
CPU time (algorithm 1) - - - - - 3.22 3.09 2.63 2.79
RE (algorithm 2) 0.0192 | 0.0192 | 0.0192 | 0.0192 | 0.0192 | 0.0192 | 0.0192 | 0.0192 | 0.0192
CPU time (algorithm 2) 7.74 7.55 7.02 4.67 5.24 6.99 17.93 53.98 | 105.45

Table 1: Relative error for algorithm 1 and algorithm 2

We note that algorithm 1 converges for 0.01 < a < 0.5 while algorithm 2 is convergent for
all values of a. The restriction on « for algorithm 1 was predicted in theorem 3.1, while the
non-restriction on « for algorithm 2 is supported by theorem 4.1. Finally we note that when
both algorithms converge, algorithm 1 is faster.
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5.2 Example 2: Driven cavity flow

We consider the geometry and the solution (5.1) defined in example 1, with a = 0.01, h = 1/10,
v = 0.5, k = 1. This is classical example that has been studied by among others [24, 25] using
classical Tresca’s condition. The nonlinear slip condition we use is different and we would like to
show by means of numerical simulations the existence of slip/stick zone.

First we report in Table 2 and Table 3 the number of iterations and CPU time needed to achieve
the convergence for different values of h in algorithm 1 and algorithm 2 respectively. It appears
that there is no direct correlation between the number of iterations required for convergence
and the mesh size. It is important to note that the number of iterations is declining when g is
increasing.

h g=1 g=3 g==6
Iter CPU Iter CPU TIter CPU
1/4 39 0.36 41 0.4 21 0.24
1/8 57 4.53 43 3.34 28 1.77
1/16 54 34.6 37 24 24 15.60
1/32 40 345 36 301 26 214.6

Table 2: Number of iterations and CPU (seconds) for algorithm 1

h g=1 g=3 g==6
Iter CPU Iter CPU  Iter CPU
1/4 90 1.08 79 0.90 93 1.04
1/8 80 7.16 85 8.01 101 8.56
1/16 83 83.0 81 83.51 99 100.34
1/32 83 1036.73 80 980.0 99 989.56

Table 3: Number of iterations and CPU (seconds) for algorithm 2

Secondly, the velocity, streamlines, pressure, and temperature are represented in Figures 1-6
for indicated values of g. In Figure 1 (obtained using algorithm 1) and Figure 4 (obtained using
algorithm 2), one has msax|(Tn)7-| > g = 1. It is apparent from the graphs showing streamlines

or velocity field that ur|s # 0 (recall that S = (0,1) x {1}). Hence the nonlinear slip occurs
here and (uy, ug,p,d) defined in (5.1) is not the solution of (1.1)...(1.5).

In Figure 2 and Figure 3 obtained using algorithm 1, or Figure 5 and Figure 6 obtained using
algorithm 2, mgx|(Tn)7-\ < g, and ur = 0 (there is no velocity field on S). Hence no slip is

observed which implies that (uy,us,p, 8) defined in (5.1) is the solution of (1.1)...(1.5).
One notes through Figures 1-6 that the temperature is non-negative and bounded from above
(this observation is not supported by the theory discussed.)
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5.3 Convergence Check

To analyze the convergence, we compute the rates of convergence. For that purpose, we consider
the same test example on uniform meshes with « = 0.01, v = 0.5, and k = 1 and (f, b) is obtained
by replacing (5.1) in (1.1). Since we do not have the exact solution for ¢ = 1, we consider the
reference solution (Wyef, pref, Oref) computed on a refine mesh with h = 1/128.

In Table 4, Table 5 we report the results using algorithm 1, while Table 6 and Table 7 are
concerned with the convergence using algorithm 2. One notes a linear convergence rate for the

quantity ”uT'ef - uhHl + ||07'ef - H}L”l + ”pref _ph||~

B e —will Rate [ures —unls Rate [pres —pal Raic
1/4 1.391e-4 4.961e-3 2.317e-2

1/8 3.423e-5 2.02 2.433e-3 1.02 9.976e-3 1.21
1/16 8.149¢-6 2.07 9.782¢-4 1.31 5.122e-3 0.96
1/32 1.792¢-6 2.18 4.694e-4 1.05 2.862e-3 0.83
1/64 4.991e-7 1.84 2.741e-4 0.77 1.421e-3 1.01

Table 4: Convergence rates with function g = 1 and Algorithm 1

h ||9ref — 9h|| Rate Hﬁwf — 9h||1 Rate
1/4 6.535e-6 6.281e-4
1/8 3.209e-6 1.02 3.963e-4 0.76
1/16 9.956e-7 1.54 2.082e-4 0.93
1/32 3.867e-7 1.36 9.251e-5 1.17
1/64 2.015e-7 0.95 4.315e-5 1.10

Table 5: Convergence rates with function g = 1 and Algorithm 1

h ltrer —up|| Rate |Jurer —unlli  Rate  |lpref —prll Rate
1/4 1.392e-2 4.560e-2 1.807e-2
1/8 3.421e-3 2.02 1.733e-2 1.26 7.976e-3 1.18
1/16 7.149e-4 2.25 8.382e-3 1.04 4.102e-3 0.95
1/32 2.012e-4 1.82 3.291e-3 1.31 1.668e-3 1.13
1/64 4.591e-5 2.13 1.946e-3 0.77 8.822e-4 1.07

Table 6: Convergence rates with function g = 1 and Algorithm 2

5.4 Concluding Remarks

We have formulated and analyzed two numerical schemes for the Stokes equations under non-
linear slip boundary conditions coupled with the heat equation. We have shown the feasibility
of these numerical schemes and established their convergence. Finally, we have validated our
theoretical findings by presenting solid numerical experiments. Our next challenge is to study a
posteriori error control for flows under nonlinear slip boundary condition.

Acknowledgements. We are grateful to the comments and suggestions of the referees which
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