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Abstract 

In this study, a new combined model presented to study the flow and discrete 

phase features of nano-size particles for turbulent convection in a horizontal 

tube. Due to the complexity and also many phenomena involved in particle-

liquid turbulent flows, the conventional models are not able to properly predict 

some hidden aspects of the flow. Therefore, Brownian motion is implemented 

in discrete phase model to predict the migration of the particles as well as 

energy equation has modified for particles. Then, the final results are exported 

to the mixture equations of the flow. The effects of the mass diffusion due to 

thermophoresis, Brownian motion and turbulent dispersion are implemented as 

source terms in equations. The results are compared with the experimental 

measurements from literature and are adequately validated. The accuracy of 

predicted heat transfer and friction coefficients are also discussed versus 

measurements. The migration of the particles toward the centre of the tube is 

properly captured. The results show the non-uniform distribution of particles in 

turbulent flow due to strong turbulent dispersion. The proposed combined 

model can open new viewpoints of particle-fluid interaction flows.  
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1 Introduction 

The main advantage of mixing ultrafine particles with a fluid is concerned to the 

enhancement of heat transfer in convective flows. This can happen only in 

certain circumstances depending on the type of the flow and particles. 

Therefore, modelling and numerical methods can be appropriate tools for 

predictions of heat transfer and pressure loss when there is no experimental 

data.  

Improvement and deterioration in heat transfer by particle-fluid flows were both 

reported by researchers in forced convection flows for different geometries. For 

instance, in the laminar and turbulent flow of heat exchangers 1–5, horizontal and 

vertical tubes 6–14, microchannel 15–17, etc. Bajestan et al. 1 considered the 

Brownian motion as the dominant mechanism of heat transfer in laminar flow. 

He et al. 10 and Sonawane et al. 3 presented Brownian motion as the reason of 

non-uniform distribution of particles. This approach could result the non-

uniform scattering of viscosity and thermal conductivity in the main flow. Liu 

and Yu 17, Utomo et al. 7 and Xuan and Li 14 reported the Brownian motion and 

thermophoresis diffusion are the main contributing factors in the enhancement 

of heat transfer, rather than thermal conductivity improvement. Although, the 

effects of Brownian motion and thermophoresis parameters were considered 

minor by Ahmad 18.  

Regarding numerical modelling, mixture model has been used in recent years as 

the simplest method. A small slip velocity between nanoparticles and fluid is 

assumed in this model, and the only effective parameters are concerned to 

transport properties. Avramenko et al. 19, Öğüt and Kahveci 20, Safikhan and 

Abbassi 21 and Selvakumar and Dhinakaran 22 are the examples of using mixture 
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model. The modelling results were found in good agreement with experiments 

for heat transfer and pressure drops. Nonetheless, they did not predict the 

relative velocity because of using the default and simple algebraic model. 

Consequently, particles were shown uniformly distributed in the domain. It 

means that the capabilities of mixture model regarding these cases can be still in 

doubt. This model was somehow developed by Buongiorno 23 via considering 

mass diffusion effects of nanoparticles due to concentration and temperature 

gradient. He stated that turbulent diffusion should be dominant rather than 

Brownian diffusion in the matter of turbulent flow. Avramenko et al. 24 

mentioned the weak impacts of nanoparticles on transport processes in a 

turbulent boundary layer compared to laminar flows. Other approaches were 

also developed by Mahdavi et al. 25,26 by proposing new slip velocity and 

diffusion terms in mixture governing equations.  

The other new approach of nanofluid simulations is known as Discrete Phase 

Modelling (DPM) which has only been used in very recent years. The 

interaction forces and heat transfer can exchange between particles and liquid in 

DPM. Since particles are individually tracked in the Lagrangian frame, the 

number of particles plays an important role in the final solution. Kumar and 

Puranik 27, Mahdavi et al. 28,29, Rashidi et al. 30 and Shirvan et al. 31 employed 

discrete model for nano-size particles in different flows. They considered drag, 

lift, Brownian, virtual mass, pressure gradient and thermophoretic forces acting 

on a single particle. The default model from a CFD software was used in the 

simulations with no modified equations. Since the phenomena in nanoscale are 

totally different than micro-scale, for example, the electrostatic adhesive and 

repulsive forces are important in particle-particle and particle-wall in contact. 

This is not considered in the DPM and further developments are required for 

this case as well as cluster formation.  
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The main approaches in nanofluid simulations were presented in this section as 

a mixture and discrete phase. The literature review showed that most of the 

numerical modellings were conducted via these methods and only some of them 

were referred in this section as examples. It can also be concluded that both 

models considered some essential aspects of simulations, but not the entire. In 

this study, a novel method is used to combine those above-mentioned 

approaches for particle-fluid flow. Alumina and zirconia nanofluids are chosen 

as heat transfer fluids in turbulent convective flow in a tube. The implemented 

equations are critically explained and the numerical procedure is subsequently 

described.  

2 Mathematical description of equations and implementation  

2.1 Physics of the Problem  

The developed model in this report is compared to experimental measurements 

from Williams et al. 32. Aluminium oxide and zirconium oxide particles are used 

as: aluminium oxide with 46 nm size, density 3920 kg/m3, specific heat 880 

J/kg.K and thermal conductivity 35 W/m.K, and zirconium oxide with 60 nm 

size, density 5500 kg/m3, specific heat 502 J/kg.K and thermal conductivity 2 

W/m.K. They are mixed with distilled water with different volume fraction of 

0.009 to 0.036 for alumina and 0.002 to 0.005 for zirconia. The flow is turbulent 

in a horizontal tube of inner diameter 0.0094 m and nearly 3 m in length. 

Uniform heat flux is applied on the outer surface of the tube. It is noted that the 

gravity and buoyancy force are present in both particles and fluid flow to ensure 

capturing the possibility of secondary flow.  

2.2 Discrete phase modelling  

A representative particle in each computational cell is solved in the Lagrangian 

frame and extended to other particles. The force balance equation of motion for 

particles is as follows:  
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The interaction forces in particle motion equation are briefly explained here: 

Drag force 33, which is valid for any ranges of Reynolds number: 
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where   is the shear rate mainly important at the vicinity of the walls. The other 

form of lift force can be found in Saffman 35. However, this correlation can be 

used for particles smaller than micro-size.  
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Magnus force: the particle angular velocity, p , can be obtained from particle 

conservation of angular momentum equation 37,38: 
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The general form of Magnus lift force can be written as: 
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where Ap and CML are projected particle surface area and rotational lift 

coefficient respectively. This correlation is valid for pRe 2000 .  

Thermophoretic force 39: 
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Brownian motion force. The default form of Brownian force is as follows 40: 

6 p c B
b i

p

d K T
F

t
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

 
 (16)

where i  is the unit variance random number produced by a Gaussian white 

noise process. 

The following equation is chosen and implemented for Gaussian white noise 

function 41,42: 

1 1 22 ln cos(2 )U U    (17)



7 

2 1 22 ln sin(2 )U U    (18)

where iU  are uniform random numbers defined in the program. The final form 

of the code produces the random values in each direction. For random values 

U<0.5, 1  is applied in Brownian force, and else 2 .  

2.3 Heat transfer equation 

Conservation of energy for a particle can be expressed and implemented as 

follows 43: 
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where  mc is the mass of the fluid occupying the particle place. The first term on 

the right-hand side (material derivative) is the variation of internal energy of the 

fluid being in the place of the particle. This term is similar to the virtual mass 

term in force balance equation of the particles. The second term is obviously 

due to heat conduction from the surface of the nanoparticle. The solution of this 

ODE will be: 
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2.4 Particles migration due to turbulent eddies 

The effects of fluctuating velocity on particles trajectory are modelled using 

discrete random walk model developed by Bayazit 44. The random fluctuating 

value of velocity during eddy lifetime is defined as: 

2
i iu u  (23)
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where   is the randomly distributed number from Gaussian pdf and 2 2

3iu    

is the root mean square of fluctuating velocity, with   as the turbulent kinetic 

energy. This fluctuating velocity is considered in particle motion equation as 

i i iu u u   and the subscript i refers to an individual velocity component. The 

interaction between the eddy and the particle occurs during the minimum of two 

characteristic times, the lifetime of the eddy and particle eddy crossing time. At 

the end of the period, a new location for the particle is calculated. Further 

discussion about the stochastic dispersion of particles can be found in Shuen et 

al. 45.  

2.5 Fluid flow equations 

Since the presence of particles influences the governing equations for fluid 

flow, a few assumptions are made in this section to provide proper forms of 

equations.  

1. Continuity equation remains the same as a single phase.

2. Particles diffusion should be presented in energy equation due to considerable

impacts on heat transfer. 

3. Brownian, thermophoretic and turbulent diffusions are considered as mass

diffusion terms on the right-hand side of energy equation.  

With the above-mentioned assumptions, the governing equations are: 
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where bD , t  and TD  are particle diffusion coefficients for concentration, 

turbulence and thermophoresis, respectively. C is the particles concentration. 

The transport equations for the turbulent kinetic energy ( ), dissipation rate (ɛ) 

and viscosity based on    Realizable model are as follows 46 : 
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where S and 3C   are the rate of strain tensor and degree to which   is influenced 

by the buoyancy, respectively. 0A , *U  and sA  are functions of the mean rate of 

strain tensor. 
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Turbulent diffusivity plays the most significant role in heat transfer. Three 

methods are suggested to calculate particle turbulent diffusion as:  

1. Since the transport mechanism is the same in mass, momentum, and energy,

the particle turbulent diffusivity can be estimated as eddy diffusivity or 

turbulent thermal diffusivity 47.  

t
t

tSc

  (35)

where t  and tSc  are turbulent viscosity and Schmidt number. Turbulent 

Schmidt number can be assumed between 0.7 to 1 47.  

2. The order of turbulent diffusivity is similar to the first approach in second

method as follows33:  
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3. In the third method, more particle parameters are involved in the calculation

of turbulent diffusivity 46. The user defined function of this method is 

implemented in the energy equation. 
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where   is the time ratio between the affected time scale of the turbulent eddies 

( s ) and the particle relaxation time ( p ). C  is assumed constant here and equal 

to 0.09.  
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The reasons that the third method was chosen are as follows. Firstly, the values 

for the first and second methods are at the same order. Secondly, the effect of 

nanoparticles on the particle turbulent diffusion is pronounced in the third 

method, by considering the impacts of relative velocity, particles diameter and 

particle relaxation time. 

Each part of the proposed method was used in various types of flow, from 

particles in any scale to bubbly flows, in different occasions. For instance, a 

combination of discrete model, Eulerian two-phase model and turbulent 

diffusivity can be found in literature48–50. Although, only some interactions with 

conventional heat transfer model were employed. 

2.6 Mixture properties 

The mixture properties of alumina and zirconia nanofluids are presented here 32: 
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The transport properties for zirconia: 
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3. Numerical considerations

ANSYS Fluent 17.0 was employed to simulate particle-fluid flow in this study. 

Second order scheme was chosen for energy, momentum, turbulent kinetic 

energy and turbulent dissipation rate and also PRESTO! for pressure 

interpolation. The best criterion for the final solution was found to be the 

balance of heat transfer when it was in less than 2% error.  

The realizable two-equation model was used with scalable wall function as the 

wall treatment model. The other schemes and wall treatment were also 

examined, but they failed to be in good agreement with the experiments. Also, 

the convergence was found faster with the suggested schemes and the wall 

treatment. 

3.1 Numerical procedure 

Due to many modifications in the basic equations, the method of simulation is 

extensively explained here.  

1. At the first step, the flow and energy equations are solved for base fluid in the

turbulent regime.  

2. When the solution is converged, the Brownian force and particle heat transfer

equation are implemented as user-defined functions (UDFs), and discrete phase 

is solved for one iteration.  
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3. After particles calculation, the particles turbulent diffusivity is calculated and

stored in a memory function. 

4. Then, a UDF for a new scalar field is executed and particles concentration

distribution is stored in it.  

5. An adjust function for temperature is executed to calculate the gradient of

temperature.  

6. All the fluid properties are changed and implemented based on the new

concentration scalar. 

7. The source terms for energy equation are implemented as another UDF.

8. The simulation goes on to reach a final acceptable solution.

4. Results and discussion

The simulation results of alumina and zirconia nanofluids in the turbulent flow 

are presented in this section and compared to experimental measurements. The 

validations were conducted for both of heat transfer and friction coefficient.  
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b) 

Figure 1. Friction coefficient for a) alumina and b) zirconia nanofluid in 

turbulent flow 
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b) 

Figure 2. Heat transfer coefficient for a) alumina and b) zirconia nanofluid in 

turbulent flow 
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b) g) 

c) h) 

d) i) 
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e) j) 

Figure 3. Volume fraction distribution of particles at the outlet of the 

horizontal tube for alumina and zirconia.  

The simulations results for friction coefficient and heat transfer coefficient in 

turbulent horizontal tube flow are compared to experimental measurements in 

figure 1 and 2. The error bars are ±10% of the measured values51. The details 

about Reynolds number, inlet velocity, tube diameter and particle type/loading 

are available in Table 1. The results are less than 10% error for most of the 

cases and in good agreement with experiments. Therefore, the accuracy of the 

proposed method is confirmed.  

The advantages of the new method in this report are mainly concerned with the 

details of changes in fluid flow and particles migration which are predicted and 

presented in this section.  
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a) d)

b) e) 

c) f) 

Figure 4. Particle migrations toward the centre of the horizontal tube from the 

inlet to the outlet at different cross sections for alumina nanofluid 3.6vol%.  
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a) 

b) 

Figure 5. Development of fluid turbulent kinetic energy at the outlet of the 

horizontal tube for a) alumina and b) zirconia nanofluid.  
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a) 

b) 

Figure 6. Development of turbulent intensity for different volume fraction a) 

alumina and b) zirconia nanofluids.  
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a) 

b) 

Figure 7. Variations of mean fluid velocity due to the presence of particles for 

a) alumina and b) zirconia nanofluids.

u / uin

Y
/

r i

0 0.2 0.4 0.6 0.8 1 1.2

-0.8

-0.4

0

0.4

0.8

Water, uin = 1.94 m/s, q" = 94589 W/m2

Alumina 0.9vol%, uin = 1.95 m/s, q" = 94386 W/m2

Alumina 1.8vol%, uin = 1.92 m/s, q" = 94736 W/m2

Alumina 3.6vol%, uin = 1.94 m/s, q" = 94860 W/m2

u / uin

Y
/

r i

0 0.2 0.4 0.6 0.8 1 1.2

-0.8

-0.4

0

0.4

0.8

Water, uin = 0.95 m/s, q" = 96373 W/m2

Zirconia 0.2vol%, uin = 0.95 m/s, q" = 96373 W/m2

Zirconia 0.2vol%, uin = 0.95 m/s, q" = 96373 W/m2



22 

Table 1. Details of some parameters used in the simulations 

Reynolds number uin(m/s) Tube diameter D (m) Al2O3 volume 

fraction 

ZrO2 volume 

fraction 

m in

m

u D


, 9000 - 60000 0.92 – 3.5 0.0094 0.9% - 3.6% 0.2% and 0.5% 

Variations in volume fraction distribution of alumina and zirconia nanofluids in 

a cross section of the horizontal tube for different Reynolds number are 

illustrated in figure 3. The trend in particles migration can be easily seen for 

both fluids. The non-uniformity of distribution is more visible at lower 

Reynolds number comparing to higher ones. 

It can be justified because of the velocity profile intends to be flatter in higher 

Reynolds number, so the particles are uniformly distributed throughout the 

flow. Also, the concentrated area always remains to be around the centre of the 

tube in turbulent flow. The other turbulent parameters can provide a better 

explanation for these phenomena. 

Evolution of particles volume fraction from the inlet to the outlet at different 

cross sections is illustrated in figure 4. The distribution is almost uniform at the 

beginning. Then, particles migrate toward the centre of the flow due to strong 

effects of fluctuating velocity and eddies with higher kinetic energy close to the 

wall, shown in figure 5. Therefore, particles are influenced by higher kinetic 

energy region to move to lower kinetic energy regions. These results prove the 

significance of considering both distributions of particles due to fluctuating 

velocity and turbulent diffusion source term added to the energy equation.  

Turbulent intensity is defined as the root mean square of turbulent velocity 

fluctuation over local mean velocity. The presence of particles in the fluid 

increases turbulent kinetic energy and intensity, shown in figure 5 and figure 6. 

The trend is similar for both alumina and zirconia nanofluid. Turbulence 

intensity also rises with an increase in particles concentration. Growth in 
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turbulent kinetic energy and intensity is the main reason for an increase in 

pressure loss with adding particles to the fluid. On the other hand, nine percent 

intensity is clearly enough to drag the particles from close to the wall to the 

central region of the flow with intensity less than 5%.  

a)  b)  

c)  d)  

e) 

Figure 8. Contours of strength and streamtrace of secondary flow induced by 

particles for a) alumina 0.9% vol. b) alumina 1.8% vol. c) alumina 3.6% vol. d) 

zirconia 0.2% vol. and e) zirconia 0.5% vol. 
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The impacts of particles on flow mean velocity is presented in figure 7. It is 

observed that there is always a location where the flow mean velocity is not 

affected by the particles, which is not clear at the centre of the horizontal tube. 

It can be explained as follows: Brownian force and the influences of fluctuating 

velocity are the only forces acting in all directions, while other important forces 

such as thermophoresis, lift and Magnus only act toward the centre of the tube. 

On the other hand, Brownian diffusion can be only important close to the wall 

and not in the main flow comparing to turbulent diffusion. 

It means that only some of the forces can cancel each other at the centre of the 

tube and the influences of random fluctuation velocity remain strong in the main 

flow. This can somehow change the position where the maximum mean velocity 

used to occur, meaning the centre of the tube. 

In the other word, the particles distort the flow velocity profile and move the 

position of maximum mean velocity from the centre to lower position. This 

phenomenon can be easily captured at higher concentration of alumina 

nanofluid 3.6% vol. This was also reported by Laín and Sommerfeld 52, except 

they explained bouncing off the particles from the wall toward the centre as the 

contributing factor, rather than the impacts of fluctuation. While turbulent 

diffusion and fluctuating velocity play a significant role in this study due to 

nanoscale size of the particles.  

Table 2. Strength of secondary flow induced by particles 

Alumina 

0.9%vol. 

Alumina 

1.8%vol. 

Alumina 

3.6%vol. 

Zirconia 

0.2%vol. 

Zirconia 

0.5%vol. 

Strength of 

secondary flow 
0.09% 0.18% 0.31% 0.16% 0.36% 

The other interesting aspect of the proposed model in this study is reported in 

figure 8 and table 2. A secondary flow at the cross section of the tube is induced 

due to impacts of particles on the flow. A strength secondary flow parameter is 

defined as the magnitude of secondary flow over total velocity magnitude as 
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2 2
x yu u

u


. As can be seen, the strength increases with a rise in particle 

volume fraction and also depending on the type of particles. It means that the 

gravity plays an important role when the density ratio reaches to almost 6 for 

zirconia nanoparticles.  

Radial displacement of particles released from different radial locations is 

shown in figure 9. The random nature of particles displacement in this figure 

can be easily referred to fluctuation velocity. The migration covers the entire 

region of the flow from the centre to the vicinity of the wall. Therefore, it can be 

concluded that particle turbulent diffusion is the dominant phenomenon in 

turbulent flow.  

a) b) 

Z (m)

r di
sp

la
ce

/r
i

0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

Z (m)

r di
sp

la
ce

/r
i

0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1



26 

c) 

Figure 9. Radial migration of particles released from different locations at the 

inlet for alumina nanofluid 3.6% vol.  

5. Conclusion remarks

A new method is developed to simulate turbulent forced convective flow for 

nanofluids. Even though, it can be also used in other types of particle-liquid 

flows. A Brownian force and energy equation for particles are implemented as a 

part of solving discrete phase model. Then, the results of particles tracking are 

saved and imported as mixture properties in the flow equations. Due to the 

importance of diffusion in the case of nanoparticles, the diffusion source terms 

for thermophoresis, concentration and turbulence are implemented in the energy 

equation. At the first step, the good agreement was found between the results of 

the proposed model and experiment for both of heat transfer and friction 

coefficient for two different types of nanofluids. The advantages of this new 

method can be as follows: accuracy in calculation of heat transfer coefficient 

and pressure drop within less than 10% error, reporting concentration 

distribution and particles migration toward the centre of the tube, considering 

most of the phenomena involved in particles migration and diffusion, tracking 

of the particles anywhere in the flow. Also, the secondary flow induced by the 

impacts of the particles was properly captured in the simulations. Particles 
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loading showed increasing effects on the secondary flow strength, depending on 

the density and type of the particles. It is noted that particles cluster formation is 

one the important phenomenon which is needed to be considered in future 

studies.  

Nomenclature 

pA Particle projected area, m2 

C Concentration 

cC Cunningham correction factor 

DC Drag coefficient  

MLC Rotational coefficient 

C  Rotational drag coefficient 

pC Specific heat, J/kg.K 

pd Particle diameter, m 

D Tube diameter, m 

TD Thermophoresis diffusion coefficient, m2/s 

bD Concentration diffusion coefficient, m2/s 

f Friction factor 

F Drag force, N 

Fb Brownian force, N 

h Heat transfer coefficient, W/m2.K 

I Turbulent intensity  

pI Moment of inertia, kg/m2 

k Thermal conductivity [W/m.K] 

BK Boltzmann constant, m2.kg/oK.s2 

pm Particle mass, kg 



28 

ri Tube radius, m 

rdisplace Radial displacement, m 

Re Reynolds number 

p
Re Angular Reynolds number 

tSc Schmidt number 

pt  Particle time step, s 

u Velocity, m/s 

iu Fluctuating velocity, m/s 

X, Y Tube cross section, m 

Z Flow direction, m 

Greek symbols 

 Turbulent dissipation rate, m2/s3 

t  Particle diffusion coefficient, m2/s 

 Shear rate, 1/s 

  Turbulent kinetic energy, m2/s2 

 Viscosity, Pa.s 

t Turbulent viscosity, Pa.s 

pω Particle angular velocity, 1/s 

Ω Relative particle-liquid angular velocity, 1/s 

 Density, kg/m3 

  Particle relaxation time, s 

i  Gaussian white noise random number 

 Random number  

Subscript  

c continues phase 

in inlet 
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m mixture 

p particle 
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