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ABSTRACT h [Js] Reduced Planck’s constant

By considering quantum friction, heat resistance and heat ky K] Boltzmann constant
leakage, this paper establishes a quantum Braytpn heat pump L.L.L,L Lagrangian functions
model. The working substance is a two-level spin-1/2 system, - Masnetic moment onerator
and the cycle has four branches: two adiabatic branches and M £ P
two isomagnetic branches. By using quantum thermodynamics N Number operator
and quantum master equation, this paper obtains heating load n, gipgé?gigsgigge thermal phonons of
and COP of the pump. By using Euler-Lagrange method, this

.. . 0 [J] Amount of heat exchange

paper optimizes heating load and COP performance for two - -

. . L. Q Q” Operator in the Hilbert space of the
cases: the general case aqd 'Fhe case at high temperature limit. o> Ya system and Hermitian conjugates
Influences of quantum friction, duration of adiabatic process 0. [W] Rate of heat flow of bypass heat leakage
and heat leakage on the performance are further analyzed. -

q Parameter of heat reservoir
INTRODUCTION S Expectation value of spin operator .Si
Heat pumps are important devices which have been used .. S Spin creation and annihilation operators
widely and have made great contribution for energy saving. By $G.5..5) Spin operator
using finite time thermodyngmlcs (FT.T)'the.ory [1-11], a lot of 7 K Absolute temperature
work on performance analysis and optimization have been done, 7 [s] Time
such as endoreversible [12, 13] and irreversible Carnot heat W ] Work
pumps [14, 15], air heat pumps [16, 17], absorption heat pumps
[18, 19], thermoelectric heat pumps [20, 21], and so on, and Special characters
many important and significant conclusions have been obtained. @ Intermediate variable
In recent decades, the studies on heat pumps have been B (] “Temperature” £ =1/(k,T)
extended to microscopic energy conversion systems, such as I Phenomenological positive coefficients
Brownian heat pumps [22, 23], energy selective electron heat 7 Parameter of the heal 1eSeIvoLr
pumps [24, 25], §tc. Also, the .study on quantum heat pumps A A A A Lagrangian multipliers
has attracted considerable attentions. Friction cociTiciont
. . . 1cl1 1
Since Scovil and Schultz-Dubois [26] proposed the concept
. . Hy [3/1] Bohr magneton
of quantum heat engine, the study on quantum heat engine and :
quantum refrigerator has attracted more and more interests [27- f P’]V] ;I'eatn;g 1°Td —
. S 1me / cycle perio
36]. As for quantum hea}t pump, Wu et al [37, 38] firstly % Coefficient of performance (COP)
developed a quantum spin Carnot heat pump model and a -
(0] “The magnetic field” @ =2u,B(t),
NOMENCLATURE o [s"] Frequency of thermal phonon of cold
¢ reservoir
a,c [s"] Parameter of heat reservoir Subscripts
B Heat reservoir B Heat reservoir
B [T] External magnetic field c Cold side
c Dimensionless factor which describes h Hot side
© magnitude of bypass heat leakage S Working substance system
E [N Internal energy of the spin-1/2 systems max, = 0,C, =0 Ma;imuin pCiir(l)t Ofcl)r endoreversible case
Vés Hamiltonian with 7, =17, =0
1,2,3,4 Cycle states
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harmonic Carnot heat pump model, and investigated their
performance. Besides quantum Carnot heat pump, the
performance of a harmonic Stirling heat pump [28], a quantum
spin Ericsson heat pump [39] and an irreversible harmonic
Stirling heat pump [40] have also been investigated. Liu et al
[41, 42] obtained optimal heating load and COP relation of an
irreversible Carnot heat pumps which use, respectively, spin-
1/2 systems [41] and harmonic oscillator systems [42] as
working substance, and denoted that, for heat loading, the
harmonic oscillator heat pump has no maximum while the spin
heat pump has.

This paper will develop an irreversible heat pump cycle
model and derive its heating load and COP. The working
substance is spin system and the cycle is Brayton type. In
general case and at high temperature limit, the heating load and
COP performance will be optimized, and the influences of
quantum friction, duration of the adiabatic processes and heat
leakage will be further analysed.

WORKING SUBSTANCE: SPIN-1/2 SYSTEM
(1). The internal energy
Considering a situation that a single spin-1/2 particle is

placed in magnetic field B whose direction is z axis and
changes with time, and the Hamiltonian is given by [43]

Hy=-M-B=2u8-B/h=2u.8 B [h=0®)S,/n (1)
where S, Ms , and h:h/(27r) stand for spin angular

momentum operator, the Bohr magneton and the reduced
Planck’s constant, respectively. For simplicity, one refers to
o(t) =2u,B(t), as “the magnetic field”. The internal energy is

given by
)

constant

Ey=(A)=o(S.)/n=ws/n

where k, stands for the Boltzmann and
S =—ntanh(fw/2)/2 is the expectation value of S, . For
simplicity, one refers to B =1/(k,T) as the “temperature”.

(2). The first law of thermodynamics

As couples thermally to a heat reservoir, the spin-12 system
becomes quantum open system. Using Heisenberg picture for
change rate of an arbitrary system operator X , one obtains [43]

X i, 70X .
—=—|Hy X |+—+L,(X 3
= A X[+ L () 3)
where L, (X) is dissipation which originates from thermal
system-bath coupling and is given by [27, 44]

L(%) =37, X.0,|+[0:. X ]0,) “)
where y_ is phenomenological coefficients which describes the

dissipation and is positive, Qa and Q; are Hermitian system
operators in the Hilbert space.
Substituting X = I-AIS into Eq. (3), one obtains

dEs _d >+<Ln(ﬁs)>_s‘z‘;’/h+w‘;‘j/h (%)

. oH
(h—dKHQ-<mS
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For the spin-1/2 system, one may identify the instantaneous
heat flow and power as

0=(L,(Hy)) = 0S/n=dg/d

P= (0l or) = oS/n=dw/dr
and identify the inexact differentials of heat and work as
dQ = wdS/n ®)
dW = Sdw/h ©)]

(3). The change rate of S caused by thermal system-bath
coupling
Setting X =8, 07 =S, =5, +zl§y and 0, =S =5, —iS'y
in Eq. (3) and solving the equation, one obtains the change rate
of the S as
S =—ar’e”’[2(1+€"")S +h(e"” ~1)]
(4). The adiabatic process

Along the adiabatic process, there is no thermal coupling
between spin-1/2 system and heat reservoir. One assumes that

a(t) = o(0) + ot 1y
where @(0) is the initial value of the field and @ is change

(6)
(7

(10)

speed. When @ is not small enough, it will cause quantum
non-adiabatic phenomenon [43], and that causes increase of S .
From Eq. (8), one obtains that as the S increases, heat
generates inside the system and that will cause work dissipation.
To describe the influence of that phenomenon, Feldmann and
Kosloff [29] introduce a friction

(12)

where t' is adiabatic process duration. Using Egs. (11) and
(12), one obtains the S alone the adiabatic process

$ =y

S(t):S(0)+h(§)2t, 0<t<t (13)

Using Egs. (5), (11) and (13), one can derive the work done

on spin system
I 1 ¢ 1 ¢
W, =] dE; :EL Sda)+%_[0 wdS
(14)
2 (0 +
-, )(i + '“_) + M
ho2r 2t

The term (o, +a)f»)/(2t') in Eq. (14) is the work
dissipation along adiabatic process, and this part of work is the
work that done against the quantum friction.

= (o,

AN IRREVERSIBLE QUANTUM SPIN-1/2 BRAYTON
HEAT PUMP MODEL

The heat pump using spin-1/2 system described in above
section as working substance. The setup of the heat pump
model is given as following:

(1). The external magnetic field: There exists mechanical
coupling between a nonzero time-varying external magnetic
field and spin system. The field direction is along z axis.

(2). The heat reservoirs: The quantum heat pump absorbs
heat from a cold reservoir B, , and pump heat to a hot
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reservoirs B, . The heat reservoirs both are thermal phonon
systems and their temperature B, and f, are constants.

(3). The heat pump cycle: The heat pump cycle is composed
of four branches: isomagnetic branches 4 —1 and 2 — 3, and
adiabatic braches 1 — 2 and 3 — 4, as displayed in Fig. 1.

e\
s 4
st
S o, | ™
| Oy
S, 5
s, 2 1
S
B B,
a)b ) wa
Figure 1 The S —® diagram of an irreversible quantum spin-
1/2 Brayton heat pump

The heat exchanges for branches 4 — 1 and 2 — 3 can be
calculated by using Eq. (8) as

0 ——lrwds—lw(s -5
41 — Ad _h a\M4 1 (15)

=0.5w,[tanh(B w, /2) — tanh(B,w, /2)]
13 1
_%L S =—0,(5,=S,)

= 0.5, [tanh(/3, @, /2) — tanh( S, /2)]
For the two adiabatic braches, using Eq. (13) and setting
t'=7, and ¢' =1, for processes 3 — 4 and 1 — 2, one obtains

S, =8, +hu’ [, (17)
S, =S, +hu [z, (18)
Using Egs. (17), (18) and S =-0.5htanh(Bw/2) , one
obtains
B, =2w;" tanh”' (tanh S, /224" /7,) (19)
B, =2, tanh”' (tanh By, /2 —24* [7,) (20)
Using Eq. (14), one obtains the work input in the adiabatic
processes

O (16)

(g - S, 4 Ko +o,)
W —IO dE; —(a)b—a)a)(EJrz)Jrz—Ta e2))
. S, W (o +w,)
W, = [*dE, = (0, — )2+ Xy TG o)
=], A = (@, — o) A (22)

(4). The bypass heat leakage

The heat reservoirs both are harmonic oscillator system.
The harmonic oscillator system obeys the Bose-Einstein
distribution law and population of the oscillator is given by
n, :1/ (e"*” —1) . Similar to the derivation of S in above
section, one can derive [27]

i, ==2ce’m% (e —Tyn, —1] (23)

where A and ¢ are constants. According to thermodynamics of
harmonic oscillator system [23], one obtains

0, = Chas, =2Cchae*[1-(" -n]  (24)
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According to assumption for heat reservoirs mentioned above,
Q. is assumed to be constant, and one obtains

0, = 0,7 =2C.chae*[1- (" ~)n ]z (25)

CYCLE PERIOD
For the isomagnetic braches, the duration of them can be

calculated from Eq. (10) and is given by 7, = .[:/ ds/s, so
that, one can obtain the duration of processes 4 —1 and
2 — 3, respectively
s .
7, = LA ds/s
{m[tanh(ﬂhwa/z)—tanh(ﬁsw‘,/znzuz/a ]} (26)

“In[ tanh(,, /2) ~ tanh( 8, /2)]
2ah’ e (P +1)

T, = LS ds/s

{ln[tanh(ﬂcwb/z)—tanh(ﬂlwa/zmuz/rb]} 27)
—Inftanh(f, e, /2) — tanh(5, @, /2)]
2ah’e’™ (7™ +1)
Simply, one obtains the cycle period by adding the duration
of the four branches of the cycle
T=7,+7,+7,+7,

(28)

OPTIMAL HEATING LOAD AND COP PERFORMANCE

(1). General case

Along two isomagnetic branches, the field is constant so
that there is no work input. Therefore, the total work input per
cycle is equal to the work input in the two adiabatic branches
and can be calculated from Egs. (21) and (22)

W, =0.5(», - @,)[tanh(B @, /2) - tanh(B,0, [2)]

+,U2(a)a/7b +o,/7,)

Using Egs. (15), (25) and (28), one obtains heating load and

cor

7 = 0.5, [tanh( B, /2) — tanh( B, @, /2) + 24 [z, 17"

(29

(30)
-2C_cha, e [1- (" —1)n,]
o, [tanh( B, /2) - tanh(B,@, /2) + 2447 /7, ]
v {—4Cecha)ce”ﬂh’”“ - ~n,]r } 3D
{(a)a - o, )[tanh(B ®, /2) - tanh( B,®, /2)]}
R (o, |7, +,/1,)
Both of 7 and y are functions of 5, and f,. By using

numerical calculations, one plots Figs. 2 and 3 which display
the relation of ﬂ'/ T u=0.c,-0 Versus B, f; and y versus f3,
By, and 7,

C, =0. According to Refs. [27, 29, 41], the parameters are set
as 5, =05, B.=1,a=c=2, q=4=-05, r, =7,=0.01,
w,=8, v,=2, ,=04, £=0.003 and C, =0.05 in the

numerical calculations, and for simplicity, #=1 and k; =1 are

mavuc0,c,—o 18 the maximum of 7 with =0 and
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set. Fig. 2 displays that the heating load has a maximum ( 7z, ).
That is similar to that of a quantum spin Carnot heat pump [41],
however, a quantum harmonic Carnot heat pump has no
maximum heating load [42]. This difference indicates that the
quantum characteristics of the working substance does affect
the performance and cannot be neglected. Fig. 3 displays that,

the y also has a maximum (v, ) with nonzero corresponding
heating load with C, # 0.

Figure 2 7/7,

max, #=0,C,

_, versus g and S,

1 025

Figure 3 y versus S, and S,

To optimize the performance, one introduces Lagrangian
functions as L, =x+Ay or L, =w+ A7, where A, and A,
are two the Lagrangian multipliers. Combining Egs. (30), (31)
and the Euler-Lagrange equations

oL,[0p, =0, oL,[0p; =0 (32

or

oL, /0B, =0, 0L, /0B, =0 (33)
gives the optimal relation between the £, and g, . Using this
relation, one obtains the optimal 7 —y relationship. However,
the Euler-Lagrange equations are so complex and nonlinear that
one can’t solve them analytically and obtain the analytical
optimal relationship. Using the parameters as those used in the

calculation for Fig. 2 except for ¢ and C,, one can solve these
equations numerically and plot the 7r/ T p=0.c.=0 ~ W
characteristic curves, as displayed in Fig. 4. Fig. 4 displays that,
for given w, /@, , the JZ/ T u=0.c,—0 — Y curve is a beeline and
v is constant for the endoreversible case, i.e. 4=0 and
C, =0. The heat leakage changes 7r/ 4

max u=0,C,=0 ~ ¥/ curve to a
monotonic increasing one, while the quantum friction changes

it to a parabolic-like one. For the case C, #0, u#0 , the

7[/ s yi=0,c,—0 — W curve changes to a loop-shaped one and both
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7 and y have maximum. Fig. 4 also displays that, for given
7, the quantum friction and heat leakage both decreases v/, .
The quantum friction makes the 7, increase, and this

increase originates from the increase of power input due to the
existence of quantum friction. The quantum friction and heat

leakage both affect ﬂ/ﬂm, =0, — W characteristics not only

quantitatively but also qualitatively.

1-u=0, C,=0

2-u=0.003, C,=0

3-u=0, C,=0.05

4-3=0.003, C,=0.05 2

o
L")w 0.8F T,=7,=0.01
<

06

Figure 4 7/7

max,u=0,C,=0  VEISUS ¥

1-4=0.003, C,=0
2-1=0.003, C_=0.05

,7,=0.005
o 7,77,=0.001

1 1.05 11 1.15

W

Figure 5 Effects of 7, and 7, on 7/7,,, o

12 1.25 13 1.35

_o Versus y

To analyse the effects of adiabatic process time (z,,7,) on
the performance, one plots Fig. 5 that display the 7 -y
characteristic curves with 7, =7, =0.005 and 7, =7, =0.001 .
The other parameters used in calculation are same as those used
in calculations for lines 2 and 4 in Fig. 4. Comparing Figs. 5
with 4, one obtains that, with 7, =7, =0.005, the characteristic
curves are only quantitatively different from that with
7, =7, =0.01. However, as 7, and 7, decrease to 0.001, the
characteristic curves are monotonic decreasing or parabolic-like,
respectively, for the case without or with heat leakage. That is
quantitatively different form that with 7, =7, =0.01. Eq. (14)
shows that as the duration of the adiabatic process decreases,
the dissipation of work along adiabatic process increases. This
part of work is pumped to hot reservoir finally which makes =
increase. When the duration of the adiabatic process is short
enough, such as 7, =7, =0.001, the effects of quantum friction
is very strong and most of heat pumped to the hot reservoir is
work dissipation, and as a result, the pump has small y .

(2). The case at high temperature limit

For the case Bo, <1 (j=L3,h,c, w=a,b,c), ie.
the temperatures are high enough, the obtained result above can
by simplified. Eqgs. (15), (24), (28) and (29) are, respectively,
simplified to
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0, = o,(fr,0, - i, +4u>)/(47,) (34)
0. = C,2cho,(1+ 20 f,0.)B. - B)B." = Ca(B, - B,) (35)
(Byr,0, - Bir,0, +4u”)
_ 1 I (B.r,@, — Bryo, +4u°)
dai®  r,0,7,0,(B, — B)B. - By)

— 4,[12 (a)az-a + a)bz-b) + z-az-b (a)a _a)b)(ﬂla)a _ﬂ?sa)b)
4r,1,

+7,+71, 36)

W.

in

(37)

Using Egs. (34)-(37), one simplifies the heating load and
COP to

al’o,(Br,0, — fr,0o, +41°)
7, In(B,7,0, - Byr,0, +4u°)
—In[z,0,7,0,(B. = B,)(B, = B)]
+In(B.r,0, — Br,o, +4u°)
it ah’(r, +1,)
a1, (B e,0, + 47 ~ f7,0,) ~7,5,C.a( B~ )
In(B.r,m, +44 — Br,,)+4al’ (z, +1,)
x3+In(B 7,0, +44° — Bz, @,)
~In[z,0,7,0,(4, = B)B. - )]
VT a5 (B, BN, ~ ) +Ad i o7, +z,)
where a = 2cho,(1+ AnB,0,)/ B, -

Similar to general case, one can plots three-dimensional
diagrams of 71'/71' and w by using numerical

wT=

~Ca(B.~FB) (38)

(39)

max, #=0,C, =0
calculations, but for simplicity, the figures are not given in this
paper. The calculations show that, at high temperature limit,
three-dimensional diagrams of 7z and y versus temperatures
pf, and f, are similar to that for general case.

Similarly, to determine the optimal 7 —y performance, one
functions
and 4,

multipliers. Combining Eqs. (38), (39) and Euler-Lagrange
equations

introduces  Lagrangian L =r+Ay or

L,=y+A,x , where A are two Lagrangian

oL, /6B, =0, L. [/oB, =0 (40)
or
oL,/0B, =0, oL, /0B, =0 40
one can optimize the performance, however, at high

temperature limit, the Euler-Lagrange equations are still
nonlinear and too complex, one cannot solve them analytically.
Using numerical calculations, one plots Fig. 6 with
r,=7,=001 and Fig. 7 with 7, =7, =0.005 and
7, =7, =0.001 which display the characteristic curves of the
7[/ T u=0,c,=0 Versus y at high temperature. Parameters used
herein are set as a=c=2, g=4=-0.5, £ =1/290 ,
B.=1/260, w, =12, w,=8, @, =6, and for simplicity,

n=1 and k, =1 are also set. Comparisons among Figs. 4, 6
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and 7 show that, for 7 —w characteristic, there is only
quantitative difference between the two cases.

12
1,=1,=0.01
a b 2
1H-u=0, C,=0 1
2.4=0.0003, C,=0
o
T, o340, C,=0.001
& %8[4-4=0.0003, C,=0.001
g
=06
x
£
E 04
£
B
02

0

1 15 2 25 3

4
_, versus B and f, with

35

Figure 6 7z/7

max, #=0,C,

7, =7, =0.01 at high temperature limit

3.5

1-1=0.0003, C,=0
2-u=0.0003, C,=0.001

w

—1,71,=0.005
=0.001

Ta=Tp

1 1.5 2
v

Figure 7 Effects of 7, and 7, on 7/7,,, , . _, Vversus y at

25 3

high temperature limit

CONCLUSION

By considering quantum friction, heat resistance and heat
leakage, this paper establishes a Brayton heat pump cycle
model. By combining quantum thermodynamics and quantum
master equation, this paper obtains the heating load and COP
and optimal performance. By using the Euler-Lagrange method,
one optimizes heating load and COP performance for two cases:
the general case and the case at high temperature limit. Also,
influences of quantum friction, duration of the adiabatic process
and heat leakage on the performance are further analyzed.

The results show that, in general case, the -y

characteristic curve is a beeline when the cycle is
endoreversible. The existence of quantum friction makes the
characteristic curve a parabolic-like one while the bypass heat
leakage makes it a monotonic increasing one. When there exist
heat resistance, quantum friction and heat leakage,
characteristic curve is a loop-shaped one. As the duration of
adiabatic process is short enough, affected strongly by the
quantum friction, the characteristic curves change into
monotonic decreasing one or parabolic-like one for case
without or with heat leakage, respectively. For the two cases, i.e.
at high temperature limit and in general case, the optimal
performance are similar.
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