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Abstract

In this study the finite mixture of multivariate Gaussian distributions is discussed in detail including
the derivation of maximum likelihood estimators, a discussion on identifiability of mixture components
as well as a discussion on the singularities typically occurring during the estimation process. Examples
demonstrate the application of the finite mixture of univariate and bivariate Gaussian distributions.

The finite mixture of multivariate Gaussian regressions is discussed including the derivation of
maximum likelihood estimators. An example is used to demonstrate the application of the mixture of
regressions model. Two methods of calculating the coefficient of determination for measuring model
performance are introduced.

The application of finite mixtures of Gaussian distributions and regressions to image segmentation
problems is examined. The traditional finite mixture models however, have a shortcoming in that
commonality of location of observations (pixels) is not taken into account when clustering the data.
In literature, this shortcoming is addressed by including a Markov random field prior for the mixing
probabilities and the present study discusses this theoretical development. The resulting finite spatial
variant mixture of Gaussian regressions model is defined and its application is demonstrated in a simu-
lated example. It was found that the spatial variant mixture of Gaussian regressions delivered accurate
spatial clustering results and simultaneously accurately estimated the component model parameters.

This study contributes an application of the spatial variant mixture of Gaussian regressions model
in the agricultural context: maize yields in the Free State are modelled as a function of precipitation,
type of maize and season; GPS coordinates linked to the observations provide the location informa-
tion. A simple linear regression and traditional mixture of Gaussian regressions model were fitted for
comparative purposes and the latter identified three distinct clusters without accounting for location
information. It was found that the application of the spatial variant mixture of regressions model
resulted in spatially distinct and informative clusters, especially with respect to the type of maize
covariate. However, the estimated component regression models for this data set were quite similar.
The investigated data set was not perfectly suited for the spatial variant mixture of regressions model
application and possible solutions were proposed to improve the model results in future studies. A key
learning from the present study is that the effectiveness of the spatial variant mixture of regressions
model is dependent on the clear and distinguishable spatial dependencies in the underlying data set

when it is applied to map-type data.
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Chapter 1

Introduction

The fields of econometrics, chemometrics, biology and engineering have presented problems involving
heterogeneous covariate dependent populations and have been studied in literature at the classification
level (identifying the homogeneous sub populations) and the inference level (estimating the correspond-
ing models) [33]. While many other clustering methods like k-means and hierarchical clustering provide
assignments of observations to respective groups, only the mixture models calculate the classification
probabilities and therefore provide very useful additional information [34].

Pearson, in 1894, was first to define the mixture of Gaussian distributions and he asserted that
the analytical implications for only a two-component mixture of Gaussian distributions, rendered the
application of the general theory to a real numerical example, highly unlikely [41]. More than a century
later, a myriad of applications (some of which are mentioned and discussed throughout this document)
can be found, many times more complex and challenging than the early definition given by Pearson.
In this study the finite mixture of multivariate Gaussian distributions is discussed and maximum
likelihood estimators are derived to be used in the EM algorithm. Common problems associated with
the finite mixture of Gaussian distributions: identifiability of components of a mixture distribution [50]
as well as the singularity problem encountered during estimation [35], are discussed and accompanied
by relevant literature summaries and examples.

The finite mixture of multivariate Gaussian regressions model is examined and maximum likeli-
hood estimators are derived. The application of the two-component mixture of regressions model is
demonstrated with the help of an example and two methods by which the coefficient of determination
(RQ) can be calculated for a finite mixture of Gaussian regressions model are proposed.

Finite mixture models have been successfully applied in the image segmentation' context including
problems in the field of bioinformatics [4], the image retrieval context [21], MRI image segmentation
[40] and aerial and satellite image segmentation [42]. Classical finite mixture models are not only
rigorous measures for clustering performance but also assign each observation to the component that

most likely generated it, based on a mixing probability. However, classical finite mixture models have

Image segmentation is the process that groups image pixels together based on attributes such as their intensity and
spatial location [5]

11



CHAPTER 1. INTRODUCTION 12

shortcomings in that shared location information is not taken into account when grouping data [40].
That is, in an image segmentation context, apart from pixel intensity values the pixel (observation)
location should also inform which cluster each pixel belongs to. In order to deal with the location
information in image segmentation problems, an approach incorporating a Markov random field was
introduced [10] with applications including series of satellite images [17], segmentation of brain MR
images and mammographic images [57, 49].

Consequently, the multivariate mixture of Gaussian regressions theory is discussed in the image
segmentation context application. Some background on the Markov random field theory is given and
the resulting spatial variant mixture of Gaussian regressions model is defined and applied to a simulated
example. The ability of the spatial variant mixture of regressions model to deliver spatially explicit
clusters and simultaneously accurately estimate corresponding regression parameters is demonstrated.

The present study contributes the application of the spatial variant mixture of Gaussian regressions
model to the agricultural context. Maize yield data in the Free State is modelled as a function of,
precipitation, type of maize and season (time). The traditional mixture of regressions model is also

fitted for comparative purposes.



Chapter 2

Finite mixture of multivariate

(Gaussian distributions

2.1 The finite mixture of multivariate Gaussian distributions

While many other clustering methods like k-means and hierarchical clustering provide assignments
of observations to respective groups, only the mixture models calculate the classification probabilities
[34] and therefore provide very useful additional information (i.e. the probability of each observation
to belong to the different clusters).

The finite multivariate mixture of distributions presupposes a multivariate random variable Y (a
(p x 1) dimensional vector), for which the moments characterising its distribution need to be estimated,
given an observed sample: {Y1,Y2,...,Yn}. The finite mixture of distributions poses that K inde-
pendent data generating distributions of the same family (e.g. Gaussian), were involved in generating
the observed sample of Y. The finite mixture of distributions methodology provides a model structure
through which the clustering of Y into the K data generating distributions, and the estimation of the
moments characterising those distributions is achieved simultaneously. The following discussion will
be limited to the finite mixture of Gaussian distributions.

A finite mixture of multivariate Gaussian distributions model assumes that a set of K independent
Gaussian distributions characterised by the first and second moments: (p1,31), (p2, 22),. .., (K, XK)
describe heterogeneous subgroups in the variable or feature of interest, Y [20]. Furthermore, for each
observation of Y a hidden random indicator variable S, taking on an integer between 1 and K, chooses
one of the K distributions to generate Y. The indicator variable S follows an unknown discrete prob-

ability distribution IT = (71, 7o, ..., Tk ) where Z]K=1 m; = 1 for all 4, and is assumed to be mutually

13



CHAPTER 2. FINITE MIXTURE OF MULTIVARIATE GAUSSIAN DISTRIBUTIONS 14

independent over observations ¢ = 1,2,..., N'. In the simplest case, we have no prior information
about II and the underlying K distributions are given below, with each Y observation being generated

by one of the K multivariate Gaussian distributions with probability =;, j =1,2,..., K:

Y1 ~ N (pq,X%1), with probability m
Y2 ~ N (py,X2), with probability my

Yk ~ N (pg,Xk), with probability mg

where 7 = 1 — ZJK:_ll m;. The variable Y can be written in, what is called the explicit generative

representation [26].

Y = A Y1 +AYs 4+ +AxYK (2.1.1)

where
A 1 with probability m;
! 0 otherwise

K

YA, = 1 foralli.

j=1
Note that the A’s € {0,1} for j = 1,2,..., K contain the same information as is contained in S

defined above and the two definitions can be used interchangeably so that A; = I (S = j).

The generative representation is explicit in the sense that during a mixture model simulation the
A;s are generated and dependent on the outcomes, deliver Yy or Yo or -+ Yk. The set of param-
eters @ = {py, ty, ..., pug, X1,X2,...,XK,m1,T2,...,Tx } is unknown. We define g, (A; =1) =
P(A; =1) =7, and it is known that if A; =1then Y =Y;~ N (uj, Ej). The probability density

function of Y can be given by:

LObservations in a sample are said to be independent if they are not connected in any way. In addition to being
independent, observations in a sample are often assumed to be identically distributed i.e. they originate from the
same probability distribution. In statistics one often assumes a sample to be independent and identically distributed,
abbreviated as i.i.d.
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p(Y|®) = gv(y|®)

K
j=1

K
= Zgyjmj (y105,A5 = 1) ga, (Aj = 1) (conditional probability)
j=1

K
= Z ;.0 (¥) (2.1.2)

where ¢g; (y) = 9v;|a; (¥10;,4; =1) = (,,11) exp (—% (y - uj) Ej_l (y - uj)) is the multi-
EHEE

variate Gaussian density function and 65 = (p;, X;).

2.2 Estimation of ® using the EM algorithm

Various estimation methods have been developed and improved over time. In his application of
a two-component mixture of Gaussian distributions, Pearson used method of moments (MM) esti-
mators to estimate the model parameters [41]. For the two-component Gaussian mixture estimation,
five parameters: @ = {,ul,,ug, of,ag,ﬂ}, need to be estimated and therefore the first five moments
were required to find the solutions. This led to Pearson defining the well-known nonic equation that
needed to be solved to find the parameter estimates. In 1967, Cohen developed an expedient way
of calculating the MM estimates as derived by Pearson by circumventing the direct solving of the
nonic equation [13]. Day then compared the method of moments, minimum y?, Bayes and maxi-
mum likelihood estimators for the two component mixture of distributions model and found that the
maximum likelihood estimators were superior to the alternative estimators due to either the sampling
properties of the estimates or the complexity of the computation [15]. In 1978, Quandt and Ramsey
introduced the moment generating function (MGF) estimator as an alternative to the sum of squares
and maximum likelihood estimators which is suitable for small sample sizes [45]. However, Quandt and
Ramsey compared the performance of their MGF estimator only to the MM estimator (as developed
by Cohen). In his comment on Quandt and Ramsey’s work, Hosmer compared the MGF estimator
with the maximum likelihood (ML) estimator and concluded that the two methods could be used in
conjunction: when the MGF estimator identifies several possible estimates, the ML estimator could
be used to decide on the best estimate [32].

Finally, Dempster, Laird and Rubin proved that the iterative maximum likelihood estimates are of
EM (Expectation-Maximisation) type which implied that when convergence is achieved, it is to a local
maximum [26, 16]. The EM algorithm is widely used in literature as an expedient way of finding the
maximum likelihood estimates of a K-component mixture of distributions model. The detailed EM

algorithm is described in the following section.
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2.2.1 Deriving the log-likelihood function and the expectation step
Since the model is defined using a hidden random indicator variable S, the likelihood function
excluding the hidden random indicator variable is known as the incomplete likelihood function, given

below.

b{
i
=

I
=

(r(Y[©))

<
Il
—

|
,::12

@
I
-

K
Z mide; (¥)
=1

I
=

1 /5—1 — 4.
1 jzle <27T22|2>exp<—2(y—uj) 3, (y [LJ)> . (2.2.1)

.
Il

Direct maximisation of this likelihood function has its challenges, referring to the summed terms

inside the logarithm if the likelihood function is rewritten as the log-likelihood:

InL(©:;Y) Zln ZW]¢9

and therefore an application of the EM algorithm is discussed as a pragmatic way of finding the
maximum likelihood estimates.

Assume, for the moment, that the random indicator variable S is observable. We therefore have
both data sets Y and S available. Then the complete likelihood is given by the joint distribution over

all observations in a sample of size N:
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Il
.::2

©
I
—

L(©®;Y,5) {p(Y,5©)}

p(Y|S,0).p(S|®)} (Bayes' Rule)

|
.EZ

o
Il
N

K K
D Aide, ()| - [ D Ay
. =

N

- 21;[1 J=1
N K 1 1 K

= ANij | ——5 exp(— (y—u.)’E._l (y—N')> . A,
E _jzzl 7<(27T)p/2|2J|1/2> 2 J J J ; 777
K 1 N 1 )

= — N (y—p)'2T —
2 <2w>Np/2|zj|N/2>eXp<; R ””)

= 5

@
Il
_

<.
Il
—

1 1 .
2m) NP2 |2j|N/2> €xp (—2tr (R332 (s — m51") (5 — p51") /))

»—AM:X:
—

(Aj?‘(j) . (2.2.2)

==
WE

@
Il
-

<.
Il
_

Equation (2.2.2) follows from Lemma 2a and 2b in the Appendix, where y; = (y1 y2 ... yn)'. Now,
define the weighted average of y: y = ﬁ Zf\il Aj;yi and A = vazl Nj(yi—3) (yi—¥) =
(y —¥1)Dj(y — y1')’ where D; is a (N x N) diagonal matrix with {A;, Asj, ..., An;} on the main

diagonal. It is shown in Lemma 2c¢ that the multivariate Gaussian density function can be rewritten

in terms of y and A
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K
1 _ N ,_ r—1 [
e = Z((zw sy N/2>6Xp(2”2j g m) S

=1 j:l
K 1 1 N
InL(©;Y,S) = In Z ( Np/2 N/2> exp (—2tr2j1A -5 (}7 — uj) ’EJTl ()7 — uj)>
j=1 (2m) b

i=1 j=1
K Np N 1 N
InL(®:;Y,S) = Z {(2 JIn (27) — 5.1n|2j| - 5m«z:;lA -5 (7 — )7 (7 - ,Lj)ﬂ
j=1
N K
+> ) Ay In(r). (2.2.3)
i=1 j=1

Now, in Equation (2.2.3) it seems like the log of the sum is equated to the sum of the logs. However,
it is presumed to be known which distribution Y originated from i.e. Ay = 1 while A;; = 0 for all
j#1, j€{1,2,...,K} (ie. only the I'" element in the sum Z]K:1 (+) is non-zero). In summary, the
complete likelihood is given by:

K
InL(®:;Y,S) = Z[lwej (y)]+ZZAij.1n(wj) (2.2.4)

where ¢g; (y) is now the distribution function of the weighted observations: A;;y;. Since the A;;’s are

usually unknown, their expected value is used:

E(A;Y,©) = 0.P(A; =0]Y,0)+1.P(A;; =1]Y,0)
= P(A;; =1]Y,0)
= Yij- (2.2.5)

This is known as the responsibility of model j for observation ¢ [26]; or more intuitively stated, the
weight observation 4 contributes to the estimation of the parameters associated with model j. The
Q-function results from taking the expected value of the complete log-likelihood (Equation (2.2.4))
with respect to the hidden indicator random variable A;;:
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Q = Ea,InL(©;Y,S)]

K N K
= FEa, Z [hl Pe, (yi)] + ZZAU'IH (7;)
j=1 i=1 j=1
K N K
= > [Inge, (v1)] ZZ Yij-1 (2.2.6)

j=1

The maximum likelihood estimates for ® can now be obtained by maximising the Q-function.

The expectation and mazimisation steps of the EM algorithm will be shown explicitly for the [t"
component (j =1) in the mixture of multivariate Gaussian distributions, but follow similarly for all
i=12... K.

First, an expression for E (A;|Y,®) needs to be obtained in the expectation step of the EM
algorithm, which performs a so-called soft assignment of the observations to each component of the

mixture (calculating the responsibilities).

i = P(Aq=1]Y,0)
= KP (Aa=1) P(Y]Aa =1,0) (Law of total probability)
> P (A =1).P(Y[A; =1,0)
_mdely) (2.2.7)
> =1 Ti%e; (¥)

The expected value of the indicator variable A;; (for each model j = 1,2,..., K) is equal to the
probability of observation y; being generated from distribution j divided by the sum of the probability
of y; being generated from any of the K distributions.

2.2.2 The maximisation step
Now, to obtain the maximum likelihood estimator f,, take the partial derivative of @ with respect

to p:

oy o =1 =1 j=1
5 K
= <. 1n¢0J(Y1) +0
A S e, )
5 Np N -1 N _
= 2 P e s S - o ETA - ()’
s { - m) IR - EA - G- ) B (5 ) + 0

Since it is known that ¥ is a positive definite matrix, the log-likelihood is maximised for all values
of ) where ¥ = p, (Lemma 2d). Therefore, according to the definition of §, the maximum likelihood

estimator for p, is given by:
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. S Auyi
=1 Vil

To obtain the maximum likelihood estimate of f]], take the partial derivative of () with respect to
21:

50 5 K N K
5721 = 5721 ; 111(259 ;g Vij- 1
5 K
= 5= [In ¢g; (y1)] +0
N B
o (5 Np N 1 -1 N — / —1 /=
= m{[—z.ln(%)—2.ln|21|— 5t A_E(y_ﬂl) 20 F-m)+0

Now, the result proven in Lemma 2d can be applied, using Lemma 1 to find the maximum likelihood

estimator for X:

6 . Ay -9GH-
1= N . N .
21:1 Vil Zi:1 Yil

where Gj is a (N x N) diagonal matrix with {%1;,%2,...,¥n;} on the main diagonal (G; =

Ea,; (Dj)). The estimates can be seen as a weighted average (with respect to the responsibilities)
of the usual maximum likelihood estimators for the Gaussian distribution. The probability of y; be-
longing to model j (m;) is estimated by the sum of the responsibilities with respect to model j (the

effective number of observations in cluster j [3]) divided by N:

N
A = Lij\}% (2.2.9)

Using the results derived in the text above, the EM algorithm for a K-component mixture of

multivariate Gaussian distributions is given:
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Algorithm 2.1 EM algorithm for a K-component mixture of multivariate Gaussian distributions

1. Find relevant starting values for the parameters in ()] =
{lu’lvl""Za"'al‘l’Ka217227'"72K77T157T2a"'77TK}

2. FEaxpectation step: calculate the responsibilities

~ T -Pe i
fy= 1 o, (Vi)

> =1 T %o (Vi)

3. Mazimisation step: calculate the weighted average maximum likelihood estimates and mixing
probabilities for [ = 1,2,..., K.

N
- Ei:1%‘lYi
1 - TSN .
Eizl%‘l
& _ -9G -9
X = N .
Zi:l%l
N 4
o= 21:1%1
N

4. Repeat step 2. and 3. until convergence is achieved.

Note that convergence is achieved when the change in estimated parameters from one iteration of
the algorithm to the next is negligible. The examples in Section 2.4 and 2.6 include discussions on
finding the starting values for Algorithm 2.1.

In the following sections the literature on the identifiability of the mixing distributions (compo-
nents) and the well-known singularity problem arising during the estimation of mixing distributions
(components) will be discussed. Examples will accompany these discussions to demonstrate princi-
ples and to illustrate how the EM algorithm is applied to estimate the finite mixture of Gaussian

distributions model for the univariate and multivariate case.

2.3 Identifiability of mixture distribution components

Identifiability of finite mixture models is essential for their consistent estimation [20] in that it
allows for the recovery of the mixing distributions, also referred to as components, from the mixture
[37, 28]. Therefore as Holzmann et al pointed out, the assumption of identifiability “lies at the heart
of most statistical theory and practice” [28, 52].

Frithwirth-Schnatter distinguishes between three types of nonidentifiability namely,

1. Nonidentifiability due to invariance to relabeling the components of the mixture distribution,
2. Nonidentifiability due to potential overfitting and

3. Nonidentifiability as a generic property of a certain class of mixture distributions [20].
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The first type of nonidentifiability is also referred to as the label-switching problem [26]: all the param-
eters are related and only differ in terms of the sequence of the components [20]. This nonidentifiability
plays a role in parameter estimation and can be easily addressed [20] by ensuring that the order of the
components remains consistent throughout the estimation process.

Nonidentifiability due to potential overfitting was noted by Crawford, who showed that any mixture
of K — 1 components defines a nonidentifiability subset in the parameter space @ (mixtures with
K components) where one component is empty or two components are equal [20, 14]. It is therefore
important that the number of components of a mixture be estimated if this is not known a priori, in
order to address this nonidentifiability.

The third type of nonidentifiability is referred to in the study of identifiability of finite mixtures
[28] and was pioneered by Teicher in 1961 [20]. He proved that the class of mixtures of a one-parameter
additively-closed family of distributions is identifiable [50]. Teicher’s definition of identifiability of finite

mixture distributions is widely used and built on in literature:

F ={F (z,0)} is a parametric family of n-dimensional CDF’s having parameter space R}" , a subset
of Euclidean m space R™. Let G be any m-dimensional CDF defined on the parameter space RT"
such that G assigns probability 1 to finitely many mass points {6y,--- ,0x} in RT*, p(6;) being the

mass at ;. Then under the mapping @ defined below, G is transformed into the n-dimensional CDF

N

> p(0:) F(x]6,)

=1

= H(x)

Q(G)

G is called a mizing distribution and H (x) is a finite mixture on F . Let G be the set of all mixing
distributions G as described above. Then the image H =@ (G), the set of all finite mixtures on F ,

is the convex hull of F ¢. We say that # is identifiable if () is a one-to-one function, i.e., if

(G1 # Ga) implies (Q(G1) # Q(Ga))

%The convex hull or envelope of a set of points X in a Euclidean space is the smallest convex set that contains X.

In summary, F is identifiable if the set H of finite miztures generated by F is identifiable [54].
Teicher thereby established theorems and propositions by which one may establish the identifiability
of mixtures for more families of distributions (beyond the normal and Poisson distributions) [50].
Furthermore, Teicher proved that the class of all finite mixtures of normal (Gaussian) and gamma
distributions are identifiable [51]. He also proved that finite mixtures of the Poisson distributions are
identifiable and that finite mixtures of the uniform and binomial distributions are not.

In 1968 Yakowitz and Spragins expanded on Teicher’s study of identifiability of finite mixtures by
modifying his results to include multivariate CDF’s and they proved that a family of CDF’s induce
identifiable finite mixtures if and only if the said family is linearly independent in its span over the
field of real numbers [55]. They proved that finite mixtures of the following families are identifiable:

n-dimensional normal (Gaussian) family, n-dimensional exponential family and the union of the two,
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the one-dimensional Cauchy and one-dimensional negative binomial families. The identifiability of
finite mixtures on general measurable spaces was studied by Chandra [11]. Holzmann et al studied
the identifiability of finite mixtures of elliptical densities [28]. Yakowitz further related the statistical
subject of identifiability of finite mixtures to the field of unsupervised learning in the engineering
context and pointed out that consequently unsupervised learning is possible under surprisingly lenient
conditions [54].

This study is limited to the discussion and application of finite mixture of Gaussian distributions
which have been proven to be identifiable in the univariate [51] and multivariate cases [55]. The estima-
tions of mixing distributions (mixture components), based on observations from mixture distributions

included in this study, can therefore be meaningfully discussed.

2.4 Example - mixture of univariate Gaussian distributions

A univariate Gaussian mixture of distributions model is fitted to simulated data originating from
two univariate Gaussian distributions (white noise is added) to demonstrate that the model identifies
the component distributions well even if the location of the distributions are the same.

A random sample of size N = 200 was generated to simulate a two component mixture of Gaussian
distribution with equal component-means and different variances so that ¥ = Y, with probability
m = 0.5 ; the simulated data is shown as overlayed histograms in Figure 2.4.1.

Yy ~ N(10,0.5)
Yy ~ N (10,50)
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Figure 2.4.1: Overlayed histograms of simulated data: component 1 and 2

The model to be estimated is a two-component univariate mixture of Gaussian distributions:

Y = tYi+(1-m).Y,

The EM algorithm, as it is given for the multivariate Gaussian case in Algorithm 2.1, was used to
find the maximum likelihood estimates of the parameters ® = {771,7r27u17ﬂ2,0%, U%}. The starting
values for the parameters were selected by choosing two random observations for the means, setting

the overall sample variance as the starting value for both component variances and setting the starting

values for the mixing probabilities to 7 = % = % The parameter estimates are given below.
m = 0.498
T = 0.502
1 = 10.15
o = 10.13
o2 = 047
02 = 45.68

The estimated parameters are close to the known theoretical parameter values. The likelihood
function was calculated in every EM algorithm step and is graphically displayed in Figure 2.4.2. It

is clear that the log-likelihood of the estimated model increased with each algorithm step and the
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parameter values that maximise the log-likelihood function were chosen as the parameter estimates.
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Figure 2.4.2: Log-likelihood function value in each EM step

The estimated mixture distribution with the estimated responsibilities of the respective components
are graphically displayed in Figure 2.4.3. The mixture distribution for Y where the responsibility for
component 1: v; = E(A;;1) = E(Y =Y)) is higher than for component 2 corresponds with the
component 1 mixing distribution in terms of shape and location (Y; ~ N (10,0.5)). On the other
hand, where the component 2 responsibilities are higher than the component 1 responsibilities the
mixture distribution resembles the component 2 distribution (Y3 ~ N (10,50)) in shape and location.
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Figure 2.4.3: Mixture distribution with responsibilities for each component

Not every pair of observations chosen as the starting values for the means yield estimates for two
different components. In a lot of cases, the EM algorithm converges to a single solution and gives an
error as soon as one component’s variance captures nearly all the variance in the sample and the other
goes to zero - upon which the likelihood function becomes ill-specified. This problem is known as the
singularity problem related to estimating mixtures of distributions and will be discussed in more detail

in the following section.

2.5 Singularity problem during estimation

2.5.1 EM Algorithm difficulties

As mentioned in the example in Section 2.4, the EM algorithm is not always successful in estimating
the parameters of a mixture of Gaussian distributions. The algorithm breaks down when the variance of
a component o*?- becomes numerically zero in, say, step m of the algorithm, or in the multivariate case,
when ¥; becomes singular or near-singular. This occurs when the responsibilities of the jt" component
contain too many zeros. Consequently during step m + 1 of the EM algorithm, the calculation of the
responsibilities through Equation (2.2.5) is no longer possible.

This problem often occurs when the EM algorithm is used to estimate a finite mixture of Gaussian
distributions while overfitting the number of components [20]. This overfitting also often results from
the choice of starting values i.e. two component mean and / or variance starting values are chosen

to be sufficiently close to each other that the EM algorithm steps converge to the same underlying
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component, leading to many zero-responsibilities for the “extra” component parameters.

Therefore, the choice of starting values and number of components in the mixture are both impor-
tant when attempting to estimate the components using an EM algorithm. Regarding starting values,
Hastie, Tibshirani and Friedman [26] suggest that any random observations can be used for starting
values for the means; the component variance-covariance matrices can all be set equal to the overall
sample variance-covariance matrix and the initial mixing probabilities to be uniformly assigned i.e., for
a K = 2 component mixture 7 = m, = % = 1. Regarding the number of components, the probability
density function of the data (to which a mixture model needs to be fitted) needs to be estimated using
numerical techniques (e.g. kernel estimation) and diagnostic or exploratory analysis on this estimated
probability density function can be performed to attempt to identify the number of components in the

mixture.

2.5.2 Unboundedness of the mixture likelihood function

As first noted by Kiefer and Wolfowitz in 1956, the likelihood function of a univariate mixture of
Gaussian distributions is unbounded and has many local spurious modes [35]. In 1969, Day noted that
the unboundedness of the likelihood function is also applicable to the multivariate Gaussian mixtures
where each observation y gives rise to a singularity > on the boundary of the parameter space [15].
The Kiefer Wolfowitz example is revisited to demonstrate the singularity problem.

The mixture of two Gaussian distributions is considered:

Y = aVi+(1-7m)Ys

where 7 is fixed and it is assumed that Y3 ~ N (p,1) and Y2 ~ N (p,03), therefore p and o3 are

unknown.

p(ylp,o3) = f[l{wel (y) + (1 —=7) ¢o, (v)}

Now, it is clear that whenever p = y;:

p(ylu=yi0d) = ﬂ{w(;m)é<l)+(l—w> (%i,%f(l)}.

=2

Then as 03 tends to zero, the mixture likelihood function is dominated by a term proportional to

%, leading to:
2

2A region where values tend to infinity.
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lim p(ylp=yi,03) = oo
o5—0

In Figure 2.5.1 the log likelihood of the N = 20 observation Kiefer-Wolfowitz example (where y = 0
and 02 = 4 and 7 = 0.2) was calculated for a range of possible values for 2 and o3. A local maximum is
observed for the theoretical parameter values however, it is seen that for y = y;; ¢ = 1,2,... N various
local maxima’s occur.

23 AJ X

Figure 2.5.1: Log-likelihood of Kiefer-Wolfowitz example

Since these spurious local maxima exist, there does not exist a global maximiser of the likelihood
function on the unconstrained parameter space [43]. Consequently, other estimation approaches were
investigated or various levels of constraints were applied to the component variance ratios in order to
enable maximum likelihood estimation.

In Figure 2.5.2 p is kept constant at ¢ = 0 and p = y10 = —0.22627 and the resulting log-likelihood
is plotted against oo. It is seen that as oy goes to zero, the likelihood increases, more so with p = y1¢.
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Figure 2.5.2: Log-likelihood against oa
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2.5.3 Dealing with sources of unboundedness

Frithwirth-Schnatter points out that it is the modeller’s complete ignorance about ratio between vari-
ances of the various components, that leads to the unboundedness of the mixture likelihood function
[20]. Throughout literature, various ways of imposing a condition on the variance structure of the
mixture were investigated. Hathaway concluded that constraints on the relative size of the standard
deviations in the univariate Gaussian mixture model result in a bounded likelihood function [27]. In
1978 Quandt and Ramsey suggested that the constraint o; = coy with ¢ known is sufficient to make

the likelihood function bounded [45]. Phillips then proposed a less restrictive constraint:

min <U’> >c> 0. (2.5.1)

i \0j

Hathaway [27] showed that constraints like the one above, ensure a global maximiser of the likeli-
hood function for a univariate Gaussian mixture. Phillips generalised this result to apply to mixture
of regressions [43] and showed that searching for the maximiser of the likelihood surface on the con-
strained parameter space (called the constrained MLE) is a well-posed strategy and generally produces
reasonable estimates.

Hartley asserts that Quandt and Ramsey might have over exaggerated the importance of the
computational obstacles to maximum likelihood estimation [25]. In his simulation studies Hosmer
found that the iterative maximum likelihood estimates (e.g. EM algorithm) will not converge to the
parameter values associated with the singularities if the sample size is big enough (n < 300) and if the
components are separated well enough (satisfying % > 3) [31]. Caudill and Acharya showed
through Monte-carlo simulations that the incidence of singularities for the two component normal
regression mixture problem may be significantly lower than for the mixture of univariate normal
distributions [9]. Due to the multiple spurious local maximas of the likelihood function, Hartley
suggests that the statistician should experiment with different starting values and where multiple

solutions arise, select the solution that maximises the likelihood function [25].

2.6 Example - mixture of multivariate Gaussian distributions

This example demonstrates the application of a multivariate mixture of Gaussian distributions and
shows that the components with equal means can be identified.

A random sample of N = 200 observations was drawn from either of two bivariate Gaussian
distributions, based on the probability 7 = 0.6 , so that Y = (1 —7) Y1+ 7Y2 .

(e v])
= (Y ))

Figure 2.6.1 below displays the sample observations from the two Gaussian distributions. Note

that the shape of the two distributions look similar but when one takes the axes’ scales into account,
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they clearly differ according to the parameters selected above.
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Figure 2.6.1: 3D-Scatterplot of simulated data (Y7 left; Yo right)

A two-component mixture of bivariate Gaussian distributions is estimated:
Y:7T.Y1—|—(1—7T).Y2

@y Q)

[ 011 012
)

)
where Y, ~ N [ | F and Yo ~ N (| F20 || 711 %1z ()
(1) (1) (2) (2)
H12 021 0Og2 H22

021
The EM algorithm in Algorithm 2.1, was used to find the maximum likelihood estimates of the
par&meters O = {71—7 M11, H12, K21, 122, Uli

022
1 1 1 2 2 2 2
( )7 0%2)7 051)7 052)7 U§1)7 J§2)7 Uél)ﬂ 052)

} . The parameter esti-
mates after convergence of the algorithm are given in Table 2.6.1. The estimated parameters are
relatively close to the theoretical parameter values.

Table 2.6.1: Parameter estimates of two component bivariate mixture of Gaussian distributions

| Component 1 (Y1) | Component 2 (Y3) |
T 0.41 0.59
i 1.14 0.44
o 0.79 1.03
e &) 0.95 0.03 10.44 0.34
PONE) [0.03 1.19] [ 0.34 9.09]

The estimated mixture of bivariate Gaussian distributions is graphically displayed in Figure 2.6.2

(viewed from two different sides) and the distribution very clearly does not resemble a simple Gaussian
distribution but a combination of the two component Gaussian distributions - note the bulge at the
base.

30
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Figure 2.6.2: Mixture distribution of two-component bivariate mixture

The original observations are “hard-clustered” as being generated from distribution Y or Yo re-
spectively i.e. if the estimated responsibility for observation 7 is higher for component 1, the observation
is clustered in cluster Y; and otherwise in cluster Yo . The classification result is graphically displayed
in Figure 2.6.3. It is clear that the observations in the center are attributed to Y; and the observa-
tions in the outer regions are attributed to Yo . This is consistent with how the original sample was

generated and therefore one can conclude that clustering was achieved successfully.
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Chapter 3

Finite mixture of multivariate

regressions

The multivariate mixture of regressions involves relating a random (p x 1) dimensional random vec-
tor Y, to a set of explanatory variables or covariates (X1, Xa,...,Xq—1) through a regression type
model. The conditional mean of Y is assumed to be a function of (p x ¢) dimensional matrix
X=[1 Xi X .. X(q) |sothat

E(Y[X) = X8

where 3 is a (¢ x 1) vector of regression coefficients. In some instances it is inadequate to assume
that 3 is constant over all observations of Y and the finite mixture of regressions model is a way of

dealing with this heterogeneity.

3.1 The finite mixture of multivariate Gaussian regressions

Instead of fitting a single regression type model to the available data set, there is some evidence that
the population contains multiple underlying regression type models or relationships often referred to as
regimes. This study will consider linear regression models where the error term is assumed to follow an
Gaussian distribution. A finite mixture of regressions model assumes that a set of K independent re-
gression models, characterised by (84,%1), (85, 32),..., (Bk, Xk ) describe heterogeneous subgroups
in the model of interest. Moreover, for each pair of observations (Y, X) a hidden random indicator
variable S can take on integers 1 to K and thereby chooses one of the K models to generate Y. The
indicator variable S follows an unknown discrete probability distribution II = (71, 7o, ..., Tk ) where
ZJKZI m; = 1 and is assumed to be mutually independent over each observation ¢ = 1,2,..., N. In the
simplest case, we have no prior information about II and the resulting K regression models are given

below, with each Y being generated by one of the K models with a certain probability:

33
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Y1 = XB;+e1, with probability m
Y2 = X5+ ez, with probability o
Yk = XPBk + ek, with probability Tk

where 1 =1 ijK:zl mj and 5 ~ N(0, X;). Therefore Y; can be modelled by a Gaussian distribution:
Y; ~N(XB;,%;) for j=1,2,..., K.

In economics, a mixture of regressions model is also described as a switching regression system
which is equivalent to assuming the presence of a so-called structural change [45]. In the specification
above, the investigator is assumed to be ignorant of what moves the system from one structural form
to another (also described as an unobservable latent variable) as opposed to situations where the
structural change may depend deterministically on some observable variables. In other words, nature
is assumed to generate each Y from X by regime j with probability =; [36, 44].

Another way to denote this notion is to maintain, that for each model j = 1,2, ..., K an indicator
variable A; exists which takes on the value 1 with probability 7; and is otherwise zero, essentially
capturing the same information contained in S such that I (S = j) = A;. Define the A’s as adhering
to the constraint: Zszl Aj; =1, implying that for each observation Y only one of the K regression
models can be chosen as the data generating process. This notation allows us to write the data

generating process for each observation of Y in a generative form:
Y = A Y1 +AYs+ -+ A Yk (311)
with the set of parameters ® = {3;,0,,...,0k, 21, X2,..., 2K, 1,72, ..., Tk} unknown. It is

known that ga; (A;) = P(A; =1) = 7; then, similar to Equation (2.1.2), the probability density
function of Y ! is given by

p(Y[®) gy (y|©)

K
= 2.0 (¥) (3.1.2)

where ¢g; (y) is the p-variate Gaussian density function with p = Xg3; and 6; = (,E)'J-,Ej). It is
important to note here, that the estimation of a finite mixture of regressions model with Gaussian
error terms is equivalent to estimating parameters of a finite mixture of Gaussian distributions with

p; = X3; and therefore the results derived in Section 2.2 follow in a similar fashion [36, 20].

LUpper case Y indicates the random variable, while lower case y denotes the observed value. Upper case X denotes
the matrix of observed values or random variables.
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3.2 Estimation of ® using the EM algorithm

3.2.1 Deriving the log-likelihood function and the expectation step

The model is defined using a hidden random indicator variable S therefore the likelihood function
excluding this hidden random variable is regarded as the incomplete likelihood function given below
(similar to Equation (2.2.1)).

N K 1 1 —
L(®Y) = H > o PREY exp(Q(yX,Bj) 3, (yXﬂj)>

LA AR
3

When the likelihood is rewritten into the log-likelihood form, direct maximisation proves to be
challenging due to the sum of the terms inside the logarithm. Therefore the EM algorithm is used to
simplify the maximum likelihood calculations [16].

Assume, for the moment, that the random indicator variable S is observed: the A;s inY =
A1Y1 4+ AsYe + -+ Ag Yk are known with P (A;; =1) = m;. We therefore have both data sets
Y and S available. Then the complete likelihood is derived, just as in the previous chapter, using the

Lemmas in the Appendix, to get the following:

K
N N 1, N _ 1 n
nL(®:;Y,5) = Y [(—2‘”.111 (2m) = o [ By = Str3; A - 5 (¥ -XB) ' (3 —X@-))]
j=1
N K

+3 0 Ay In(my)

i=1 j=1

wherey = (y1 ¥z - yn),¥ = - and A = S, Ay (v~ 3) (v - 5)' = (v - 1) Dy (y — 51’
where Dj is a (N x N) diagonal matrix with {A1;, Agj,...,Ayx;} on the main diagonal.

In reality A;js are unknown and therefore we use the expected value and the fact that each A;;
can take on either 1 or 0 for j = 1,2, ..., K. This is known as the expectation step of the EM algorithm.

E(A;Y,0) = 0.P(A; =0Y,0)+1.P(A;; =1|Y,0)
= Yij-
As in the mixtures of Gaussian distributions case, the expected value of A;; is called the respon-
stbility of model j for observation y; which can be described as the weight observation y; contributes

towards the estimation of the parameters of model j. The @Q-function results from taking the expected

value of the complete log-likelihood with respect to the hidden indicator random variable A,;:
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Q = [lnL(@-Y )]

- EAU{Z K In )75 In | ;] — trz 1Afg(y XgB;)'s (S’Xﬁj)ﬂ

—&—ZZ%JIH s

i=1 j=1

where y = Zzl# and A = Zl 1Y Vi—¥)(yi—¥) = (y—51)G;(y —y1')’ where Gj is a
(N x N) diagonal matrix with {v1,,72;,...,7~n;} on the main diagonal. The maximum likelihood
estimates for @ can now be obtained by maximising the @Q-function.

First, an expression for E (A;;|Y,®) for j = 1,2,..., K needs to be obtained in order to perform
the necessary calculation for the expectation step of the EM algorithm. The results will be shown for

the I*" component with the remaining components following in similar fashion:

Au = P(Ay;=1]Y,0)
- KP (B =1).P(Y]Au=1,0) (Law of total probability)
S P8y = 1P (Y], = 1,)
_ M 5o
2j=17i%0; (¥)

Intuitively, the expected value of the hidden indicator random variable for the I*" component model
(A;;) is equal to the probability of observation y being generated by model [ divided by the sum of
the probability of y being generated by any of the j = 1,2,..., K models.

3.2.2 The maximisation step of the EM algorithm
The equations for the maximisation step for the EM Algorithm are given for the I** component in
the mixture of regressions model, and follow in a similar fashion for all K components. To obtain the

maximum likelihood estimator for ,Bl, take the partial derivative of @) with respect to By:

5Q s | & N N o
B - @ Z{—;D.ln(%r)—lniﬂ SUETA - S (5 - XBy) 'S (y—Xﬁj)}N

é Np N 1 _ N _ 1,
= Tﬁl (—2.ln (2m) — ?m\zﬂ — 57,‘7“21 1A - > ¥y —XB8) 'Y 1 (y — X,Bl))

Since it is known that X is a positive definite matrix, the log-likelihood is maximised for all values

of 3y where y = X3, (Lemma 2d). Therefore the maximum likelihood estimator for 3, is given below:
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y = X5
N
21?\,1 %AJ}H - XB
> i1 Yij
N A ’
. iiVi X ~
21:1]\7%1?’ - X'XG,
D1 Yig
. (va:l %y{X) (xX'x)
B = (3.2.2)

N
2 Vil

To find the maximum likelihood estimator 3, take the partial derivative of Q with respect to X

0Q k) K Np N 1 1 N et
T || e I g EA S (3 X0) 5 (X9 o
J N N 1. N _ o
= = <2p.ln(27r) — | - S A - S (5 -XB8)'E G X51)> )

Now, we can apply the result proven in Lemma 2d, using Lemma 1 to find the maximum likelihood

estimator of X:

A A
=i PORRET
_ =G -y
Zilil it
_ b =XB) Gy —XB)’
Zivzl Vil .

Similar to Equation (2.2.8); where G is a (N x N) diagonal matrix, containing the estimated
responsibilities 4;; for i = 1,2, ..., N on the main diagonal.

The estimates can be seen as a weighted average (by estimated responsibilities) of the usual max-
imum likelihood estimates for a simple linear regression model. The probability of y belonging to
model j (7;) is estimated by the sum of the responsibilities of model j for all the observations divided
by N:

N .
o Zi:l Yij

&, = ~ (3.2.3)

The EM algorithm for estimating the components of the mixture of multivariate regressions model
is then given below. The definition of convergence remains the same as in Algorithm 2.1 and the

example in Section 3.3 demonstrates how the starting values for this algorithm are typically found.



CHAPTER 3. FINITE MIXTURE OF MULTIVARIATE REGRESSIONS 38

Algorithm 3.1 EM algorithm for a K-component mixture of multivariate Gaussian regressions model

1. Find relevant starting values for the parameters in ()] =
{/617 /32a ) /6K7 215 22a teey EKa Ty T2y eey 7TK}

2. FEaxpectation step: calculate the responsibilities

~ .98 i
T p— be, (¥i)

3. Mazimisation step: calculate the weighted average maximum likelihood estimates and mixing
probabilities for [ = 1,2, ..., K.

(Zf\il %j}’i/X) (x'x)™

o = szil it
. (y - XBI) Gy (y - Xﬁz) !
¥ = ZN .
i=1"Yil
ﬁ_l — Zf\;1 '?il

N

4. Repeat step 2. and 3. until convergence is achieved.

3.3 Example - mixture of univariate Gaussian regressions

The application of a finite mixture of Gaussian regressions model will be demonstrated based on a
simulated example and two methods of calculating the coefficient of determination for the finite mixture

of regressions model will be discussed.
A data set with a total of NV = 500 observations was generated consisting of Y7 and Y5 as a function

of X; where X is a fixed set of random N (0, 1) observations, and

YI = a1+ X +e;
Yo = ag+ (X +e.

The theoretical parameter values for the generated data are given by © = {1 =0, 1 =1, ag =
3, B2 = 1.2, # = 0.6}. Therefore Y = Y7 with probability 7 = 0.6 and Y = Y2 with probability
1 — 7 = 0.4. The generated data is plotted in Figure 3.3.1, coloured by component and includes the

theoretical component regression lines (note that Response represents Y; and Y3 observations).
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Figure 3.3.1: Simulated mixture of regressions data

Ignoring the underlying mixture of regressions, a simple linear regression is fitted to the data using
the regression procedure (proc reg) in SAS. With an R? = 0.25, the resulting model explains 25% of
the variation in Y.

E(Y|X) = 124+ 1.04X

Both parameters in the estimated model are significant (the null hypothesis of a zero parameter
is rejected at a 1% significance level in both cases) and the overall model fits reasonably well, even
though its performance is not excellent. The fitted model is illustrated in the Figure 3.3.2.
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Figure 3.3.2: Simple linear regression model fit

The finite mixture models procedure (proc fmm) in SAS is used to fit a model where the assumption
of a mixture of two regressions is incorporated, essentially estimating the exact model structure from

which the data was generated. The estimated parameters, é, are given in the table below:

Table 3.3.1: Estimated mixture of regression parameters
(el o6 6|
ar | 0.03 | az | 2.99

B (092 By | 1.18
7 | 0.59

All the parameter estimates are significantly different from zero, apart from &; which is theoreti-
cally, equal to zero and is expected not to be different from zero. The estimates are very close to the

theoretical values. The resulting component regression model estimates are given by

E(Y1|X) = 0.03+0.92X
E(Y|X) = 2.99+ 1.18X.

The component regression models have been accurately estimated (i.e. the estimated parameters are
close to the theoretical parameter values). The clustering result is investigated by hard clustering? the
observations. The corresponding clustering result is shown in Figure 3.3.3 and resembles the original

theoretical clustering closely, however, the slight overlap in the original clusters is not captured by the

2hard clustering is when the observations are assigned to the cluster for which the highest responsibility was estimated
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hard clustering, although the magnitudes of the estimated responsibilities reflect this overlap.
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Figure 3.3.3: Mixture of regressions clustering result

Ideally, one would like to evaluate the goodness of fit for the two-component mixture of regressions
model, in order to decide whether it fits better than the simple linear regression model. The coefficient

of determination for the simple linear regression model is traditionally calculated as:

SSE S (i — )

SST Y (wi—9)°

This study has explored two methods of calculating the coefficient of determination for the mixture

RZ=1 0.25.

of regressions model. The first method involves hard clustering of the observations; essentially splitting
up the data set into two groups representing the two clusters. The estimated parameters for the
respective clusters, can then be used to calculate the R? statistic for each cluster.

ni A
By =1 Zm Wim i) g
Zi:l (yli - yl)
no e 2
R%/z =1— Z:;l (yi yfl)Q =0.63
Zi:1 (?Jzi - y2)

45% of the variation in cluster 1 was explained by component 1 of the mixture of regressions model
and 63% of the variation in cluster 2 was explained by component 2. Both components’ R? statistics
are a significant improvement on the simple linear regressions R? however, K = 2 R? statistics are not

strictly comparable with a single R? statistic in order to decide which model fits best.



CHAPTER 3. FINITE MIXTURE OF MULTIVARIATE REGRESSIONS 42

The second method involves calculating a weighted R? statistic where each observation’s residuals

for component 1 and component 2 are weighted with the corresponding responsibilities.

N N2 LN\2
E?:l [’Yu‘ (yi — 914)" + Y20 (s — §2:)

R ighted = 1 — =0.75
neee Z?:l (yl - gweighted)
where Gueighted = Z?:l(%’:ﬁ%iyi) = Z%l Yi — g since Zle 4; = 1. This weighted R? statistic

indicates that 75% of the total variation in Y is explained by the two-component mixture of regressions
model which is significantly higher than the simple linear regression model R?. Therefore, as expected,
the mixture of regression model fits the data better and would be the chosen model based on the

coefficient of determination.



Chapter 4

The spatial variant mixture of

regressions model

Traditional mixture models have been widely used as a pixel labeling or clustering technique and some
applications are discussed here. Finite mixture models have been successfully applied in, among other
fields, bioinformatics [4], the image retrieval context [21], MRI image segmentation [40] and aerial and
satellite image segmentation [42].

Some improvements and developments around the application of finite mixture models for im-
age segmentation are listed. Gupta and Sortrakul developed a selective-sampling-Gaussian-mixture-
parameter-estimation segmentation algorithm which performed well in accurately segmenting diverse
images, including degraded images [24]. Permuter et al found that their Gaussian mixture models
formulation showed an overall performance improvement relative to other models in terms of the clas-
sification of man-made and natural areas in aerial images [42]. In addressing the model selection
problem of choosing the appropriate number of components in a Gaussian mixture model, Lu and Ip
introduce an entropy regularized likelihood (ERL) learning algorithm which outperforms other compet-
itive learning algorithms in the application of unsupervised image segmentation [39]. An unsupervised
algorithm that estimates the parameters and number of components of a finite mixture model on-
line, was developed and the objective of computational speed was achieved which made it particularly
relevant for image processing [22].

Nikou et al conclude that finite mixture models are not only a rigorous measure for clustering
performance but also hold the advantage of assigning each pixel to the component that most likely
generated it based on the mixing probability [40]. In the following section the mixture of regressions
model will be formulated as it is applied in the image segmentation context, followed by the model

specification of the spatial variant mixture of regressions model.

43
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4.1 Traditional mixture of regressions model applied in an im-

age context

=1,...,
i

Consider spatiotemporal data: {Y;;},—] IT\, where ¢ denotes the spatial index and ! denotes the time

FRREE}

index corresponding to time ¢t = ¢;. The data consists of 7" images each with N pixels and therefore

for each pixel we have an “observation” of a T dimensional time series which can be regarded as a

multivariate dependent variable Y, with an observation represented as y; = [ Vil Y2 o WiT
The model, or what Blekas et al refer to as “the curve” [6], to be fitted to the data can be formulated
as follows:
Y = XB+e

where

1t 2

X - 1ty th
1 tp .- t?%

g = (50 B - Bp)

(X is known as the Vandermonde matrix) and e is a T-dimensional vector assumed to follow a Gaussian
distribution and to be independent over time; e ~ i.i.d. N (0,X). The joint probability density of Y
can be modelled by a Gaussian distribution N (X3,3). In the case where the pixels ¢ = 1,2,..., N
need to be clustered into various “models” (i.e., subgroups of pixels exhibit heterogeneous changes of

pixel intensity over time), multiple regression functions can be formulated as:

Y1 = XBit+e
Y2, = XB2+ez
Yk = XBk tek
where ej ~ i.i.d. N (0,X;). These j = 1,2,..., K regression models capture the heterogeneous sources

of curves or the assumption that the data came from K different data generating processes (of the
same family of distributions). The generative form of Y is formulated using hidden indicator variables
Aj where j =1,2,..., K, each taking on either 0 or 1 and Z;il A; =1 (therefore only one regression

model is chosen for each pixel).

Y=AY+  -ArgYgk

Now, similar to Equation (2.1.2) and (3.1.2). the probability density function of Y is given by
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K
p(Y|®) = Zw (Y1[6;)

where p(Y|0;) = N (XB;,%;) and 0; = (B;,%;); m; for j = 1,2,..., K are the mixing probabilities
adhering to the following constraints m; > 0 for all j =1,2,..., K and Zfil m; = 1. According to this
model, pixel i with sequence of pixel intensities y;, will have been generated from the j** regression
model with probability ;.

The maximum likelihood estimation of this model is performed expediently using the EM algo-
rithm and is widely known in mixture model literature. The estimation algorithm performs two steps
iteratively: the expectation step during which the responsibilities (v;; = E (A;;)) of each pixel towards
the K models are estimated (see Equation (2.2.7) and (3.2.1)).

m;p (Y]0;)
K 7w (Y]6,)

'% J

The second step is the mazimisation step whereby the mixture parameter estimators are determined
by maximising the complete likelihood function and similar to the results derived in Section 3.2.2, the

update rules for the parameters are given below.

N
o iz Vi
7o N
5 (S 4y X) (xXX)
i = N -
> im1 Yig
N . “ 2
(- xa))
Oju = N
> i1 Yij

where [-], indicates the u** component of the T-dimensional vector. 3; are assumed to be diagonal

u
: Sh A2
matrices with 67,;

some derivations and calculations and it is important to note that the covariance structure of the 7r;-s

u = 1,2,...,T on the main diagonal. f]j is assumed to be diagonal to simplify

allows for spatial dependence, not necessarily the covariance structure of the dependent variable.

4.2 Spatial variant mixture of regressions model

Classical finite mixture models, in the image processing context, have shortcomings in that commonal-
ity of location is not taken into account when grouping the data [40] that is, apart from pixel intensity
values, the relative pixel location should also be used in determining the cluster or segment to which
each pixel belongs. To overcome this shortcoming an approach incorporating a Markov random field
was proposed by Chalmond in 1989 [10]. The Markov random field incorporates the pixel location

information in terms of the pixel labeling. Some studies are mentioned that investigated and improved
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the Markov random field approach, in conjunction with finite mixture models, towards incorporating
pixel locations in the clustering algorithm.

Caillol et al introduced fuzziness in Gaussian mixtures and modelled spatial information in both
the segmentation and parameter estimation levels [8]. Sanjay-Gopal and Herbert proposed the spatial
variant finite mixture model for pixel labeling and image segmentation; with their generalised EM
maximum a posteriori' algorithm they bridged the gap between computationally intensive algorithms
based on random fields and simpler segmentation algorithms based on mixture models [47]. Cai and
Liu proposed Markov random field models for pattern recognition which provide a natural and flexible
framework for modelling interactions between spatially related random variables [7]. A novel spa-
tially constrained generative model also based on the Markov random field approach was proposed by
Diplaros et al; they concluded that their EM algorithm for image segmentation is simple to implement
and performs competitively in terms of speed and solution quality, compared to other Markov random
field algorithms for image segmentation [18]. Zhang et al proposed a modified Gaussian mixture model
algorithm - incorporating the Markov random field - that increased the robustness of the traditional
Gaussian mixture model to noise in terms of image segmentation [56].

There is a vast literature that demonstrates the application of the Gaussian mixture model with
Markov random fields in image segmentation problems; a few are mentioned here: Dezzani and Al-
Dousari [17] applied a Markov random field based approach to investigate the rate of change of oil
residue deposits in Kuwait - this analysis was based on satellite images over a given time period.
Zhang et al applied the Markov random field and EM algorithm in the segmentation of brain MR
images [57]. Suliga, Deklerck and Nyssen used the Markov random field approach to classify masses on
mammographic images with emphasis on efficient clustering on image edges [49]. Blekas et al applied
the spatial variant mixture of regresssions model to spatiotemporal data (specifically hear MR, images)
[6].

In the following section, the spatial variant mixture of regressions model will be defined, after

providing some background knowledge for the Markov random field theory.

4.2.1 Background theory

Spatial variation in terms of the pixel clustering, when using finite mixture models for image segmen-
tation, is introduced through a Markov random field and has been applied and investigated throughout
literature (as demonstrated previously). A Markov random field is defined as a set of nodes as well
as a set of links which connect pairs of nodes; nodes correspond to a variable or group of variables
[3]. The Markov random field is an undirected graph as illustrated in Figure 4.2.1 and is a graphical
definition of a probability distribution. One can find a way to express the joint distribution p (x) of all
the variables or group of variables represented in the Markov random field, as a product of functions
defined over sets of variables that are local to the graph [3]. The appropriate notion of locality needs
to be identified (i.e. sets of variables within a locality on the graph), here the concept of cliques will
be used.

A clique is a subset of nodes in a graph such that there exists a link between all pairs of nodes

L Again, the word posteriori does not refer to a Bayesian methodology, but in mixture model literature responsibilities
are often referred to as posterior probabilities, given the prior knowledge about the distribution IT.
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in the subset [3]. The green and blue groups in Figure 4.2.1 are examples of cliques. The blue group
is also a mazimal clique, defined as a clique for which it is impossible to include other nodes from
the graph without it ceasing to be a clique [3]. Bishop states that the joint distribution p (x) of the
Markov random field can be decomposed into a product of functions of variables in maximal cliques
(cliques are by definition subsets of maximal cliques and therefore this result extends to general cliques
as well).

Let C represent a clique and x¢ the set of variables in that clique, then the joint distribution can

be written as a product of the potential functions ¢ (z¢) over the maximal cliques of the graph:

1

p(z) = Z Hi/fc (zc). (4.2.1)
c

Z is a normalising constant given by Z = > [~ %¢ (z¢) which ensures that the joint distribution

is a probability measure and p(z) > 0 since potential functions satisfy ¢¢ (z¢) > 0. Potential

functions? are strictly positive and can conveniently be expressed in terms of exponentials: ¥¢ (z¢) =

exp{—F (z¢)} where E (z¢) is called an energy function 3

. The joint probability function p(x) is
defined by the product of potentials and so the total energy is obtained by adding the energies of each

of the maximal cliques [3].

Figure 4.2.1: Example of a Markov random field [3]

A Gibbs distribution is a probability measure p on the state space of the Markov random field (all
image pixels), that is represented as

p(z) = ;exp<U7(:T)) (4.2.2)

where Z and T are constants and U is called the energy function and is of the form: U (x) =
> o Ve (x¢) where C is the set of cliques. Ve (x) depends on the coordinates or pixels that lie in
C [19].

Now, the Hammersley-Clifford theorem [12] states that “the set of distributions that are consistent
with the set of conditional independence statements that can be read from the graph, using graph

separation, are identical to the set of distributions that can be expressed as a factorization of the

2A potential function is an arbitrary non negative function over a maximal clique
3 An energy function expresses the correlation between the variables in the maximal clique
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form in Equation (4.2.1) with respect to maximal cliques”. In other words, the theorem states that an
undirected graph G is a Gibbs random field (i.e. its density can be factorised over the cliques of the
graph resulting in a Gibbs distribution) if and only if the undirected graph G describes a probability
distribution that has a positive density function that satisfies one of the Markov properties - like the
conditional independence properties.

This fundamental theorem is named after John Hammersley and Peter Clifford who proved the
equivalence in an unpublished paper in 1971. Geoffrey Grimmett [23] and Sherman [48] also proved
the theorem in 1973 with a further proof by Julian Besag in 1974 [2].

The concepts and theory discussed in this section are used in the model specification of the finite

spatial variant mixture of regressions model as set out by Blekas et al [6].

4.2.2 Model specification

This model assumes the probabilities of the data labels 7;; to be random variables where i =1,2,.., N
indexes the pixels and j = 1,2,..., K the clusters. To handle this information a Markov random
field is constructed in order to formulate the prior distribution for the data labels. Note, that this
prior distribution is not related to the Bayesian context, but represents prior additional knowledge
about the distribution II, of the random indicator variable S, as mentioned in Section 2.1 and 3.1.
The Markov random field construction can be described as follows: let every pixel data label (m;;)
for the j** cluster represent a node in the Markov random field and let all the nodes be linked to
their neighbours according to their position in the image. Suppose the image consists of R rows and
C columns of pixels (then R x C = N). Then a pixel in row r where 1 < r < R and column ¢
wherel < ¢ < (' is linked with the eight pixels surrounding it and the pixels on the sides and in the
corners of the image are linked with less than eight neighbouring pixels. Figure 4.2.2 illustrates these
linkages and demonstrates three type of cliques: m1’s clique is marked in blue, m¢3’s clique is marked
in orange and msc41’s clique is depicted in green. In a similar fashion, a clique corresponding to each

pixel labels can be defined.
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Figure 4.2.2: Markov random field illustration for the j** cluster

The mixture density function is given by
K
f(yl®) = Zﬂijp (v165)
j=1

K
where ©® = {{mj}i]\il ,Gj} - mi; > 0. The m;;’s are said to follow a Gibbs distribution with density
=

function

Relating this back to the Gibbs distribution defined in Equation (4.2.2): the energy function is given
by U (7) = vazl Vy; (1), where NV; are the cliques demonstrated in Figure 4.2.2 and there are as many
cliques as there are pixels (N). That means, that each clique (also called neighbourhood) includes the
pixel labels of the eight linked neighbouring pixels for the j* cluster. Vjr; (7) represents the clique
potential functions which are given by Vi (7) = >, . (mij — Tm;)° according to the Gaussian-
Markov random field formulation with different variances at each cluster (;) [40]. Therefore, spatial
dependency is modelled by the Markov random field prior fitted to the data label mixing probabilities.

Z = fj_N is a normalising constant and T = 2§J2- is the regularisation parameter. The factorised
prior distribution function of the 7;;’s is then given by
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ﬁ fj_N exp ( ZiV:l Zmem (i — ij)2> .
- 265

This prior enforces smoothness of different degrees at each cluster (§;) and can be estimated directly
from the data. The details of this derivation are found in Nikou et al [40]. It is assumed that the
errors of the labels for all spatial locations and clusters j = 1,2, ..., K are independently identically
distributed N (0,5]2) random variables. For this model where a prior p(n) is defined over the pixel
labels, Bishop states that the EM algorithm can be used to find the Maximum a Posteriori (MAP)
solutions. In this case the E-step remains the same as in the traditional maximum likelihood case and
the @-function to be maximised in the M-step is given by Q (©;Y) = Q (@"ld Y) + log.p (7) [3]
The complete likelihood (Q-function) to be maximised (also called the Maximum a Posteriori -MAP-

function) is then given by

N K K Z]\i S mens. (Tij — Wm‘)Q
Qe = ZZ 7ij [log (i) + log (p (y]65))] + Z —Nlog¢, — =i=Leme 2%2 J ! ]
i=1j=1 2 ]
)3 o \2
= E E {71] log 7sz + log( (Y|0_7))] — log (fj) _ ZmE/\[i (727';2 ﬂm]) } .
i=1 j=1 ]

Estimation of the mixture parameters (3;,X;) € © remains the same as in the traditional mixture
of Gaussian regressions model detailed in Section 3. The estimation of the probabilities of the pixel
labels m;; is not as straightforward, keeping in mind that the maximisation procedure should take the
following constraints into account: 0 < m;; < 1 for all 4 and j and Z;il mi; = 1 for all 7. Blekas
et al presented a projection algorithm to achieve this, which involves projecting the gradient of the
MAP function onto the hyperplane of the constraints after which a line search is performed along the
direction of the projected gradient to find the label parameters {m;;} that maximise the Q-function
[5].

First take the derivative of the @-function with respect to m;; and set equal to zero:
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g g ARl st/\fi (Wij B ﬂ-mj)Q
s—QOY) = 3 > {7 llog(my) +log (p (y165))] — log (&) — 52
Tij Tij =1 j=1 gj
d 0 Zme./\/'- (Trij - ﬂ-mj)z
= yij—log(mj;)+0—-0— -
VJ(STFU‘ ( j) (Sﬂ'ij ( 25]2
i 6 Xmen (73 — 2mij Ty + 7o) —0
Tij (Sﬂ'ij 25?
’72]€j2 Tij
= — NG 2w — 2 il =0
N (P2 2
. V€2
= —ng + T35 Tij + ﬁ =0
B 13
=y — WigTi - |/</Z|J =0 (4.2.3)

where 7;; = ﬁ > men, Tmj ; the mean of the j** cluster probability in the neighbourhood of ;.
To solve 2—-Q (©;Y) = 0, the roots to quadratic Equation (4.2.3) need to be found. Select the

67rij

root with the positive sign since it yields to constraint m;; > 0:

~ ~9 'Yijfz'
Mij T T AT
T3 = ) . (424)

It should be noted that the neighbourhood A; can contain updated m;; and “non-updated” m;;’s.
The solution in Equation (4.2.4) however is not final since it does not adhere to the constraints
0 <my; <1forallandjand Zfil m;; = 1 for all . These constraints define a convex hull 4. thus
after calculating the updated 7;; using Equation (4.2.4), we project them onto the convex hull (i.e.,
the constraints). Blekas et al describe an efficient quadratic programming algorithm for this purpose
[5].

Denote a;; (j = 1,2, ..., K) the label parameter values (m;; > 0) calculated from Equation (4.2.4).
Given a vector a; € R¥ with ai;; > 0 and the hyperplane Zjil x; = 1, the point on the hyperplane

with non negative components that is closest to a; needs to be found. This problem can be formulated

as a linear constrained convex quadratic programming problem for each pixel (i = 1,2,...,N):
K K
. 2 . _
m;nz; (xj —a;)” subject to z; z;j=1
j= j=

andx; >0V j=1,2,..., K.

The quadratic programming problem formulated above can be solved using a few approaches; here

a Lagrange multiplier method is used. See the Lagrange function below:

4a convex hull of a set of points X in a Euclidean space is the smallest convex set that contains X
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1 K K
(1; /\07 = QZ 7/\0 Z.ijl 72)\]‘Ij
j=1

j=1
where ) is the multiplier for the equality and A; (j = 1,2, ..., K') are the multipliers for the inequality
constraints.
First order necessary conditions imply

T; = aj + Ao + )\j. (425)

Combining Equation (4.2.5) with the constraint Zszl z; =1 we get

K K K
Zaj+2)\o+2)\j =1
Jj=1 Jj=1 J=1

K K

K/\O = I—Zaj—Z)\j
Jj=1 Jj=1
1 1 1 &
)\0 = E—E;aj—?;)\ﬁ (426)

and substituting Equation (4.2.6) back into Equation (4.2.5), we get

1 1 & 1 &
Tj = fargZajw—gZ%‘- (4.2.7)
j=1 Jj=1

Note that b; = + +a; — & Zjil a; is a projection of a; onto hyperplane Zjil z; =1

The A;’s must be chosen so as to satisfy the inequality constraints. Kuhn-Tucker conditions state
that at the minimiser z*, A\; > 0, A; > 0 if 27 = 0 (active constraint), A\;z} = 0 [5]. Given this
information, Blekas et al [5] present a very efficient iterative strategy for calculating the A;’s for the

problem:

1. Let x denote the vector at the current iteration.
2. Initially, set x; = b;V7.
3. In general there exist m negative components in ;.

4. Define corresponding set of indices S = {j, where z; < 0} (finding the active set of constraints

for the current vector x).
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(a) forall j ¢ S: \; =0
(b) for all j € S: x; = 27 = 0. Then the corresponding A; is calculated by solving an m x m
linear system that force the inequalities to be satisfied as equalities: z;4+\;— Z;il Aj =0,

leading to ®

1
)\j = 7m_k2$k—x]’
kesS

(c) calculate the updated x; values for j ¢ S using the new vector A via Equation (4.2.7).
5. These steps are repeated until a feasible point is obtained (i.e., ; > 0V as desired).

It is important to note, that once a x; becomes zero, it remains so.

Finally, the Maximum a Posteriori (MAP) EM algorithm for the model formulation is given below:

Algorithm 4.1 MAP EM algorithm for the K-component spatial variant mixture of Gaussian regres-
sions model

1. Choose appropriate starting values for the parameters, ©.

2. FEaxpectation step: calculate the responsibilities.

mij-p (¥il05)
Zf:1 TisP (Yi|03)

Nij =

3. Maximisation step: calculate the maximum likelihood estimates:

5 (Zf\il ’%‘j}’ilx) (X’X)*l

J = N &
> izt Vi
N . 2
5 Y1 Yij \Yiu — | XBj Y
Oju = N -
>im1 Vig
N
2 . L2
& =52 2 (i = mj)
i=1 meN;

Calculating the mixing probability estimates involves another iterative algorithm as set out in
the discussion above.

4. Repeat step 2 and 3 until convergence is achieved.

4.3 Example - spatial variant mixture of Gaussian regressions

To illustrate how the spatial variant mixture of Gaussian regressions model discussed above works,

5Note, that the k in this formula is a counter and does not refer to the number of mixture components: K
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an example was designed by generating spatiotemporal data. A 16 x 16 pixel image was designed and
divided into 8 sections which were randomly assigned to K = 3 clusters. For each cluster, the pixel
intensity was set to increase and / or decrease along a pre-defined polynomial function for ten time
steps (t =1,2,...,10) to simulate “pixel intensity change over time”. The spatial variant mixture of

regressions model was then used to identify and estimate the component regression models.

4.3.1 The generated data

A 16 x 16 pixel image was designed to consist of 3 clusters illustrated in white, blue and red in Figure
4.3.1.

15 -
25
10 -
3 ~20
5
15
0 —

col

Figure 4.3.1: Designed 16 x 16 image

The pixel intensities were then adjusted over 10 time steps along predefined second-degree polyno-
mial regression functions given below. The pixels in the white area in Figure 4.3.1 were set to follow
the function Y4, the blue area was set to follow Yo and the red area was set to follow the function
Ys.

Y; = 0.85t—0.10t> (4.3.1)
Yz = —0.5t+0.06t2
Ys = —0.05t+0.02t>
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The change of the pixel intensities over time is illustrated in Figure 4.3.2 below and the colouring

of the graph matches that of Figure 4.3.1 (i.e. the pixels in the red areas in Figure 4.3.1 were set to

change over time according to the red line in Figure 4.3.2).

0.5 ~

Pixel intensity

=
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I

== |uster 1 ==Cluster 2 ===Cluster 3

Figure 4.3.2: Pixel changes over time - 3 models

Gaussian white noise was added to each time-step and the resulting spatiotemporal data from time
t = 1 to time ¢t = 10 is shown in Table 4.3.1. It is clear that the simulated image was divided into
K = 3 groups with the regions as indicated in Figure 4.3.1 that change according to the functions
for Y1, Y2 and Y3. The three clusters of different pixel intensity changes over time are clearly
distinguishable despite the Gaussian white noise. In the next section the spatial variant mixture of

Gaussian regressions model will be fitted to the simulated spatiotemporal data.
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Table 4.3.1: Simulated image with three clusters over time
| t | Simulated image | t | Simulated image |

4.3.2 The model to be fitted

The model to be fitted to the data is a spatial variant of the finite mixture of Gaussian regressions
model. It is known that the spatiotemporal data contains K = 3 clusters and that for each pixel a
sequence of pixel intensities for ¢t = 1,2,...,10 is observed. Therefore the generative form of the model
to be fitted is given by Y = A1Y1 + AsYa + (1 — Ay — Ay) Y3 where

Y: = But+ptiter
Y2 = PBort+ fBoat? +ez
Ys = Bait+ Bt +es.
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Y, Yy, Y, Y3 are (10 x 1) dimensional vectors of pixel intensity sequences for each observation
and t is a (10 x 1) vector containing time steps, e; ~ i.i.d. N (0,%;) and P (A; = 1) = m;. The model

can be rewritten in matrix notation:

Yj = X,@j+ej
where
2] 11 ]
ty 12 2 4
ty 13 3 9
ty, t2 4 16
X - ts 2 _ 5 25
te t2 6 36
ty  t2 749
ty  t2 8 64
ty 3 9 81
tio 3, 10 100
[ B
By =
! | By

and Y; ~ d.i.d. N (XB;,%;) for j = 1,2,3. Thus far, the model describes the traditional finite
mixture of multivariate Gaussian regressions model with p = 2 explanatory variables, K = 3 clusters
and N = 256 observations of 7' = 10 dimensional vectors, where each observation (in this case, sequence
of pixel intensities at each pixel) is classified into group j with probability ;.

The model incorporates spatial location information, also called spatial dependency information,
by estimating K = 3 mixing probabilities for each pixel with the help of a Markov random field. This
model specification captures the notion that neighbouring pixels are likely to be classified into the
same cluster and allows for varying levels of smoothness (or variance) between clusters. Therefore the
spatial variant generative form of the model is given by Y = A;1 Y1 + A Y2 + (1 — Ajp —Aj2) Y3,
i=1,2,...,N where P (A;; =1) = m;.

Let the mixing probabilities for the j** cluster be random variables representing the nodes of a
Markov random field. The links between nodes are defined such that the neighbouring pixels of pixel ¢
are linked (usually the 8 adjacent pixels - note that for 7 in the corners and along the sides of the image
less than 8 pixels will be linked). Therefore, the i*" clique of the Markov random field N; contains
the 8 (or less) adjacent pixels to pixel i. Following the theory discussed in Section 4.2.1, the mixing
probabilities follow a Gibbs distribution.



CHAPTER 4. THE SPATIAL VARIANT MIXTURE OF REGRESSIONS MODEL 58

K N 2
_ D ic1 2omen; (Tij = Tmy)
7Tij ~ H Ej N exp < . me 2%2
j=1 J

It is assumed that the errors of the mixing probabilities for clusters j = 1,2,..., K are i.i.d. N (O, EJQ)
distributed. The Maximum a Posteriori EM algorithm as detailed in Algorithm 4.1 was used to

estimate the model.

4.3.3 The estimated model
The parameters ©; = {ﬁj, Ej,wij,sz} for j = 1,2, 3 were estimated using starting values, selected as

follows:

For 3, K = 3 random observations of Y were selected and the corresponding starting values
were calculated: 8; = (X' X)) (XY).

It is assumed that X; is a diagonal matrix with % Zil (Y — Y)Q on the main diagonal as

starting values for j = 1,2, 3.
e mj=px=z+fori=12...,Nandj=123.

o =4 =1forj=1,23.

After convergence of the EM algorithm, the estimated regression models are given by

Y; = 0.83t—0.10t> (4.3.2)
Y, = —0.47t+0.06t>
Ys = —0.08t+ 0.025t3,

where the variances 3; are assumed to be diagonal matrices with the following vectors on the main

diagonals:
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[ 0.010 0.000 0.005
0.010 0.007 0.009
0.008 0.002 0.002
0.010 0.006 0.005
0.012 0.003 0.009
0.017 0.004 0.003
0.007 0.010 0.019
0.008 0.002 0.004
0.006 0.002 0.003
| 0.010 0.015 0.004

and the estimated variances of the mixing probabilities are given by

€ = 0.0000931
€ = 0.0000592
€2 = 9.533xe S,

Note that label switching has been accounted for so that Y7 in Equation (4.3.2) corresponds to Y
in Equation (4.3.1) etc. The estimated parameters are reasonably close to the theoretical parameters
and it can be inferred that the model specification and algorithm accurately estimated the three
different models according to which pixel intensities changed over time.

The estimated responsibilities ( v;; = E (A;5), ¢ = 1,2,...,N and j = 1,2, 3) and mixing proba-
bilities (7;;) are best illustrated graphically as set out in Table 4.3.2 and 4.3.3 and discussed below.

A given pixel is assigned to the cluster for which the estimated responsibility is the largest therefore
the estimated responsibilities indicate how well the underlying clusters were identified. The estimates
for v, are highest (red) for the areas that were indicated white in Figure 4.3.1, indicating that the
correct areas were identified as cluster 1. Similarly, the estimates for 2 and ~3 are highest for the
areas that were indicated as blue and red in Figure 4.3.1 respectively. It is interesting to note that
the estimates of v2 in the areas known to be cluster 3 and the estimates of 3 in the areas known
to be cluster 2 are not as close to 0 as the estimates of ; in areas known to be cluster 2 and 3.
This observation indicates that pixels in cluster 2 and cluster 3 contribute to the estimation of the
parameters associated with both cluster 2 and 3 to some extent (as is typical for a fuzzy clustering
method).
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Table 4.3.2: Estimated responsibilities
| Cluster | Visual representation of estimated responsibilities |

row

row

~ cal

row

~ col

V3

Even though the mixing probabilities don’t differ a lot across clusters (see the scale in Table 4.3.3) -
the colouring in the visual representations does show clearly that the estimated mixing probabilities for
clusters 1 (1), 2 (72) and 3 (73) are highest in the areas known to be clusters 1, 2 and 3 respectively.
Therefore the probability of belonging to cluster j is higher in locations known to belong to cluster j,
for j =1,2,3.
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Table 4.3.3: Estimated mixing probabilities
| Cluster | Visual representation of the estimated mixing probabilities |
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The estimated responsibilities and mixing probabilities indicate that the model specification and
applied algorithm identified the clusters correctly.

Another typical useful illustration of the clustering results of finite mixture models is to plot
the dependent variable against the independent variables and colouring the observations by cluster.

This example however, deals with multivariate dependent (sequence of pixel changes over time) and
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independent variables (time steps ¢t = ti,t9,...t10) therefore, this representation of the clustering
results is adjusted as follows. In Figure 4.3.3 the estimated mean pixel change over time is shown
in thick dotted lines for cluster 1 (black), cluster 2 (blue) and cluster 3 (red). Additionally, five
observations from each cluster (pixel intensity sequences that were classified according to the maximum
estimated responsibilities) were randomly selected, plotted on the same graph and coloured according
to the classified cluster. This graph aims to demonstrate that the clusters are not only spatially
correctly classified (see Tables 4.3.2 and 4.3.3) but are also clearly distinguishable in a “dependent
vs independent variable” plot. For example, the observations that were classified to be in cluster 1

(black) roughly follow the same pattern as the estimated conditional mean for cluster 1 and are clearly

“grouped”.

3

Pixel intensity

Figure 4.3.3: Illustrating the clustering results

This example therefore demonstrated that the finite spatial variant mixture of regressions model
(with Gaussian error terms) simultaneously identifies underlying clusters correctly and estimates the
regression models accurately, for spatiotemporal data. In the following chapter this model will be

applied to maize yield data in the Free State, South Africa.



Chapter 5

Application: maize yields

Agricultural production is significantly affected by environmental factors (i.e., weather, temperature
and precipitation) which influence crop growth and development and cause large intra-seasonal yield
variability; furthermore, crop agronomic management (i.e., fertilizer application, planting irrigation,
tillage etc.) can offset weather related yield losses [1]. This study argues that agronomic management
practices and microclimates! can cause some farmers to mitigate climate variability more efficiently
than others. Neither management practices nor microclimates can be directly observed given available
yield and gridded spatial data. The present study therefore aims to identify groupings or patterns in
maize yield data caused by these unobservable variables.

Environmental factors including the quality and type of natural resources and climatic conditions
vary spatially; therefore, these factors clearly introduce a spatially dependent aspect to the problem.
Neighbouring farmers, or farms within the same proximity, are more likely to participate in interac-
tions (e.g., study groups or learning events) where management practices are discussed or advice is
exchanged, than farmers separated by large distances. Similarly, unobservable microclimates or soil-
plant-atmosphere continuums, naturally occur within a spatial proximity. The spatial orientation of
agronomic management practices, microclimates and gridded precipitation data (covariate) suggest
that the spatial variant mixture of regressions model is a suitable model to identify spatially specific
clusters of maize yields (where nearest-neighbour yield observations are more likely to be found in the
same cluster) and estimate their respective regression functions.

The aim of this study is to estimate maize yields in the Free State province as a function of type
of maize produced (yellow or white), precipitation and season (harvesting year) while simultaneously
identifying spatially explicit clusters of similar yield functions by fitting the spatial variant mixture of
regressions model. The maize yield data, type of maize and the season in which it was produced was
obtained from the Department of Agriculture Forestry and Fisheries’ objective yield survey database.
Precipitation data was obtained from the Tropical Rainfall Measurement Mission (TRMM) database,
disseminated by the Goddard Earth Sciences Data and Information Services Center (GES DISC). It is
important to note that large intra-annual variability of seasonal precipitation, especially in rain-scarce
regions, has caused crop model errors and has previously led to difficulties in including precipitation

IThe weather in a particular small area, especially when this is different from the weather in the surrounding area.
(30]

63
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in statistical crop models [53, 46]; in this regard this study has been no different.

The estimation of agricultural yields is also known as crop modelling and various types of crop
models are briefly discussed to contextualise this study. The data used in this study is discussed in more
detail and followed by exploratory analysis. Finally, a simple linear regression model and traditional
mixture of Gaussian regressions model are fitted to the data in order to facilitate comparisons with
the fitted spatial variant mixture of Gaussian regressions model. The EM algorithm converged to a
solution with three distinct spatial clusters; however, it is important to note that the clusters differ

only slightly in terms of parameter estimates and further investigation is warranted.

5.1 Types of crop models and this study

Different types of crop yield forecasting models have been developed in literature and can be

categorised as follows:

e Crop Simulation Models (CSM) are computerised representations that simulate of crop growth,
development and yield through mathematical equations as functions of soil conditions, weather
and management practices [29]. Their strength lies in the ability of CSM’s to extrapolate the
temporal patterns of crop growth and yield beyond a single experimental site. CSM’s are useful in
gaining scientific insight into crop physiological processes and evaluating the impact of agronomic
practices. Applications listed by Hogenboom include impacts of global warming, crop response to
sowing dates and spacing, characterisations of production environments and regional targeting
of technologies. Extensive input data on cultivar, management practices and soil conditions,

unavailable in many parts of the world, is required for CSM’s [38].

e Mechanistic Models use fundamental mechanisms of plant and soil processes to simulate specific
outcomes, and are often used for academic purposes to gain a better understanding of specific

plant-related processes and interactions, rather than for problem solving purposes [1].

e Functional Models to simulate complex processes through simplified approaches and are often
simplified versions or parts of the mechanistic models (e.g., a plant’s photosynthesis process
whereby solar radiation is converted to energy can be depicted by a functional model: energy is

a function of, among other factors, solar radiation).

e Statistical Models for crop yield forecasting are simple and less parameter-intensive; in essence a
simple statistical model is built using historical yield data and several agro-meteorological param-
eters (e.g. temperature and rainfall). Statistical models however are limited in the information
they can provide beyond the range of values for which the model is parameterised; they do not
take the timing of stresses occurring during crop growth into account and are also incapable of
giving farmers important agronomic advice [1]. Because of variations in soils, landscapes and
weather, beyond what is included in the population information used to estimate the statistical

information, the results of statistical models generally cannot be extrapolated in space and time.

The spatial variant mixture of regressions model to be fitted in this study, is classified as a statistical

model. Advantages of statistical crop forecasting models include their limited reliance on field cali-
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bration data and the transparent assessment of model performance (e.g. coeflicient of determination
and confidence intervals around model coefficients and predictions); note that similar statistics can be
combined with process-based models (i.e., CSM, mechanistic and functional models) but in practice
rarely are [38]. Serious shortcomings of statistical crop forecasting models include problems with co-
linearity (e.g. temperature and precipitation) and assumptions of stationarity in the case of time-series
models [38]. Lobell asserts that statistical crop forecasting models based on temporal and or or spatial
variation in crop yields are widely used to investigate the impact of climate changes (recent and future)

on crop yields.

5.2 The data

It is well established that in modelling, simulating or forecasting maize yields various input variables
including weather data (precipitation, temperature, solar radiation and wind speed), crop data (variety
and growth attributes), soil data (thickness of soil, pH, sand and clay percentages etc.), and crop
management data (planting date, seed rate, irrigation, fertiliser application etc.) are typically used
depending on the complexity of the model [1]. The data sets used in this particular statistical crop
model are restricted to precipitation and information accompanying the objective yield survey data
and are discussed below.

Objective yield surveys for maize are conducted annually in the South African maize production
area in three provinces (Free State, North West and Mpumalanga) by the National Crop Statistics
Consortium (NCSC) comprising of the Agricultural Research Council (ARC), SiQ and Geoterraim-
age. These surveys are aimed at estimating yield by taking in-field measurements during April in
Mpumalanga and May in the Free State and North West each year, when the maize has reached physi-
ological maturity. Seven hundred sampling locations (farming units) within the Free State, North West
and Mpumalanga provinces are allocated proportional to the total area of cultivation for white maize
and yellow maize under dryland or irrigated cultivation. The crop-specific total area of cultivation is
determined by the Producer Independent Crop Estimates System (PICES) developed by the NCSC
and these figures are released in February each year. Enumerators (ARC) visit each location and follow
a predefined sampling methodology designed to ensure randomness in cob selection and eventual yield
estimation. Upon arrival at the farming unit location, the average estimated yield (based on five ran-
dom sampling points) is recorded per identified location (farming unit) with the field GPS coordinates
linked to it.

The seven hundred locations to be visited are identified by SiQ from their database of farming units
throughout the three provinces. This database is renewed on average every 5 years. Annually, these
farming units are contacted telephonically to determine the area planted per crop type, for the given
season. The hectares covered by the farming units database are then expanded proportionally to match
the total crop type area in each province (as determined by PICES) from which the seven hundred
locations are randomly selected. SiQ’s methodology selects the seven hundred locations within each
province with a probability proportional to size, making it a self-weighting sample (i.e., large farming
units will likely have more than one sampling location included in the seven hundred).

The objective yield survey database from harvesting seasons 2004 to 2017 was obtained from the
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Department of Agriculture, Forestry and Fisheries (DAFF) containing average maize yields (Yestyicid)
2 for yellow and white maize (Xt,p.) under dryland or irrigation production (X p,yr,-) over the Free
State, Mpumalanga and North West provinces (X province), as well as a code (X¢oge) indicating the
farming unit from which the yield observation was recorded and GPS coordinates linked to the field
where the sample was taken (Xrq¢, Xrong). The number of realised samples differs each year depending
on the availability of farmers and their willingness to co-operate.

The second data set obtained was a precipitation database with a high spatial and temporal resolu-
tion. The Tropical Rainfall Measurement Mission (TRMM) database was used, which is disseminated
by the Goddard Earth Sciences Data and Information Services Center (GES DISC). The 3B42 product
was used, containing a 3-hourly surface precipitation estimate at a spatial resolution of 0.25 degrees (ap-
proximately 25 km grid) from 1 July 2000 to 30 June 2017. This database and product has previously
been used in agricultural modelling applications [46, 53]|. The total rainfall from October to March for
each season in the South African summer grain production region was calculated (XgsecasonRain) and
the timing of the rainfall (monthly rainfall) was also processed as possible explanatory variable.

Exploratory analysis was performed on the data and key results are presented in the following

section.

5.3 Exploratory analysis

5.3.1 Analysing the data and selecting the appropriate covariates

A frequency table provides an overview of the objective yield database, showing the number of yield
observations in the total database for different combinations of white maize, yellow maize, dryland and

irrigation production per province (Table 5.3.1).

Table 5.3.1: Frequency table: objective yield data base 2004 - 2017

| Province | Production type | White Maize | Yellow Maize | Total |

Dryland 2079 1174 3253

Free State Irrigation 71 133 204
Total 2150 1307 3457
Dryland 582 975 1557

Mpumalanga Irrigation 115 80 195
Total 697 1055 1752
Dryland 1942 504 2446

North West Irrigation 120 79 199
Total 2062 583 2645
Grand total 4909 2945 7854

The number of yield observations captured differs each season as illustrated in Table 5.3.2. Note
that the grand total in Table 5.3.1 differs from that in Table 5.3.2: the Province indicator was blank

for 18 yield observations. These observations were discarded.

2Note that the yield observations are objective yield estimates (as per the explanation above) and that throughout
this study “estimated yields” will be used interchangeably with “observed yields” therefore, the yields estimated from the
models to be fitted will be referred to as “predicted yields”.



CHAPTER 5. APPLICATION: MAIZE YIELDS 67

Table 5.3.2: Number of objective yield observations per season

| Season (harvesting year) | Number of observations | Mean | Standard deviation

2004 286 3.08 1.86
2005 244 4.02 2.14
2006 438 4.01 2.26
2007 562 3.08 2.46
2008 675 4.41 1.86
2009 748 4.56 2.02
2010 638 4.82 2.24
2011 666 5.05 2.57
2012 582 4.43 2.66
2013 578 4.08 2.75
2014 568 5.43 2.19
2015 604 4.03 3.01
2016 635 3.54 2.73
2017 648 6.59 2.52
Grand total 7872

The frequency table in Table 5.3.1 is repeated for the 2017 harvesting season in order to further
understand the typical composition of the annual objective yield surveys. It is clear that very few
irrigation maize yield observations are recorded annually, and since maize production under irrigation
is not strictly comparable with dryland production the irrigated yield observations will be excluded

from the analysis.

Table 5.3.3: Frequency table: objective yield survey for harvesting season 2017

’ Province \ Production type \ White Maize \ Yellow Maize | Total

Dryland 225 74 299

Free State Irrigation 10 7 17
Total 235 81 316

Dryland 40 94 134

Mpumalanga Irrigation 8 8 16
Total 48 102 150

Dryland 133 32 165

North West Irrigation 9 8 17
Total 142 40 182

Grand total 425 223 648

The objective yield observation locations (latitudes and longitudes) for all seasons are plotted and
white and yellow maize yields are indicated by colour in Figure 5.3.1. This figure can be interpreted
like a map with the north-western region representing the North West province, the north-eastern
region representing Mpumalanga and the center and southern area coinciding with the Free State. It
seems that in the eastern part of the Free State as well as in Mpumalanga yellow maize is typically
planted, more so than white maize, and in the North West province and western part of the Free State

white maize is preferred.
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Figure 5.3.1: All yield observation by type of maize

Figure 5.3.1 indicates that the Free State has an interesting spatial combination of white and yellow
maize yield observations. Thus, it was decided to restrict this analysis to the dryland yield observations
in the Free State province. Therefore, a total of 3253 yield observations of which 2079 are white maize
and 1174 are yellow maize yields, will be used. The following exploratory analysis relates to the Free
State dryland yield observations.

The farming units are referred to as codes and Figure 5.3.2 shows the number of farming units
that were visited x = 1,2, 3, ... times (i.e., a farming unit was visited x times over the past 14 years).
38% of the farming units in the Free State were visited twice over the past 14 years of objective yield
surveys. 16% of farming units were visited three times and 10% four times while only 6% of farming
units in the Free State were visited 9 times or more throughout the past 14 years of objective yield
surveys.

These multiple observations per farming unit can be seen as repeated measures, in which case the
model needs to account for this structure. However, it can be argued that the observations (Ygstyieia)
are taken at a field level (see Section 5.2) and the locations of these observations are captured in the
Xrat and Xpong GPS coordinates. More often than not, the GPS coordinates of multiple observations

taken on a given farm unit differ, after taking drift into account. Therefore, the repeated measures
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structure was not incorporated into the model specification.
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Figure 5.3.2: Number of farming units per years of involvement

The relevant season’s total rainfall was linked to the yield observation by performing a spatial
join® between the gridded TRMM precipitation data and the GPS coordinates of the objective yield
database (i.e., the October to March rainfall in the season in which the specific yield observation was
recorded, was linked to the yield observation as variable X geqsonrain)- Then histograms of the season’s
total rainfall were compiled per season (i.e., year in which maize was harvested), see Figure 5.3.3. It
is clear that the distribution of total rainfall differs across seasons: sometimes the total rainfall in a
season at the yield observation points had a range of less than 400mm (e.g. 2011) whereas in the 2017
season the range is approximately 600mm. The shape of the season rainfall histograms also range from
symmetric (e.g. 2010, 2011, 2015) to quite heavy-tailed (e.g. 2005, 2006, 2017).

3R was used to transform the precipitation data sets into a raster format, which was then joined with the GPS
locations of the yield observations
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Figure 5.3.3: Histograms of total rainfall by season

Precipitation is used as the main explanatory variable and scatter plots of rainfall to observed
yields were compiled to see whether the expected positive correlation is observed. Figure 5.3.4 shows
the scatter plot for total season rainfall to estimated yield. A slight positive linear relationship is
visible. It is interesting to observe a near-45° angled cloud of points towards the left top of the bulk
of points which contrasts with the flatter cloud of points extending towards the bottom right. Also,
when looking at the distinction between white and yellow maize yields, the shape of the white maize
yield scatter plot differs a bit form the yellow maize yield scatter plot.

The positive relationship between the estimated yield observations and total season rainfall is not
very strong, suggesting that factors besides rainfall, play a role in differentiating high from low maize

yields (e.g. timing of rainfall, temperature etc.).
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Figure 5.3.4: Scatter plot of season rainfall to yield

Even though the absolute amount of rainfall in a given season is important, the timing of that
rainfall can also have a big impact on yield. Therefore, this study will look at the scatter plot of
yield against the total precipitation for each month during the summer production region growing
season. From Table 5.3.4 it seems that October rainfall is not clearly positively correlated with the
observed yield, whereas November rainfall seems to hold a slight positive linear correlation with the
observed yield. This points toward the fact that the early summer rain enables farmers to plant their
summer crops earlier which might have positive impacts on yield, or that the early rain (after planting)
improves the plant’s production. The pattern of the December, January and February scatter plots
is very similar to that in Figure 5.3.4 with a slight positive linear relationship between the monthly
rainfall and yield. During February most of the maize crop in the Free State reaches flowering and
fruit forming stages during which rain is crucial towards determining yield. Lastly, the March rainfall
vs yield scatter plot does have similarities with the total seasonal rainfall scatter plot. However, the
eastern part of the Free State does not typically receive significant amounts of rain in March, and as
a result the shape of the scatter plot is contracted and does not suggest a clear positive relationship
between March monthly rainfall and yield.

Once more, the exploratory analysis of precipitation data suggests that the relationship between
the estimated maize yield observations and precipitation is not very strong and that a model with
precipitation as its main explanatory variable will likely not explain a large proportion of variation in
the estimated yield observations.
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Table 5.3.4: Scatter plots of monthly rainfall to yield
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Referring back to Figure 5.3.4, some extremely high yields were observed keeping in mind that
these are all dryland maize yields. The first (top) box plot in Figure 5.3.5 shows the estimated yields
and the box plot indicates that observed yield observations larger than 9.5 tonnes per hectare (t/ha)
to be outliers, also fiestyicid + 3.0cstyicta = 10.5. Therefore, 10 t/ha was chosen as the cut-off point for
outliers; Figure 5.3.6 below shows the observed yield data plotted against observation number with a
reference line at a yield of 10 t/ha. Subsequently the yields greater than 10 t/ha (keeping in mind
that dryland maize yields are seldom above 10 t/ha) were removed from the data set, resulting in the
second (bottom) box plot in Figure 5.3.5; 40 observations were removed as outliers. The data was
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sorted according to season and the estimated yields were plotted against observation number in Figure
5.3.7.
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Figure 5.3.5: Box plot of observed yields before (top) and after (bottom) outliers were removed
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Figure 5.3.6: Observed yields

The resulting data set excluding the outliers is plotted against season in Figure 5.3.7. The data
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clearly looks more randomly distributed in terms of estimated yield. The colouring clearly shows the
record seasons 2014 and 2017 had higher than average yields and during the drought in 2015 and
2016 lower than average yields were realised. After removing the outliers, the data set contained 3213
observations.

Following these key exploratory analyses the variables to be included in the analysis will be selected
and a simple linear regression will be fitted in the next section so that the spatial variant mixture of

regressions model can be compared to the simple linear regression results.

Estimated Yield

Season
© 2004 o 2005 o 2006 o 2007 o 2008 o 2009 o 2010
o 2011 o 2012 o 2013 2014 2015 o 2016 o 2017

Figure 5.3.7: Observed yields without outliers, coloured by season

5.3.2 Simple linear regression

The maize yield data (without outliers) will be modelled as a function of the total season’s rainfall, the
season and the type of maize planted. November and February monthly rainfall regression parameters
were significantly different from zero according to the t-test, however since the total season’s rainfall
is a function of the two the regression will run into co-linearity problems. The regression including
the total season’s rainfall yielded a higher R?, therefore total season rainfall was included in the final
model instead of the November and February monthly rainfall. Note that the total season’s rainfall
and season variables were standardised to have a mean of 0 and standard deviation 1 to account for

disparate scales. The simple linear regression model to be fitted can be described by:

Y;istyield = /80 + BIXSeasonRain + BQXSeason + 63XType +e
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where ¢ is the error term and is assumed to be independent and identically Gaussian distributed and

the variable definitions are given in Table 5.3.5.

Table 5.3.5: Variable definitions

] Variable \ Definition ‘
Yestyield Estimated yield from objective yield survey (dependent variable)
X SeasonRain Total rainfall for October to March in relevant season
Xseason Season: harvest year e.g. 2005
XType Maize type: for yellow maize X7,p. = 1, white maize Xpype = 2

The estimated model is given by

Yestyield = 274+ 0-44-XSeasonRain + 0~42~XSeason + 0~83~XType-

All the parameters are significantly different from zero with p-values of the t-test all less than
0.0001. The overall model fits reasonably well, but does not explain a large share of the total variation
in the yields with the adjusted R? of 9.1% (i.e. 9.1% of the variation in the maize yields is explained
by the model) and the SSE = 11105.

The mean observed yield Yesiyiciqa is plotted against the mean predicted values from the model
Yestyield per season in Figure 5.3.8, demonstrating to what extent the model captured the changes of
yields over time. The trend and turning points of the mean observed yield (per season) have been
accurately captured by the predicted values with the exception of seasons 2013, 2014 and 2015. Neither
the correct turning points nor the absolute magnitude of the mean observed yields were estimated
accurately during these three years. This indicates that factors beyond the covariates included in this
model caused the fluctuations in average yield during this time (keep in mind that 2014 was an all-time
record harvest year at the time followed by two consecutive drought years).

The model can be improved by including more covariates (for example temperature, solar radi-
ation, soil types etc.), however this study was aimed at focusing specifically on precipitation data.
Furthermore, it was previously mentioned that statistical crop models, like this regression model, do
not take the full extent of detail in terms of the production process into account (for example CSM’s)
and the aim therefore, is not to explain all the variation but to quantify specific relationships between
dependent and independent variables.
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Figure 5.3.8: Observed vs predicted yield

The observed and predicted maize yields are plotted against rainfall in Figure 5.3.9 and it is clear
that a lot of variation in the maize yields has gone unexplained, but the expected positive relationship
between rainfall and maize yields is clearly visible. It seems also that the predicted values in Figure
5.3.9 form three distinct groups; given that the categorical covariate, type of maize, only contains
two categories (white and yellow maize), these three distinct groups could be indicative of another

unobservable variable causing three underlying clusters.
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Figure 5.3.9: Observed vs predicted yields by rainfall - simple linear regression
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The residuals from the regression 7 = Yestyierd — Yestymd were plotted against the predicted values
in Figure 5.3.10 and coloured according to the groups indicated in Figure 5.3.9. The three groups
are clearly visible. Group 1 included seasons 2009-2017 while group 3 included only seasons 2004-
2008. Group 3 contained yellow maize observations only, while group 1 consists of mainly white maize
observations. Therefore, group 1 containing mainly white maize planted in the most recent 8 years
clearly contains higher predicted yields while group 3 consisting of mainly yellow maize planted in the
first 5 years has lower predicted values. Furthermore, group 2 contains average predicted yields (in
every season). Overall, besides the observed and discussed grouping, the residuals vs predicted values
plot does not exhibit a specific pattern.

The three groups suggested by Figure 5.3.9 can be partially explained by the covariates included in
the model however, their cause will be investigated further using the traditional mixture of regression

model as well as the spatial variant mixture of regressions model in following sections.
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Figure 5.3.10: Residuals plotted against predicted values

5.4 Applying the spatial variant mixture of regressions model

Before applying a mixture of regressions model the number of components of the mixture needs to be
determined or estimated. To this end, the finite mixture models procedure (proc fmm) in SAS was

run to identify the ’best’ number of components for a traditional mixture of regressions model fitted
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to the data based on the Bayesian Information Criteria (BIC) [3]. The model with three components
was identified as minimizing the BIC, as was also expected from the simple linear regression analysis
and Figure 5.3.9 and 5.3.10 in the previous section. The traditional mixture of regressions model is
fitted in order to facilitate comparison with the spatial variant mixture of regressions model. Since
K = 3 components are identified as appropriate for the traditional mixture of regressions model, the
same number of components are fitted for the spatial variant mixture of regressions model, so that
the additional location information accounted for by the spatial variant mixture of regressions model
and differences between the two model results can be studied. The results of the respective models are

discussed in subsequent sections below.

5.4.1 Traditional mixture of regressions model

The traditional mixture of regressions model to be fitted can be written in the generative form with
random indicator variables A;: Y = A;Y; 4+ AyYs + AzY3 where 25:1 Aj =1and A;; > 0 for all
i=1,2,...,Nand j=1,2,3

Yi = XBj+e

X = 1 XSeasonRain XS'eason XType
6j,int
/6' _ ﬂj,SeasonRain
i =
ﬁj,Season

/Bj \T'ype

€5 ~ i.1.d. N(0,0'j) and P(AJ
distribution N (X8;,0;).

The estimated component regression models (after the EM algorithm converged) with the maximum

1) = m; for j = 1,2, 3; therefore Y; can be modelled by a Gaussian

likelihood parameter estimates for the traditional mixture of regressions model are given below:

Vi = 3.954 — 0.197. XseasonRain — 1.917-Xseason — 0.013. X 1ype (5.4.1)
Yy = 3.213 + 0.435. XSeasonRain + 0.992. Xseqson + 1.030. X 1ype
Yy = 2.098 + 0.337. XscasonRain + 0.139. X scason + 0.444. X1y pe.

The estimated error variances are given by



CHAPTER 5. APPLICATION: MAIZE YIELDS 79

61 = 1.257

62 = 2.330

63 =1.191
and the estimated mixing probabilities:

w1 =0.134

7o = 0.544

73 = 0.322.

The estimated parameters clearly define three different sets of relationships between the dependent
and independent variables. With the SSFE = 11166, marginally higher than that of the simple linear
regression, the extent to which yield variation is explained by the traditional mixture of regressions
model is similar to that of the simple linear regression.

The estimated component regression models were used to calculate predicted yields and preliminary
analysis was performed on the mean maize yields per season. The regression models for all of the
clusters failed to capture the correct turning points and magnitude of yields in seasons 2013, 2014 and
2015 (as in the simple linear regression results). Cluster 1 exhibits a prominent downward trend over
time, which will be investigated further, while cluster 2 seems to capture the upper “band” of historic
yield trends and cluster 3 seems to capture the lower yield observation trend.

The clustering result is shown in two views: in Figure 5.4.1 the locations of the observations
(latitude and longitude) were plotted like in a map and the markers coloured according to the highest
responsibility for each observation; in Figure 5.4.2 the observed yields were plotted against rainfall with
the markers indicating the cluster with the highest responsibility for each observation. In Figure 5.4.1,
the observations found in the respective clusters seem to be uniformly distributed in terms of location
(i.e., no pattern linked to the different clusters is observed). On the other hand, in Figure 5.4.2 a clear
distinction between the clusters is observed: cluster 2 generally consists of higher yields and cluster 3
of lower yields, which is consistent with the preliminary analysis of mean yield per cluster. Cluster 1
groups selected observations with particularly high and low yields for a range of low to high rainfall
respectively. When investigating cluster 1 in some more detail, it was observed that the cloud with low
yields contains only observations from the 2015 and 2016 seasons, while the cloud of points with high
yields contains observations from the 2004 season to the 2008 season. Relating this observation back
to the parameter estimates in Equation (5.4.1) - cluster 1 is characterised by a negative relationship
between yields and rainfall as well as season. Figure 5.3.7 shows the extreme drought years in 2015
and 2016 in contrast with the relatively high yields in 2004 to 2008; keeping in mind that cluster 1
contains the highest observations in seasons 2004 to 2008 and the lowest yield observations in seasons
2015 and 2016.
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Figure 5.4.1: Map-view of yield observations coloured according to clusters
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Figure 5.4.2: Observed yield by rainfall coloured according to clusters

The residuals from the traditional mixture of Gaussian regressions model are plotted against the
predicted values in Figure 5.4.3, and are coloured according to the identified clusters. Clearly the
clusters differ from the observed groups illustrated in Figure 5.3.10. Furthermore, it is clear that some
observations in cluster 1 were overestimated (the observations in seasons 2004 to 2008) and others were

underestimated (observations from the 2015 and 2016 seasons).
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Figure 5.4.3: Residuals against predicted values, by cluster

In the following section the spatial variant mixture of regressions model will be specified and fitted

to the same set of data.

5.4.2 Spatial variant mixture of regressions model

The model to be fitted can be written in the generative form as follows: ¥ = A; Y7 + ApYo + -+
AigYx where Y10 Ajj=1land Aj; >0foralli=1,2,...,Nand j=1,2,...,K

where

Y, = Xg+e
X = 1 XSeasonRain XSeason
Bj,int

Bj,SeasonRain
6j,5'eason

ﬁj \T'ype

XType
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ej ~ i.i.d. N(0,0;) and P(A;; =1) = m; for j = 1,2,..., K; therefore Y; can be modelled by a
Gaussian distribution N (X3;,0;). It is important to note here that Y; is a univariate dependent
variable, unlike the example in Section 4.3 which worked with a multivariate response variable. The
model describes a univariate mixture of Gaussian regressions model with p = 4 explanatory variables,
K = 3 clusters and N = 3213 observations of T = 1 dimensional vectors, where the i*" observation
(objective yield estimate) is classified into group j with probability ;.

Let the j** component mixing probabilities for observations i = 1,2,..., N be random variables
or nodes in a Markov random field with the relevant GPS coordinates for observations i =1,2,..., N
indicating the node positions in space. Since the yield observations are not distributed uniformly across
space, the linkages between the nodes are defined such that each observation is linked to its 8 nearest
neighbours, found by identifying the 8 nodes with the smallest euclidean distance between the various
GPS coordinates. The i* clique N; of the Markov random field is therefore defined as containing the
8 nearest neighbour nodes relative to node i. Following the theory set out in Section 4.2.1, the mixing
probabilities are defined to be distributed according to a Gibbs distribution given below

K N 2
_N D e Zm,GNi (i — Tmy)
Tij o~ ”5] exp (— 26 .
j=1 J

It is assumed that the errors of the mixing probabilities for clusters j = 1,2, ..., K are i.i.d. N (0, 5]2)
distributed. Algorithm 4.1 was used to estimate the model specified above with parameters @; =

{Bj,04,mij, &7} for j =1,2,..., K. The starting values for the algorithm were selected as follows:

For 3;, K random dependent and independent observation pairs (Y, Xk) were selected and the
corresponding starting values were calculated: 3; = (X{(.Xk)_:l (X Y-

For o; the starting values were taken as %Zf\; (Y; 717)2 where Y = %Z?;Yi for j =
1,2,... K.

e mj=xfori=12...,Nandj=12,... K.

&=rgforj=12.. K.

A K = 3 cluster spatial variant mixture of regressions model was fitted to the data with the mixing
probabilities incorporating the spatial location information in the estimation as specified above. The
parameter estimates and results are discussed below.

The estimated parameters (after the algorithm converged) are given in Equation (5.4.2) below.

Y 0.693 + 0.042. X scasonrain + 0.054. X scason + 1.156. X7y pe
Yo = 0.694 + 0.048. X SeasonRain + 0.055. X seqson + 1.156. X 1ype (5.4.2)
0.690 + 0.032. X scasonRrain + 0.058. X scason + 1~154~XType-

&
I
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The error variance estimates are given by

&1 = 6.04
b9 = 6.07
&3 = 5.98

and the estimated variances of the mixing probabilities are given by

& = 0.0000079
& = 0.0000102
&5 = 0.0000091.

The estimated mixing probabilities are best displayed graphically, see Figure 5.4.4, where each
observation ¢ = 1,2, ..., N is illustrated as belonging to the cluster with the largest mixing probability.
It is clear that certain areas or locations have a higher probability of belonging to cluster j than others
and that these areas are close together (e.g. the central Free State seems to have a higher probability

to belong to cluster 3). This observation is consistent with the model definition.
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Figure 5.4.4: Estimated mixing probabilities (K = 3)
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The estimated regression models differ from the estimated simple linear regression model, and unlike
the traditional mixture of regressions model, the estimated parameters seem to be very similar across
clusters. The sum of squared errors for the estimated spatial variant mixture of regressions model
equals SSE = 19348, which is higher than that of the simple linear regression and the traditional
mixture of regressions model, suggesting that the spatial variant mixture of regressions model with
three clusters is not an improvement in terms of overall explanation of maize yield variance.

The estimated regression models were used to calculate predicted yields and were compared with
observed yields. The component regression models do not capture the fluctuations in maize yields
over time (mean yield per season) as well as the simple linear regression and traditional mixture of
regressions models. This observation suggests that the season covariate is fairly constant with respect
to different locations in the Free State; practically, the regions where maize was planted did not change
drastically from one season to the next.

The residuals from the fitted model show that the maize yields were generally underestimated by
the spatial variant mixture of regressions model, and that the residuals form two well separated groups,
see Figure 5.4.5. It is also demonstrated that the two distinct groups in the residuals represent the
type of maize (yellow or white maize). Observing such a distinct pattern in a residuals plot indicates
that the fitted regression model is not an adequate model for the data. Due to these two distinct
groups the residuals from the spatial variant mixture of regressions model do not seem to be normally
distributed.

q
Type * Yellow maize & White maize

g L]

Residuals

16 1.7 18 149 20 21 22 23 24 25 26 a7 28 29 30 31 32 33

Predicted values

Figure 5.4.5: Residuals against predicted values- spatial variant mixture of regressions model
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The clustering result for K = 3 clusters is shown in a map representation in Figure 5.4.6; the obser-
vations ¢ = 1,2,..., N are illustrated as belonging to the cluster for which the estimated responsibility
(E (A;j) = 7ij) is the highest. The clustering result clearly incorporates the spatial dependency infor-
mation suggesting that yield observations in spatial proximity will likely belong to the same cluster.
The cluster assignment using the responsibilities corresponds roughly with the mixing probability es-
timates illustrated in Figure 5.4.4: the central and parts of the western Free State are likely to belong
to cluster 3, large parts of the far-eastern and far-western Free State have the highest probability to
belong to cluster 1 whereas the north-eastern parts of the Free State have the highest probability of
belonging to cluster 2, together with smaller pockets throughout the western Free State. Preliminary
investigation of cluster 2 shows that this cluster has the highest mean rainfall and the locations of
cluster 2 in Figure 5.4.6 suggests smaller regions where a combination of environmental circumstances
(like microclimates) contribute to higher rainfall. Investigation of the altitude, surrounding topography

and temperatures at these locations is required to confirm this notion.
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Figure 5.4.6: Map-view of clustering result - spatial variant mixture of regressions model

Further investigation showed that the yield observations included in cluster 1 had the smallest
mean rainfall. The observations in all three clusters are evenly distributed across the seasons variable,
but cluster 1 comprises of 61% yellow maize yield observations, and cluster 2 and 3 comprise of
55% and 34% yellow maize yield observations respectively. Cluster 1 can therefore be described as
containing mostly yellow maize yield observations and cluster 3 as containing mostly white maize yield

observations. Consider this observation while comparing Figure 5.4.6 and Figure 5.3.1, and it becomes



CHAPTER 5. APPLICATION: MAIZE YIELDS 87

clear that the remark is consistent with the original data structure in that cluster 1 and 3 locations
(Figure 5.4.6 ) coincide with areas where yellow and white maize are predominantly planted (Figure
5.3.1).

Figure 5.4.7 illustrates the clustering result by plotting the observed yields against standardised
rainfall and colouring the markers according to the clusters. It seems like cluster 3 does not include
yield observations with as high rainfall values as seen in cluster 1 and 2 however the distinction is
unclear. In contrast to Figure 5.4.6, Figure 5.4.7 does not seem to clearly distinguish three definite

clusters.
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Figure 5.4.7: Observed yield by rainfall - spatial variant mixture of regressions model

After fitting the spatial variant mixture of regressions model for K = 3 clusters the study found
that the resulting regression functions were very similar across clusters, this is evident in Figure 5.4.7.
When comparing the clustering from the spatial variant mixture of regressions model in Figure 5.4.7
with that of the traditional mixture of regressions model in Figure 5.4.2 it is clear that the clustering
result illustrated in the latter (clustering results for the traditional mixture of Gaussian regressions
model) yields more distinct clusters. However, the opposite is true when the clustering result in Figure
5.4.6 is compared with that in Figure 5.4.1; the spatial variant mixture of regressions model provides
informative spatial clustering.

Retrospectively, it is likely that this specific data set was not perfectly suited for the spatial vari-
ant mixture of regressions model, in that the latent variables: agronomic management practices and

microclimates, were not clearly represented in the amount or type of data available (the fitted model
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residuals in Figure 5.4.5 clearly demonstrate that the data set was not a good fit). This was also evi-
dent in the fact that the traditional mixture of regressions model clearly identified distinct regression
functions across the three clusters without accounting for spatial information; whereas the spatial vari-
ant mixture of regressions model identified spatially distinct clusters with relatively similar regression
functions across clusters. Ideally one would have liked to have seen spatially significant clusters and
distinct regression functions in the results of the fitted spatial variant mixture of regressions model, as
was demonstrated in Section 4.3. Even though this data set has a spatial underpinning as discussed
in Section 5 and the spatial variant mixture of regressions model delivers useful spatial clustering, it
did not deliver particularly heterogeneous regression models for the identified clusters; suggesting that
not all of the covariates included in the analysis have a clear spatial dependence.

What stood out however, is that the type of maize produced was the covariate that clearly differed
according to location (see Figure 5.4.6) and that this was also depicted in the resulting clusters (as
discussed above). On the other hand, even though rainfall differs slightly across regions in the Free
State - the distinction is not as clear or extreme as for the type of maize covariate. The season variable
is not location specific either, in that the area where maize was grown did not change drastically over
the years considered here. A lesson learned therefore is that the spatial variant mixture of regressions
model performed well in terms of distinguishing clusters and estimating their respective regression
models with respect to the variable that has a clear spatial dependence.



Chapter 6

Conclusion and future work

This study provides a detailed discussion of finite mixture of multivariate Gaussian distributions
and the maximum likelihood estimators were derived for the general K-component case. It was demon-
strated that this model correctly identifies and estimates the mixture components in the univariate
and bivariate cases even when the location of the mixing distributions are equal and only variances
differ. The study also demonstrated the theory and application of the finite mixture of multivari-
ate Gaussian regressions model. Evaluation of model performance was briefly discussed for the finite
mixture of multivariate Gaussian regressions model and two methods for calculating the coefficient of
determination were put forward.

The application of mixtures of Gaussian distributions and regression models in the image segmen-
tation context was discussed. The present study reviewed the incorporation of a Markov random field
to model the pixel location information, and the resulting spatial variant mixture of Gaussian regres-
sions model was defined. An example was designed to illustrate the application of the model. The
clusters were spatially correctly identified and the corresponding regression functions were accurately
estimated.

The spatial variant mixture of regressions model was applied to the agricultural context: dryland
maize yield observations in the Free State were modelled as a function of maize type, precipitation
and season (time). A traditional mixture of Gaussian regressions model was fitted for comparative
purposes, and it clearly identified three distinct clusters without accounting for location information.
The spatial variant mixture of Gaussian regressions model successfully identified underlying spatial
clustering, particularly with respect to the maize type covariate. However, it was found that the
estimated regression parameters were similar across clusters, suggesting that not all the covariates
contained sufficient spatial information. Keep in mind, that a statistical model inherently simplifies
the crop production process and that a myriad of factors and interactions determine crop yields.
Retrospectively, it was found that the investigated data set was not perfectly suited for the spatial
variant mixture of regressions model, consequently this study suggests that more spatially-specific
covariates be included in the regression (e.g., soil type, solar radiation and temperature).

It is recommended that the following points and recommendations are investigated in future:

e Formalisation of model performance measurements for finite mixtures of regressions models is

required.

89
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e Expand the example on the performance of the spatial variant mixture of Gaussian regressions
model to a formal simulation study [6] (using Monte-Carlo Markov Chain methodology), with a

focus on map-type images.

e Include more spatially-specific covariates in the spatial variant mixture of Gaussian regressions

model (e.g., soil type, solar radiation and temperature) to improve the model fit.

e Use a gridded approach to model spatial dependency for map-type data, as opposed to the

coordinates approach used in the present study.

e The random errors in the component regression models can be assumed to be skew-Gaussian
distributed (rather than e; ~ i.i.d. N (0,3%;)) to improve model performance in real-life appli-

cations.

e Use a spatial regression model for the mixture component models rather than the simple linear

regression model.

e Bayesian modelling can be used as another way of incorporating a prior and thereby to model

spatial dependency.

The spatial variant mixture of Gaussian regressions model is a powerful tool to incorporate spatial
dependencies in the fuzzy clustering model. It has the potential to extract spatially explicit clusters and
simultaneously estimate corresponding regression models. However, the application depends on data
sets that contain discernible spatial information; various applications in the agricultural production

and consumption context will be investigated in future.



Appendix A

Results for deriving the MLE’s

Lemma’s for deriving the maximum likelihood estimators for the multivariate Gaussian distribution:

A.1 Lemma 1
Consider the function f(C) = iN.In|C| — 1tr (CD) where C >0 and D >0. f(C) is at a
maximum if C = ND~1.

Define Cq with characteristic roots A1, A, ..., A\x such that C = D*%COD*%.

Proof

1
f(© = 3N 1n’D*%COD*%

- %N. In|D~1Cy| — %tr (D~'DCy)

- %tr (D~tcop D)

1 1 1
= §N.1n|D |+§N.III|CO|7§tT‘(CO)

k
_ 1 1yl Y
= 2N.1n|D |+2;{N.ln()\z) Ai} (A.1.1)

Let g (A) = N.In (A) — \. Find A which maximises g (A) by taking the derivative and setting it equal

to zero:

ag()\) =0
N
1 =
5\ 0
N = A

Take the second derivative to confirm that this is indeed a maximum:
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d? -N
%9 (A) |A=N = V‘A:N
-1

therefore g () is maximised where A = N. It follows therefore that A.1.1 is maximised where the

characteristic roots of Cg are equal to N; Cg = I.N. Therefore, f (C) is maximised where

D 2CoD"*
D :LND*
ND!

Q
o

A.2 Lemma 2 - Maximum likelihood estimators of the multi-

variate Gaussian distribution

Suppose Y1,Y2,.., YN, N > p is a random sample of N (p x 1) vector observations form a
N (p, X)distribution with g : px 1. Let Y = (Y1,Y2,...,YN). Then E(Y) = (... u) = p1’. The
observed sample is y = (y1,¥2, -, YN)-

a)

It can be shown that 22[:1 Yo =)' (ya—p) =tr [E7 (y — pl') (y — p1')’]

Proof

N N
Vo= E (Ya—p) = D tr[(ya—w)'S " (ya—n)] (trace of a constant)

a=1 a=1

b)
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The likelihood function of the multivariate Gaussian distribution is given by

1 1 _1 / N/
L(N,E)ZW.exp<—2tr(E (y—ul)(y—ul)))

Proof
N
1 /
L(p®) = 1;[ [%p/gmm ( 5 Va—p)'E" (m—u))
N
— ) Np/z |2|N/2 ( 3 Z (Yo — u))
= (QW)NP/Q |2|N/2 ( % —pl) (y — pl’) ’)) (using result in 4)).2.1)
*
c)
L(p,X) can be written in terms of § = %Zgﬂ Yo and A = 25:1 (Vo —F) (Yo —9)" =
(y-¥y1)(y-¥1)"
1 1 -1 N _ Iv—1 /=
L(p’az) = Wwexp{—ztrﬁ A—;(y—u) b (y—u)}
Proof
N
(y-—pl)(y—p1) = > (Ya—n) (ya—n)'
agl
= D> (Fa=D+FT 1) (ya—9)+(F - 1)’
= A+NF-p)(y-n (A.2.2)

since the cross products are a zero matrix, e.g.:
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N
Y = e G-w

a=1

Therefore, the result in c¢) is proven by combining the result in Equation (A.2.1) and (A.2.2):

1 1 _ _ _ ’
L) = — o exp (—tr S A+NG - (T - p )
1 1 N
= — ——tr XA -~ (F-p)'2 (F - A2
(2m) 772 |5 2 eXP{ Str 5 (Y —H) ¥ u)} (A.2.3)
*
d)
The maximum likelihood estimator for X is given by 3 = +A =1 25:1 Ya—Y) Ya—¥)

Proof

From Equation (A.2.3) it follows that In L (g, 3) = _TNP In (27)+5 In |E|7lf%tr271Af% (F—w)'E"1(y—n).
We see that since ™1 is positive definite, L (i, X) is maximised for any X if § = p; 1 = y.

If we then want to maximise L (p, X)) in terms of X, when ¥ = p, we need to maximise In L (p, X) =
L PN S T Y- ¥

Applying Lemma 1; set C = X' and D = A then In L (u, ) is maximised where s
therefore 3% = LA = LS (v, —9) (ya - 7)’

T NAY



Appendix B

Standard statistical results used

throughout this document

Table B.0.1: Standard statistical results

] Description \ Result \
Bayes’ rule P(ANB|C)=P(A|B,C).P(B|C)
Conditional probability P(ANnB)=P(AB).P(B)

Law of total probability P(A|B) = %
Trace of a constant tr (¢) = ¢ where ¢ is a constant
Sum of a trace tr(A+ B)=tr(A) +tr(B)

Trace multiplication tr (AB) = tr (BA)
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