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Abstract

In this work we deduce the types of phonons that take part in scattering electrons from
the Brillouin zone (BZ) edge of germanium at the critical point L to the BZ centre at
high symmetry point I ;’5. Ge semiconductor has the diamond structure and is a member
of the O,Zspace group. The scattering of electrons by phonons in Ge and other similar
crystals is a phenomenon that is of critical importance in comprehending the mobility of
charge carriers and other significant transport phenomena. Further understanding of the
electron-phonon scattering process in Ge and other similar crystals is pertinent because
of the possibility of opening new ground in terms of improving the perfomance and
efficiency of modern electronic devices made from these semiconductors. Commencing
from the Kronecker product (LQ)E;”'““’ ® (F;E))e;""al = L] + Ly +2L3, we use group
theoretical techniques to compute Clebsch-Gordan coefficients (CGCs) that are utilised
to interpret the scattering of electrons from the critical symmetry point L3 to the critical
symmetry point I‘;E)Within the valence band of Ge. We found out that when electrons are
scattered by phonons from the BZ edge of Ge, at point L3 to the BZ centre, point F2+5,
both the longitudinal acoustic (LO) and transverse optical (TO) phonons are present but
it is only the TO phonons that participate in this sacttering process. The longitudinal
optical (LO) phonons are non-existent in these types of transitions in Ge bands. Our
theoretical results are consistent with the experimentally obtained phonon dispersion

curves for Ge.

11
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Chapter 1

Introduction

The main objective of this work is to determine the types of phonons that are involved
in scattering electrons from the Brillouin zoneﬂ (BZ) edge of germanium (Ge), at high
symmetry point L, to the BZ centre- high symmetry point F;%. Electron-phonon
interaction is a primary source of scattering in nano-devices. The transport properties
of Ge based nano-devices and other similar conductors depends on the electron-phonon
interactions[I].

We use Clebsch-Gordan coefficients (CGCs) to deduce the types of phonons that
take part in this electron-phonon scattering phenomenon. In this work the CGCs that
are used to comprehend and interpret this scattering phenomenon are explicitly derived.
Electrons can be scattered by phonons from one energy band to another or within
the same energy band- that is inter-band and intra-band scattering respectively. An
energy band is a spectrum of energy levels that form a continuous range of energy values
available for charge carriers. Phonons are ionic motions or quanta of lattice vibrations.

The calculated CGCs in this work are used to interpret the intra-band scattering of
electrons by phonons in the valence band of Ge from the critical point Ls to the high
symmetry point F{:). The CGCs or coupling constants are also utilised to determine the

allowed or forbidden phonon transitions within the valence band of Ge.

!The concept of the BZ and symmetry considerations are dealt with in chapter 2.

12
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CHAPTER 1. INTRODUCTION 13

The use of Clebsch-Gordan coefficients is a powerful group theoretical technique that
is widely used to explain theories for a number of phenomena. Among other processes,
Clebsch-Gordan coefficients can be used in the derivation of elements of tensors for Bril-
louin scattering, description and derivation of “morphic induced” Raman scattering[2].
Coupling constants are also utilised in the diagonalisation of phonon dynamical ma-
trices, the description of Gunn effect and the construction of the Hamiltonian matrix
elements|3].

This work is also in the form of an incremental improvement in comprehending radia-
tive transitions as well as inter-valley and intra-valley scattering phenomena in GeE| using
apt selection rules[4]. Selection rules or transition rules govern the transition of charge
carriers from an initial quantum mechanical state to another in crystals. The transition
rules are of fundamental importance as they are a pre-requisite in the computation of
coupling coefficients for crystals[5].

The coupling constants are of utmost importance as they are related to elements
of scattering tensors which enable one to comprehend the scattering phenomena in
crystals[6]. The scattering processes in crystals have a significant bearing on the mobil-
ity of charge carriers and other transport phenomena. A number of investigations on Ge
and other similar crystals are focusing on obtaining apt conditions that can be used to
obtain maximum carrier mobility in order to increase the perfomance and efficiency of
Ge devices. Further understanding of the transport phenomena in Ge and other similar
crystals is pertinent as it can lead to an even wider application of these semiconductors
especially in the making of opto-electronic devices and modern electronic components.

Ge semiconductor is a member of the OZ space groupﬂ diamond structure. The
space group of a crystal gives all the possible symmetry properties of the crystalﬁ The
Ge point group is the cubic group Op. The OZ space group has 48 by 48 symmetry

elements.

Inter-valley and intra-valley scattering phenomena are explored in Chapter 3

307 is the Schonflies notation. The space group number is 227 and the full international notation is
F4,/d32/m.

*In three dimensions there are 230 space groups and 32 crystallographic point groups

© University of Pretoria



CHAPTER 1. INTRODUCTION 14

Applying group theoretical knowledge of the OZL space group to Ge semiconductor,
we analyse the first Brillouin zone of this crystal as well as its electronic band structure
in chapter 2. This is of fundamental importance as the optical and electrical properties
of any crystal hinges on the structure of the BZ and the energy bands of the crystal.
The layout of the rest of this dissertation is as follows- we explore the phenomenon of
electron-phonon scattering in Ge and the group theoretical techniques applied to this
process in chapter 3. In chapter 4 we discuss selection rules for Ge before the derivation
of CGCs in chapter 5. We will then present the calculated CGCs that are used to
understand the scattering process of electrons by phonons from the BZ edge at point Ly
to the BZ centre at high symmetry point F2+5. The last two chapters of this dissertation
are the discussion of results and conclusion respectively. This will then be followed by

the appendices section.

© University of Pretoria



Chapter 2

Symmetry and energy band

structure of Ge

In this chapter we analyze symmetry transformation before we briefly delve into the
fundamental concept of groups. We discuss the concept of the Brillouin zone and the
electronic band structure of Ge. In order to understand the properties of a given crystal,
we have to comprehend the BZ of the crystal and the electronic energy bands as they

have a strong bearing on the the optical and electrical properties of the material.

2.1 Symmetry transformation

We define a symmetry transformation as an operation on a crystal or part of a crystal
that leaves the crystal unchanged. The crystal is exactly the same as it was before the
operation was carried out [7]. Some fundamental symmetry operations that leaves a
crystal in the same positions as before are:

i. Cp- denotes rotation of a crystal about a given axis through a specified angle, 27”:
If we repeat this application the symmetry transformation will be denoted by Ck where
p, z are integers. For instance C’g, means rotation by %’r and this transformation is done

two times;

ii. FE- is the identity symmetry transformation: Following the procedure above n

15
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CHAPTER 2. SYMMETRY AND ENERGY BAND STRUCTURE OF GE 16

successive rotations about a given axis through the angle 27” yields the identity operation
E=0

iii. 4- is the inversion symmetry transformation: For this transformation we have
i(z,y,2) = (—x, —y, —z) and the crystal appears as it was before even after an inversion
through an origin called the centre of inversion;

iv. o-denotes reflection: we can have a mirror reflection in a given plane, for instance,
op, and o, stands for reflection in the horizontal and vertical plane respectively;

v. t-is translation or parallel displacement of the crystal : for this transformation we
assume that the crystal lattice is infinite.

All symmetry transformations of a finite solid crystal must leave at least one point
of the crystal fixed or unchanged. The fixed point does not move during the symmetry
operation. If many symmetry operations can be done with respect to this point, we refer
this point as a critical symmetry point or high symmetry point. Likewise the axis of
highest symmetry of a crystal or molecule is called the principal axis. A three-fold axis,
for example, implies that there are three symmetry operations about that axis under
consideration. Some crystals do not have a principal axis.

Crystals have symmetry because they are formed from a unit cell called the primitive
cell in a direct lattice. The primitive cell of the reciprocal lattice- the Brillouin zone (BZ)-
is of paramount importance when using symmetry to study crystal properties because
it forms the whole lattice structure by symmetry transformations. Within and around
the BZ we have fundamental symmetry operations that can be used to comprehend
the physical behaviour of crystals in different directions- anisotropy [7]. Symmetry
operations form groups when they act on a set of given members. In the next section

we briefly explore the concept of groups.

2.2 Group (G)

A group is a set of members that have a common law of operation that can be applied

on all the group members such that four fundamental axioms of associativity, closure,

© University of Pretoria



CHAPTER 2. SYMMETRY AND ENERGY BAND STRUCTURE OF GE 17

identity and inverse hold. Associativity implies that the outcome of a series of operations
on given group members is the same even if we change the grouping of the elements as
long as we keep the order of the elements constant. For instance, if g, h, k € G we have
gx(hxk) = (gxh)*k, where x denotes the group operation such as a symmetry operation.
Closure in a group means that the product of any two members of the group must give
an outcome of a member that is already in the group, that is g x A € G. In every group
there must be an element that does not change anything when it operates on any given
group member. This symmetry element is the identity and it is of critical importance in
comprehending some group theoretical concepts. Therefore, for each member of a group,
g € G, we have gx F = Exg = g, where E denotes the identity element. Every element

in a given group has an inverse that reverses or undoes the work of each member. For

1 1

an element g, we have an inverse g~!, which satisfies g* g7 = g7 ! x g = E. A given
set of members together with their law of operation is a group if all the four axioms
are true. A complete table of composition for all the group members forms a group
table or multiplication table which is crucial in understanding the properties of group
members. In this work, our crystal of interest- Ge- belongs to the point group Oj and
space group OZ. The space group of a crystal gives all the possible symmetry properties

of the crystal. Fundamental to understanding the properties of a given crystal lies in

comprehending the symmetry properties of the Brillouin zone of the given crystal.

2.3 The Brillouin zone

Any space group is made up of an invariant sub-group of primitive translations that are

of the form

{e | Rn}

and

R, = nit1 + nats + nats (2.1)

© University of Pretoria



CHAPTER 2. SYMMETRY AND ENERGY BAND STRUCTURE OF GE 18

where n1 ,n2 and n3 are integers and n denotes the collection of the three integers;
t1, to and t3 are the basic primitive translation that are linearly independent.
The collection of the entire points that are generated by the vectors R, is referred to

as the crystal lattice. The primitive translations can be given in the form hereby stated

{e| Ry} = eliF1tn) (2.2)

where

k = kiby + koby + ksbs (2.3)

51, 52 and 53 are the primitive vectors;

k is a vector that forms or generates irreducible representations of the pure transla-
tions group.

The crystal space that is spanned by the vectors b_i, 52 and b_;;, is called the reciprocal
space. The smallest repeating space or unit cell of the reciprocal space is called the
Brillouin zone[8]. In reciprocal space a solid crystal structure is composed of these
fundamental identical periodic regions- the Brillouin zones. Apt transformations of the
Brillouin zone forms the entire crystal structure. Some of the symmetry transformations
that are of critical importance are translation operations, reflections, rotations and a
combination of these. The BZ is invariant under these symmetry operations of the
space group of the crystal under consideration.

The concepts that are true throughout the entire BZ are also true for the entire
crystal structure. The BZ comprises high symmetry points and lines which are critical in
comprehending the processes that happen in a semiconductor. Figure 2.1]is an example
of the first BZ of the body-centred cubic lattice showing high symmetry points and lines
[8]. In this work we have considered the first BZ because it is simple yet has all the
relevant physical information required to comprehend scattering processes in a given
crystal.

The point I' is the origin or centre of the Brillouin zone as depicted by figure [2.1

© University of Pretoria



CHAPTER 2. SYMMETRY AND ENERGY BAND STRUCTURE OF GE 19

Figure 2.1: The first Brillouin zone of the body-centred cubic lattice crystal structure
showing the high symmetry lines and points [8|

© University of Pretoria



CHAPTER 2. SYMMETRY AND ENERGY BAND STRUCTURE OF GE 20

The irreducible representations of the entire space group OZL are the irreducible repre-
sentations of the group of transformations at point T, that is G*/'[§] . The symbols A,
A and 3 represent or shows the lines within the BZ. The line X is a bisector of the angle
between the k, and ky axes. The points K, W, X, U and L are situated on the surface of
the BZ. The high symmetry points and lines have different but equivalent labelling as
shown by table in appendix C[9][I0][I1]. We use coordinates as depicted by table
in appendix D[II], to indicate the positions of these critical points on the BZ.
After constructing the Brillouin zone, we can have a k-vector that is in or on the
surface of the BZ. If the k-vector is allowed to move in the interior and surface of the BZ
by symmetry transformation, we get a sub-group of operations of the space group which
leaves the k-vector unchanged or send it into one differing by a primitive translation
of the reciprocal lattice. The specification of the irreducible representations of the sub-
group, for instance G*L- the sub-group at point L, completely gives the irreducible

representations of the entire group G* [8].

2.4 Energy band structure of Ge

An isolated atom has a number of energy states available for charge carriers. In a
crystal, we have many atoms that are close together so that a large number of energy
levels exist for charge carriers. We define an energy band as a range of energy states
that can be occupied by charge carriers. Two energy bands that are important are the
valence and conduction bands because they play a significant role in the mobility of
charge carriers in a material. The valence band is the highest occupied energy band in
a material at absolute zero temperature. The conduction band is the next band above
the valence band which has a range of energy states that charge carriers can occupy. In
the conduction band, charge carriers are freely mobile and are capable of producing a
current. The valence band is separated from the conduction band by an energy gap or
forbidden gap where there are no energy levels available for electrons.

An energy band that is completely filled or empty band cannot have an electric cur-

© University of Pretoria



CHAPTER 2. SYMMETRY AND ENERGY BAND STRUCTURE OF GE 21

rent. The conduction of electric current in a material is due to the motion of electrons
and holes in the conduction and valence bands. An insulator is a large band gap ma-
terial which has no electrons or holes available for the conduction of electric current.
An intrinsic semi-conductor behaves like an insulator at absolute zero temperature. We
can thus define a semiconductor as a small band gap insulator at absolute zero. At this
temperature the conduction band is empty whereas the valence band is completely filled
hence there is no possibility of having current flow. If the temperature of a semiconduc-
tor is increased, electrons undergo transition from the valence band to the conduction
band. This creates a partially filled conduction band that contains thermally excited
electrons available for conduction. The transition of electrons from the valence band to
the conduction band creates vacant orbitals or holes in the valence band. The holes also
contribute to the conduction of electricity. Therefore the total contribution to electrical
conductivity is due to the presence of both electrons and holes in the conduction and
valence bands respectively. In metals, the valence and conduction bands overlap, hence
they are very good conductors of heat and electricity.

Ge is an indirect band gap crystal material as shown by figure . An indirect
band gap semiconductor is one in which the conduction band edge and the valence band
edge occur at different locations and directions in reciprocal space. The conduction band
edge of Ge is along the (111) direction. The minimum in the conduction band of Ge
is located at the point L(%)(111) on the BZ boundary. The symmetry of this critical
minimum is Lf.

The conduction band edge comprises four degenerate pairs of L-valleys along the
(111) direction|I3]. The four degenerate valleys have wave vectors whose directions are
(111), (111), (111) and (111) as depicted by figure 2.3]14]. The valence band edge is at
the zone centre at point I (000) and has symmetry of 'j;.

Ge crystal structure is a lattice that has two atoms in a given unit cell. The atoms are
positioned at (0,0,0) and (%, %, %) in the unit cell (a = 5,6575A4). This semiconductor

belongs to the diamond crystal structure which is composed of two identical face-centred

© University of Pretoria
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Figure 2.2: The energy band structure of Ge showing the critical symmetry points [12]

cubic lattices which are interpenetrating|I4]. At absolute zero temperature, the valence
band of Ge is separated from the conduction band by an energy gap of approximately
0.67eV. The energy gap, I, which gives us the forbidden states changes with tempera-
ture. As illustrated by figure 2.2], for Ge and other similar crystals, two bands converge
at the valence band edge at the BZ centre. These bands are referred to as the heavy-
and light-hole bands.

Charge carriers such as electrons can undergo transitions from one high symmetry
point to another in the electronic energy bands of Ge as a result of interactions with
quasi-particles such as photons and phonons. We discuss electron-phonon scattering

phenomena in Ge semiconductor in the next chapter of this dissertation.
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Figure 2.3: The (110)plane of the germanium reciprocal lattice [14]

© University of Pretoria

23



Chapter 3

Scattering in Ge

A number of investigations on Ge and other similar crystals are focusing on obtaining apt
conditions that can give rise to an improvement in carrier mobility in order to increase
the perfomance and efficiency of Ge devices. The model of carrier transport developed
for Ge in order to comprehend the transport phenomena in this semi-conductor is the
intra-valley and inter-valley scattering between its four energy minima. In this chapter
we would like to briefly explore intra-valley and inter-valley scattering in Ge and the

scattering of electrons and holes by phonons.

3.1 Intra-valley and inter-valley scattering

We define scattering as the transition of charge carriers from an initial quantum me-
chanical state to another as a result of their interaction with different excitations such as
photons, phonons, other carriers, impurities, surfaces, inter-surfaces, defects and also be-
cause of the presence of pressure gradient, temperature gradient , electrical field gradient
and other field gradients within a solid crystal[13].

Scattering is divided into two classes, which are intra—valleyﬂ and inter-valley scat-
tering. Intra-valley is the scattering of carriers within the same valley or between valleys

that belong to the same star. Star is a collection of valleys that have the same number

!The term valley refers to energy minimum

24
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CHAPTER 3. SCATTERING IN GE 25

of carriers and energy and hence are considered to be equivalent. Inter-valley scattering
is the transition of carriers from one energy valley to another valley that do not belong
to the same star in k-space. Inter-valley scattering is classified into g- and f-scattering

processes that are outlined in the next sub-section.

3.1.1 g- and f-scattering

For g-scattering, carriers are scattered from an initial valley to another on the opposite
side of the same axis as shown by figure [I]E] The g-process is denoted by g, and
for this phenomenon the two valleys have the same orientation. During the f-scattering
process, carriers are scattered the first valley to another one that has a different orien-
tation. The f-scattering phenomenon is denoted by ¢y as illustrated by figure @ If the
electron valley lies in the same BZ after the scattering process, then such a process is
called a normal process. In contrast if the electron valley lies in an adjacent BZ after
scattering phenomenon, then the process is called umklapp[I3]. Figure depicts two
adjacent Brillouin zones that can be used to describe a normal or an umklapp process.

Germanium semiconductor is composed of four energy valleys as illustrated by figure
[16]. The scattering processes in germanium encompass the transition of charge car-
riers between the four energy valleys. All possible electron-phonon scattering processes
and other transport phenomena in Ge depends on what transpires in these constant

energy valleys.

3.2 Group theoretical techniques applied to scattering

The states of particles or quasi-particles that are involved in the scattering phenomena
are represented by wave functions or state vectors in a Hilbert space. The wave func-
tions contains the possible measurable information of the system under consideration.
Some of the physically measurable observables carried by the wave functions includes
the displacement, frequency, energy, momentum and the wavevectors of the particles

participating in the scattering processes. Utilising symmetry principles, the wave func-
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[-0.18, 015, -1

Figure 3.1: Diagram to illustrate g- and f-scattering phenomena in a (110) plane [15].

Figure 3.2: Two adjacent Brillouin zones that can be used to illustrate normal and
umklapp scattering processes [13].
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Figure 3.3: The four degenerate L- valleys of Ge [16].

tions are given in a form such that they have transformation properties of the crystal
space group under considerations. Such wave functions are said to be symmetrized.
The states of particles and quasi-particles involved in scattering phenomena are
represented by irreducible representations of the crystal space group of the semiconductor
under considerations. Quasi-particles such as phonons do not have spin. We utilise
single-valued irreducible representations (SV irreps) to represent the different states
of such quasi-particles. If spin is considered, for example for electrons, the quantum
mechanical states of particles of that nature is denoted by mathematical objects called
spinors. Spinors are also referred to as double-valued irreducible representations.
During scattering phenomena, the interaction of the particles, for instance electrons
and phonons, is represented by Kronecker products (KPs). Inter-valley and intra-valley
scattering processes in Ge and other semiconductors are described by using appropriate

Kronecker products. The KPs derived from high symmetry points aptly connects the
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valence band edge and the conduction band edge of the BZ under consideration. Lax and
Hopfield[17] pointed out that scattering of electrons from the top of the valence band to
the bottom of the conduction band, as depicted in Ge are apt examples of phenomena
in which various paramount points of the BZ are intertwined by a perturbation.

For Ge, the high symmetry points on the BZ that among others are of critical impor-
tance in describing the scattering processes are I', L, A and X. The energy, momentum
and wavevectors of the particles or quasi-particles are conserved during scattering phe-
nomena. The conservation of these physical quantities that are of critical importance is

represented by the wavevector selection rules (WVSRs).

3.3 Scattering of electrons by phonons

The displacement of atoms in the unit cell from their positions of rest will give rise
to vibrations or elastic waves that propagate throughout the crystal. These ionic mo-
tions or lattice vibrations are called phonons. There are four kinds of phonons, that
is transverse acoustic (TA), longitudinal acoustic (LA), transverse optical (TO) and
longitudinal optical (LO). The four types of phonons interact differently with electrons
and holes during the process of scattering. Scattering of electrons by phonons from the
Brillouin zone edge to the zone centre encompass a change in crystal momentum from
the initial momentum ¢ # 0 to ¢ = 0. This crystal momentum must be conserved. In
order for this to happen, the electrons can either emit or absorb a phonon that has a
crystal momentum of wave vector ¢. The phonon spectrum of Ge has four branches in
the direction of the conduction band edge. Therefore we have four phonons of different

energies that have the apt crystal momentum[1§].

3.3.1 Intra-band scattering by phonon emission

We consider an electron of effective mass m* , initial energy F; and wave vector k.

The electron is positioned in a periodic parabolic band and is scattered by a phonon

within the same band- intraband scattering. The electron undergoes a transition to
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another quantum mechanical state of energy E; and wave vector E’) Let us consider
a case whereby this phenomenon involves the emission of an acoustic phonon that has
energy I, and wave vector 7 Since the crystal lattice is periodic , the total energy and
wave vectors of the particles or quasi-particles participating in the scattering process are
conserved[13]. The energies and wave vectors of the electron and phonon are given by
equations and , that is

final energy of electron —initial energy of electron = energy of emitted phonon,;

final electron wave vector —initial electron wave vector = wave vector of emitted

phonon, i.e

E; - E; = E, (3.1)
%
WK =17 (3.2)

If the acoustic phonon if of small wave vector 7 , the energy of the phonon is linked

to the wave vector by equation (3.3)

E, = h1157 (3.3)

where v is the phonon velocity which is considered to be isotropic[13]. The permitted

or possible values of the phonon wave vector are obtained by combining equations (3.1)),

B2) and (B3) to get equation (3.4)

() (= 1F =) = 7 (3.4)

2m

If we compute the values that ¢ can take, we deduce that the permissable values of ¢
are entwined between a minimum, ¢,;,, and a maximum, ¢,q. E| In the next sub-section

we now consider intra-band scattering by phonon absorption.

>The scattering of electrons by emission of an acoustic phonon is considered to be elastic.
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3.3.2 Intra-band scattering by phonon absoption

We consider a normal scattering phenomenon where an electron undergoes a transition
from an initial state k to a final quantum mechanical state k' as a result of the absorption
of a phonon that has wave vector ¢[I9]. If we assume that crystal momentum remains
constant and the initial and final electron states are found within the same spherical

parabolic band, the phonon absorption depends on equation (3.5

k? = k* 4+ ¢* + 2kqcost (3.5)

where 6 is the angle between initial the wave vector k and the final wave vector &’

h2 le o h2 k‘2

2m* 2m*

+ fiw (3.6)

thus we have
*

cost) = —% + T}r;]{: (3.7)
Now if we let
f@) =+ (3.8)
we have the function
f(q) = cost (3.9)

The principles of conservation of energy and momentum imposes the restriction -
1< f(q) <1 on equation (3.9). For absorption of acoustic phonons, for instance, we
have w = v4q and hk = m*v thus we get equation (3.10))

—q Vs
=142 3.10
fla)= o+ (3.10)
For a particular case where v > vg, the minimum value taken by ¢ is 0 and the

maximum value of ¢ is given by f (¢) = —1[19]. Therefore for phonon absorption, the

allowed values of ¢ also lie between a minimum and a maximum.
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3.3.3 Born-Oppenheimer electron-phonon interaction

We use the Born—Oppenheimelﬁ approximation to describe the scattering phenomena
that happens when charge carriers undergo a transition from an initial quantum me-
chanical state to another as a result of their interactions with phonons or lattice vibra-
tions. For the Born-Oppenheimer approximation to hold, we assume that electrons can
respond instantaneously to the lattice vibrations. The ions are regarded as being sta-
tionary when compared to the electronic motion. In contrast the ions cannot follow the
motion of the electrons. They are considered to be influenced by a time-averaged adi-
abatic electronic potential. In this approximation, we assume that the electrons follow
the ionic motion adiabatically[13].

Utilising this approximation we decompose the Hamiltonian of a crystal into three

fundamental terms, that is
H = Hions<ﬁj) + He(ﬁh Ejo) + He—ion(ﬂ‘u 5Rj) (3'11)

where Hions(ﬁj) describes the atomic displacements under the effect of ionic potentials
as well as the time-averaged adiabatic electronic potentials;

—

H.(75, Rjo) is a term that describes the electrons when the ions are assumed to be
fixed in their equilibrium positions Rjo;

He_ion (75, 51%) represents the electron-phonon interaction which brings about a
change in the electronic energy because of the displacement of the ions from their posi-
tions of rest.

Electron-phonon interactions which give rise to inter-valley and intra-valley scatter-
ing can induce changes in the electronic band energy. Phonons or atomic displacements
can shift the electronic energies at various points in the Brillouin zone. Charge carriers,

for example electrons can interact with zone-center phonons and zone-edge phonons and

are continuously scattered within an energy valley or from one energy valley to another-

3 The Born -Oppenheimer approximation for electron-phonon interaction is sometimes known as the
adiabatic approximation[I3].
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inter-valley scattering. Understanding of the inter-valley scattering phenomenon re-
quires the computation of the inter-valley electron-phonon Hamiltonian as described in

the next section.

3.3.4 Inter-valley electron-phonon Hamiltonian
For inter-valley electron-phonon interactions, the inter-valley electron-phonon Hamilto-
nian is given by

0H,

where € is the phonon polarization vector;

u is the amplitude;

q is the wave vector of the phonon;

b is the branch number.

Since scattering gives rise to the transition of a carrier from one quantum mechanical
state to another, the inter-valley electron-phonon Hamiltonian can be given in terms of
its matrix elements between the initial and final electronic states as depicted by equation
(13.13)

DijH = <n Fi | Hiw| ), Ej> (3.13)

where D;; is the inter-valley deformation potential;

¢ and j denote respectively the initial and final valleys in the scattering;

n is the electronic band index;

k is the wave vector.

The transition of charge carriers from an initial quantum state to another is subject
to certain constraints that can either allow or forbid such processes. These constraints
that permit certain transitions whilst rejecting or filtering out other quantum mechanical
transitions are referred to as selection rules. The selection rules for inter- and intra-valley

scattering phenomena in Ge are dealt with in the chapter that follows.
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Chapter 4

Selection rules

In this chapter we explore group theoretical selection rules and wave-vector selection
rules. We will utilize the selection rules to determine if radiative transition of electrons
from the conduction band to the valence band of Ge is allowed. We also use a similar
technique to determine the possible intra-band phonon transitions in the valence and

conduction bands of Ge.

4.1 Selection rules

The transition of a charge carrier from an initial quantum mechanical state to a new
state is controlled by selection rules. Selection rules determine whether a transition is
possible or not. There are many mathematically possible transitions of charge carriers
from one quantum mechanical state to another. The selection rules filter the transitions
that are physically permissable. Understanding of scattering processes in crystalline
solids requires the use or computation appropriate selection rules.

Lax and Hopfield|I7] pointed out that selection rules are derived from an integral of

the form

/\Iﬂ}\(k,r)\I/{L(k’,r)\I/T(k”,r)*dr (4.1)

where W4 (k,7) is a term that represents an initial charge carrier state which has symme-

33
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try transformations of the \** row of the irreducible representation i with wave-vector
k;

\Pﬂ(k’ ,7) represents the pertubation state of excitations such as photons, phonons
and others- these have symmetry transformations of the p® row of the irreducible rep-
resentation j with wave-vector k’;

U (K", r) represents the final charge carrier state which depicts symmetry transfor-
mations of the v* row of the irreducible representation m with wave-vector k.

If a transition from an initial quantum mechanical state to another is permitted,
the integral gives a non-zero value as the outcome. In contrast if the transition is not
allowed, the integral vanishes or gives a zero. The method that is generally utilised
to obtain selection rules from equation is to use the initial carrier state, the final
carrier state or the perturbation representation as a starting point for the construction
of a product representation. The product representation is then reduced into a sum of
irreps that are contained in the product as depicted by equation

\eDl=>" C;{;?;Dy (4.2)

Where C;]u”;’ is a term that denotes the frequency of occurrence of the representation
D in the product D} ® Dﬂ.

Therefore the decomposition of products of the irreducible representations of crystal
group under consideration yields the frequency of occurrence of each irreducible repre-
sentation in the product|s, 20]. The selection rules are derived from the eigen-functions
of a perturbation, \IJ{L , linking the initial and the final quantum mechanical states of a
system under consideration. The eigen-functions or wave functions are of the form

Vi = (U5 [ w77) (4.3)
where \Il")\ and U7 are the eigen-functions or wave functions representing the initial and

the final quantum states of the particles or quasi-particles participating in the transition
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processes.

The corresponding irreps are DY ,D,ﬂ and D]'. Using symmetry operators of the
OZ space group on the wave functions and the perturbation function, \Pi, we get the
Kronecker product between any two of the three irreps Df\, D{L and D]*. The K
represents the interaction between the particles or the quasi-particles involved in the
transition process. The transition between two states is allowed if the product represen-
tation is decomposed into direct sum of irreps that contains the identity representation

or the third representation not in the product. Consider the KP
\® D], =D+ D} (4.4)

The transition is allowed if the product of Dﬁ\ or DZL with the outcome, D] + D?, yields

a result that contains the identity representation.

4.2 The wave vector selection rules for Ge

The wave vector selection rules (WVSRs) represent the fundamental principles of energy
and momentum conservation in a crystal lattice. Consider for example, a charge carrier
in an initial quantum mechanical state k. The charge undergoes a transition to a new
state & due to interaction with say a phonon in a state &”. Crystal momentum is
conserved and the momentum conservation principle is expressed in the form depicted
by equation

' =k+k (4.5)

As given by Kunert et al [4] the WVSRs for the intra-valley scattering processes in

Ge for the four equivalent L-valleys in accordance with the form above, are

1kr + 1k = kp (46)

! The possible KP for the 230 space groups have been tabulated by Cracknell, Davis, Miller and

Love[10].
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2%y + 2kp, = kr (4.7)
3kp + 3kp, = kp (4.8)
Ay, + 4kp, = kp (4.9)

The four equivalent minima at the critical point L are obtained from the star of the
wave vector kr = 7(1,1,1) of the sub-group at this high symmetry point. We use Gkr
to represent the sub-group at the L point[4]. The collection of equivalent valleys at this

critical symmetry point in Ge is denoted by xky where

xkr, = Ekr, Cozkr, Coykr, Coky, (4.10)

Cagliy, = §<—1,0,0)

Cayhr, = =(0,-1,0)

Coshr = =(0,0,~1)

The symmetry operators of the OZ space group transforms the wave vector k; =
2(1,1,1) into the other equivalent valleys. Using CDML notation, some of these symme-
try operators are E(1),02,(2), Cay(3), C2.(4) and C3;(5), C51(9)[10]. For the inter-valley
scattering processes that encompass the L and X valleys in Ge, the WVSRs involve the

four L-valleys and the three X-valleys[4]. The WVSRs are represented by equations

(11 , (12) , (@13) ,[E.14], (.15) and (£.16).

1k + 3k, = kx (4.11)

2k + 4k, = kx (4.12)
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1kp + 2kp, = 5kx (4.13)
Ak, + 3kp, = by (4.14)
1kp + 4kp, = 9kx (4.15)
2k, + 3k, = 9kx (4.16)

The symmetric KPs that have to come into play in order to interpret the scattering
phenomena between different valleys belonging to the same star in Ge, are: [[a](2) ;

[Lll](g) 3 [Aﬂ(Q)[l?] Alternatively, this is given by [FQ,](Q) 3 [L1+](2) y [Al](g)[lo]

4.3 Selection rules for optical and intra-band phonon tran-

sitions in Ge

There is no direct link between the conduction band edge and the valence band edge of
Ge hence a direct transition that conserves the k-vector does not connect the valence
band maximum point to the bottom edge of the conduction band. The likely channels
of transitions of electron carriers from the conduction band to the valence band are of

two forms|[17]- case 1 and case 2 as depicted by figure and figure respectively.

Case I:

An electron could be scattered by a phonon first from L] to I'; (intra-
band scattering of an electron through phonon participation in the
conduction band of Ge) and then undergo another transition radiatively

from I'; (CB) to I';. (VB).
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When an electron gets scattered by a phonon from the high symmetry point Lf to
the high symmetry point I'; within the conduction band of Ge as depicted by figure

this interaction is aptly represented by the Kronecker product hereby stated|17]
Lfer, =L, (4.17)

When an electron drops radiatively from I'; (CB) to I'jz (VB) after being scattered by

a phonon from Lf to 'y the Kronecker product for this radiative transition is
@I =05 +Tn+Tn+ T3 (4.18)

The KP 1“;%@ I'}5 contains 'y, therefore group theoretically we can conclude that

the radiative drop is allowed[17].

Case 2:

An electron could undergo a vertical transition or drop radiatively from
the conduction band at high symmetry point L] to the corresponding
high symmetry point L; in the valence band. The electron can then
be scattered by a phonon from the Brillouin zone edge at point L; to
the BZ centre at high symmetry point I'j; - intra-band scattering of an
electron through phonon participation in the valence band of Ge.
When an electron drops radiatively from L (CB) to Ly (VB) at the Brillouin zone
edge, as shown by figure [4.2] the eigen-functions that govern the selection rule are of the

form

"
(sl w
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N

L1(CB)

N

I'; (CB)

I35 (VB)

39

Figure 4.1: CASE 1:The intra-band scattering of an electron by a phonon within the
conduction band of Ge from the high symmetry point L] to I'; followed by a radiative
drop from the conduction band to the valence band- high symmetry point I‘;E).
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(CB)

L

L3 ¢

(VB)

Figure 4.2: CASE 2: Vertical radiative transition of an electron from L (CB) to Lz
(VB) followed by the intra-band scattering of the electron through phonon participation
in the VB of Ge

The corresponding selection rule is

Ly ® T, =L + L3 +2L3 (4.20)

The product representation Ly ® L5 contains Lf which is the identity representation,
therefore group theory permits the radiative part of the transition. The symmetry
representation I'j; denotes the symmetry of light which undergoes transformation like
an ordinary vector (z,y,z). This vertical transition is only accompanied by a change in

energy since the k-vector is preserved- it remains constant.
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For the intra-band electron transition via phonons in the valence band of Ge, an
electron is scattered by a phonon from high symmetry point L; at the BZ edge to the
BZ centre- point I'js. This transition involves a change in the k-vector and energetic
phonons take part since there is a change in the direction of the charge carriers under

consideration.

This electron-phonon interaction is denoted by the quantum representation below:

(%5 G5,

Group theoretically the interaction is represented by the Kronecker product hereby

Ophonon (4.21)

stated:

(L)t @ (Dfs) et = LT + Ly +2L3 (4.22)

The representations L] , L, and Lj on the right side of the KP denotes the phonon
symmetry representations anticipated to take part in the valence intra-band phonon
transition of electrons in Ge. The phonons represented by the high symmetry points L],
L; and L3 are allowed to take part in this transition if quantum mechanical selection
rules derived from the initial electron state, final electron state and the perturbation
representation (phonon representation), yields an identity representation or the third
representation not initially in the product.

The quantum mechanical selection rules that have to be investigated are:

o electron
yelectron | ORIomOM @ (4.23)
3 1 Io5
o electron
electron | Gphonon (4.24)
L3 L, F;,:,)
o electron
\Ijelfctron OP 70”0” (425)
Ly Ly FQJE

This is investigated by way of the Clebsch-Gordan coefficients or coupling constants

which will be derived in the subsequent chapter.
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Chapter 5

Computation of Clebsch-Gordan

Coeflicients

In this chapter we explore the fundamental concepts of Clebsch-Gordan coefficients and
the unitary matrix. We commence from the description of the coupling constants before
we analyse their utilization in comprehending scattering processes in crystals. This
is then followed by a section on the construction of group representations before we
delve into a step by step computation of the coupling constants. The derived coupling
constants are used to interpret the intra-band scattering of electrons by phonons from
the Brillouin zone edge at high symmetry point L; to the zone centre at the critical

point I‘;% within the valence band of Ge.

5.1 Description of Clebsch-Gordan coefficients

The coupling constants are of utmost importance as they are entwined to elements
of scattering tensors which enable one to comprehend the scattering phenomena in
crystals[6]. The scattering processes in crystals have a significant bearing on the mobil-
ity of carriers and other transport phenomena. Clebsch-Gordan Coefficients are sets of
numbers that are used to transform the outer product or tensor product or Kronecker

product of two irreducible representations of a group G into a form that is suitable

42
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for process interpretation. H The outer product representation is carried by a tensor
product space and this can be reduced under the group G. The reduction of the outer
product of representations into irreps of G requires a basis transformation of the tensor
product spacesﬂ

The basis transformation is accomplished by way of using the unitary matrix. The
unitary matrix U is made up of orthonormal bases of Hilbert spaces or tensor product
spaces. The transformation from one orthonormal basis to another is done using the
unitary matrix[21]. A possible change of basis vectors is thus done by the unitary matrix
which preserves orthonormality and this simplifies calculations.

CGCs can therefore be defined as elements of the unitary matrix-U, that decomposes
the Kronecker product of two irreducible representations into a sum of blocks of irrps
contained in the Kronecker product DI} @ DM The unitary matrix transforms
the irreps into a completely reduced form by way of the operation given by equation

(5-1)
UM e DUy =3 it (5.1)

7
Where D is the representation of a given wavevector,

U is the unitary matrix that transforms the KP of two irreps into a fully decomposed
form;

*k,* K * k" are the stard| of the wavevectors k , &’ and k” respectively.

The unitary matrix or CGCs matrix gives basis functions of irrps (I”) permitted by
symmetry in terms of product wave functions [®[ . The unitary matrix also diagonalizes
any KP of two irrps [®[" and transfoms the irrps I to the diagonal block form matrix[21].
CGCs can also be explained as coefficients entwined between basis functions of the irreps

contained in the KP and the basis functions of the product of the of the two irreps.

1We define a group as a set of symmetry elements that has a law of combination which is applicable
to all the group elements in such a way that four fundamental axioms- associativity, identity, inverse
and closure hold.

2Reduction of a representation is the process of producing a number of representations that are
smaller in terms of dimensions from those that have higher dimensions

3A star is a collection of valleys that have an equal number of charge carriers and have the same
energy hence they are equivalent.
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The irreps denotes the states of the particles that take part in a scattering process[6] .

Mathematically, the above concepts are given by the equation (/5.2)

K", 1"y KKV N kol KLU
=30 () bl (5.2)

oa o—/a/

The matrix elements of the Clebsch-Gordan coefficients are given by equation (5.3))

kLK 1K1 170, 1110
< | ’y) _ Ualol,a 1"~ (53)

cac’a’|o"a’ aa’;all

Where a,a’ are the matrix elements of the KP | ® l/,
@’ are the matrix elements of the representation I”, contained in the product | ® [
k, k" and k" are the wavevectors of the particles participating in the scattering pro-

cesses.

5.2 Clebsch-Gordan coefficients in scattering

Birman and Berenson[6] showed the use of CGCs to comprehend scattering processes. They
described the phenomenon of light scattering brought about by quasi-particles such as
phonons in a crystal lattice. They utilised coupling constants to interpret this phe-
nomenon. They considered photons incident on a solid crystal and polarised in the
direction [ . If the scattered photons are polarised in a different direction ,«, then the

intensity of the scattered light is given by equation ([5.4)

I=C|enPaserp | (5.4)

where C' is a constant,

€24 refers to the Cartesian components of the scattered light whereby a= 1,23,

€13 refers to the Cartesian components of the incident radiation whereby 8= 1,2.3,
P,p is a scattering tensor and it relates the incident radiation to the outgoing scat-

tered radiation.
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In line with equation ([5.4)), the intensity for a first order one excitation process is

given by equation ([5.5))

I'=C"| &P (jo)ers | (5.5)

where jo denotes the symmetry of the excitation under consideration.

The excitations under consideration can be phonons, magnons, polaritons and so
on. For scattering of light by phonons, jo represents the symmetry of the phonons for
the first order phenomenon. Likewise, if we consider a second order or two excitation

phenomenon, the intensity will be given by equation (|5.6))

I"=C"| eganﬁ) (jo;j’a') €18 |2 (5.6)

The terms jo;j'0’ shows that we are dealing with a second order or two excita-
tion process and they represent the symmetry of the excitations under consideration.
In order to comprehend the scattering phenomena, Birman and Berenson[6] put into
consideration the symmetry of the crystal and the transformations of various elements
in the lattice structure. These two important aspects of the scattering phenomena are

dealt with in the sub-section that follows.

5.2.1 Crystal symmetry considerations

The symmetry of the space group to which the crystal lattice belongs is of critical
importance in describing the scattering process. The transformation of any symmetry

element in the given space group, G, is described by equation ([5.7))

S = (0] t,) (5.7)

where S denotes a symmetry element in the crystal space group G;
® is a rotation transformation which is orthogonal;

t, represents a translation symmetry in the lattice.

© University of Pretoria



CHAPTER 5. COMPUTATION OF CLEBSCH-GORDAN COEFFICIENTS 46

If the rotation, ®g, is considered to be an orthogal matrix where S;Ml = Sy, we have

the following transformations

75l = ®,r (5.8)

Ty =T, = ; SuATA (5.9)

G- ¢, (5.10)

Q> Q = Z DY (S),, QL (5.11)

Pus (1) = Pl (R) = %} SerSouPau (S7'F) (5.12)

where 7 is a polar vector which transforms like the polarization vector €;;

€ is a unit polarization vector;

Qf; denotes the normal coordinates of the crystal lattice;

R denotes the displacement of ions from their equilibrium positions as a result of the
scattering process and is given by R=R0+ u;

i is a displacement vector.

5.2.2 Link between Clebsch-Gordan coefficients and scattering tensors

The scattering tensor term, P,g, can be given in the form of Taylor expansion as shown

by equation (5.13)),

P.g <ﬁ> = Pff? <}§0) + ZP(%) <R_é;jo'> QI+ Zzpfﬁ) (R*O;ja;jla,> Q7+ .
ie jj' oo’

(5.13)

The terms linear in Qg yields a one phonon scattering process while the bilinear terms
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Q{,Qi’/ gives a two phonon scattering process. P,g = Pp, since the scattering tensor
used to describe phonons is symmetric and because of crystal symmetry F,g = Pclyﬁ
The operators in equation ([5.13) transform as a second-rank Cartesian tensors and are

given by equations (5.14]) and equations ([5.15)) and (5.16)) in the first and second order

respectively.

Pas () = SarSsuP (S7'F) (5.14)
A

Y S5 D0 (57, P () = 35 S0 (51, )
Al T Ap T

(5.15)

. j 2) (..
P( (joij'0") ZZ Sa)\SlguD(J ()., (J7) DL) (S)ni X P/gu) (jms4'7")  (5.16)
Ap TT!
Birman and Berenson[6] utilised these equations as a basis for the derivation of
scattering tensor elements. After manipulating these equations, they came up with a
crucial link between Clebsch-Gordan coefficients and elements of scattering tensors. For

instance, for the first order phenomenon the relationship is given by equation (5.17]).

1
= (5.17)

P(l) Z Uangio jT)\HP(l) (1)
Aut J
where [; represents the dimension of the irreducible representation DU,
U is the Clebsch-Gordan coefficients matrix.
Therefore, the elements of the first order scattering tensor are actually Clebsch-
Gordan coefficients multiplied by a consant. Moreover Birman and Berenson[6] further

proved that elements of the second-order scattering tensor are bilinear sums of Clebsch-

Gordan coefficients. In order to comprehend sacttering processes, the computation of
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the Clebsch-Gordan coefficients is therefore of paramount importance as they are utilised
in interpreting scattering processes. We hereby compute the coupling constants in the

section that follows.

5.3 Derivation of Clebsch-Gordan coefficients

In order to derive Clebsch-Gordan coefficients the initial stage is the construction of
group representations for the space group under consideration. In this case we need the
irreducible representations for O,7L space group. The derivation of the matrix representa-
tions for the particles or quasi-particles participating in the scattering process requires

the following;:

e Symmetry elements of the group under consideration — the symmetry elements

and the group are analogous to vectors in a linear vector space;

e Generators or augumenters for the derivation of all the group members - the gen-

erators are analogous to the basis vectors that span a vector space;
e The BZ of the OZ space group that shows the critical symmetry points and lines;
e The electronic band structure of the crystal of interest- in this case it is Ge;

e The multiplication table of the OZ space group as it shows explicitly the structure
of the group by showing all the possible products of the elements of the O,Z space

group and
e Standard matrices.

The initial stage in the construction of representations is to commence from a set of
linearly independent functions or basis. We then apply an operator Opr to each of the
elements g of the 0,71 space group. This process yields a set of n functions ¥y, Uy ... U,
If the operator ORr now acts on these functions or basis, the outcome can be given as a

linear combination of the same n functions[22], that is
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Oryw = > Dy (R) (5.18)
pn=1

where v =1, ..., n.
The matrix representation that corresponds to the element Ris D(R). From equation

(5.18) and from the equation Osr = OgOpR we have

Osryw = OsOpyy = Os Y _ W, D, (R) (5.19)
pn=1

= Y UeDou(S)Dyu(R)

w,o=1

n

= Vo [ Dou(S)Dyu(R)

o=1 pn=1
but
Osryw = Y YoDsy(SR) (5.20)
o=1
Dy (SR) = Z DUM(S)DHV(R) (5.21)
o=1
therefore
D(SR) = D(S)D(R) (5.22)

A given representation changes its form if we make a different choice of basis, but it is
still the same. Two representations that are equivalent may differ because of the choice
of basis functions used to express them even though their basic nature is similar. This
is where the unitary matrix becomes extremely important. Changing from one basis to
another alternates a matrix from R to R’. This is the same as a linear transformation

Y = Az. This linear transformation is given by equation (/5.23)

R = ARA (5.23)
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where R" and R are similar in nature.

The symmetry transformation given by R = A'RA is a similarity transformation.
The diagonal sum or trace or character of a matrix becomes of paramount importance
because it is invariant under a similarity transformation. A set of basis functions could
be given in terms of xz,y, z in space. The basis vectors could also be given in terms of
the z,y and z unit vectors. The outcome of a group operation, OR, when it operates on
a set of basis vectors or alternatively basis functions is a vector or a function which can
be expressed as an apt linear combination of the basis vectors or functions . Therefore
the group must show invariance under the group symmetry operations.

A group symmetry operation changes basis functions given in terms of (z,y, z) into
new functions (x/,y/, z/) which are a linear combination of the original functions. The
symmetry transformation can be given in various ways that are suitable to the phe-
nomenon and the group representations under consideration. For instance we can have
representations of 3 X 3 matrices acting on a 3-dimensional column vectors. The use
of matrix representations are commonly used to denote group representations because
non-commutative multiplication is possible and this represents system interaction.

Consider the basis (z,y, z) undergoing a transformation to (:c/,y/,z/) after being
acted upon by group members g = FE, C’6+ No s C3,Cy,. .., where g is a symmetry ele-
ment of the O,7L space group. The matrix representation D(g) can be 1 x 1, 2x2, 3x3 etc
according to the degeneracy of the irreps of the group or sub-group under consideration.
The matrix representation, for instance- for the identity representation, E , can be given

in the form depicted by equation

’ /

r — x 1 0 0 x
P 2 0 0 1 z

Likewise the matrix representation for the element Cgr is given by
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r — T+y T 1 10 T
27T (e} / !
2 o z 2 0 01 z

Therefore if we consider a basis 1,7 = 1,...,n, where ¢; = {11, ¢2,93,...} . We
operate on the basis by the symmetry elements of the 0,71 space group so that it is used
to generate all the possible matrix representations of the states of particles or quasi-
particles participating in the scattering processes at a given high symmetry point on the
BZ. Dj; represents the n x m matrices that can be decomposed or reduced into irreps
of smaller dimensions.

The irreducible representations are of paramount importance as they give important
information about the system under consideration. Irreducible representations can be
viewed as the ‘atoms’ or building blocks of group representations . A representation of
a given dimension is said to be reducible if it can be given as a sum of representations
of smaller dimensions that cannot be decomposed to a lower form. For instance, the

(3x3)
g

representation D( ) in equation (|5.26))can be decomposed to irreps of lower dimensions.

(3x3) _ (1x1) (2x2)
Dy~ =D @Dy, (5.26)

5.4 Scheme for diagonal and non-diagonal matrix elements

After the derivation of all the matrix representations for the high symmetry points L
and I' we need schemes for diagonal and non-diagonal matrix elements. Consider an
electron scattered by a phonon from the Brillouin zone edge, at high symmetry L3, to
the zone centre, critical point F{r’. This electron- phonon interaction in the valence band

of Ge is represented by the Kronecker product hereby stated:

(Lg)ei_nitial ® (Pérf))e;maz — Lf + L; + 2L§
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When deriving Clebsch-Gordan coefficients we take the KP that encompass three high

symmetry points, for instance from the KP above we have:
(Lg)Q_dim ® (1_‘;_5)3—(11'771 5 (L2_)1—dim (527)

The product of a 2-dimensional matrix, 3-dimensional matrix and a 1-dimensional matrix

gives a 6-dimensional matrix, that is;

bir b2 b3
X | bar baa ba3z | X ec11

b31 b3z b33

aribiicir  anbizeninr  arbizern  aigbricin aizbiacin  aizbizernn
aiibaicir  aribaacin  aribazcir  argbaicii arsbaacii  arzbazcin
aribsici1  aribsacin  aribszeinr  aisbsicir aizbsacii aizbszern
_ (5.28)
az1biici1  agibiacin  agibizcir  agebiicir agebiacit azzbizern

ag1baicir  agibaacii  agibazcir  agebaicii  asebaacii  assbascin

ao1bzici1  agibsacit  agibszcin  agebsicir agzbzacii  azzbszern

Using the dimensions and positions of the matrix elements we construct schemes for

diagonal and non-diagonal elements of the matrices as depicted by tables 5.1} (.2} 5.3]
5.5, b.6] and 5.7
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Table 5.1: Clebsch-Gordan coefficients scheme for diagonal matrix elements
Primary B B

Kronecker (Lg)eim'“"ll ® (F%)ef"““l =L + Ly +2L3
Product
Secondary ‘ ‘ '
Kronecker (Lg)Q_dzm ® (F;%)S_dzm > (L;)l_dzm
Product
High
Symmetry
Points Ly F% Ly
Under
Consideration
Dimension 2 — dim 3 —dim 1—dim
Diagonal 11
Matrix 11 22 11
FElements 22 33
Possible
Combinations
of 11 11 11
Matrix 11 22 11
FElements 11 33 11
Derived 22 11 11
from 22 22 11
the 22 33 11
Diagonal
FElements
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Table 5.2: Clebsch-Gordan coefficients scheme for the first non-diagonal matrix elements
derived from the diagonal elements 11 11 11

Primary B B
Kronecker (L3 ) mitiel @ (D) it = LT + Ly +2L3
Product
Secondary
Kronecker (Lg)Q_dzm (Fg}]) 3=dim
Product
High
Symmetry
Points Ly ;s Ly
Under
Consideration
Dimension 2 —dim 3 —dim 1 —dim
Non — diagonal 11
Matrix 11 21 11
FElements 21 31
Possible
Combinations
of 11 11 11
Matrix 11 21 11
FElements 11 31 11
Derived 21 11 11
from 21 21 11
the 21 31 11
Non — diagonal
FElements
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Table 5.3: Clebsch-Gordan coefficients scheme for the second non-diagonal matrix ele-
ments derived from the diagonal elements 11 22 11.

Primary B B
Kronecker (L3 ) mitiel @ (D) it = LT + Ly +2L3
Product
Secondary A A _
Kronecker (Lg)Q_dzm ® (F{,})g_dzm > (L3) L=dim
Product
High
Symmetry
Points Ly ;s Ly
Under
Consideration
Dimension 2 —dim 3 —dim 1 —dim
Non — diagonal 12
Matrix 11 22 11
FElements 21 32
Possible
Combinations
of 11 12 11
Matrix 11 22 11
FElements 11 32 11
Derived 21 12 11
from 21 22 11
the 21 32 11
Non — diagonal
FElements
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Table 5.4: Clebsch-Gordan coefficients scheme for third non-diagonal matrix elements
derived from the diagonal elements 11 33 11.

Primary B B
Kronecker (L3 ) mitiel @ (D) it = LT + Ly +2L3
Product
Secondary A A _
Kronecker (Lg)Q_dzm ® (F{,})g_dzm > (L3) L=dim
Product
High
Symmetry
Points Ly ;s Ly
Under
Consideration
Dimension 2 —dim 3 —dim 1 —dim
Non — diagonal 13
Matrix 11 23 11
FElements 21 33
Possible
Combinations
of 11 13 11
Matrix 11 23 11
FElements 11 33 11
Derived 21 13 11
from 21 23 11
the 21 33 11
Non — diagonal
FElements
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Table 5.5: Clebsch-Gordan coefficients scheme for fourth non-diagonal matrix elements
derived from the diagonal elements 22 11 11.

Primary B B
Kronecker (L3 ) mitiel @ (D) it = LT + Ly +2L3
Product
Secondary
Kronecker (Lg)Q_dzm (Fg}]) 3=dim
Product
High
Symmetry
Points Ly ;s Ly
Under
Consideration
Dimension 2 —dim 3 —dim 1 —dim
Non — diagonal 11
Matrix 12 21 11
FElements 22 31
Possible
Combinations
of 12 11 11
Matrix 12 21 11
FElements 12 31 11
Derived 22 11 11
from 22 21 11
the 22 31 11
Non — diagonal
FElements
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Table 5.6: Clebsch-Gordan coefficients scheme for the fifth non-diagonal matrix elements
derived from the diagonal elements 22 22 11.

Primary B B
Kronecker (L3 ) mitiel @ (D) it = LT + Ly +2L3
Product
Secondary
Kronecker (Lg)Q_dzm (Fg}]) 3=dim
Product
High
Symmetry
Points Ly ;s Ly
Under
Consideration
Dimension 2 —dim 3 —dim 1 —dim
Non — diagonal 12
Matrix 12 22 11
FElements 22 32
Possible
Combinations
of 12 12 11
Matrix 12 22 11
FElements 12 32 11
Derived 22 12 11
from 22 22 11
the 22 32 11
Non — diagonal
FElements
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Table 5.7: Clebsch-Gordan coefficients scheme for the sixth non-diagonal matrix ele-
ments derived from the diagonal elements 22 33 11.

Primary B B
Kronecker (L3 ) mitiel @ (D) it = LT + Ly +2L3
Product
Secondary _
Kronecker (Lg)Q—dzm (Fg_gj) 3—dim (LQ_) 1—dim
Product
High
Symmetry
Points Ly ;s Ly
Under
Consideration
Dimension 2 —dim 3 —dim 1 —dim
Non — diagonal 13
Matrix 12 23 11
FElements 22 33
Possible
Combinations
of 12 13 11
Matrix 12 23 11
FElements 12 33 11
Derived 22 13 11
from 22 23 11
the 22 33 11
Non — diagonal
FElements
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In order to use the schemes shown by tables[5.1] 5.2} 5.3] 5.4} [5.5] 5.6 and [5.7] we need

the matrix representations for the high symmetry points L and I'. From the secondary

Kronecker product under consideration- ( Ly )27dim

© (Tg5) "™ 5 (Ly) ™™™, the crit-
ical symmetry points that are of interest are L3, F2+5 and L, . The matrix irreducible
representations for these high symmetry points are as as depicted by table 5.8] The
group G* at point I' has 48 symmetry elements. The sub-group at point L- G*- has

12 symmetry elements indicated in table Using Lagrange’s theorem we have
[G"T] —nx [G’“} (5.29)

where [ka] refers to the number of elements in the group, G*r;
n is an integer and
[GkL] is the number of elements in the subgroup G*-.

Using the theory of coset decomposition, the number of cosets at point L is given

Number of elements in the group G*r

Number of cosets =
Number of elements in the subgroup G*-

(5.30)

This points to the concept of degeneracy at high symmetry point L. Therefore we

have four splittings at the Brillouin zone edge at point L. The matrix representations
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Table 5.8: Matrix representations for L, It ;5 and L, for Ge, OZ space group, for the
symmetry elements 1,5,9,13,17 and 21.

High OZ
Symmetry Symmetry
Points FElements
1 5 9 13 17 21
- 10 w* 0 w 0 0 -1 0 —w* 0 —w
3 0 1 0 w* 0 w* -1 0 —w 0 —w* 0
1 00 010 0 01 1 00 0 01 010
F;% 010 0 0 1 100 0 0 1 010 1 00
0 01 1 00 010 010 1 00 0 01
L, 1 1 1 —1 —1 —1

Table 5.9: Matrix representations for L, It ;g and L, for Ge, OZ space group for the
symmetry elements 25,29.33,37,41 and 45

High OZ
Symmetry Symmetry
Points FElements
25 29 33 37 41 45
I- -1 0 —w* 0 —w 0 0 1 0 w* 0 w
3 0 -1 0 —w 0 —w* 10 w 0 w* 0
1 00 010 0 01 1 00 0 01 010
F;% 010 0 01 1 00 0 01 010 100
0 0 1 1 00 010 01 1 00 0 0 1
Ly -1 -1 -1 1 1 1

for all the symmetry elements of L; are 2 x 2 matrices because L3 is two-dimensional.

For F;S we use 3 X 3 matrices because this critical symmetry point is three-dimensional.

The same principle is applied to L, which is a one-dimensional high symmetry point.
Using the mathematical theory for the computation of coupling constants [23][24]

we determine elements of the unitary matrix or the Clebsch-Gordan coefficients matrix

using the equation (/5.31])

— —
ky=k kpn=k

L *
2 (‘701» ’ Tﬂ?)a”dg

dim — dkv Z k=%

* +
Ulala’|a”.Ugo|as a1 = iG] "3 (2 | To)aged "B (a | To)wrayd

zeG

(5.31)

where U is the Clebsch-Gordan coefficients matrix;
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U* is the complex conjugate of the Clebsch-Gordan coefficients matrix;

a,a’ and a” refers to the matrix elements of the irreducible representations [, I’ and
I"” and these irreps corresponds to the high symmetry points Ly 'z and L;;

dim — d*" refers to the dimensions of L, which is 1 in this case;

[G*L] is the order of the group G*% which is 12 in our case;

ky = ?Lg; ky = ?F%and kyr = ?L; refers to the wave vectors (momenta hk) of
the particles or quasi-particles involved in the scattering process- electrons and phonons
in our case;

aag, a'aj and a”ag gives the positions of the diagonal and non-diagonal matrix
elements, for L3, I‘5L5 and L, as shown by table

Utilising equation we hereby present an example of a table that can be used

for the derivation of the coupling constants derived from the non-diagonal elements

generated from the diagonal elements 22 33 11.
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Table 5.10: Example of table of derivation of coupling constants for Ge, space group O7,
derived from the non-diagonal matrix elements generated from the diagonal elements 22
33 11 for symmetry elements 1,5,9,13,17,21 and 25.

Matrix OZ
Elements Symmetry
Positions FElements
— + —
L_30 F,Z_E; %2,, 1 5 9 13 17 | 21 | 25
aaq aag a Qg
12 13 11 S{L.0.17] | +[J+ | []+ ]+ L+ | L+ |+
12 23 11 S{L.0.1] | +[.J+ | [+ ]+ LI+ | [+ ] ]+
12 33 11 S{0.1.17] | +[.]+ | [.]+ ]+ L+ | [+ | ]+
22 13 11 S{[1.0.1%] | +[.J+ | [.]+ ]+ I+ | [+ | ]+
22 23 11 S{[1.0.1%] | +[.J+ | [.]+ [..]+ [+ | [+ | [+
22 33 11 S{LLT] | +[J+ | [+ ]+ L+ | L+ | [+

(a) Example of table of derivation of coupling constants for Ge, space group Oj, derived from the
non-diagonal matrix elements generated from the diagonal elements 22 33 11 for symmetry elements
29,33,37,41 and 45.

Matrix O}7L
Elements Symmetry U2
Positions Elements

Ls FE? %%,, 29 33 37 41 45

adg a'dy a ay
12 13 11 +[0.0. = 1*] | +[.]+ [+ [+ | o]} | =%
12 .23 11 +0.1. =17 | 4[]+ []+ [+ | w0} | —¢
12 33 11 +[0.0. —1*] | +[.]+ [..]+ [+ | w11} | =%
22 13 11 +H[~w.0. = 1*] | +[..]+ [.]+ [+ [ [0.0.1%]} | =%
22 23 11 +H—w.l. = 1] | +[.]+ [..]+ [.]+ | [0.0.17]} | =%
22 33 11 +—w.0. = 1*] | +[..]+ [..]+ [+ | [0.1.17]} | =¢
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Using the calculated values of the square of the elements of the U-matrix as depicted
in the table we hereby present the Clebsch-Gordan coefficients for the blocks
U1, Ui21, Uis1, U211, Uzo1 and Ugss.

U =2 —=vU =4/ (5.32)
12 13 11 6 12 13 11 6
1 1

\U? |=>=1U = 44/= (5.33)
12 23 11 O 12 23 11 6

U2 =Y —=vU — 4, /% (5.34)
12 33 11 O 12 33 11 6

U2 =Y =u — 4,/ (5.35)
22 13 11 6 22 13 11 6

U =Y =vU — 4, /Y (5.36)
22 23 11 6 22 23 11 6
1 1

\U? |=>=U = +4/= (5.37)
22 33 11 O 22 33 11 6

The six different blocks and their respective Clebsch-Gordan coefficients are:

Ui =+ %*
U1 = £ %
U1 =+ %
Us11 =+ %*
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w
U1 =+ 5
1
Ugz1 = = 5

65

The same procedure was done for all the non-diagonal elements that yielded the

coupling constants shown in tables and
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Chapter 6

Results and Discussion

In this chapter we present the derived Clebsch-Gordan coefficients that are utilised in the
interpretation of the electron-phonon scattering process within the valence band of Ge.
We use the calculated coupling constants and the experimental evidence to comprehend
the phenomenon that happens when electrons are scattered by phonons from the Brilloun

zone edge, at the critical point Lg, to the zone centre at high symmetry point—Fé’%.

6.1 Results

We hereby present the calculated Clebsch-Gordan coefficients in tabular form for clarity
purpose. For the secondary Kronecker products L§®F2+5 > Lyand L§®F§r5 > L7, the
blocks under consideration are Uj11,U121,U131,U211,U9291 and Usz;. We derived these
coupling constants from six different types of non-diagonal matrix elements. The last
columns of table and table shows the outcomes of the summation of the U-matrix
and its complex conjugate U*. This yielded a 0 for the two respective cases. Tables
and [6.4] shows the calculated Clebsch-Gordan coefficients for the secondary Kronecker
product Lg@f‘;% > L3 . The coupling constants are derived from twelve different types
of non-diagonal matrix elements. In this case the blocks under consideration are of two
types, that is Ui11, Ui21, Uis1, Usi1, U291, Uasi and Uiz, Uiz, Uiz, U212, Usaz, Uzga. The

summation of the U- matrix and its complex conjugate U*yielded a 0 and a 1 for some

66
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Table 6.1: Clebsch-Gordan coefficients for the Kronecker product L ® I ;g > Ly for Ge,

OZ space group.

Clebsch— Gordan

Coef ficients from

Non — diagonal Elements
Block | 150 | 2™ 3 A5t 6™ | S UUT
Ui | i | VB V5 Vi Ve VE] o
U | VE | V% Vi VE Vi V] o
Uni | % | i Vv VE VB A o

blocks as depicted in tables and [6.4]

© University of Pretoria




ITY OF PRET
ITHI YA PRET

mn
«Z

TEIT VAN PRETO
¥

CHAPTER 6. RESULTS AND DISCUSSION

68

Table 6.2: Clebsch-Gordan coefficients for the Kronecker product Ls ® I 2”; > Ly for Ge,

OZL space group.

Clebsch— Gordan
Coef ficients from
Non — diagonal FElements
Block 1st 2nd 3rd 4th 5th 6th Z UU*
/1 /W w* 1 w* w
Ui | /g | W5 "\ 6 \/g 6 6 0
U121 1y/% 1 wt (3 1 \/@ 1 wr 0
6 6 6 6 6 6
W /1 @ w* w 1
Uist | 4/ | ©/5 i/ 6 6 6 0
1 w w* . 1 - Jw* w
%38 s | V§ Ve ’L\/; W% | W 0
w* 1 w Wt @ 1
Uz21 6 \/g 6 G VG | s 0
Uasi 6 | Ve 5 Vg | Vs |5 | 0

Table 6.3: Clebsch-Gordan coefficients for the Kronecker product L; ® I 2‘; > Ly for Ge,
OZ Space group [blOCkS U111,U121,U131,U211,U221 and U231]

Block | 150 [ 2nd T3rd [ 4™ T5I T gt T 70 T T o T10" [ 117" 12" | S UU*
I I I T I I
Ui ? 0 ? 0 ? 0 0 ? 0 ? 0 ? 1
Uio1 ? 0 ? 0 @ 0 0 ? 0 @ 0 @ 1
Uisi | o5 0 Na 0 e 0 0 N 0 N 0 N 1
Ui | 0| = | 0] /5|0 \/g 7 0 E | 0| VE o 0
w * 1 w 1 w*
U1 | O 510 10| 5 510 % 0 w1 0
* 1 * 1
Uosy 0 <10 7 0 \/g “ 10 \/g 0 7 0 0
Table 6.4: Clebsch-Gordan coefficients for the Kronecker product L; ® I ;g > L3 for Ge,
OZ Space group [b]OCkS U112,U122,U132,U212,U222 and U232]
Block | 150 [ 2n® T3rd [ 4™ T 5MT gt T 70 T8 T o T10" [ 117 T12™ | »UU*
1 * 1 *
Ui |0 | ol yE o ys ]l Lo ys o g o 0
* 1 * 1
U129 0 <10 7 0 5 “ 10 g 0 7 0 0
Uiss 0 310 =10 7 510 7 0 3 0 0
I I I I I I
U212 ? 0 ? 0 ? 0 0 ? 0 ? 0 ? 1
U222 ? 0 @ 0 ? 0 0 ? 0 ¢ 0 ? 1
Uasso 7 0 7 0 e 0 0 7 0 e 0 e 1

© University of Pretoria




CHAPTER 6. RESULTS AND DISCUSSION 69

6.2 Discussion of results

The dynamics of a quasi-particle or a particle is explained using the wave function- 1.
The wave function has the possible information of the system that can be measured.
The wave function cannot be measured directly because it is a true complex function.

In order to get a real value we have to measure its intensity which is given by

DOV )" = [ 1) (6.1)

This intensity is a measure of the particle’s presence in a space under considerations.
The likelihood of finding the particle is directly proportional to |[¢(r,t) [?[25]. If we
are certain that the particle is definitely in a given space, we normalise the intensity,

[4(7,t) | 2, so that integration perfomed over all space yields a unity, that is

“+o0o
/ (7, (7] = 1 (6.2)

The above equation represents the probability of finding the system under consideration
at a particular position and time. Group theoretically, we can use the U-matrix or
Clebsch-Gordan coefficients matrix to derive the same information. Our results shows
that the summation of the U-matrix and its complex conjugate U* either gives a zero

or a one, ie

Y uur=UP=1 (6.3)

Y uUt=|UP =0 (6.4)

For the Kronecker product Ly ® I' ;5 > L, the summation of the product of the
U-matrix and its complex conjugate, U*, gives a zero for all the blocks. This implies
that the type of phonon represented by L; is not allowed to take part in that transition.

Group theoretically, this means that the phonon type denoted by L; is not contained
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in the product representation L; ® FQE .

Likewise, for the Kronecker product Ly ® ng > L, , the summation of the product
of the U-matrix and its complex conjugate U*, yields a zero for all the blocks. Therefore
according to my calculations L, is not contained in the product L; ® F2+5 . This means
that the phonon represented by L; does not take part in the transition.

However, for the Kronecker product Ly ® 1“35 > L3, the summation of the product
of the U-matrix and its complex conjugate, U*, yields a one for some blocks, that is
S UU* = |U|?> = 1 Therefore, the phonon type represented by L; is allowed to take
part in this transition. The calculated Clebsch-Gordan coefficients belongs to two types
of blocks, i.e Ur11, U121, U131, U211, Uz21, Uas1 and Uiz, Uiaz, Uise, Usi2, U2z, Uase. This
depicts degeneracy at the high symmetry point L5, hence we have the Ly symmetry of
two kinds and this is consistent with the Kronecker product (L3 )e;"itial ® (1‘2*5)6171'"“ =
LT + L5 +2L5. The experimentally obtained phonon dispersion curve of Ge[14] shows
the types of phonons allowed to take part in the transition of carriers in the valence and
conduction bands of Ge.

The vibration spectrum of Ge as depicted by figure taken from [3], shows that
L; represents the LA phonon, L; represents the TO phonon and L] symmetry is
completely absent. According to Lax and Hopfield[17], in the valence band the electron-

phonon transition is represented by the Kronecker product hereby stated,

Ly ®T§; =L + Ly +2L3

which implies that

Ly ® I'y; =none + LA+ 2T0 (6.5)

However my calculations shows that for the electron-phonon transition from L3 to Fé% ,
the LA phonon doesn’t take part although it is present in some transitions in the valence
band of Ge. It is only the TO phonons that take part in this transition. Therefore the

Kronecker product has to be modified to equation , ie
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Figure 6.1: The vibration spectrum for Ge [14].
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Ly ®T3; =Ly + Ly +2L3

which implies that
Ly @ I'y. = none + none + 270 (6.6)

Analysis of the phonon dispersion curves obtained by Brockhouse and Iyengar|14] shows
that our theoretical results are consistent with the experimental outcome which shows
that it is only the transverse optical phonons that participate in the scattering of elec-
trons from the Brillouin zone edge at point L;to the zone centre at point Fé’%. The
phonon dipersion curve as depicted by figure is in good agreement with our theo-
retical outcome as shown by equation . We have therefore modified equation

which is given as such in the article by Lax and Hopfield[I7].
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Chapter 7

Conclusion

Using group theoretical techniques, we have calculated Clebsch-Gordan coefficients that
are used to interpret the scattering of electrons by phonons from the Brillouin zone edge
of germanium (O,Z) at the high symmetry point L3 to the zone centre at high symmetry
point F;E). Using the computed coupling constants we also found out that when electrons
are scattered by phonons from the Brillouin zone edge at high symmetry point L3 to the
zone centre at point F;% within the valence band of Ge, both the LA and TO phonons
are present but only the TO phonons participate in the scattering process. The LO
phonons are completely absent for these types of transitions in the valence band of Ge.
Our findings are consistent with the vibration spectrum for Ge experimentally obtained
by Brockhouse and Iyenger|[14].

We explicitly showed that the Clebsch-Gordan coefficients are computed from the
non-diagonal matrix elements. It is therefore the non-diagonal matrix elements that
carry the essential information. We have also deduced that the summation of the product
of the U-matrix and its complex conjugate, U*, either gives a 0 or a 1 for different blocks

under consideration, i.e

Y uur=uP=1

or

Y uUur=UP=0
73

© University of Pretoria



CHAPTER 7. CONCLUSION 74

Table 7.1: Types of phonons and symmetry assignments for scattering of electrons from
Ly to I'}; in the valence band of Ge for the Kronecker product Ly @5z = L] +Ly +2L3

Partcipation mn scattering
Phonon Sym Presence in of electrons from S UU*
Type Assign Ge VB Ly to I 5
n Ge VB
1
_ for
ro L v v some
blocks
0
_ for
LA L, Vv X ull
blocks
0
_ for
LO L] X X ull
blocks

We have interpreted this to mean that the perturbation factor is either allowed to take
part in the transition or forbidden. In our case the pertubation factor are the phonons.
Table is a summary of our group theoretical outcomes.

Our results can be applicable to similar semiconductors such as silicon. As outlined
in the introductory chapter of this dissertation we can conclude that the objectives of

this work have been met.

7.1 Future work

The possibility of using Clebsch-Gordan coefficients to describe scattering processes in
doped crystals is an area that may be of interest. Moreover the possibility of utilising
Clebsch-Gordan coefficients to determine the strength of electron-phonon scattering in
various channel directions in the Brillouin zone of germanium and similar crystals is an
area that still needs to be explored. The role played by electron-phonon scattering in
the physics of quantum dots, nano-structures and the field of lasers provide interesting

ground for future work.
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Appendix A

Irreps at the L-point for OZL space

group

The group G*= is a subgroup of the group G*r. The high symmetry points at L are
L1y, Loy, Lst, Lyt, Lst and Lgi At the high symmetry point L we have 12 symmetry
elements, that is 1, 5, 9, 13, 17, 21, 25, 29, 33, 37, 41 and 45. In order to generate
the matrix representations for all the symmetry elements at point L we use generators
or augumenters. The generators at L are the symmetry elements 9, 13 and 37. For
instance, using the OZ multiplication table as shown in appendix E we can generate the
matrix representations for the symmetry elements 5 and 17 by 9x9 = 5 and 13x9 = 17
respectively. Using the 0,7Z combination table, all the matrix irreducible representations

at the L point are generated.

6]
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Table A.1: Irreducible representations for the high symmetry point L, O,Z space group,
for symmetry elements 1,5,9,13,17 and 21.

L | Identity | 9x9=5 Gen | Gen | 13x9=17]9x13=69(21) |
Sym
Ble 1 5 9 13 17 21
L 1 1 1
Ly 1 1 1
Ly 1 1 1 —1 ~1 —1
Ly 1 1 1 —1 —1 —1
I+ 10 w* 0 w 0 0 1 0 w* 0 w
3 0 1 0 w 0 w* 10 w 0 w* 0
- 10 w* 0 w 0 0 -1 0 —w* 0 —w
3 0 1 0 w 0 w* -1 0 —w 0 —w* 0
L 1 1 —1 i —i i
Ly 1 1 -1 7 —1 1
LY 1 1 —1 —i i —i
Ly 1 1 -1 —1 1 —1
I+ 1 0 w 0 —w* 0 0 1 0 —w 0 w*
6 0 1 0 w* 0 —w -1 0 w* 0 —w 0
I 10 w 0 —w* 0 0 —1 0 w 0 —w*
6 0 1 0 w* 0 —w 1 0 —w* 0 w 0

(a) Irreducible representations for the high symmetry point L, O} space group, for symmetry elements
25,29,33,37,41 and 45.

| L [5x33=T3[37Tx21=77|21x37=33] Gen [37x9=41] 37x5

Sym
Blo 25 29 33 37 41 45
L 1 1 1 1 1 1
Ly —1 ~1 ~1 —1 ~1 ~1
Ly 1 1 1 -1 —1 -1
Ly —1 ~1 ~1 1 1 1
I+ 10 w* 0 w 0 01 0 w* 0 w
3 0 1 0 w 0 w* 10 w 0 w* 0
I- -1 0 —w* 0 —w 0 0 1 0 w* 0 w
3 0 -1 0 —w 0 —w* 10 w 0 w* 0
L 1 1 —1 i —i i
Ly —1 —1 1 —i i —i
L 1 1 ~1 —i i —i
Ly —1 —1 1 i - i
It 10 w 0 —w* 0 0 1 0 —w 0 w*
6 0 1 0 w* 0 —w -1 0 w* 0 —w 0
- -1 0 -w 0 w* 0 0 1 0 —w 0 w*
6 0 -1 0 —w 0 w -1 0 w* 0 —w 0
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Appendix B

Irreps at I'-point for O}Z space group

The group of symmetry elements at the I'-point, G*r is the main group in the first Bril-
louin zone of the OZ space group. At this high symmetry point we have 48 symmetry
elements. The generators or augumenters in a group as shown by table act like basis
vectors in a vector space. The basis vectors span a vector space and generate all the
vector space elements. The generators span a group and generate all the representa-
tions for the group elements. At the I'-point the critical symmetry points that we are

considering are I'14, I'ox, I'sy, Tyt and s+

77
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|

9x13=21

78
21
1
0
1
0
45
1
1
1
1

37x5=45

w*
1
1

17
w*
1
0
1

13x9=17
41

010

010

| 37x9=41 |

1
1

1
1

(a) Irreducible representations at the Brilloun zone centre- I'-point, for O} space group for symmetry elements

25,29,33,37,41 and 45.

13
37
1
1

Gen

37 x 25 =13

Gen
W
33
o
1
1

© University of Pretoria

9x9=5

29
1
0

1
0

Ident

T
25

Table B.1: Irreducible representations at the Brillioun zone centre- I'-point, for OZL space

group for symmetry elements 1,5,9,13,17 and 21

APPENDIX B. IRREPS AT I'-POINT FOR O% SPACE GROUP

|25 [ 37x21=29 | 21x37=33 |




Appendix C

Irreps labeling at the BZ centre for

OZ group

The labelling of the critical symmetry points varies even though we are dealing with the
same high symmetry points on a given Brillouin zone. We hereby present the equivalent

labelling of irreducible representations at the Brillouin zone centre at point I' as depicted

by table [C.1]9],[10],[11].

79
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Table C.1: Equivalent labeling of irreducible representations at high symmetry point I',
for O7 space group [9, 10, 11]

’ CDML ‘ Miller, Love ‘ Zak, Casher ‘

Kovalev | BC [ Elliot | BSW |

iy GM1-+ 1 T2005,, | Ay | T4 Iy
Toy GM2-+ 2 T2005;, | Agy | Dot I'y
Iz, GM3-+ 3 T2005-, | E; | T+ | T2
Tyt GM4+ 5 T20057-5 Tlg 54 | T
sy GM5+ 4 T20057—4 ng Tos4 Tys
I GMI1- 6 T2005,, | A1, | 1o Ty
Ty GM2- 7 T2005,, | Ag, | Tao Ty
Is_ GM3- 8 T2005,, | Ey | Tio- | Do
Ty GM4- 10 12005+, | T1u | T15— | Tis
Is_ GM5- 9 T2005,, | Toy | Tos— | Tas
i GM6-+ 1 P205., | Eig | Tes _
7y GMT7+ 2 P205., | Eoq | I'7y B
Isy GMS-+ 3 P205., | F, | Tst B
Ig_ GM6- 4 P205,, | Fiu | Te B
I'_ GMT- 5 P205,. | Foy | 7 B
I's_ GMS- 6 P205,, | F, | Ts_ B
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Appendix D

BZ points and coordinates for OZL

space group

The critical symmetry points have coordinates that we use to locate their positions on
the Brillouin zone. Table shows the coordinates for the high symmetry points and

lines for the first Brillouin zone of the O} space group|[L1].

81
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Table D.1: Lines, high symmetry points and their coordinates and single valued irre-
ducible representations for O] space group [11].

Points and Lines ‘ Cordinates ‘ Single-valued Irreducible representations

r (0,0,0) it 94 3+ 4+ 5+
X (%,0, %) X172,374 (Q)R— Reps
L (3,%.2) Litos (1),L3+ (2) R — Reps
W (%, %, %) Wi2(2)C — Reps
A (a, 0, a) A1,273’4 (1) ,A5 (2) C— Reps
A (o, a, ) A12(1),43(2) R — Reps
> (o, a, 2ax) Y1234 (1) C — Reps
Q (%,%—}—a,%—l—a) Q1,2 (1) R — Reps
S (% + a, 2a, % + a) S1234 (1) R — Reps
A (o, —ax+ B, 5) Ay 2 (1) C — Reps

Z = (%,a,%%—a) Z1 =V1(2) R — Reps
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Appendix E

Multiplication table for 0}71 space

group

The germanium space group has 48 by 48 symmetry elements. The possible combina-
tions of all the elements give us a huge multiplication table. In order to simplify this
multiplication table we have divided it into 16 components that have to be arranged
correctly when using the OZ combination table. The scheme below gives the correct

arrangement of the 16 components of the O , multiplication table.

83
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Table E.1: Scheme for the arrangement of the 16 components of the multiplication table
for OZ space group

o
Sym 1,2, 8,4, 5t s e ,93,94, 95, 96
Elem

1

2

3

4

g Component No 1 | Component No 2 | Component No 3 Component No 4
Component No 5 | Component No 6 | Component No 7 | Component No 8
Component No 9 | Component No 10 | Component No 11 | Component No 12

9‘2 Component No 13 | Component No 14 | Component No 15 | Component No 16

93

94

95

96
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10
1

12

14
)]
15
iT
ik
19

a3

11

Ly

A
13
L

17

|

™

Table E.2: 1st component of the 0,7Z multiplication table

T oE o

i

A2
B1
]

20

an

T2
2

21

T

T2

L

15

L1

L

12

11

L

bl

a2
BE
13
L)
15

BT
13

17

1]
Tz

15
14
a1

19

(-]

1a

53

12

T2
Ea |

™

1%
54
12
14
18
L]

ar
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11

12

55

1T

18

a7

21

o

1

LF
15
18

0

12

L

.

L1
BE
1d

L1
15
14
13

"
1

1%

8

5%

ir

ET

™

13
a7

12

|

L

56

L 1)

1%

a1

13

1%
14
15

Gf

18

BT

H

[1]

14

1&

15

14

17
23

55

11

20

15

72

|

FT-

=1

GF

52

Ll
5T

18

- = H B E , B d 3 wm

17
8
B!
1]

™
[
13

L
BS
i
BT

12

21
15
]
1

11

L

-

£ R R

L
20
Lh)
18

21

Ly

16

HE

12
1d

1z

11

ar
55
17
|
Tz

a1

[

"
L

52

g

1%

21
FF

13
BT
aE

i)
1t
12

a7

72
T
LT}
15
E2
5
B
a1

G5

48

85

2%

a1

B3

19

L]
7

51

48
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15
16
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18
1
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Table E.3: 2nd component of the OZ multiplication table

T4
T&

z
2
E 2 8§ 8 8 2 2 8

47

83

g
&

a5
43

45

&7

n
T

a5

a2

41

H

B3

A
B

g1
L
T4

8
76

A

A2 R d BB Z ¥E 28

]
-

B B B R E 5 B &

aT
e

M
12

&

& B

4 B ¥ &

1

T4

-1
= £ 3 8B %

S

ay

-0

al
TS

7a

E % ¢

E B 3

AT

-8

Ty
m
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40

Ey

aa

‘33
Ga
&6
g

T
71

T

14
18
=1

K

L

Table E.4: 3rd component of the OZ multiplication table

L

14
i
1%

an
10

17

F4

10

i

A3

14
1

w B o o= B

2 B B

T
14
il

=15

17
i
o

54

L 2 =

-

18

L)

B
i1

2
Fa |
BX
18
a1

1w

9

10

'irlﬂl
B B R

2 R 2

B 2

To
T

13
14
L& |

11

L

17
56

21

™

B

(=}

G5

B
15
17

4
K3

13
1]

B

L]
17

14

(TR

e B B

w

1
11

[3]

iz
13

G

Ly

Ti
T2

a7
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T3

T4

-1

ni

&5

L F)

LF
a3

i
2 FE 85 & &8 B

Table E.5: 4th component of the OZ multiplication table
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FL

75

S B E B B 2 HE kB ow oz

EE]
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27
T
215
1
a2

a3
Ba

95

5 ¥ B ok g 3 E

4 F

@ B & 2 8% ¥ B H

-l
.

w = o
| = [

43

o

41

a4

LA

# 4 H %5 &

a1

a4

75

Z5

2

EY

a5

n

a4 42
& A

&

2k

a5

d & & % & E
&

a?

E R B2 R

H & 8 31 3839 8 &8 &

[4]

= |

ar

kil

ai

© University of Pretoria

G- -

E 8 8 B B B

a0

23

a3

EﬂHIE_EEHEEEHEEEﬂ!ﬂ.tﬁEE

T

B0
41
az
£
EL

B
A2 8 4B 4 B B £ 2 g g =

a8
ar

a1

ar
a2
T

2 04 8 % oy g

A

B & & B
$ 5 § &

&
S

an
1

-]
w

B4

kh |
an

24

88

= 8 ¥ B 9 8% o2 g oz

B RENE Y EZEYE S o

45
gy

43

T4

T
-]



APPENDIX E. MULTIPLICATION TABLE FOR O7, SPACE GROUP

41

43

4E

a7

EEEEEEHEH!HEHHEEﬂHﬂ!E‘#

& £

4as

EIT VAN PRETORIA
TY OF PRETORIA
i

ITHI YA PRETORIA

Table E.6: 5th component of the OZ multiplication table

26

T

a2
E1

T

aa

an
47

-
B 2R & 3 3

as
EE]

3
2 ® 2 ¥ 3

TH

&

=4
L

-
H.]

o
—_

£

20

S
Eld
38

a1l

T

Td
o5

a2
5 B &8 43 2 2 &

ar

44
)|
a2

H

ES

& B B &

EL

jr

g2
n

5 H B B

g
e

& k =2

8 % B R E & @

1
a1

T

3
B

TH
i

5 Y B E B & & =B

Ja
LY
TS

13

TH

-E
L]

B

[5]

a5
He

£

= B 8 E & £ B £ B OHB OB &

#

ar

B

W2 R E A d o=

0

© University of Pretoria

d H

-]
m

a1

Ly

T8

B E® Y% 2 E B 2 8 £ & &

42

1

Eﬂﬂidﬂfﬂiﬁﬁﬁﬂﬂﬂﬂiﬁﬂﬁlﬂﬂtﬁ

dfi
45

0

a4
B
PL
Ta
T3
T4

"7

e
LES I

£ 2 B 3B ¥ B E & &
g

[
jurs

T3
T4

27

a3
&5
a5

4
T3

89

47

&

Tl

nz

T

i)



8

<cc

v

NIVERSIT
NIVER
v

s
NIBES

EIT VAN PRETORIA
ITY OF PRETORIA
i

ITHI YA PRETORIA

APPENDIX E. MULTIPLICATION TABLE FOR O7, SPACE GROUP

=@ - i

[+
1"

12
13
14
14
8
7
1a
L

21

Lﬂ'ﬂau
TR g .

-
E 28

10
53

13

iz
1

Table E.7: 6th component of the OZ multiplication table
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Table E.9: 8th component of the OZ multiplication table
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Table E.10: 9th component of the O,Z multiplication table
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Table E.11: 10th component of the OZ multiplication table
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Table E.12: 11th component of the OZ multiplication table
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Table E.13: 12th component of the OZ multiplication table

BN OIT 2 =M 30 M 3 13 34 35 3§ 37 o 38 &) 41 dF 43 44 45 46 47 48
26 73 I TS TE B B) ¥ AX 33 M OHY M @Ask m 30 42 M 44 M 48 985 98 4T
ar T& 73 I OTR 32 &M TH X M M OEE 18 & 55 05 44 41 W B5 96 45 43
M T4 T3 X o TR OTT 3 81 M B1 G D B2 W OS2 91 4 41 48 05 48 A3
0 12 A OTE M A& ml E1 T O M VR M o4 @ B 3 W 8 68 37 88 M6 M
33 TR 26 &b BT O35 X 26 @ IT TI O28 42 &) B0 44 45 47 45 & B 30 B 4n
55 &) Az 28 A% 34 38 81 T ™M TR T O® 44 41 B &5 4F 4% A7 MG 40 T
32 T M 50 B4 BY 25 EF TR OTH OTE 3G 4 41 41 W) B3 &5 DE B2 B A5 BT B8
13 015 W OEX T3ROS M O™ X% M ROTE W 47 M 48 3T 0 4 B 41 01 o 42

B4 15 33 2B TE I OTA WM X OTE Im 45 @ 4T 43 85 40 AT &5 S0 4 43 A
%8 @1 AF &4 TS YA ¥ 28 7O 9 T3 OO0 47 45 B2 I3 00 B 400 51 B 52 44
i % B1 O35 T T4 TR TS 33 VE T OTD OB 4F 45 0F M OB N BT 02 90 & W
a7 BT B &0 45 D5 45 & 41 91 ¥ &4 TR X7 M O Té BB M B4 TT TR 3 A3
AF 40 37T ¥ 46 48 D1 95 4@ B O @ T4 M T3 Y M 38 33 X O R 3w
¥ 17 BE N5 93 B8 04 B M U2 S0 TS TAOTE T AT H1 W M M TT m oM
& B 3 % = 48 4T B3 44 42 Oi AD 2E R OTE OTH M @gr X5 B XX TE Tm m
4 B &4 4% K5 B& 40 ¥ 45 45 W 4T 3 30 M T4 T ¥ T™M TS & &3 &4 a8
42 & & 44 BF T 3 2 48 B} B OW YD Z T R ™ O & T M oM 3F &
4% 44 42 B3 28 40 @ 3 47 41 45 F) M M 0 I8 3T IR @ M 353 38 | 1
44 91 AD S0 BE )5 &% ) M & H) 894 PO YH 7T OTEH 28 OTH OVE V4 O B} & BZ
4% 98 47 94 B 44 40 42 B 40 39 38 X1 B84 A} B 23 OB YR TR T} M VR 2%
40 BY B2 45 DF 91 44 PR S 30 B BS BT 25 B4 BI T@ TR 22 TF O™ TH M T
4T 45 BI DS 1 42 BB BF 28 A& M B3 83 AF BY W M T8 M X T T4 TI IA
4B 45 4G 47 44 &1 4% 01 42 A7 & By M 3P om 3 R M XN T TH YI OmW 2T

© University of Pretoria



8

<cc

NIV
NIVERS
UNIBESITHI YA PRETORIA

ERSITE
1T
I

IT VAN PRETORIA
Y OF PRETORIA

APPENDIX E. MULTIPLICATION TABLE FOR O7, SPACE GROUP

Ta
74
ra

T
TH

a7
-1

T4

Table E.14: 13th component of the OZ multiplication table
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Table E.15: 14th component of the OZ multiplication table
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Table E.16: 15th component of the OZ multiplication table
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Table E.17: 16th component of the 0,7Z multiplication table
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