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Abstract

Semiclassical orthogonal polynomials are polynomials orthogonal with respect to semi-
classical weights. The fascinating link between semiclassical orthogonal polynomials
and discrete integrable equations can be traced back to the work of Shohat and Freud
and later by Bonan and Nevai; orthogonal polynomials with Freud-type exponential
weights have three-term recurrence coefficients that satisfy nonlinear second order dif-
ference equations. Fokas, Its and Kitaev identified these equations as discrete Painlevé

equations.

Magnus related the recurrence coefficients of orthogonal polynomials with respect to
the Freud weight and classical solutions of the fourth Painlevé equation. We extend
Magnus’s results for Freud weight, by considering polynomials orthogonal with respect
to a generalized Freud weight, by studying the theory of Painlevé equations. These
generalized Freud polynomials arise from a symmetrization of semiclassical Laguerre

polynomials.

We prove that the coefficients in the three-term recurrence relation associated with a
generalized Freud weight can be expressed in terms of Wronskians of parabolic cylinder

functions that appear in the description of special function solutions of the fourth




Painlevé equation. This closed form expression for the recurrence coefficients allows

the investigation of certain properties of the generalized Freud polynomials.

We obtain an explicit formulation for the generalized Freud polynomials in terms of the
recurrence coefficients, investigate the higher order moments, as well as the Pearson
equation satisfied by the generalized Freud weight. We also derive a second-order
linear ordinary differential equation and a differential-difference equation satisfied by
the generalized Freud polynomials and we use the differential equation to study some

properties of the zeros of generalized Freud polynomials.

Furthermore, we obtain limit relations for the recurrence coefficients of the generalized
Freud polynomials using Freud’s Kunstgriff method. We verify the existence of an
asymptotic series for the recurrence coefficient using an extension of the result by Bleher
and Its [I7] and we provide an asymptotic expansion for the recurrence coefficients of

the three-term recurrence relation satisfied by monic generalized Freud polynomials.

Key words: Orthogonal polynomials on the real line, classical, semiclassical, three-
term recurrence relation, moments, recurrence coefficients, symmetric, symmetriza-
tion, quadratic transformation, semiclassical, Painlevé equations, semiclassical La-
guerre polynomials, generalized Freud polynomials, nonlinear difference, asymptotic

series, differential-difference, differential equations, zeros
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Monic orthogonal polynomials in one variable
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The Borel measure

The j*- moment associated with the measure a

The Hankel determinant

The Kronecker delta

The recurrence coefficients for monic orthogonal polynomials
The recurrence coefficients for orthonormal polynomials
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The differential operator
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The Euler Beta function

The Hermite polynomials in one variable
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RHS

The Sonin-Markov (Generalized Hermite) polynomials
A symmetric real polynomial of degree m in variable x
The parabolic cylinder function

The first moment associated with a semiclassical weight
The n'* moment associated with a semiclassical weight
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Chapter 1

Introduction

1.1 Historical background

The theory of orthogonal polynomials plays an important role in different branches
of mathematics, such as approximation theory (best approximation, interpolation,
quadrature), special functions, continued fractions and differential and integral equa-
tions. The notion of orthogonality originated from the theory of continued fractions,
but later became an independent discipline. Contributors to the theory of orthogonal
polynomials include outstanding mathematicians such as Abel, Chebyshev, Fourier,
Hermite, Laguerre, Laplace, Legendre, Markov and Stieltjes. Beginning with Szego,
Hungarian mathematicians like Erdos, Turdn, Freud and Feldheim have made essential

contributions to the flourishing theory of orthogonal polynomials in the last century.

The theory of polynomials orthogonal on infinite intervals is significantly different from
the theory of polynomials orthogonal on finite intervals. While Szego did pioneering
work in the theory of orthogonality on finite intervals, he didn’t carry over his ideas
to infinite intervals. Freud founded the now flourishing theory of orthogonal polyno-
mials with respect to exponential weights on R and the corresponding representative
polynomials are named after him. Freud’s aim was to extend the theory of best ap-
proximation and Jackson-Bernstein type estimates to the real axis. The natural way to
do this was to explore properties of orthogonal polynomials, since the expectation was

that orthogonal expansions may serve as near-best approximation (cf. [84] 105 112]).

Jacobi, Laguerre and Hermite polynomials are considered to be classical orthogonal




1.1 Historical background

polynomials (cf. [35, 132]). These polynomials were discovered in the 19" century as
solutions to interpolation problems and to certain second-order differential equations.
The reader may be familiar with these classical polynomials and with the fact that they
obey three-term recurrence relations as well as second-order differential equations. It
turns out that the second-order linear differential equations are unique to the classical
orthogonal polynomials, by a theorem of Bochner [I§] (see also [71], Section 20.1]),
but that a second-order recurrence relation is a universal property for weight functions

supported in R (cf. |35 120} 132]).

One of the characterizations of these polynomials was proved in 1972 by Al-Salam and
Chihara [4], where the authors showed that the classical orthogonal polynomials are

the only orthogonal polynomials satisfying a first-order structure relation of the form
() Py () = (n + ) Pa(x) + 1 Poi (7), (1.1.1)

where m(z) is a polynomial of degree 2 independent of n. Classical orthogonal poly-
nomials also have their weight function w(zx) satisfying Pearson’s differential equation
(cf. [35, Equation 2.25])
X
dx

where o(z) is a monic polynomial with deg(c) < 2 and 7(z) is a polynomial with

(o(z)w(x)) = 7(x)w(z), (1.1.2)

deg(r) = 1. However, when deg(c) > 2 and/or deg(r) > 1, the weight function
in produces a class of semiclassical orthogonal polynomials (cf. [67, 93] 95]).
The theory of semiclassical orthogonal polynomials is not fully-fledged but the deriva-
tion of a differential equation for a general class of orthogonal polynomials by Shohat
[127] provides a cornerstone for forming classes of semiclassical orthogonal polynomials.
These semiclassical polynomials are also the polynomial solutions of a particular case
of second-order linear differential equations known as holonomic equations [93] 04, 06).
Holonomic equations can be obtained from the structural relation that is associated
with the so-called creation and destruction operators [68, [71]. According to Maroni
[94], the monic semiclassical orthogonal polynomials {P,}2°, can be defined by the

relation
r+1

A@)Po(2) = Y eniPam—i @), (1.13)

where A(z) is a polynomial of exactly m!" degree, r is a fixed nonnegative integer and

cn,j are real coefficients. In a survey of orthogonal polynomials and their applications,

2



1.1 Historical background

Maroni [94] extensively studied semiclassical linear functionals with special emphasis
on their structural properties. Belmehdi [I3] and Belmehdi and Ronveaux [I4] also
provided descriptions of semiclassical linear functionals. One can observe from (|1.1.1))
and that the classical orthogonal polynomials are a special case of semiclassical
orthogonal polynomials (for m = r = 2).

The study of a class of semiclassical polynomials orthogonal on unbounded intervals
with respect to general exponential weights begun with Géza Freud in the 1970’s (for
details see Freud [55], Nevai [I12], as well as recent monographs by Levin and Lubinsky
[84] and Mhaskar [105]).

A function w : R — R of the form

w(z) = exp (~Q(x)) (1.1.4)

is said to be a Freud weight if () : R — R is an even, non-negative and continuous
function that satisfies certain conditions involving its derivatives of first and second

order (cf. [80, 87]). Specifically, Freud weights are a class of exponential-type weights
wy(z) = |zP exp(—|z|™), p> -1, m=2k, keN, (1.1.5)

with an unbounded support on R. Since the Freud weights are even functions, it follows
that one of the recurrence coefficients a,, = 0, n € Ny so that polynomials orthogonal

with respect to the weight (1.1.5)) satisfy a three-term recurrence relation

Poi(z) = 2P () — Bulp) Po-1(2), (1.1.6)

with initial conditions P_; = 0 and Py = 1, and 5, (p) obeys certain nonlinear second-
order difference equations (cf. [89, [0} [109) 134]). Since it is not usually possible to
determine an explicit formulation of the 3,’s, Freud conjectured that 3, n-w converges

to some constant depending on m.

Freud [55, [56] investigated the asymptotic behavior of the recurrence coefficients for
the weight , when m = 2,4, 6, by a technique giving rise to an infinite system of
nonlinear equations called Freud equations (cf. [89, 90]). For example, for the weight
w(z) = |z|? exp(—z*) on R, the recurrence coefficients 3,,(p) not only satisfy the three-
term recurrence relation (L.1.6]), but also a non-linear recurrence relation (cf. [L09, [134]

for the orthonormal case)

4B (Bn1 + B+ Buy1) =0+ p Qy, (1.1.7)

3



1.1 Historical background

with initial conditions

_ B ffooo 22|z|P exp(—a?) dz B F(#)
Po=0, pfi= X P exp(—atds ~ T(LE) (1.1.8)

We note that, for p = 0, (1.1.7) was first derived by Shohat [127, Equation 39] and it
is proved in [I09] that there is a unique positive solution to the problem ([1.1.7)). In

[55], Freud gave the limit relation for the recurrence coefficient 3,(p) and this could be

described by

3w

> L(im) (1 +1
lim B, (p) n™ = (QT?)(m(+ Yﬁm)

. m=2k keN.

Freud also explored some essential properties, such as the asymptotic behavior for the
greatest zeros [56] and of the polynomials themselves, by relying on the recurrence
coefficients. The seminal work by Freud on exponential weight functions solved special
cases of his conjectures on the asymptotic behavior of the recurrence coefficients for
the orthogonal polynomials associated with the weight functions of the form
when m = 2,4, 6 (cf. [5, 55, 84, 00, 0T, 110, 112]).

Recent contributions on the asymptotic behavior of the recurrence coefficient associ-
ated with Freud-type exponential weights include those of Magnus [01], Mhaskar [87],
Rakhmanov [I19], Lubinsky [84], Nevai [5, 110, 112], and Nevai and Totik [100, 101].

The connection between recurrence coefficients associated with semiclassical orthogonal
polynomials and discrete integrable systems can be traced back to the work of Shohat
and Freud [55],[127], and later by Bonan and Nevai |21} 22]. However, it wasn’t until the
1990’s when the focus within integrable systems shifted from continuous to discrete,
that Fokas, Its and Kitaev [51], 52, 53] gave these equations a name: discrete Painlevé
equations. It is shown in [19, 134] that the recurrence coefficients associated with
the positive weight satisfy a nonlinear recurrence relation that corresponds to
discrete Painlevé dP; equation and its hierarchy (This fact was not known to Freud
but first pointed out by Magnus [89, [0, OT]) (see also [I34]). The dynamics of the
recurrence coefficients associated with the weight can also be described by the
differential-difference equations of the Toda lattice (cf. [6l [7, B39, [0, ©0]).

Several sequences of monic orthogonal polynomials associated with the weight (|1.1.4))
and their extensions have been studied in the literature (cf. [88], 89, 109]). For instance,

the link between the nonlinear difference equation satisfied by the recurrence coefficients

4



1.2 Motivation of the study

associated with (1.1.4)) and discrete Painlevé equations for potentials such as Q(x) = x4,
Q(z) = 2*—tz? fort € Ror Q(z) = z° is well-established (cf. [89, 190} 123]). Magnus [90]
showed that the recurrence coeflicients in the three-term recurrence relation associated

with the Freud weight [55]
exp (—x4 + th) , t,x €R, (1.1.9)
can be expressed in terms of simultaneous solutions of the discrete equation

Gn(@n-1 + qn + qni1) + 2tgy = n, (1.1.10)

which is discrete Py (dP;), as shown by Bonan and Nevai [22], and the differential

equation
d2q 1 (dg,\> 3, B
— = 2 = dzq? +2(2% — A)g, + — 1.1.11
o (G) vyer it - Ae 2, L
which is a special case of the fourth Painlevé equation where A = —%n and B = —%nz,

with n € Z*. This connection between the recurrence coefficients for the Freud weight

(1.1.9) and simultaneous solutions of (1.1.10) and (1.1.11]) has been shown in [51], see
also [53].

With regards to asymptotic expansions for the recurrence coefficients, Shing, Maté and
Nevai [76] constructed asymptotic expansions for solutions to recurrence relations of
the type which occur in the study of orthogonal polynomials with exponential type
weights, in particular the weight |x]? exp(—|z|®), p > —1, € R. Bauldry, Mété and
Nevai [11] showed that the convergent solutions of a system of smooth recurrence equa-
tions, whose Jacobian matrix satisfies a certain non-unimodularity condition, can be
approximated by asymptotic expansions and they provide an application to approxi-
mate the recurrence coefficients associated with polynomials orthogonal with respect
to the weight function ([1.1.4)) where Q(z) is an even degree polynomial with a positive
leading coefficient. Further, Mate, Nevai and Zaslavsky [102] obtained asymptotic ex-
pansions for the recurrence coefficients of a larger class of orthogonal polynomials with

exponential-type weights (cf. [I02], Theorem 1] and [I1, Theorem 5.1}).

1.2 Motivation of the study

Semiclassical orthogonal polynomials arise in applications, such as random matrices

and integrable systems, in particular, continuous and discrete Painlevé equations. Gen-




1.2 Motivation of the study

eralized Freud polynomials (cf. [41]) are semiclassical extensions of the Freud polyno-
mials and they are orthogonal with respect to the positive Borel measure da(zr) =

wy(z;t) dr where the weight function
wi(z;t) = |z exp (=2t + t2?) (1.2.1)

with parameter A > 0 and t € R, is differentiable on the non-compact support R.
Monic orthogonal polynomials with respect to the symmetric weight ([1.2.1]) satisfy the

three-term recurrence relation
xSp(x;t) = Spyr(x;t) + Bu(t; A)Sp—1 (25 1), (1.2.2)
where S_1 =0, Sp = 1. From ({1.2.2)), using orthogonality, we have

ﬁn(t§ )‘) =

. / TS (25 ) Sn_1 (25 t) |2 exp (—a* + t2?) dz > 0. (1.2.3)
n—1 JR

Since the weight ([1.2.1)) is even, the polynomial S,,(x;t) is even for n even and odd for
n odd (cf. [I32] p. 29]).

In view of and , we see that the sequence of the recurrence coefficients
{Bn(t; \) }o2 ) completely determines polynomials orthogonal with respect to the weight
. They also have other important features related to the greatest zero of orthog-
onal polynomials (cf. [54], [55], 56]). The motivation for this research lies in studying

recurrence coefficients associated with the generalized Freud polynomials.

It was generally accepted that explicit expressions for the associated coefficients in
the three-term recurrence relation and orthogonal polynomials were nonexistent for
weights such as the Freud weight. To quote from the Digital Library of Mathematical
Functions [117, §18.32]:

“ A Freud weight is a weight function of the form
w(z) = exp(—Q(x), —o0 <z < o0,

where Q(x) is real, even, nonnegative, and continuously differentiable. Of special inter-
est are the cases Q(x) = x*™, m = 1,2,.... No explicit expressions for the correspond-
g OP’s are available. However, for asymptotic approrimations in terms of elementary
functions for the OP’s, and also for their largest zeros, see Levin and Lubinsky [84)

and Nevai [117]. For a uniform asymptotic expansion in terms of Airy functions for

6



1.3 Objective of the study

the OP’s in the case x* see Bo and Wong [122]. For asymptotic approzimations to
OP’s that correspond to Freud weights with more general functions Q(x) see Deift et
al. [47,148], Bleher and Its [17] and Kriecherbauer and McLaughlin [82].”

In [41] we provide an explicit expression for the recurrence coefficients {3, (t; ) }o°, as-
sociated with the generalized Freud weight in terms of Wronskians of parabolic
cylinder functions that appear in the description of special function solutions of the
fourth Painlevé equation. These recurrence coefficients, which can also be viewed as
functions of the parameters, are fundamental to study certain properties of the gen-
eralized Freud polynomials. The moments of the semiclassical weight provide the link
between the weight and the associated Painlevé equation which yields explicit expres-

sions for the recurrence coefficients of the generalized Freud weight (1.2.1]) (cf. [41]).

1.3 Objective of the study

The objective of this study is to investigate certain analytic and asymptotic properties
of the semiclassical generalized Freud polynomials, by making use of their connection
to the theory of Painlevé equations, which extend, improve and generalize the known

results in the existing literature.

Properties discussed in this thesis include the higher-order moments and Pearson’s
equation associated with the generalized Freud weight w) in , an explicit for-
mulation for the recurrence coefficient 3, (t; A), as well as the generalized Freud poly-
nomials themselves and other related properties such as the differential-difference and

differential equations satisfied by the generalized Freud polynomials.

Since recurrence coefficients are fundamental entities in the theory of orthogonal poly-
nomials, we investigate the asymptotic series expansion of the recurrence coefficients
Bn(t; A) as the degree or, alternatively, the parameter tends to co. By proving the
existence of an asymptotic expansion by adapting the results of Bleher and Its [17], we
investigate the asymptotic behavior of the recurrence coefficient f,(¢; \) via the the-
ory of Painlevé equations. We also employ an extension of Freud’s conjecture for the
recurrence coefficient (3, (¢; ) associated with the generalized Freud weight in (1.2.1]).
We further investigate the asymptotics of the normalized differential equation satisfied

by monic generalized Freud polynomials, by using the obtained differential-difference




1.4 Summary of the main results

and differential equations.

1.4 Summary of the main results

This section summarizes the main results of this thesis.

(i)

(iii)

(iv)

An explicit formulation of moments and Pearson’s equation associated with the

generalized Freud weight ((1.2.1)) are provided (cf. [41]).

Symmetrization of the semiclassical Laguerre weight gives rise to the generalized

Freud weight (1.2.1)) (cf. [41]).

The relationship between the recurrence coefficients of orthogonal polynomials
with respect to the generalized Freud weight and classical solutions of the
fourth Painlevé equation is explored (cf. [41]). One of our main results is that the
recurrence coefficient 3, (¢; A) in the three-term recurrence relation can be
expressed in terms of Wronskians of parabolic cylinder functions that arise in the

description of special function solutions of the fourth Painlevé equation.

A concise formulation of the generalized Freud polynomials in terms of the explic-

itly obtained recurrence coefficient 3, (¢; ) is provided (see Theorem and
Corollary [4.4.1) (cf. [41]).

The differential-difference equation satisfied by the generalized Freud polynomials
is derived using two different methods; the classical ladder operator approach and

also Shohat’s approach based on quasi-orthogonality (cf. [41]).

A second-order linear differential equation with rational-type coefficients satisfied

by monic generalized Freud polynomials is derived in Theorem (cf. [41]).

Certain results on the asymptotic expansion for the recurrence coefficient f3,(t; \)
associated with generalized Freud polynomials as the degree, as well as the pa-

rameter ¢, tends to infinity, are given in Proposition and Theorem [5.4.1]




1.5 Outline of the thesis

1.5 Outline of the thesis

The thesis includes five chapters and is focused on generalized Freud semiclassical
orthogonal polynomials. In each chapter we give a reasonable amount of relevant
references regarding the background of the topic. When a proposition, theorem or
lemma is credited to any other author but the proof itself is unreferenced, it means
that the proof was done independently. In some cases, the proof is trivial and is not

provided.

In Chapter [2] we present some preliminary concepts and notations about orthogonal
polynomial sequences. A brief introduction to the connection between semiclassical

orthogonal polynomials and Painlevé equations is also included.

Chapter |3 revisits certain properties of the semiclassical Laguerre polynomials given
in [39]. Properties studied in [39] include the higher order moments, Pearson’s equa-
tion associated with the semiclassical Laguerre weight and explicit formulation for the
recurrence coefficients in terms of special function solutions of the Painlevé equations.
We also provide the differential-difference and differential equations satisfied by the
recurrence coefficients as well as the semiclassical Laguerre polynomials themselves,
by making a connection to integrable systems. A differential-difference equation and
differential equation satisfied by semiclassical Laguerre polynomials, as well as an ex-
plicit representation of a 2 x 2 differential (Lax) system in terms of the recurrence
coefficients, is obtained. Further, the Volterra equation for the semiclassical Laguerre
weight was derived by differentiating the recurrence coefficients with respect to the pa-
rameter t € R introduced in the weight function . We also show that generalized
Freud polynomials arise from a symmetrization of semiclassical Laguerre polynomials

by adapting a symmetrization technique due to Chihara [35].

In Chapter [4] certain analytic properties of monic orthogonal polynomials with respect
to the generalized Freud weight w)(x;t) in (1.2.1)) are studied in detail. Properties of
interest include the higher order moments and Pearson’s equation associated with the
generalized Freud weight, the recurrence coefficients and the differential-difference and
differential equations satisfied by the polynomials, as well as the concise formulation of
the generalized Freud polynomials. As our main result, we show that the coefficients

in the three-term recurrence relation satisfied by the generalized Freud polynomials




1.5 Outline of the thesis

can be expressed in terms of Wronskians of parabolic cylinder functions that arise
in the description of special function solutions of the fourth Painlevé equation. We
also obtain an explicit formulation for the generalized Freud polynomials in terms of
the first moments, where the first moments are given explicitly in terms of parabolic

cylinder functions. The results in Chapter [4] have been published in [41].

In Chapter [5| we explore the asymptotic behavior of the generalized Freud polynomials,
which are orthogonal with respect to the generalized Freud weight. We first obtain an
asymptotic series expansion for the recurrence coefficients {3, (t; A\)}°°, as the degree
tends to co. We also investigate asymptotic results for the polynomials when the
parameter t involved in the semiclassical perturbation of the weight tends to
o0o. Further we apply the obtained large n-asymptotics of the recurrence coefficient
Bn(t; ) to the differential equation satisfied by the generalized Freud polynomials to
obtain a normalized differential equation in its asymptotic form, which is valid when

x belongs to a fixed, finite interval.

Chapter [6] summarizes the main results obtained in this thesis and provides some

insights into future perspectives by suggesting problems for future consideration.

10
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Chapter 2
Preliminaries

In this chapter we provide some definitions and discuss basic concepts that will be used

in this thesis.

2.1 A glance at orthogonal polynomials

Denote the linear space of polynomials in one variable with real coefficients of degree
at most n by P,. Let Ny, N,Z, R denote the set of non-negative integers, the set of

natural numbers, the set of integers and the set of real numbers, respectively.

Let a be a positive Borel measure defined on the real line for which the moments

un:/x”da(x), n €N,
R

are finite and L?*(da;R) the Hilbert space endowed with the inner product (-,-), :

P x P — R, associated with the measure «, defined by
()= | I @) () @11)
supp(a

By considering a sequence of monomials {1, z,z?, ...}, which are linearly independent
in L?(da; R) and applying the Gram-Schmidt orthogonalization process [73, p. 151], we
obtain a sequence of orthogonal polynomials {¢,}2°, that can be written as a linear

combination of the monomials. Moreover, it holds that

]P)n = Span{la :IZ',LCQ, cee ’xn} = Span{goo, LS CRRR 90”}

11



2.1 A glance at orthogonal polynomials

Definition 2.1.1. A sequence of real non-zero polynomials {¢n}_,, N € NU {oo},

where ¢, is of exact degree n, is orthogonal on the interval [a,b] with respect to « if
(Oms Pn)a = / ©m(x) pn(z) da(x) = hy Opp;  m,n=0,1,..., N, (2.1.2)
[a,b]
where 0,,, 1s the Kronecker symbol defined by

1 if m=mn;

0 if m#n,

577’17’1, -

and
hr := {@ns Pn)a = ”wnHZ (2.1.3)

When «(z) is absolutely continuous, we can write da(z) = w(x)dr with a weight

function w(z) > 0 and (2.1.2) becomes
/ Om(x) on(z)w(z) de = hy 6y, m,n=0,1,..., N,
[a,b]

or, equivalently, [120, Theorem 54]

/ 2% o (2)w(z)de =0, forn=1,2,...; k<n.
[a,0]
By defining

~ m X

() = pm(2) 7

\/ /[ el de

we have a sequence of orthonormal polynomials with respect to w(x):
/ Om(x) Pn(z) w(z)dr = dpn; myn =0,1,...,N.
[a.b]

Throughout this thesis, we will assume that orthogonality refers to orthogonality with
respect to a positive weight function, supported on R, and the polynomials we consider

are monic polynomials, i.e.,

Po(2) = 2" + Cpp1®" ' o F CuaT + Cpp- (2.1.4)

12



2.2 Properties of orthogonal polynomials

2.2 Properties of orthogonal polynomials

This section provides some of the basic properties of real orthogonal polynomials in

one variable.

2.2.1 Three-term recurrence relation

Theorem 2.2.1. [63, Theorem 1.27]. Let {P,} ~, be a sequence of monic orthogonal

polynomials with respect to a positive measure . Then,

Poi(z) = (x — ap)Po(z) — Bn Pooi(x), n=0,1,2,..., (2.2.1)
P,=0, P=1,

and the recurrence coefficients o, and (3, are given as:
o <ZEPn, Pn>a

ay, = m, n e N(], (222&)
<Pn7 Pn>a

o _minla o, 2.2.2b

6 <Pn—17Pn—1>a ( )

The converse of Theorem is known as the spectral theorem for orthogonal poly-
nomials and states that a set of polynomials satisfying the three-term relation
is orthogonal with respect to a positive measure. This result is often attributed to
Favard [49] but was discovered independently, around the same time, by both Shohat
[125, 127] and Natanson [108]. A modern proof of the result is given by Beardon [12].

o
n=0’

coefficients {av, }o2 and {8, }52,; in (2.2.2) and the sequence of coefficients {c, ;}}_, in
(2.1.4) are related by the following recursive relation (cf. [130} p. 5]):

For a sequence of monic orthogonal polynomials {P, } the sequences of recurrence

n—1
Como1 = — >, (2.2.3a)
j=0
m—1
Cmm—t = — (jcjjtrn +065), t>2, (2.2.3b)

j=t—1

(2.2.3a) implies that oy, = ¢y -1 — Cnt1,, and B is always positive from (2.2.2b)).

13



2.2 Properties of orthogonal polynomials

2.2.2 Orthogonal polynomials in terms of Hankel determi-

nants

Monic orthogonal polynomials of degree n, n =1,2,..., can be uniquely expressed in

terms of the moments {(i, }rn>0 (cf. [63, Theorem 2.1)):

Mo M1 - M
H1 M2 ot Hpya .
Py =—| ¢ ' n_Sunli 0@, (224)
n\xr) = — =T — €T X y L.
A, A,
MUn—1 Hn - Hop—1
1 x "
where
Mo M1 -+ Hp—
A, = M.l M,Q ‘ M" , Ag =1, (2.2.5)
HUn—1 Hn - Hop—2

is the Hankel determinant of moments and the determinant A, in ([2.2.4)) is given by

Mo  p1 - Hpe2 Hn
A, — /~L.1 ,sz /Ln.—l Nn.+1 ’ A = 0, Ay = 1. (2.2.6)
Hn—1 Hn - HU2p—3 Hon—1

The recurrence coefficients «,, and 3, in (2.2.2)) can be written (cf. [63]) as

hn o An—l—l A'rL—l

= =1,2,... 2.2.
Bn hn—l A% , N ) 4y ) ( 7&)
An—‘,—l An
= o =12, 2.2.7h
“ An-‘y—l An " ( 7 )

Consequently, the normalization constant h,, in (2.1.3) can be given in terms of the
Hankel determinant (2.2.5)) by

n An
he=1[8==3">0, neN
j=1 "

14



2.3 Some special functions

2.2.3 Zeros of orthogonal polynomials

Theorem 2.2.2. (c¢f. [120, Theorem 55]). For n € N, all zeros of an orthogonal poly-

nomial sequence {@,}2, are real, simple and located in the interval of orthogonality.

The Christoffel-Darboux identity [132, Theorem 3.2.2]

(z — y) Zn: Pk@])lfk(y) _ Pn+1(I)Pn(y)h— Poi1(y) Pa() (2.2.8)
k=0 "

is a direct consequence of the three-term recurrence relation (2.2.1)) and has numerous

applications in the theory of orthogonal polynomials. The confluent form of (2.2.8)) is

given by
S~ ) _ Pos@)Fale) = Pas @) i) 229
Ry ho,
k=0
An important consequence of the Christoffel-Darboux identity is that
Py () Pa(@) = Paya (2) Py () > 0, (2.2.10)

which is useful in investigating the zeros of orthogonal polynomials (cf. [I32 Theorem

3.2.2]).
As a consequence of (2.2.10f), the polynomials P, and P, ,; cannot have common zeros.

Furthermore, if z,,; < 2,1 < ... < 2y, are the zeros of F,, the following interlacing

property is satisfied.

Theorem 2.2.3. [35, Theorem 5.3]. For the zeros of ¢, and p,11, we have

anrl,l < xn,l < mn+1,2 <...< Tn+1n < In,n < In+1,n+1'

2.3 Some special functions

The following results on basic special functions will be used in the thesis.

2.3.1 The Gamma function

Definition 2.3.1. [2, Chapter 6]. The Pochhammer symbol (b), is defined as

L'(b+n)

B =1, O =bb+1).. (b0 —1) = =p,

(2.3.1)

15



2.3 Some special functions

for any b € C, where I'(z) denotes the Gamma function that can be defined as a definite

integral

I'(z) = / et dt = 2 / 2 le " dt, (2.3.2)
0 —

oo

with Re(z) > 0.

The Gamma function I' is continuous and differentiable on (0,00) and satisfies the

recursion formula
L(z+1) = 2I'(2), (2.3.3)

which implies that I'(n + 1) = n! and we also have that I'(1) = 1 and ['(3) = /7.

Moreover,
I'(1+b+n)

e N

2.3.2 Parabolic cylinder functions
Whittaker and Watson [130, p. 347] define the parabolic cylinder functions D, (z) as

solutions to the Weber differential equation

"

Y (2) + (c+ bz +az?) ¢(z) = 0.

(i) The parabolic cylinder functions 1 have three distinct standard forms (cf. [117,
§12.2 ()]),

d*U(—a) 1,

i W/ (e —aq) = 2.3.4
- (32 a)uta =0 (2:3.4a)

PW(—a) (1,

LS (ZZ _ a) W(a) =0, (2.3.4b)

&D, (1, 1

D (Zz L 5) D, —0. (2.3.40)

Equations ([2.3.4a)-(12.3.4¢c|) can be transformed into each other and the solutions

of these equations are entire functions of z, a and v. The form which we will use

in this thesis is D, given in (2.3.4d]), where

Ula,z) = D_a_%(z).

16



2.3 Some special functions

(ii) The parabolic cylinder function D, (), with v ¢ Z, has an integral representation

(cf. [IT7. §12.2 (1)),

D,(§) = % /000 s exp (—%52 — fs) ds, Re(v) <0. (2.3.5)

(iii) The asymptotic formula for parabolic cylinder function D_,(x) is given by

2

D_o(z) ~ 2 %exp (-%) 1+ 02,

when x — 0.

Definition 2.3.2. The parabolic cylinder function D, has the following connections to

Hermite polynomials [117, §12.7(i)]:

U (n _ %z) — Dy(2) = exp <—ZZ2) Hen(2) = 2% exp (-ZZQ) i, <%) ,
U (n + % z) _ %(—i)"l—]en(iz) _ \/g exp (%) (—i)"2 31, (%) ,

where He,(z) denotes polynomials orthogonal with respect to the modified Hermite

weight exp (— xQ) and H,(z) represents the Hermite polynomials.

1
2

2.3.3 The error and complementary error functions

Gauss’ error function can be defined as the integral of the Gauss density function

2 /”” 2
erfxr = — e v dt
VT Jo

and has properties [I17, Chapter 7|

erf(—o0) = —1, erf(+o00) =1,
erf(—x) = —erf(x), erf(z*) = [erf(x)]",
where the asterisk denotes complex conjugation. The complementary error function is
defined as
erfe(z) = % / T e = 1— erf(x). (2.3.7)

We note also that

2 T
N /_Oo e dt =1+ erf(x).

17



2.4 Classical orthogonal polynomials

2.4 Classical orthogonal polynomials

Jaco

bi, Laguerre and Hermite polynomials are considered to be classical orthogonal

polynomials and their weight functions w(z) satisfy Pearson’s differential equation

(1.1.2)), where o(z) is a monic polynomial with deg(c) < 2 and 7(z) is a polynomial

with deg(7) = 1 and these functions are given in Table [2.1]
©n, w(z) o(x) 7(7) Interval
Hermite exp(—r?) 1 —2z R
Laguerre | z%exp(—x), a > —1 x l+a—z R*
Jacobi (1—2)(1+2)? 1-22 | B—a—-2+a+B)z| [-1,1]

Furt

(a)

Table 2.1: Classical orthogonal polynomials

hermore, the classical orthogonal polynomials {P,}>°  also satisfy

a Rodrigues formula

1

A aes)

D" w(z)o"(x)], n=0,1,2,...,

where w(z) is a function which is non-negative on an interval, o(x) is a polynomial

in x independent of n and K,, does not depend on z;

a non-linear equation of the form [71, Theorem 20.5.7]

d

%[Pn(x)Pn—l@’)] = (anx +b,) Pu(x) Pri(x) + P?f(x) + dn Pr%—l(x)a

where {a,},{b.}, {7} and {0,,} are sequences of constants;
a second-order linear differential equation
o(z)P!(z) + 7(x)P.(x) + N\, P, (z) = 0, (2.4.1)

where ), is independent of z and the polynomials o(x) and 7(x) are given in

[T12) ;
a differential-difference relation
o(z)P.(z) = (anx + by) Py (2) + ¢ P (). (2.4.2)

where o(x) is given in (1.1.2) and {a,},{b,}, {c.} are sequences of constants.

18



2.4 Classical orthogonal polynomials

Note that derivatives of classical orthogonal polynomials also form an orthogonal poly-
nomial set (see [T1, p. 527]). A polynomial set that satisfies any of the above properties
is necessarily a classical orthogonal polynomial set. In particular, Al-Salam and Chi-
hara [4] showed that an orthogonal polynomial set satisfying is either Hermite,
Laguerre or Jacobi polynomials depending on the degree of o being 0,1 or 2 respec-
tively. Since we will refer to the Hermite and Laguerre polynomials later in the thesis,

we discuss some of their properties.

2.4.1 Laguerre polynomials

The Laguerre polynomials appear in quantum mechanics as the radial part of the
solution of the Schrodinger equation for the hydrogen atom [74]. For a > —1, the
classical monic Laguerre polynomials {ZS")};O:O can be defined (cf. [35, p. 145]) as

~ n ) J
L9 (z) = Z(—l)"”n! <n * a> T neN,

_ K
= n—yj) 7!

and they satisfy the orthogonality relation

m

T Lo = [ L@ (@) 2% exp(-a)do = B (243
0

The monic normalization constant h,, in (2.4.3)) is given by (cf. [35], 132])

hy = <E a)a L(a)>xa exp(—z) — ||Z£za)H2

n n

=nlI'(n+a+1), (2.4.4)

% exp(—x)

where I" is the Gamma function defined by ({2.3.2)). The structural properties of La-
guerre polynomials will be used in the sequel (cf. [35] 68, 92]).

Proposition 2.4.1. [13%, Section 5.5]. Let {Z%a)}ffzo, a > —1 be a sequence of monic

Laguerre polynomials. Then the following statements hold for every n € N:
()
eL{ (x) = Ligh (@) + (2n + a + DI (@) +n(n + o) LY (x),
where L =1, LiY@) =2 - (a+1).

(i)

Li(z) = L+ (2) + nLy™ (2).

19



2.4 Classical orthogonal polynomials

(iii)

(2.4.5)

(i)

(v) L (x) is the polynomial eigenfunction of the differential operator
r2* + (a+1—-12)2
with -n as the corresponding eigenvalue.

(vi) we have the lowering and raising operators.

’ ~

x[Z@] () — anf‘) () =n(n+ a)z a_)l(x) (lowering),

n

x[zn_l] () + (n+a— x)zgx_)l(x) = —ZSZO‘) (x)  (raising).

2.4.2 Hermite polynomials

Hermite polynomials arise in probability theory such as the Edgeworth series [81], in
numerical analysis as Gaussian quadrature [63] and in physics, where they give rise
to the eigenstates of the quantum harmonic oscillator (cf. [63, 83]). Monic Hermite

polynomials can be defined (cf. [35, p. 146]) as

— 97yl Z o= 2] :L,)n—2j7

j=0

where |z| denotes the greatest integer function and they satisfy the orthogonality
relation

“+00

(Hypy Hyesp(—a?) = H,(2) Hy(z) exp(—22) dz = K,

—0o0

with its normalization constant K, given by

nly/m
K, <Hn>H >eXp( z2) — HH || = )

exp(— n

20



2.4 Classical orthogonal polynomials

and the three-term recurrence relation [81, Equation (1.13.4)] is

Hyir(2) = 2 H,(2) — g~n_1(x), neN, (2.4.6)

with initial conditions
Hy=1, H(z)=u.
Hankel determinants ([2.2.5)) for monic Hermite polynomials take the following explicit

form:
n(n 1)

A, = <> Hk:' A, =0, neN,

where the moments are given by

m(2k)!
Hak = /R:v% exp(—z*) dz = —\/2_25%!)

(2.4.7)
Hok41 = / gt eXP(_JEQ) dr =0
R

Hermite polynomials satisfy the symmetry condition H,(—z) = (—1)"H,(z) and the
recurrence coefficients of monic Hermite polynomials {]Tln}ffzo satisfying (2.4.6) are

obtained, using (2.4.7)), as a,, = 0 and

3108
o ]

Monic Hermite polynomials {f]n};f’:o are expressed in terms of monic Laguerre poly-

(n=1)(n—2)

Hk']
n
n

n

nomials {L\*}2° | with parameters o = +3 by means of the formulas [132, p. 106]

7 G I N 732

Hgn(l’> =L, (ZE ), H2n+1(.’L') =uxly (ZL' ), n e No.
We also note that Hermite polynomials (and their Freud-weight analogs [117, §18.32])
play an essential role in random matrix theory [60], 117] and also [45, Chapter 5.

Remark 2.4.1. We note that the respective sequence of classical orthogonal (Hermite,
Laguerre or other classical) polynomials, {P,}2, represents an orthogonal basis in a
Hilbert space of the type H = L*(I,w(x)dx) where I C R is an open interval and the

weight w(x) > 0 is a continuous function on the inteval I.
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2.5 Quasi-orthogonality

2.5 Quasi-orthogonality

In this section we give the definition of quasi-orthogonality of orthogonal polynomials

on the real line.

Definition 2.5.1. [23, Definition 1]. Let R, be a polynomial of exact degree n > r. If

R, satisfies the conditions

b 0, for k=0,1,...,n—7r—1,
/ "R, (z)w(x) dr = (2.5.1)
a #0, for k=n-—r.

where w is a positive weight function on [a,b] C R, then R, is quasi-orthogonal of order

r on R with respect to w.
Remark 2.5.1. The quasi-orthogonal polynomials R,, are only defined forn > r. Thus,
equation (2.5.1)) is equivalent to
b
/ Ri(z) Ry(z) w(x)de =0, for k=n—r,...,n+r.

When r = 0, the usual orthogonality conditions which completely determine R, (up to

a normalization factor) are recovered. If r > 1, the polynomials R, are not uniquely
determined by (2.5.1)).

Theorem 2.5.1. [23, Theorem 1]. Let {R,}°, be a sequence of monic orthogonal

polynomials on [a,b] with respect to a positive weight function w. The polynomial
R.(x) = P,(z) + 1 Pi(z)+ ... + ¢ Prr(x),

where the c¢;’s are numbers which depend on n and c, # 0, is quasi-orthogonal of order

r on [a,b] with respect to w.

For more information about quasi-orthogonality, consult [23], 34] [77].

2.6 Symmetric orthogonal polynomials

Polynomials orthogonal with respect to an even weight function (i.e, w(—x) = w(x))

on a support interval [—b, b] for any given b € RT U {oo} are called symmetric.

The following are properties of symmetric orthogonal polynomials {S,,}5°, on the real

line (cf. [35, 63, O7, 13| 132]):
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2.6 Symmetric orthogonal polynomials

(i) Symmetry

Sp(—z) = (=1)"S,(z), n=0,1,2,..., (2.6.1)

(ii) Moments
pory1 =0, k€ Ny,

b b
Hok = / v w(z)dr = 2/ v w(x)dz > 0,
b 0

(2.6.2)

(iii) The substitution x — —z in the recurrence relation (2.2.1)) yields that a,, = 0

and we have
xSp(x) = Spaa () + BuSn_1(z), n € Ny, (2.6.3)
with initial conditions Sy = 1 and S;(z) = x.

The polynomial S, (z) in (2.6.3) contains even powers of x when n is even and odd
powers of x when n is odd. More precisely, our convention in the case of even weight

functions is to write S, (z) as

Sp(z) = 2™ + cn,n,gx”_2 + cnyn,4x”_4 + cnyn,Gxn_G + -+ .5,(0).

2.6.1 Symmetrization and quadratic decomposition

In the sequel, the symmetry property will play a crucial role to construct symmetric
orthogonal polynomial sequences based on quadratic transformations [35]. Numer-
ous researchers have dealt with symmetrization problems of orthogonal polynomial
sequences on the real line, where a symmetric orthogonal polynomial sequence is de-

composed into two nonsymmetric sequences (cf. [32], 35 94]).

For a symmetric orthogonal sequence {5, }5°, with weight function w(x), we have

/b Sp(z) S (z)ws(x) de = kpomn, ki > 0. (2.6.4)

Since S, (—x) = (=1)"S,(x), we may write

Son(@) = Po(@?),  Sonta(2) = 2Qu(2?), (2.6.5)
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2.6 Symmetric orthogonal polynomials

to define the polynomials P,(x) and Q,(z). Since the integrand is even, (2.6.4) may
be replaced by

b
2/ Sp(2)Sm(x)ws(x) do = kpmn, (2.6.6)
0
and hence, by (2.6.5)),
b
2/ Pn(xQ)Pm(a:Q)ws(x) dr = k2n5mna
0
so that
b2 1 1
/ P(x)Pp(x)r 2ws(z™2) do = koppmn-
0

Similarly, if we replace m and n in (2.6.6|) by 2m+ 1 and 2n+ 1, respectively, we obtain

b2
1 1
Qn($)Qm<x)$2 W (33'2 ) dr = k2n+15mn-
0
The following theorem shows that a quadratic transformation of the symmetric se-
quence results in two component sequences that are themselves orthogonal polynomial

sequences.

Theorem 2.6.1. [653, Theorem 1.18]. Let {S,}:, be a sequence of monic orthog-
onal polynomials over the interval (—b,b), 0 < b < oo with weight function ws(x)
such that S,(—z) = (=1)"S,(x). Then the sequences of polynomials {P,}5°, and
{Qn}2y, uniquely determined by (2.6.5), are orthogonal on [0,b?] with weight func-

, 1 1 1 1 .
tions x~2 wg(x2) and x2 wy(x?2) respectively.

As an application of Theorem [2.6.1] consider symmetric Legendre polynomials G, ()

which are orthogonal on [—1, 1] with weight function w,(z) = 1. We may put
Gon(7) = Po(7?), Gopii(z) = 2Q,(7%).
Then P, (z) is orthogonal on (0, 1) with weight function =2, while Q, () is orthogonal

on (0,1) with weight function z2.

For more on symmetrization of orthogonal polynomials, we refer the reader to [63], 97,

104].
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2.6 Symmetric orthogonal polynomials

2.6.2 Construction of a symmetric orthogonal sequence

Given two sequences of orthogonal polynomials {P,}>2 , and {@,}2, and let
Son() = Poy(2?),  Sony1(7) = 2Qn(2?); (2.6.7)

A natural question to ask here is under what conditions the sequence {5, }52, will be

orthogonal?

This question coincides with the converse of Theorem and it is answered as follows:

Assume that
b2 B
/ P(z) Py(x) wyi(z) de =k, Ompn,  kn > 0. (2.6.8)
0

Then, if there exist sequences of polynomials {Q,}>°, and {S,}>2, such that (2.6.5)
and (2.6.6)) are satisfied and

b2

Qu () Qn(2)wa () da = kb, Fn > 0, (2.6.9)
0

it follows from Theorem 2.6.1] that
wo (1) = 2w (x), ws(r) = 1w (2?). (2.6.10)

Theorem 2.6.2. [2]], Theorem 3]. Let {P,}22 o, {Qn}22, and {S,}52, be sequences of

polynomials that satisfy (2.6.6)), (2.6.8) and (2.6.9), respectively. Then the polynomials
satisfy (2.6.5)) if and only if the weight functions satisfy (2.6.10). Besides, if any one

of these sequences is given, the other two sequences are uniquely determined.

Proposition 2.6.1. [35, p. 43]. Let {P,}5°, be a sequence of monic orthogonal poly-

nomials with respect to a positive weight function w supported on [0,b%], b € R; i.e.,

b2
| Pale) Pati) wla) d = .
0
Then the symmetrized form of { P}, i.e., {Sn}5%,, defined by (2.6.7)), satisfies the

orthogonality condition

b
/ Sy () Sp() |z| w(2?) dz = hyp O,

—b

where h,, is the normalization constant defined in (2.1.3)).
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2.7 Semiclassical orthogonal polynomials

As an example, the symmetrization of Laguerre polynomials gives rise to a class of
generalized Hermite polynomials (cf. [33] 85, [132]). Generalized Hermite polynomials
{H,(])}ffzo were introduced by Szegé [132, Problem 23] and they satisfy the differential
equation (cf. [35])

vy () +2(y — o)y + (2nx — 6,27 )y =0, y=H (),
where 65, =0, 0,11 = 27.

Proposition 2.6.2. [35, p. 157]. The generalized Hermite polynomials {Hﬁ”)}gozo

defined by

HO(2) = (—1)m 222l L2 (a2);

HO (@) = (=1 20 2209 (a2), ne N, B
are orthogonal polynomials corresponding to the weight w(x) = |x|* exp(—2?), with the

parameter v > —% and x € R.

The orthogonality relation of generalized Hermite polynomials is given by

+00 1 1
/ HED () HE ()l exp(—a?) do = 22 [Z]1 T (L”; I+ + 5) S

where |z] is the floor function.

Remark 2.6.1. The technique of symmetrization and quadratic transformation as dis-
cussed in this section will be applied to semiclassical weights in Chapter [J where we
use the symmetrization of semiclassical Laguerre polynomials to generate generalized

Freud polynomaials.

2.7 Semiclassical orthogonal polynomials

In this section we introduce basic concepts of semiclassical orthogonal polynomials
on the real line. These polynomials are orthogonal with respect to a positive weight

function w such that % Inw(z) is a rational function.

A weight function w(x) defined over a bounded or unbounded interval (a,b) can be

characterized as semiclassical [67,94] if and only if it satisfies the Pearson differential

equation ((1.1.2) with the boundary conditions

lim 7(z) w(x) p(x) = 0 = lim 7(z) w(z) p(zx)

T—a r—b
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2.7 Semiclassical orthogonal polynomials

for every polynomial p(z). The polynomials associated with such a weight w are called

semiclassical orthogonal polynomials.

The theory of semiclassical orthogonal polynomials is not yet fully developed, but
the derivation of a differential relation for a general class of orthogonal polynomials by
Shohat [127] provides bases for forming classes of semiclassical orthogonal polynomials.
Semiclassical orthogonal polynomials have applications in matrix models [52), 128 [133],
soliton theory [7,[128]), random matrices [45] and also in the study of integrable systems
[26], 146, [65].

As early as 1929, Bochner [1§] solved the problem of determining all families of scalar-
valued orthogonal polynomials that are eigenfunctions of some fixed second-order linear
differential operator. He identified the fact that classical orthogonal polynomials ¢,

are solutions of

Bly|(z) := o(2)y"(z) — 7(2)y'(z) = \y(z), n=0,1,2,..., (2.7.1)

where o is a polynomial of degree at most 2, 7 a polynomial of degree 1 and {\,}>2,
is a sequence of nonzero numbers and A\g = 0. The differential equation (2.7.1)) is com-
monly known as Bochner’s differential equation and the associated differential operator
as Bochner’s operator [71], p. 508]. Equation is also known as the Sturm-Louiville
differential equation. As a consequence of , the weights of classical orthogonal
polynomials satisfy the Pearson differential equation given in . However when
deg(o) > 2 or deg(7) > 1, the weight function produces a class of semiclassical orthog-

onal polynomials.

Table [2.2 presents examples of semiclassical orthogonal polynomials with their respec-

tive weight functions and intervals of orthogonality.

w(x;t) Parameters | o(z) 7(x) Interval
Semiclassical Laguerre 2 exp(—a? + tw) A>-1,teR| =z 14+ A+ to — 222 (0, 00)
Semiclassical Freud exp(—1at — ta?) teR 1 —2tr — 3 (—00, 00)

Generalized Freud | |z|***exp(—a* +2t2?) | A >0, teR x| 2242 —2tz? — 2 | (—o0, 00)

Semiclassical Airy exp(—3a® + tx) t>0 1 t—a? (0, 00)

Table 2.2: Semiclassical orthogonal polynomials

In 1972 Al-Salam and Chihara [4] showed that polynomials satisfying the differential-
difference relation given in (2.4.2) must be either Hermite, Laguerre or Jacobi poly-
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2.8 Painlevé equations

nomials. Askey raised the more general question of which orthogonal polynomial sets

{P,}22, have the property that their derivatives satisfy

n-+s

w(@)Py(x) = Y awPe(x),

k=n—t

where 7(x) is a polynomial and s and ¢ are constants. This problem was solved by

Shohat and later independently by Freud [55] and Bonan and Nevai [22].

Maroni [94] stated the problem in a different way, trying to find all orthogonal polyno-
mial sets whose derivatives are quasi-orthogonal and he called these orthogonal poly-

nomial sets semiclassical .

Semiclassical orthogonal polynomials in one variable can be characterized as the only
sequences of orthogonal polynomials satisfying one of the following equivalent proper-
ties: some special differential-difference equation (the so-called structural relation [94]),
the quasi-orthogonality of the derivatives [127] and a second order partial differential-
difference relation [13] [67, 7T, 94]. Monic semiclassical polynomials {P,}>°, of class s

can be characterized by the following structural relation [67, 04 121]

n+r
o(x)Pyy () = > AniPi(x), n>s+1, (2.7.2)
j=n-—s
where
s = max{deg(c) — 2,deg(7) — 1}, r = deg(o), (2.7.3)

with the polynomials o and 7 defined by (1.1.2)).

There is a strong link between semiclassical orthogonal polynomials and Painlevé equa-

tions.

2.8 Painlevé equations

The Painlevé equations are second-order ordinary differential equations described by

six families Py - Pyy. P; consists of the single equation

d2
d—g = 6¢% + 2 (2.8.1)
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2.8 Painlevé equations

while Py; - Py1 have complex parameters «, 3, and 9,

d?q

Pri(a) : ye i 2¢° + 2q + a, (2.8.2)
Pun0s,700): g = - (2) 14 gt ) 0+,
o) 58 = L (9) 4 30 s gt 122 - a2,
PVI(Q”B’WS):ZZ:; f11+qll+qlz> (Zz>2_ (i+211+q12> <ZZ)

PO o2 2o (5-9) 2],

where ¢ and z are complex variables. They were investigated in the early part of the
20" century by Painlevé, with refinements by Gambier and Fuchs [37, [61] as ordinary

differential equations of the form

q"(2) = F(2,q(2).4(2)), (2.8.3)

where F (2,q(2),q'(2)) is a rational function in ¢ and ¢' and analytic in z, having the
property that the solutions have no movable branch points, i.e., the locations of multi-
valued singularities of any of the solutions are independent of the particular solution
chosen and so are dependent only on the equation; this is now known as the Painlevé
property. Painlevé et al. [61] showed that there were 50 canonical ordinary differential
equations satisfying the Painlevé property and these were referred to as equations of
Painlevé type. Out of these fifty equations, forty-four of them are either integrable
in terms of previously known functions (such as elliptic functions or functions that
are equivalent to linear equations) or reducible to one of the six nonlinear ordinary
differential equations, Py - Pyy, which define new transcendental functions, see (cf. [69,
136]). The Painlevé equations may be thought of as nonlinear analogs of the classical
special functions (i.e., Airy, Bessel, Whittaker, Kummer, hypergeometric functions),
see [37]. Their general solutions are transcendental, i.e., irreducible in the sense that
they cannot be expressed in terms of previously known functions such as rational
functions, exponential functions or the classical special functions. For more details, we

refer to [64] 66, 69, [75, 136].

The following are some of the properties of Painlevé equations (cf. [37, 42], 66, 115]).
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2.8 Painlevé equations

e Each Painlevé equation can be written as a (non-autonomous) Hamiltonian sys-

tem [115].

e P - Pyy have rational, algebraic and special function solutions expressed in
terms of the classical special functions called classical solutions [37, [66], e.g., for
P Airy Ai(z), Bi(z); Pur: Bessel J,(2),Y,(2); Prv: parabolic cylinder D, (z)
(see Subsection for the details of these special functions). These classical
solutions can usually be written as Wronskians and are often given in terms of

Hankel determinants or Toeplitz determinants.

e Each Painlevé equation possesses a Béacklund transformation [I]. A Bécklund
transformation is defined as being a system of equations relating one solution
of a given equation (in this case Pyy) either to another solution of the same
equation, possibly with different values of the parameters, or to a solution of

another equation.

e Each Painlevé equation can be expressed as the compatibility condition of a linear

system which is known as an isomonodromy problem or Lax pair [37, [75].

The search for discrete analogues of Painlevé transcendents has been an open problem
for many years and only recently has progress was made in this direction. Discretiza-
tions of the Painlevé equations have resulted from a variety of methods including

applications of orthogonal polynomials [51], 90].

2.8.1 Discrete Painlevé equations

Discrete Painlevé equations are the discrete analogs of Painlevé equations. These equa-
tions are not only second-order, nonlinear difference equations which have a continuous
Painlevé equation as a continuous limit but they also are mappings that are integrable
in the same sense as the continuous Painlevé equation. Grammaticos, Ramani and Pa-
pageorgiou [65] suggested the singularity confinement method as an integrability test
for discrete equations. This integrability detector is the discrete analog of the Painlevé
property for differential equations. The discrete Painlevé equations have the form

gs(n;n) + 19 (xn;n)
Gu(Tn;n) + Ty 1go(Tp;n)’

Tnt1 =
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2.8 Painlevé equations

where g¢;(x,;n) is a polynomial of degree i in z,, where s,t,u,v € {0,1,2,3,4}. Some

examples of discrete Painlevé equations are

zn +y(=1)"
(dP1) Zp41 + Tp + -1 = nz() + o, (2.8.4)
n
TnZn +
(dP11) Zng1 +apo1 = ?_"71:27’
n

(03— ) (53— )
(zn + Zn)2 — 72
(Tnt1 + Tn — 2nt1 — 2n) (Tn + Tp—1 — 2 — Zn—1)
(Tpa1 + 20) (T + Tp1)
B ((xn i a2) ((wn —2)% — 52)

B (Tn — %) (¥, — 0?)

(dPryv)  (zpt+1 4+ 2n) (2n + Tp—1) =

9

(dPv)

where z, = an +  and k,~, 3, a and o are constants (cf. [53], 66, [69, [134]).

2.8.2 Semiclassical weights and discrete Painlevé equations

We examine the connection between recurrence coeflicients of the three-term recurrence

relation satisfied by semiclassical orthogonal polynomials and the Painlevé equations.

Recurrence coefficients associated with semiclassical orthogonal polynomials satisfy
both linear and nonlinear recurrence relations. The relationship between semiclassical
orthogonal polynomials and integrable equations dates back to the work of Shohat
[127], Freud [55] and Bonan and Nevai [22]. However, it was not until the work of
Fokas, Its and Kitaev (cf. [51, 52]) that these equations were identified as discrete
Painlevé equations. The discrete Painlevé equations appear in the form of the nonlinear

difference relations satisfied by the relevant recurrence coefficients.

Magnus [90] applied ladder operators to nonclassical orthogonal polynomials associated
with random matrix theory and the derivation of Painlevé equations, while Tracy
and Widom [I33] used the associated compatibility conditions in the study of finite

n matrix models. Magnus [90] discussed the relationship between semiclassical Freud

polynomials

w(z;t) = exp (—x4 + th) , r €R, (2.8.5)

and the Painlevé equations. He showed in [90] that the recurrence coefficients associated

with the weight (2.8.5) can be expressed in terms of simultaneous solutions of
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2.8 Painlevé equations

(i) the discrete equation

Qn(Q’n—l + Gn + qn+1) + thn =n, (286)
which is discrete Painlevé I (dPy), as shown by Bonan and Nevai [22], and

(ii) the differential equation

d2q 1 (dg,\° 3, B

— = (= = 422 +2(2% — A)g, + —, 2.8.7

7 2 (dz 5 + 42, +2(27 — A)g + o (2.8.7)
which is a special case of the fourth Painlevé equation, where A = —%n and
B = —1n? n € Z*. This connection between the recurrence coefficients for the

2

Freud weight (2.8.5) and simultaneous solutions of (2.8.6) and (2.8.7)) is due to
Kitaev (cf. [51 (2L 53]).

Certain semiclassical orthogonal polynomials have well-established connections with

discrete (or Painlevé) integrable systems. Natural questions to ask are

(i) Which semiclassical weights are related to discrete Painlevé equations?

(ii) Which discrete Painlevé equations do we obtain?
We provide some partial answers to the above as follows:

o w(z)= exp(“;)—3 +tx) on {z : 3 < 0} is related to Py (cf. [00]).

o w(z) =xexp(—x)exp(—2) (a,s > 0) on R* is related to Py (cf. [30]).

T

e The weight |z — t|? exp(—z?) is related to Py (cf. [27]).
o w(x) = |z|2exp(—z?), 0 > —1 on R is related to dP; (cf. [88]).

o w(x) = z%exp(—z?), a > —1 (due to Maxwell/Sonin-type) on R" is related to

k

e wk)= (lj')z (due to Charlier) is related to dPyy (cf. [38, [135]).

o w(x;t) =x%exp(—x? +tzr), a > —1 on RT is related to dPry (cf. [39, 50]).

o w(z;t) = exp(—1a* +ta?) on z,t € R is related to dPy (cf. [90]).
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2.9 Semiclassical Freud-type polynomials

2.9 Semiclassical Freud-type polynomials

Géza Freud was the pioneer in investigating polynomials orthogonal with respect to
certain general exponential weights on the real line (cf. [8, 55, 84, ©0] 105, 112]). Freud
weights are a class of exponential weights w(x) = |z|? exp(—|z|™)dx, p> —1, v € R.
Freud [55] gave the asymptotic behavior of the recurrence coefficients of the three-term
recurrence relation for the orthogonal polynomials with the weight functions of the form
for m = 2,4,6 and he conjectured that such an asymptotic relation is valid for
every positive integer m. Freud also investigated some essential properties such as
the asymptotics of the largest zeros and the asymptotic behavior of the polynomials

themselves (cf. [8, 84} 00, 0T, 105, 112, [134)).

The recurrence coefficients associated with the weight of the form satisfy a
non-linear recurrence relation which corresponds to the discrete Painlevé dP; equation
and its hierarchy and they also satisty the differential-difference equations of the Toda
lattice (cf. [6l [7, [39) 50, 00]). In the following, we discuss and review some known facts

about Freud-type weights.

2.9.1 The Freud weight exp (—iz* — tz?), z,t € R

Relevant properties of orthogonal polynomials { P, (z;t)}>°, with respect to the semi-

classical Freud weight
14 2
w(z;t) = exp —7% - te® ), z,t R, (2.9.1)

were studied in [22 55, 00]. An important reference for numerous properties about
Freud’s weight is the paper by Nevai [112] on Freud’s mathematical legacy. Properties
to be discussed include the higher order moments and Pearson’s equation associated
with Freud’s weight and the recurrence coefficients satisfying the three-term recurrence

relation

Z’Pn(l',t) = Pn-&—l(x;t) + 5n(t>Pn—1(x7t)7 =1 P,=0.

Proposition 2.9.1. For polynomials orthogonal with respect to the Freud weight (2.9.1)),
the following statements hold:
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2.9 Semiclassical Freud-type polynomials

(i) The first moment is
1 1
po(t; A) = Qiﬁ exp (5752) D_% (—5\/575) ,

where D, (&) is the parabolic cylinder function ([2.3.5)), whilst the moments are

n

1 d
fion(t: A) = / 22" exp (——:ﬁ - t:ﬂ) dr = (=1)" ot ),
e 4 dt

fant1 (t; A) = /

1
2" exp (—Z:LA — tx2> dr =0, neN,.
R

(ii) The weight function w(x;t) satisfies Pearson’s differential equation (1.1.2))
w' (z;t) + (42° 4 2tx)w(x;t) = 0,

with o(x;t) = 1 and 7(x;t) = —4a® — 2tx. Since deg(c) = 0 and deg(t) = 3, the
corresponding polynomial sequence { P, (z;t)}5°, constitute a family of semiclas-

sical orthogonal polynomials(cf. [67, [94)]).

(#ii) The recurrence coefficient B, of the monic polynomials orthogonal with respect to

the weight w in (2.9.1)) satisfies the discrete Painlevé dPy equation

ﬁn (671—1 + ﬁn + Bn-i-l) =n—- 2t6n7 nc N7 (292)
with initial condition By = 0(cf. [53, [71],191))).

Remark 2.9.1. (i) The recurrence coefficient B, in (2.9.2)) can be computed in the
same way as in the Hermite case [127]. For Freud polynomials, by letting g, = S,

in @93), we obtain (Z50) and (E57).
(ii) The link between equations (2.8.6) and (2.8.7) is given by

1 dq ) 1 dq 2
n - 5 ___2tn_ d n—-1=— 5 __2tn_ )
In+1 2, (n 0t q %) and  qn-1 20, (TH' at In — Gn

which are Pry Bdcklund transformations (cf. [19, (39, (90, [91)).

We note that solutions of Pry (2.8.7) are known as the “half-integer hierarchy”, which
arises in quantum gravity [51, 52] and was studied by Bassom, Clarkson and Hicks
[9, 137]. In this hierarchy the first solution is given in [37]

q (t; L 1) = 2t + \/_01D—1/2 (_\/ﬁt) — 2D _yp9 (—\/it)

—= 2 2.9.
s (293)

CiD_1)2 (—\/ﬁt) +CoD_y 9 (—\/ﬁt) 7
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2.9 Semiclassical Freud-type polynomials

with C} and Cy arbitrary constants. The first few solutions of the hierarchy
1 1
Bn(t) = qn(t) =W (t, ——n, __n2)

where w(z; A, B) satisfies Pry (2.8.7)), which are the first few recurrence coefficients
associated with Freud’s weight ([2.9.1)) are:

q(t) ==(t) — 2t
1

@2(t) = SORCT E(t);

O 2(E(t) - 2t) 1
6= = —oEm -1 20— ot

4 2(4t% + 3)=(t) — 16t(t*> + 1) 2(=2(t) — 2t)
ault) = —3t+ 3[322(t) — 10t2(t) + 812 — 1)] | Z2(t) — 2t2(t) — 1

where Z(t) = \/§—D1/2 (\/it)

Doy (V2t)

2.9.2 The Shohat-Freud weight |z|” exp (—z*)
Polynomials orthogonal with respect to the symmetric semiclassical weight
w,(z) = |z|” exp (—:v4) , te€R, p>—1,
were known to satisfy the three-term recurrence relation
xP,(z) = Poi1(x) 4+ By Pooa(z), P1=0, Bh=1, (2.9.4)

where f3,, is obtained from the nonlinear difference equation (cf. [55])

4B (Bocs + o+ Busr) =0+ p, n=1,2,..., (29.5)
with Sy = 0 and
1—(=1)" 0 if niseven,
Q, = % _ (2.9.6)
1 if nisodd.

Equation ([2.9.5)) is equal to the discrete Painlevé equation dPy (2.8.4) with =, = 24,;
a=1,b=2%, c=—%and d = 0. Properties of orthogonal polynomials with respect to
the weight w,(z) = |z|? exp (—z*) were studied in [22, 55 134]. For more details about
Freud-type weights, one can refer [10, [123].
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2.10 Asymptotics for certain Freud type weights

Asymptotic properties of polynomials orthogonal with respect to exponential weight
functions have been investigated by, among others, Lew and Quarles, Magnus, Lubin-
sky, Van Assche, Nevai and his collaborators (cf. [8, [11], 84], [85] 89} 90, O11, 102, 105,
112, 134]).

Geza Freud [55] conjectured the asymptotic behavior of the recurrence coefficient g,

in the three-term recurrence relation (2.9.4) satisfied by the polynomials {P,}>°, or-
thogonal with respect to the positive weight

w(r) = exp(—2*™), m €N, (2.10.1)
as follows.

Conjecture 2.10.1. [5)]. Let w be the weight given in (2.10.1) and let 5, be the

corresponding recurrence coefficient. Then

. [T(dm) T(1+ tm)]™

li LN m = 2.10.2
Monic polynomials orthogonal with respect to the simplest Freud weight
w(r) = exp(—a'), —00 < x < 00, (2.10.3)

satisfy the recurrence relation (2.6.3)). The recurrence coefficient (3, is determined by
the non-linear difference equation [I09] p. 266] (see also [111])

4Bp (Bpet + Bn + Pp1) =n, n=1,2,..., (2.10.4)

(3
F%;' One can show that (2.10.4) follows from Magnus’s
1

proof [91] for the case m = 2 in (2.10.1)) (see also [134]). In the literature, (2.10.4)
and its generalizations are often referred to as the Freud equation. In the physics

literature, (2.10.4)) is known as a discrete string equation, and it was derived and

where fy = 0 and f; =

studied in the papers by Bessis, Itzykson and Zuber [10] [72] discussing the problem
of enumeration of Feynman graphs in string theory. Despite interesting and deep
achievements in the theory of orthogonal polynomials [84] [112], the asymptotics for

general exponential weights remains one of the key unsolved problems in the theory of
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2.10 Asymptotics for certain Freud type weights

semiclassical orthogonal polynomials since the Freud equation does not have a direct

(explicit) solution.

Since fB,,_1 + Bny1 > 0, we observe from ([2.10.4)) that
1
482 <n<0< 8, < 5\/%, (2.10.5)

Thus, applying (2.10.5)) again to (2.10.4) gives

7’L§4ﬁn( n-l +\/7_ n+ )<6\/_ﬁna n=12...,
and hence estimates for the recurrence coefficient bounds gives
n n 1 11
— < - =< 2 < = 2.10.6
B Shsiegshn <y (2.10.6)

Note that the bounding values in (2.10.6) assure the validity of Freud’s conjecture
(12.10.2)).

The recurrence coefficient (3, associated with the weight (2.10.3|) has an asymptotic

expansion
N3 —
2 —2j
J=0

with ¢o = 1 and ¢; = 5; (cf. [102, Theorem 1] and [101]). The asymptotic expansion
of B,(t) satisfying (2.10.4)) was studied by Lew and Quarles (cf. [85) 109} 114]) and is

1 7 111

n
- Om® ).
202~ 576w 276asme T O )>

Bn: _(1+

An asymptotic expansion for the more general case when t € R and A = —% in
was given by Clarke and Shizgal (cf. [36]) in the context of bimode polynomials. Bo
and Wong [122] also gave a uniform asymptotic formula for polynomials orthogonal
with respect to the weight exp(—z*). Further, we point out that many other relevant
properties of orthogonal polynomials { P, }°2, with respect to the weight exp(—z*) were
studied by Nevai [109, 1T0] and also in [22, [55], 85] [114].

Asymptotics of more general Freud-type weights are considered in [3, 17, [102) 123].

In Chapter [, we will discuss asymptotic properties of the recurrence coefficients of

monic polynomials {S,(z;t)}>°, orthogonal with respect to the generalized Freud

weight (1.2.1).
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Chapter 3

Semiclassical Laguerre polynomials

3.1 Introduction

In this chapter we study properties of the semiclassical Laguerre weight
w(z;t) = wo(x)exp(zt), A >—1, t € R, (3.1.1)

supported on R where wy(z) = 2* exp(—2?) is a Hermite-type weight. Finding an
explicit expression for the recurrence coefficients associated with the semiclassical La-
guerre weight is not straightforward. However, these coefficients obey certain non-linear
recurrence equations (cf. [19, 50]) that can be identified as discrete Painlevé equations.
In [39] the authors provide an explicit formulation of the recurrence coefficients in the
three-term recurrence relation associated with the semiclassical Laguerre weight and
these coefficients can be expressed in terms of Wronskians of parabolic cylinder func-
tions that arise in the description of special function solutions of the fourth Painlevé

equation.

Following the results on certain properties of semiclassical Laguerre polynomials in
[39], we determine the differential-difference Toda-type evolution equation satisfied by
the recurrence coefficient associated with the semiclassical Laguerre polynomials and
derive a second-order differential equation satisfied by polynomials associated with
the semiclassical Laguerre polynomials. In this chapter we also show that generalized
Freud polynomials arise from semiclassical Laguerre polynomials by the technique of

symmetrization discussed in Chapter 2]

38



3.2 The weight w(x;t) = wo(x) exp(xt)

In Section (3.2 we give an overview of a general one-parameter family of semiclassical
weights of the form (3.1.1). The discussion in Section on some (analytic and
asymptotic) properties of the semiclassical Laguerre polynomials leads to the later
sections of the chapter, where we determine not only the differential-difference equation
satisfied by semiclassical Laguerre polynomials but also an explicit representation of a
2 x 2 differential (Lax) system in terms of the recurrence coefficients associated with the
semiclassical Laguerre polynomials. Finally, the chapter ends by providing generalized
Freud polynomials as a symmetric form of the semiclassical Laguerre polynomials using
the technique of symmetrization due to Chihara [35, Section discussed in section
2.6

3.2 The weight w(x;t) = wo(x) exp(xt)

In this section we provide fundamental facts about semiclassical polynomials {P,,}>°
which are orthogonal with respect to the weight w(z;¢) in (3.1.1)). For the general class

of semiclassical weights of the form
w(w;t) = wo(x) exp(at),

where wg(x) is a classical weight function with finite moments, i.e., / 2Fwo () exp(zt) do
R
exists for all k£ € Ny, we have that

(i) the monic polynomials {P,}°, the sequence of recurrence coefficients {a, }22,
{Bn}, and the Hankel determinants A,, and the moments {1 }ren are all func-

tions of t.
(ii) the three-term recurrence relation for monic orthogonal polynomials is
P, (x;t) = Ppya(x;t) + an(t) Pu(z;t) + Bu(t) Proi(z;t), (3.2.1)
P,lzo, Pozl, 77,2172,...,

and the coefficients {a,(¢)}22, and {5, (t)}5°, satisfy the differential (Toda) sys-
tem (cf. [7, (58, 118, 128])

%O‘n(t) = Bus1(t) — Bu(t),

(3.2.2)
FBn(t) = Balt) [an(t) — a1 ()]
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3.2 The weight w(x;t) = wo(x) exp(xt)

(iii)

d

t) = +— 3.2.3
Mk( ) dt“kﬂ’ ( )

as a consequence of (3.1.1)) and this is considered as a moment generator for
the Toda lattice in the study of integrable systems. (3.2.3) implies that the k'
moment, p(t), associated with the weight function in (3.1.1)), takes the form

dtk dtk -
(3.2.4)

d* d* o
i (t) :/ ¥ wo(z) exp(tr) de = —/ wo(x) exp(tx) dor =
[a,b] [a,b]

Applying (8.2.3) to the determinants A, in ([2.2.5) and A, in ([2.2.6), and denoting the

bidirectional Wronskian by 7,,, we have the following result.

Theorem 3.2.1. Let

df dnf2f dnflf
Tn<f>=w(f%,-~ rr)

and suppose that the moment uy(t) satisfies (3.2.4). Then the Hankel-Hadamard-type

determinants A,, and A,, can be written in the form

An(t) = Tn(ﬂﬂ)? An(t) = dTnCEfO) .

Proof. See [38]. u

Corollary 3.2.1. If the weight has the form (3.1.1)), then the determinants A,(t) and

A, (t) can be expressed as Wronskians

d dn—2 dn—l
An(t):W(,UO, o . Ho /’LO) :

dt’ 0 dm2’ -l
< do d"2po d"po d

Remark 3.2.1. We note that

Au(t) d dpio A" g
-2 Nh B s N
A dt [HW (“0’ at’ At

The Hankel determinant ([2.2.5)) also satisfies the Toda equation

DA = A"“(i)z é)” Sl

dt?
and this is proved in [I07, Proposition 1].
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3.3 The weight z*exp (—x% +tx), A > —1, t € R

Theorem 3.2.2. [39, Theroem 4.9]. Suppose the condition (3.2.3)) holds. Then the
recurrence coefficients in (3.2.1)) can be expressed as

d . (Tn+1(ﬂo)
dt T (fo)

d2

a,(t) = ) . Bat) = Eln (Tn(po)), mn=1,2,.... (3.2.5)

3.3 The weight x* exp (—:1:2 + tar;) s A>—1,teR

Let { Lsf‘)};‘f:o denote a sequence of semiclassical polynomials orthogonal with respect

to the semiclassical Laguerre weight
wy(x;t) = 2* exp (—IE2+th‘), A>—-1,teR, >0 (3.3.1)

(cf. [19, B9, 57, 59, 129]). Since the weight function (3.3.1) is positive, continuous
and integrable on R™, it follows from the general theory [35], 132], that the orthogonal
polynomials Lgf\)(m; t) exist uniquely for all n € Ny, deg(LﬁL)‘)) = n and they are solutions

of the three-term recurrence relation
2LV (1) = LY, () + an (LD (23 ) + B (LY (1), (3.3.2)

with initial conditions LY = 0 and L(()’\) =1 (cf. 19 39]).

It is shown (cf. [39,50]) that moments of a semiclassical weight provide the link between
the positive weight and the associated Painlevé equation. Hence, explicit expressions
for moments of the semiclassical Laguerre weight were obtained in [39]. The
first moment is [39, Theorem 4.6]

27T+ 1) exp (22) Do (=), i AEN,

po(t; A) = 1 _dr

(3.3.3)
VT exp (}lt2) [1 + erf (%t)] , if A=neN,

where D, () is the parabolic cylinder function ([2.3.5)). The first moment p(t; \) asso-
ciated with the semiclassical weight (3.3.1)) also satisfies the differential equation [39,
Theorem 4.6]

Ppo  tdpe 1
> 2.dt 2

The following proposition gives certain analytic properties of semiclassical Laguerre

polynomials.
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3.3 The weight z*exp (—x% +tx), A > —1, t € R

Proposition 3.3.1. [39, Section 5]. Let {LW};;O:O be sequence of semiclassical La-

gquerre polynomials. Then

(i) Pearson’s equation associated with the weight wy(x;t) in (3.3.1)) is satisfied, where

o(r;t) =2 and T(x;t) = —22> +tox + A+ 1.

(ii) The n'™™ moment u,(t; \) for the weight wy(z;t) in (3.3.1) is given by
(Afnt1) 1 t
Wt A) =27 (A 1 2 )D__p | ———= ),
Iu( ) 2 ( +n+ )exp(8 ) A 1( \/§>

where D,, is the parabolic cylinder function given in (2.3.5)).

(7ii) The recurrence coefficients in (3.3.2)) associated with the weight wy(x;t) in (3.3.1)
satisfy the discrete system (also called ‘String equations’) (cf. [39, Lemma 4.2]

and [19, Theorem 1.1])

_ o ) — (2Bn(t) — n) (2B8,(t) —n — A)
(20, (t) — 1) (2001 (t) — t) G 7

26, (t) + 2Bn41(8) + an(t) (20,(t) — t) =2n+ 1+ A. (3.3.4b)

(3.3.4a)

(11i) The Hankel determinant A, (t) takes the form

B djig d"po d" g
An(t) =W <M07%7"' P2 ' g1 )

where pg is given in (3.3.3)).

(iv) The recurrence coefficients o, (t) and (,(t) in (3.3.2) associated with the semi-
classical weight (3.3.1) satisfy the Toda system (see [50] and [71), p. 41])

0all) _ g, a(t) - 510
dBn(t)
a Bn(t) (an(t) — an-1(t)) -

Asymptotic results of some properties of the semiclassical Laguerre polynomials as

t — oo are provided in [39].

Proposition 3.3.2. [39, Section 5]. For the semiclassical Laguerre weight in (3.3.1)),
the following statements hold:

(i) Ast — oo, the first moment po(t; N) has an asymptotic series [39, Lemma 5.1]

polt: A) ~ V7 <%t)A P (%LtQ) 2 T(\ —Fgl)\—:_ll))n!t?”'
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3.3 The weight z*exp (—x% +tx), A > —1, t € R

(i) The Hankel determinant A, (t) has a t-asymptotic expansion [39, Lemma 5.2/

1 ni 1 _
A, (t) = d,m"/? (§t> exp (Znﬁ) [1 + W +O(t™h],

with a constant d,, and the function H,(t;\) defined by

d
H,(t; \) = 7 In A, (1),

has the asymptotic expansion

nt  nA  2nA(n—\) 5
Hy(t: ) = = DA L 2T L o).
(1) = 2 P2 AT o
(11i) Ast — oo, the recurrence coefficients o, (t) and 5,(t) associated with the semi-

classical weight (3.3.1)) have the asymptotic expansions [39, Lemma 5.5]

t A
ay(t) ==+ =+ 0(t3),
" fl ZA () (3.3.6)
Ba(t) = 5 gz T o(t™)

Remark 3.3.1. Ast — oo, it follows from (3.3.6) that
1 1
an(t) — §t and Bn(t) = o

Remark 3.3.2. The difference between semiclassical orthogonal polynomials, in partic-
ular the semiclassical Laguerre polynomials, and the classical orthogonal polynomials
18 that classical orthogonal polynomials give rise to closed form expressions for the
recurrence coefficients but the solutions to the above pair of nonlinear difference equa-
tions in (3.3.4) are highly transcendental and in fact, it was shown by Boelen and Van
Assche [19, [18])] that this pair of difference equations can be obtained from an
asymmetric Painlevé Pry equation by a limiting process. We also point out that the
semiclassical weight in is not the only weight function leading to the differ-
ence equations . It can be shown, using the same methods as in [137)], that the

semiclassical Hermite weight, which is a natural generalization of the Hermite weight,

wy(7;t) = |z| exp(—2® +tz), t,x €R, A >0, (3.3.7)

also, leads to the same difference equations for the recurrence coefficients. However,
the semiclassical Laguerre and Hermite weight functions are well-connected by the more

general weight
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3.3 The weight z*exp (—x% +tx), A > —1, t € R

K|z|*exp(—z% + tx), x <0,
w(x;t) = (3.3.8)
M|z|* exp(—2? + tx), x>0,

which gives rise to the same difference equations (3.3.4). The difference between the
three cases lies in the initial conditions for the difference equation, hence (3.3.8)) can

be thought of as a singular deformation of the classical Hermite weight on R.

Remark 3.3.3. Monic generalized Hermite polynomials are a special case of (3.3.8))
for K =M andt = 0. Their recurrence coefficients are given explicitly by (cf. [33)])

a, =0, 206,=n+42\Q,,

where Q,, is given in (2.9.6).

The following result gives expressions for the recurrence coefficients «,(t) and 3,(t) in
the recurrence relation ((3.3.2)) associated with the semiclassical weight (3.3.1]) in terms

of solutions of the fourth Painlevé equation Pry.

Theorem 3.3.1. [39, Theorem 4.13]. Suppose U, x(2) is given by

dy d" "y
v, — kiU N
A(2) W(% 7 o

) ;o Poalz) =1,

where

Doya(=V2z)exp(32), if AgN,
¢A(Z) = dm
— ([1 + erf(z)] exp(z2)>, if A=meN,

dz"

with Dy(C) is the parabolic cylinder function and erfc(z) denotes the complementary

error function (see (2.3.3))) that is given by
erfe(z) = — /Ooe (—12) dt
rfe(z) = 7= Xp :

Then, the recurrence coefficients a,,(t) and B,(t) in the three-term recurrence relation

associated with the semiclassical weight are given by

o) = Jau(=) + 3t (3.3.90)
dgn
Ba(t) = _%E — %qi(z) — 12ga(2) + X+ in, (3.3.9b)
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3.3 The weight z*exp (—x% +tx), A > —1, t € R

with z = ét and q,(z) = =2z + L 1n %/(\(';), which satisfies the fourth Painlevé
n A\ %2

equation Py

d*q 1 [dg > 3 3 B

—— === @ +42q2 +2(2° — Q)gn + — 3.3.10

de 2qn (dZ) +2Qn+ an+ (’Z Oé)q + n7 ( )
with parameters

a=2n+A+1, [=-2\% (3.3.11)

Remark 3.3.4. Filipuk, Van Assche and Zhang [50] considered the orthonormal ver-
sion of the semiclassical Laguerre polynomials {p,}5°, and proved that the coefficients

a,(t) and b, (t) in the three-term recurrence relation

2P (;1) = bps1(t) Prir(@31) 4+ an(t)pn(@;t) + bu(t)pn-1(z:t), 1 € Ny,

satisfy the fourth Painlevé equation with qn(2) = a,(2z) — 2z. They also ap-
plied different approaches such as the ladder operator formalism and the isomonodromy
formation approaches to prove this result. However, they didn’t identify the specific so-
lution of [50]. Clarkson and Jordaan [39] explicitly expressed the coefficients
i the monic three-term recurrence relation of these polynomials in terms of the Wron-
skians of parabolic cylinder functions which arise in the description of special function
solutions of the fourth Painlevé equation as well as the second degree, second order
equation satisfied by the associated Hamiltonian function. The parameters in (13.3.11)

satisfy the condition of Pry to have solutions expressible in terms of parabolic cylinder

functions (see Section (2.3.2)) for an overview of parabolic cylinder functions).

In the sequel, using (3.3.9)), the first few recurrence coefficients associated with the
semiclassical weight (3.3.1)) are given as

ao(t) = %t - DDji(_f;/j% = WU,\(1),
1 ()
() =5t =Wt - 202 (1) — t%( ) — A —
1 2a+4 Uy (1)
al) = 3t S ) — A =

) —
2[(N+ D)2 +4(\ + 2)(2A + 3)] W3 (¢)
T2t [20W3 () — (12 — 4h — 6)U2(1) — 3(A+ 1)t W5 (£) — 2(A + 1)2]
(A + D)E[t2 4+ 2(4N + 9)] W (8) + (A + 1)2[t2 + 8(A + 2)]
2t 2603 (¢) + (82 — 4N — 6) W3 (1) — 3(A 4+ 1)tWa(t)) — 2(A + 1)?]
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3.4 A differential-difference equation satisfied by semiclassical Laguerre
polynomials

Ba(t) = —R(0) + S10A(0) + S+ 1),

2
Ba(t) = —

2003 (1) — (82 — 4N — 6) W3 () — 3(A + 1)tWy(t) — 2(\ + 1)?
2003 () — 3tUA(t) — (A + 1))? '

By using the three-term recurrence relation (3.3.2), the first few monic polynomials

orthogonal with respect to are given by

Lg’\)(ac;t) =1z —U,,
202 — (2 +2)Ty — A+ 1)t 2N +2)¥3 —(A+1)T, — (A +1)?

L()\) ) = 2 — — ,
[ VT A V) W) 2003 — 210y — LA+ 1)]

L()\)

B 412+ 20+ 4)T3 — 212 — A= 1)¥3 — A+ 1) (52 + 4N+ 6)Ty — 3N+ 1)*)
- { 2203 — (12— 4X — 6)W2 — B(A+ L)tWy — 2(A + 1)7] } ’
20t + 22 + 4)U3 — [t* + 42N +5)(A 4+ 2)]¥3 —2(A 4+ 1)t(t2 — A —5)) U,
{ ARET3 — (2 — 4\ — 6)T2 — B(A+ 1)tWy — 2(A+ 1)7] } ‘

{ A+ 1)2(t2 — 4\ — 12) }x
42603 — (82 — 4N — 6)T3 — 3(A + 1)t0y — 2(A + 1)?]

2] )\+1t2+4(/\+2)]\113 (A + 1)t(t* + 21 + 8)03
* {4 2008 — (12 — 4N — 6)¥3 — 3( A+ 1)tw), — 2(\ + 1)?] }

N —2(>\+ D2(82 4+ 22+ 5)0, — (A +1)3%
42003 — (2 — AN — 6)U3 — 3(A 4+ 1)tW, — 2(A + 1)?]
In the following section we show that semiclassical Laguerre polynomials not only obey

the recurrence relation (3.2.1)) but also a differential-difference equation.

3.4 A differential-difference equation satisfied by

semiclassical Laguerre polynomials

In this section we derive a differential-difference equation satisfied by semiclassical

Laguerre polynomials L (x;t).

Theorem 3.4.1. Let {Lf{\)}ffzo be the sequence of semiclassical Laguerre polynomials

orthogonal with respect to (3.3.1)). Then the differential-difference equation satisfied by

these polynomials is given by
ALY (a3t

()

T = Ay (LD () + B LY, (a51), (3.4.1)
X

n
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3.4 A differential-difference equation satisfied by semiclassical Laguerre
polynomials

where Ap(x;t) and By, (x;t) are given by
Ap(z;t) = n —206,(t),
B, (z;t) = 228, (t) + (200,(t) — t) Bu(t)

(3.4.2)

Proof. For the semiclassical Laguerre weight (3.3.1]), an important consequence of Pear-

son’s equation gives

dL Z Do L (a50),

k=n—2
where

ALY (ast
Dn,khk:/ x%L,&’\)(x;t)w,\(x;t)dx. (3.4.3)
0

By iterating the recurrence relation (|3.3.2))

LY (3t) = L (@38) + (an(t) + cngpa ()L (258) + (a2(t) + Busi (t) + Bu(t)) LY (a38)
L

+ (Ba(t)an(t) + Bu(t)an—1(£)) LY, (2:8) + Ba(t)Baa ()L 5 (23 1),
(3.4.4)

the coefficient D,, 5, n —2 < k < n, is computed as follows:

For k = n — 2, we integrate (3.4.3)) by parts using (3.4.4]) and orthogonality to obtain

1~ dlWM (et
Do = / x %L;’YQ(x;t)w,\(x;t) dr, h, o #0
0

hn72 €T
= - 1 |:/ LSZA)(ZL"; t) (21’2 —tr— A — 1) Lg;\_)z(x, t)w)\(w; t) dr
n—2 0
© dLW (z:1)
- 22 L N (e .
/0 t dx n (ZIZ', t)w)\(l', t) dl‘
= 200 () (3.4.5)

For k =n — 1, using (3.4.3)) and (3.4.4) together with orthogonality, yields

1~ du (e
Dn,n—l - / x dd—wl—g\)l(‘rv t)UJ)\(I, t) dCL’, hn—l 7é 0
0

hn—l T
1 o0
=7 {/ LY (2 1) (22° —tz — A — 1) Lgli)l(ac;t)w)\(x; t)dx
n—1 0

~ IO (2t
_/ LY (z; 1) —"dl(x’ )wa(x;t) dz
0

T

=2(Ba(t)an(t) + Bu(t)an—1(t)) — tBa(t)
= [200(t) + 2001 (1) — 2] Bu(t). (3.4.6)
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3.4 A differential-difference equation satisfied by semiclassical Laguerre
polynomials

For k = n, we also employ (3.4.3) and (3.4.4) together with orthogonality, to obtain

1 ALY (st
1 oo
= — [/ LN (1) (22 —tz —A—1)L N (z; t)wy (z;t) do
0

hn n n

o0 N (.
= (2B,(t) 4+ 28511 (t) +202(1)) —tan(t) —A—1—n

= (26,(t) + 2Bn41(t)) + an(t) —t) an(t) = A —1—n (3.4.7)
and by using orthogonality, (3.4.3) and the recursion relation

ALY (z:1)
x —
dx
we obtain D,, ,, = n. Note that (3.4.7)) proves (3.3.4b)). Hence, substituting the coeffi-

cients in (3.4.5)), (3.4.6) and (3.4.7)) into (3.4.1)), together with expressing L;YQ in terms
of Lfﬁ) and LY

n—17

= nL;)‘)(x,t) +g($)7 g € IP>n717

we obtain the required result. O

Remark 3.4.1. The approach we followed to construct the differential-difference equa-
tion (3.4.1)) is similar to the method of ladder operators (cf. [T1]).

For semiclassical Laguerre polynomials, the following result immediately follows by

differentiating (3.4.1)) with respect to = and the recurrence relation ((3.3.2)).

Theorem 3.4.2. For the semiclassical Laguerre weight (3.3.1]), the monic orthogonal
polynomials L,(f‘) (x;t) satisfy the second-order differential equation

d2 Lg\) (N

2% B, ()0, (z; t)W(w; t) + Un(x;t)d;; (z;t) + Vi (a;t)LW (25 8) = 0, (3.4.8)

n

where the coefficients U, (z;t) and V,(z;t) are given by

Un(z;t) = Bn(t)0n(x;t) [(n —20,(t)) < +n—1-=28,_1(t) + (x — an—1(t))b0p—1(x; t)>

2
On(x;t)
+ Bn (t)en($§ t)en—l ($§ t)] and

V(1) = B (t) (1 — 26 (t)) (23; (=1 = 2B 1 ()0 (2:8) + (& — At (£))Bn (3 1)y (23 t))
+ Br(t)02 (x5 1)6n 1 (23 1),

with 0,(x;t) = 2z + 2a,(t) — t.
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3.5 The Lax pair of the Toda system

3.5 The Lax pair of the Toda system

Numerous integrable systems have been shown to be related to orthogonal polynomi-
als through spectral transformations (cf. [6] 26]). One of the interesting properties
of the continuous-time Toda lattice, , is that orthogonal polynomials appear as
eigenfunctions of their Lax pairs. Lax pairs can exist for both discrete and contin-
uous systems and involve expressing an equation in terms of matrices that satisfy a
compatibility condition (cf. [7]).

Lax pairs related to the semiclassical weight help us to investigate the system
of non-linear difference equations satisfied by the recurrence coefficients. It is known
(cf. [7, 19, 39L 50], 118]) that the three-term recurrence relation in satisfied by
monic polynomials orthogonal with respect to a semiclassical weight is one of

the Lax pairs, which is also used in scattering problems in discrete soliton theory.

By rewriting the recurrence relation (3.3.2) in matrix form, we have
U,ii(x) = L(2)V,(2), (3.5.1)

where
) M) T
L,(x) = and W, (x) = (Ln (x;t) Ln_l(x;t)>

The differential-difference equation obtained in Theorem [3.4.1] can also be represented

in a semi-discrete Lax representation (cf. [129, Subsection 2.2]) as

aiQ@:aMA@@A@, (3.5.2)
where
n— 208, (2x —t+ 2a,) Bn

1
M, (z) = —
T\ —2x —t+20,1) 22% —at+2B,—n— A\

We observe that the differential system (3.5.2)) and the recurrence relation (3.5.1|) build

the Lax Pairs whose compatibility leads to the semi-discrete Lax equation

oL,
ox

= M1 Ln — LaM,. (3.5.3)
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3.6 Deriving the Volterra evolution equation

This yields

10 1 {(n+1D)z—n+Da, + 2o, —t+ 200011) Bnr1 (261 —n—1) B,

00 z an(20, —t) + 2001 —n—A—1 (2x —t+ 2a,) Bn,
1 [ nz —na, + 20, —t+20,1) B0 (ta, — 202 — 2B, +n+ ) B,
x n— 208, (2x — t 4 2a,) Bn
(3.5.4)
(13.5.4) is given equivalently as
x 0 A B
= ; (3.5.5)
0 0 C o0

where

A= (2a, + 20,41 — t)Brr1 — 2o — t+ 200,-1) Bn — i + 0,
C = (280 + 2Bs1) + (20 — D) — A — 1 — 2n,
B:= 6,126, + 26n41) —2n — (A + 1) + o, (2cr, — t)] = 5, C.
Therefore, the entries B and C in together with A—x = 0 provide an alternative

proof to determine the non-linear difference equations given in (3.3.4)) satisfied by the

recurrence coefficients «,, and 3, associated with the semiclassical Laguerre weight.

Remark 3.5.1. (i) Semiclassical Laguerre polynomials appear as wave functions
of the Lax pair of the Toda lattice due to a one-parameter deformation of the

Hermite-type measure [26)].

(ii) For the semiclassical Laguerre weight (3.3.1)), we observe from Theorem
that the recurrence coefficients, which can be expressed in terms of Hankel de-

terminants (3.2.5)), also satisfy the differential-difference equations of the Toda
lattice (3.3.5)). Besides, it is shown in [50] that the discrete system (3.3.4) for

the recurrence coefficients associated with the semiclassical Laguerre weight can

be obtained from a Bdcklund transformation of the fourth Painlevé equation Pry.

3.6 Deriving the Volterra evolution equation

In this section we derive an evolution equation satisfied by the semiclassical Laguerre

polynomials with respect to the weight wj(x; ) given in (3.3.1]) where A is fixed and the
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3.6 Deriving the Volterra evolution equation

parameter ¢ varies. The three-term recurrence relation (3.2.1)) is one of the Lax pairs
ALY (2 t)
ot 7’

which is a polynomial of degree n and therefore can be written, using the orthogonal

and, in order to derive the remaining Lax pair, we consider the derivative

basis, as

oL it “
%) =5 i) L (a0). (3.6.1)

k=0

Differentiating the normalization relation
/ [Lgf)(x;t)f wx(z;t) dx = h, >0
0

with respect to ¢, we have

oL ( t) > 2 Owy(x;t)
2L()‘ ———wy(x;t da:—l—/ Lg{\) x;t ———~dx =0,
| 5wt [ L) S

n

/00 LW (z; 1) [Z Cni(t) L,(j)(x;t)] wy(z;t) de + /OO [ngLA)(x;t)} L) (1) wy(w;t) do = 0,

k=0

which, using the three-term recurrence relation (3.3.2), reduces to

1
2¢h nhn + an(t)hy, =0 ¢,y = —Ean(t).

Similarly, by differentiating the orthogonality relation

/ LY (2 1) L;’\)(x;t) wy(z;t)der =0, k<n,
0

with respect to ¢, we obtain

00 %) )\)
(). O (@ D, / or (z5) o
/0 L (xt) ——=—— g t)dx + L{ 025 ————wy(z;t) dz

+/ L (& 6)LD (o )a““(x ) g0,

0

Hence, for k < n,

o0 oo )\) .
+ / OO[ LO (a3 LY t)wA(x,t) dz = (36.2)

By using the expansion (3.6.1) with its Fourier coefficients, orthogonality and the

recurrence relation (3.3.2), (3.6.2]) becomes

Cn,khk + hnék,n,l = O, (363)
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3.7 Symmetrizing semiclassical Laguerre polynomials

where dj, ,, is the Kronecker-delta function. Hence, equation (3.6.3)) implies that ¢, ,—1 =
—Bn(t) and ¢, = 0 for k < n — 1. Therefore, the required Lax pair for the Volterra
(Toda) equation is given by

ALY (2 1)
ot

- _an2(t) LY (w5t) = Ba(t)LSY, (231).

3.7 Symmetrizing semiclassical Laguerre polynomi-

als

In this section we show that symmetrizing the semiclassical Laguerre weight (3.3.1))
gives rise to the generalized Freud weight ((1.2.1)) (cf. [41]).

Let {Lq({\)(x;t)}gozo denote the monic semiclassical Laguerre polynomials, orthogonal

with respect to the semiclassical weight (3.3.1)).
Define

Son(z;t) = LW (2% 1);  Sopp(2:t) = 2QWM (2% 1) (3.7.1)
where

(A)(.

Q;\L z;t) = — L,(1 T;t) — —L,ﬁ) Tt 3.7.2
( ) +1( ) L%A)(O;t) ( ) ( )

are also monic and of degree n. Then, since the polynomial xLﬁf\H) € P, 1, we can

write L5 in terms of the semiclassical Laguerre basis {L,(C/\)}Zié as
n+1
el (1) = Z Anr1x(t) L,(j)(m; t),
k=0

where the coeflicients a,+1(t), with fixed real parameter ¢, are given by

i (t) (LY (@), LY (250)) = / LM (1) LY (2:8) 2 exp(—a® + tx) da
0

= / LM (@:8) LAY (z18) 22 exp(—a? + tz) da
0

=0, for k<n. (3.7.3)
By using (3.7.3), the polynomial LYY can be written as

xl—f{\ﬂ)(%; t) = Gn+1,n+1(t)|—7({\421(95; t)+ an+1,n<t)|-£z)\) (@3 ¢). (3.7.4)
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3.7 Symmetrizing semiclassical Laguerre polynomials

Now, since LYY (z;t) is monic, we have a,11,11(t) = 1 and hence (3.7.4) becomes

L (@) = LY (@30) + anpra (LYY (231). (3.7.5)
: : LY (0;1)
Evaluating (3.7.5) at z = 0 yields a,41.,(t) = —W and hence
n (0:t

N (.
2L+ (5 4) = L,(ﬂ)l(x; t) — L”&)l—(o’ﬂl_q(ﬁ)(x; t) = zQN(x;t).
L (0;%)

Now,
/ LY (2 )LV (23 ) 22 exp(—2? + tx) dz
0

= / LY (22 ) LY (22 1) 22 exp(—a* + ta?) 2z dx
0

= / LV (22, ) LY (225 8) 2] exp(—a* + t2?) dx
0

n

= / LY (22 6) LY (22 1) |22 exp(—at + t2?) da

[e.9]

= / Som (5 ) Son(z;t) |2 exp(—2? + tz?) da

which implies that {Sa,,(z;t)}°°_, is a symmetric orthogonal sequence with respect to
the even weight w(z;t) = |2|***! exp(—2* + t2?) on R. It is proved in [35, Theorem
7.1] that the kernel polynomials QY (x;t) are orthogonal with respect to zw(z;t) =

w1 exp(—2? + tz). Hence
K () 6nn = / QO (;t) QO (5 8) 2 exp(—a? + tx) dw
0
= 2/ QN (4%1) QM (4% 1) 2™ exp(—a + ta?) du
0

= /OO [2QW (2% )] [2QV (@ )] [ exp(—a + t2?) do

[o¢]
— / Soma1(x;t) Sopyr(z;t) |917|2)‘+1 exp(—x* + tz?) d.

Lastly, since in each case the integrand is odd, we have that

/ Som (25 ) Sony1(x;t) |2)* T exp(—a* + t2?) do

o0

= / Somi1(2;1) Sop (25 1) |2|** T exp(—a* + t2?) dr = 0,

o0
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3.8 Conclusion

and we conclude that {.S,(z;t)}22, is a sequence of polynomials orthogonal with respect
to the generalized Freud weight wy(z;t) = |z[?*lexp (—2* + t2?), 2 € R.
Note that wy(x;t) = |z| twy(2?;t) = |2|** ! exp(—2* + t2?) is another symmetric dual

weight function for the semiclassical Laguerre weight (cf. [97]).

Remark 3.7.1. Note that, fort =0, the result of symmetrization of semiclassical La-

guerre polynomials given in (3.7.1)) reduces to the case of half-range generalized Hermite
polynomials given in (2.6.11)).

3.8 Conclusion

The classical orthogonal polynomials discussed in Chapter [2| correspond to weights
which appear in numerous applications such as mathematical physics, engineering and
probability theory. The recurrence coefficients in the three-term recurrence relation
satisfied by classical orthogonal polynomials can be found explicitly and are
simple rational expressions in n. Slight modification of classical weights yields semi-
classical weights, for instance, the semiclassical Laguerre weight considered in
this chapter.

In Chapter |3 we briefly revisited certain properties of the semiclassical Laguerre poly-
nomials such as the higher order moments, Pearson’s equation associated with the
semiclassical Laguerre weight, the recurrence coefficients and the differential-difference
equations satisfied by the recurrence coefficients as well the semiclassical Laguerre poly-
nomials themselves. As our main results, we obtained a differential-difference equation
and differential equation satisfied by semiclassical Laguerre polynomials as well as an
explicit representation of a 2 x 2 differential (Lax) system in terms of the recurrence
coefficients. Further, the Volterra equation for the semiclassical Laguerre weight was
derived by differentiating the recurrence coefficients with respect to the parameter

t € R introduced in the weight function (3.3.1).

We concluded by showing (cf. [41]) that semiclassical Laguerre polynomials can be
used to construct generalized Freud polynomials using a symmetrization and quadratic
transformation described by Chihara in [35]. In the upcoming chapter, we will inves-

tigate properties of generalized Freud polynomials.
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Chapter 4

Generalized Freud polynomials

4.1 Introduction

In the previous chapter it was shown how semiclassical generalized Freud polynomials
arise from semiclassical Laguerre polynomials via a symmetrization of the semiclassical
Laguerre weight function. In this chapter we study properties of the semiclassical
generalized Freud polynomials. Most of the results obtained in this chapter have been

published in [41].

4.2 The generalized Freud weight

Semiclassical generalized Freud polynomials are orthogonal with respect to the semi-

classical weight
wy(z;t) = [z exp (=2t + t2?), z €R, (4.2.1)

with parameters A > 0 and ¢ € R. The orthogonality relation for monic generalized

Freud polynomials, ¢ being a free real parameter, is given by [41]
/ S (2:8) S (23 8) |2 exp (—a* + t2%) do = hpbpmn,  ha > 0, (4.2.2)
R
where the normalization constant h,,_; is defined by

hy, = / TS (23 8)Spor (25 8) [z exp (2t + t2?) da. (4.2.3)
R
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4.2 The generalized Freud weight

Monic orthogonal polynomials with respect to the symmetric weight (4.2.1]) satisfy the

three-term recurrence relation
xSy (x;t) = Spyr(x;t) + Bu(t; A) Sp_1(x;t), (4.2.4)

where S_; =0 and Sy = 1.

Since the weight w, is even, S,(z;t) is an even polynomial for n even and an odd
polynomial for n odd [132] p.29].
Multiplying both sides of (4.2.4) by S,,—1(x;t)w,(x;t) and integrating over the support

of the weight, we obtain

Bn(t; N) = / .S, (25 1)Spy (z; 1) |2 exp (—334 - ta:2) dz, (4.2.5)
R

hnfl

where h,_; is the normalization constant given in (4.2.3). In view of (4.2.4) and
(4.2.5)), we observe that the sequence of recurrence coefficient {3, (¢; \) }2°, completely

determines the orthogonal polynomials associated with the weight function w, on R.

4.2.1 Pearson’s equation for the generalized Freud weight

The weight function w) in (4.2.1)) is differentiable on the non-compact support R for
A > 0 and satisfies the Pearson’s differential equation (|1.1.2) with o(z;t) = x and
T(x;t) = —4z* + 2tax® + 2)\ + 2. Since deg(c) = 1 and deg(7) = 4, the polynomial
sequence {S,,}5°,, orthogonal with respect to , is said to constitute a family of
semiclassical orthogonal polynomials (cf. [13, 14, 39, 67, 06]).

4.2.2 The moments for the generalized Freud weight

Moments of certain semiclassical weights provide the link between the weight function

and the associated Painlevé equation (cf. [39, 41]).

The following lemma assures the finiteness of the moments of the semiclassical gener-

alized Freud weight.

Lemma 4.2.1. Let z,t € R and A > 0. For the generalized Freud weight wy in (4.2.1),
the first moment po(t; ) is finite.
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4.2 The generalized Freud weight

Proof. The first moment p(t; A) takes the form
po(t; A) = / |22 exp(—a* + ta?) dx = 2/ e exp(—a* +ta?)dv.  (4.2.6)
R 0

Since the integrand w(z;t) = 2} exp(—x* + tz?) on the right hand side of (4.2.6) is

continuous on [0, 00), it is integrable on [0, K] for any K > 0.

In order to prove / w(x;t) dr is finite, note that lim z*w(x;t) = 0. By definition,
K Tr—r00

x
there exists an N > 0 such that x?w(z;t) < 1 whenever x > N. Since / — < 00,
N T
[e.e]

we have that / w(z;t)der < oo for N > 0 and, in particular, N = K. Hence,
N

/ w(z;t) dr < oo. O
0

Our next result proves that the first moment can be explicitly stated in terms of the

parabolic cylinder function.

Proposition 4.2.1. [/1], Section 4]. Let x,t € R and X\ > 0. For the generalized Freud
weight (4.2.1)), the first moment po(t; \) is given by

A—1

po(t; A) =272

fo(t;n) = %\/Egt;; (exp (%t2) [1 + erf (%t)] ), neN

(A +1) exp (3¢%) Dox_q (—2V20),

with D, (§) is the parabolic cylinder function and erf(z) is the error function.

S

V2

o0 S /\Jr% 1 2 5 1
po(t; N) = 2/0 (E) exp |:—§8 - §s} (2_Z s 2 ds)
a1 [0 1
= 22/ st exp {——32 —£ 3} ds
0 2

-1

=275 T(A+1) exp (}152) D_x-1(§)

Proof. Let 2% = and { = 2 in ({.2.6), to obtain

using the integral representation in (2.3.5). Also, when A =n € Z¥,

s T e () oo (2e) e (50) ).
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4.2 The generalized Freud weight

with erfc(z) the complementary error function (2.3.7). Since erf(—z) = 1 + erf(2), we
(t;n) = \/_ ) PPy
Lo el I erf | 3 :

In order to obtain an expression for the higher order moments of the generalized Freud

have

]

weight, we require the following result which provides conditions under which the order

of integration and differentiation for functions of two variables may be reversed.

Lemma 4.2.2. [79, Theorem 16.11]. Let I C R be an open interval and f : Rx I — R.

Assume that

(i) f is integrable with respect to x for every fized t € I;
(ii) for almost all x € R, f(z,t) is differentiable on R with respect to t;

(111) there exists an integrable function g : R — R with the property that for every

tel,
'%‘ < g(z)

holds for almost all x € R.

/f /Rafg; ) .

The higher order moments for the generalized Freud weight are:

Then

Theorem 4.2.1. [/1], Section 4]. Lett € I C R and A > 0. For the generalized Freud
weight (4.2.1)), the higher order moments satisfy

/ 2/ exp (—2 + ta®) dz

n

= (M), (4.2.7)

n

whilst the odd ones are pon1(t;\) =0, n=1,2,....

Proof. Since the generalized weight function (4.2.1)) is symmetric on the non-compact

support R, we consider the half-range generalized Freud weight function

w(z;t) = 2 lexp (—2* +t2*), z €RT,
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4.2 The generalized Freud weight

with A > 0 and ¢t € R. Note that the function w is a rapidly decreasing function.
Besides, w(x;t) is differentiable with respect to ¢ and integrable with respect to z for
every real ¢t by Lemma [£.2.1] Furthermore,

ow(x,t)

BN = g2 3 exp (—x4 + ta:2)

is continuous on R*. For ¢t < 0 and x € R™, we have exp(t:r;Q) < 1, since ta? < 0.

Thus,

ow(x,t)
ot

‘ = [2" exp (—a2* + t2®) | < 2P Pexp (—2') = G(2),

with

/ G(z)dx = / 3 exp (—x4) dr = 1 r (%) < oo, for A>0,
0 0

where T is defined in (2.3.2)). For ¢t € [0, A], A € R, we have

ow(x,t)
ot

’ = [z exp (—a* +t2?) | < 2P exp (-2t + Ar?) = G(2),

with g(x) integrable for € R* and A > 0.
Now, since all the conditions of Lemma are satisfied, the proof of (4.2.7)) follows

by mathematical induction. For n = 1, we have

Saolt.) = 5 [ o exp(=a + ta?) da
d (0.0
=2— [ 2Pexp(—at +tz?) da
di J,

= 2/ 22D exp(—at + ta?) da
0

—/ 22z exp(—a?t + ta?) du

o0

= MQ(tﬂ )‘>

Assume, by inductive argument, that
n

%ﬂﬂ(ta >‘) - MQn(tv >‘)

It is required to prove that

dn+1
Wﬂ(}(t, A) = ,u2n+2(t, )\)
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4.3 Recurrence coefficients associated with generalized Freud polynomials

We see that 22"z exp(—x? + t2?), x € R, t € I, also satisfies the conditions of

Lemma [4.2.2] Then,

dnJrl d A" d
Wﬂo(t A) = o (%Mo(t /\)) = E,UJQn(t? A)
d

= — [ 22|2|P T exp(—2t 4 ta?) da
dt Jr

< d
= 2/ — (®MH exp(—at + ta?)) da
. di
= 2/ 2O 2 oxp(—at + ta?) da
0

[e.e]
:/ x2n+2|x|2)\+lm2 eXp(—I4—|—tI2) dx

—00

= N2n+2<t7)\) = ,uo(t,n + A + 1),

and this completes the induction argument.

Finally, for the odd moments s, 1, we have

Hont1(t; A) = / "z  exp (—a' +t2®) dr =0, n €N,

—00

since the integrand is odd. O

4.3 Recurrence coefficients associated with gener-

alized Freud polynomials

Recurrence coefficients of a three-term recurrence relation associated with certain semi-
classical orthogonal polynomials can often be expressed in terms of solutions of the
Painlevé equations and associated discrete Painlevé equations. We determine explicit
expressions for the recurrence coefficient 3, (t; A) in the three-term recurrence rela-
tion satisfied by monic generalized Freud polynomials by using their connection
with solutions of the fourth Painlevé equation Py and the discrete Painlevé
equation dPj.

Lemma 4.3.1. [}, Lemma 4J. The recurrence coefficient 5, (t; \) in (4.2.4)) satisfies
(i) the nonlinear difference equation, known as discrete Painlevé Py (dPy)

o + (2X + 1)[1 — (=1)"]
88, ’

Bot1 + Bn + Bn1 = 5t + (4.3.1)
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4.3 Recurrence coefficients associated with generalized Freud polynomials

where By = 0 and [y is given by

n! 4

! r (2(A +4n) + 2) !

" F(z(A+n)+4)

Bi(t; N) =

| 5

e[

<H:
3

n

(ii) the fourth Painlevé equation Pry

423 1 (dBu\? 55
L n 333 ¢ 142 . 4.3.2
= () +am s GBS o (43D
where the parameters A, and B, are given by
Agn o —22—-—n-—-1 A2n+1 o A—n
Bgn —2n2 ’ B2n+1 —2()\ +n+ ].)2

Proof. (i) We use an approach due to Freud described in [I34], Section 2]. Consider,
for fixed t € R,

I, = hin /_Z (Sp(x;t) Sn,l(x;t)), wy(z;t) dx, (4.3.3)

where S, (x;t) are the monic polynomials orthogonal with respect to the gen-

eralized Freud weight w)(z;t) given in (4.2.1) and the constant h,, in (2.1.3)).
Then

I, = hin /OO S;L(x;t) Sp—1(x;t) + Sp(z;t) S;kl(a:;t)) wy(z;t) dx
:hin/ Sp_1(z;t) wy(x;t) do

1
h

n

n— 1

4.3.4
hn 7 (3)

where R,,_» € P,,_5. Evaluating (4.3.3) using integration by parts, we obtain

Loy = [Su(z: ) Sor(z: E)in ()] / Sl ) Sor(x:t) w)(z:8) da

- _/ Sp(z;t) Sp_1(x;t) (2)\ 1 4a® + th) wy(z;t) de, (4.3.5)

00 T

in view of [S,(z;t) Sp—1(x; t)wy(z;t)]" = 0, where the boundary terms vanish

as the expression —x? +t2? in the weight wj (x;t) only consists of even powers of
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4.3 Recurrence coefficients associated with generalized Freud polynomials

x and hence will dominate the limit as x* — £o0. Since w) is even, the integral

expression
o 1
/ Sn(x;t) Sp_1(x;t) — wa(z;t) de =0, (4.3.6a)
o x
when n is even and, when n is odd, w is a polynomial of degree n — 1 and
hence
< Sy(x;t)
Sp—1(x;t) wy(x;t) de = hy_q. (4.3.6b)
e T

Iterating the recurrence relation (4.2.4)), yields

228, (x;t) = Snaa(w;t) + (B + Brs1) Sn(x;t) + Bubn_1Sn_a(z;t), (4.3.7a)
xSSn(x; t) = Sn+3(x; t) + (Bn + 5n+1 + /Bn—i—Q) Sn(x; t) + /Bn (/Bn—l + Bn + Bn—&—l) Sn—l(x; t)
+ Bnﬁnfl anQSanS (IL‘; t) (437b)

Employing the identities (4.3.7)) and Pearson’s equation for the weight (4.2.1))
together with (4.3.6) into (4.3.5)), we obtain

t
Lo = 4060 hipa <ﬁn_1 + B+ Brs1 — 5) — A+ Dk, (4.3.8)

where €, is given in (2.9.6)). Note that (4.3.8) and (4.3.4)) yield (4.3.1)).

Next, using a Taylor expansion, we obtain, for j =0,1,2,.. .,

wit,\) = / 2|z exp(—at + ta?) da

—00

— = toat 4 — (t?)"
_2/0 x’ exp(—z") [Z T] dx

n=0
_ Z J+22+2n+1 4
= QZO oy /0 x exp(—z") dx. (4.3.9)
Using the transformation y = z* in ([4.3.9)), we obtain

[oe] n oo
Mj(t’ >\) =92 - / x]+2)\+1+2n exp(—x4) dl‘,
nt Jo

n=0

L=t [ ji2atiten 3
252—/ yo o exp(—y) y i dy,
0

L=t [(j+22+2n+2
().

62



4.3 Recurrence coefficients associated with generalized Freud polynomials

Hence, the coefficient 5; can be given as the ratio of integrals

h 22|z exp (—zt 4 t2?) dx
, _uz(t;k)_/_oo i P )
Hol\t; / |a:|2)‘+1 exp (—x4—|—tx2) dr

—00

_"F(Q()\+n)+4>

[M]8

! 4
n F<2(>\+n)+2)’

! 4

n=0

K
3|”‘

i
o

and this completes the proof.

(i) See [50, Theorem 6.1].
[

Remark 4.3.1. 1. Equation is equivalent to Pry (3.3.10}) through the trans-

formation B, (t; \) = %V(z), with z = —%t. Hence

Bon(t; N) = %V(Z; -2\ —n—1, —2712)7 (4.3.10a)
Bons1(t; A) = 2v(z; A —n, —2(A+ n + 1)), (4.3.10D)

with z = —%t, where v(z; A, B) satisfies Pry (3.3.10). The conditions on the Py
parameters in (4.3.10) are precisely those for which Pry has solutions expressible
in terms of the parabolic cylinder function [58]

I'(A+1)
¥(z) = po(—2z;A) = Soanz P (32%) D1 (V22),
See also [39, Theorem 3.5].

2. The link between the differential equation and the difference equation
is given by the Bdcklund transformations

1 dg, 1 1 Cn
= _1 4 T 4.3.11

1 dp, 1 Cn
o =——- 1 4 T 4.3.11b
Ba-1 25, di 2Bn + % +45n, (4.3.11b)

with ¢, = in+ 12X+ 1)[1 — (=1)"]. Lettingn — n+1 in (4.5.118) and substi-
tuting into (4.3.11d|) gives the differential equation , while eliminating the
derivative yields the difference equation :
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4.3 Recurrence coefficients associated with generalized Freud polynomials

3. The nonlinear discrete equation appears in the paper by Freud [55, Equa-
tion. 23, p.5]; See [13])] and [5, §2] for a historical review of the origin and study

of equation .

Next, we obtain an explicit formulation of the recurrence coefficient 3, (t; A) in (4.2.4)).

Lemma 4.3.2. [/1, Lemma 5]. Let x,t € R and A\ > 0. The sequence of recurrence co-
efficients {5, (t; A) }n>0 in the three-term recurrence relation are explicitly given

by

4 Tl A+ 1)
Pan(t; A) = < In e (4.3.12a)
Bon+1(t; A) = 4y Twnnlbid) (4.3.12b)

dt - Tt A+ 1)

where 7, (t; \) is the Wronskian given by

dor  dln drtk "
To(t; ) = (gzﬁ)\, ey —= | = det Wuo(t; A) . Tolt; A) =1,

n—1
dt 7,k=0

(4.3.12¢)

with

OA(t) = po(t; A) = % exp (5¢%) Doxo1(— %\/ﬁt) (4.3.12d)

Proof. From the parabolic cylinder solutions of Pry (3.3.10)) given in [39, Theorem 3.5],

it is easily shown that the equation

d*y 1 (dy ’ 3,3 2 B
— == 397 —t 2 14 — 4.3.13
=3 () + -+ e - pa (1313)
has the solutions { ) (t AV ,Bm)} ,forn=1,2,..., and
j=1,2,3
d . Tha(t;N)
WA +2n—1,-20%) = Lt 4 — In "= 4.3.14
o (B A+ 20— 1, ) Ta TN (43.14e)
d . T(t; A+ 1)
222 —n—1,-20%) = — In 22 4.3.14b
d T, (t A)
[3] A — 1, —2(\ = —1 SEEL W e S 4.3.14
(12 =n+ 1,220+ n)’) T tAT 1) (4.3.14c)
where 7,,(t; ) is the Wronskian (4.3.12¢|). Comparing (4.3.10) and (4.3.14]) gives the
desired result. O]
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4.4 Coefficients of generalized Freud polynomials

The first few recurrence coefficients (3, (t; A) are given by

Bl(t;)‘):q))w
t A+ 1
BQ(th) - §_®>\+ 2@)\ )
L AR D)
Ba(t; A) = 20, 202 — (D) —A—1’
t sy A+ 1) [+ 20+ 4) Py + (A + 1)t]
54(1;7)\): + D) 2 277
200 +2) 205 —tPy—A—1  2A+2)[2(A+2)D3 — (A + 1)tPy — (A + 1)?]
(4.3.15)
where
d D_y(—3v2t)
Oy(t)=—In | D_x_1(—2vV2¢t) exp (2¢2) | = Lt + 12 2
A(t) dt ( Al( 2 ) p(s ) 2 2 D_A_l(—%ﬁt)

and substituting these into the recurrence relation (4.2.4), we obtain the first few
polynomials S, (z;):

Sl<x7t) =,

Sa(wit) = a® — @y,
o AL
2(I)>\ ’
2P — (12 +2)Py — (N + 1)t
2(202 —t®) — A — 1)
200 +2)03 — (A + 1)t@y — (A +1)?
a 20202 — tdy — A — 1) '

4.4 Coefficients of generalized Freud polynomials

Having explicitly determined the recurrence coefficient (,(¢;\) in terms of the first
moment and special functions associated with the first moment given in (4.3.12dJ),
the aim of this section is to provide an expression for the coefficients of the monic

generalized Freud polynomials following an approach described in [97].

Theorem 4.4.1. For a fizred t € R, the sequence of monic polynomials {S,(z;t)}>2,,
orthogonal with respect to the semiclassical weight wy(z;t) = |z|** ™ exp(—axt+t2?), X >

0, x € R, is given by

Sulw;t) =Y Wp(n) 2", (4.4.1a)
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4.4 Coefficients of generalized Freud polynomials

where Wo(n) =1 and, for k € {1,2,..., %]},

n+1 2k n+3—2k n+5—2k n—1
Wy E3T BN Y BN Y BN Y B
Jji=1 Je=j1+2 J3=Jja+2 Je=Jk—112

with B;(t; A) given by (4.3.12)).

Proof. Since the polynomials S, (z;t) are monic and symmetric of degree n, i.e.,
Sn(—x;t) = (—=1)"Sp(x; 1),

we obtain for a fixed t € R

Son(x; 1) ZdQn gew 2
(4.4.2)

Sont1(x;t) g o0 222

where d,,_o, = Wi(n) with Uo(n) = 1 and Wi(n) = 0 for k > [%]. Substituting (4.4.1a)
into the three-term recurrence relation (4.2.4) and comparing the coefficients on each
side yields

Uy(n+ 1) — Up(n) = —Bult; ) Ty_i(n — 1). (4.4.3)

To show (4.4.1b)), we apply induction on k. We observe from (4.4.3)) that for k = 1, we

have
Vi(n) = ¥i(n—1) = —=Fu-1,
and taking a telescopic sum then gives

n—1

Uy(n) =— Z B, (t; A), for everyn > 1.

Jj1=0

Suppose that (4.4.1b)) holds for values up to k — 1 for every n € N, i.e.,

n+3 2k n+5—2k n+7—2k n—1
= 1( Z 531 t )‘ Z 532 t )‘ Z ﬁja t )‘> Z Bjk—l(t; )‘)'
Jji=1 Je=Jj1+2 J3=j2+2 Jk—1=Jk—2+2

(4.4.4)
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4.4 Coefficients of generalized Freud polynomials

Now, iterating (4.4.3), we obtain

Ui(n) = Vp(n —1) = Bu1¥p—1(n — 2),
=Wp(n —2) = Bpo¥r_1(n —3) = Bp_1Vi_1(n — 2),
=Vr(n—3) = Bns3¥i—1(n —4) = Bn—2¥i—1(n —3) = Bu—1Vi—1(n — 2),

= —Pok-1Vk-1(2k —2) = B Vp—1(2k = 1) — -+ = Bpn2Wg_1(n = 3) = Bn—1V¥g—1(n — 2).
(4.4.5)
Substituting (4.4.4) into (4.4.5)) yields (4.4.1b)) and hence the result holds true for
k € N and this completes the inductive proof. O

An alternative expression for (4.4.1)) is given in the following corollary.

Corollary 4.4.1. For a fized t € R, the sequence of monic polynomials {S,(x;t)}52,
orthogonal with respect to the semiclassical weight wy(x;t) = x|t exp(—at+tz?), X >

0, x € R, is given by

,_
[

n
2

Sn(.fb'; t) ="+ (_1)m Z /Bk?lﬁkQ e ﬁkm—l/Bkm xanm’

=1 k€W (n,m)

3

where
Wi(n,m)=4{keN" | kiyg >k +2 for 1<j<m-—1 1<k k,<n}

with Bj(t; \) given by (4.3.12)).

Proof. The result follows using an analogous argument as in the proof of Theorem

E4Tl O

Proposition 4.4.1. For the monic generalized Freud polynomials, the normalization
constant h,, in (4.2.2) is given by

L5)
hn = <Sn7 Sn>|z\2k+1 exp(—zt+tz2) — ||Sn||\29:|2>\+1 exp(—xzt+tx?) = Z \Pk(n) lu2n—2k(t; )‘)’
k=0

where Ui(n) is given in (4.4.1b)).
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4.5 The differential-difference equation satisfied by generalized Freud
polynomials

Proof. By using the definition of h,, in (2.1.3) and the fact in (2.6.2)), we have

J— — n
hn = <Sn, Sn>|x\2/\+1exp(7:v4+tmz) = <Sn, xT >‘x|2)\+1 exp(—at+tx?)

5]
= / z" Z Wy (n)a" 2" | |z exp (=2t + t2?) d
R k=0

L3]

= Z Uy(n) / 2?2 exp (2 + ta?) do
k=0 R
L3

|3

w3 ||

= Z Wy (n) pron—2k(t; A). (4.4.6)

k=0

]

Remark 4.4.1. The expression for h,, in ({4.4.6)) is positive since Wi(n) and {125 }jen,
are generically positive from the symmetry property of the generalized Freud polynomi-

als.

Remark 4.4.2. For A > —1 and t € R, we see from (4.2.7) that

13 L3] Jn—k

I =Y W) pron-ok(t; X) = > Wk(n)——po(t; A).
k=0 k=0 dt

4.5 The differential-difference equation satisfied by

generalized Freud polynomials

For fixed t € R, the coefficients A, (z;t) and B, (z;t) in the relation

dP,
dx

(;t) = —Bp(x;t) Po(z;t) + An(x; t) Py (25 1), (4.5.1)

satisfied by semiclassical orthogonal polynomials are of interest since differentiation of
this differential-difference equation yields the second order differential equation satisfied

by the orthogonal polynomials.

In this section we study the derivation of a differential-difference equation satisfied
by generalized Freud polynomials using two different techniques, one based on ladder

operators and the second using Shohat’s approach of quasi-orthogonality.
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4.5 The differential-difference equation satisfied by generalized Freud
polynomials

4.5.1 The ladder operator approach

The method of ladder operators was introduced by Chen and Ismail in [28] and a good

summary of the technique is provided in 71, Theorem 3.2.1].

In [27], Chen and Feigin adapt the method of ladder operators to the situation where
the weight function vanishes at one point. Our next result generalizes the work in
[27] by giving a more explicit expression for the coefficients in (4.5.1)) when the weight
function w,(z;t) = |z — k|Yexp ( — vo(x;t)), =, ¢, k € R, is positive on the real line,

except for one point.

Theorem 4.5.1. [/1, Theorem 2]. Consider the weight
w,y(z;t) = |z — k|Texp ( — vo(z;t)), =, t, k €R, (4.5.2)

where vo(x,t) is a continuously differentiable function on R. Assume that the sequence
of polynomials { P,(x;t)}5°, satisfies the orthogonality relation

/ P (x;t) P (x; t)wy (25 t)dx = hylpm.

Then, for v > 1, P,(x;t) satisfies the differential-difference equation

dP,(x;t)

(x — k) o

= —B,(x;t)P,(z;t) + An(z;t) Poor (23 1), (4.5.3)

Aast) = =2 [ P2 [“6(3““” - ““y;”] w, (s €) dy + an(t),

ho-1 J_o r—y
Butait) =5 [~ PP se) |2 iy ay 4T
with
alt) = = [ B i ay (454
bu(t) = /Oo P”(y;;)f",?(y;t) wy(y; 1) dy.

Proof. For a fixed t € R, P/(x;t) is a polynomial of degree n — 1 and can be expressed

in terms of the orthogonal basis as

n—1
Pi(xit) =Y en;Pi(x;t). (4.5.5)
j=0
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4.5 The differential-difference equation satisfied by generalized Freud
polynomials

Applying the orthogonality relation and integrating by parts, we obtain

Cn,j :/ P} (y; t) P (y; t)w, (y3 t) dy

[e.e]

= [Pn(y;t)Pj(y; t)ww(y;t)} iooo —/

—00

Pu(y;t) <P}(y; tywy (y; 1) + Py (y: ) (y; t)) dy

— _/Oo Po(y; )P (y; t)w, (y: t)dy

—00

= /OO Pa(y; t)P;(y3t) [Ué(y;t) = yjk] wy(y; t) dy,

—00

provided that v > 1.

Now, from (4.5.5)), we can write

Pty =S ([ P 0P [ t) — —| w0 dy | Pyt
hj\J_ y—k

§=0 o

= /_Z P (y;t)

- I%(y;t)l%(x;t)] lvé(y;t)—yj—k] w, (y: t) dy

=0 J

[o(ys; 1) — vo(; )] wy (y; t) dy

n—1
Pi(y; t) P (1)
i h»j] w (y;t) dy.

Next, using the orthogonality relation again, we obtain
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4.5 The differential-difference equation satisfied by generalized Freud
polynomials

(= k)P, (x;t)

— /_Z Pa(y;t) ;U:z + 1) J;O Pj(y;ti)f@’t)] wy (y; t) dy
= won [ R S PEEE (“)] bl ) — vh(a: )] (v:1) dy

n—1
o x—y P:(y;t)P;(x;t
—7/ Pn(y;t)( ) sy D5 >]wv(y;t)dy-
— 00 Yy — k hj
7=0
Thus, (4.5.3) now follows from the Christoffel-Darboux formula ([2.2.8]). O
In the sequel, we consider the symmetric weight
w,y(z;t) = |z exp ( — vo(z;t)), @, t € R, (4.5.6)

with vg(z;t) assumed to be an even, continuously differentiable function on R. The
weight (4.5.6) is a symmetric generalization of the semiclassical weight (4.2.1)); i.e.,
k=01in (4.5.2).

Lemma 4.5.1. [, Lemma 1]. Consider the weight w,(z;t) defined by (4.5.6). As-
sume that the polynomials {P,(x;t)}52, are orthogonal on R with respect to w.,(x;t)

and that they satisfy the three-term recurrence relation
Poia(z;t) = aPy(a3t) — Bult; v) Pooi (250), (4.5.7)

with Py =1 and Py(x;t) = x. Then the polynomials P,(x;t) satisfy

/00 @wv(%ﬂ dy = 0, (4.5.8)
/“’ Pn(y;t)znl(y;t) ws(y; t) dy = 11 = (=1)"] hps,

where n € Z+ and

hn = / Py (y; tyw, (y; t) dy > 0.

o0

Proof. Since the weight w, (z;t) in (4.5.6) is even, the integrand in (4.5.8) is odd and

/ %wv(% t)dy = 0.

—00

hence
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4.5 The differential-difference equation satisfied by generalized Freud
polynomials

Furthermore, the monic orthogonal polynomials P, (z;t) satisfy the three-term recur-

rence relation (4.5.7]), hence

* Po(y;t) Po-1(y;t
/ (y )y l(y )wv(y;t) dy
© yPa1(y;t) — Bn—1Pn—2(y;t) | Pno1(y; t
:/ [yPo-1(y;t) — B 1y 2(y; t)| Pu1(y )wv(y;t) dy
o  Poo1(y;t) Po—o(y;t
2/ Py (s tyws (y; t) dy — Bn—l/ 1y )y 2(y )wy(y;t) dy
* Po1(y;t)Poa(y;t

= hn-1 —Bn_l/ 1y )y 2(y )wy(y;t) dy

using (4.5.8). Hence, if we define
* Po(y;t)Paa(yst
Jn :/ (y )y 1(2/ )wy(y;t) dy,
then J,, satisfies the recurrence relation
hop—
Jn = hnfl - ﬂnflt]nfl = hnfl - n ! Jnflv
n—2

since 3, = hy/h,_1. Iterating this gives

hnfl hnfl hnfl hnfl

Jn = _Jnf = hnf - _Jnf = _Jnf = hnf - —Jnf s

hnfB ? ' hn74 ’ hn75 ! ' hnfG °

and so on. Hence, by induction,
han_ h
Jon = o, Jangr = hay — =,
hy hy

and since

b= /Oo UL t)wv(y; t)dy = /°° Py(y; t)w,(y;t) dy = 0,

[ee] y — 00

we have that Jon = 0 and Joni1 = hoy, as required. ]

Corollary 4.5.1. [/, Corollary 1]. Let w,(x;t) be the weight defined by (4.5.6).
Assume that the sequence of polynomials { P,(x; 1)}, are orthogonal on R with respect

to wy(z;t). Then, for v > 1, P,(x;t) satisfies the differential-difference equation

x % = —By(z;t) P, (x;t) + Ap (5 t) Py (3 1), (4.5.9)

where
An(z3t) = hf_l /_Oo P (y;t) [Ué(m;iz — Zé(y;t)} w, (y; ) dy, (4.5.10a)
By(z;t) = h:_l /Oo Po(y; t) P (y5 1) [Ué(z; 2 - Zé(y; t)} w,(y;t) dy + %[1 - (=1)"].
(4.5.10D)

72



4.5 The differential-difference equation satisfied by generalized Freud
polynomials

Proof. The result is an immediate consequence of Theorem and Lemmal4.5.1, [

Lemma 4.5.2. [/1, Lemma 2]. Let w.(x;t) be the weight defined by and the
coefficients A, (x;t) and By(x;t) are defined in (4.5.10). Then, when v > 1,

xA,(x;t)
B

Proof. From (4.5.10), (4.5.7) and the fact that h, = h,,—15,, we have

Bp(x;t) + Bpyi(x;t) = + v — xvp(x;t).

Bn(w§ t) + Bn-&-l(x; t)

= hm /Oo Po(y;t) Pa1(y3t) [U6($;ti - Z(I)(y; t)] wy(y;t) dy

1= (~1)*Y)

n—1 J—oco
+ h% /_Z Pa(y; t) Pt (ys ) [vé( ’ i = Z()(y; t)} wy(y;t) dy + %[1 -

o[>

vy (x;t) — vy(y; t)
T —y

T

=— (/oo Po(y;t) [BnPr-1(y;t) + Pata(y;t)] X [

B, ] wy(y;t) dy) +

T oo

=— [ yPXyt) [

B )

vo(w;t) — vp(y;t)
T -y

]ww(y;t) dy +

N hin /_Z Pa(y;t) [vh(yst) — vh(a; )] wn(y; 1) dy

2 o) / 1) — / -t
+}:/ P2 (y;t) [vO(x’ i_ZO(y’ )} wy (y; 1) dy +

o0

x xvp(x;t) [
= 2 [ Rt sy — 8D [ Pty sy

—00 hn —00
x
b,

Ty (7

+ —hp_1An(x;t) +

w~(y; t x [ /
Pﬁ(y;t)v(y) dy — h/ Py, tyw, (y;t) dy (4.5.11)

xAp(x;t)
B

o )

— zvg(w;t) + +7,

since w;(y; t) = (—v(')(y; t) + 1) w(y;t). The first integral in (4.5.11)) vanishes since
the integrand is odd, hence it follows, using integration by parts, that

oo

By (w;t) + Bpya(51) = _h% ([ww(y;t)ﬂf(y;t)] io - /

TA,(z;t)
Bn

and the result follows from the orthogonality of P,. O]

e}

2P, (y; t) Py (y; t)w, (y; ) dy)

— zvg(;t) + + 1,
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4.5 The differential-difference equation satisfied by generalized Freud
polynomials

Theorem 4.5.2. [/1, Lemma 3]. Let w,(x;t) be the weight defined by and the
coefficients A, (x;t) and B,(x;t) are defined by . Then

An,1($; t)

SR, (45.12)

d
(—x% + Bu(;t) + a2 t) — 7) P (3t) =

Proof. From the differential-difference equation (4.5.9), we have

zP!_(x;t) = —=Bn_1(x;t)Pyq(x;t) + A1 (x; 1) Py_o(x; t)
Ap_i(x:t
= —By 1(x;t)Py_q(x;t) + % [xP,_1(x;t) — Py(x;t)],
n—1
using the recurrence relation (4.5.7). Hence, using Lemma [4.5.2]
MPH(:B;L‘) = —xP_(x;t) — Bp_1(x;t)Pp_y(x;t) + MPn,l(x; t)
Bn—l Bn—l
= —aP!_(x;t) — By_1(x;t)Py_q(x; 1)

+ (Bn(x; t) + Bn-1(z;t) — v + zv{(x; t)) P,_1(x;t)
= —xP_ (x;t) + By(z;t) Poy(m5t) + [;w(')(:r:; t) — fy] P,_1(x;t)
= (—xjx + Bp(x;t) + zvj(z;t) — 7) Po_i(z;t).

]

Finally, we derive the differential-difference equation satisfied by the generalized Freud

polynomials associated with the weight (4.2.1)).

Lemma 4.5.3. [f/1, Lemma 9]. For the generalized Freud weight , the monic
orthogonal polynomials S, (x;t) satisfy

0o r—Yy
/°° {v'(I; 72 : Zl(y; t)] S (ys ) St (y: ) wi(y: £) dy = 4, (4.5.14)

where n € Z, v(x;t) = z* — tz? and

h,, = / S2(y; t) wa(y; ) dy > 0.

o0
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4.5 The differential-difference equation satisfied by generalized Freud
polynomials

Proof. For the weight (4.2.1)), we have wy(z;t) = |z exp(—v(x;t)), with

v(x;t) = at — ta?,

and so
V(@ t) — V' (y; )

r—y
Hence the left-hand side of (4.5.13]) is
/°° [v’(w;t) —v'(y; 1)

r—y

= 42* + 4oy + 4y* — 2t.

}Sfxy;t) wn(y: 1) dy

—00

= (42” — 2t) /_Oo Sa(y; t)walyst) dy

+4w/ yS2(y;t) wa(y;t) dy+4/ Y252 (y; t) w(y; t) dy

—00 —00

= (41'2 - Qt)hn + 4x /Oo Sn(y7 t) [Sn—l—l(y; t) =+ BnSn—l(y; t)] w)\(y; t) dy

+ 4/_ [Sn1 (Y3 8) + BuSu—1(y: 1)) waly: t) dy

= (422 — 2t)hy + 4hp i1 + 4620y

=4[2® — 3t + Bu + Bus1] I, (4.5.15)

since 3, = hh’il, the monic orthogonal polynomials S, (z;t) satisfy the three-term

recurrence relation (4.2.4)) and are orthogonal, i.e.,

/ Sm(yit)Sn(yit) wa(y;t)dy =0 if m#n. (4.5.16)
The left-hand side of (4.5.14)) is

/oo [U’(z;t) —v’(y;t)] S () Sy (y: 1) wi(y; ) dy

o) r—y
= (42° — 215)/ Sn(y; t)Sn—1(y; t) wa(y; t) dy +4w/ YSn(y; 1) Sn_1(y; t) waly: t) dy

+4/ Y2 S (y; ) Sne (y; 1) waly; ) dy

o0

=4z /Oo Sy t) [Sn (W t) + Ba-1Sn—2(y; t)] waly; t) dy

—00

+4 /Oo [Sn-‘rl (y; t) + 6nSn—1(y; t)] X [Sn(y, t) + Bn_QSn_2<y; t)} ’LU)\(y; t) dy

= 4zh,,,
using the recurrence relation (4.2.4)) and orthogonality (4.5.16]). ]
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4.5 The differential-difference equation satisfied by generalized Freud
polynomials

Theorem 4.5.3. [/1], Theorem 5]. For the generalized Freud weight , the monic

orthogonal polynomials S, (x;t) satisfy the differential-difference equation
dsS,

(23 ) = =B (1) S, (w5 1) + Au(w;1) S (38), (4.5.17)

where
Ay (z3t) = 2B, (2° — 2t + By + Butr), (4.5.18a)
By (z;t) = 4228, + (2A+ 1)[12_ (—1)”]’ (4.5.18D)

with B, the recurrence coefficient in the three-term recurrence relation .

Proof. Corollary shows that monic orthogonal polynomials S, (z;t) with respect
to the weight w(z;t) = |z[***! exp(—v(z;t)) satisfy the differential-difference equation

(4.5.17)), where

T (xst) — o' (y;t
An(a5t) = / { (&31) = v )} Sny; hw(y, t) dy,
n—1 J—co r—y
x < (5 t) — V' (y;t 22 +1 "
Buait) = [~ [P s, ooy, sttt dy + 25 L (1)),
n—1 J—oco r—=y
For the generalized Freud weight (4.2.1]), using Lemma [4.5.3] yields the result. O

4.5.2 An approach using quasi-orthogonality

Shohat [127] gave a procedure using quasi-orthogonality to derive for weights
w(x;t) such that w'(x;t)/w(x;t) is a rational function, which we apply to the gener-
alized Freud weight in (4.2.1)) |41, Section 4.5]. This technique was rediscovered by
several authors including Bonan, Freud, Mhaskar and Nevai approximately 40 years
later, see [112, p. 126 - 132] and the references therein for more detail. The concept of
quasi-orthogonality is discussed in Section [2.5] (see also [127]).

Derivatives of monic polynomials S, (z;t) that are orthogonal with respect to the gen-
eralized Freud weight (4.2.1)), are quasi-orthogonal of order m = 5 [I12, Subsection

4.20] and hence we can write

ds, -
z— (x;t) = Z Cn i Sk(x; 1), (4.5.19)

k=n—4
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4.5 The differential-difference equation satisfied by generalized Freud
polynomials

where the coefficient ¢, j, is given by

! x%(x;t) Sk(x;t) wy(x;t)de, (4.5.20)

Cnk = 7
hk —00 dx

forn—4<k<nandh; >0.

Integrating by parts, we obtain forn —4 <k <n —1,

hiCose = [xSk(x;t)Sn(a:;t)wA(:c;t)]oo _ /_ 4 (253 (2; )wn (23 1)] S (: 1) dx

)
_ / b {Sn(x;t)Sk(x;t) —i—xSn(:z:;t)@(x;t)] ws (1) dz

o dx

—/ xSn(a:;t)Sk(x;t)%(x;t)dw

—00

= —/ xSn(x;t)Sk(x;t)%(x;t) dx

—00

S / Sn(2; ) Sk(w;t) (=42 + 2ta® + 2% + 1wy (2;t) do

—00

= /00 (42" — 2t2®) S, (25 1) Sk(z; t)wy (3 t) da, (4.5.21)

— 00
since
dw A

:B%(x;t) = (— 42" + 22" + 22 + D wy(x;1).

Iterating the three-term recurrence relation (4.2.4)), the following relations are obtained:

228, = Sny2 + (Bn + Bnt1)Sn + BuBn_1Sn—2, (4.5.22a)
2'Sn = Snya+ (B + Brs1 + Brya + Bris)Sni2

+ [Bn(Bn1 4 B+ Brt1) + Brt1(Bn + Bus1 + Bus2)] Sn

+ BnBn-1(Bn—2 + Bn-1 + B + Bnt1)Sn—2

+ (BnBn—1B8n—28n—3)Sn—a. (4.5.22b)

Substituting (4.5.22a) and (£.5.22B)) into (4.5.21), yields the coefficients {c,x}7=} ,
in (4.5.19)) as follows:

Cnn—a = 480 Bn—1Bn—28n—3, (4.5.23a)
oy = 0, (4.5.23b)
Cnn—2 = 4BnBn-1(Bn-2 + Bu-1 + Bn + But1 — 3t), (4.5.23¢)
Crnt = 0. (4.5.23d)




4.5 The differential-difference equation satisfied by generalized Freud
polynomials

Lastly, we consider the case when k = n. Integration by parts in (4.5.20)) yields

o d

o0

:_é/ S2(z;t) [u»\(x t)+ %(m) dz,
T

2

—3hn +/ Sp(z;t)( — A= D w(z;t) da,
:/ (204 — t22) S (1) wa(w; 1) dz — (A + 1), (4.5.24)
From the three-term recurrence relation , we have

2252 = (Spt1 + BuSn—1)> = Spy + 2ﬁn5n+15’n71 + B82S,
x452 =z (52+1 +28,Sn+150-1 + ﬁ _1)
= 2282 | + 2Bn(2Sn11)(2Sn_1) + /52 252 |
= (Snt2 + Br+15n)” + 280 (Snta + Bus15n) (Sn + Bu1Sn—2) + B2(Sn + Ba1Sn—2)°
= a2+ 2(Bns1 + Bn)Sny2Sn + (Buyr + Bn)*Sn + 2BnBn—15m125 2
+ 2B0Bn-1(Bn + Brt1)SnSn—2 + B282_1S2_,

and, by orthogonality,

/ 22 S% (z;t) wy(z;t) dr = hpyr + B2hn-1 = (Bug1 + Bn)hn, (4.5.25)

(e}

/ .7:482(9:; Hwy(z;t) dr = hpyo + (Bnr + 5n)2hn + ﬂﬁﬁi_lhn_g

o0

= 6n+26n+lhn + <5n+l + 6n)2hn + Bnﬁn—lhn
- [(/Bn—I—l + ﬁn + /Bn—l)ﬁn + (671-{-2 + Bn-i—l + 571)571—&-1} hn
= L[t(Bur1 + Ba) + 4+ A+ 1] b, (4.5.26)

using hpi1 = Bnt1hy, and dPp (4.3.1). Hence from (4.5.24)), (4.5.25) and (4.5.26)) we

have

Cnn = U(Bn1 + Bn) + 0+ A+ 1 —=t(Bop1 + Bn) — (A + 1)
=n. (4.5.27)

Combining (4.5.23) with (4.5.19)), we write

ds,

x%(m‘ t) = Cnn-aSn-a(x;t) + Crn—2Sn—2(x;t) + CpnSn(x;t). (4.5.28)

78



4.6 The differential equation satisfied by generalized Freud polynomials

In order to express S,,_4 and S,,_» in (4.5.28)) in terms of S,, and S,,_1, we iterate the

recurrence (4.2.4]) to obtain

S, = T =5 (4.5.29)
ﬁn—l
xSn—Q - Sn—l ZL‘2 - Bn—l x
Snf == = Snf - —Sn;
’ /Bn—2 Bn—lﬁn—Z ! ﬁn—lﬁn—Z
I’Sn,'g, - Snf2
Sy = Lot T O
! 571—3
x?; B (Bn—l + Bn—?)aj :UQ - ﬂn—Q
= Spo1— ————S5,. 4.5.30
5n—1/6n—26n—3 ! 5n—1/6n—26n—3 ( )
Substituting (4.5.23)), (4.5.27), (4.5.29) and (4.5.30)) into (4.5.28) yields
ds,
x%(x, t) = —Bp(x;t)S,(z;t) + Ap(x;6)Sp—1(x; t),

where A, (z;t) and B, (z;t) are given by (4.5.18).

4.6 The differential equation satisfied by general-

ized Freud polynomials

We first provide a derivation of a differential equation satisfied by orthogonal poly-
nomials associated with the weight w,(z;t) = |z|” exp(—vo(z;t)) as in ([£.5.6). The
differential equation satisfied by polynomials associated with the generalized Freud

weight (4.2.1]) follows as a special case.

4.6.1 The differential equation related to the weight (4.5.6))

Theorem 4.6.1. [{1, Theorem 3]. For the weight defined by (4.5.6), the associated
monic orthogonal polynomials P,(x;t) satisfy the differential equation

2
n

d*P, dP,
x T3 (x;t) + Ry (z;t) T

(x;t) + Tp(x; t) Py(z5t) =0, (4.6.1a)
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4.6 The differential equation satisfied by generalized Freud polynomials

where
z Al (x)
R.(z;t) = v — zvy(x; t) — A.(0) +1, (4.6.1b)
AnAnfl ’YBn
T,(z;t) = B’
e ADR
B, Al () B, (x)
— B o (z; — - 4.6.1
n (vo(z,t) + . > @) (4.6.1c)
with
x e vh(z;t) — vh(y; t)
Ap(zit) = Pi(y;t) |- e 1) d
i) = [ Phse) | g ay
x 0 vp(x;t) — v (y;t v "
Bulait) = 5 [ PatoPatin) [ a4 3 -1
n—1 J oo T—y 2
Proof. Differentiating both sides of (4.5.9)) with respect to x, we obtain
xP!(z;t) = (=B, (x) — 1) P (z,t) + A (2) Py_1(z; 1)
— B (x)Py(x;t) + Ap(2) Py (23 1). (4.6.2)
Substituting (4.5.12)) into (4.6.2)) yields
A A,
ePLait) = (- Bole) = DPit) - (Bute) + 2022 by
TPn—-1
+ (A;(:c) + w + A () (a; t) — x(”'”)) P, y(xt) (4.6.3)
and the result follows by substituting P, _1(z;t) in (4.6.3)) using (4.5.9). O

4.6.2 The differential equation related to the weight (4.2.1]

A differential equation satisfied by generalized Freud polynomials associated with the

weight (4.2.1]) is given in the following theorem.

Theorem 4.6.2. [/1, Theorem 6]. For the generalized Freud weight , the monic
orthogonal polynomials S, (x;t) satisfy the differential equation

d? d
! ng" (a:0) R ) 22 (51) + T3 0) S 1) = 0. (4.6.4)
Xz
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4.7 Conclusion

where

22 +1 2
R.(z;t) =z <—4x3 + 2tz + L = ) ;

4.6.5a
x $2_%t+ﬁn+ﬁn+l ( )

Tn('r; t) =z [4713;2 =+ 4ﬁn + 16ﬁn(ﬁn + ﬁn+1 - %)(5n + anl - %)
8Bz + (A + D[L— (=1)]
r? — %t + Bn + 6n+1

2+ D)1= (=1)"] (t - i)} | (4.6.5b)

212

+42 4+ 1)(=1)"5,

Proof. In Theorem [4.6.1| we proved that the coefficients in the differential equation
(4.6.1a)) satisfied by polynomials orthogonal with respect to w, (z;t) = |z|" exp (—vo(z;1))
are given by and . For the generalized Freud weight , we use
(4.6.1b)) and with v = 2\ + 1, v)(z;t) = 42® — 2tz and A, and B, given by
to obtain the stated result. O

Remark 4.6.1. The differential equation (4.6.4)) for the special case where X\ = —1

2
and t is replaced by 2t is given in [8, Equation 6] though here the statement on p. 104

needs to be corrected to read

Sh(x) = a3 (t) {43;2 (“3—1(’5) +an(t) +apna () —t— —— T a2 (2t) + a2+1(t))

+4 (aZ(t) +al (t) —t) (a2 (t) +a(t) —t) + 1] .

4.7 Conclusion

In this chapter we described some analytic properties of the generalized Freud poly-
nomials that were published in [4I]. Properties discussed include the higher-order
moments, Pearson’s equation related to the weight w) in , an explicit formula-
tion for the recurrence coefficient (3, (¢; A), as well as the generalized Freud polynomials
themselves and other related properties such as the differential-difference and differen-

tial equations satisfied by the generalized Freud polynomials.

The connection of special function solutions of the fourth Painlevé equation to the
recurrence coefficients associated with generalized Freud polynomials orthogonal with

respect to the weight (4.2.1)) played a fundamental role in determining explicit formu-
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4.7 Conclusion

lations for the polynomials and recurrence coefficients associated with the generalized
Freud weight.

In the next chapter we explore additional properties of the generalized Freud polynomi-
als and their recurrence coefficients, investigating, in particular, aymptotic properties
of the polynomials and recurrence coefficients as the parameters ¢ and/or the degree n

tend to infinity.
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Chapter 5

Asymptotic properties satisfied by

generalized Freud polynomials

5.1 Introduction

In Chapter 4| we have found an explicit formulation of the recurrence coefficient 3, (t; \)
and the monic polynomials {S,(x;t)}>°,, orthogonal with respect to the generalized
Freud weight (4.2.1]), using the connection between the moments and special function

solutions of the fourth Painlevé equation.

In this chapter we study asymptotic properties of the polynomials {5, (x;t)}>°,. The
investigation of estimates and asymptotic expansions of the recurrence coefficients of
the three-term recurrence relation satisfied by Freud-type polynomials is im-
portant in the context of practical applications (cf. [86, 87, 1T0] 111, 112, 1T9]).

We provide an extension of Freud’s conjecture for the recurrence coefficient (3, (t; \)
associated with the generalized Freud weight (4.2.1)). In particular, following [55], we
provide the asymptotic behavior of the recurrence coefficient 3, (¢; \) as the degree or,
alternatively, the parameter tends to infinity. Using a new approach, we also inves-
tigate the asymptotic behavior of the recurrence coefficient f3,,(¢; A) via the theory of
Painlevé equations. We further investigate, by using the differential-difference and dif-
ferential equations obtained in Chapter[4] the asymptotics of the normalized differential

equation satisfied by monic generalized Freud polynomials.
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5.2 Limit relations for the coefficient 3,,(t; \)

5.2 Limit relations for the coefficient 3, (t; \)

Freud [55], via the Freud equations, proved the conjecture that the asymptotic behav-
ior of the recurrence coefficient f3,(t; A) in the three-term recurrence relation (4.2.4))
satisfied by the polynomials { P,(x)}52, orthogonal with respect to the positive weight

w(w) = |o[*exp(—|z[™), m €N,

with A > —1, could be described by

im) (1 + %m)} " (5.2.1)

lim B, n~m = {NZ

An equivalent statement for equation (|5 is (cf. [55], 88])
. 1T <%>]‘m rem |
lim B, n~m = - — [ 5.2.2
ot = Sy (0(3)° o

n—o0 4 m

2
that follows from the recursive property of the Gamma function given in . Note

that Freud proved the result for orthonormal polynomials while is stated for
monic orthogonal polynomials. Freud proved that the existence of the limit for m =
2n, n € N, implied that the limit is given by the expression in but he only
managed to prove the existence of the limit for m = 2,4, 6. Significant progress
was made by Magnus (cf. [88 89]), when he proved for m an even positive
integer and also extended Freud’s conjecture to the recurrence coefficients associated
with the weight

w(z) = exp(—Q()) (5.2.3)
where () is a polynomial of even degree with a positive leading coefficient. A proof
of Freud’s conjecture for recurrence coefficients associated with exponential weights
(5.2.3)) where Q(x) is more general, is due to Lubinsky, Mhaskar and Saff [87], see also
[44, 55, [117].
The objective of this section is to adapt existing techniques (cf. [56], 89, 109, 134]) to

extend the Freud conjecture to the recurrence coefficients f3,,(¢; \) associated with the

generalized Freud weight (4.2.1]).

Lemma 5.2.1. For a fized parameter t € R and A > 0, let {B,(t; \)}5°, be a real,
positive sequence satisfying the discrete Painlevé Py equation in (4.3.1). Then, the

sequence {ﬂ” 1 en is bounded.
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5.2 Limit relations for the coefficient 3,,(t; \)

Proof. To prove this lemma we first divide the discrete Painlevé equation (4.3.1)) by n

to obtain

1 (2A+1)Q, B2(t; Nt Bu(t; N)
-t ——=(Y,+ X, = - = : 24
4 + 4dn (Yo + Xa) + n 2 n (5:2.4)
where
v BB BN Bl N (5N
n n
and €, is given in ([2.9.6)).
Note that both X,, and Y,, are positive since ,(¢t; A) > 0 for all n € N.
By letting w,, = B"yniA), (5.2.4]) takes the form
I 2A+1)Q, 5  twy
- - = Yn Xn — 5
1T T m (Yo + Xn) Feon = 52
1 @A+, 1
and we have - + u < —+2X+1, Vn e N. Consequently,
4 4n 4
9 twy 1
(Y, + X,) +w;, — < —4+2\+1:= M. (5.2.5)

2y/n ~ 4
Since Y, + X, > 0, (5.2.5)) implies that
t
2
S w, M <0,
“n o n =
and hence

t2 t t2
2y AM =/ L +4M
4n <w, < 2v/n 4n

for any fixed ¢t € R. Thus, the sequence {M\/?)}%N is bounded for a fixed t € R and
A>0. O

Next we give the limit relation satisfied by the recurrence coefficient (3,,(¢; ) in (4.2.4)).

Theorem 5.2.1. Let t € R be fized, X > 0 and suppose {S,(t; A)}32, is a real, positive

sequence satisfying the discrete Painlevé equation Py (4.3.1)). Then

fim PN _ V3, (5.2.6)

Bn (t§>\)

Proof. In Lemma [5.2.1| we have seen that the sequence { NG tnen is bounded and

t t2
s A +4M
=2 V4 . (5.2.7)

2

positive, that is,

ﬁn<t; )‘)
ﬁ

0< < R, where
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5.2 Limit relations for the coefficient 3,,(t; \)

Consequently, 0 < | = 6"(“ | < || R Hence, \/LEM\/%/\) — 0 as n — co. On the other

hand, dividing both sides of - 4.3.1)) by n yields

1 + (2)\ + 1>Qn + t Bn(tv )‘) _ ﬁn(tv )‘> Bn+1(t; >\> + Bn(t; )‘) + anl(t; )‘)
4 4n 2v/n \/n NLD Vn NLD Vn
g(n)
(5.2.8)
1 . .. /Bn(t; )‘)
Note that g(n) — - as n — oo and by setting A = liminf and B =
4 n—00 \/ﬁ
(T A
lim sup Pulti A) and taking lim inf on both sides of (5.2.§ -, we obtain
n—00 \/ﬁ n—00
—=AA+A+A) <AB+ A+ B)=A>+2AB. (5.2.9)
Similarly, by taking lim sup on both sides of ([5.2.8)), we have
=B(B+ B+ B)> B(A+ B+ A) = B*>+2AB. (5.2.10)
Combining (5.2.9) and (5.2.10), we obtain
B? +2AB < A* + 2AB = B?* < A®,
o 1. V3
which implies B < A. Hence A = B and 3A° = 7, which means A = B = 5 O]

Remark 5.2.1. Newai [109] and later Freud [55] proved that the recurrence coefficient
Bn(t; N) associated with a special case of the symmetric weight with A = —% and
t = 0 has the same limit as the one in Theorem (see also [62, 85, (87, 188,
189, 191, [1T])] for detailed information). Van Assche [13)] obtained the same limit as in
Theorem [5.2.1] for the case where X > —1 and t = 0.

Theorem 5.2.2. Let {5,(t; \)}5°, be a real sequence satisfying the recurrence relation

(4.2.4) and the discrete Painlevé equation Py (4.3.1)). Then, fort € R, A > 0,

Ba(t; N) V3

11m = .
nsoo y/n+ (2A+1)Q, 6

Proof. The result follows from [5, Theorem 6.5]. O

The following corollary is an extension of [109, Theorem 2| and is a consequence of the

limit relation (5.2.6]) for the recurrence coefficient f3,,(¢; \).
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5.3 Asymptotics of the recurrence coefficient 3, (t; \) as t — oo

Corollary 5.2.1. Let the sequence {5, (t; N}, be a real solution of the recurrence

(4.2.4) and the discrete Painlevé equation Py (4.3.1)). Then, fort € R,

28,(t;A) 1
Voo V3

o0

D

n=1

< 00.

It is of interest to mention the contribution by Damelin in [44] where he considers
asymptotics of recurrence coefficients associated with weights |z|” exp (—Q) when @ is

an even polynomial of fixed degree.

Proposition 5.2.1. [/], Theorem 2.1]. For the generalized Freud weight wy(x;t) in
(4.2.1), with t € R, the recurrence coefficients 5,(t; \) satisfy

Bryi(t; A) 1
m—l‘i‘@(ﬁ) asn—>oo,

Pt A) 1 [1+@ (l)} asn — oo,

a2(t) 4 n

where ay, is the Mhaskar-Rahmanov-Saff number (cf. [84, Equation 1.11]) which is the

unique positive solution of the equation

2 1 / 1
n = —/ an t Q (ant)(1 —t*) "2 dt,
0

™

5.3 Asymptotics of the recurrence coefficient 3,,(t; \)

as t — oo

In this section we provide an asymptotic analysis of the recurrence coefficient 5, (¢; \)
associated with polynomials orthogonal with respect to the generalized Freud weight

(4.2.1) using the theory of Painlevé equations.

As shown in Chapter [4] the first few recurrence coefficients f3,(¢; A) for the generalized
Freud polynomials are given by (4.3.15]) in terms of parabolic cylinder functions

Di(t) = i 1n<D—A—1( - %\/575) exp (%t2)>

Cdt
D_(~ 5v31)

- %t—i_%\/ﬁDAl(—%\/ﬁt). (5.3.1)
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5.3 Asymptotics of the recurrence coefficient 3, (t; \) as t — oo

We note that

(5.3.2)

d
Oy\(t) = —1 t
At) = = Inda(t),
where ¢ (t) = exp(§t?)D_\_1 (—3v/21t) satisfies
d2¢A dx
—t—=—1(A+1
and in the next lemma we will prove that ®,(¢) satisfies the Riccati equation
dd
d—Lf =32 + Ltdy + TN+ 1).

Lemma 5.3.1. [{1, Lemma 6]. The function ®,(t) defined by (5.3.1) satisfies the

Riccati equation (5.3.2)) and has the asymptotic expansion

—1t+z

where the constants a, are given by the nonlinear recurrence relation

_2 5 Ajn41—j,

as t— 00,

t2n

g1 = 2(2n — 1)a

with a; = X. In particular, as t — oo,

A 201 =X) AN —=1)(2A=3) _
_ 1 7
OA(t) =gt + 5+ —— 5 +O(t™).
Proof. Letting ®,(t) = i In ¢, (t) in (5.3.2) yields
N dox
—3t—=—2(\ =0
e o~ 2(A 1o =0,

which has solution [I17, §32.10(iv)]

PA(t) = (ClD_H( —V2t) + CQD_A_l(%\/Et)) exp(Lt?),

with C; and Cy arbitrary constants. Hence setting ¢} = 1 and Cy

solution (5.3.1)) and shows that ®,(t) satisfies (5.3.2)).
Substituting ((5.3.3)) into gives

2n — 1)a 1
o
=a;— A+ 1 Z

G,
t2n71

t2n (Zl

afn—l—l
t2n

(5.3.3)

(5.3.4)

= 0 gives the
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5.3 Asymptotics of the recurrence coefficient 3, (t; \) as t — oo

hence, comparing coefficients of powers of t gives a; = A\ and
ani1 =2(12n — 1)a 2Zajan+1 iy
as required. Hence
a; = A, ag = —2A(A —1), az = 4\(\ —1)(2\ — 3),

which gives ([5.3.4]) as required. O

It was shown in ([5.3.4) that, as ¢t — oo,

A 201 =X) AN =1)(2A=3) _
_1 7
OAt) =gt + 5+ —5— 5 +O(t77).
Hence, as t — oo,
1 24X 8A(2A
_Z A BT L oy,

ON(t) ¢t 13 £
The following result motivates the strong connection between the recurrence coefficient
Bn(t; A) and the Painlevé o-equations. An essential ingredient here is the fact that the
recurrence coefficients f3,,(¢; \) can be expressed as Hankel determinants which arise
in the solution of the Painlevé equations and the Painlevé o-equations, the second-
order, second-degree equations associated with the Hamiltonian representation of the

Painlevé equations.

Lemma 5.3.2. [/1, Lemma 7]. Let H,(t;\) be defined by

H,(t; ) = %thn(t; A), (5.3.5)

where T,(t; \) is the Wronskian given by

n—1
Tn(ta A) (¢)\7d¢/\7"'7ddtn_qi>\) 9

with
ro+1
oa(t) = 2(()\41—)/2) exp (§t°) Dox-a( = 3V21).

Then H,(t; \) satisfies the second-order, second-degree equation
*H,\*> 1 (. dH, * dH, (.dH dH,
) - (= n z = = Al =0. (5.3.6
(dﬁ) 4( dt )+dt(dt ”)(dt ) (5.3.6)
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5.3 Asymptotics of the recurrence coefficient 3, (t; \) as t — oo

Proof. Equation (5.3.6) is equivalent to Syy, the Py o-equation

2o \? d  do (d d
(d—z‘;) 4 (zd—z - 0) + 4d—j (d—z + 290) (d—‘: + 2900) — 0, (5.3.7)

as shown in [39, Theorem 4.11]. Equation (5.3.6) is the same as [41, Equation 46].
Special function solutions of Spy (5.3.7)) in terms of parabolic cylinder functions have
been classified in [58] 116]; see also [39, Theorem 3.5]. O

We remark that (5.3.7) and hence also ([5.3.6)), is equivalent to equation SD-I.c in the
classification of second order, second-degree equations with the Painlevé property by

Cosgrove and Scoufis [43], an equation first derived and solved by Chazy [25].

Proposition 5.3.1. [{1, Lemma 8] Ast — oo, the recurrence coefficient B, (t; \) has

the asymptotic expansion

(5.3.8)

Ban(t; ) =3 = 2EFL L O(7),
t
2

3
62n+1<t; )\) _ + M . 2(/\274/\717#77,27)\7”) _|_ O(t—f))’

t t3
forn € N. Further, ast — —o0,

2n(2\ + 3n + 1
ﬁgn(t;x):—%Jr ul t3n+ )+O(t*5),

A+n+1 2A+n+1)(A+3n+2)
t i t3

Bont1(t; A) = —

+0(t°).

Proof. In terms of the function H,(t; A), defined by ([5.3.5]), the recurrence coefficients

are given as

Bon(t; N) = Ho(t; A+ 1) — Hy(t; M), (5.3.10a)
Bonmi1(t; N) = Hyp1 (65 0) — Hy(B A+ 1). (5.3.10D)

As t — oo, H,(t; \) has the asymptotic expansion

nt nA  2niA(n— X\
ity =2 20

+0(t™), (5.3.11)
for n =0,1,2,..., [39, Lemma 5.2]. Note that the functions Q,(¢) and S,(¢) in [39)]
are the same as our functions 7,(t; \) and H,(; A), respectively. Substituting (5.3.11])

in (5.3.10)) immediately gives the result. [
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5.4 Large n-asymptotics of the recurrence coefficient 3, (t; \)

In Figures and we show that there is a completely different behavior for
Bn(t; \) as t — oo, depending on whether n is even or odd, which is also reflected in
Proposition , i.e., the even recurrence coefficients f,,(¢; \) undergo decaying as
t — oo and the odd recurrence coefficients fs,11(f; A) exhibit an algebraic growth as

t — o0.

(a) Ban(t; 3) (b) Ban_1(t; 3)
Figure 5.1: Plots of the recurrence coefficients for n = 1(Black), n = 2(Red), n = 3(Blue),
n = 4(Green), n = 5(Purple).
Based on ([5.3.8)), it follows that for the generalized Freud weight (4.2.1)),

Bon(t;\) = 0 and  Boui1(t;A) — as t — 00.

N | =+

5.4 Large m-asymptotics of the recurrence coeffi-

cient 3,(t; \)

The asymptotic expansion for orthogonal polynomials with Freud weight exp(—|z|%),
for &« > 0 on R, has been studied by several authors (cf. [11, 85, O8] 109 1T0] 112
114]). Lew and Quarles [85] provided the asymptotic expansion for the recurrence
coefficient associated with the semiclassical weight |z|?exp (—z%), = € R, p > —1
following work by Nevai [5, 109} 110, TT1] for the weight exp (—z*) (see also [114] for
the asymptotic series related to the weight exp (—2%)). An asymptotic series expansion

for the recurrence coefficient associated with the semiclassical weight exp(—z* + t2)
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5.4 Large n-asymptotics of the recurrence coefficient 3, (t; \)

was investigated by Clarke and Shizgal [36] in the context of bimode polynomials (see
also the recent work in [40] for more details). In this section we prove the existence of

an asymptotic series expansion and provide this expansion for the recurrence coefficient

Bn(t; A) associated with the generalized Freud weight (4.2.1]).

Theorem 5.4.1. The recurrence coefficient [5,(t; \), associated with the generalized

Freud weight (4.2.1)), satisfying the nonlinear difference equation

Bu(t: A) (Busr (5 X) + Bt ) + B () — 1) = i(n FEAF D), (5A)

1—(—1)"
2

Bt A) = 4| — ( 1+ Sl SR +0(n™?)
eV 12 2v3n  24n  1152n2 48315

when n is even and

t 24\ + t? + 12 — 4 — 2442(1 4+ 2)\) — 96(1 + 6A(1 + X
Bt N) == (1 SR, L2 900+ A1+ )
2v/3n 24n 1152n2

12
+ O(n—3)) ,

where §,, = , has the asymptotic expansion

t

48v/3nd

when n 1s odd.

+

Proof. Following the approach in [I7], we obtain the existence of an asymptotic ex-

pansion of the coefficient 3, (t; \) associated with the generalized Freud weight (4.2.1)).
Bt X) (Br1(t; A) + Brya(t; X)) > 0 since

_ IS
-1 HSn—IHwA

Bult; A) =
Hence, it follows from the discrete equation (5.4.1)) that
482t M) < 2tBu (B N) + [n+ (20 + 1)Q,.], (5.4.2)

where A > 0 and €2,, is given in (2.9.6]).

(5.4.2)) is quadratic in 8, (¢; \), hence

1 1 /1

(32 + (2A+ 1)Q,) :
n

1+

Furthermore, the binomial expansion of yields
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5.4 Large n-asymptotics of the recurrence coefficient 3, (t; \)

1.1 /1
0<5n(t;/\)<4t+2\/4t2+n+(2)\+1

11 e x+n0
:4t+2\/ﬁ<1+4 ”)

:iwé\/ﬁ 1+;< (2)\+1 n)+§ 2132;; ( 2/\+1Q>k]

:iH;\/ﬁJr}lt? (223;1) +%\/ﬁ ic’“< (2)\+1Q>}

- %t-ﬁ- %\/ﬁ+ i+ (22\%* DI ;ick( (7122)1\; 1))k

= it%— %\/ﬁ+ it (2235 QLN ;:2 ck <£11t2 +(2M + 1)Qn>kn—2’“;1 (5.4.4)
where ¢, = (“D)*'(2k - 3)! — (=)' T2k —2)

222k (k —2)!  22*2T(k+1) (k- 1)
The recurrence coefficient f,, associated with the weight (4.2.1)) is positive and diverges

as n — 0o, which suggests that we can write
B = "By,

where the quantity Bn approaches some positive constant, say B, as n — oo. Hence
Bn ~ Bn" (5.4.5)

as n — 0o, where r is an unknown positive constant. Substituting the asymptotic form

(5.4.5)) into (5.4.1)), we obtain

12B°n* —2tBn" =n+ 14+ 2\ + 1)Q41.

|H

Since we require this equation to hold for all n = 1,2, .. ., it follows that r = %, B =

27 23
and the leading behavior is given by 3, ~ %
Based on (5.4.4)), we now consider
1~
Bn =2y, (5.4.6)
where the asymptotic expansion of (5.4.6]) is assumed to be
= beh, (5.4.7)
k=0
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5.4 Large n-asymptotics of the recurrence coefficient 3, (t; \)

with
1

£€=—,
nZ

z is an unknown positive constant and the first term in the series given by by = B = NEE

Substituting (5.4.6|) into (5.4.1)), we obtain

03B ((n+ 1)3Busy + 3B+ (n— 1)

N[

Ba1 — %) = i n+2A+1)Q,). (5.4.9)

Dividing both sides of (5.4.9) by n yields

1 1
~ 1\2 ~ 1\2 ~ ~ t 1 2)+ 1),
Bn[(l__) ﬂn—l“‘(l‘f’_) ﬁn-&-l‘i‘ﬂn_ 1]:_(14‘#)
n n o2z 4 n
and by letting z = £ in (5.4.8), we can write this as
~ ~ ~ ~ 1
Bn (V g2 =101+ Ver + 18u11 + B — 55) =1
In order to evaluate the coefficients by, £ = 0,1,2,...,5, in the asymptotic series for
B, given in (5.4.7), we note that
B\n = A ~ by + bye + bye? + bse® + byt + bse®,

(1+22A+1),).  (5.4.10)

o) k
~ € B
n = b ~ )
Ky () NEESTENNIE
0o k
~ € C
1 = bp | — ~ )
P g g (\/52—1> Ve? —1(e2 —1)?

where the approximations

15b 3b 5b

B =(by + bg + bs)e” + (70 + 72 + b4) et + (201 + by)e® + <7° + bg> e2 + bie + by
15b 3b 5b

C = (b — by +bs) ® + (T°+b4— 72) et 4 (by — 2by) &% + (bg—To) % + bie + by

are obtained using the series expansions of Enﬂ, Bn_l and the binomial expansions of
(e?£1)" for £ € {3,1, 2, 2,2} in powers of ¢, keeping only the terms of order €% and

lower.

Substituting the expressions ([5.4.11)) into (5.4.10[), we obtain
2
(A

A((1—62)2(52+ —%) (B (1_52))2+(o(52+1))2>

(E+1) (2= 1)° (22 + D210 (5.4.12)

(2 +1)* (2 —1)° if n is even,
(5.4.13)

Il
P e
N N

(241 (2= 1)° (22 + 1)e2 +1) if n is odd,
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5.5 n-asymptotics of the differential equation

Expanding all terms in (5.4.12)) in powers of ¢, retaining only terms of order % and

lower, yields

1

2

byt 490, b bst
e (bot - % + 6bsby — 41 % + 6bybs + 6blb4) + & (—i — Z25b§ + 6byby + 3b3 + 6blbg>

bt bt bot
+eb (—% + 6byby + Gbgbg) + &2 (—% 4302+ 6b0b2) te (65051 - %) + 30}

8 4
E _ & 1 i 1
1 5 -+ 1 if n is even,

_é“‘(%""};)g—i_i if n is odd.

Equating the coefficients of ¢ on both sides of this equation yields the coefficients

be, k=1,2,...,51in (5.4.7). 0

Remark 5.4.1. Computational algorithms to determine the coefficients involved in
the asymptotic expansion for the recurrence coefficients of polynomials orthogonal with
respect to exponential-type weights are given in [91, [123] and a Fortran source code can

be found in [91, p. 231].

Remark 5.4.2. The existence of an asymptotic series for the recurrence coefficient
Bn(t; N) associated with the generalized Freud weight could probably also be ob-
tained via a Riemann-Hilbert approach (cf. [15, (17,46, [82]) but an investigation of this
1s beyond the scope of this thesis.

5.5 mn-~asymptotics of the differential equation

Linear second-order differential equations, which are at the heart of special function
theory, can be used in various ways to obtain asymptotic approximations and inequal-
ities. This section focuses on exploring asymptotic results for generalized Freud poly-
nomials via the differential equation satisfied by monic generalized Freud polynomials

in chapter 4| (see also [40], 41]).

Monic polynomials S, (z;t), orthogonal with respect to the generalized Freud weight
(4.2.1)), satisfy the differential equation (4.6.4)), that can be transformed into normal
form through the change of the dependent variable

Zo(w:t) = So(: 1) exp G / Rn(s;t)ds) (5.5.1)
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5.5 n-asymptotics of the differential equation

and the corresponding equation for Z,,(x;t) is of the form

&z,
17 (z;t) + Bp(x;t) Z, (25 t) = 0, (5.5.2)
where
L ' 1 2 LdR,(z;t)
Bn(x7t> - Tn(x7t) - 4(Rn(x7t)) - 9 dr .

The advantage of this transformation is that it does not change the independent vari-

able and the zeros of Z,(z;t) remain the same as those of S, (z;1).

Theorem 5.5.1. Suppose {S, (z;t)}>2, is a sequence of monic polynomials orthogonal
with respect to the semiclassical weight wy(z;t) in (4.2.1) and let Z,(x;t) be given by
(5.5.1)). Then Z,(x;t) satisfies the differential equation (5.5.2]) with

Bu(a31) =450 ((t = 26, = 2Bus) (¢ = 260 = 2601) + A+ (1) + 1] {1+ A+ 1)(=1)"]
— _1\n 1
b atat - 405 4 2 (40 44— 12 1 §) - ZOF DA %an(1)+2
1— 20%(4B, — t + 22%) + (2 + 1)(~1)" 32
- . 5.5.3
" ﬁn+ﬁn+1—%+$2 (Bn+ﬁn+l_%+$2)2 ( )

Remark 5.5.1. We observe from Theorem [5.4.1] that, as n — oo,

5.0 = (2)' + o)

and hence it follows that

2X+1 1
L om ),

T () = (2\/@3 +OMm) = (%n) +Om).

The following corollary gives an asymptotic equivalence for the differential equation

(.5.2).

Rn(z;t) = —42® + 2tx +

Corollary 5.5.1. Fiz an interval A C R. For all x € A and n sufficiently large,
equation (5.5.2)) is asymptotically equivalent to

f?uw+@mﬂ&@w=om%m@m. (5.5.4)

dzx

Proof. Fix x € A. We let 1,(2) = B, + But1 — £ + 2% Then, ¢, (z) = 2z is O(1)

because z is bounded. If n is sufficiently large, then is O(1) since it follows from

1
n(z)
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5.6 Conclusion

Theorem that 3, ~ n2. Observe inside the brackets of (5.5.3) that there are 4

terms and we will examine their asymptotic behavior individually.

In the first line of equation ((5.5.3)), we have
4B, [(t — 2Bn — 2Bn11)(t — 2B — 2Bp—1) + A+ 1)(=1)" + 1] — (1 + 2A+ 1)(—1)"),

which is of O(n?) since B,(t; \) ~ nz and # € A. The term z* — 42 in the second
line of (5.5.3)) is of O(1) when n is sufficiently large since x,¢ € A and A is real. We
can also observe that the term z? (4\ +4n — t* + 8) in the second line of (5.5.3) is

O(1). Besides, the term 172:”2(4%”1’5;2:3122?(3\;1)(71)” is o(1) (which is also O(1)), since
nTPn 7T

Bn(t; N) ~ nz and z € A. Further, we can see that the term — (6n+ﬁnff2—%+x2)2 is O(n™1)

and hence combining all these facts complete the proof. O

Remark 5.5.2. (5.5.4) can be written as

2x2¢2(x)d22n (;t) + C(x) Zy(25t) = O(n
n dI2 ) n\4,

(M3

) Zo(: 1), (5.5.5)

where C(x) = 22*)?(z)B,(z) and B,(x) = 2 (%) P+ om).

5.6 Conclusion

In Chapter [5| we have obtained asymptotic properties of the generalized Freud polyno-
mials; as well as the recurrence coefficients, as the degree, or alternatively, the param-
eter, tends to infinity. An asymptotic expansion for the recurrence coefficient 3, (t; \)
associated with the generalized Freud weight using the theory of Painlevé equations
was also obtained. By applying the asymptotics of the recurrence coefficient f,,(t; \)
in Theorem to the differential equation satisfied by the generalized Freud poly-
nomials, we obtained a normalized differential equation in its asymptotic form which
is valid when z belongs to a fixed, finite interval. The results in this chapter, together
with those in [40], provide a framework for possible future investigation of the asymp-
totic behavior of the generalized Freud polynomials S, (z;t), as will be discussed in the

concluding chapter.
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Chapter 6

Summary and future perspectives

Semiclassical orthogonal polynomials, in particular generalized Freud polynomials,
have been the main focus of this thesis. Generalized Freud polynomials are orthogonal

with respect to the so-called generalized Freud inner product
(P, @)y = /p(x) q(z) |z[** exp(—a' +t2®) dz, A >0, t,zeR. (6.0.1)
R

We employed the theory of Painlevé equations as our main tool to study recurrence co-
efficients of the three-term recurrence relation satisfied by the semiclassical generalized

Freud polynomials.

In Chapter 4] we focused on analytic properties of the generalized Freud polynomi-
als. It had been believed that for Freud-type weight functions, explicit expressions
for the recurrence coefficients in the three-term recurrence relation and the polyno-
mials orthogonal with respect to this weight were non-existent (cf. [I17, §18.32]). As
one of our pioneering results, we obtained an explicit formulation for the recurrence
coefficient (,(¢; \) in the three-term recurrence relation (4.2.4) associated with the
semiclassical generalized Freud weight , showing that f3,(¢; \) can be expressed
in terms of Wronskians of parabolic cylinder functions that arise in the description
of special function solutions of the fourth Painlevé equation Pry. We also obtain an
explicit formulation for the generalized Freud polynomials in terms of the recurrence

coefficients 3, (t; \).

The higher order moments associated with the generalized Freud weight, which are
expressible in terms of the derivatives of the first moments, where the first moments

are given explicitly in terms of parabolic cylinder functions (cf. Proposition [4.2.1]) have
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also been explored. It is given in [41] that these moments of the semiclassical general-
ized Freud weight provide the link between the semiclassical generalized Freud weight
and the associated Painlevé equation. Future work involves extending our research
to establish links between recurrence coefficients associated with a broader class of

Shohat-Freud type exponential weights and the theory of Painlevé-type equations.

Continuing our emphasis on the links between the theory of Painlevé equations and
semiclassical generalized Freud polynomials, we studied certain (analytic and asymp-
totic) properties of polynomials orthogonal with respect to the generalized Freud
weight. Specifically, we found that the recurrence coefficients satisfy a non-linear dif-
ference equation, which is called discrete Painlevé equation dP; and also a non-linear
special function known to be continuous fourth Painlevé equation Pry (cf. Lemma
. One of the analytic properties we derived is a differential-difference equation
(cf. Theorem satisfied by generalized Freud polynomials. We used two different
techniques, one based on the approach of ladder operators and the other using Shohat’s
approach of quasi-orthogonality. We also derived a second-order linear ordinary dif-
ferential equation satisfied by generalized Freud polynomials. The coefficients in this
differential equation are rational functions that depend on the recurrence coefficient
Bn(t; \) associated with the weight (cf. Theorem [4.6.2). In future work, we
plan to investigate the recurrence coefficients associated with semiclassical orthogonal
polynomials by using alternative methods, such as the method of ladder operators via

the large n -asymptotics of the Hankel determinant.

Since recurrence coefficients are fundamental entities in the theory of orthogonal poly-
nomials with respect to exponential weights , the asymptotic expansion of the
sequence of recurrence coefficients {3, (t; \)}5°, associated with the generalized Freud
weight is of interest for applications. In Chapter |5 we obtained certain asymptotic
properties of the generalized Freud polynomials, as well as the recurrence coefficients,
as the degree, or alternatively, the parameter tends to infinity. We have employed an
extension of Freud’s conjecture for the recurrence coefficient 3, (t; ) associated with
the generalized Freud weight (cf. Theorem . We proved the existence of an asymp-
totic expansion by adapting results by Bleher and Its [I7] (see Theorem and we
explored the asymptotic behavior of the recurrence coefficient 5, (¢; A) via the theory

of Painlevé equations. Further, we applied the large n-asymptotics of the recurrence
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coefficient 3, (¢; A) in Theorem to the differential equation (4.6.4) satisfied by
the generalized Freud polynomials to obtain a normalized differential equation in its
asymptotic form, which is valid when x belongs to a fixed, finite interval (cf. Theorem

5.5.1)).

Following the work in [35], we showed in [41] that generalized Freud polynomials arise
from the semiclassical Laguerre polynomials by symmetrization. In Chapter |3 we
discussed the link between semiclassical Laguerre polynomials and Painlevé equations
which involved incorporating orthogonality with certain compatibility relations
of Laguerre-Freud type weights that are governed by the Pearson equation . For
the semiclassical Laguerre weight , the associated Pearson equation will
generate a polynomial for o(x) and 7(x), which in turn controls the outcome of the key
entries in the differential-difference equation (Theorem and differential structure
(Theorem governing the semiclassical Laguerre polynomials.

For the semiclassical Laguerre weight , we also derived two coupled non-linear
difference equations for the recurrence coefficients «,, and 3,. An alternative
formal way to derive these non-linear difference equations via the Laguerre method is
given in [57, 59, 129]. We also note that not only the semiclassical Laguerre weight
, but also the semiclassical Hermite weight , leads to the same difference
equations for the recurrence coefficients.

We remark here that analyzing other semiclassical weight functions with the approach
described in Chapter 3, may yield new discrete Painlevé type systems, that might not

have yet appeared in the literature.

The overall theme of this thesis has been the investigation of certain properties of
the generalized Freud polynomials by making use of their connection to the Painlevé
equations. Particularly, Painlevé equations appear when we are studying the recur-
rence coefficient of the semiclassical generalized Freud polynomials. The work in this
thesis illustrates the increasing significance of the Painlevé equations in the field of

semiclassical orthogonal polynomials and special functions.

Many aspects and problems originating from the present work deserve further investi-

gation. Here we mention several possible lines of investigation:

(i) Analyzing the existence of an asymptotic expansion for the recurrence coeffi-
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(iv)

cient 3,(t; A) associated with the generalized Freud polynomials using Riemann-

Hilbert’s technique.

Investigating properties of the zeros of generalized Freud polynomials by using

the second-order differential equation we have obtained in Theorem [4.6.2

Exploring Plancherel-Rotach type asymptotics for polynomials orthogonal with
respect to the generalized Freud weight (4.2.1]). Alternatively, determine whether
a generating function for the generalized Freud polynomials provide us with

asymptotic results by using a Darboux-type method.

Determining a Lax formulation for the generalized Freud polynomials, by adapt-
ing the approach used for semiclassical Laguerre polynomials. This may perhaps
shed some light on the close relation between the non-linearizability of the cor-
responding difference equation satisfied by recurrence coefficients and the notion

of integrability of the associated discrete integrable system.

Investigating a class of polynomials orthogonal with respect to a more general

Shohat-Freud type weight using the techniques described in this thesis.
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