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Abstract

A definition of detailed balance, tailored to a system of indis-
tinguishable fermions, is suggested and studied using an entangled
fermionic state. This is done in analogy to a known characteriza-
tion of standard quantum detailed balance with respect to a reversing
operation.

1 Introduction

In this paper we take the first steps to formulate quantum detailed balance
tailored for a system consisting of indistinguishable fermions, by using an
entangled fermionic state.

Classically, detailed balance of a Markov chain and a given probability
distribution means that the probability for the system to make a transition
from one pure state to another is equal to the probability for the opposite
transition. More precisely, p;jv;jx = Px7Vk;, where the p; form the probability
distribution over the pure states, and the ~y;; are the transition probabilities.
In the quantum case, however, one can express detailed balance in terms of
an entangled state of two copies of the system in question, without direct
reference to transition probabilities. See [23, 26, 27]. Also see the closely
related papers [15, 16]. This formulation creates the possibility to generalize
or adapt detailed balance in natural ways which are not apparent from the
classical formulation. See for example [24].

The references mentioned above build on previous work on quantum
detailed balance, where connections with entanglement were, however, not
made explicit, in particular [5, 6, 19, 35, 40, 39].

Entanglement of indistinguishable particles is not considered in the ref-
erences above. Since many relevant systems consist of indistinguishable par-
ticles, it is natural to ask whether the formulation of detailed balance in



terms of an entangled state can be successfully adapted to entangled states
of indistinguishable particles.

In this paper we show that this is in fact possible, at least for simple
fermionic systems. We thus obtain a purely quantum mechanical formulation
of detailed balance for a system of indistinguishable fermions.

We focus on obtaining a fermionic version of the so-called standard quan-
tum detailed balance condition with respect to a reversing operation |27, 29|.
A standard choice of reversing operation will be used in the latter, namely
transposition of matrices. Our fermionic detailed balance condition is then
modelled on this situation, and will be called fermionic standard quantum
detailed balance.

We take our fermionic system to be a finite sublattice in a fermion lattice.
We then consider a second copy of this system elsewhere in the lattice, and
set up an entangled state for these two systems. In the entangled state
formulation of detailed balance for the generic case without reference to
indistinguishable particles, the tensor product of two copies of the system
being studied, plays a central role. In the fermionic case, however, this simple
tensor product structure is lost, but its place is filled by the lattice structure.

Entangled states for indistinguishable particles are discussed in some
detail (both conceptually and technically) in for example [48, Section 5-4],
[25] and [33]. We only need a very particular case however, for which we give
a self-contained, although brief, discussion.

Duality of dynamical maps plays an important role in quantum detailed
balance (see for example [27]). A preliminary investigation into an analogous
duality in the fermionic case is presented in this paper. However, the analogy
with duality in the usual case may only be partial. In particular, it is not yet
clear if, or to what extent, results on the complete positivity of dual maps
in the usual case, will continue to hold in the fermionic case.

Tailoring quantum detailed balance to fermionic systems is in line with
the general theme of extending or adapting to fermionic systems, various con-
cepts and results from either classical probability, or from quantum proba-
bilistic theories that do not take fermionic behaviour into account. Examples
of this avenue of research can be found in |3, 7, 8, 9, 20, 31, 36].

We review the essentials of the fermion lattice in Section 2. In Section 3
we treat the fermionic entangled state which we need. Then, in Section 4,
we turn to the formulation of fermionic standard quantum detailed balance
in terms of this entangled state. The usual case (without reference to indis-
tinguishable particles) of standard quantum detailed balance with respect to
a reversing operation is also briefly discussed as part of that section, in order
to clarify the origins of the fermionic formulation. Section 5 proceeds with
a simple example to illustrate fermionic standard quantum detailed balance.
A related example is discussed in Section 6 to show that fermionic standard
quantum detailed balance indeed differs from the usual standard quantum
detailed balance condition applied to a fermionic system. Duality of dynam-



ical maps is explored in Section 7. The paper concludes in Section 8 with
some questions for possible further research.

2 The fermion lattice

Here we briefly review the framework that we will use, and also set up much
of the notation for the rest of the paper. Our main references are [18, Section
5.2] and [8§].

Let h denote the Hilbert space for a single fermion and consider the Fock

space
F(h)y=n"
n>0
where
RO .= Cw

with W the vacuum vector, which we can simply take to be ¥ =1 € C, while
forn=1,2,3, ..
h*:=h®..®h
where h appears n times.
Consider the projection

P: F(h) — F(h)

defined by
PY =¥
and 1
P(:Bl ®...Q xn) = H Z Exlr(1) ®...Q ZTr(n) (1)
TESH
for z1,...,xp € h, where n = 1,2,3,.... Here ¢, denotes the sign of the

permutation w. We then define the Fermi-Fock space as
H = PF(h)

and denote its inner product, inherited from F'(h), by (-, -).
We can define creation operators a*(x) on H for all z € h as follows:
First define a creation operator b*(z) on a dense subspace of F(h) by

b (x)¥ =z
and
V(@) (21 ®..0x,) =+ D)2 ®.. @,

for all z,x1,...,x, € h. The corresponding annihilation operator b(x), is
given by
b(z)¥ =0



and
b)) (2o @11 ® ... @ zn) = (n4+ DY (2, 20) 21 @ ... @ Ty,

for all =, xg, x1,...,x, € h, where the inner product (-,-) of h is taken to be
linear in the second slot. The fermionic creation and annihilation operators
are then defined as

a*(z) = Pb*(x)|g

and
a(x) = Pb(x)|g

respectively, for all x € h. These are bounded operators on H which are
adjoints of one another, and satisfy the anti-commutation relations

{a(x),a(y)} =0

and
{a(2),a*(y)} = (z,y) 1n

for all x,y € h, where 1j is the identity operator on H.
Next we introduce the lattice L. Let L be any countable or finite set.
We assume that L indexes an orthonormal basis for i, namely

€l

for [ € L. We could, if necessary, rather denote the orthonormal basis as
e1s where s € S specifies some further properties beyond the lattice we are
considering, say spin values. For simplicity of notation, however, we subsume
all such properties into the set L.

Also then write

and
f(ll,...,ln) = P@ll ® ... €l (3)

for all ly,...,1, € L, forany n=1,2,3, ....
Given any subset I of L, denote by
Dy

a set of finite sequences (ly, ...,l,) in L, forn = 0,1,2,3, ..., with [; # [}, when
j # k, such that each finite subset of I corresponds to exactly one element
of D;. The empty subset of I corresponds to the empty sequence denoted
by @ € Dy, which is the case n = 0. Note that the vectors

Y

with M € Dy, form an orthonormal basis for H. The set Dy is not uniquely
specified, but that does not matter, as it is just a way to label a set of



orthonormal vectors up to a factor £1 for each vector, irrespective of how
Dy is chosen for a given I.
We also use the notation

a; = a*(e)

and
a = a(ey)

for all [ € L. We note that

a?{f(zl,.‘.,ln) = f(l,ll,...,ln)
(which is 0 if [ € {l1,...,1,,}) and

alf(llv'“vl") - (_1)k_1f(ll,---ikp..,lrﬂ)

for k such that I = [, where (i1, ..., I, ..., l,,) refers to the sequence (11, ...,1,)
with [, removed, while a; fq, . ;) = 0ifl & {l1,...,ln}. These facts are useful
to keep in mind when manipulating expressions involving f, . ;.-
For any subset I of L, let
A(I)

denote the C*-subalgebra of B(H) generated by {a; : | € I}, where B(H)
is the C*-algebra of all bounded operators on H. Of course, since a; is the
adjoint of a;, we have af € A(I) for all | € L. Because {a;,a/} = 1, it
follows that A(I) contains the unit 15 of B(H).

From the next section onwards we are going to focus on the case where [ is
finite, and A([) therefore finite dimensional because of the anti-commutation
relations. In this case we can simply view A([) as the algebra generated
by operators a; and a; for | € I, and C*-algebraic notions become less
important. However, we nevertheless continue with the usual C*-algebraic
notation of denoting the adjoint of an operator a by a*. Note that we need
not assume that L is finite.

3 A fermionic entangled state

Here our main goal is to construct the entangled state which is to play a
central role in the next section where detailed balance is discussed. How-
ever, we first construct a fermionic analogue of a product of two states, each
of which is given by a diagonal density matrix in terms of basis vectors ob-
tained from the creation operators. This product state will not be used in
fermionic detailed balance, but gives some insight into how states for com-
bined fermionic systems should be constructed, which is instructive for the
subsequent construction of the entangled state. It may also be relevant in
constructing examples of states for the more general case of balance instead



of detailed balance (see [24]), but that will not be treated in this paper. Our
treatment of entanglement here is self-contained, but brief and limited to the
specific entangled state that we need, presented in a mathematical form con-
venient for our later work in the paper. For more systematic investigations
into entanglement for systems of identical particles, the reader is referred to
[25] and [33]. Also see [32, 37, 44, 47, 50, 51, 52, 53| for some of the other
early papers on this topic, as well as [10, 11, 12, 13, 14, 43| for a selection of
more recent ones.

Consider A(I) and A(J), where I and J are disjoint finite subsets of L.
The finite dimensionality of the algebras A(I) and A(J) due to I and J being
finite, allows us to avoid any technicalities involving limits and infinite sums.
It should be possible to handle such technicalities, but that will not help to
clarify the conceptual aspects we want to focus on.

The fermion lattice now provides a convenient framework to construct
fermionic analogues of product or entangled states for A(I) and A(J).

Consider two sets of probabilities, pys for M € Dy, and gy for N € Dy,
ie. ppr >0, gy >0, ZMGD[ py = 1 and ZNEDJ gy = 1. For A(I) and
A(J), we respectively consider the diagonal density matrices

pr="_ pufu x fur (4)
MeDy
and
pr= > anfv ¥ fn
NeDjy
with
rXye B(H)
defined as

(z ®y)z=xz(y,2)

for all z,y,z € H, inspired by Dirac notation |z) (y|. Le., far x far could
also be written as | far) (far].

We aim to define a fermionic analogue of a product state for the two
states p;r and py such that the state p which is obtained is itself a sensible
fermionic state. We achieve this by setting

p= Z Z PMAN SN X fuN

MeD; NeDy

where

MN

denotes the concatenation of the sequences M and N, i.e. if M and N are
the sequences (m1,...,m;) and (ni,...,ny) respectively, then M N denotes
the sequence (mq,...,mj,n1,...,ny), while for M = & we have MN = N,



and for N = @ we have M N = M. The mixed state p is a fermionic state
simply because the pure states fyrny are. Note that p was constructed in
analogy to the usual product state given by

Z Z pran (fu @ fn) ) (fm @ f),

MeDy NeDjy

which is not a fermionic state in general, since fas ® fy is not.

It is worth emphasizing (see [33] and [25]) that despite the form of the
vectors fyrn, which is given by (3) and (1), they are not viewed as being
entangled states. Therefore the state p, being a mixture of these pure states,
possesses no entanglement. Similarly p; and p; possess no entanglement.

Next we consider the fermionic entangled state of main interest to us in
this paper. We assume that J above has the same number of elements as I,
but still with I NJ = &, and let

v: I —J

be a bijection. The role of ¢ is to view J as a “copy” of I elsewhere in L,
with the goal of constructing an entangled state of two copies of the same
state. We use p; as above, but replace pj by

Pul) = Z pm oy X fun
MeDy

where (M) = (v(m1),...,t(m;)) for M = (my,...,m;). The fermionic en-
tangled state of interest to us is then defined to be

o = Z p}\/é2fML(M) €H (5)
MeD;

where M (M) again denotes concatenation as above. This is in analogy to
the entangled state
1/2
S i ® fon (6)

MeDy

which however is not a fermionic state, i.e. it is not in H, as far ® f,ar) ¢ H.

Remark 3.1. The term “diagonal state” could also be used for @, partly due
to only the form fys,(ar) appearing, instead of the more general case fyr, (),
but also partly because in classical probability an analogous construction
leads to a so-called diagonal measure (in which entanglement plays no role).
This classical construction has a general noncommutative counterpart (see
[22] and [30], as well as [24, Subsection 7.2]) which generalizes (6), but not

(5).



We note that both p and ® reduce to the correct states, i.e.
Tr(pa) = Tr(pra)

and
Te(pb) = Tr(p,b)
for all a € A(I) and b € A(J), so p reduces to p; and pj, while

(®,a®) = Tr(pra)

and
<(P7 b(I)> = Tr(pL(I)b)

for all @ € A(I) and b € A(c(I)). This can be verified by fairly straightfor-
ward calculations.

Note in particular that the pure state ® reduces to the mixed states pj
and p,(py for the algebras A(I) and A(c(I)) respectively, each state being a
mixture of fermionic pure states, confirming that ® is entangled if at least
two of the probabilities pps are not zero.

To conclude, ® is the state that will be of central importance in the rest
of the paper.

4 Fermionic standard quantum detailed balance

In this section we consider a purely fermionic formulation for detailed bal-
ance, in terms of the framework set up so far, in particular making use of
the state ® defined in (5).

We start by briefly reviewing the detailed balance condition in the generic
from not specifically involving indistinguishable particles. In particular we
focus on a standard quantum detailed balance of with respect to a reversing
operation, as defined in [27]| and [29], and also studied in [16] and [28]. We
only discuss it for finite dimensional systems. The development of quantum
detailed balance more generally can be retraced in [5, 6, 19, 35, 39, 40, 41,
42, 4.

Consider a quantum system with n dimensional Hilbert space and its
observable algebra representable as the algebra M, of n x n matrices over C.
Let the system’s state be given by the density matrix p, and we then choose
to work in an orthonormal bagis di,...,d, in which this density matrix is
diagonal, say

b1

Pn

Let
7 My, — M,



be a semigroup of (completely) positive unital maps giving the dynamics of
the system as a function of time ¢ > 0. One then considers the following
entangled state of two copies of (M, p):

Q=Y p%d; ®d;
j=1

which we represent as a state w on the composite system’s observable algebra
M, ® M, by
w(a) = (Q,aQ) (7)

for all a € M,, ® M,,.
In this set-up we can express standard quantum detailed balance of the
system with respect to a reversing operation, as the condition

w(a @ 71(b)) = w(ri(a) @ b) (8)

for all a,b € M, and all t > 0. Here we have in effect made a standard
choice of reversing operation as the transposition of matrices with respect to
the chosen basis. In this paper we refer to condition (8) simply as standard
quantum detailed balance of the system (M, T, p). See |23, Section 5| for
more detail on this specific formulation of the standard quantum detailed
balance condition.

With this background in hand, we can now work towards writing down
a fermionic version of condition (8).

Returning to our notation from Section 3, we are going to work with the
algebra A(IU«(I)) in the place of M, ® M,,, and in analogy with w we define
the state ¢ on A(J U (1)) by

pla) = (®,a®) 9)

for all a € A(1 U (I)). Consider a semigroup 7 of positive (or completely
positive) unital maps
Tt A(I) — A(I)

for ¢ > 0, which is taken to be the dynamics of the system on A(I), we need
this dynamics to be carried over to A(¢(I)) in order to have a copy of the
dynamics 7 on A(¢(I)). So consider the *-isomorphism

1 A(I) = A(u(I))

given by n(a;) = a, for all [ € I. Then copy the dynamics on A([) to
A(u(I)) by
7t AWI)) = AG)) :a—noron .

Similarly we can define a* =noaon~! for any linear o : A(I) — A(I).



In analogy to Eq. (8), we then say that (A([), pr, 7) satisfies fermionic
standard quantum detasled balance when

p(ati (b)) = ¢(7e(a)d) (10)
for all a € A(I) and b € A(¢(I)), and all ¢ > 0.

Remark 4.1. Typically one would be interested in the case where all the
probabilities pys appearing in py, as given by (4), are non-zero. However,
this is not mathematically essential at the moment. In fact, it only becomes
important when studying duality in Section 7.

Note that the time variable ¢ does not play an essential role in what we
have done so far. We could equally well only consider a single (completely)
positive unital map 7 : A(I) — A(I), which means that we in effect only
consider one instant in time (or a discrete set of instants in time upon iter-
ating the single map). Then fermionic standard quantum detailed balance
of (A(I), pr,T) is expressed as

p(at’ (b)) = ¢(7(a)b) (11)
for all a € A(I) and b € A(c(1)).

5 An example

We exhibit a simple example of fermionic standard quantum detailed balance
as defined by Eq. (11). The example is based on an example of the type
discussed in [2, Section 6], [15], [26, Section 5|, [27, Subsection 7.1] and [24,
Section 7|, but adapted to the fermionic framework. At its core it can be
viewed as counsisting of “balanced” cycles. We concentrate on discrete time,
but at the end of the section we explain how to extend this example to
continuous time.
Start by defining a unitary operator

U:H—H

by setting
Ufe = fo
and
Ufty,.itn) = Jo(1),.o(ln))

for all finite sequences (I1,...,1,,) in L, for any n = 1,2,3, ..., where
oc:L—L

is a permutation of I. By this we mean that o|; : I — I is a bijection, while
o|p\s is the identity map on the complement L\I of I. The operator U is

10



well-defined, since the vectors fq, ;) include an orthonormal basis for H,
as mentioned in Section 3, while it is easily checked from the definition of
fr,..00) in Eq. (3) and Eq. (1) that any permutation of 4, ..., 1, is consistent
with the definition of U.

It follows that

U iU fy,tn) = U ft0(0)mo(n)) = fo1@t1n) = o1y f 1, 10)

SO
U*Q;U = a(’;,l(l)

which means in particular that
U*A(I)U = A(I).

Furthermore,
UajU* = az(l) (12)

so for any fixed A € [0, 1] we obtain a well-defined unital completely positive
map
T:A(I) — A(I)

by setting

7(a) = A\U*aU + (1 = \)UaU* (13)
for all @ € A(I). Keep in mind that o can be decomposed into cycles, so
in effect 7 is built from two sets of cycles, the one set being opposite to
the other. It will shortly become clear that if we “balance” these opposite
cycles by taking A = 1/2, then fermionic standard quantum detailed balance
emerges, analogous to the usual (or generic) case.

As in Section 3 we consider a bijection ¢ : I — J where I and J are
disjoint subsets of L, and as in Section 4 we copy the dynamics 7 to A(¢([1)).
Explicitly we can do it as follows:

Define a permutation ¢* : L — L of J by

c'() =100 0. )

for [ € J, and
o'(l) =1

for | € L\J. Using this, we define a unitary operator

V:H—H

by
Vie=fo
and
Vi) = for),otn))

11



for all finite sequences (l1,...,1,) in L. Then we can define the copy 7* of 7
on A(«(I)) by

THb) = AV*BV + (1 = \)VbV* (14)
for all b € A(«(1)).

Now, as opposed to the usual case of standard quantum detailed balance
in Eq. (8), where one uses the tensor product, we now make use of the
properties of our fermionic lattice, in particular the fact that I and (1)
are disjoint, to show how fermionic standard quantum detailed balance is
obtained. The key point in this respect, is that from Eq. (12) we deduce

a;U =Uaj]
for all [ € L\I, hence
bU =Ub
for all b € A(¢(I)), and similarly

aV =Va

for all a € A(I).
Using this we can do the following calculation for any a € A(I) and
b e A(u(I)), in terms of the state ¢ given by (9) and (5), to obtain conditions
under which fermionic standard quantum detailed balance is satisfied:
Firstly,

o(1(a)b) = A (P, U*aUb®) + (1 — A) (P, UaU*b®) .

But, using the notation (M) := (o(l1),...,0(ln)), when M = (l1,...,1,,), we
obtain

(<I> U*aUb®)
(U®D, abU D)
< Z PM fU(M ]W)aab Z pN fU(N) >
MeDjy NeD;
= < Pl/z VI auo—1any), ab Z P1/2 VI U—l(N))>
{MO‘ ED]} {N:O'_l(N)ED[}
- < ATV IYACT D SR eI >
{M 0'_1 ED]} {N:U_I(N)ED]}
= (®1,aVbV*Py)
where
Py = Z pl/_21 o Farean) Z Pl/Q M))-
{M:c=1(M)eDj} MeDy

12



Now, for any sequence M € Dy, let
oy L — L
be the permutation of M such that
ogooy(M) € Dy.

The point here is that (M) is a sequence in I, but it need not be in the
correct order to be an element of D;. The permutation o,s corrects for this.
If we assume that the density matrix p; in (4) satisfies

pa;;oa'—l(M) =PMm (15)

for all M € Dy, then it follows from the definition of fy, ;) in Eqgs. (1),
(2) and (3), in particular how the sign of f(;, ;) may change due to per-
mutation, that

1/2 1/2
¢y = E p]\//f Jooon (M)u(ooor (M) = E pg/_loo_,l(M)fML(M) = .
MeD; Mep; M

A simpler (but less general) assumption that ensures Eq. (15), is
PM = PN (16)

for any pair of sequences M, N € Dy that have the same length.
Then
(O, U aUb®) = (O, aVIV* D).

If we let
oym:L— L

be the permutation of M € Dy such that
o to om(M) € Dy,
and we assume that the density matrix p; satisfies
Poloo(M) = PM (17)
for all M € Dy, we also obtain
(O, UaU*b®) = (P, aV*OV D).

From this we conclude that if conditions (15) and (17) are satisfied, or alter-
natively just condition (16), then

o(1(a)b) = A (P, aVbV*®) + (1 — \) (@, aV*OV D) .

13



Under these conditions, if
A=1/2,

then

o(7(a)b) = ¢(at" (b))
foralla € A(I) and b € A(c(1)). Thatis, (A(I), pr, 7) then satisfies fermionic
standard quantum detailed balance.

This example can easily be adapted to a continuous time example by
using the form L(a) = AU*aU + (1 — \)UaU* — a as the generator of a
quantum Markov semigroup which then satisfies fermionic detailed balance
in the form (10).

6 Detailed balance vs fermionic detailed balance

Here we show that the standard quantum detailed balance and fermionic
standard quantum detailed balance conditions discussed in Section 4, are not
equivalent when we consider dynamics on an A(I). More precisely, we exhibit
a simple example of a unital completely positive map on A(I) satisfying
standard quantum detailed balance but not fermionic standard quantum
detailed balance. As is the case with the dynamics in Section 4, this example
will nevertheless still have even dynamics, the definition of which is also
discussed in this section.

Consider the following example of standard quantum detailed balance,
which is similar to the example discussed in Section 5, but not tailored to
the fermionic case:

Consider a n-dimensional Hilbert space K with orthonormal basis dy, ..., dy,.
Given a permutation w € S, of {1,...,n}, we define a unitary operator
W.:K — K by

Wdj = dw(j)

for j = 1,...,n. That is, we are considering a permutation of the orthonormal
basis. For 0 < A < 1 we then consider the unital completely positive map
a: B(K) — B(K) given by

ala) = A\W*aW + (1 = A\ WalW*

for all @ € B(K). Now, using the basis dy, ..., d, to represent B(K) as M,
as in Section 4, assume that the probabilities p; from Section 4 are equal for
the basis vectors d; lying in the same cycle of the decomposition of o into
cycles. It is then straightforward to check that standard quantum detailed
balance is satisfied when A\ = 1/2 (the argument is similar, but notationally
simpler than that in Section 5).

In particular, keeping in mind that A([) is isomorphic to My, we can
in this way obtain dynamics on A(I) satisfying standard quantum detailed
balance, using the vectors fy;, M € Dy, as the orthonormal basis in the place

14



of dy, ...,dy, and applying a permutation to this basis. In particular, we see
from this argument that the dynamics on A(I) in Section 5 satisfies (usual)
standard quantum detailed balance when A\ = 1/2, if the probabilities pys are
equal for basis vectors fas lying in the same cycle of the permutation. How-
ever, if the permutation of the orthonormal basis, namely the vectors fys, is
not obtained from a permutation of I as in Section 5, then the argument in
Section 5 falls apart. In that case we can not expect to have fermionic stan-
dard quantum detailed balance in general, even though standard quantum
detailed balance is satisfied as explained above.

We can illustrate this explicitly, while preserving a basic property that
the dynamics 7 in Section 5 has, namely that it is even. We describe this
concept, before continuing to our example:

Define a unitary operator

0:H—H

on the Fermi-Fock space via 0fy; = far if the sequence M has even length,
while 0fy; = —far if the sequence M has odd length. Note that 6§ = 6*.
Furthermore, it is easily confirmed that

0a;0 = —a;

for all [ € L, by applying 0a; 6 to the basis vectors fj;. By taking the adjoint
both sides, we also have
0a;0 = —a;

for all [ € L. Therefore we can define a x-automorphism O; of A(I) by
O;(a) = ab

for all a € A(I). This works for every subset I of L, including I = L, so we
may as well just work with © = ©p, since then Oy is just the restriction of
© to A(I). (Also see [8, Section 4.1].)

One can then show that the dynamics 7 in Section 5 is even for all
A € [0,1], by which we mean that

To®=0OorT.

This follows from U6 = 0U, which is true, since in U f, 1.y = fo@),....0(n))
the sequences (l1,...,1,) and (o(ly),...,0(l,)) have the same length, so both
are even or both are odd.

It is of interest to note that 6® = @, so

poBO =,

i.e. the state ¢ is even.

15



We now construct an example of dynamics which is even and satisfies
standard quantum detailed balance, but not fermionic standard quantum
detailed balance:

Consider the case |I| =2, i.e. A(I) is generated by two operators a;; let
us call them a; and as. We use Dy = {@, (1), (2),(1,2)}. Furthermore, for
the rest of this section, we set

1
Pz = P@a) = P@) = P1,2) = 1

as the probabilities appearing in p; given by (4), and in terms of which we
express the detailed balance conditions. We take |J| = 2 as well, with I N J,
and let az and a4 denote the generators of A(J). The bijection ¢ : I — J we
use is given by

(1) =3, 1(2) =4.

The dynamics on A(I) will be obtained from a unitary operator
Ur: Hy — Hy,

where Hj is the subspace of H spanned by the set {fz, f(1), f(2), f(1,2)}, and
U is defined via

Urfe = fay, Urfo) = fae)s Uifag) = fe), Ulfe) = fe.

Note that this is a permutation of the basis not given by a permutation of
the set I = {1,2}.
View A(I) as being faithfully represented on H; by 77 via

m(a) = a]HI,

i.e. we restrict the elements of A(I) to H;. In other words, we represent
A(I) faithfully as m;(A(I)), which is isomorphic to My. The reason for this
is that we have not defined U; on the whole of H; trying to extend Uy to
H, and working with A(I) itself, is inconvenient in this case. However, for
simplicity we suppress the 77 in our notation below. Analogously for A(J)
on HJ.

By applying Uya1U; to the basis vectors fz, f(1), f(2) and f(12) of Hi,
one can verify the formula

Uia Ur = ajlaq, aj]
where [, ] denotes the commutator. Similarly we have the formulas
Ura UT = azlay, ajl,

UraUr = ailas, as],
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and
Ura2U; = ajlag, a3].
For any fixed A € [0, 1] we can then define dynamics « on A(I) by
a(a) = A\UraUr + (1 — X\)UraUy
for all a € A(I). It is straightforward to check from the formulas above, that

« is even, i.e. ko ® = O oa.
We copy a to A(J) via

at(b) = A\VibV; + (1 — N)VybV7,
using the correspondingly defined unitary operator V; on Hj given by
Vife = fay, Vife) = fa), Vifea = Tw, Vifu = fe,

and for which corresponding formulas as for Uy above hold.

Let us now study detailed balance for the case A = 1/2. As already
explained earlier in this section, standard quantum detailed balance is then
satisfied. However, fermionic standard quantum detailed balance is not:

N 1

plafan)a}) = §

while )
plmat(a3)) = 1,

for ¢ in (9). This can be verified using (5), which here is

P = %(f@ + fasy + foa + fazsa),
as well as :
a(ar) = §(a2 + a3)[ay, aj]
and 1
o'(as) = 5 (a3 — as)[as, af),

and by then calculating that

* * 1
a(a)® = a(a)"® = Z(f@) + fay + fa23) + fa,3.4)
N 1
ay® = §(f(4) + fa,34))

. 1
a;® = §(f(1) + f,2.4))
and )
a‘(ay)® = 1(—f(1) - f(3) - f(1,2,4) - f(2,3,4))7

and then evaluating p(a(a1)a)) = (a(a})®, aj®) and p(a1a(a})) = (a7P, o' (a}) D).

Thus (A(1), pr,«) is indeed an example with even dynamics satisfying
standard quantum detailed balance, but not fermionic standard quantum
detailed balance.
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7 Duality

Certain types of duals (or adjoints) of dynamical maps play an important
role in quantum detailed balance conditions. See for example [42, 27, 23, 24].
Here we show that some, but not necessarily all, aspects of duality survive
in our framework for fermionic standard quantum detailed balance. Our
discussion here is of a preliminary nature and we suspect that it should be
possible to develop duality in the fermionic case further.

A very basic duality appearing in relation to standard quantum detailed
balance arises from the following bilinear form, defined in terms of the state
w given in (7):

B, : M, x M,, » C: (a,b) = w(a®Db).

We note that for a,b > 0, in the usual operator algebraic sense, i.e. @ and b
are self-adjoint operators with non-negative spectra, we have

By (a,b) > 0. (18)

For a linear map « : M,, — M,,, the unique dual map o' : M,, — M,, such
that
Bw(a(a), b) - Bw(av O/(b))

for all a,b € M, is then of some importance in connection to standard
quantum detailed balance and can for example be used to define the KMS-
dual of a positive map (again see the references mentioned above, for example
[24, Definition 2.9], but also [49] and [45, Proposition 8.3]). The positivity
of B, mentioned above is necessary in showing o/ is m-positive when « is.
These points in fact hold in a much more general infinite dimensional von
Neumann algebraic setup, not just on M, (see [1, Proposition 3.1] and [24]).
The special case M, fits into the general von Neumann algebraic framework
by representing the first copy of M,, appearing in B, as M, ®1,,, with 1,, the
n X n identity matrix, while the commutant 1,, ® M,, of this representation
serves as the second copy of M, in B,,.

In analogy to this, we can study the following bilinear form in the
fermionic case, in terms of the state ¢ given by (9), and where I is again
a finite subset of L, and ¢ : I — L is an injection such that I and ¢(I) are
disjoint:

B, A(I) x A(t(I)) = C: (a,b) — p(ab).
Note that as in Section 4, the role of the tensor product structure is here
essentially taken over by the fermion lattice structure. Below it will be seen
that B, does allow us to define dual maps similar to B,,, but on the other
hand it does not satisfy the positivity property By(a,b) > 0 for all a > 0
and b > 0.

Note that in the definition of B, we are in effect making a choice, since
we could equally well have used the definition By(a,b) = ¢(ba). In B,
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no corresponding choice had to be made, since (a® 1)(1®b) = a®b =
(1®b)(a®1). This is an indication that the definition of B, is not quite as
natural as that of B,,.

In order to show that we can define a dual in the fermionic case, analogous
to the usual case above, we first study the relevant properties of B, as defined
above. The main technical property we need is the following non-degeneracy
of By:

Proposition 7.1. In the definition of ®, given by (5), assume that ppr > 0
for all M € Dy. Then:
(1) If By(a,b) =0 for all a € A(I), for some b€ A(¢(I)), then b= 0.
(it) If By(a,b) =0 for all b€ A(u(1)), for some a € A(I), then a = 0.

Proof. For any M € Dy, let apn = am,...am, and a,(ar) == Qyamy)-+Qumy)
where M is the sequence (my,...,ms), while we set apy = a,y = 1if M
is the empty sequence. Furthermore, let M’ € D; denote the complement
of M € Dy, i.e. M’ is the sequence in D; consisting of the elements of I
not appearing in the sequence M. Keep in mind that the algebra A(:(I)) is
spanned by the linearly independent set of 22/l elements given by

(NG (M)

for M,N € Dy, i.e. these elements form a basis for A(c(I)).

Note that for any given M € Dy and b € A(:(I)) we then have from
INul) =@ and {ak,a;} = {ag,a;} = {a},a;} = {a},a;} =0 for k € I and
l € (1), that

aypapb = caypay

where ¢ is obtained from b by expanding b in the above mentioned basis for
A(u(I)), and changing the signs of some terms due to the anti-commutation
relations mentioned above. (Which terms change sign will not be important
to us.) So c depends on b and |I|, since a}, ap contains |I| factors of ay or
ay, in total.
In addition we have
aypam farry = farn
and
aypam fn vy =0
for sequences N € Dy such that N # M. Therefore, from (5),

. 1/2
apypanb® = Pj\é cfmruan-

Similarly it now follows that
« 1/2
anrappapb® = pyrdin fuan-
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where d| is obtained from ¢ via appc = djpapr by again changing the
signs of certain terms. Note that in the process a dependence on the length
of the sequence M’, so equivalently on that of M, appears, which we indicate
by |M]|.

Assume that By(a,b) = 0 for all a € A(I). Then it follows for all
M, N € Dy that

1 * *
(fuwy dimaifuny) = 7 (anranan®, appaypanb®)

(pmpN)

1
ﬁBw(a?VaN/a}kV/aM/ ayan,b)
PMPN)

(

=0

Even though the signs of the terms in d|j; may vary as M varies, the
fact that

<fL(N),@f(N)aL(M)fL(M)> = (fo, faz) = 1,

whereas a,(r) f,(m,) = 0 if the sequence M) contains entries not present in
My, means that each term in d|yy) is zero. To see this, start with the shortest
sequence M = N = & in Dy, i.e. start with <fg,d|@‘f@> = 0, to see that
the basis element af(g)aL(@) = 1 in the expansion of d||, has coefficient 0.

Then progressively check longer sequences M and N in < Juvys din £ M)>,
step by step. Therefore all basis elements in the expansion of d|y; have zero
coefficients. Likewise for b, as its coeflicients are the same, except possibly
for the signs, i.e. b =0, proving (i).

Similarly for (ii). O

For the rest of this section we continue to assume that
pym >0

for all M € Dj.
From Proposition 7.1 we obtain the following:

Corollary 7.2. (i) Every linear functional f on A(I) is of the form
f = B@('a b)

for some b € A(u(I)) uniquely determined by f.
(ii) Every linear functional g on A(u(I)) is of the form

9= B@(a’ )

for some a € A(«(I)) uniquely determined by g.
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Proof. Consider the linear map
F:A(I) = AI)* : b= By(-,b)

where A(I)* denotes the dual of A([), i.e. the space of all linear functionals
on A(I). In order to show (i), we only need to prove that F' is a bijection.
Because of Proposition 7.1, F is injective. It follows that

dim A(I)* = dim A(I) = dim My, = dim A(¢(1))
= dimker F' + dim F'(A(:(I)) = dim F(A((1))

which means that F' is also surjective, i.e. F'is bijective as needed.
Claim (ii) follows similarly. O

Now we are in a position to obtain the dual of a linear map in terms of
B,.
®

Theorem 7.3. (i) Any linear map
a: A(I) — A(I).
has a unigue fermionic dual map
a?  A(I)) — A1)
(which is necessarily linear) such that
By(a(a),b) = By(a, a?(b))

for all a € A(I) and b € A(L(1)).
(i) Any linear map

B+ A(I)) = A((I))
has a unigque fermionic dual map
e A(I) — A(I)

(which is necessarily linear) such that

foralla e A(I) and b € A(«(1)).
(1) In terms of (i) and (ii),

a® =a and B¥¥ =7
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Proof. For b € A(u(1)), define f, € A(I)* by fi(a) := By(a(a),b). By
Corollary 7.2 there is a unique element of A(¢(I)) which we denote by a?(b),
such that f, = B, (-, a?(b)) proving (i). Part (ii) follows similarly. Part (iii)
follows from uniqueness. O

Note that we can characterize fermionic standard quantum detailed bal-
ance in terms of this fermionic dual:

Corollary 7.4. Fermionic standard quantum detailed balance, as defined in
(10), is satisfied for (A(I), pr,7) if and only if

for all t > 0. Furthermore, when fermionic standard quantum detailed bal-
ance holds, the map 7} (for any t) is the unique A(c(I)) — A(«(I)) map
satisfying (10) for all a € A(I) and b € A(u(1)). Similarly for (11).

This theorem and its corollary show that at least two aspects of duality
survive when moving from the usual case to the fermionic case, namely the
dual always exists, and it can be used to characterize fermionic standard
quantum detailed balance. Compare this for example to [27, Definition 1]
where standard quantum detailed balance with respect to a reversing oper-
ation is defined directly in terms of the KMS-dual.

On the other hand, the survival of positivity is not yet as clear. To
conclude this section, we consider two examples related to this. The first
shows that B, does not satisfy a positivity property of a form analogous to
that satisfied by By, in (18). This may be an indication that the duality in the
fermionic setup is not as useful as the duality obtained in the usual case in
terms of B,. On the other hand, the second example indicates that, despite
B,’s lack of this positivity property, complete positivity of the fermionic
dual of a completely positive map is not necessarily a lost cause. In addition,
we already know from Corollary 7.4 that, at least when fermionic standard
quantum detailed balance is satisfied, it follows that 7,” is completely positive
if 7 is, simply because 74 (being a copy of 7;) is completely positive.

Example 7.5. Let a := (14+kc)*(1+kc) € A() and b := (1+Ad)*(1+Xd) €
A(u(I)), where ¢ = a; for some [ € I, d = a,() and , A € C. Then

ab = q+ (kc+ Rc*)b
where (due to the anti-commutation relations)
q:= (L+Md)*(1 + |s[*c*c)(1 + Ad) > 0.
Now, ¢(q) > 0 and one can show from (5) and (9) that

r = ¢((kc + Rc*)b) = kAp(cd) + REAp(c*d®).
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The complex conjugate of p(cd) is p(cd) = ¢((cd)*) = —p(c*d*), since
{c*,d*} = 0. From the form of ® in (5), one can see that ¢(cd) is real. So
p(ed) = —p(c*d*). Therefore

r = (kX — E\)p(cd).

It is simple to check that ¢(cd) can be non-zero for suitable choices of the
probabilities pps > 0 in (5). Hence r ¢ R is possible. Then

B,(a,b) = p(ab) ¢ R
despite the fact that ¢ > 0 and b > 0.

For our next example the proposition below is needed. This proposition
again follows from Proposition 7.1, and tells us that ® is a separating vector
(as defined below) for the algebras A(I) and A(«(Z)). This is not to be
confused with the notion of a “separable state”. What we are interested in, is
rather to be able to distinguish operators in an algebra by their values on a
single vector, the separating vector. We in fact go further in the proposition
and show that ® is cyclic, but this is not needed in the example. The
proposition may very well be of independent interest, as cyclic and separating
properties are often very important in other contexts, for example in Tomita-
Takesaki theory and its connections to equilibrium statistical mechanics.

Before stating the proposition, we define the required terminology. Con-
sider any finite subset J C L.

A vector 2 € H is called separating for A(J) when the following is true:
if a € A(J) and a2 = 0, then a = 0.

Let K be a subspace of H. A vector Q € H is called cyclic in K for
A(J), if A(J)Q = K. (If we allowed infinite J, we would assume K to be
closed and require the closure of A(J)Q to be K.)

Define

Hjy= span{fM M € _DJ}.

Note that A(J) is faithfully represented on H by restriction (a special case
of this was already mentioned in Section 6).

Proposition 7.6. (i) The vector ® is separating for A(I) and separating for
A(e(I)).

(i4) The vector @ is cyclic in Hyy,py for A(I), and cyclic in Hyy, gy for
A(u(I)).

Proof. (i) We first show that ® is separating for A(I). Suppose that a® =0
for some a € A(I). Then By(a*,b) = (a®,b®) = 0 for all b € A(c(1)).
Hence, by part (ii) of Proposition 7.1, we have a* = 0, which means that
a = 0, as required.

Similarly, ® is separating for A(.(1).

23



(ii) Next we show that @ is cyclic in Hy,(py for A(I). Note that Hyy, 5y =
span{ far,(ny : M, N € Dr}. Therefore we consider any M, N € D(I), and
then only need to show that fy,n) € A(I)®.

Apply annihilation operators ag to @ for all k that appear in the sequence
N, followed by applying creation operators a; for all [ € I that don’t appear
in N, to obtain a new vector ®5. In terms of the notation in Proposition
7.1’s proof, we can set

(I)Q = a}‘(V/CLN‘I),

where N’ € Dy is the sequence consisting of the elements of I which are
not in N. Note that the terms fp,(g) in ® for sequences R € d; which
don’t contain all elements from N, are annihilated in this process (by the
annihilation operators), as are terms for R € dj which contain elements
not appearing in N (by the creation operators). Therefore ®, is a non-zero
vector proportional to fr,(n)-

We now apply annihilation operators ap to ®o for all k that appear in the
sequence N', followed by applying creation operators a; for all [ appearing
in M, to obtain a non-zero vector, for example

a}k\/[aN/q)g = a}‘V[aN/a*N,aN@,

proportional to far,(n)-
As all the operators we applied to ® are from A(I), this shows that

fanvy € A(I)®, as required.
Similarly, ® is cyclic in HIUL(I) for A(u(1)). ]

Remark 7.7. Put differently, this proposition tells us that (H 1y, Truur), ®)
is the cyclic representation (as one would obtain from the GNS construction,
and which is unique up to unitary equivalence) of A(I) associated with the
state pr, where

71-IUL(I) (a) = a/’HIUL(I>

for all @ € A(I) defines the representation 7,y of A(I) on Hpy, () by re-
striction to Hyy,py- The reason for this is that Tr(pra) = (®, 7y, (a)®),
as mentioned in Section 3, since ® € Hjy,(y) and so 7y, (a)® = a®. Sim-
ilarly (Hyu,(r), Truur), ®) is the cyclic representation of A(:(I)) associated
with the state p,(), where 7, (p) is still restriction to Hy,(y), but applied
to operators in A(¢(I)). In both these representations, the cyclic vector ® is
also separating.

This is remarkably similar to usual entanglement in terms of the tensor
product structure (see for example [24, Section 7]).

Also see [10] and [21] for related work on entanglement and represen-
tations in the fermionic case. Consult [17, Sections 2.3.1, 2.3.3 and 2.5.1]
for general background on cyclic and separating vectors, as well as cyclic
representations.
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The following example indicates that the fermionic dual may have better
positivity properties than one may initially expect, and that it may behave
well with respect to some classes of generators of quantum Markov semi-
groups.

Example 7.8. Consider |I| = 2 as in the example in Section 6, and use the
same notation. However, as a shorthand, we write

Po = Pz; P1 = DP(1), P2 = P(2), P3 = DP(1,2)
which are all non-zero, but need not be 1/4. So we have

¢ = p(l)/2f® + Pi/Qf(l,s) + pé/zf(2,4) + pé/Qf(1,2,3,4)

as our entangled state.
(i) We start with the completely positive map

a: AI) — A(I)

defined by
a(a) = ajaay

for all a € A(I). To determine its fermionic dual, as defined in part (i) of
Theorem 7.3, one can proceed as follows:

Evaluate both By(a(a),b) = ¢(a(a)b) and B,(a,a?(b)) = p(aa¥ (b)) for
each a in a basis for A(]), say a = 1, a1, ag, a}, ab, ajas,..., ajazajas. Since
A(I) is 16 dimensional, we obtain 16 equations in terms of b and o¥(b),
namely

(@,a%(b)®) = <p}/2f(1,3) +p;1;/2f(1,273,4),bq>>
for a =1,

<p(1)/2f(1) +P§/2f(1,2,4)7 Oéso(b)q’> =0

for a = aq,

<pé/2f(2) —p*f2s), a“’(b)@> - <p}/2f(172’3)’ bq)>

for a = ag, etc., which can then be used to find the components ( fir, a?(b)®)
of a?(b)®, in terms of the orthonormal basis of Hpy,() given by fy for
M € Dpy,(r)- In turn this can be used to determine a(b)® for each b in a
basis for A(¢(I)), and using part (i) of Proposition 7.6, a®(b) itself can be
determined uniquely for each b.

For example, when b = 1, we obtain

p p
a?(1)® = 71}2 fo+ 71?2 f2.4)
Py Do
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which implies that
a?(1) = &a3a§a4aj + p—gagagaflazl.
Do b2

Proceeding in this (tedious) way, it is eventually found that
a?(b) = gbg"

for all b € A(«(I)), where
1/2 1/2
g:=as (%amz - }9?’/2@2%) :
)

Interestingly, o is therefore also completely positive.
(ii) We now expand on this by viewing « as part of a generator 6 for a
quantum Markov semigroup on A([), given by

0(a) = —i[aikala + aaja; — 2ajaa; + araja + aaia] — 2aiaai]

for all a € A(I). (See [34], [38] and [46, Section 30| for more on the general
theory of such generators). The dynamics on A([) is then given by

7i(a) = ”(a) (19)

for t > 0. This 0 was chosen as an example, since it has properties relevant
to our work:

We are mainly interested in dynamics that leave the state p; from Sec-
tion 3 invariant, as it is required for fermionic standard quantum detailed
balance). This means that for all ¢ > 0,

Tr(pr7i(a)) = Tr(psa),

or equivalently
Tr(prb(a)) = 0,
for all @ € A(I). This is the case if and only if

po=p1 and py=p3. (20)

Nevertheless, fermionic standard quantum detailed balance is not satisfied,
as can be checked from the definition of the latter, and will also be checked
by Corollary 7.4 below. This is relevant, since because of Corollary 7.4, if
T¢ is completely positive and satisfies fermionic standard quantum detailed
balance, then we in any case have that 7,7 is completely positive, as it is
equal to 74, which is just a copy of 7; elsewhere in the lattice, and therefore
completely positive. The goal is to see if complete positivity of the fermionic
dual extends beyond this situation.
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Write 0 as )
0= —5[91 + 0y — 203 + 04 + 65 — 296]

where 01(a) = ajaia, etc. As for a = 603 above, we can determine Hf for
each j in turn, for example 67 (b) = ajasb, to obtain

07 (b) = —=[07 + 05 — 205 + 67 + 62 — 267](b)

1
2

1
= —5lazash + basag — 2gbg” + agazb + bagag — 2h"bh)

for all b € A(«(I)), where

o2 V2
h:=as <[1)/2a4aj — ?/2(121@) .
P P3

For 0¥ to again be a generator of a quantum Markov semigroup, in the
standard form as in [46, Corollary 30.13|, we need to have h*h = ajas and
99" = azaj. In other words, we need the invariance condition (20) to be
satisfied, as is easily confirmed. In this case g = h, and then we have

1 * * * * * *
02(b) = —5l9"gb +bg"g — 29°bg + gg"b + bgg™ — 2gbg’]
for all b € A(¢(I)), which is indeed a generator of a quantum Markov semi-
group. Note that, by Corollary 7.4 and (19), this confirms that fermionic
standard quantum detailed balance is not satisfied, since

1
0'(b) = —g[a};agb + bazaz — 2azbaz + agazb + basaz — 2azbas]

is not the same as 0¥, because of the a3jbas and agbaj terms.

So essentially, at least in this example, the invariance condition (20) for
the original dynamics, also ensures that 6¥ is a generator for a quantum
Markov semigroup, the latter of course just being the fermionic dual 7,° of
the semigroup 7, generated by 6, as one can see from (19). In particular, 7,7

is then completely positive for all ¢ > 0.

In order to extend this example to more general maps and generators, it
would be advisable to first develop more efficient techniques to deal with the
fermionic dual. This is left for further investigation.

8 Questions

There are some natural further questions that could be explored:

Can the fermionic standard quantum detailed balance condition lead to
more refined results than the usual quantum detailed balance conditions,
when applied to fermionic systems?
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What other interesting examples, aside from the one in Section 5, are
there of fermionic standard quantum detailed balance?

We saw in Example 7.8 that fermionic duals may have good positivity
properties and may behave well with respect to the structure of some classes
of generators of quantum Markov semigroups, despite the bilinear form not
having a simple positivity property. The question is if this is true more gen-
erally, say for semigroups leaving the state p; invariant. Such an invariance
assumption is present in the general results on usual duality in the tensor
product setup (or more generally in terms of commutants) to ensure exis-
tence of the dual; see [1, Proposition 3.1] and [24, Theorem 2.5|. A more
general investigation could be done to determine when the fermionic dual
of a completely positive map is completely positive, and when the dual of a
generator of a quantum Markov semigroup is also the generator of a quantum
Markov semigroup.

A related question is if there is a more efficient method of determining
the fermionic dual, than the method used in Example 7.8.

Alternatively, one can ask if duals of maps in the fermionic case be ap-
proached in a different way from Section 7, in order to have better positivity
properties.

What other forms of quantum detailed balance, aside from standard
quantum detailed balance with respect to a reversing operation, can sim-
ilarly be tailored to the fermionic case?

In this paper we have essentially just considered finite systems in a very
concrete set-up. What about more general fermionic systems and a more
abstract set-up? At least an infinite version (i.e. infinite I') should be possible
in the same concrete setting that we have used in this paper.

Lastly, can a bosonic version of detailed balance be developed in an anal-
ogous way? This seems plausible, but may be technically more demanding.
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