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Abstract

This thesis is divided into three main parts devoted to the study of magnetohydro-
dynamics (MHD) turbulence flows.

consists of introduction and background (or preliminary) materials which

were crucially important in the process. The main body of the thesis is included in

parts [[I] and [ITI]

In [Part TI] new regularity results for stochastic heat equations in probabilistic evolu-
tion spaces of Besov type are established, which in turn were used to establish global
and local in time existence and uniqueness results for stochastic MHD equations.
The existence result holds with positive probability which can be made arbitrarily
close to one. The work is carried out by blending harmonic analysis tools, such as
Littlewood-Paley decomposition, Jean-Micheal Bony paradifferential calculus and
stochastic calculus. Our global existence result is new in three-dimensional spaces
and is published in [148](Sango and Tegegn, Harmonic analysis tools for stochastic
magnetohydrodynamics equations in Besov spaces, International Journal of Modern
Physics B, World Scientific, 2016, 30). Our results in this part are novel; they intro-
duced Littlewood-Paley theory and paradifferential calculus for stochastic partial

differential equation.

In [Part TII] we studied Kolmogorov’s spectral theory for MHD equations with rea-

sonably smooth external forces applied to both velocity and magnetic fields. It was
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shown that, the spectral energy function of our MHD system, given by
Bkt = [ (&0 + e H)IS(E), k< [0.0),
&=k

satisfies the Kolmogorov’s 5/3 law over a range of wave numbers, say [k1, ko). We
have also established bounds for the spectral energy function, explicitly calculated
value for the inertial range, minimum possible rate of dissipation and maximum
possible time so that the MHD flow exhibits Kolmogorov’s phenomenon. These

results are new in the framework of magnetohydrodynamic turbulent flows.

© University of Pretoria



b

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Q@ YUNIBESITHI YA PRETORIA

Contents

[Declarationl i
[Acknowledgements| iii
[Abstractl v
I  Introduction and Background Materials| 1
T it [ Main Results 9
[LT Tntroduction] . . . . . . . . . . . . . .. 2
[L2 Main Resultd . . .. ... ... 9
(1.2.1 Existence and uniqueness results for Stochastic MHD| . . . . 9

(1.2.2  Result on Komogorov's spectral theory and Inertial range |

bounds for magnetohydrodynamic flows|. . . . . . . ... .. 11
2 Background Materials| 15
[2.1 Littlewood-Paley Theory| . . . . . . . .. ... ... ... ... ... 15
[2.1.1  Fourier Analysis|. . . . . . . .. .. ... 15
2.1.2 Bernstein Lemmal . . . .. .. .. ... o000 18

vii

© University of Pretoria



=
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Q@ YUNIBESITHI YA PRETORIA

CONTENTS viii
[2.1.3  Littlewood-Paley Decomposition|. . . . . . . . ... ... .. 19

[2.1.4  Littlewood-Paley Decomposition and Besov Spaces| . . . . . 21

[2.2  Stochastic Analysis| . . . . . .. ... ... o000 28
[2.2.1 Probability and Random Variables| . . . . ... .. ... .. 28

[2.2.2  Expectation| . . . . . .. ... o 30

[2.2.3  Conditional Probabilities and Conditional Expectations|. . . 31

2.2.4 Stochastic Processes and Filtrations/ . . . . .. .. ... . .. 32

.25 Brownian Motionl . . . . . . ... ... o000 37

[2.2.6  Stochastic Integrall . . . . . . ... ... ..o 38

Il Stochastic Magnetohydrodynamics Equations| 42
[3 Stochastic Magnetohydrodynamics Equations| 43
3.1 Introduction|. . . . . . . ... oo 43
[3.2  Reduction of the problem |. . . . . . .. ... ... ... ... .. 48
B3 APrioriResultsl. . . . .. ... ... 50
3.4 Main Resultl . . . .. .00 o000 66
3.0 Proof of Main Resultsl . . .. ... ... ... 000 68

III  Magnetohydrodynamics Turbulence and Kolmogorov |
Spectral Law| 78

[4 Inertial range bounds on Kolmogorov Spectra for Magnetohydro- |

[ dynamics Equations| 79

© University of Pretoria



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Q@ YUNIBESITHI YA PRETORIA

CONTENTS ix
“.1 Introduction|. . . . . . . . . ..o 79
1.2 Fourier estimates for the solution field (w,b)] . . . . ... ... ... 84

[4.2.1 The Fourier transtorm and reduction of the problem|. . . . . 84
122 FEstimatesin T9 . . . . ... ... ... ... ......... 86
123 Estimatesin R . ... ... ... ... ... ... .. .... 97
4.3 kstimates on the spectral Energy function and Inertial Ranges| . . . 119

[ Conclusion and Future Perspectives| 129
b.l  Conclusionl. . . . . . ... o 129
[5.2  Future work perspectives| . . . . . . ... ..o 130

(Bibliography| 132

© University of Pretoria



oo
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q@ YUNIBESITHI YA PRETORIA

Part 1

Introduction and Background

Materials

© University of Pretoria



oo
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q@ YUNIBESITHI YA PRETORIA

Chapter 1

Introduction and Main Results

1.1 Introduction

According to Dieter Biskamp, in [19], magnetohydrodynamics (MHD) is a macro-
scopic behavior of flow of electrically conducting fluids such as plasma, liquid metal
and electrolytes. The basic principle behind MHD is that moving electric charges
produce magnetic field and a changing magnetic field induces electric current; hence
a magnetic field can induce current in a moving conductive fluid, and the induced

electric current in turn acts on the magnetic field forcing it to vary, and so on.

The human civilization has had the basic knowhow on the dynamics of fluids since
antiquities, [129, Ch. 1 |, and the rules of electromagnetism have been well known
from the early 19th century (see [85]) so that one can foresee MHD phenomenon.
For instance, in 1832, M. Faraday did an experiment on Thames river, London, to
measure the induced electromotive force (emf) due to the flow of its salty water and
André-Marie Ampére also did an experiment on liquid mercury for same purpose.
Both of the experiments were not successful in detecting the phenomenon; the first
is mostly due to the incapability of the measuring device to respond to very small

data and the latter was due to the very low conductivity of mercury, see [114].

The term magnetohydrodynamics was first used by Hannes Alfvén in his celebrated

© University of Pretoria
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Introduction 3

work [4] where he formulated the basic principles of magnetohydrodynamics. Even
if he was not the first person to realize the phenomenon, due to his breakthrough
results and contributions, Alfvén was known as the father of magnetohydrodynam-
ics. Some of his finest works are [4], [5, 6, [7, 8, @]. Therefore, one may consider MHD
as the youngest child of fluid dynamics and electromagnetism which came to life
in the midst twentieth century. We refer to [114, [125] for a good reading on the
evolution and development of MHD theory.

As mentioned earlier, MHD as a phenomenon involving electromagnetism and fluid
dynamics; it is, therefore, clear that MHD models can be derived by combining
the rules of fluid dynamics such as Navier-Stokes equations , and the laws of
electromagnetism, or Maxwell equations . Navier-Stokes equations for incom-

pressible fluid flows are given by

du+ (u-V)u—vAu+ Vp =0,
divu = 0, (1.1)
u(+,0) = o,

where v is the velocity field, p is the pressure and p is viscosity of the fluid, and

Maxwell equations of electromagnetism are given by

$,b-ndS =0, 19
$E-di=3 [.b-adsS, '
G oA

where E stands for electric field in a system, S is a surface enclosing a portion of
interest, n is an outward unit normal vector to surface S, gen. is the amount of
charge enclosed by S, ¢ is the electric permittivity of free space, b is the magnetic
field, and I.,. is the enclosed current. We refer to |10}, [36, 105, 108, [109] 159] for
a thorough reading on Navier-Stokes equations and [63] (66, [84] 139] on Maxwell

equations.

In the most ideal case of MHD flow, the fluid is assumed to have so little resistivity

© University of Pretoria
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that it is treated as a perfect conductor, see [70} [76]. Depending on area of special-
ization of different authors, one may find several formulations for MHD models; see
for instance [19] 25], [59]. The standard MHD model for density independent incom-
pressible fluids which is universally acceptable among the mathematics community

is given by

Ou+ (u-V)u+ VII— (b-V)b—vAu = fi,
Ob+ (u-V)b— (b-V)u—nAb= fo,

div u =div b =0, D

uli=o = o, bli=o = bo, D,

where u = u(t, x) is the flow velocity, b = b(t, x) is the magnetic field, II is the total
pressure, v > 0 is the kinetic viscosity of the fluid, n > 0 is the resistivity of the
fluid and D is the spatial domain which will be elaborated in [chapter 4]

In the present work, we are concerned with the standard model (|1.3|) and its stochas-

tic version, given by (|1.4)) which constitutes |chapter 3|

Ou+ (u-Vu+ VI — (b-V)b—Au=gW, inQx (0,00) x R,

O+ (u-V)b—(b-V)u—Ab= g, W, in Q x (0,00) x R™, (1.4)
div u = div b =0, in Q x (0,00) x R™, '
uli—o = uop,  bli—o = bo, in Q x R",

where u = u(w,t,z) is the flow velocity, b = b(w,t,z) is the magnetic field, II is
the total pressure, and 91W and gQW are random external forces; W is an infinite
dimensional Wiener process where its components are independently, identically
distributed one dimensional Wiener processes and the stochastic differential is un-

derstood in the It6 sense. One can find a more general formulation of the model

(T4) in [147).

This thesis has three main parts. The first part consists of introduction and pre-
liminary background material where we include all the necessary results on Fourier

transform, Littlewood-Paley theory, stochastic analysis, real analysis and so on.

© University of Pretoria
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In the second part of the thesis we initiate the study of a class of stochastic MHD
equations, particularly of the type , in Besov and Sobolev spaces by developing
the necessary framework; which can also be used for the study of models such
as stochastic Navier-Stokes equations, Schrodinger equations and even for a more

general family of stochastic partial differential equations.

Indeed, stochastic partial differential equations are natural extensions of determin-
istic partial differential equations and have proven their effectiveness in studying
processes which involve a random phenomenon and noise. For instance, Navier-
Stokes equations have long been used to investigate turbulent flows, which up to
now, is not understood completely. In the process of addressing the issue, stochastic
Navier-Stokes equations are introduced by Bensoussan and Temam| in [I4]. Ever
since their introduction, stochastic Navier-Stokes equations attracted lots of atten-
tions as an alternative means to address the issue of turbulence in fluid flows, see
[13, (14, 15, (16}, 22} 5, 65, [72, 08, [116, 117, 120, 121, (140, 146, 147, 166, 167, [168),

just to cite few.

However, due to the complexity of the overall process, turbulent flows are not com-
pletely understood until now and remained to be one of the most difficult problems
of our millennium, [29]. Therefore, one may expect MHD turbulence to be even
more complex phenomenon than the hydrodynamic turbulence due to the involve-
ment of the electromagnetic component. It is, therefore, expected to update models
of MHD so that it goes along with the developments in Navier-Stokes equations.
For instance, Zeldovich, Ruzmaikin, and Sokiloffl used the approach to numerically

model MHD turbulent flows, see [172] p. 188].

Stochastic MHD equations have attracted a considerable attention. The following
works in this direction are of great importance to our purpose; Sundar| in [154]
established existence and uniqueness result of a mild solution for two dimensional
stochastic MHD model in the presence of multiplicative noise or additive fractional
Brownian noise, [Sango| in [147| presented a very detailed investigation, using the
Galerkin approximation, on the problem of existence of weak solutions for three

dimensional stochastic MHD model with multiplicative noises, Deugoué et al|in

© University of Pretoria
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[56] proved existence of weak solution for three dimensional stochastic MHD alpha
model, and |Sritharan and Sundar|in [I53] proved existence and uniqueness of space
time statistical solutions by means of weak convergence method. Recently, [Motyl
in [128], and [Tan et al| also considered the three dimensional stochastic MHD
with multiplicative noise. In [I55] they used the contraction mapping principle to
establish existence and uniqueness of strong local solution and strong global solution

with small data.

In this work, we use a completely different approach which blends harmonic analysis
tools such as Littlewood-Paley theory, Jean-Michel Bony Paradifferential calculus
and stochastic calculus. Our main concern is to deal with the question of existence
and uniqueness of strong solutions (in a probabilistic sense) in suitable spaces. We
established local existence and uniqueness of a strong (in probabilistic sense) and

large time unique solution with small data.

We first reduce ([1.4)) to a more symmetric form by introducing a relevant transfor-
mation. Then we drop the pressure term by applying the Leray projector expressed
in terms of Riesz transforms. Finally, we study the reduced problem by seeking a

solution that can be written as a sum of solutions of systems of heat equations of

type (1.5) and (1.6) given by

dv — Avdt = fdW,, (L.5)

U‘t:o = o,

odt — Aodt = fdt,
(1.6)

ﬁ|t=0 - 0

such that v, f, v, f defined in appropriate domain with certain conditions imposed
on initial datum, v, f, f . The stochastic heat equation is studied by making use
of Littlewood-Paley theory and Itd’s calculus. To the best of our knowledge, our
approach to the stochastic heat equation is also new both in methodology and result.

In the deterministic case, this approach is proven to be very handy way to address

© University of Pretoria
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issues of existence and uniqueness both for Navier-Stokes and MHD equations, see
[2, 23], 25, 30, [34L 37, [38, 47, 48], 49, (50} [T73], to cite few. Indeed [10, 25} [37, 147, 173]

have greatly influenced our work to take this direction.

On the other hand, turbulence theory is built up on statistical methods, such as
averaging of a flow process, are of greater importance in the practical use like in
engineering applications and weather forecast. The famous statement of Leonardo
da Vinci as quoted in [58]; “ Observe the motion of a surface of water, whcih re-
sembles that of hair, which as two motions, of which one is caused by the weight of
the hair and the other by the direction of of the furls; thus the water ha eddying
motions, one part of which is due to the principal current, the other to the random
and reverse motion” can be taken as an evidence to argue that the Italian genius
was the first to insight the averaging method which later was advanced by Osborne
Reynolds in [I41) [T42]. In his work, Reynolds divided fluid motion into two compo-
nents; the mean flow and fluctuating flow, leading to the system of equations called
Reynolds-Averaged-Navier-Stokes equations which are of greater in importance in
engineering applications. He is also known for a setting a criterion which measures
velocity fluctuations between two locations in a stream of flow, which later named
after him, called Reynolds numbers, usually denoted as Re. Generically Reynold’s
numbers are used as a standard tool for labeling whether a flow is turbulent or
laminar; accordingly, a flow is laminar if Re < 1900 and turbulent if Re > 2000,
see [142]. Following the progress by Reynold, Richardson crafted a cascade theory,

which he summarized it in passion['}

A very important development in this direction has come into light due to Kol-
mogorov and his team in the early 1940’s, see [91], [92) 93], 04, 13T]. In these works
they developed a theory which explains how energy dissipates and turbulent flow
decays into laminar flow. The theory is based on a series of hypothesis, called Kol-
mogorov’s hypothesis, which enabled them to study the phenomenon over a range
of scales, such as energy-containing range, inertial range and dissipation range, see

[136, Ch. 6]. In the larger scale (or energy scale) the geometry of the large eddies

!Big whirls have little whirls, that feed on their velocity. Little whirls have lesser whirls and
S0 on to viscosity- in the molecular sense. (|51, p. 199],[136] P. 183])

© University of Pretoria
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determine the flow. The geometry of large eddies is determined by the mean flow
of the velocity field and the boundary conditions. In the small scales, which en-
compasses the inertial range and the dissipation range; flow (motion) in the inertial
range is determined by inertial effects while the effect of viscosity is negligible and
finally in the smallest scale, i.e. dissipation range, viscosity takes responsibly to

shape the flow.

The very important issue at this point is the rate of energy decay in the inertial
range. Kolmogorov used dimensional analysis to come up with an explicit formu-
lation, also known as the-5/3 spectral law, which states that in the inertial range
energy decays proportional to k=°/3 over an inertial range of, say, k1 < k < ko.
Several researchers have focused on this topic in order to investigate the validity of

the Kolmogorov theory, see [71], 126}, 127| and the references therein.

It is worth noting that Kolmogorov’s theory is not devised for MHD turbulent flows

as it has not taken a magnetic field into consideration.

Our concern in the third part of this thesis is to investigate Kolmogorov’s theory
for magnetohydrodynamics flows governed by equations of the type . In fact,
since the mid of 20th century several works on the energy spectral function for
MHD equations has been done. From the earliest works one can mention [57, 86,
99, [100]. Indeed, these works lead to a phenomenological theory, which [Vermal in
[165] mentioned it as KID phenomenon. In the KID phenomenon, the spectral
energy decays proportional to k=32 unlike Kolmogorov’s phenomenon. However,
later investigations suggest that over the inertial range of MHD turbulent flow the
spectral energy decay agrees more closely to Kolmogorov than KID; for a good
reading on this issue, we refer to [I8, [164], 165] and the references therein. Further
discussion in this area is given in [chapter 4 For a very detail and elaborative
reading on MHD turbulent flow we refer to |19 21], 114].

Therefore, our duty in this part of the thesis is to investigate the spectral behavior of
a general MHD flow rigorously through mathematical techniques such as harmonic

analysis. The work is motivated by the 2012 paper of Biryuk and Craig), [I7] where

© University of Pretoria
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they used harmonic analysis techniques to investigate the spectral behavior of flows
governed by Navier-Stokes equations. In our work, we have given a detailed analysis

on energy dissipation rate and the bounds of the spectral range.

As mentioned earlier, in this thesis we address two issues; the first one is existence
and uniqueness of solution for the stochastic MHD system, ({1.4]), and the second one

is investigating Kolmogorov’s spectral behavior of the deterministic MHD system,

©3).

1.2 Main Results

1.2.1 Existence and uniqueness results for Stochastic MHD

The problem we have considered in is the system of stochastic MHD
equations, given by . In this work we have proved existence and uniqueness
of strong global solution (in a probabilistic sense) ([1.3]) with small data and local
in time strong solutions in certain spaces. The work is done by blending harmonic
analysis such as Littlewood-Paley theory, Jean-Michel Bony paradifferential calculus
and stochastic calculus, such as It6 integral. Our result is based on estimates on
stochastic heat equations. These estimates are new both in result and approach.
We broadly used Littlewood-Paley theory, Burkholder-Davis-Gundy inequality, 1t

calculus, stopping time and other stochastic estimates to get our a priori estimates.

The proof of our result is based on the fixed point argument and Bony paradiffer-
ential calculus. Bony’s paradifferential calculus is proved to be an essential tool to
study nonlinear partial differential equations, such as Navier-Stokes equations and
MHD equations, see [2, [10], 24] 25, 30} [34] 35, B39} (40l 411, 47, [48], (74 [75], 108, 109]
to cite just few of them. The very advantage of this method is that, the applica-
tion of Littlewood-Paley decomposition gives the freedom to treat distributions and

smooth functions to the same standard.

However, we have not come across any work where Littlewood-Paley theory and

© University of Pretoria
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Bony paradifferential calculus are used to tackle stochastic models of Navier-Stokes
equations or MHD equations E| To take advantage of the niceness of this method, we

need a pathwise estimate for the solutions of stochastic heat equation of the type

dv — Avdt = fdWV,

U|t:0 = Vo,

defined in appropriate domain with certain essential conditions imposed on the ini-
tial data, vp and f. This is done by making use of Tchebychev’s inequality. The
pathwise estimate holds with a positive probability close to one; indeed the proba-

bility can be made as close enough to 1 as one desires.

We have two main results; the first result is on existence and uniqueness of local in
time strong solution (in probabilistic sense) and the second result is on existence
and uniqueness of global in time mild solution for (1.4). The global existence and

uniqueness result is published in [148)].

Definitions of terminologies appearing in these results and their details are given in

chapter

Theorem 1. Given a probability basis (Q,.%, P,{F}o<i<r, W), let ug, by be Fo-
measurable with divug = 0, divby = 0 and G1,Gy € M. If there exist constants
Cy and Cy such that

G
Plw: 60 (w, ) < Cl, ! < 02 = 1,
fo - G

. n
H? Li(HZ™

then there exists a random set Q with P(Q) > 0, a random time 7(w) > 0, and a

2 At the time of our work we were not aware of the works |3} 45], which were communicated to us
by one of examiners of the thesis. They use Bony paradifferential calculus to study Navier-Stokes
equations.

© University of Pretoria
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process

(w,) € LAH"T )N M,
b

for allw in Q, and (%) is a local solution of problem in the sense of definition .

Theorem 2. Let (Q,.7,{% }o<i<r,P,W) be a probability basis. Let ug, by be
Fo—measurable with divug = divby = 0, and G1, Gy € M. Assume that for

any positive T we have,

G
(1+17) ' + %o < 00.

G2 90
LhLh(E) g (HE)
Then there is a random set Q0 with positive probability and a unique global mild-
solution of (3.1) in a ball centered at the origin in the space L%(H%)) for all
w in Q. Purthermore, for s = 2 — 1, if f; € LALZH*(R") for i = 1,2, and

uy, by € LEH*(R™), the solution u, b of (3.1) belongs to the space L3LH*(R™) N
L3 L2 H*T(R™).

1.2.2 Result on Komogorov’s spectral theory and Inertial

range bounds for magnetohydrodynamic flows

The problem we have considered in the second part of this work is to analyze
Kolmogorov’s spectral behavior for the MHD flows governed by the system of equa-
tions from a fully mathematical perspective. The 1941 and 1962 works of
A.N. Kolmogorov on turbulence theory for incompressible hydrodynamic flows,
[91], 92] 93], 94, 95|, are the very important developments in the attempt to un-

derstand the not yet fully understood phenomenon of turbulence.

The core of this theory is Kolmogorov’s 5/3 law, which gives an explanation on how
energy decays in the inertial range. The law roughly states that there is a range of

wave numbers, say [k1, ko], such that the spectral energy Fr (k) of the fluid decays

© University of Pretoria
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according to the rule
Coe?/3k5/3,

for k € [kq, ks]. In developing his theory, Kolmogorov used similarity hypothesis and

dimensional analysis.

As we have noted earlier, our concern is to analyze this theory through a direct
mathematical approach. For our purpose instead of using dimensional analysis
and similarity hypothesis, we combined harmonic analysis tools like the Fourier
transform, complex analysis and functional analysis by imposing certain necessary

conditions on the data, ug, by, f1 and fs.

Leray in [110, 112] considered weak solutions of the Navier-Stokes equations as a
turbulent solution for a flow governed by the system of Navier-Stokes equations.
Therefore, our motivation is that if Leray’s weak solutions are considered as tur-
bulent solutions then they must satisfy Kolmogorov’s spectral law. The work of

Biryuk and Craig in [I7] for Navier-Stokes equation is our eye-opener to try the

method for MHD turbulence.

We define the spectral energy of (L.3), denoted by E(k,t), by
Bk = [ (&P +HE D) aS(E). ke [0.o0)
é|=

The function F(k,t) is throughly analyzed for the Leray weak solution (defined in
the sequel) u, b of . We have shown that in the absence of external forces to the
system, i.e., when f; =0 for ¢ = 1, 2, there is a universal constant such that E(k,t)
does not exceed that value, and for the case when f; #Z 0 a similar analysis shows
existence of a constant which at most depends on the time that bounds E(k, t) from
above. Furthermore, for a given positive time 7', the time average of the spectral

energy is given by,

1 T
= E(k,t)dt
5| B
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decays at the rate of 72, which indeed is faster than the decay rate in Kolmogorov’s

phenomenon and twice as fast as the rate in KID phenomenon. The detail of the

analysis is given in [section 4.3|

We may consider the following two theorems are the main results for this part of

the thesis.

Theorem 3. Suppose that ug, by belong to Ag, () Br(0), and the external forces
fi =0 for each i = 1,2 or f; € L2(]0,00]; H (D) N L*(D)) for i = 1,2; where

R, Ry, Agr, and Bgr(0) will be defined in the sequel. Then, the following are true
about the Kolmogorov’s inertial range for (1.3)):

(1) Kolmogorov’s parameters must satisfy

. 5/6 2/3 R2(T) o 3
(min(v,n)) Coe? §47T( Nis ) R (T). (1.7)

(i1) An absolute lower bound for the inertial range is given by

B C’g/ 5¢2/5

(111) An absolute upper bound for the inertial range is given by

- 4m > 1 R§(T)
be = (Comin(y,n)) e T3 (1.9)

Theorem 4. Let (u,b) be a solution of (1.3|) with initial data ug(x),bo(x) in Ag, N
Br(0). If (u,b) exhibits a spectral behavior of Ex uniformly over [ky, ka] x [0,T],
then either

(i). k1 < ki < ko < ko,

or

(i4). if ki < ki or ky < ko, then there is a small neighborhood of k;, for each
J = 1,2, to which k; belongs;
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where a solution (u,b) of (1.3)) is said to have the spectral behavior of Ey(k) uni-
formly over [kq, ko] x [0, T] if its energy spectral function E(k,t) satisfies

sup (1 + k)| E(k,t) — Ex (k)| < C1e*/?,
te[0,7)
ke[kl,kg]

and C; < Cy.

Proof of these theorems is quite involving, almost spans through the whole of part

[T

Plan of the Thesis

The rest of the thesis is organized as follows. In the next chapter we will give
necessary background materials which are used through out the thesis and indeed

are corner stones of the work.

Chapter |3] is devoted to the study of the stochastic MHD model . A brief
discussion on evolution spaces of Besov type or Chemin-Lerner spaces is also given.
We derived new estimates for stochastic heat equation in probabilistic Chemin-
Lerner spaces. These estimates indeed are of great importance in proving the first

two main results.

In [chapter 4] we have paid special attention to MHD turbulence. We attempt to
verify Kolmogorov’s spectral theory for the MHD system ((1.3). The detail proofs

of our main results on the topic are given in this section.

We conclude the thesis by giving a highlight on our future work and list of reference

materials.
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Background Materials

2.1 Littlewood-Paley Theory

In this chapter we will provide the basic construction of Littlewood-Paley theory
and its basic properties. We will not give any detailed proof of the results we

mention, rather we will refer to the materials from where we got them.

The Littlewood-Paley theory provides us the opportunity to treat functions or dis-
tributions as a countable sum of smooth functions whose Fourier transforms are
compactly supported in a ball or an annulus. We have organized the section as
follows; firstly we will briefly discuss distributions and the Fourier transform, next
we will give Bernstein lemma then we discuss the dyadic blocks of unity and finally
we will briefly look at functions spaces such as Sobolev and Besov spaces in this

framework.

2.1.1 Fourier Analysis

Definition 5 (Schwartz Space). Schwartz space S(R™) is the set of smooth functions

m R™ whose deriwatives are rapidly decreasing. That is

SR ={fe€C®:|fllks < oo, forallkeN},
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where C*(R™) is the set of smooth functions from R™ to C and

1fllks = sup (1 + [z)* D f ()]
zER™

Generally speaking, a function f(x) is rapidly decreasing if all its derivatives
Df(x), D*>f(x),... exist every where on R™ and go to zero as |x| — doo faster

than any inverse power of x.

Example

1. 2de~ol*> € S(R") for all j € Z,x € R™ and « positive real number.
2. Any compactly supported smooth function.

Remark 6. The set S(R") equipped with the family of seminorms (H . Hk75)k€N is a
Fréchet space and the space D(R™) of smooth compactly supported functions on R™
is dense in S(R™). For the detail one can see [10, [171).

Definition 7. A tempered distribution f is a mapping f : S — C having the
following properties of linearity and continuity;

(1) fleipr + capa) = a1 f (1) + c2f(@2) for all o, € S,c, € C, k=1,2,

(it) if {p;} is a sequence in S(R™) which converges to ¢ in S, then the sequence

{f(p;)} in C converges to f(p) in C.

The space of tempered distributions, denoted by S’ is the continuous dual of Schwartz

spaces; or more simply S’ is the set of all tempered distributions.

We now define the Fourier transform.

Definition 8. Let uw be in S. The Fourier transform of u denoted by u or Fu s

defined by

(&) == /eix'fu(x) dr for { € R",

Rn
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where x - € denotes an inner product in R™. The inverse Fourier transform of u

denoted by F~tu is defined by

Flu(z) = (2m)~* /e”fu(g) d¢ = (27)"'F  forx € R,

R"

where F denotes the complex conjugate of F.

We next extend the definition of Fourier transform from S to &’ by duality as

follows;

Definition 9. Let u € S'(R™). The Fourier transform @ of u is defined by duality

as

whenever u € 8" and p € S.

The inverse Fourier can also be defined in the same way.

The Fourier transform has the following important properties which makes it one

of favorite tools for tackling non-linear partial differential equations.

Properties of Fourier Transform

1. Derivatives: for all multi-index o« € N, we have

F(Ogu) = (i€)*Fu and F(z%u) = (—i)'“'@?fu

2. Algebraic properties: for (u,v) € S x S, we have u*xv € § and
F(uxv) = FuFu,

where the operation * stands for convolution.
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3. Fourier transform is a continuous linear map from L!'(R") to L>(R"). This

is clear from the fact that that |a(¢)| < ||ul|,..

4. For any function ¢ € L'(R™) and an automorphism L on R™, we have

1

— ho 71
etz

F(polL)

where det L is the determinant of L.

5. The Fourier transform continuously maps S to S: i.e., for any integer k, there

exists a constant C' and an integer d such that
Vo € S, [|8llks < Clldllas

6. |Fourier-Plancherel formula| The Fourier transform is an automorphism of &’
with inverse (2)~"F. Moreover, F is also an automorphism of L?(R"™) which

satisfies, for any function f in L?,

1z = @)l f ]2

2.1.2 Bernstein Lemma

This section is devoted to one of the most important inequalities of the whole theory
of Littlewood-Paley, and is one of the most frequently used inequalities in this work.

The proof can be found in [10, [36].

Lemma 10 (Bernstein Lemma). Let k € N. Let (Ry, Ry) satisfy 0 < Ry < Rs.
There exsits a constant C depending only on Ry, Ry, n such that for all1 < a <b <

oo and u € L* we have

If supp @ C B(0, RA) then sup ||0%u| e < C*PNFG=0) ||u|| o and (2.1)
la|=k

if supp @ C C(0, ARy, ARy) then C* "' \¥||ul|z < sup [|0%u|e < CFTNF||u| 2
la|=k

(2.2)

© University of Pretoria



oo
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Q@ YUNIBESITHI YA PRETORIA

Littlewood-Paley Theory 19

where B(0, \Ry) is an open ball with center 0 and radius ARy and C(0, ARy, ARy) is

a shell centered at 0 with inner radius AR, and outer radius ARs.

2.1.3 Littlewood-Paley Decomposition

The purpose of this section is to find a way of decomposing distributions into smooth
functions in a Fourier space such that each component is supported either in a ball

or a shell of size proportional to 2¢, for some ¢ in Z.

The following result with its detailed proof can be found in [36], p. 17].

4

5 and long ra-

Proposition 11. Denote by C the annulus of center 0, shorter radius

dius %. E|Then there exist two positive radial functions x and ¢ belonging respectively

to Cg°(B(0,4/3)) and C3°(C) such thaf]

X+ e =1 (2.3)

q>0
lp — q| > 2 implies supp p(277) Nsupp p(27"-) =0 (2.4)
q > 1 implies supp x- Nsupp ¢(279-) = (. (2.5)

Furthermore, if we denote C = 5(0, %) +C, then C is an annulus and we have that

if |p— q| > 5 then 2°C N 2°C = Pand (2.6)
1/3<x* () +) ¢ (27%) <1 (2.7)
920

for any o > 1, the shell C(o,1,2a) and the ball B(0, o) would work
2Cg° is the space of compactly supported infinitely differentiable functions
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Next we define the following Fourier multipliers,

0 D < =2
Aju =4 o(277D)u j>0
xX(D)u =1

(2.8)
Sju = Zkgj—l Apu = X(QijD)u, Jj € Z,

Aju = (27 D)u, jEZ,
Sju =x(27Du, jecZ.

The pair {S5;, A;} is called non-homogeneous Littlewood-Paley decomposition, and
the pair (Aju, Sju) is called a homogeneous Littlewood-Paley decomposition of u.
It is clear from the definition that, the operators in are supported in dyadic
blocks or shells of size proportional to 29. Then the following proposition follows

from Proposition [L1]

Proposition 12. Let u,v € S’. Then

1. u=">Y Aju,

jJEL

2. Ap)Au=0ifp—q>2,

3. Ay(Sp—1A,0) =0 if |[p—q| > 5.

Proof. The proof of the first statement is given in detail in [10, B6]. Properties 2
and 3 follow from proposition 11 Further reading on this topic can also be found

in [134, 145, 162]. 0

Concerning homogeneous Littlewood-Paley decomposition, Proposition holds
with the only exception of property 1. Indeed, for instance, when u = 1, Aju =0
for any j € Z, thus it fails. However property 1 holds modulo some polynomial.
Peetre in [134], p. 52-54| proved that for any tempered distribution v € S'(R"),
there is a natural number N = N(u) and a polynomial P (u) of degree at most N

such that

lim Spu — Py(u) =0 (2.9)

k——o0
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uniformly in the topology of S’(R™). Note that a sequence (u,)nen of tempered

distributions is said to converge to u in S'(R") if

Vo € S(R"), nh_>nolo<um ¢) = (u, ).

For a detail reading on the topic we refer to [10, 134, 145], 162 163].

2.1.4 Littlewood-Paley Decomposition and Besov Spaces

Hans Triebel in [162] said “ .... If smoothness is expressed via the scales of Besov
and Triebel-Lizorkin spaces respectively (to be defined in the sequel) then one has

an armada of different devices at hand.” Fl

In this section we present Besov spaces and its relation to other spaces, such as

Sobolev in the frame work of Littlewood-Paley theory.
Definition 13. Let 1 < p,r < o0 and s € R. For u € 8'(R"), we set
lullzs, = { D% AullL)"
qEZ

The non-homogeneous Besov space, denoted by B, ., is the set of tempered distribu-

tions u such that |lul|ps s finite, i.e.,

=S =

By, i=queS: | Y (2”Aul)" | <oo

q€Z

3Let 1 < p,r < oo and s € R. Triebel-Lizorkin spaces, denoted by F;, (non-homogeneous) or
F;T (homogeneous), are the set of temperate distributions w such that

P
T

ullFs, = /Rn (Z(QQSAqu)’") (2.10)

qEL

is finite. The homogeneous space F;T is defined in a similar way using the homogeneous blocks
Aju.
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Before we give the definition of the homogeneous Besov spaces we would like to
recall that the series Aqu converges to v only modulo a polynomial. However it
is not suitable to deal qwith distribution modulo polynomials specially when we are
playing with nonlinear PDEs. Therefore, we introduce the following space due to

Chemin [38].

Definition 14. We denote by S, the space of tempered distribution u such that,

lim S;u=0 inS'.

j——o0

Remark 15. We note that the space S; is exactly the space of tempered distributions

for which we may write

jez

For the detail of this and more we again refer to [38, [/9].

Definition 16. Let 1 < p,r < oo and s € R. For u € S'(R"), we set

lallg, = [ S IAull)

qEL

The homogeneous Besov space, denoted by B; is the set of temprate distributions

77”

u € S;, such that HuHBST is finite, i.e.,

S ie

B, ={ues: | @ Aulm) | <o

q€Z

Besov spaces exhibit interesting relations with classical spaces such as Sobolev,
Holder spaces, Lebesgue spaces and so on; see [161) p. 34],[145, p. 14]. Moreover,
based on the choice of parameters p,r and s, Besov spaces possess features which
give them priorities over other spaces for our purpose. Below is some of the basic

properties both for homogeneous and non-homogeneous cases.
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We next give basic some important properties of B, and B;’r; the proofs can be

found in [10].

Proposition 17 (Properties of B;,r)' Let s € R and 1 < p,r < oo. Then the

following statements are true

1. The space B, does not depend on the choice of the functions x and .

2. The space B, 1is a Banach space and satisfies the Fatou property, namely,

if (Un)nen s a bounded sequence of B, then an element u of B;, and a

7""’

subsequence ug(y) exists such that

lim ugm) =w in S’ and ||u]
n—oo

By, < Hminf g s; - (2.11)

3. Forall s € R and 1 < p,r < oo, the space B;i, is the dual space of B,

where zla + z% = % + % = 1. If 1 < p < oo, the completion B, ., of C5° for the

norm || - ||gs . is the predual of B .
4. We also have the following embedding property;

(a) B, — Bs: whenever 5 < s or5=s and 7 >,
1 1

7y whenever p > p,

(b) By, — B;

T
N

(c) we have ngl — CNL>®. Ifp < oo then the space Bp;ﬁ 18 continuously

embedded in the space Cy of continuous bounded functions which decay at

nfinity.

5. There exists a constant C' > 0 satisfying the following properties; if sy and sy

are real numbers such that s; < sz, 0 € (0,1) and 1 < p,r < oo, then we have

[ull 5oz (2.12)

0
Byl

C 1 1 0
Hu”Bf)ilHl*G)sz < 9 + 1-9 HUHB;}OO||U|

H“HBg;H(l—e)sQ < |u|

1-6
s 2.13
S9 — 851 BP?OO ( )

Proposition 18 (Properties of homogeneous Besov spaces). Let 1 < p,r < oo and

selR
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. Let u be a tempered distribution and N be any positive integer. Define a

tempered distribution uy by uy = u(2V:). Then the following statement is

true: if ||ul| gs is finite, so it is for uy and we have
p,T

N(s—2
by, =2

[[un] B3, (2.14)

. The space (B;T, |-
|

space.

B;,r) is a normed space. Moreover, if s < %, then (B;T, |-

BE,T) is a Banach space. For any p, the space (B;,T, ) is also a Banach

-1 a
%3
Bp,l

. The two spaces H* and 35,2 are equal and the corresponding norms satisfy

1

arllellss, < llullze < Cul

B3, (2.15)

. There exists a constant C' > 0 such that if € (0,1), r € [1,00] and s1,$2 € R

with s1 < sy, then for any u € Sy,

L0 and (2.16)

352 9
By

Jul <% (y I )
¢ BZ,S11+(1_9)S2 - S9 — 81 0 1-6 b

ol g ra-orea <l

Eé,gw‘ (2.17)

sl

n

.LetSERandlgp,rgoosatisfys<%, 07"8:;(171617“:1.

(a) Let (uq)qez be a sequence of functions such that Zq: (29)Jugll)" | <

oo. If suppu, C C(0,29Ry,29R,) for some 0 < Ry < Ry then u =

> qez Uq belongs to B;,T and there exists a constant C' such that

lullg,, < CHLED 7 (2% lugllr)”

q

(b) Let (uq)qEZ be a sequence of functions such that (Z (2qs|luq”Lp)r> <

q
oo. If suppu, C B(0,29R) for some positive R and if in addition s is
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positive then u := ) u, belongs to B;T and there exists a constant C
q€Z
such that
1
Cl—i—s "

I

g, < | 22 @ luglle)

q

For the proof of these statements we refer to [38] [49].

Paradifferential Calculus and Bony decomposition

In dealing with product of tempered distributions such as, uv, unlike product of
two functions we do not have pointwise evaluation. We formally define the product

using the Littlewood-Paley decomposition as follows,

uv = Z AgulA,v. (2.18)

P,qEZL

Paradifferential calculus is a very useful tool to deal with products of the type
, by which the product will be split into three parts depending on the size
of p and ¢; the first part consists of blocks A,, A, such that p < ¢ — N for some
appropriate positive integer /N, the second part consists of blocks A,, A, such that

¢ < p— N and the third part consists of blocks A,, A, such that |p —¢| < N.
Definition 19. The non-homogeneous (respectively homogeneous) paraproduct of v

by u, denoted by T,v, (respectively Tuv) 15 defined respectively as;

T, := Z Apulgv,

p<q—2

and

Tooi= 3 Audg.

p<g—2

Definition 20. The non-homogeneous (respectively homogeneous) remainder of u
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and v is defined respectively by

R(u,v) = Z Ayul . (2.19)
lp—ql<1

R(u,v) = Z Ajul . (2.20)
lp—ql<1

Remark 21. The operators T,v, T,v, R(u,v) and R(u,v) exhibit several interesting

properties, such as; bilinearity and continuity; for the detail we refer to [10, [{Y].

Once equipped with these two definitions, we now define the product uv by the

Bony-decomposition; for u, v € B, (respectively u, v € B;,T )

wv =Tyv + Tyu+ R(u,v), (2.21)
and

w = Ty + Tyu + R(u,v) (2.22)

respectively.

Next, we state few theorems on continuity of the product the remainder; their proofs

can be found in [I0, Ch. 2|,[49)].

Let i(V, W) denote the set of all continuous linear operators from the normed space

V' to another normed space W, then we have the following results:

Theorem 22. There exists a constant C > 0 such that for any (p,r1,m2) € [1,00]3
and (s,t) € R x (—00,0);

Tz 2o 5,55,) < o, (2.23)
Ols+t+1 ' 11
”THi(Béo,rlXBE,t’;) < — with o= min(1, . + 7“_2) (2.24)
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Furthermore, for k € N, we have

I Tuvll 5

P,

< Cllullz=[|D*v]| pg-r and || T,v|

syt < Cllullse,,, 10"l gox - (2:25)

Theorem 23. There exists a constant C > 0 satisfying the following inequalities.

Let (51, 82) € R? and (p1, p2,r1,72) € [1,00]* such that

1 1 1 1 1 1
p P1 D2 LA U

If 51+ 85 > 0, then we have, for any (u,v) in B3} X B2

1,71 2,727

Cls1+s2/+1

||R(U,U)| B;}’I‘+52 S m”’lﬂ B;%7T1||U| B;;TQ. (227)
Ifr =1 and s, + sy = 0, then we have, for any (u,v) in B! X B2 .
1R(u, v)llpg,. < C**2  full gy loll sz, - (2.28)

Theorem 24. For any positive real number s and any (p,r) € [1,00]?, the space

L= ﬂB; is an algebra, and a constant C exists such that

,T

s+1
5. <~ (llulllle

luvl By, T lulls;,

s (2.29)

Theorem 25. Let s,p,ry such that B;rl is a Banach space. Then the paraproduct

maps continuously L X B;,n nto B;T. Moreover, if t is negative and ry such that

<1, (2.30)

1 1 1
r

r T

F s+t i ; 3t s s+t
and if ByT" is a Banach space, then T maps continuously By, , X By, into By'".

Theorem 26. Let py, 1y (for k € {1,2} ) such that

1 1 1 1 1 1
_+_:_§1’ —_t — = -
p r

< 1. (2.31)
p1 P2 (5] T2

Let (s1,s9) € R? such that s; + sy € (0,d/p), the operator R maps BS' . x B%

p1,r1 p2,72
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; 351482 ; — _ : 351 352
into ByLT*2. Moreover, if s1+ sy = 0 and r = 1, the operator R maps B!, X B2

. 50
into By ;.

2.2 Stochastic Analysis

In this section we give definitions and classical results from probability theory and
stochastic analysis which are of interest to us. Similarly to previous sections, we
refer to sources for detail readings and proofs. Definitions and notations are mostly

taken from [90, [152].

2.2.1 Probability and Random Variables

Definition 27. An ordered triplet (2, %, P) where,

(a) Q is a set of points w,
(b) F is a o—algebra of subsets of €2,

(c) P is a probability measure on F,

is called a probabilistic model or a probability space. Here, ) is the sample space or
space of elementary events, the sets A in ¥ are events, and P(A) is the probability
of the event A. A probability measure or a probability P of A, where A belongs to
an algebra o of subsets of €1, is a countably additive measure such that P(Q) = 1.

Definition 28. Let (2,.%) be a measurable space and let (R, Z(R)) be the real line
with the system AB(R) of Borel sets. A real function ( = ((w) defined on (2, .F) is

an F —measurable function, or a random variable, if
{w:(lw)eB}eF
for every B € A(R); or equivalently, if the inverse image

¢'(B) = {w: () € B}
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is a measurable set in QM

If the random wvariable ( takes the form
i=1

where | JA; = Q, A; € F, then we call it discrete. Furthermore, if (2.32)) is finite

then C is simple.

Definition 29. We define the probability distribution of the random variable ( on
(R, B(R)), denoted by P, as

P:(B) =P{w: {(w) € B}; (2.33)
and the distribution function of ¢ is given by

Fe(z) =P(w:((w) <z), zeR. (2.34)

A random variable is determined by the its distribution function. For instance, a
random variable ( is called continuous if its distribution function F¢ is continuous
for all + € R; and for each random variable ( there is a nonnegative function

f = fe(z), called its density, such that

Fe(z) = /fc(y)dy, z € R, (2.35)

the integral can be taken in the Riemann sense or Lebesgue sense.

4 When (Q, ) = (R", Z(R")), then %(R")— measurable functions are called Borel functions.
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2.2.2 Expectation

Definition 30. For ), . Z P a finite probability space and ( = ((w) a simple random

variable,

Cw) = 3wl (), (2.36)

the expectation EC is defined as

EC = Z 2, P(A;). (2.37)

Remark 31. In general, expectation of a random wvariable can merely be treated
as the Lebesgue integral of an F measurable function ( = ((w) with respect to the

probability measure P; in this case, we define

EC = /Q C(W)P(dw), or BC = /Q CdP. (2.38)

Remark 31 tells us that E enjoys properties of Lebesgue integrals; such as linearity,
monotonicity and the likes. [I52] is a rich source of information on expectation.

The following highly celebrated results are of great importance to our work.

Theorem 32 (Chebyshev’s Inequality). Let ¢ be a nonnegative random variables.

Then for every € > 0 we have
P((>¢) < —. (2.39)

Theorem 33 (The Cauchy-Bunyakovskii Inequality). Let & and n be random vari-
ables and satisfy BE? < oo, En? < oco. Then E|¢n| < oo and

(El¢n))* < EE* - En”. (2.40)

Theorem 34 (Jensen’s Inequality). Let the Borel function g = g(z) be convex

© University of Pretoria



poat
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q@ YUNIBESITHI YA PRETORIA

Stochastic Analysis 31

downward and E|§| < co. Then
9(ES) < Eg(¢). (2.41)
Theorem 35 (Lyapunov’s Inequality). If0 < s <t
(E[¢[*)"* < (B¢|)Y* (2.42)

Theorem 36 (Holder’s Inequality). Let 1 < p,q < oo, and % + % =1. IfE|C]P <
00, E|n|? < oo, then E|(n| < co and

E[¢n| < (E[¢]”)"/(Eln|*)" (2.43)

Theorem 37 (Minkowski’s Inequality). If E|(]? < oo, Elnf < o0, 1 < p < o0,
then we have E|( +n|P < oo and

(EIC+n|")? < (EICP)Y? + (Enl?) /" (2.44)

2.2.3 Conditional Probabilities and Conditional Expectations

Let (92, %, P) be a probability space, 4 be a c—algebra, 4 C .# be a sub oc—algebra
and ¢ = ((w) be a random variable. The conditional expectation of a non-negative

random variable with respect to the c—algebra ¢ is a non negative extended random

variable, denoted by E((|¥) or E((|¥)(w), such that;

(a) E(¢|¥) is 9 —measurable;

(b) for every A € ¥4
/ ¢dP = / E(C|4)dP. (2.45)
A A

And the conditional expectation E((|¥) of any random variable ¢ with respect to

the o—algebra ¢ is defined in terms of non-negative random variable (™ and ¢~
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such that, if

min(E(¢T|9),E((T¥4)) < (2.46)
P—a.s then E((|¥) is defined by the formula

E((|¥) =E("9) -E(19). (2.47)
On the set (of probability zero) of sample points for which E(("|¢9) = E(("|¥¢) =

00, the difference E(¢*|¥9) — E((™|¥) is given an arbitrary value, for example zero.

Here we would like to note that all the properties of expectation hold for conditional

expectations as well. A very nice further reading can be found in [I52, P. 210-232].

2.2.4 Stochastic Processes and Filtrations

Definition 38. A stochastic process is a mathematical model for the occurrence at
each moment after the initial time, of a random phenomenon; or more generally
stochastic process is a collection of random variables X = {X; : 0 <t < oo} on the
sample space (), .F) which takes values in a second measurable space (S,.), called
state space. For a fized sample point w € ), the function t — X;(w);t > 0 is the

sample path (realization, trajectory) of the process X associated with w.

Definition 39. Let X and Y be two stochastic processes defined on the same prob-
ability spaces (2, F,P). Then we say

1. Y is a modification of X, if for every t > 0, we have P[X; = Y] = 1.

2. X and Y have the same finite dimensional distributions if, for any integer

n > 1, real numbers 0 < t; <ty < ...t, < oo, and A € B(R™) we have

P( X, Xy, -, X4,) € A] =P[(Yy,, Ve, ., Yy,) € 4] (2.48)
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3. X andY are called indistinguishable if almost all their sample paths agree:

P[X; =Y;V0 <t < oo =1. (2.49)

4. The stochastic process X is said to be measurable if for every A € B(R™), the
set {(t,w) : Xy(w) € A} belongs to the product o—field B([0,00) @ F; i.e.,

when the mapping
(t,w) — Xy(w) : ([0,00) x Q, B([0,0)) ® F) — (R", B(R")) (2.50)

18 measurable.

Definition 40. A filtration of a sample space (2, .F) is a non-decreasing family

{F# :t >0} of sub—o—fields of F : Fs C F C F for 0 < s <t < oo Weset
ﬁoozo- Uﬁt
£>0

Remark 41. Given a stochastic process, X, the simplest choice of filtration is that

generated by the process itself, i.e.,
FX =0 (X,:0<s5<t) (2.51)

the simplest o— field with respect to which X is measurable for every s € [0,t].

Definition 42. Let {%#, : t > 0} be a filtration and X be a stochastic process.
Define

F- =0 (U5<t ﬁs) to be the o—field of events strictly prior to t > 0;
Ft = \eag Fite to be the o—field of events immediately after t > 0.
egzo— = yo

Then, we say

1. the filtration {.%} is right (left) continuous if F; = F+ (respectively Fy =
Fi-) holds for t > 0; and filtration { %} is continuous when it is both right

continuous and left continuous.
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2. the filtration {F} satisfies the usual conditions if it is right continuous and

Fo contains all P-negligible events, or events with zero probability.

3. the stochastic process X is adapted to { %} if for each t > 0, X; is an

F—measurable random variable.

4. the stochastic process X is progressively measurable with respect to the filtra-
tion {F} if, for each t > 0 and A € B(R"), the set {(s,w);0 < s < t,w €
Q, Xs(w) € A} belongs to the product o—field #([0,t]) ® Fy; in other words
if the mapping (s,w) — Xy(w) : ([0,¢] x Q, B([0,t]) ® F) — (R", B(R")) is

measurable, for each t > 0.

Proposition 43. If the stochastic process X is measurable and adapted to the fil-

tration { %}, then it has a progressively measurable modification.

For the detail on these definitions and the proof of the above result we refer to
[44, ©0]. Hereafter, thanks to proposition , we will not make any difference

between a process X and its modification.

A random time 7' is an .% —measurable random variable, with values in [0, co]. For
a stochastic process X and random time 7', we define a function X7 on the event

T < oo by

XT(CU) = XT(w)<w)- (252)
If Xr(w) is defined for all w € Q, then X, can also be defined on 2, by setting
Xr(w) := Xoo(w) on {T = oo}.

Definition 44. Let (Q2,.%) be a measurable space equipped with the filtration {.Z#;}.
A random time T is called a stopping time with respect to the filtration, if the event
{T <t} ={w:T(w) <t} belongs to the o—field F, for all t > 0. A random time
T is an optional time of the filtration { %}, if {w : T'(w) < t} € % for allt > 0.

Remark 45. Fvery random time equal to a non-negative constant is a stopping

time, [90, p. 6].
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Again, we consider the process {X; : 0 < ¢ < oo} on a probability space (92, .7, P)
adapted to a a given filtration {.%;} and such that E|X;| < oo holds for every
t > 0. The process {X; : 0 <t < oo} is said to be a submartingale (respectively,

a supermartingale) if, for every 0 < s < t < oo, we have, a.s. P: E(X|.%;) > X;

(respectively, E(X;|.%s) < X5). {X: : 0 <t < oo} is a martingale if it is both

submaritingale and a supermartingale.

Now let X = {X;, #;0 <t < oo} be a (continuous) process with Xy = 0 a.s. If
there exists a nondecreasing sequence {7,,}°° ; of stopping times of {.%,}, such that
{Xt(”) = Xiar,, Z1;0 <t < 0o} is a martingale for each n > 1 and P[lim,, ., T}, =
o] = 1, then we say that X is a (continuous) local martingale and write X € .#"'°

(respectively, X € .#%!¢ if X is continuous).

Remark 46. Every martingale is a local martingale, but not the converse,[44), [90].
Before we pass to other issues, we give one interesting result on continuous martin-
gales;

Theorem 47. Let {X;,.%; : 0 < t < 0o} be right continuous submartingale such

that sup E(X,") < oo. Then

t>0

Xoo(w) = lim X;(w) (2.53)

t—00
exists for a.e. w € Q and E|X | < oco.

Definition 48. Consider a probability space (2, %, P).

(1) An adapted process A is called increasing if for P — a.e.w € Q we have

(i) Ao(w) =0
(ii) t — Ai(w) is non-decreasing, right continuous function and E(A;) < oo

for all t € [0, 00).

(2) An increasing process A, is integrable if E(Ay) < 0o, where Ay, = tlim A,
—00
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(8) An increasing process A is natural, if for every bounded right continuous mar-

tingale {M;, ;0 <t < oo} we have

E / M,dA; =E / M,-dA; =E / Mg+dAs = E(MA;) (2.54)

(0,t] (0] (0,¢]
Definition 49. Let .7 (.7,) be a class of stoping times T of a filtration {F;} such
that P(T < 00) = 1 (respectively P(T' < a) = 1 for a given finite number a > 0).
The right continuous process { Xy, #;0 < t < oo} is said to be of class D, if
the family {Xr}res is uniformly integrable (respectively of class DL, if the family

{Xr}res, is uniformly integrable, for every 0 < a < c0).

The following result is due to Joseph L. Doob and Paul-André Meyer, which is a

crucial transition towards stochastic integration.

Theorem 50 (Doob-Meyer Theorem). Let { %} satisfy the usual conditions. If
the right continuous submartingale X = { Xy, % : 0 <t < oo} is of class DL, then

it admits the decomposition
X, =M, + At, 0<t< o0, (255)

where M = {M,;, Z, : 0 < t < 0o} is a right continuous martingale, A = {A;, % :
0 <t < oo} is an increasing process. If X is of class D, then M is a uniformly

integrable martingale and A is integrable.

From now on, we refer to (2.55)) as Doob’s decomposition. Indeed, similar decompo-
sition property, such as ([2.59)), of stochastic processes can be used as an alternative

definition for continuous semimartingale, see [90, pp. 149|

Definition 51. Let X = {X;, %} be a right continuous martingale. We say that X
is square integrable if E(X?) < oo for allt > 0. If Xo = 0 P-a.s, we write X € .,
(or X € A5 if X is continuous.)

Remark 52. If X € #,, then X? = {X}?,0 <t < oo} is a submartingale of class
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DL, and therefore has the following Doob’s decomposition;
with My a right continuous martingale and A; a natural increasing process.

For a detailed discussion and proofs of the above results, we refer to [20, [44], 90, 138].

2.2.5 Brownian Motion

Definition 53. A Brownian motion (standard one dimensional) is a continuous
adapted process B = {B;,.%; : 0 < t < oo} defined on some probability space
(Q, .7, P), with properties that By = 0 a.s. and for 0 < s < t, the increment B, — B,
is independent of F4 and is normally distributed with mean zero and variance t — s;

where the variance of a random variable, say ¢, denoted by V ( is given by
V(:=E( - EQ> (2.57)

Definition 54. Letn be a positive integer and p a probability measure on (R™, Z(R™)).
Let B = {By, #;t > 0} be a continuous, adapted process with values in R™, de-
fined on some probability space (2, %, P). This process is called a n—dimensional

Brownian motion with initial distribution u, iof

(i) P[By € T'| = u(T),VvI" € B(R");

(i1) for 0 < s < t, the increment B, — B is independent of Fs and is normally
distributed with mean zero and covariance matriz equal to (t — s)I,, where I,

is the n X n identity matrizx.

Remark 55. B is a square integrable martingale with (B); =t for all t > 0; where
(B); = Ay is the increasing process in the Doob Meyer’s decomposition of B? and

is called the quadratic variation of B.
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A very detailed work on existence and construction of Brownian motions can be

found in [44], 90].

2.2.6 Stochastic Integral

We introduce the 1td’s integral formula for a process, say X. For the construction
and other details we refer to [87, 88, 00, 102, 118]. From now on we denote a
probability space (£2,.%#,P) endowed with a filtration {%#} by (Q,.7,{%},P).
Now let T > 0, (2, .#,{-%:}o<i<T, P) be a probability basis and H be a Banach

space. For an {.%;}-adapted process X, we define
T
XP —E / X2d(M),,
0

when the RHS is finite, where M € .Z5 is a continuous square integrable martingale.

Let .Z denote the set of equivalence classes of all measurable {.%;} adapted processes
X, for which [X]|r < oo for all T > 0, and .£* denote the set of equivalence classes

of progressively measurable processes satisfying [X]r < oo for all 7' > 0.

Definition 56. For X € Z*, we define the stochastic integral of X with respect

to the martingale M € 5 by the process 1(X) = {[(X), F;0 < t < oo}

which satisfies lim ||[[(X™) — I(X)|| = 0 for every sequence {XM™1}>, C %4
n—oo

with lir%[X(”) — X] =0; and we write
n—
t
L(X) = / X, dM;,, 0<t<o0; (2.58)
0
where £ is the set of simple processes.

Let X, Y € Z* I(X), M € #5. Then I(X) defined above is a square integrable
martingale and has a quadratic variation given by (I(X)); = fot X2d(M),. Further-
more, for any two stopping times S, T such that S < T of filtration {.%;} and any
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t > 0 we have

E[It/\T|yS] = [t/\Sa P — a.s,

tA\T

E [(Iinr(X) = Iins (X)) (Inr(Y)) = (Iins(Y)| Fs] = E /XuYud<M>u Zs|
and in particular for any s € [0, ¢],
B(L(Y) - LOO)(IY) ~ LO)IZ) =B | [ XY, 2.

Finally, I;r(X) = I;(X), where X;(w) := X;(w)1y<r(w)}-
One can find detailed proofs on properties of stochastic integrals and more in [90].

Lemma 57 (Kunita-Watanabe, 1967). For M, N € 45, X € £*(M), and Y €
ZL*(N), the following holds a.s.

[ ijag < ( [ X3d<M>s> N ( [ Y3d<N>8) N

where € is the cross variation of the processes € == (M, N) on [0, s].

The following property of a continuous semimartingale is a crucial concept in the
study of stochastic integrals: for (Q,.7,{.%}, P) a basic probability space, a con-
tinuous semimartingale X = {X;,.%;;0 <t < oo} is an adapted process which has

a unique decomposition of the type
Xy = Xo+ M; + By; 0<t<ooP —a.s, (2.59)

where M = {M;, ;0 <t < oo} € M and B = {B;, ;0 < t < oo} is the

difference of continuous, nondecreasing , adapted processes {Af,fft; 0<t< oo}
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such that

with AT =0, P — a.s, [90]

The following result is called [t6’s integral formula, and, some times the chain rule

of stochastic calculus, due to Kiyosi It6 in [87]; for the proof we refer to [87, 90, 102].

Theorem 58. For f : R — R in C? and X = {X;, #;0 <t < oo} a continuous
semimartingale with decomposition (2.59), we have

f(Xy) = f(Xo) + / f(X,)dMs +/ f(Xs)dBs + ; /0 fI(X)d(M),, 0<t<oo.
(2.60)

The multidimensional version of Theorem [58| is stated as follows, see [90]:

Theorem 59. Let {M, := (Mt(l),Mt(2),...,Mt(”)),ﬁt;() <t < oo} be a vector of
local martingales in M '"¢, {B := (Bt(l),Bt(z), . .,Bt(")),gft;() <t < oo} a vector
of adapted processes of bounded variation with By = 0, and set X; = Xo + M, +
By; 0 <t < oo, where Xy is an Fo—measurable random vector in R™. Let f(t,x) :
[0,00) X R" = R be of class C*2([0,00) X R™. Then P a.s.,

f(t, X)) =£(0, Xo) / 5 )dB{

X,)dM®

ORYE <
t3 Z;/ 02,0z, fls, X )d(M™, MP),, 0<t<oo (2.61)

One can also write the It6 integral in differential form as follows,

Af(X)) = F/(X,)AM, + f/(X,)dB, + % FX)AM),

— F(X)dX, + % FIX)A(MY,, 0 <t < oo, (2.62)
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for one dimensional process, and

df(t, Xe) = %f(ﬂ Xy)dt + Df(t, Xy) - dBy + Df(t, Xy) - AM; + %DZf(ta Xp) - d(M),

(2.63)

where D? f(t, X;) - d(M), g f(t, Xt)d<M(i)» M(j)>

= Ox;0x;

We conclude the section by the following three results, which are repeatedly used
in the process of writing the thesis. The results are taken respectively from [133],

[90] and [60].

Theorem 60 ( Ito Isometry). Let M = {M;, #;;0 <t < oo} be in My and suppose
X € Z5(M). Then we have

E (/OOO )gcuwt)2 =E /OOO X2d(M),. (2.64)

Theorem 61 (The Burkholder-Davis-Gundy Inequalities). Let M € M¢. For
every m > 0 there exist universal positive constants ky,, K,, (depending only on m),

such that
knE((M)7) < E[(M7)*"] < K E((M)T)

holds for every stopping time T'; where M = max | M.
8>

Theorem 62 (Young’s Inequality with €). Let a, b positive real numbers and 1 <

p,q < 00 such that % + % = 1. Then, for any ¢ > 0

ab < ea? + C.bY,

1
(ep)i/rq

where C, = (ep)9/P.
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Chapter 3

Stochastic Magnetohydrodynamics

Equations

3.1 Introduction

Let (92,.#,P) be a complete probability space with filtration {.%# }i>0 of right-
continuous o—algebra. Let W = (w;(t));en be an infinite dimensional Wiener pro-
cess on this probability space; the components w; are independently, identically
distributed standard one dimensional Wiener Processes. We assume that the filtra-

tion {.Z }1>0 is generated by W.

Our focus is towards investigating the stochastic magnetohydrodynamics (SMHD)

equation;
( .
o+ (u-V)u+VII— (b-V)b—Au=g/W inQ x (0,00) x R*
O+ (u-V)b—(b-V)u— Ab= g, W in Q x (0,00) x R" 51)
divu=divb=0 in © x (0,00) x R™
\ Uli=o = ug, bli=o = bo in ) x R"

where n > 2 is a natural number, u = u(w, ¢, x) is the flow velocity, b = b(w, ¢, ) is

the magnetic field, IT is the total pressure, and ¢, W and ¢»W are random external
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forces; W is a standard infinite dimensional Wiener process discussed above, and
the stochastic differential is understood in the It6 sense. The Laplace, the gradient

and divergence operators are defined respectively as
n
82
A= —,
; ox?

0 0
V_<a_m17"'7@_xn>7

" Qu,
d. _ (A
ivu ; .

where n is the dimension of the space variable.

The system of equations at least in principle governs the flow of incompress-
ible electrically conducting fluids, such as plasma, where the random (or Brownian)
movement of fluid particles is taken into consideration. Magnetohydrodynamics
equations are obtained by coupling the stochastic Navier-Stokes and Maxwell equa-
tions in a certain way and plays a crucial role in the fields of astrophysics, cosmology,
geophysics, plasma physics and medicine. Despite their tremendous importance,
fully understanding fluid and plasma flows is one of the most challenging tasks of
our time (see [62]), it is widely accepted that the difficulty arises from their turbu-

lent nature. Nevertheless, since from the end of the 15th century or beginning of

the 16th century when a very systematic observation of |Da Vinci and Richter] a lot

of research has been done to unlock the mystery of turbulent flows; one can mention
the following pioneering works of [T41), 142], [Poincaré and Magini [135],
[157, 158], [110, I11), 113], Heisenberg| [78], De Karman and Howarth|
[52], Millionshchikov| [124], [91], 921 93], (94, ©95], [130), 1311, [132],

[96., 97, 98], 99, 100, [101], Ladyzhenskaya/ [L03], [79, [81],
[153], Bensoussan and Temam| [14], |Fujita and Kato| [73] and so on.

As it was mentioned in generally, we have two approaches to tackle the
problem of turbulent flows. The first is a direct approach, in which one analyzes
properties like existence, uniqueness, regularity of solutions for system equations

like Navier-Stokes equations for non conductive fluid and magnetohydrodynamics
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equations for conductive fluids and plasma, to cite few from the works in this
direction [73| [79, 80, 104, 105, 106, 110, 111, 113 147, 150, 159]. The second
approach has evolved from the very observation of Da Vinci and Richter, and later

materialized by where he split the velocity field into chaotic (random)

and regular components (see [141, 142]). In fact this approach of Reynolds gave
rise to a whole theory of turbulence. To see some of the works in this direction we
refer to [19, (52, 911, 92, 93|, 94, 95, 96, 097, 99, 115, 124, 130, 131, 132, 164] and the
references in there. The book by Davidson, Kaneda, Moffatt, and Sreenivasan| [51]

takes us through the process of evolution of turbulent theory and short biography

of the main contributors.

In this part of the thesis we will be focusing on the first method, where a direct

approach is applied to analyze long time and short time behavior of the solution

field, and the second method is a subject of [Part I11]

The fascinating link between Navier-Stokes Equations (NSE) and turbulence could
be traced back to the pioneering work of Leray on incompressible viscous fluids
[110}, T12] 113] where weak solutions are referred to as turbulent solutions. In these
papers established the mathematical study of NSE on firm grounds as far as

weak (variational) solutions are concerned. The monographs of Ladyzhenskaya and

[105] and [T59] cover most of the achievements in that direction.

To see some of the results in this direction for MHD equations, we refer to [2], 25,
26, [77), 106}, 150, 173] and the references in there.

Following the development of stochastic differential equations, stochastic Navier-
Stokes equations have become a central tool in the still unfinished journey to unlock

the mystery of turbulence. The mathematical study of stochastic Navier-Stokes

equations began in the pioneering work of Bensoussan and Temam) in [14] where

the external force is driven by a white noise. This work was immediately followed by
the works of Bensoussan and Temam| [15] and [Frisch et al.| [72]. Indeed, the approach
has attracted lots of attention and tremendous amount of research is carried out,
for instance to cite few [13] [16, 22] 27, 28, 54, [55] 64], 119, 120, 121, 122 123, 146].
The work of [Mikulevicius and Rozovskii| in [120] is the first where the model was
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derived rigorously under reasonable physical assumptions. It is therefore not an
exaggeration to claim that SNSE are no longer an hypothetical model for turbulent

flows of fluids but a very credible tool for the investigation of turbulence.

Modeling turbulence in MHD flows by stochastic MHD equations is also a well ac-
cepted approach. For instance; [Zeldovich, Ruzmaikin, and Sokiloff| in [I72] have
used random external forces which depend nonlinearly on velocity and magnetic
fields in their treatment of the numerical simulation of MHD turbulence, [Sritharan
and Sundar| in [I53] proved existence and uniqueness of space time statistical solu-
tions by means of weak convergence method, Barbu and Da Prato| in [11] proved
existence of solutions to stochastic MHD equations of dimension two driven by ran-
dom exterior forcing terms both in the velocity and in the magnetic field, |[Sundar
in [I54] established existence and uniqueness result for two dimensional stochastic
MHD model in the presence of multiplicative noise or additive fractional Brownian
noise, [Sango| in [147] presented a very detailed investigation, using the Galerkin
approximation, on the problem of existence of weak solutions for three dimensional
stochastic MHD model with multiplicative noises, Deugoué et al. in [56] proved
existence of weak solution for three dimensional stochastic MHD alpha model. Re-
cently, Motyl in [I128], and Tan et al.|also considered the three dimensional stochastic
MHD with multiplicative noise. |Tan et al.|in [I55] used the contraction mapping
principle to establish existence and uniqueness of strong local solution and strong

global solution with small data.

One of our goals in this thesis is to investigate existence and uniqueness of global
and local solutions (strong in probabilistic sense) to the system of stochastic partial
differential equations given by . In recent years the use of Harmonic analysis
tools such as the Littlewood-Paley theory blended with semigroup theory and fixed
point theory has lead to promising results towards unlocking the secrets of Navier-
Stokes equations and MHD equations. For instance the works of|(Chemin| [36], 37, [38],
Bahouri et al.| [10], Danchin [48] [48], 50|, |(Chae and Lee, [30], Gallagher and Planchon
[74, [75] on Navier-Stokes equations and (Cannone et al. [25], |Abidi and Hmidi [2]

and [Zhang| [I73] on MHD equations can be mentioned as pioneering examples. The
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present work is in this direction, i.e., application of Littlewood-Paley theory to

stochastic MHD equations.

We established local and global existence and uniqueness of strong solution (in
probabilistic sense) for ; the global result holds with sufficiently small initial
data. The work is done through the following main steps. Firstly, we reduce in
to a more symmetric form by introducing transformations, 8 = u+b and f = u —b.
Then we drop the pressure term by applying the Leray projector expressed in terms
of Riesz transforms. Finally we study the reduced problem by seeking a solution
that can be written as a sum of solutions of system of two heat equations, where the
first has a random external force driven by Brownian noise attached to it and the
later takes a form of deterministic heat equation, see and . The stochastic
heat equation is studied by making use of Littlewood-Paley theory and It6’s calculus
and for the deterministic component we use results from [10], which will be given
in the process. To the best of our knowledge this is the first work which blends
Littlewood-Paley theory, Bony’s paradifferential calculus and stochastic calculus to

treat stochastic MHD equations.

By being able to make use of the Littlewood-Paley theory together with Tcheby-

chev’s inequality and It6 calculus, we managed to get novel results which are given

in [subsection 1.2.1L The global existence and uniqueness result is published in

[148]. In fact, Tan et al|in [I55] used the the contraction mapping principle to
establish global existence result for stochastic MHD equations when the initial data

is sufficiently small.

The rest of is organized as follows; in the next section, we
reduce (3.1)) into a simpler form by applying linear transformations 6 and 5 and the

Leray projector P which is defined in the sequel. In[section 3.3 we make a necessary
mathematical preparation and give two estimates on stochastic heat equations; in

fact these estimates played a central role. In we state our main results
and finally in we give the detail proof of the results.
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3.2 Reduction of the problem

We start tackling the problem by reducing (3.1)) to a relatively simpler but equivalent
form. This will be achieved by the following procedures.

Firstly we apply the transformation 8 = v —b, 0 = u+ b, G; = g1 — ¢g» and
Gy = g1 + g2 to (3.1) and get

OB —AB+(0-V)B+VII=G W inQx(0,00) x R
00— N0+ (B-V)0+VII=G,W  inQx(0,00) x R 52)
divB =0, dive =0 in Q x (0,00) x R '

9|t:0:u0+b0, 5‘75:0:U0—bo in Q xR"

\

For further simplification we introduce the Leray projector P, named after the

French mathematician Jean Leray (1906-1998), defined by
P-:=Id— VA div-.

Clearly P is linear, homogeneous differential operator of order zero. Moreover, the

Fourier transform of P takes the form

FPHE© =Y (6 - 5—&) F(), (33)

k] - 2
- g
where
1 ifk=j
5k] = )
0 ifk#;

which makes P a pseudo-differential operator, see [43].
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Now apply P to eliminate the pressure term from (3.2)), the resulting equation is

(

OB —AB+PO-VB) =G W inQx(0,00) x R"
00 — A0+ P(B-V) =G W in Qx (0,00) x R*
Bli=o = Bo in O x R”
0)i=0 = b in Q) x R"

(3.4)

(
where G; = PG; for i = 1, 2.

Thus we have a reduced system of equations (3.4 which is an equivalent formulation

of (3.1).

This can actually be rewritten in a much simplified form using matrix notation and

by introducing an operator Q, defined by

Q B | Ba _ 1 P(6y - VPa) n Pl - Vi) ' (3.5)
6] \6, 2\ \ P8 - V6,) P(By - Vby)

It is not difficult to see that the Q is a symmetric bilinear operator. For instance,

if (gll ), (g,;l ), (g;) and < ,/ > in an appropriate space, we have

Q Bl 4 ﬁi 7 Bg _ Q 51 + ﬁi | 52
91 93 92 91 + 9/1 92
2\ \ P+ 51) Py (0, +8))
_ 1 P01 -V B2) +P(0) - V) POy - Vi) + POy V)
2 P(p1- V) + 51 Voy) P(By-VOy) +P(By - VOY)
_ 1 P60, - V) N T 5) . 6, V8)
2 P(B1 - V) ﬁl V) Pl V0
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/B /
_Q B 7 2 +Q 1 ’ Bo
91 62 6,1 02

Note that the purpose of Q is not only to simplify our model, but also it enables us
use the fixed point argument, [10, Ch. 5]. Now combining (3.5)) with (3.4) we get

G
dﬁ—Aﬂdt:Qﬁ,ﬂ e+ | M| aw,
0 0 o] \o Gy
. . (3.6)
s\l (e
0 0
t=0

\

which is an equivalent but more handy formulation for (3.1]) than (3.4)) is.

3.3 A Priori Results

It is well known that for a Banach space B of distributions on R", the space-time
Banach space L?(0,T; B) for appropriate B plays an important role in the study
of partial differential equations. However, in particular for B = B;T, the usual
space-time Banach space L%(0,T; B;T) for p,q,r € [1,400],s € R does not have
a structure which is natural to the structure of Besov spaces due to the fact that

time integration will be performed before the ["-norm summation. For this very

technical reason we give the following definition due to Chemin and Lerner, [33].

Definition 63 (Chemin-Lerner). ForT > 0,s € R,1 < p,r,q < 400, we set

lulleg (s5,.) = |2 185ull g on|, - (3.7)

The space L'qT(B;T) is defined as the set of tempered distributions u over [0,T] x R"
such that u(t) € S, for each t € [0, T] and HUHEC‘T(B,S) ) < oo.

Here we would like to note the following important relation between the ordinary
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evolution space and the Chemin-Lerner space regarding Besov spaces. Now observe

that from (3.7) we have

SR
S 1=

T
2 Aulgum), = E:([:?”WMMmJ

jEz

T . .
- EI([:zﬁWAﬂm3>

JEZ

3
Q=

Q3

Thus we have the following remark

Remark 64. According to Minkowski inequality, we have

lullga gy ) < Nullgss,y or=allullegms,y = lullpaes,, ¥r<q

Particularly forp =1 =q=2 and s < § we have |[ullzz s,y = llull 2 5+); for the

detail on relations between Besov and Sobolev spaces we refer to [10, p. 63-102].

Theorem 65. For1 <p,r < oo and s < % the space EqT(B;T) 1s a Banach space.

Proof. Let {u,} be a Cauchy sequence in EqT(B;T). Then for every ¢ > 0, there is

a positive integer N such that

Q3
S =

T
(|t — un”z;qT(Bg = Z </ 2759 Ay, — AjuanLp> <e, forn,m>N.
’ 0

=

Then the sequence

o . g
| 21850 - A,
0

converges to zero for all m,n > N. Hence, {QjSAjum} is a Cauchy sequence in
m

JEZ

L9(0,T; LP). The space L(0,T; L?) being a complete space for the given values of

p and ¢, then for each j we have a «/ such that Ajum converges to u/ as m goes to
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oo. Now appealing to Proposition , we have a u € B;yr such that
u=Yw
J

Next we show that u belongs to the space E%(B;yr). By definition, v/ is supported
in a cell of size 2/. Therefore, it is logical to assume that v/ = Aju. Thus we
have Ajum — Aju in L9(0,T; LP) as m — oo. Therefore, there is a positive integer

N’ € N such that whenever m > N’ we have

T ‘ T i
/ 2isa)| A ulodt | < / 2950)| A 0t |+ e,
0 0

where €, is a positive real number such that ¢; < 2~ for each j. Now taking the

[" norm of the sequence

. !
/ QJSQHAjumHgdt + €j
0

we get

1
T q
Z (/ QJSqHAJ’U/mHgdt) +€j
0

JEZ

Q3

T T
< Z(/o 2]8‘1||Ajum||gdt> + 25;

JEZ JEZ

The right hand side is finite as u,, belongs to £qT(B;7T) and the series >, €’ is

convergent. Thus,

3=

T

T @
/233q||Aju||%pdt < 00.

0

3

JEZ

Hence u € /JqT(B;’T). This completes the proof. O
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We next give an adaptation of Chemin-Lerner spaces to probabilistic Besov type
evolution space. Before that, we give the usual definition of probabilistic evolution

spaces.

Definition 66. Let (2, .#,{%},P) be a stochastic basis and B a separable Banach
space. For anyp,r € [1,00] we denote by LP(Q2, P; L7 (0,T; B)) the space of processes
u = u(w,t) with values in B defined on Q x [0,T] such that;

(1) u(-,t) is progressively measurable,

(i1) u(w,t) € B for almost all (w,t) and

(iii)

el
hSA

T
||l e, pinr0m8) = | E (/ ||U||§adt> ; (3.8)
0

where E denotes the mathematical expectation with respect to the probability

measure P.

Definition 67. Given a filtered probability space (Q,f,{ﬁt}te[o,T],P) with the
expectation E and T > 0, we denote by Mr set of all functions f : Qx[0,T] xR" —
R™ such that for each x € R™ f(-,x) : Q x [0,T] — R™ is progressively measurable.

Definition 68. Let p,r € [1,00], 0, p € [1,00), s € R and T > 0. We denote by
Cgﬁ%(B;’r), the space of distribution-processes f € My such that f(t,w) € S},

P — a.s, and the quasinorm,

1/r
(Z 2 [E(f, ||Ajf(t)||ﬁpdt)"/p]”") if 1< r < oo,
11l cg,coms,) = Jez
s T A o o ;
sup 2°[E(fy 12, £ (#)lIZ»dt) oY if r=oo.
je

18 finite.

Remark 69. Again from Minkowski inequality and Remark 2 we have that E?),C%(B;’r) =
L?ZLPT(B;’T) under the condition that o = p = r = p. The space L{LT <B;T> is
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defined as a Bochner space (modulo usual measurability conditions) with the norm

1/o
‘]Tj,gmdt> .

By Minkowski inequality, the inequalities in Remark 2 are preserved for L& L2, (B;T>

19555, = (E PR

and LL LA, (B;r) with the obvious relations between q and r.

Once equipped with the necessary definitions, we return to discuss our simplified

model (3.6)).

Our aim is to find a solution (g) of (3.6)) such that

.
o « Gy .
8,5 - A = W
Y Y Go
{ (3.10)
0% Uy — bo
g ug + bo
L t=0

and B is a bilinear form satisfying the heat equation

(
ol (2] (=) ] Zanl (7)) (%) —al (7] (*
91 82 81 02 91 02
s (7) ()] o
0, 0y
L t=0

(3.11)
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for (51 ) ; (5;) in appropriate spaces.

Therefore our main task becomes investigating stochastic heat equation of the type

(3.12) and deterministic heat equation of the type (3.13)) given by;

dv — Avdt = fdW

, (3.12)
U|t:0 = Ug
ou—Au =f (3.13)
U|t:0 = 0.

Since we have plenty of literatures done on the model of heat equation of type (3.13])
in the required frame work of Besov spaces (see [10} 37, 49] and references in there),
the only duty left to us is to investigate the stochastic heat equation model of type
(3.12)).

Estimates for stochastic heat equation in Besov and Sobolev

spaces

This section is the central part of the work. We establish key a priori estimates for
the solution of the initial value problem (3.12)). Indeed, taking the Fourier transform
of (3.12)) with respect to the spatial variable yields,

dot,€) = —|¢Po(t.€) dt+ f(t.€) AW
Oli=0(§) = uo(§)

(3.14)

This is a linear stochastic differential equation and it has a unique solution

0(t,€) = H (. £(6.), 10(€). W (1))
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for some integral function H in the space distribution-valued processes on R"*!.
Hence v(t,z) = F! (H (t, f(t,{),@d{),W(t))) is a formal solution of (B.12).
Therefore, our task is to establish the regularity in the framework of Besov spaces.
We shall give two regularity results which are crucially important for proving
lorem 78 and [Theorem 79

Theorem 70. Let ug be %y measurable and [ progressively measurable on €2 X

[0,T] x R™ and for q € [2,00],0 € [2,00),s € R

wo € LA(BS,). f € LAL7(B3,).
then the solution v of 15 n the space
LALF(BS,) N LaLH By ),

and

(3.15)

-

(-

el e SCAHTT)

£3L5.(B,7 ) 10 g g, + 1ol

s
Zq)

the constant C' is independent of T.

Proof. We apply the dyadic block Aj to the system (3.12]) and we get the following
result.

dA]‘U - AA]‘U dt = A]f dW, A]U(O) = A]’U(). (316)

We note that since f, v are in §'(R?), their Fourier transforms Ff, Fv € S'(R9).
The function ¢; have compact supports thus both ¢;F f, ¢;Fv € §'(R?) and have
compact support. Since (FA;v)(€) = ¢;(&)Fv, (FA;£)(€) = ¢;(§)Ff, it follows
from Paley-Wiener-Schwartz’s Theorem (see [83, p. 181]) that A;f and Ajv are

smooth functions with compact supports. Hence these functions make sense in

(3-16).
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Consider the sequence of stopping times

inf{t > 0,[|Ajv]| > N}, if the set {w: ||Aju]| > N} # @
T, if {w:]|Ap|| >N} =2

™ =

N =1,2,.... By means of Ito’s formula applied to [|A,v| =: [|Ajv]| 12, we have
d|Av]]? = 2(Aj0, AAv) dt +2(A, f, Ajw) AW + ||A;f|]* dt, P —a.s. (3.17)

on the interval [0, min{T, 7,y }|.

Applying the 1to’s formula to (||A;v]|? + €)7/2 for o > 2, € > 0 it follows from (3.17)
that

d(|Azv]* + )

=2 1Al + 77 [2(Ag, AA0) de+2(Asf, Age) AW+ Ay ]

oc.o—2

+ 2( 5 V4[| A]|2 4 )72 (A f, Aju)? dt. (3.18)

We introduce this regularization with e in order to avoid dealing with a potential
zero with a negative power. We will get rid of € through a passage to the limit. We
integrate (3.18]) over the interval [0,¢] for ¢ < min(7, 7y), take the expectation in

the resulting relation and estimate the terms.

Cauchy-Schwartz’s inequality followed by Young’s inequality (with € > 0) gives

t
E / UIA0l2 + (A, f, Ag)? dr
0

t
<E sup (||Ajv(7“)||2+€)"/2‘2||Ajv||2/0 IAFI* dr

re(0,t]

t
< eE sup {([|A;u(r)|* + &) 2| A0 )7} + CEE(/ 1A £I? dr)/?
] 0

rel0,t

t
< ¢E sup {(|A0()|P + 72| Ao}/ +Cst(“2)/”E/ 1257117 dr
} 0

rel0,t

(3.19)

© University of Pretoria



oo
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q@ YUNIBESITHI YA PRETORIA

A Priori Results 58

where we have used the fact that

t t
J B ar < oo [ A ane (3:20)
0 0

By integration by parts, we have

t t
E/ (A2 + )72 (Ajv, ADjv) dr = _E/ (1A ]1? + )72V A|1* dr.
0 0

(3.21)

Next Young’s inequality with € > 0 gives

t
E / (A0l + 7> A £ dr
0

t
< eE sup {(|Av|? + €)7/3 1}/ 0D 4 Ctlo=D2R / IAFII7 dr. (3.22)
0

rel0,t]

We now proceed to estimate the stochastic integral
t . . .
B [ (1407 + 97 (A1, A) aW
0
We have by Burkholder-Davis-Gundy inequality

E sup / (A + )77 A £, Ap) dW‘
r’€[0,t] [JO

, , 1/2
< CE (/ dr)
0

. 1/2
< CE (/0 ([1Az0l7 + )72 [ Awl*[| A fII* d?“)

(A0l + 7271 (A £, Ajo)

. 1/2
< CE sup (||A0] + €)% Ao]| (/0 1A, £11” d?") : (3.23)

rel0,t]

Using that inequality in (3.23]) and applying Young’s inequality we get

E sup
r’€[0,t]

/0 (1A )12 + €727 A £, Aj) O1W|
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< C<E sup |(|Ajv]* + )22 A
rel0,t]

o/(o-1) o [
| 4 copere / 1A Il dr.
0

(3.24)

Combining the inequalities (3.19)), (3.21)), (3.22)),(3.24) we get

. TATN . .
E sup (||AjUH2+€)U/2+2E/ (1017 + )72V Azul* dr
0

te[0,TATN]

. . . o/(o—1)
<E([|Ajuo|® + )72 + C€Et s |:(HAJ'UH2 + )2 A
|0, L°NTN

+<E sup {(|A;0]” + )72}/ 4 B sup {([|Az0]]* + €)% Ajul P}/
T'E[O,t] Te[ovt]
TNATN

HC (1 @A) E [ A ar
0

Passing to the limit as ¢ — 0 and choosing € > 0 sufficiently small, we get

. TATN . .
E sup [[Au@)]7 + E/ 1A 0l VA vl* dr
te[0,TATN] 0
. T .
<C (Bldjul” + (14 @Am) VB [ A, ar (3.25)
0
In view of the conditions on ug and f, we see that B sup  [|A;v(t)]|” is bounded

te[0,TATN]
by a constant independent of N, thus passing to the limit in (3.25) as N — oo

and using the fact that 7y — T, P—a.s.

T
E Sup}HAjv(t)H"ﬂLE/ 1A ]IV Avl* dr
0

telo, T

T
<C (E|;Aqu\l”+ <1+T("‘2)/"> E/ A £ dr). (3.26)
0

We now recall Bernstein’s result which stipulated that if the support of (FA,v)(€)
lies in the annulus {& : 412771 < |€] < 42711} 0 < A} < A, then there exists a

positive constant C' such that

C2Y | Ajv]| < VA < C227(| A0
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using this fact we get

T
E sup |A,0(t)]”+ 2B [ Azl dr
0

t€[0,T]

T
<C (E|]Aju0\|" + (1 + T("*Q)/"> E/ A £ dr) (3.27)
0
Multiplying both sides of (3.27) by 2/¢ we have the following inequality

T
B sup [|Ap(t)| + 2CE / 1A 0] dr
0

t€[0,T]

T
<C (QjSEHAjuoHG + (1 + T("*2)/") 2j3E/ A £117 dr) (3.28)
0
Next raising to the power £, summing up over j € Z, raising ot he power é and

applying Serrin’s inequality, (see [I51, Lemma 1, p. 252|), completes the proof. [

The result proved is new both in terms of the approach, based on Littlewood-Paley
theory, and conclusion. We shall however need a stronger version of Theorem [70]
convenient for the pathwise arguments which we shall use for the proof of our main
results. This will happen at some cost; namely with positive probability less than

one.

Theorem 71. Assuming the conditions of [Theorem 70) to hold , the solution v of
(3.12) satisfies the following statement for o = 4, ¢ = 2, s = 2n — 4: there ezists a

set Q with positive probability, such that
v(w,") € LE(H™)
and there exists a constant C such that

o (w,)]] n—l) <C [(1 +T%) HfH%ﬁT(H%—l) + HuoH%(Hgfl) , (3.29)

L3 (HT

for allw € Q.
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Proof. Consider the set * defined by,

(est) > O [0 ) Wl oy Py o) 1

for some positive C'. Using Remark |64 and Minkowski’s inequality , we have

||/U|| L*l S ||U|| .nfl .
(a3 ) T ehe (07
By Tchebychev’s inequality we have that

Elv(w,)

||4 . n—1
L‘;(HT)

.
(4T gy sy + s )

P () <

This implies

() < (g)

where C' is the constant in [Theorem 70l

Now set © to be the complement of Q* and take C' > C' so that,
- o\
PQ)=1-PQ")>1- (5) > 0. (3.30)

This concludes our proof. O

Remark 72. From (3.30) we see that by making a wise choice on C' one can improve

the result with a probability close to one.

In the case when right hand side of (3.12) is a function not involving the noise,

better results are available. For instance the problem

dv—Av dt = f dt

(3.31)
v(0) = g
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is studied in [I0, p. 210] and we found the following result suitable to us.

Lemma 73. Let v be the solution in C([0,T];S'(R™)) of the Cauchy problem (]3.31))
with f in L*([0,T); H*~Y) and vy in H*(R™). Then,

v E ﬁLP([U,T];HS*i) nc([o,T]; H).

p=2

Moreover, we have the following estimates:

et 2 [ 190 et 2 [ 0,00, ar,

2o dt’ = J|ug]

[[o(2)]

1
2

2
s . 1
/R e ( sup |v<t',f>\) €| < ol + 5l gy

0<t'<t

< [Jvol

0O -3, < Nl + g e

with (a,b), = [ €[*a(€)b(€) de.
For a bilinear operator ) defined by;
Q(a,b) — —%P (a- V)bt (b-V)a), (3.32)

we have the following result from [10], p. 210];

Lemma 74. A constant C exists such that

1Q(a. D)l 3-2 < Cllall s 1Bl oz

where n is the dimension of the physical space R™.

We note that the structure of (3.32)) and (3.5)) being same the result in Lemma
perfectly works for (3.5]).

We close the section by proving the following theorem:;
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Theorem 75. Consider the stochastic heat equation of the type

dv — Avdt = gdt + fdW, in Q x R™ x [0, 77, (3.33)

U‘t:() = o in 0 x R™.

If f € LALAH*R"), g € LZL2H*(R") and vy € LAH*(R") then, (3.33) has a
solution in LHL3H* (R™) N L3 L¥ H*(R™).

Proof. We begin by applying the Fourier transform to (3.33|) which gives

do + |€20dt = gdt + FAW,
|f| g f t . (3‘34)

l¢=0 = o
Now multiplying the first statement of by |£]° we get
d([]*0) + (|€]°F?0)dt = (|€|*g)dt + (|&]°F)dW.
Next applying Itd’s integral formula, , we get
d([g[*0%) = [¢[** f*t — 20¢[* Vot + 2/¢[*ogat + 2/¢[**0 faW,
Which is equivalent to
d(€]**0%) + 20 FVo%dt = [¢]** f2dt + 2[¢**ogat + 2|¢[* 0 faW;

Next we integrate with respect to time variable followed by integration with respect

to the space variable and finally applying Fubini, we get

t
ot + [ [ 2P agar
R” 0 n
t
— [ tgagac+ [ [ jepr acar
Rn 0 Rn
t t
+2// |§|25®gd§dt’+2// €120 f dedW. (3.35)
0 n 0 n
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But,

<

t
/ / €% goldedr
o 3 3
( |€|2(s‘”|§\2d§> ( |§|2(8+”|@|2d§) dt’
0 R Rn
t t
ga/ ]f\z(s+1)]ﬁ]2d§dt’+051// |2~ g|2dedr. (3.36)
0 Rn 0 Rn

Here we used Young’s and Holder’s inequalities.

Now we have

t t
€202 ()de + / / Aee+0i2 dedr < [ |eazde + / / €2/ dede
Rn n R" 0o Jre
e / EPEDoRded? + Cy / €D g Pdedr

/ / ) €120 f dedWy (3.37)

Now taking the supremum in time of (3.37) over the range [0, ], we get

sup |£’23A2 t// d£+ sup / / 2|£|2 (s+1) 2d€dt/

t"€(0,t] t"7€[0,t]

2sd 232dd/
[ Jeas £+sup//n|€|f g

t//

ve s [ e tiapaar ey s [0 ] e tigpasar
e n te n

+ Sup/ / €256 f dedWy,

t//

which is equivalent to

t
sup [ [EPo e (#)de + / / 2P+ dedr
t"e[0,t] JR" 0 n
t
€a2de + / / €2/ dedr
Rn 0 n
t t
e / EPEDRagdr + C, / / €2 g Pdedt
0 Rn 0 Rn
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t“
+ sup / / €150 f dEdWy. (3.38)
0 n

7 €[0,t]

We now take the expectation of (3.38) to get

t
E sup [ [€/*0*(t")dé+E / / 21¢[2H V5% dedt!

7 €[0,t]

t
<E [ |+ E / / €2/ dedr
Rn 0 n
t

t
L eE / EPC[8Pdedt + O E / €26 g Pagdr
0 Rn 0 Rn

t//
+E Sup/ / €120 f dedW. (3.39)
0 n

t"”€0,t]

Now we estimate the stochastic integral;

1

t t 2 2

Bsw [ [ jPojacam <cp ( / ( |£\25|ﬁf!d£) dt')
tefo4)Jo  Jre 0 R®

<CE ( / ( |s|28|@|2d5> ( |€|28|f|2d£) dt')
0 Rn Rn

1
2

t
< CEsup [ [¢[*[o]*dg (/ |§|2S|f|2d£dt’>
R™ 0 JR7»

[0,2]

t
< eCE sup \5!25]ﬁ]2d§+CEC’E/ / €125 | f|2dedt’,  (3.40)
R" 0 R'n

[0,¢]

Here we used Burkholder-Davis-Gundy and Young’s inequalities. Next putting

(3.40) back in (3.39)) we get

t
E sup [ [€/*0*(t")dé+E / / 2|¢[2 V5% dedt!
R” 0 n

t"€0,t]
t
<E [ |ede+E / / €2/ dedr
R" 0 n

t t
+ 51E/ / |§|2(S+1)|@|2d§dt/ + CalE/ / |€|2(S_1)|§|2d§dt,
O n O n
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t
+eCEsup [ [£]*|0]*d¢ + CECE/ €| f|2dedt’. (3.41)
o JR"

0, Jrn
Finally, taking € and £; small enough, we get

t
E sup [ [¢([*0*(t")d¢+E / / [TV 0* dgdt’
0 n

t”G[O,t} Rn

t t
§O<E / €02d¢ + B / / €2/ dedt’ + E / / |§|2(S‘”!§|2d§dt’),
Rn 0 n 0 n

for some positive constant C. Thus, if f € LZL2H*(R"), vy € LLH*(R") and
g € LALZH*1(R"), the solution v of ([3.33) is in L3L¥ H*(R™) N L3 LAHt (R").

]

3.4 Main Result

It is time to give our main results. The first result is on local existence and unique-
ness of a strong solution and our second result is on existence and uniqueness of a
global solution for (3.1)). The result on global solution has appeared on [148]| and

the local strong solution result is new.

For this purpose, we first formulate our notion of solution with the following two

definitions.

Definition 76. For a fized probability basis (Q, F A }eon P, W), a divergence
free process (’g) is a local strong solution of (3.6)), if there exists a positive random
time 7, such that (4) (w) € L2 (H%l> (M., and satisfies the relation

t t

p (1) = Ml A% al7]]° (s) ds+ .,

0 o 0 0 0 Go
0 0

P-a.s., for any t € [0, 7]
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Definition 77. For a fized probability basis (Q, F ., (F1)e>0, P, W), a divergence free
process () is a global mild-solution of problem (3.6)), if (SEZD e LAH"T )M,
for allt > 0 and P-a.s.

t t
G
’ (t) =€ O s [ awg [ e [ [7] 7] | as
0 0o g Ga b o] \o

where e® is the heat semi-group and div By = 0, div fy = 0.

The following two theorems are our main results;

Theorem 78. Given a probability basis (Q,.%, P,{F:}o<t<r, W), let ug, by be Fo-
measurable with divug = 0, divby = 0 and G1,Gy € M. We assume that there

exists a positive constant K such that

[a
a+rH|| |7 <K

G2 00
LACh (31 ciast
Then there exists a random set Q with P(Q) > 0, a random time 7(w) > 0, and a

process

s
0

(w,) € LAH™T )N M, (3.42)

for allw in Q, and (g) 15 a local solution of problem in the sense of definition .

Theorem 79. Let (Q, %, {F o<i<r, P, W) be a probability basis. Let ug, by be
Fo—measurable with divug = divby = 0, and G, Go € Mp. Assume that for any

positive T we have,

0o

(1 +T%> C1 [ < .
Go
L‘éﬁ%(ﬁr%—l) cd (H%—1>

Then there is a random set Q0 with positive probability and a unique global mild-
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solution of in a ball centered at the origin in the space L%(H%), for all
w in Q. Furthermore, for s = 5— 1,4 G € LLL2ZH(RY) for i = 1,2, and
up, by € LEH*(R™), then the solution u(w,-), b(w,-) of belongs to the space
L¥ H*(R*) N L3 H*(R™).

3.5 Proof of Main Results

The proof relies on the following version of fixed point theorem. For the proof we

refer to [10], p. 207].

Lemma 80. Let (Y,|| - |ly) be a Banach space and ® : Y xY — Y a bilinear

continuous map with the norm

@ = sup  [|®(o, )]y
lollyllwlly <1

Then for all ¢ €Y, such that

1

Ielly < iz
af|of

the equation

=0+, ¢)

has a unique solution v in the ball {p €Y : |||y < 1/(2]|®]])}.

Proof of [Theorem 79|

Proof. Recalling the discussion in page , we look for (g) such that

_ n (3.43)
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where (5 ) satisfies (3.10)) and (i:) =B <(§ ), (8 )> satisfies (3.11)). This enables

us to work pathwise in the implementation of fixed point argument, Lemma [80], on

the map

where

t
B P t) P (t :/e(t_S)AQ g , b ds
0 0 0 0 0
and e'® is a heat semigroup.
It clear that
t t
b (t) = e Po —I—/e(t_s)A ! dW8+/e(t_s)AQ b , P ds
0 0o 0 G 0 0 0

is a fixed point of .

We next show that B satisfies the condition in Lemma [80| for an appropriate space
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Y to be determined in the process . Since B (( ’g) , (g)) satisfies the equation

0 0

t=0

Lemma [73] implies that

B 0 : ’ <|Q 0 ; ) (3.44)
0 0 0 0
LE(EY D) L3(F1)
Now set s = § — 1. Then Lemma @ with Hoélder’s inequality implies that
b , b < b b . (3.45)
0 0 0 . n—1 0 . n—1
L%(H%*z) Li(H 7)) Li(H 2 )
Next we choose p = 4 and apply this to (3.44) to get
B & , & <1Q P , & . (3.46)
0 6 0 0
LA (H"T) L2.(f%-2)
Then combining (3.45)) and (3.46)) gives
B P , b < P P . (3.47)
0 9 6 . n—1 6 . n—1
LA(H"T) Lyp(H 27) Ly(H72)

 n—

Thus if we set Y = L4(H"2"), then B satisfies the condition that || B|y < Cj, for
some constant Cp independent of T'. Therefore by Lemma [80] the Theorem will be
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proved if
Q@
(w,-) < e with positive probability. (3.48)
ry . n—1 B
Li(H 2 )

For this to hold we appeal to to deduce the corresponding restrictions
on the data. Indeed by (3.29)) we have that

— 1 G
<cla+ry|| " i ,

o
(Wv )
¥ . € » fo .n
Ly(H 7)) LyL4(HZ7Y) Ly(H2™)

for all w in Q of positive probability. Therefore for the condition (3.48) to hold, our
data should satisfy

1 G
a+7H || L < 4
G 0, 4CCp

LALA(HEY) LA(HE )

This proves the first part of our theorem. To prove continuity, we use [Theorem 75}
observe from that Q <(§) : (g)) € LA(H™Y), (g;) (w,-) € LA(H?), (gg) (w,-) €
H* P-a.s., we have (gfﬁj;) belongs to the space L>(0,T; H5~1) N L*(0,T; H?).
Hence, for each w € Q the solution u(w,-),b(w,-) of belongs to the space
L>(0,T; Hz"YY N L*(0,T; H?).

This concludes the proof of of O
Proof of [(ITheorem 78|
Proof. Let
o o
. + (3.49)
0 g Y
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be the decomposition of the solution (g ) of (3.6 (as discussed earlier) such that

(5) satisfies

«Q o Gy
at - A — W
Y 9 Go
(3.50)
«@ - Bo
Y to
L t=0
and (?;f) satisfies
4
o o « o a o
at - A = Q + ) +
v v ¥ v ¥ v
(3.51)
a/
=0
,y/
L t=0

We fix Q in [Theorem 71| We shall solve (3.51]) by using an iterative scheme. Let

((‘3/ ) ) be a sequence defined recursively by; (‘if ) =0, <:: ) is defined
k) k=o0,1,... 0 k+1

in terms of <§Z> as a solution of the initial value problem
k

p

o o o o o o
Oy - A = + , +
ot o4 v ol o4 ¥
) k+1 k+1 k k L (3.52)
Gfl
=0
,.y/
\ k+1|,—

We now apply Lemma [73[to (3.52)) to get

)

a/
!

1 et 2

kU e (7P
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o/ o o/ a
< 1Q ; +2{Q ;
Y Y Y gl
‘ RELZCED : L3 (o)
Q@ !
+11Q , . (3.53)
Y Y
LZ(Hs—1)

Here we used advantage of bilinearity of Q. Now set s = §—1 and apply [Theorem 74]
together with Holder’s inequality to get

(% 0% (e (%

Q : <C

Y Y Y Y

n

. n—1
.n_ . n—1 LA(H 2
k L2.(H%7?) Fllparz) il )

Similarly for the remaining terms in (3.53)) we have

/ / / /

o « a o
Q , <C
0l g4 0l 0l
’ R/ g “llog e “llogra
Q a a <colll® a
’Y /7 N ’)/ . n—1 ’)/ . n—1
L2.([32) Ly(H 2) Lp(H 27)
Thus for p = 4 in Lemma [73] we get
2
%4 o/ a
<C + . (3.54)
0l 0l g s
bty e “llg. iz Ly =)
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For a positive number ¢, let 7(w, §) be the stopping time defined by
inf A(w), ifA(w) #0
T(w,0) = ) W) # : (3.55)
T, ifA(w) =0
where
!
Alw)=<t€[0,T]: (w, ") >0 P —as. (3.56)
/y . n—1
LHH 2)
Since () solves problem (§3.50), [Theorem 71| tells us that if
Bo Gy
C (w,-) + (w,-) <4, P—as., (3.57)
90 GQ
HE Li(HE
then
a -
(w,-) <0, Yw € ) (3.58)
/7 . n—1
Li(H Z7)

We note that H'”L4(H”T_1 is continuous and non decreasing as a function of ¢. Thus
t

)
T(w, d) exists and is positive for all w in €.

Given sufficiently small § > 0, such that 4Cd < 1 (C'is a constant from [Theorem 71|

let 7 the corresponding 7(w, ) for which

4 . n—1
Li(H 27)

We show by induction that

< 4, for any n € N, Vw € Q.

2

.

. n—1
Floga=)
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Since ($;>0 = 0, we get from (3.54) and (3.59)), that
o .
(w, ") < C8* < §,Yw € . (3.61)
/
7). o
Li(H 27)
Assume that
o -
(w, ) < §,Vw € Q. (3.62)
,y/
k LA™ T
Then it follows from (3.54) and (3.59) that
o ) - 1
(w,-) <406 < hVwe Q, 6 < —, keN. (3.63)
o 4C
ki LAEZ)
Thus (3.60)) is proved.
We next show that <(?y‘,') (w, )) is a Cauchy sequence in L*(H"2"), for all
k n=12,...
w e Q.
Letting 7, := (ﬁf) — <3,’) . Then we have the following equation for Z.
k+1 k
o/ o
0z, — AZy = Q | Zg-1, + +2Q | Zy-1,
0l 0l
k k-1
Z:(0) =0 (3.64)

As earlier, we apply Lemma [73| to this problem and get

125w, )] <

. 2
LP(H"TD)
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o/ o/
Q| Zk-1, / + ) +2]|Q | Zk-1,
g g 8
g P Nz e L2(Hs1)
(3.65)

Next Lemma [74) with s = § — 1 implies

o o
Q| Zi-, ) + )
Y v
k k’—l L%(H%—Q)
o o
<|Q | Zk-1, ) +1Q | Zk-1, )
7 7
Moz ?) SV 10
o o
SOHZkleLzL(HnT_l) / + ’ (366)
’ ’y 1 ’y 1
Fllpacr™st ez
and
«
Q| Zk-1, <C HZkleLll(H"T—l) (3.67)
7 i Y e
12132 LAH"T)

These estimates together with (3.59)), (3.60) and (3.65])) imply that

1220y et < 405 a9

LAi(H

(3.68)

LA(H" )’
for all w in € and all n in N.

Since J is an arbitrary small positive number, choosing it such that C'§% < 1, we see

that || Zy(w, ')HLi(Hanl) is contractive and hence {(C;: (w, )>k}k1 , is a Cauchy
sequence in LA(H nTﬂ), for all w € Q. In view of the completeness of Li(H nTﬂ),

we can then extract a subsequence <<‘;f> > denoted by the same symbol,
k) k=12,

which converges to a limit <‘7“,/> € Lﬁ(H%) in the norm of Li(H%) And (g,’)
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solves ([3.51]) uniquely, for all w € €.

We have thus constructed with positive probability, the unique pathwise solution
(&) of problem (3.6) in the space Lﬁ(H%) as the sum of solutions (5 ) and (34) of
the problems (3.50) and (3.51)) respectively. This completes the proof [Theorem 78

]
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Magnetohydrodynamics Turbulence

and Kolmogorov Spectral Law
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Chapter 4

Inertial range bounds on
Kolmogorov Spectra for

Magnetohydrodynamics Equations

4.1 Introduction

At high Reynolds number fluid and plasma flows exhibit a complex random behavior
called turbulence. This phenomenon is observed in a great majority of fluids both
in nature such as atmosphere, river currents, oceans, solar wind and interstitial
bodies, and technical devices such as laboratory installations, nuclear power plants,
etc. Its importance in industry and physical sciences, such as making predictions
about heat transfer in nuclear power plants, drag in oil pipelines and the weather is
tremendous. Besides these real life relevant issues, the study of turbulence can assist
mathematical researchers in understanding some aspect of Navier-Stokes equation

and MHD equations, such as regularity problems [42].

According to literature, many generation of scientists passed through the struggle to
unlock the mysteries of turbulent flows ever since the very systematic observation
by Leonardo da Vinci, at the beginning of 16th century. Very long after L. da
Vinci, the discovery of Euler equations in the mid of the 18th century (to describe
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motion of non viscous fluids) and Navier-Stokes equations in the first half of the
19th century (for viscous fluids) are the major breakthrough developments in terms

of having governing rule for certain type of fluid flows.

Towards the end of 19th century Osborne Reynolds in his attempt to solve Euler
and Navier-Stokes equations laid a foundation for the theory of turbulence, see
[89, 141, [142], [160, p. 488]. Reynolds work was based on decomposing the velocity
field u(x,t) into average velocity u(x,t) over a time interval and fluctuation velocity
uw'(x,t) = u(x,t) —u(z,t). He studied the dynamical system in terms of the average
velocity u(x,t), and the resulting equation is called Reynolds equations or Reynolds
averaged Navier-Stokes (RANS) equations. Furthermore, his analysis on the kinetic
energy of a turbulent flow was another big contribution [107, 143]. Other great
contributions include the works of Ludwig Prandtl (1875-1953) on boundary layer
problems [I37], Theodore von Kéarméan (1881-1963) on isotropic turbulence [169,
170], Geoffrey Ingram Taylor (1886-1975) on isotropic turbulence and turbulent
diffusion [157, 158], etc. For further reading in this regard we refer to the book “A
Voyage through turbulence” [51] and an excellent review on the works of Onsager

by Eyink and Sreenivasan [61].

Despite these important developments in the study of turbulent flows, it was in
the early 1940’s that Kolmogorov and his students, Millionshchikov and Obukhov,
brought the whole theory to qualitatively new level which has essentially stood
the test of time. Particularly the 1941 works of Kolmogorov [91, 02, 03, 04] and
Obukhov[I3T], usually referred as K41 theory or Kolmogorov theory, which later
improved following the critics of E Landau [95] play a central role in the area. The
main achievement of the theory is Kolmogorov’s 5/3 law which postulates decay
of the spectral energy according to the function Ef (k) called Kolmogorov spectral

function, defined by
Coe?3k5/3 (4.1)

over a range of wave numbers k € [k, ko|; where € is energy dissipation rate and

Cy is a universal constant called Kolmogorov constant. The exponents in (4.1)) are
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determined by dimensional analysis. The state of the art exposition of Komogorov’s
school of turbulence can be found in the seminal monographs of Monin and Yaglom
[T, 127], sometimes referred to as the bible of turbulence. Besides the breakthrough
results they come up with, their approach was found to be more convenient than
that of Reynolds in the sense that Reynolds averaging approach complicates the
dynamical equation and to simplify the complexity arising from averaging over a
given time interval (or a spatial region) it was required to set certain general condi-
tions that hold only approximately and therefore inconvenient. On this aspect, A.
M. Yaglom in his commentary about the contributions of Kolmogorov theory said
“Before these papers appeared, nobody had guessed that random turbulent fluctu-
ations obey some simple quantitative relationships of a quite universal character,
that is, they remain valid for all flows sufficiently distinct from laminar flows ” [160),
p. 489|. For a detail reading on Kolmogorov’s theory in particular and turbulence

in general, see [12| [71], 126] 127, [136], [149].

We have seen in that direct approach to turbulence via Navier-Stokes could
be traced back to Leray’s ground breaking work [110, 112], where weak solutions
are referred to as turbulent solutions. Fundamental contributions are also due to
Hopf [79, 1], 82], see also [67, [68], [69) 159], just to cite a few. The emergence of
the modern theory stochastic processes also led to modeling of turbulence through
stochastic Navier-Stokes equations; the relevant mathematical studies were pio-
neered by Bensoussan and Temam in [14]. See also [22, 119, 120} 121] for recent

important contributions.

Our aim in this part of the thesis is to investigate Kolmogorov’s theory for elec-
trically conductive or MHD flows. Indeed, several works on the energy spectral
function of MHD flows have been done since the mid of 20th century. From the
earliest, the works of Kraichnan| [99] [100], Iroshnikov [86] can be mentioned. Unlike
Kolmogorov, in their studies Kraichnan and Iroshnikov concluded that the spectral
energy of MHD flows is proportional to k~3/2 over a certain range of wave numbers,
k; this was later on supported by [Dobrowolny et al.|in [57]. Verma/in [165] men-
tioned these works to be the first to establish phenomenological theory on MHD
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turbulence, which he referred to as KID phenomenon.

Despite the clear difference between KID and Kolmogorov theory a lot is done
to verify their validity. For instance, Verma in [164] has noted that his observa-
tional results and calculations agreed with Kolmogorov’s theory more than with
the KID phenomenon; and Biskamp in [I8] concluded that in the general magne-
tohydrodynamics case the behavior of fully developed MHD turbulence is close to
Kolmogorov’s k~5/3 theory rather than KID.

Therefore, in this work we investigate the spectral behavior of general MHD flow
rigorously through mathematical techniques such as Harmonic Analysis. The work
was motivated by the 2012 paper of Biryuk and Craig [17], where they used weak
solution of Navier stokes equation to give rigorous upper and lower bounds on the
inertial range. Even if Kolmogorov spectral theory roughly holds for a fully de-
veloped MHD turbulence, practically, MHD flows are different from hydrodynamic
flows at least for a reason that MHD flows are controlled by a combined effect of
velocity and magnetic fields. S. Chandrasekhar in [32] described the situation as

13

follows, “...the amplification of the magnetic field by the turbulent motions and
the suppression of the motions by the magnetic field will balance each other and

one may expect that an equipartition between the two forms of energy will result.”

The MHD model under consideration is

Ou~+ (u-V)u+ VI — (b-V)b—vAu= f;, (0,00
Ob+ (u-V)b— (b-V)u—nAb= fs, (0,00) x D,
div u = div b =0, (0,00

U|t:0 = Uo, b|t:0 = bo, D,

where u(x, t) is the flow velocity, b(x, t) is the magnetic field, I is the total pressure,
v > 0 is the kinetic viscosity of the fluid, n > 0 is the resistivity of the fluid. The
spatial domain D is either the whole of the Euclidean space R?, or the compact
boundary-less torus, T3 := (R/ LZ)3 of length L (with Lebesgue measure dz; note
that the total measure of this torus is L3). The time domain is 0 < ¢ < oo, and the

inhomogeneous external forces fi, fo are assumed to be divergence-free and satisfy
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f1, f2 € Lig,([0,00); H=H(D) N L*(D)).

The energy spectral function, E(k,t) for our MHD flow model is given by

Bk = [ (WENP+HED 4S(©). ke oo, (I =K € D (43)

We replace the integral in with an appropriate sum when D is periodic.
Through the process we will give global estimates in Fourier spaces for a weak
solution of when subject to a reasonably smooth data. Similarly to Biryuk
and Craig in [17], these estimates are of high importance in getting the estimates on
the spectral function. The spectral function E(k,t) in is found to be bounded
uniformly in &, and pointwise in time in the presence of external forces f; forv =1, 2
and uniform otherwise. Furthermore, E(k,t) obeys Kolmogorov’s spectral theory
over a small neighborhood of explicitly calculated inertial range over a finite time

interval which depends on the energy dissipation rate of the flow.

As noted earlier, weak solutions can be taken as turbulent solutions. Thus, our aim
is to investigate Kolmogorov’s spectral theory for the weak solution of the system
(4.2). Before giving the definition of weak solution, we introduce some function
spaces and their notations as they appear in [25]. We denote by CgY, the set of all
divergence free smooth functions with compact support in R"”. L? is the closure of
Cg with respect to the LP norm in the usual sense. For 1 < p < oo the space L?
stands for the usual (vector-valued) Lebesgue space over R". For s € R, we denote
by HJ the closure of CgS, with respect to the H® norm. A weak solution for (4.2)

in the sense of Leray and Hopf is defined as:

Definition 81. Let (ug(x),bo(x)) € L2(R™). A wector (u,b) is said to be a weak
solution to (4.2) on D x [0,00) if it satisfies the following conditions:

(i) for any T > 0 the vector function (u,b) lies in the following function space:

u, b€ L([0,T); Ly (D)) N L*([0,T); H,(D)),

(i1) the pair (u,b) is a distributional solution of (4.2); i.e., for every (&, V) €
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HY((0,T); H: N L2) with ®(T) = ¥(T) = 0,

/T{—(u, 9,®) + v(Vu, V&) + (u- Vau,®) — (b- Vb, &)} dt
= —(uo,q>(0))+/T(f1,<I>) dt

and
/T{—(b, 80 + n(Vb, V) + (u- Vb, W) — (b- Vu, ¥)} dt

T

- _(bo,\lf(o))Jr/(fz,\If) dt

0

where n is the dimension of spatial domain. Furthermore, lin}r u(-,t) = uo(+)
t—0

exists in the strong L* sense.

(11i) the following energy inequality is satisfied,

%/D|u(a:,t)|2+\b(x,t)|2 dz + min(v, n) /Ot/D|Vu(:v,s)]2+\Vb(x, s)[? dz ds
—/ / w(z,s) - fi(x,s) +b(x,s) - fo(x,s) de ds < %/ luo(2)|* + |bo()|? dx
o Jp D

(4.4)

for all 0 <t < o0.

The rest of this chapter is organized as follows: in we give estimates for
the weak solution of (4.2) in Fourier spaces. Section is devoted to analyzing
spectral behavior of the MHD flow governed by (4.2). It is, therefore, in this section

that we state and prove our main results.
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4.2 Fourier estimates for the solution field (u,b)

4.2.1 The Fourier transform and reduction of the problem

The Fourier transform of u denoted either by @4 or Fu is defined as,

where D is either R? or T3. The Fourier transform has several interesting properties,
of which Parseval-Plancherel identity, given by (4.5]), is of huge importance in our
work. This is due to the fact that energy of our system in Fourier space is the same

as energy of the system in Cartesian space.

HUH%Q(D) = H’&H%%D)- (4.5)

For the detail of this and other properties of the Fourier transform we refer to

[156, [171] and [83].

We next give an equivalent formulation for (4.2) in Fourier space. The first step is
to eliminate the pressure term, and this will be done by making use of the Leray

projector, P, defined by
P-:=Id— VA div-. (4.6)
The application of P reduces the system (4.2)) to

Ou —vAu="P((b-V)b) = P((u-V)u) + fi
Ob —nAb=P((b-V)u) —P((u-V)b) + fo - (4.7)

U|t:0 = Uo b|t:0 = by
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Now taking the Fourier transform of (4.7) we get

iy + v]kPPa = F(P((b- V)b)) — F(P((u- V)u)) + fi
bi + n|k|*b = <7><<b V) = F(P((w-V)b) + fo - (4.8)

ﬂ‘t—o = 'LAL(), b|t =0 —

Thus (4.8) is a reduced but equivalent formulation of (4.2)) in Fourier space.

4.2.2 Estimates in T?

3 .
Note that in R* we have (u - V)b = > 4/9;b. Therefore from linearity of Fourier
j=1
transform we get

Zug zk]b

Now for k € ']T'3, a Pontryagin dual of T3,

MThen it follows that

—@ZZu]k klkbkl_szl a(k — ky)

Jj=1 ki

S

(K1)

This implies

S

_@Z;ﬁ (k — k1)b(ky) — Wk Zk1 a(k — k)b(ky).  (4.9)

Now defining a linear homogeneous operator by

k

Mp(2) =2 — (2 k)W

IThis after, by writing Dok, s Wemean g -
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for z in an appropriate domain we get

P((u-V szZkl (k — k1)b(ky). (4.10)

Now substituting (4.10]) in (4.8)) yields

Gy + vk = i S, k- a(k — By aky) — 00, Y, k- b(k — k)b(k) + fi
be + k|2 = iT1, S, Ky - bk — ky)a(ky) — illy 3oy, k- a(k — K)b(ky) + fo

(4.11)

Thus we have (4.11)) as an equivalent formulation of (4.2)) in Fourier space, TS.

We now define the following terminologies, which are used repeatedly throughout

the work; notations and definitions are adopted from [17].
Definition 82. Set A is said to be a (future) invariant set with respect to a function
@ or family of functions {p(t) : t € [0,00)}, if

©(0) € A implies p(t) € A for allt > 0.

Remark 83. We denote by

(i) Br(0) a ball in L*(D) of radius R.
(i) Ap, :={(u,b) : Vk € T2 [k|(ja(k)| + [b(k)]) < Ri}

Remark 84. Note that when f; = 0 for i = 1,2 and |Juo||r2(py + ||bollz2(p) < R

from energy equation (4.4) Br(0) can be taken as a future invariant set for weak

solutions of (4.2)).

Our first result in this section is;

2When D = R3, then k € R? in Fourier space.
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Theorem 85. Let f; =0, i = 1,2, and R, Ry be non-negative real numbers such

that
1

Then for (u,b), a weak solution of (4.2)), we have

(i) Agr, N Bg(0) is a future invariant set of (u,b),

(Z’l) [qu, bo € AR1 N BR(O) then

_ R .
swp ([ak,0)] + [p(k,0)] ) < 73, vk eT (4.13)
0<t<oo | |

Proof of Theorem [83. Suppose (u,b) is a weak solution of ([4.2). Let C3 be a set
defined by,

C; = {we Cw-k=0}.

Since vectors u and b are divergence free, and F(divu) = k-a = 0, F(divb)
k-b=0 we have 4, b € C2. Then for 4, b € C2, ([@.11) is equivalent to

)+f1

i(k — Ky )a(ky) — illpk - 32, b(k — kq)b(k
)b(k1) + fo

Uy = —v|k[0 +illyk -y,
by = —n|k|2b + il k, - z,ﬁ b(k — ki)a(k:) — illyky - 3o, a(k —

a‘t=0 = Uo, b|t =0 —
(4.14)

But Holder’s and Young’s inequalities imply that

ik Z (k= k)b(k) | < 11|k = k)bkn)|| - < [Rlall2 Bl (4.15)

k1
o0

Now denote the RHS of first two equations of (£.14) by X;(a,b) and X, (@, b) re-
spectively. Then following the arguments of Biryuk and Craig in [I7), p. 429|, the

radial component of X;(u, b) is given by R ( - Xy (a, b)) and radial component of
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X,(,b) is given by R (b Xo(a, B))

Now suppose (u, b) is on the boundary of Ag, for some (k,t), i.e

K| <]11(k’,t)] + ]B(k,t)]) = R;. Now computing the dot product % - X1(a,b),

|

—v|k[Pa+ ik - alk — ki )a(k) — illgk -y b(k — ky)b(kr) il
Uu
kl kl
olaf* | ;
= —v|k| A i Ik - Z (k — ky)iu(ky) — Tk - Zbk k1)b(k:)

This implies,
R(X; - 1)

= —vlkPa*+3 | @ Hka‘l (k — ky)a(ky)) — @ - Hkal (k — k1)b(ky))

< —vlkPla)? + | Hkal (k — k)a(k)| + [a] T Y Ky bk — ka)b(k:)
k1
< —vlkP|af + [al k[|[all7 + |allk]b]7-
Similarly, we have
R(Xs - b)
= kPR +S | b Hka;l (k — kD) a(k) —b- ( Hkal ik — k1)b(ky))

< =l k(B + (BNl 2 | 2 + (Bl K[| 2]l .2
=~k 1Bl + 2/b]||1b]| 21 2.

Then it follows that,

R(X, - 4)/]a] + R(X, - b) /b

< —vIkP*|a] + |k[l|allZ + [KIBIZ2 — nlkPIo] + 2[k[b] 22 ]| 2

3R(-) denotes the real component and () denotes the imaginary component.
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< — min, ) [KR(1a) + B]) + (8] (1132 + 15132 + 206l 221l 2

1 . . -
< —5 min(v, )kl Ry + 20k (Jlall3 + 61132 (4.16)

When (u(-,t),b(-,t)) € Bg(0) and R? < 1 min(v,n)R;, the RHS of is nega-
tive. This implies that the solution (u, b) never leaves the region Ag, NBr(0). Hence,
Ag, N Bg(0) is a future invariant set of the weak solution of (4.2). Therefore, we
have that

N R
sup [a(k, t)| + bk, t)| < =
0<t<oo |k’

Let (ug,bo) € Br(0) C L*(D) and f1, fo € L{S.([0,00); H'(D) N L*(D)). Suppose

loc

that an appropriate frame is chosen and the total pressure II is suitably normalized
so that [, u(z,t)- fi(z,t) + b(z,t) - fo(x,t) da is bounded. This implies that for

any 1" > 0 we can have a non negative function R(7") such that

lu(-, )72 + [1b(-, T) |72 + min(v, 77)/0 (IVu(, $)l72 + [IVD(-, 8)[[72) ds < R*(T).
(4.17)

Define F?(T) := fOT 1A ON% 0 + [ f2( )%, dt. Then the function R*(T) be-
comes an upper bound for the LHS of energy inequality (4.4)).

Theorem 86. Suppose f; # 0 fori = 1,2 and R(t) is a priori upper bound for
lu(-, )2z + [|6(,8)||z2- If Ri(t) is a non decreasing function such that for all k,t,

2R(t) + W < min(v,n) R (t) (4.18)

is satisfied, then whenever the initial data ug, by belongs to Ag, )N Br(o)(0) we have

that for any 0 < t < oo the Fourier coefficient of any weak solution generated by
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ug, by subjected to external forces fi, fo satisfies

Ri(t)
Ikl

[k, )] + [b(k, 1)] < (4.19)

Proof of Theorem[86. For f; # 0, for i = 1,2 we have an equivalent equation to
(4.2)) in the Fourier space

y = —vlk|%0+ il 3, k- alk — ky)a(ky) — il 30, k- b(k — ki)b(ky) + fi
be = —nlk[?b +il1, X2, k- b(k — ki)a(ky) — illy 3oy, ki - @k — k)b(ky) + fo

71|t:o = U()’ b|t:o = bo

(4.20)

By abuse of notation we denote the RHS of (4.20) by X (u,b)(k) for the first and
Xs(u,b)(k) for the second one as in (4.14). Therefore the radial component of

X1 (u,b)(k) is the real component of X;(u,b)(k) - |lf| and the radial component of
U
Xo(u,b)(k) is the real component of Xs(u,b)(k) - % Since

R(X - a) = —v|k|’|af + R(f, - @)
+3 Hkal (k—k)a(ky)) — @ - Hkal (k — k1)b(ky))
< —v[k[*[al” + [al |kl [[al[7: + @l |k|lIBl172 + | fillal,
and similarly
R(X - b) < —nlk2of + 20Bl[K1[B] 22 1l 2 + | £11D]

Thus radial component of the sum X; + X5 is given by

u
X
ap)

| |

R(X - ) < —vIkPla] —nlkl?|b] + &[[|al7: + |KI]|b]7:

>

+ 20k (1B el 2 + | fo] + | fol
< — min(v, n)[k[* (Ift| + Il3|) + [kl + 11011%) + 21k[all1o]l + ] + 12
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< — min(w, ) k[ (1a] + [Bf) +20k] (1l + 1BI2) + 1Al + 1o
< — min(v, Ik (|a] + 16]) + 20kl (al + [6l12) + Lfi] + 1l

| - A . Fil + |f:
— — min(v, n)[k]? (|uy + |b|> + k| <2(HuH2 +[I[I*) + % '

(4.21)

For (u,b)(k,t) on the boundary of Ag 4 we have || <|ﬁ| + |l;|> = Ry(t) and if
2|l + [|B]|?) + |f1||’,:“f2‘ < min(v,n)Ry(t) , then the RHS of (4.21)) is negative, i.e,
the radial component of the resultant vector of v and b is negative. This implies that

the solution vector (u,b) will never skip set Ag, ) N Br(t). Hence (4.19) follows.

Theorem 87. Let (u,b) be a weak solution of (4.2)), with initial condition (ug, bo)
in Ag,, which satisfies (4.17). Then we have

R3(T)

_— 4.22
wino. ) .

T
/ ik, t)|? + |b(k, t)[2dt <
0

where

Ro(T) =

l\DI»—

(R4 +\/2 R3(0) + R2(T)) + R3(T >

2
Ry(T) = + | ———Fi(k,T),
mln Il'llIl v,mn

T
/ilkt|2+|f2kt
0

D=

If sup Fy(k,T) := Fso(T) < 00, the constant Ry(T) will be independent of k.

keZ3

Proof of Theorem[87. From elementary theory of complex numbers and elementary

calculus we have
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Now combining this with (4.20) we have,

o . . S\ -
&W = (yk;%z ik - Y ik — ky)a(ky) — ik -y b(k — ki)b(kr) + fl) a

k‘l kl

+a—v|k2a + ik > alk — ky)a(k) — ik - Y b(k — k)b(k:) + fi
k:l kl

= — 2v|k|*|a)* + 2R (mnkk : Zﬂ(k — kl)ﬂ(kl))

k1

P (iﬂﬂkk -y bk - kl)é(/ﬁ)) + 2R (aﬁ) .

k1

Then it follows that

10, X = N N
éa\uﬁ +vkPa)? = =S (uﬂkk : Zu(k — kl)u(kl))

k1

+S (ankk S bk - kl)?)(kl)) FR (ﬁfl) . (4.23)

k1

Similarly we have

10 . - ) .
5o kPP = =S (bnkk Dbk - k:l)u(kl))
k1
+S (Bﬂkk Sk - kl)é(kl)) +R (Eﬁ) . (4.24)
k1

Finally summing up (4.23) and (4.24]) we get

1 3 N -~ N 7 = ~ ~
55712+ B2) + (VIR + k) = -3 (unkk > alk - kou(kl))

k1

+3 (ankk STk - kl)f)(kl)) -3 (Eﬂkk STk - kl)a(k1)>

k1 k1
43 (énkk Sk - kl)?)(k:l)) +R (ﬁfl) +R (Efg) . (4.25)
k1
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Taking the time integral of (4.25)) over the interval [0, 7] and rearranging some of

the terms gives

T
. ~ 1 . ~ 1 . ~
bl [ (1 +nlb?) dt = SIKP ol + [bol*) = BT + 6T
0
T

T
—%|k|2/ (aﬂkk-Zﬂ(k k:l)a(kl)) dt+%|k|2/ (ankk.Zz}(kkl)B(kl)) dt
k1
0 k1

0 0
: (kl))
k1
T

+m|k|2/(af1+if2) dt. (4.26)

0

T
- s|k;y?/ (Bﬂkk ST bk — kr)ak)

~
o,
~
+
&l
o\ﬂ
—
ol
jo
=
-
/:\>
PT‘
?
=

Next we deal with terms in the RHS terms (4.26)).

(1k[2/a0f? + [kI21Bo ) < B0)  (427)

N —

~ 2
(1l1ao] + [Kl1Bo])~ <

N | =
N —

RI(T).  (4.28)

N | —

(11T + WIB)]) <

[\3|,_.

5 (WPI(DP + IKPIIT)P) <

T
%|k|2/ allgk - ik — ky)a(k) | dt
0 k1

T

< | [ it Stk = k) ki) | e
0
T

< K2 /u 1/2/|Hk ik — k) - ki(ky)Pdt) 2

T
< KX / a2 / lull2 ] Vul2dt) /2
0 0
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T T
< K / G2 sup a8 / IVl )|22de) (4.29)
J 0<t<T 9

Here we used Holder’s and Young’s inequalities and divergence-free condition of

vector u.

Similarly we have

k1

T
%W/ allgk - " b(k — k1)b(ky) | dt
0
T

<P G2 sup B0 / Vo Ol (430)

0

T
J|k|2/ bk -y bk — k)a(ky) | dt
k1

T

< K2 / B2 sup b, )22 / V(e 8)2adt) 2. (1.31)
0<t<T

0

T
%|k:|2/ bk -y a(k — ky)b(ky) | dt
0

k1
T T
< |kp? /b /2 gup ||u<-,t)||L2(/||Vb(-,t)|y§2dt)1/2. (4.32)
9 0<t<T ]

Finally, for the terms involving non-homogeneous forces;
T T T
2 / Fit Bbdt] < [k / ﬁt+\k\2/ff)
0 0 0
T T T
< Ik / (i) 2 [ faPae [ 1P P
0 0 0 0
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96
T T T T
< WP ([ 1fPae ([ 1RPae | | flarao e+ [ pa
0 0 0 0
T T % T T %
< V2[k|? /|f’1|2dt+/|f2|2dt /|a|2dt+/|z§|2dt . (4.33)
0 0 0 0

Now define

P2(k,T) = min(v, n |k|4/| (e, )P + [b(k, )P

Combining (4.26)) -(4.33)) gives

T
1
< SRO)+ SR+ ([ 13 )2 sup 1)1 / IVu,0) o)
0
) sup 0o / VoL O dt)

T

0/

T

S Y2 sup [t / IV, 1) )
0<t<T

0 0

T
o/

R 1B)Y? sup HU(',t)HLQ(/HVb('ﬂf)H%zdt)l/z
0<t<T
0
T T % T T %
T /|f1|2dt+/|f2|2dt /|a|2dt+/|z$|2dt
0 0 0 0

1
2

T T
<o | [1ap v iipae | | [I9ut 0l + V0,0t
0 0

N[

X <Sup Ju(-, 8)||z2 + sup Hb(-,t)Hm)
0<t<T 0<t<T

D=

T 2 (T
1 A A R
+ 5 (RO + B+ VIRE | [1AF+|2Pde | | [1aF + b
0 0
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I(k, TYR*(T 1 I(k,T
gzw + = [R}(0) + RY(T)] + V2F,(k, T)#. (4.34)
min(,y) 2 min(v, )
This implies that
2 V2 1

I*(k,T) — | ———=R*(T) + ———F,(k,T) |I(k,T) — = (R%(0) + RX(T
<0. (4.35)

Since I(k,T) is positive, then it can not exceed the largest positive root of the

quadratic equation associated to (4.35)). Hence,

1 2
I(k,T) <= R*(T) + , Fi(k,T)

2 min(v, n) min(v, 1)

2
1 2
+ R2(T) + (kT +2(R1(0)2 + Ry(T)2
min(v, n) min(v, n) 1 ) ( 1(0) 1(7) )

This concludes the theorem. O

4.2.3 Estimates in R3

This section is devoted to finding estimates in Fourier space for solutions of (|4.2))
for the case when D = R3. To begin with, we take the Fourier of (4.7) in R® to get

i+ v|EPa = F(P((b- Vb)) = F(P((u- V)u) + fi
b+ l€2b = F(P((b- V) — F(P((u-V)0) + fo - (436)

~
A ~

u|t:0 = Uy, i)ltzo = bO

An approach similar to the one used in the derivation of (4.10)), yields,

FP((b- V)b)) = il ( [ ¢-iwte-0io d<) . (437)
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Thus

iy = —v[EPa+ille(f, ¢ - b(E = QB(Q)C) — ille( [, ¢ - alé = Q)al¢)dC) + fu
by = —n|€2b 4+ Tl ([, ¢ - b€ — Q)a(C)dC) — ille( [, ¢ - (€ — C)b(C)dC) + fa

ﬁ|t:o - ﬁ'Oy l;|t:o = 60

(4.38)

Without loss of generality we may assume that ||u(-, )72 +1|b(-, ¢)]|7. < R*(t) (and
in the presence of no external forces, i.e., f; =0 for i = 1, 2, R(t) = R(0) suffices).
In the case when D = R?, it is well known that (&, ) and b(¢,t) are members of a
Hilbert space however their values at a particular point (§,¢) are not well defined.

The issue can be addressed by taking filtered values of u(x,t) and b(z, ).

Let k(#0) e R}, 0< 6 < ‘kl . Define x4 (&) to be a smooth cut off function of the
cube )} about k of side length 20 such that yx(€) = 1 on a cube of the same center
with side 0 and

I

. 3
supp { = {{ € R?: o <l = Ikl

We now define the following three functions;

()A(k:(D)u) (ZB,t) =F"! ()A(k(g)'&(gvt)) = (Xk * u)(m,t), (439)
(k1) 1= ( [ @it o + b <f,t>|Pczs)” , (4.40)
hy(k, 1) = sup ( / X&) f1(&, )P + |>zk<£>f1<f,t>\p]/|£|pdf) " (4.41)

To read further on these functions and their properties we refer to [17), p. 430].
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Next we state the two main results of this section, which indeed are equivalences of

Theorems [R5 and [86] in D = R3.

Theorem 88. Suppose that a weak solution (u,b) of (4.2) satisfies ||u(-, )|z +
16(-, )]z < R(t). And also suppose that there exists a non-decreasing function

Ry (t) such that for 2 <p < oo and t € R+

(20)3PR2(t) + hy(k,t) < %Rl (1). (4.42)
where § < % If u, b initially satisfies
R1(0
sup e,(k,0) < L,
2<p<oo ||
then for all positive t
sup ey(k,t) < Rilt)
2<p<oo ||
holds.
Theorem 89. Suppose the weak solution of (4.2)) satisfies (4.17)) and sup e,(k,0) <
2<p<oo
R|1]£|0) Then for all T € R
I RY(T)
k) dt < 22, 4.43
[ g s ar< 22 (4.43
0
and
1 2 2
Ry(T) i= S (Rs(T) + \JAR}(0) + RY(T)) (4.44)
where
2R*(T 2F (T
o) = 2D | 2P (T)
v Vv
T
) = swp | [ 0@ + w(©ORE (4.45)
keR {0} 9
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To prove these results we first need to establish estimates on e,. This will be done in
two steps; first by bounding e (k, ) which is done in Lemma [00] followed by estimate
on e,(k,t) which is done in Lemma

Lemma 90. Suppose that ||u(-,t)||zz + [|b(-,t)||zz < R(t) and there exists a non-

decreasing function Ry(t) such that

(20)VZRAE) + 2ho(h 1) < D (4.46)
forallt € RY and § < %
If es(k,0) < R|1k(|0)7 then for any t € (0,00) we have
t
ea(k,t) < fu (1) (4.47)

B
Proof of Lemma[90. By definition
Ak, 1) = /D ()€ DTREAE D + $u(EB(E D) Tr(E)D(E 1) de.

Differentiating this relation with respect to time and using equation (4.38)), we get

d
%eguﬁ t)

= [ 00 (6 OGN + (Ga(©ile, 1) T 760

FR4(6) GHE DTENE ) + Xa e DT (6.

dt

_ lms) (—um?mmg( /D ¢ bE — Ob(C) dC) —ille( /D ¢l — Oa(o) d<>+f1)

D

(Xk(§)a(€, 1)) + (xr(§)a(€, 1))

l©) (—v\f!?a Tl /D ¢ bE — Ob(C) dC) —ile( /D ¢ i€ — a(C) d¢) + fl)
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+XA@(—mﬁ@+ﬂMZ;&M£—OMOcK%%HdA§~M£—O%QdO+ﬁJ

Xe(©)B(E, ) + Xk(E)b(E, 1)

m&%wm%+m440&ﬁfwmdO—m{LCMﬂ{%©d0+ﬁ d.

Applying elementary properties of complex numbers we deduce that

dg

580 == [ PIRu@ae O de—n [ IEPI@NE D de
+L%ZM(LM£C)@© Q_@T@T)s
+L%zm(éwfc>w( )

- [ ([ e -0 ac >%

—A%zm</<£<>w

R [ WO NTWEIED e+ / O L6 DEOME D) d

::Il+12+j3+14+15+16+]7+l8' (448)

Let us deal with terms on the RHS of (4.48) in more detail, we have

h+5=—gémmm ﬁ@ﬂf%—nékﬂm@WQMZ%
K2

1 /(ka(f)@(ﬁ,t)|2+|>zk<g)6(§,t)|2) de (4.49)

< —min(v,n)——

In (4.49)) we used the fact £ € supp xx; that is @ <€ < %W

13:—%[;0&(Aﬁ@—<wcmo(M)%E§R§5>d@
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which implies

n<|[ (Hf ( [ ate-0-ato dc) m) a

<1, )z o TTe (s [ ate- 0o dc) I

<lxwt(, )l callXegll zallaC:, )17

This estimate is due to divergence freeness of the vectors wandb, and relevant

properties of complex numbers. Holder’s and Young’s inequalities are also used.

We know from construction of yx, that

IXe€l e < NI€llzallxelle = (/Q [ dﬁ) ( g x|* df)

3 3 3 3 3
< 220t @a)! = 2jric20)?

N

Thus we have
3 3 ~ o~ ~ 2
13| < S1k1(20)2 [IxwtaC )|z [, )1z (4.50)

Proceeding similarly with I, I5 and I we get

3 I . .

[ La] < SIFI20)2 [RabCs )l 2l D)2 1B, )]l 22 (4.51)
3 s .

|5 < S1KI(20) et )2 1bC, £)][72 (4.52)
3 s ) A

sl < 5IFI(20)2[1XkbCs ) 2 lla )|z [bC, )] - (4.53)

Next we estimate I; as follows.

1] = \éﬁ / ms)fl(g,t)mdg\

<

| R Teel e, 0/l

< el )l e llXufi (- )€ 22
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< SIRIIRRAC )2l i (1 2 (4.54)

N W

thanks to Holder’s inequality.

Similarly we get
3 e G o 7 -1
sl < SIRIIXRBC, D)z [k f2 )€1 e (4.55)

Now combining the estimates (4.49)-(4.55)) we obtain

1d k|

L k) < —minGn) 2T /D (15(©)a(&, O + [5(©)b(E, ) de

3 34 . N 2
+ 2kl i, )llee (IaC, I + 156,013
+ 31K[(20)2 | Xub (-, )| 2 |-, 8) || 2 |B(-, 8) | 2

3 R .7 _ .3 N 7 _
1] [l IR IEL e + b2 oo 1€ 2]

: ’k|22 3 3/2 (110 ~ 7 P 7112
< Ll I Z
< — min(v, n) S -ed(k, £) + 51120 (|1l + 1l ) (11al® + 16]2)
3 o A oA oA
+ Skl (Il + bl (a1l + e/ )
L |k|22 § 3/2,/9 A2 7112
< — min(v, n) = -e3(k,#) + SIkl(20)72V 2es (k1) (]2 + ]

3 A .
o+ IRV ea(k, 1) (I fi /€1 + e/ 1€
kP

< — min(v, n)%eg(k, t) + g|k|eg(k:, t) ((25)3/2\/532@) + 2hy(k, t)) (4.56)

Here we have used Serine’s inequality to get an upper bound for || 4| + || k|| and

1o /N + X f2/ €11 e,

Ixill + [|1Xkbll < v2ea(k, t)

IRk fr/ LN+ 1R fo/ €N < V2.

Now define the set Br, by

Bp, = {e:e < Ry/lk|} = {e(k, 1) : e(k,t) < Ry(t)/|k]} .
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When e(k,t) = es(k,t) is on the boundary of Bg,, i.e., when ey(k,t) = R‘lk(‘t), then

we have

—min(v, n) 3 min(v,n)

1 R3(t) + 5Rl(zs) c Ryi(t) <0.
This implies that

(k,t) d (k,t) <0
€2\, dt62 ’

But since ey(k,t) > 0, it follows that

d
Eeg(k’, t) <0

This means that Bp, is an attractingl| set for eq(k, t).

Therefore, if e3(k,0) < R|lk(|0)’ then eq(k,t) < R|1k(|t) for all t € (0, 00).
This completes the proof of Lemma [90]

[]

Lemma 91. Suppose that for a given k € R3 and 2 < p < oo there is a nonde-

creasing function Ry (t) that satisfies the condition
20 (20)/P R2(t) + 2hy (k. t) < gRl (t)

for 0 <6 < |k|/2V/3.

If a solution to (4.2)) initially satisfies
ep(k,0) < R1(0)/[k],
then for all 0 <t < 0o

ep(k,t) < (4.57)

4We refer to [53] on attracting sets.

© University of Pretoria



poat

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Q@ YUNIBESITHI YA PRETORIA

Fourier estimates for the solution field (u,b) 105

Proof of Lemma[91. The proof of this lemma is done in the same way as that of
lemma . Thus taking the time derivative of eb(k, t)

Genth.t) =0, [ Jiaite UL

—R {/ (P|>Zk(§)ﬂ(f,t)|P—2 ((Xk(f)ata(g,t))(m>>
ol ()b, 1) ((@(&)a&(&ﬁ)(W))) dg}

— / PIEPIRL©E P dE 1 / PEPIRLEDE P de

2 [ iplia©a 0P TORE T [ a(e - 0)- Calc) ¢ ag
3 [ ilRu(On(€ 0P RORE DO [ 36— ¢)-chiO) dc e
=3 [ RO OPRHONE D [ Be -0 cal) dc g
2 [ i ©E P ROME WO [ a6 — - Ge) dC dg

LR / PR E)a(E, PR €)aE Dk i (E,1) de
R / PR (EB(E, P2k (E)D(E, 1) k(€) fol&, 1) dE

:3]1+]2+]3+I4+]5+[6+]7+]8 (458)

In the derivation of (4.58)) we have used the following fact;

_|Xk .t dt\/Xk b(&, )Xk (E)D(E, 1)
— L (b {m(&)aﬁa(at>><>zk<f>z%<f,t>>

n <>zk<s>atf»<f,t>><>zk<f>8<5,t>>} .

We now estimate the RHS of (4.58)), i.e., the I’s for j = 1,...,8 as follows;

Lol =—v / PIEPIRUEE P dE — 7 / PIEPIREBE P de
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< VP k|? p|k|?
=2 [u@ite.or ae+ =25 [lguoie op a
min(v, n)
< —Tpuc\zeg(k,t). (4.59)

Here we have used the fact that for £ € supp y, lk‘ <[] < %|k! Thanks to Holder’s

and Young’s inequalities, we have

1| = \% [ Asu@ite ol T@RE Arune - [ ate - il¢) ¢ ds\

< ' [ @it np @ e [ ate - Qi) ac dé‘

<ol [ (@€, 0P )7 a7 ([ 1a©eg - [ (¢ - Qa(oacy d>
<ol [ (a@ate. 0P )7 497 ([ lexe©P a7 [ it - () e~
<p( [ (Hul@ite. 0P )7 0697 ([ lertu@r av [ la.op 4
([ 1ate.0 a9 (4.60)

Following a similar approach, we get

10 <ol [ (a0 )7 a7 ([l a7 [ fbce o a9
([ e a9 (461)

15| <p( / (5x(©b(e, P )7 )™ / PP de) / b P de)r
( / a(e, ) ) (4.62)

| I6| <p( / (R (©)B(E, P71 d6)"T ( / €171 %) [P de)V/P( / a(s, 1P de)'
( / b, ) (463)
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To estimate I; and Iz we follow a different approach as follows;

1| = \ére [ @t 0P R@IE DO AE D d&\
< ] [ i@t 0P R@aE Aa(©) 6.1 ds\

<p (/|Xk 5 t ‘p df) </ ‘€|p’Xk wf f t f)
1/p
= ?p (/m ag, )P d&) </ [Xk(€ |J§”1‘p£t ) ey

Similarly,

1/p
|Is] S%lkl (/ka b, )[P df) (/ X(€ |‘§2|p“ ) (4.65)

Now plugging the estimates (4.59)-(4.65) in (4.58)) and rearranging the terms we

-

get,

d min(v, Lp
sty < =D et + ([t o)

p—1

[(/xk e P ds)p il + ([ 1@ or a€) ” 1
+ ([ rutieor dg) uur|Lz|rbr|Lz+( [@ie or ds) ub]
_|k|(/m 5t|pd§) (/m |§1|pgt >/p
3_p|,€|(/|x,€ e, o df) (/m |]£‘2|p§t )/p

We know from the definition of y that ([ |£[7[xx(£)[P d€) "7 is bounded from above

as

1/p
([1ertiscer ) < Wleasye (4.6

2
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Furthermore, we have

3\kz\p (/m a(E P dg) (/ X (§ |§1|p€ £)] ) p+
B ([ 1w o d§> ( [ )é?vff’t)'p d€> "’
< ((/ (Ol DI dé) (/m b, )7 d5> )

k() (€, 1) e fE )"
d
[(fcfienn) s (frecenr)” o
<y ( [ @it ae+ [ i or df)p
1/p
p-1 Xk (E) FL(E, 1)) 1Xk(€) fa(&, )P
? (/ R )

3lklp -
SQTeg Yk, t)hy(k,t), (4.67)

and

[(/ ()il DI dg) ||u||L2+(/ Ol DI ds) 1122
(/ (Dl DI d£) ||u||L2|rb||Lz+(/ e (©b(E D dg)"mmw]

p—1

(/ka a(e, )P df) (||u||2+||b|| +2(/|Xk L dg) Il
((/Xk ae, ) df) v (/ka b(&, 1)l dg) ) (a2 + 160°)

</2e07 ! (k, t) R (t). (4.68)

Now combining (4.66)), (4.67)) and (4.68) we get

gy < () il

e plkI*ep(k, 1) +

(26)3/”2Pep Yk, t)R(t)

+23l2‘p =1k, )0y (K, t)
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min(v,n) 3|kl 1
= = plRPep(k ) + e (k1) (2p(25)3/PR2(t) + 2phy (k, t))
min (v, n

3|k 1
e, 1) + 2 g (k. 1) (25 (207 B2 (E) + 2my (k1)

< —
- 4

Now again consider the set

Bg, = {e(k,t):oge(k,t) < 1k| }

Setting e(k,t) = e,(k,t) on the boundary, that is when e,(k,t) = Rllk(|t), therefore
|kley(k,t) = Ri(t), we have

d RY(t) 3|k REN(t) /o1

P _ 2 1 29 (2 3/p p2 9

e 0) S —pIRPs + pm i (2 (20 R + hp<k,t>)

mln(% ) B 31k R (t) min(v, )
— plk Ri(t)=0

Here we have used the condition that 27(26)*/PR2(t) + 2h,(k,t) < YRy (t). This
implies Bpg, is an attracting set for e,(k,t). Therefore, if e,(k,0) < Bl k|0 , then
ep(k,t) < Tl O

Lemmas[90| and [91] give us all the necessary tools to prove Theorem [88 and Theorem
391

Proof of Theorem[88 Lemma implies that e,(k,?) is bonded uniformly in p.
Then taking the supremum over all 2 < p < oo concludes the proof of B8 Indeed

the proof of Theorem [8§] is very direct. O

Proof of Theorem[89. Recalling the definition of e,(k,t) from (4.40), we have

(/ka A&, P + R (E)b(E d§>i

This implies

2

a 2 p P P 817
Seath) =2 ([ la@itc.or+ lw@ieor a) Samo. 16
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Now plugging (4.58) in (4.69) gives,

[ (/ R (E)AE DI + R D(E DIP d§>;1]

<[ v [tin@ate.or ac—n [t or

2 [ @il T@IE DO [ (¢ - 0+ Cal) d¢ dg

2 [inlul©ale O T@AE D [0~ 0)-Chic) ¢ g

3 [ i OUE NP 2OME D@ [[be - ) i) ¢ ag

2 [ il ©E P ROME WO [ a6 — )G dC dg

R [ HR(©(E O TOHE Du( A6 1) a6

#R [ OHE PN DO A6 D) (1.70
For the sake of calculation simplicity, we split the RHS of into the following

integral{’]

23

[ ( [ @it ol + 15wt o ds)”
( [Pt ol + gl 0P de)

2

=2 ([ Isw(@ite O + a0 ds)’
R / (zlxk A&, )P e (E)A(E, 1) Xk (€T / (€ —¢) - ¢a(Q) d<) d¢

Iy :=2 (/m W& )P + [Re(©b(E, 1) dg)i_l
R / (zlxk A&, )PP Xe(E)A(E, 1) Xk (€T / b(& — ) - ¢h(Q) dc) d¢

5We use notations I, I, - - , I7 similar to the one in the proof of Lemma .
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I =2 ( [ r@ite.or + @it o da)i_l
R / (im (E)B(E, 1) P2 Xu()D(E, t)xu (€)1 / b(€ — ¢) - Cu(C) dc) d¢
Iy =2 ( [ r@iate.or + @i o ds)’%l
g (\x (O DRl DO [ e~ ) Gc) dc) e
Iy =2 (/m aE NP+ [R(EbE NP dg)il
R [ (1@l P THEREDROA(ED) de
I =2 ( [ @it ol + st op df)
® [ (m@)é(s,t>|p—2>zk<g>6<f,t>>zk<5>f2<f,t>) .

We now proceed to estimating each of these integrals;

Li=-2v (/\Xk(f) (&P + [Xu(©)DE )7 d€>§_1

hSHIN

:_b( [ IRe(€)a(. 01 + |Re(€)b(&, O de )
J1ER (1 (©aE, Dl + (e, ) de

([1eran©aeor + lu@ieop) dc) (71)

TN

-1

=2 [ Ins(@ate.0r + Iaw@ite o o)
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/ (z'|>zk<§>a<s,t>|P—2_>zk<5>a<s,t>>zk<s>ng [ate=q i) dc) ae

<2(/’Xk a(&, )7 + [xk(§) €t|pd5) (/\Xk §t|pd€)
([1w@uteor ds) ([1swer dg) e [ e~ 0)-€i(¢) aclu-

(4.72)

p72

Here we repeatedly used Holder’s inequality. Similar calculations give

|13|<2(/|xk e DI + [%(8) §t|pd§) (/m 5t|ﬁd§>
(/ |s(€)a(S, ) ds) (/ (€)1 d&) [T / b(& = ¢) - ¢b(¢) dC]|z

(4.73)

p—2

—2

7 <2 ( [ r@iate.or + @it o dé)i_l ( [ @it np dg)p’j

1

( [ 1xet©ite.or df)p ( [ 1wor di)p It [ b€~ ¢)-Gal¢) dclle~

(4.74)

p—2

<2 ( [ lw@ate 0P + (@i o ds) (/m leop ac)
(/ [X(€)b(E, ) d&) (/ () df) T / (€ = ¢) - ¢b(¢) dC]|z

(4.75)
For integrals involving the inhomogeneous forces,
2
il <2 ([ 1@l 0P + 1obe 0l )
[ Bs(@rate 0T D60 ds\
p72

<2(/\xk aE P + 10O st\pds) (/m w!pds)
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( [ @ie.op d£) ( [ ©neor df)’l’ (4.76)

Similarly,

<2 ([ 1@ 0P + @i op d&) (/m e, Dl dg)
([ 1ssterice.or df)p ([ 1sw@henr ds)l | (@77)

Now taking the time integral of (4.70) over the interval [0, 7] we get

p—2

T 4

2 2

e2(k,T) — e2(k,0) = /le dt.
0o J=1

Then it follows from (4.71)) that,

T

o m/ (f|£| (IR (€&, P + [{L(©B(E D) ds>li
, J 1€, )P + [xx(€ ) (& )P d¢

0

2/p
([1ePau©ats.or + lu@ie.or d) - a
. T
< (k0 -k, T) + / L) dt. (4.78)
j:2 0
Once again making use of the Young’s inequality gives,

I, / (€ = ¢) - CHOCN e < (s )2 1D, )] o

Therefore,

/|12| dt

0
p=2

< /T (( [ et o + it o d§>;_1 ( [ st or d&) ”
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(Jicoicor ) ([ o) me [0 -cico dcm> i
/((/Xk W&, )P + [XR(©)b(E, )P dé) </|Xk a(E, )P dg)
(Jixtor ac)” . >|L2§u<.,t>m) a (479)

/Tug| dtsz/T<</|xk BE O + %€ DI dg) R
( [ it op ds) ( [ dg)”é<~,t>psé<-,t>|p) at - (480)

/f4|<2/((/xk WE DI + [ReEBE D) dg) R
/T[5|dt<2/T<(/|Xk W&, )P + [xk(€)b(E, )P df) h
( [ @i or dg) ” ( [or dg)pz%(-,t)msa(-,tnp) ar (482)

/|f| dt <2/(/m e 0P+ e O i)
( [ re©iteop d£) ( [ r©heor ds); dt (4.83)
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/ 1] dt <2 / ( [ et 0P + lu©bte.op ds)f’l
( [ r@iceop dg)p: ( [ @i or dg)’l’ ar (484)

Now putting estimates (4.79)-(4.82) together we have,

L] dt+ [ |Is] dt+ [ 1] dt+ [ |I5] dt
i aes fiad o fiag o |

2
sz(/ e dg) / (/ (O O + [Re(b(E )P dg)

{(/ [e(©a(€, 1) da) (Hu(-, Olleallgat, Dz + 1B, &)l 160, 8) 1)

+ ([ rd@ieor) " (1acolele ol + |6<-,t>psa<-,t>|m)] d

<2 ([lur )’ / ([ 1sw@ite.op + lsac@ice.op ac)

p—1

{(/x A€, D + [Ru(Ob(E, P d€) :

(lgat Dl + b Dlee) (at, e + ||8<-,t>||L2)] dt

T 1
<2 [ ([ b+ 10 ag)" (1all + 161) (jeal + 1ebr) a
0
T 2\ ?
<2(20)? ( J ([ vl + 0 dg)p)

0

T
sup (Il + 161 (/ leall + bl dt)
0<t< ,

LSAIN]

-1

2
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( [ 1l + b df) )

1
2

Ot — 5

SIS

<2(20)> sup (lal] + o] (

( i (I7ul + [ ¥5)? )
<2(28) RA(T) ( /T ( [ il + b d§>;)2 (4:85)

and, from (4.83) and (4.84)) we have,

T

f|16| dt+/|]7| at
gz/T(/m 5t|P+|xk<>5t|Pd§) {(/lxk §t|”d£)

p—l

([ ha@hiteor a9+ ([ 1@ or a0 ([ lu@heor dai} at

/{(/X’“ e, B + [ ©)b(E, 1) d§>i_1
[fviaucor df) + ([ i or dg) )
/|xk ) fal€, )P dg) 4 (/m(@ﬁ(&mp dg);)} .
/(/’X‘“ (e, D7 + |5 ()B(E, ) dg)g_l

p—1

/\/\

(/ bw@rate o + hui@ice. o ac)

|=

(1@ hte0r + @i 0r &) a
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<2 (/T (/\Xk (g, O + [ (E)b(E, D) df)i dt)

0

117

o=

2

(/ (/ RO A (EDP + [ f2(E D da)?’ dt) . (4.86)

k
Therefore putting (4.78] - 4.85)) and (|4.86) - together and using the fact that |{] > — l |

in the support of y; gives,

kP / (/ (), O + [h(©DLE, DI dg)idt
< (/ (/ (), O + [ DLE, DI d§>;dt) [2(20)F R2(0)+

|

Now multiplying (4.87) by |k|*

k! / ( [ ket 0P + u©bte.op olf)’3 at
<4 (/m (/m A(E DI + R (E)BE )P dg)i dt)
(20)% B(t) + ( / ( J ReOAEOP + RO RO dgf dt)

+ k2 [e;(k;,()) - ei(k,T)} .

NI

[N

([1sw@htcor + u@eor a)’ dt) + 00 - k)

(4.87)

St~

2

1
2
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Now define

B(k.T) = / ([ bwt@ate o + lsa(@is. o ds)f’ ar

(NI

T

Fy(T) = / ( / () A& D + [Xe(€) (&, P dg)i dt

0

This together with the assumption e,(k,0) < R‘lk(f) ) imply that

I2(k, T) < R3(0) — [e2(k, T) + 4L, (k, T) |(20) R(T) + Fy(T)|
— I2(k,T) < R3(0) + 4L, (k, T) [(25) » RY(T )HF,,(T)}

— I2(k,T) - {(25) »RA(T )+F,,(T)} I,(k, T) — R3(0) < 0 (4.88)

Solving the associated quadratic equation gives

4 [(20) R (T) + By (T)] i\/ (4 [0t e >+Fp<T>D2+4R%<o>
2

— - |4 [(25)% RA(T) + IFp(T)} + \/ (4 [(25)% R(T) + F,,(T)D2 + 4R§(0)) .

Elementary mathematics tells us that I,(k,t) cannot exceed the largest positive

root of the associated quadratic equation, i.e

;( [(25) »R*(T )+1Fp(T)] +\/ ( [(25) R(T )+JFP(T)D2+4R§(0))

Now set,

Rs p(T) = (20)» R¥(T) + T,(T).

Now letting p — oo completes the proof of Theorem [89 n
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4.3 Estimates on the spectral Energy function and

Inertial Ranges

In his largely celebrated works of 1883 and 1894, O. Reynolds described (quantita-
tively) fluid flows as laminar and turbulent depending on their Reynolds number,
Re, see [141, 142]. Accordingly, a flow is laminar if Re < 1900 and turbulent if
Re > 2000. Turbulent flows can further be classified as large scale turbulent flows
and small scale turbulent flows. The motion of large scale turbulence is determined
by the geometry of the flow (that is the boundary condition) while small scale tur-
bulence flow is largely influenced by the rate of energy they receive from large scales
and viscosity of the fluid. Indeed, large scale turbulent flows get transformed to
small scale turbulent by losing their energy. Richardson summarized this cascade of
energy with his famous rhyme, “ Big whorls have little whorls, which feed on their
velocity; And little whorls have lesser whorls, and so on to viscosity ”, see [144].
Nevertheless, the very important question in turbulence theory is the rate of energy
transfer from bigger scale to lesser scales. In this regard the works of Kolmogorov
and his students, (Obukhov and |Millionshchikov,, [91], [92], 03] 94) 05, 124 131] are
of tremendous importance. Particularly the 1941 works of Kolmogorov permitted
prediction of a number of laws for turbulent flows of sufficiently large Reynolds

numbers, see [I30] and references in there.

As discussed on page |7}, the most interesting result of Kolmogorov’s and Obukhov’s
work is their estimate on the energy decay rate of the turbulent flow. They argued

that in the inertial range the spectral energy decays according to
E(k,-) ~ Coeik™3 (4.89)

where () is a universal constant called Kolmogorov constant, e is the energy dissipa-
tion rate and k belongs to regime of wave numbers [k, ko] of the inertial range. This
argument is based on dimensional analysis and very sound similarity hypothesis of
Kolmogorov, see [94]. This result is universally accepted as long as hydrodynamic

turbulence is concerned. However, for the case of MHD turbulence, we see few
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arguments which do not favor Kolmogorov, for instance the KID phenomenon (see

the discussion on page .

Despite the odds to KID phenomenon, several works actually support Kolmogorov’s
theory for MHD turbulence, see [18, 164, 165]. And therefore it is completely

plausible to establish this fact through a rigorous mathematical proof.

In this section, we aim to establish a range of wave numbers such that Kolmogorov’s
phenomenon holds for Magnetohydrodynamics turbulence. We use the approach of
Biryuk and Craig| in [I7] where they used Fourier analysis methods to establish

Kolmogorov’s phenomenon for Navier Stokes equations.
To begin with we define the spectral energy function for (4.2)) by the spherical
integral

Bk = [ (0] + 1 P ase) (4.90)

when D = R?; where 0 < k < oo is the radial coordinate in Fourier transform
variable. When D = T3, we define the spectral energy function over the dual T3 as

a sum over Fourier space annuli of given thickness, say a by

Bht)=— S (a6 0P + b6 0P (1.91)

k<|¢|<k+a

We now give the first two results on bounds of F(k,t); in the first result we show
E(k,t) is bounded uniformly if the external forces, f; = 0, for every i = 1,2 and
point-wise otherwise; and in the second result we give the time average bound over

a finite interval of time [0, 7.

Theorem 92. If for all i, f; = 0 and the initial data ug, by € Ag, N Br(0), where
R and Ry satisfy (4.12). Then, the estimate

E(k,t) < 4TR2, (4.92)

holds for all k and all t. Furthermore, when f; £ 0 for some i = 1,2, there is a

© University of Pretoria



oo
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q@ YUNIBESITHI YA PRETORIA

Estimates on the spectral Energy function and Inertial Ranges 121

finite but possibly growing upper bound given by

E(k,t) < 4wRi(t). (4.93)
Proof of Theorem[92. We prove this in two cases,
Case 1: When D = T3. From (4.91)) we have that

Ekt)=~ Y ([a(&t)]* + b 1))

k<|¢|<k+a

>l ol + 1o ol

k<|£|<k+a

g Z 52% (4.94)

k<|§

Q= Q|+

Now we appeal to the result of Chamizo [3I, p. 9] to estimate ([L.94)f7] Ac-
cordingly it follows that
1 R?
E(k,t) < -k_;zmk? = 47 R}
Case 2: When D = R3. The proof for this case is quite similar to the first case.
From definition (4.90) and the fact that u, be Ag, (1) we have

E(k.t) = / (€. + [B(E. D)2)ds(€)
€=k
< [ Haste
€=k
=4nR2.

Here we used the fact that the surface area of a sphere with radius k is equal

to 4mk?.

6 According to this result we see that the number of lattice points in a d-sphere of radius r is
given by gmr3 + O(r3/?). Hence the number of lattice points in the annulus k < |¢| < k + a can
roughly be approximated by 4rk2a.
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Note that, conditionally on existence and non existence of external forces on the
system, the given upper bound may or may not depend on time. In the later case
the bound is a uniform bound as R; is independent of time. With this we completes

the proof. O

Theorem 93. Suppose the initial data ug, by is in Ag, N Bgr(0), where Ry, R satisfy
and the forces f; € L2.([0,00]; H-*(D) N L*(D)) fori=1,2 is bounded as it
appears in (4.42)), (4.45). Then for every T, the energy spectral function satisfies

T

1 47 R2(T)

— [ E(k,t)dt < ———2—~_ 4.95

T/ (h )t < min(v, n)Tk? (4.95)
0

Proof of Theorem[93. As we have seen in theorem the proofs when D = T and

D = R? are analogous. We therefore limit ourselves to the case when D = R3.

/ (50 ()&, ) + [ (E)B(E, HD)dS(€)dt
=k

R3(T)

= S’ A Sl < 2“2V
i dS(§) < drk min(v, n)Tk*

__ArRY(T)
~ min(v, n)Tk?’

where we have used (4.44)). O
Next we establish Kolmogorov’s inertial range to (4.2). Based on theorems (92| and

93] we define a set S of all wave numbers k such that both conditions (4.92) and
(4.95) are satisfied by

47 R?
= E):E<E(k )<4rR:®. E<E(k )< ——"2 4.
S {(ka ) — (ka ) — WRD — (ka ) — min(z/, T])TkZ} ( 96)
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Considering Kolmogorov’s spectral law as an ideal case and stating as
Ex (k) i= Coe?Pk™/3, (4.97)

we give estimates on the parameters and the inertial range. The parameters are
those variable which determine the turbulent flow in the lower scale or inertial range.
A further analysis on the maximum time of observation for the phenomenon in the

inertial range is also done.
Theorem 94. Assuming the conditions in Theorem and Theorem [93 we have

the following are true about the Kolmogorov’s inertial range for (4.2):

(1) Kolmogorov’s parameters must satisfy

: 5/6 2/3 R2(T) o 3
(min(v,n))"" Coe < dAr (W) $(T). (4.98)

(i) An absolute lower bound for the inertial range is given by

B O3/ 2/5
k=2 . 4.
(111) An absolute upper bound for the inertial range is given by
- Am > 1 R§(T)
= = . 4.1
& (C’O min(v, 77)) ez T3 (4.100)

Proof of Theorem[94 Let A := {(k,E) : Ex(k) = E}(S; i.e., A is part of the
graph of E (k) that lies in region S. Due to Theorem [92| we know that the spectral
energy of our system bounded from above by the 47 R? in the absence of external
force and 47 R?(T) in the presence of external force. Further more from Theorem
the time average is bounded by #%. Therefore Kolmogorov’s spectral

function must satisfy both cases simultaneously. Hence A # ().

47rR§ .
(o) TRE must Intersect

Note that for A # ) the point where graphs of Fr (k) and
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below the line F = 47 R?. But this point of intersection is when

That is when

\\ s

............ 47 R3(T)
N min(v, n)Tk?

L Coe/31=5/3

Figure 4.1: Set S and spectral function

47 R2

O e2/31-5/3 — .
0 min(v, n)Tk?

(AR ’
~ \ min(v, n)TCye?/3

On the other hand, the graph of Ex (k) intersects the line £ = 47 R? when,

2\ —3/5
Therefore, Ex (k) enters region S at k = ( A ) and leaves at k = <

)3

Now set,

Coe?3k™5/® = 4n R2,

0062/3

(T 47 RY(T)
k= | =—s ky = 2
Coe/3 ’ min (v, n)TCoe?/?

AnR2(T)

min(v,n)TCoe2/3

Thus the portion of the graph of Ex (k) remains in region S as long as k is between

ki and ky. Moreover, the fact that Ex (k) is decreasing tells us that k < ko.
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Therefore, we have

w2\ wrrAT)\
1 < 2
Coe?/3 — \ min(v, n)TCye?/3

Hence,

TN\ .
Comin(v,n)>%%/® < 4x (R%)) Ri(T).

Hence our system exhibits Kolmogorov’s phenomenon on the range of wave num-
bers [ky, ko] the parameters such as viscosity and dissipation satisfy (4.98)). This

completes the proof. O

The theorem above tells us that the upper bound of the inertial range is decreasing
in time. This is because for fi, fo € L2.([0,00); H '(D) N L?(D)) the growth of
Ry(T) is at most linear in time. But when f; = 0 for i = 1,2 R; and R, are
constants. In the later case at time T' = Tj such that,

(4n)* RY(T) RY™(T)

Ty = (4.101)
" 64/503/5 min(v, n)

we get k; = ky and This means that for any time 7 > Ty, the spectral range is
empty, in other words the intersection of sets A and S is empty. Consequently,
time Ty appears to be the maximal time to have a Kolmogorov’s phenomenon in

the system.

If the dissipation rate is time dependent then (4.101)) gives

ORI
T3 min(v, )51 Gy

e(Ty) = (4.102)

The time T being the maximal time, (4.102]) must be the minimum dissipation rate

to maintain a spectral behavior.

We conclude our work by quantifying a spectral behavior of a flow based on the

solution of (4.2]) accordingly with definition . Borrowing from the works of [Biryuk
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in [I7] for Navier-Stokes equations, we define spectral behavior for our

system as follows.

Definition 95. A solution (u,b,p) to (4.2)) is said to have the spectral behavior of
Ex(k), uniformly over the range [k, k3| and for the time interval [0, T), if its energy
spectral function E(k,t) satisfies

sup (14 k3| E(k,t) — Ex (k)| < C1€¥/3, (4.103)
te[0,7)
k:E[kl,k:Q]

where C < Coﬂ

Theorem 96. Let (u,b) be a solution of (4.2) with initial data uo(x),bo(z) in
Agr,NBg(0). If (u,b) exhibits a spectral behavior of Ex uniformly over k1, ka|x [0, T
in the sense of definition [95], then either

(i). ki < ki <k <y,

or

(i3). if ki < ki or ky < ky, then there is a small neighborhood of Ej, for each

J = 1,2, to which k; belongs.

Proof of Theorem[96. From Theorems [92] and [03] we know that when the initial
data ug(z),bo(x) in Agr, N Bgr(0) the spectral energy is bounded. And Theorem
tells us that gives us over the range [ky, ko] the spectral energy has a uniform

spectral behavior.

To show the case i, we again consider two separate cases; first we analyze the

situation at the left of k; and then at the right of k.

Case 1: k; < ky;. From we know that when k; < ki, Ex(k) > 47R? but

7Ch <« Cy is to mean that C; is a very small constant in comparison to Cp.
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E(k,t) < 47R2 for all k € [k, ki]. Thereford?]
Coe?Pk™® — 4nR? < Ey(ky) — E(ky,t) < o(1)Coe?/?
But 47 R? is a constant and hence from ([4.99) we get
0062/3k;5/3 _ 0062/3];);5/3 — 0062/3(16;5/3 _ ];,1*5/3)
From elementary calculus
—5/3 7-5/3 ks . 9+ _8/3
ko =k = / SE8BAk > (ky — k) =k
k3 3
This implies
) - - _ —_
50062/3(k'1 - kl)kl 8/3 S C0€2/3(/€1 5/3 - kl 5/3) S 0(1)0062/3.
Therefore,
- 378/3
Thus, &, is at a finite and very close distance from k;. Moreover, multiplying

(4.104) by the reciprocal of k; gives 1 — % < 0(1)%]2’?3, that is 1—0(1)%]2:?/3 <

k1
,}1§1

This in turn implies that

4.7TR% — 0062/31{?1 5/3 _ 0062/3]{?1 5/3 <E_1) '

1

Thus our estimate holds for k; with a negligibly small change in on the con-

stant Cy. Hence (4.103)) holds with a very small change in the constant.

8 0(1) is the little-O notation which is to indicate the constant denoted is very small relative
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Case 2 : ky > ky. It is clear from (4.103)) that

T
1
?/k5/3|Ek(k) — E(k,t)|dt < o(1)Cye*/?
0

But from (4.97)) we have that

4 R3(T) _
2 e e A ) 5 - E fi > k.
C[)E k min(y, ﬁ)TkZ ~ | k(k’) (k’,t)' or k = k’g
Thus
4 R3(T)
5/3 2/37,—5/3 2 < o1 2/3

k (CVOE k Hlil’l(l/, n)TkQ) = 0( )COE ’

and

47 R3(T)
min (v, n)Tk/3

0062/3 — ) § 0(1)0062/3

for all k£ in [ky, ko). Now Solving for k gives

U3 < 47 R2
~ min(v,n)Coe?*T(1 — o(1))

Now making use of (4.100) we get

1

L3 < (F,)1/3 ‘
< (ko) 1—o(1)

o 1/3 _
Hence, 1 —o(1) < <f) < 1. If we set k = ko, then we have that

; 1/3
1—-0o(1) < (—2> <1.
ka

Therefore ko satisfies (4.100|) with a very small change on the constant.

Thus, for each j = 1,2 there is a small neighborhood B(k;,d) of k; such that
k; € B(k;, ). This completes the proof of Theorem . ]
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Chapter 5

Conclusion and Future Perspectives

5.1 Conclusion

In this thesis we have studied two models of MHD flows, where the first model is
the stochastic MHD model given by (3.1) and the second case is the deterministic
MHD model given by (4.2) in two parts.

In the first case we provided a detailed investigation of the stochastic MHD equation

(3.1) and the following results were established:

e New estimates for the solution of stochastic heat equation (3.12)) in Besov like

evolution and probabilistic spaces.

e New pathwise estimate in evolution spaces of Sobolev type were given for
the system of equations (3.12), the pathwise estimate holds with positive
probability less than one. The positive probability can be made as close to 1

as one desires but not 1.

e Existence and uniqueness of global and local strong solutions (in probabilistic
sense) for the system (3.1) were established. The global result holds when

certain smallness conditions are imposed on the initial data.

The method we used and results obtained in the part, where stochastic MHD

equation was considered are pioneering, in the sense that, we are the first to use
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Littlewood-Paley theory and Besov spaces for the purpose of investigating stochastic

MHD equations.

In the second case the deterministic model was investigated; a rigorous math-
ematical proof was used to establish Kolmogorov’s spectral theory for the MHD
flows when the initial data is reasonably smooth. We have also established condi-
tions that allow the MHD flow to exhibit Kolmogorov’s phenomenon. The following

are some of the results given in the thesis.

The spectral energy function E(k,t) is always bounded in the inertial range,

There is an interval of wave numbers such that F(k,t) decays proportional to

k573,

There is a minimum rate of energy dissipation for an MHD turbulent flow to

exhibit Kolmogorov’s phenomenon,

e Given an estimate on the energy dissipation rate, there is a time limit to

exhibit Kolmogorov’s phenomenon.

These results are novel, in the sense that, this is the first work which totally used
mathematical theories to establish Kolmogorov theory for MHD flows. Indeed, the
work adopted the approach of [I7] for Navier-Stokes equations: notations and ter-
minologies are taken unchanged for their credit but their definitions were modified

to fit into the MHD theory.

5.2 Future work perspectives

Since we are using a new methodology, we have considered a fairly simple model
of stochastic MHD equations, where the external force is driven by an infinite
dimensional Brownian motion. Our next task is to use our method for the case
where external forces depend not only on the Brownian motion, but also the velocity

and magnetic fields as well, for instance, the model considered in [147]. Additional
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problem is to consider the stochastic MHD system with variable density; where the

deterministic version was done by Abidi and Hmidiin [2]. We will also be using this

same technique to study Navier-Stokes equations with variety of conditions on the
data and nature of the fluid. We will also consider studying regularity problem using
Kolmogorov theory for MHD systems, for instance, for the case of Navier-Stokes

one may look at [42].
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