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Abstract

In this dissertation we consider the valuation of discretely monitored barrier
options under the infinite element method. The infinite element method is
an extension to the standard finite element method that accepts problems
with unbounded spacial domains (such as the Black-Scholes PDE), without
resorting to domain truncation. The degeneracy of the Black-Scholes PDE
when the underlying asset reaches zero, requires that the method be formu-
lated within the context of weighted Sobolev spaces. We will demonstrate
the convergence of the proposed method and provide a rigorous investigation
into the underlying weighted Sobolev spaces in which the convergence is to

be demonstrated.
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Introduction

An option is a financial contract that affords its holder the opportunity to
buy or sell a given asset for a predetermined price at some time in the future.
Options to buy an asset are termed call options, whilst options to sell are
termed put options. Options do not require the holder to make use of their
right to buy or sell the asset and as such the holder will only do so if it is
within their best interests. Options therefore only provide a payoff under
certain conditions and thus their value is generally substantially lower than
that of the asset on which they are written. For this reason options are pop-
ular with investors, as they allow one to take a strong market position for a
relatively small capital outlay and limited down side risk, as well as allowing

the hedging (mitigation) of specific risks faced by the investor.

As global financial markets have evolved and expanded, so have the needs of
investors, who have moved to seek ever more complex options to take precise
market views and hedge their positions. To meet these needs, a wide vari-
ety of so called exotic (non-standard) options are now available in over the
counter (OTC) markets worldwide. One of the first exotic options to appear
in the market was the barrier option and it remains one of the most actively
traded today.

Barrier options extend vanilla (standard) put and call options by placing
a restriction on the values that the underlying may assume over the life of
the option. These restrictions take the form of certain levels (barriers) that,
upon being reached by the underlying trigger various pay-off features. These

features may be classified as being of either knock-in or knock-out type. A
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knock-in condition asserts that the option will expire worthless unless the
barrier is triggered at some point over the life of the option, whilst a knock-
out condition causes the option to expire worthless upon the triggering of
the barrier. Barrier options may further be classified as being of either up or
down type. If the barrier condition is triggered by the value of the underlying
exceeding some value U > 0, the option is termed an up-style option, while
a down-style barrier option is one in which the barrier condition is triggered

by the value of the underlying falling below a certain level L > 0.

In classical theory, barrier options are assumed to be monitored in con-
tinuous time. In other words, the knock-in and knock-out conditions are
applied if the underlying triggers the barrier at any point during the option’s
life. This is however an unrealistic assumption, as in practice it is impossi-
ble to monitor the value of the underlying at each instant in time. In fact,
the majority of traded barrier options specify only a fixed number of times
0<t <ty <..<ty <T at which the underlying is evaluated against the
barrier and allow the underlying to assume any value during the interim time

periods. These options are termed discretely monitored barrier options.

While discretely monitored barrier options are far more commonly traded
than their continuously monitored counterparts, they present significantly
more difficulties in terms of valuation and there is, as yet, no consensus on the
most effective valuation method for these options. Merton [30] demonstrated
that under the well known Black-Scholes [7] framework one may derive ana-
lytic solutions for the value of continuously monitored barrier options. Fusai,
Gianluca and Abrahams [22] have shown that this idea may be extended to
discretely monitored options, however the analytic formula presented proves
impractical as it must itself be evaluated numerically, a task that proves very
difficult as the number of monitoring points increases beyond 5. Broadie,
Glasserman and Kou [I2] present an alternative in the form of a continuity
correction that allows one to approximate the value of a discretely monitored
barrier option with that of a continuously monitored option with a shifted

barrier.

© University of Pretoria
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Numerically, options are most commonly valued via binomial (see Cox, Ross
and Rubinstein [15]) or trinomial (see Boyle [9] ) lattice methods. In the case
of barrier options however, such methods are prone to large errors and very
slow convergence if the barrier is no optimally positioned with respect to a
horizontal layer of nodes. For classical barrier options, problem is treated
by Boyle and Lau [10] and Ritchken [32], whilst Ahn, Figlewski and Gao [3]
value discretely monitored barrier options under the trinomial lattice frame-
work by making use of an adaptive mesh model and increasing the number

of nodes in the vicinity of the barrier.

Recalling that under the Black-Scholes framework an option value may be
expressed as the solution to the Black-Scholes partial differential equation
(PDE), classical numerical techniques such as the finite element method
may also be applied within the field of option pricing. That said, while
the finite element method is commonly used to solve PDE’s arising in many
fields (solid mechanics, fluid flow, thermodynamics and structural analysis
to name a few), its use remains fairly rare in finance. A simple exposition of
the method in terms of fairly vanilla derivatives is however presented within
the work of Seydel [34].

Achdou and Pironneau [I] consider the valuation of a European put option
in the context of the Black-Scholes equation with local volatility and term
structured interest rates, by making use of the finite element method. They
follow a similar approach to that presented in this dissertation to develop the
weak formulation of the valuation problem, but rather consider the problem
on a truncated domain and hence conduct their analysis in different spaces
to that used here. They furthermore present a very brief exposition of the

treatment for a standard double barrier option.
The finite element method is also employed to value options under a stochas-

tic volatility model by Apel, Winkler and Wystup [38]; Asian, basket and
look-back options by Zvan, Forsyth and Vetzal [42] [20]; Asian and Parisian

© University of Pretoria
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options by Zhu and Stokes [41] and barrier options, power options and a
variety of basket options by Topper [37]. A possible reason for the hesitancy
to apply the finite element method within finance is that the Black Scholes
PDE differs fundamentally from many of the equations to which the finite

element method is commonly applied.

The first of these differences is that the Black-Scholes PDE is defined over an
unbounded spacial domain, as the value of the underlying cannot be bounded
above. Since the finite element method relies on being able to partition the
computational domain into a finite number of sub-domains, each of finite
measure, by its very nature it cannot accept a problem defined on an un-
bounded domain. To address this short coming, it is standard practice within
literature to truncate the spacial domain and only consider the Black-Scholes
PDE up to some maximum value of the underlying x,,,.. The second major
difference between the Black-Scholes PDE and many others, is the fact that
it degenerates (the coefficients of both the convection and diffusion terms
vanish) as the value of the underlying approaches zero. This characteristic
implies that the standard Sobolev spaces (see Section in the appendix)
in which the finite element analysis is usually performed are not applica-
ble and must be replaced with far more complicated weighted versions (see
Section . In order to avoid the complexities that arise from the use of
these spaces, many authors resort to applying a logarithmic transformation
to reduce the Black-Scholes PDE to the well known heat equation (See [I]).
It is however easy to demonstrate that this transformation results in an un-
even distribution of nodes on the spacial domain, with fewer nodes being
present as the value of the underlying increases. Similarly to any interpo-
lation method, this reduces the accuracy of the solution as the value of the
underlying increases, a fact particularly noticeable within the vicinity of the

strike price of the option.
Sanfelici [33] proceeds to address the difficulties posed by the Black-Scholes

PDE without resorting to domain truncation or logarithmic transformations

and presents an adapted version of the finite element method (termed the

© University of Pretoria
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infinite element method) that is designed to accept problems on unbounded
domains. This method is applied within the context of discretely monitored
barrier options and the convergence analysis is conducted within the context

of weighted Sobolev spaces.

In this dissertation we will follow the work of Sanfelici [33] and consider
the valuation of discretely monitored barrier options within the context of
the infinite element method. We do however aim to improve upon the work
of Sanfelici by providing a much more rigorous treatment of this method
and the associated convergence theory. We will place a particular emphasis
on the weighted Sobolev theory that is required to demonstrate convergence
and in this regard provide a near complete introduction to this topic, as well
as providing rigorous demonstrations of weighted analogs to numerous clas-
sical results that play a critical part within convergence theory . We will
furthermore discuss the selection of suitable weighted spaces for the problem
at hand, rigorously demonstrate the existence and uniqueness of the solution
to the weak formulation of the valuation problem and provide an introduc-
tory discussion of the infinite element method and the selection of the basis

functions that generate the associated spaces.

We begin our investigation in Chapter [I| by introducing weighted Sobolev
spaces and presenting a number of weighted analogs to classical results that
will prove critical during our investigation. We will then proceed, in Chapter
to investigate the nature of weighted spaces that arise due to the degener-
acy of the Black-Scholes PDE, derive the weak formulation of the valuation
problem in terms of these spaces and finally discuss existence and uniqueness
topics in the context of weighted spaces. Chapter |3 begins with a gentle in-
troduction to the classical Galerkin finite element method and then proceeds
to introduce the infinite element method and derive the semi-discrete version
of the valuation problem. We then move, in Chapter |4, to apply the pre-
viously developed weighted Sobolev theory and rigorously demonstrate the
convergence of the method. The dissertation is then concluded by a brief ex-

amination of the numerical application of the developed scheme, after which

© University of Pretoria
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we will present concluding remarks, as well as a number of appendices that
will serve to introduce various topics with which the reader may be unfamil-

1ar.
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Chapter 1
Mathematical Preliminaries

In this chapter we begin by introducing weighted Lebesgue and Sobolev
spaces and examining under what conditions these spaces are complete. We
then proceed to present weighted analogs to the well known Sobolev embed-
ding theorems and then demonstrate the convergence of mollifications (see
section in the appendix) in various weighted norms. Finally, we conclude
by examining a special class of smooth functions, termed cut-off functions,
that will be crucial in proving a number of density results in later chapters.
An introduction to classical Sobolev theory is presented in an appendix at
the end of this dissertation and it is recommended that readers unfamiliar

with this topic peruse the appendix before proceeding with this chapter.

1.1 Definitions and Completeness

In this section we will define weighted analogs of the standard Lebesgue and
Sobolev spaces and present a number of properties of these spaces that will
prove useful in later sections. We begin by defining a class of functions that

will be suitable to act as weights for these spaces.

Definition 1.1. (See Kufner and Opic [2§])
Let W () denote the set of all Lebesgue measurable, positive and finite

valued functions on Q. If w € W(Q2) then we call w a weight function.

© University of Pretoria
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Making use of these weight functions we may now define the weighted analog
of the Lebesgue spaces LP. We will then proceed to demonstrate that these
spaces are in fact Banach spaces, a fact that will prove very useful later in the
section. Before proceeding with this definition, we make the important ob-
servation that context of Lebesgue spaces (and similarly weighted Lebesgue,
Sobolev and weighted Sobolev spaces), functions are viewed to be equivalent
if the norm of their difference is 0, or equivalently if they differ at most on a
set of measure 0. It therefore follows that although we treat (and even refer
to) the elements of theses spaces as functions, they are in fact equivalence

classes of functions.

Definition 1.2. (See Kufner and Opic [2§])
Let 1 < p < oo and w be a weight function, we then define the weighted

Lebesgue space LP(€Q,w) as the collection of all functions that satisfy

1/p
il sy = ( / w<x>|u<x>|pdx) .
Q

Theorem 1.3. The weighted Lebesgue space LP(Q,w) is a Banach space.

Proof. Let A C 2 be Lebesgue measurable, and define

V(A) = /A w(z)dz = /A wdl |

where ¢ denotes the standard Lebesgue measure.

Now, since w is a positive-valued function, it is well known from measure
theory that v is a measure. Furthermore, it is clear that v is absolutely
continuous with respect to the Lebesgue measure ¢ and hence w is a Radon-
Nikodym derivative and thus, (see de Barra [16]) for any f € LP(Q,w) we

have that
[ @t = [ 1spa.
A A

It therefore follows that the space LP(2, w) is equivalent to the space LP(2, dv)

and is hence a Banach space. O

© University of Pretoria
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Definition 1.4. (See Kufner and Opic [2§])
Let m € N, 1 < p < oo and w be a set of m weight functions {w;}. The

weighted Sobolev norm is then defined as

1/p
[ullwmp@w) = (ZHD%HLP(QW ) ,

where D denotes the distributional derivative of order i (see the appendix
for a brief introduction to distributional derivatives).

The weighted Sobolev space W™P(Q, w) may then be defined as the collection
of all functions for which the above norm is finite.

Notationally, we will write

||y (w) = HD UHLP (Qwm) °

In the theory of weak solutions, which will be central to our analysis in
later sections, it will prove useful to know under what conditions these
spaces will be complete. To this end, we present the following results due to
Kufner and Opic [2§].

Definition 1.5. (Kufner and Opic [28])
Given 1 < p < oo, we denote by B,(2) the collection of all weight functions
w(z) such that: w(z)"V®=H ¢ L. (Q).

Lemma 1.6. Let w € B,(Q2), ¢ € C5°() and m € N. Then, for
u€ LP(Qw) andi=0,1,...,m, define

L;(u) :/Qu(:z:)gb(i)(x)dx

It follows that L; is a bounded linear functional on LP(Q,w).

Proof. Clearly L; : LP(Q,w) — R is linear, hence it remains to show that it
is bounded. To this end, notice that for any u € LP(Q,w)

Litw)| = [ a()éa)dal

© University of Pretoria
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/ |u(z x)|dx

/ ()| (@ (@)V?]6(@) | (w(z))~dz |

1 1
Holder’s inequality then implies that for ¢ such that — 4+ — =1
p q

[ Li(w)] < Jull @) (/Q !¢(i)($)|q(W(x))q/pdfc> "

Noting that ¢ = P
p J—

. (r—1)/p
1Li()] < [[ullopn ( / W<x>|q<w<x>>—1/<p—l>dx)

. (p—1)/p
<l sup(60)) ( [ (o) /a0 )

1 and setting A = supp(¢) € , it follows that

= CHUHLP(Q,UJ) )
for
‘ (p=1)/p
¢ =supllo o)) ( [ (ot 00 )
TEA A
It therefore follows that as required, L; is bounded. O

Theorem 1.7. Let m € N and w = {wo, w1, ...,wn } be a set of weight func-
tions such that for each i = 0,1,...,m, w; € B,(2). It then follows that for
any 1 < p < oo, W™P(Q,w) is complete.

Proof. Let (u,) be a Cauchy sequence in W™P(Q, w) . It is then clear that for
each i = 0,1,...,m, (DW[u,]) is Cauchy in LP(Q,w;) . Now, since LP(£, w;)
is complete it follows that for each « = 0,1,...,m there exists a function
ugy € LP(§2,w;) such that

D(i)[un] — UG € LP(Q,U)Z-) . (1.1)

10
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As in the previous result, for any fixed ¢ € C5° and i = 0,1,...,m we set

Li(u) = /Q (@)D (2)dz

It follows from Lemma [I.6] that for each i = 0,1, ...,m, L; is a bounded linear

functional on LP(Q,w;) and hence
Li(un) = Li(uo))

and

Lo(DWu,]) = Lo(ug) -
Furthermore, by the definition of the weak derivative, it follows that

Litw) = [ ()0 @)
/ DWu,, (x)]¢" Y (2)dz
= (17 | D)6 a)da

1y /Q D ()] o(x)dar

We therefore have that |

Li(up) = lim L;(u,) = (—1)" lim Lo(DW[u,] = (1) Lo(ug)

n—oo n—oo

and hence

Li(“(O))I/{)“(O)ﬁﬁ(i)(iﬁ)dfC (—1)"Lo(u@) = (= 1)i/gu<z‘>¢(ﬁf)df€ - (12)

11
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Since (|1.2]) holds for all ¢ € C§°(Q2), it follows from the definition of the weak

derivative that for each i = 1,2, ...,m,
uiy = DWu)) almost everywhere on Q. (1.3)

We therefore have that
D(Z) [U(O)] - LP(Q, wi)

and hence
u) € W™P(Qw) .

Finally,

1 = o) Bym) < ltn = woll o) + 1DV n = ]| o)

+ ... 4+ HD(m)[un _/U/]HL;D(Q,UJm) ,

making use of (|1.3)),

= [ttn — uo|| Lo(@wo) + 1DV [tn] — ua) |l o(@,0n)

+ ... 4 |[|[D"™[u,] - Uim) || L7 (Q,0m)
Taking the limit as n — oo, it follows immediately from (1.1]) that
lim ||un, — ullompw =0
n—oo

and hence W™P(Q,w) is complete. O

1.2 Embedding Theorems

It is well known that under certain conditions there exist embedding prop-
erties between the standard Sobolev spaces W™P(Q) and the space C(Q)
(see Section of the appendix). Such embedding properties are critical
in the development of certain interpolation estimates and hence, in this sec-
tion, we will present weighted analogs of a number of well known embedding

theorems.

12
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Embedding theorems for weighted Sobolev spaces are not extensively
covered within the literature and in most cases such results are only
presented for certain classes of weight functions. For our purposes it will

suffice to only consider the "power-type" weight functions (See Kufner [27]).

Definition 1.8. Given a bounded domain 2 C R, a real number a > 0 and
a set I'g C 09, for x € ) we define the weight function

) = inf |z —y|* .

pro ()" = inf |~ ]

We note that the boundedness of €2 ensures that pr, is well defined. Further-
more, for notational convenience, we will write p(z)® in cases where confusion

as to the definition of I'y cannot arise.

Notationally, we will write W™P (€, pt ) for weighted spaces that make use
of these power-type weights and in the important case where I'y = {0} and
a = 2, we will write W™P(Q, X).

Embedding theorems between different orders of power-weighted Sobolev
spaces are presented by Kufner [27]; while for some «, embedding results
are given in the book of Grisvard [23]. These text do not however consider
the complete embedding relations required here and as such, we rather
present (without proof) results from a paper due to Timerbaev [35],
entitled "Embedding theorems for weighted Sobolev spaces". At the time of
writing, the author of this dissertation could not find an English translation
of this paper and for this reason we present the original theorems in

Russian and then proceed to provide appropriate translations.

As in the case of the standard Sobolev embedding theorems, Timerbaev
begins by placing some restrictions of the domain on which the spaces are
defined, by noting "orpanuuennoin 3se3anon obactu €2 ". This translates

to the requirement that the domain €2 is bounded and star-shaped.

Definition 1.9. A domain (2 is said to be star-shaped if there exists a

point zy € €2 such that for each x € ) the line segment between x and x

13
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lies within €2.

We note that in R, a star-shaped domain is equivalent to a convex domain
and hence this condition holds trivially as, for the purposes of this
dissertation we will view €2 to be a bounded interval.

Timerbaev then writes "

MPOM3BOIBHOM MoaMHOXKecTBe ['g rpanums ', or
[y being an arbitrary subset of the boundary I' (we rather use the notation
09 to denote the boundary of Q).

Timerbaev now introduces the space C3*(€2), by writing "O603nauum

Takze depes C'(§)) npoctpancto byHKIUA u(T) TAKHX, 9TO
p(x)PDDu(z) € C(Q) wrsa i < m." or in English, We denote by C7*(Q) the

collection of functions u(z) such that
p(2)PDDu(z) € C(Q), fori <m . (1.4)
Timerbaev then gives the following embedding theorems.

Teopema 1. Ilycts 1 <p <400, y=1l—m—n/p>0,1>m, a,f>0.
Ecny 8 < a+ v, To WH(Q, o) xommaxmvuo sroxeno 8 C™(1).

Teopema 2. Ilyctp 1 <p<g<+oo,vy=l—-m—n/p+n/qg>0,1l>m |,
a,B > 0. Ecty B < a+7, To WHP(Q, p¥) kommakmuo BrozkeHO B
Wma(o, ),

In English, we have:

Theorem 1.10. Let 1 <p < 400, y=1l—m—n/p>0,1>m, «o,F>0.
If B < a+7, then WH(Q, p'P) is compactly embedded in C™(S2).

Theorem 1.11. Let 1 < p < g < 400, v =1l —m —n/p+n/q > 0,
I>m, a,8>0. If B < a+r, then WHP(Q, p) is compactly embedded in
Wm,q(ijma)

14
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Choosing 2 = (0,a) for some a > 0, 'y = {0} and a =0, m =0, g = 2/I,

we obtain the following simplified result.

Theorem 1.12. Let 1 < p < oo and 0 < k. Now set v =k — % — }9, then
provided that v > 0 the following compact embedding holds
Whr(Q, X) cc C(Q)
Similarly, setting o = 2/m and 5 = 2/
Theorem 1.13. Let 1 <p < g <ooandm < k. Now set v = k—m—%%—é,

then provided that v > 0 the following compact embedding holds

WhP(Q, X) cc W™(Q, X)

1.3 Mollification in Weighted Norms

It is well known that the proofs of many of the key results in Sobolev theory
require one to pass to an approximating sequence of smooth functions via
the process of mollification (See section in the appendix). Theorem
(part 3) plays a crucial role in this regard as it provides conditions under
which such a sequence converges in LP-norms. In order to employ a similar
technique in the setting of weighted spaces, we require a similar theorem for
weighted Lebesgue spaces. This section will be dedicated to the proof of such
a result for a certain power-weighted space. We note that the proof of this
result is adapted from the proof of the unweighted case, as given by Adams
and Fournier [2]. We begin by supposing that € is a bounded, open interval

of the form (0, a), for some a > 0.

Theorem 1.14. Let u € L*(2, X)N L. (Q), with supp(u) @ Q. Then given

loc

€ >0, there ezists v € Cy(Q2) such that

||U — UHLQ(Q,X) < €.

15
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Proof. We begin by noting that each function u € L2(Q) N L},.(Q) may be
written in the form u = u* — u~, where u™ and u~ are both non-negative
members of L?(Q, X) N L},.(Q). Without loss of generality we may therefore
restrict ourselves to the case in which u is non-negative. Now, since u is mea-
surable, it is well known from measure theory that there exists a monotone
increasing sequence of non-negative, measurable simple functions {s,} that
converges pointwise to u on ).

Thus, clearly we have

0<s,<u VneN

and
s, € L*(Q,X) VneN |

Furthermore, for each z € 2
2 Ju(x) = sp(@))* < 2*(u(@))* € LH(Q)
and hence Lebesgue dominated convergence theorem implies that
sp — u € L*(Q, X)
It therefore follows that for each € > 0, there exists s in {s,} such that

||u — SHLz(Q,X) <

[NRINe

Clearly, we may assume that s = 0 outside of supp(u) and hence due to
Lusin’s Theorem, there exists a ¢ € Cy(£2) such that

0(2)] < llsllce V2 €@ (1.5)

and, if ¢ denotes the Lebesgue measure,

o € Q: o(x) £ s(a)} < ( ‘ |$HOOQ> . (1.6)

Als]lo0.0
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Now

Is = ll2.x) = ll2(s — d)llr2(@)
< |[z]loo02 |5 = Dl L2(0)

<|zllooo IS5 — @llocr £ ({z € Q: @(x) # S(x)})lﬂ

making use of (1.5 and (1.6,

€

4|z]loo I8l 0.0

< 2fz[[co02 [I5lloc
<€
5 -
As required, we therefore have that

|lu— &llr2.x) < llu— sllr2.x) + |Is = ol 20, x)

<€ .

Making use of the above result, we now have the following weighted analog

of part 3 of Theorem [A.26]

Theorem 1.15. Given u € L*(Q, X)NL;

loc

that lim_o+ || Je % u — ul|20,x) =0 .

(Q), with supp(u) € Q, it follows

Proof. For € > 0, we denote by J. the standard mollifier as introduced in

section of the appendix. Then, making use of Holder’s inequality and

recalling that [, J.(z)dz = 1, it follows that

|z x u(x)| =

Axﬁu—ym@m4

s(/ﬁwuwﬁw—ym@UQ

( RJe(fc = y)dy> "

R

17
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= ([P - ) -

The application of Fubini’s theorem to interchange the order of integration

then yields

1 # ull L2 g.x) = l2de * ullf2(q

= [ [#ate = plutylay aa
< / / 2T (x = y)luly)Pdy da

:AAxZJg(x—y)|U(y)|2dx dy
_ / / 2 J(y — x)dz |u(y)*dy
_ / e ()] July) dy

_ / e ()] [u(y)Pdy

(1.7)

It now follows from Theorem [1.14] that given § > 0, there exists v € Cy(12)

such that
)

||u —U”LZ(QJ() < 5 .

Hence, making use of (1.7]) and (1.8), we have that for n € N,

[J1/n * u—ullr20,x) < [|Ji/m * w = Jijm * vl 20,x)
+ | Jin * v = vl 20,x) + |lv — vl L20,x)
= ||<]1/n * (u— U)HLQ(Q,X)

11y x v = vll2@x) + lu = vlzex)
< [ o @) luta) = o(o)Pda
Q
+ 1 J1ym * v =0l L2,x) + [[u— v z20,x)

< /QJl/n (22 u(x) — v(z)|*dx

18
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2 5
# ([ o) - o)+ 3
Q 2
< / Jin * (x2)]u(x) - 'U(x)|2da;
Q
)
Hllzllocgll Sijm * v = vl +5 - (1.9)

Now, since 22 € L}, (R), Theorem implies that for each n € N,

loc
Jijn * 22 € C°(R) and is therefore bounded on . That is, for each n € N,
there exists a M,, > 0 such that
|J1/n *JI2’ S Mn .
Furthermore, since 22 € C(Q), Theorem implies that

2

lim Ji, % (2°) = 2* uniformly on § .
n—oo

It therefore follows that there exists a N € N such that for each n > N and
every x € ()

|Jiyn xa® —2?| ) |y 2 — Ty x| <1 . (1.10)
Thus, for n > N, due to (1.10f), we have that

| Jijm * 22| < |Jiyn * 2% — 2% + |Jiyn * 2% — Ty * 27 + 27

<242% .
and hence

| Jijm * 22| < maz{My, M, ..., Mn,2 + z°}
<C (1.11)

where

C = maz{My, My, ..., My,2 + sup(z?)} .

z€Q
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We then notice that the supports of both u and v are compactly contained
within €2. We therefore have that u — v vanishes within some neighbourhood
of the boundary of €2 and thus within some neighbourhood of 0. It therefore
follows that if we set B = supp(u) U supp(v), we have that

(u(w) ~ v(@)? = 5 [*(u(z) — o(x))]
< max (%) [2%(u(z) —v(z))?] . (1.12)

Combining ([1.11]) and (1.12]), we therefore have that for z € Q
|1 # 2 (u(z) — v(2))?] < C [2*(u(z) —v(2))?] . (1.13)

Since u € L*(Q, X) and v € Cy(Q), the right-hand side of (1.13) is clearly
integrable over {2 and hence we may apply the Lebesgue dominated conver-
gence theorem and (1.8)) to obtain

nlggo g Jim * (22)|u(x) — v(z)]Pde = /ingl;lo Jim * (22)|u(x) — v(2)|*de
= /Q:c2|u(:v) —v(x)|*dz

<

N |

Taking the limit as n — oo in (|1.9), we therefore have
nh_)rgo | J1/m % u — ul|2e0,x) < 0+ nh—{go 2] so.0l| Ji/n * v — V|| L2(0)
The result now follows due to Theorem by noting that v € Cy(2) and

thus v € L*(Q).
[
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1.4 Cut-off Functions

We now shift our attention to a second important class of smooth functions,
which we will term the cut-off functions. These functions behave similarly
to the standard indicator function in that, when multiplied with some
function u over the domain 2, they reduce the support of u to some subset
of 2. Unlike indicator functions however, cut-off functions do not introduce
discontinuities and hence preserve the level of differentiability of u. We
shall now introduce two examples of such functions that will prove useful in

later sections.

Definition 1.16. Given a > 0, then let x|, be a member of C*°(R") which

satisfies

1.
a
1 if < —
if <3
X[a}(x) =
2a
0 if >
if o>
2.
X@(z) <1 for allr € RT
3.

C
|X/[a}($)| < - for some C' >0 .

Definition 1.17. For each n € N we denote by x, a member of C*°(R™)

which satisfies

1 if ze€ [l,oo)
Xn(T) = n

" 1
0 if ze€ [O’Qn]

Xo(x) >0 for every x € RT .

21
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X, (r) < Cn for every z € RY and some C' > 0 .
We note that the cut-off function y,, also has the following useful property.
Lemma 1.18. For each n € N, the function xx! () is bounded on R*.

1 1
Proof. We begin by noting that since x,, is constant outside of [2—, —|, its

n'n
derivative vanishes outside of this interval. It therefore follows that there

exists a constant C > 0 such that

1
sup (2x,,(2)) = sup  [ox,(2)] £ —Cn=C .
z€RT z€[1/2n,1/n]

3

The construction of cut-off functions that merely reduce the support of a
given function wu is fairly straightforward and follows from Urysohn’s
Lemma (see [25] p. 177). The construction of such functions with
boundedness constraints on the derivative (as required here) is however not
as straightforward and hence, for illustrative purposes, we provide the

following examples.

Example 1.19. For fixed n € N, we begin by setting

1 1 1 1

An = YA S )
(0 2n + Sn] Y [n 8n o)

and

~ 1 1

A = -~ -

0= (0,5 UL,00)
and then define
0 if zx€ A,
fn(x) =

2n if x e A5 =RT\ A,
and

22
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@Zjn(x) = Jen * fn(x)
=A;LAx—wh@Ny

T+en
_ / Jou (@ — ) Fuly)dy |

€n

1

where ¢, = — .
16n

It then follows immediately from Theorem (A.26]) that ¢, € C*°(R*"). More-

over, we note that ¢, has the following properties

1. For every z € R™,

x+en
inf [f,,(y)] / Je(r —y)dy < ()

€n

<swlnw) [ dute -y,

yeR+ —€n
and hence
0 <tp(x) <2n. (1.14)
2. Tf 2 € (0, -], the
Iz ik n
T+€en
@Z}n(x) = an(x - y)fn(y)dy

IN

x+1/8n
/ Joo (2 — ) fuly)dy
0.

(1.15)

1
3. If x € [, 00), then
n

@ = [ e Ay

—€n

23
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T+en

IN

Je, (x —y) fu(y)dy

z—1/8n

(1.16)

I
o

1 1 1 1
4. Ifxerz(%+8_n+€n’ﬁ_8_n_€n>’ then since

(x — €n, @ + €,) C A¢ it follows that

T+en
Yn(z) = / Je, (x —y) fu(y)dy = 2n .

€n

We now define

(e = o) A wn<y>dy>_1 ,

it follows from (|1.14)) and property (4) above, that

Yi() < 2n ( A wn<y>dy)l

<2 ( A wn<y>dy)_1

1
=2n(2n—)""
n( nSn)

=8&n .

Furthermore, it follows from (1.15)) and (|1.16] that

Yi(x) =0 for every z € A, . (1.17)

n

Finally, for each x € R*, we define

Yul) = / “t)ar
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1
It follows from (1.17)) that, if z € [0, 5

—|, then
n

1
and if x € [—, 00),
n

ul) = / ")
_ [ v
Ag,
=1.

Noting that y/ (z) = ¢’ (z), it is clear that we have constructed a smooth

function that satisfies the conditions of Definition

Example 1.20. Setting

1 1 2 1 ~ 1 2
A=(0,— 4+ —]U[= — — A=(0,—u[=
(0’3a+9a]u[3a 9a,oo), (O,3a]U[3a,oo)
and
i) 0 if zc€cA
:L‘:
2t pea—R\ 4,

a
the construction of a smooth function that satisfies Definition follows

by a similar procedure to the previous example.

Making use of the above cut-off functions, we now define the following

products.

Definition 1.21. Given any function u, we define

u = Xa] U
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and for n € N,

Um) = Xnl 5 Un) = XjaXnl -

Since both of the cut-off functions x|, and x, are bounded above by 1, it is
clear that the products @ and u,) will satisfy the same integrability

properties as u.

In later chapters it will prove useful to know in which spaces the sequence
(u(ny) converges to v and in this regard we conclude this section by

demonstrating two cases in which this convergence occurs.

Lemma 1.22. Given u € L*(Q), it follows that

Jim lu = ugl|z2) =0

Proof.
lu—ug)llr2@) = /0 u(z) — Xn(x)u(z)Pdz

1/2n 1/n
= [ @Pas+ [ ute) - oleuto)fda

/2n

1/2n 1/n
< / (@) + / 11— xaPlu(@)Pde
0 1

/2n

recalling that y,, is bounded above by 1 and below by 0,

1/n
< / ju(@)Pde
0

and hence, as required, we have that

1/n
lim [ — xnul/z2@) < lim lu(z)|*da
n—oo n—oo

=0 .
26
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Lemma 1.23. Given u € W12(Q, X) N L3(Q), if follows that

nlg{)lo |lu — u(n)|W1,2(QVX) =0

Proof. Recalling the definition of the function y,, it follows that for u €
Wh2(Q, X),

u — w2y = / 2| DOfu(z)] — DO (a)u()]?de

1/2n
_ / 22| DO u(z)] 2z
0

1/n
+ [ AP ()] - DY et P

/2n

making use of the product rule for weak derivatives and recalling that the

weak and classical derivatives coincide a.e,
1/2n
= / 2?| DW[u(x)]|?dx
0

1/n
+/1 2 (@)u(®) + Xa(2) DV [u(@)] — DV [u(@)]Pdz

/2n

1/2n 1/n
- / 2| DD ()P de + / 2|y, (x)u(x) Pda
0 1/2n
1/n

1/n
+/1 xQIXn(a:)D(l)[u(a:)Hde+/ :UQID(l)[u(:E)HQda:

/2n 1/2n

1/n
2 / o @] ) D)

1/n
9 / 22|, (2)u(2)] | DD u(a)]dz

/2n

1/n
9 / 22| () DO ()| DD ()]

/2n
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noting that y,, is bounded above by 1 and that that last two integrals above

are negative,

1/2n
< / x2|D(1)[u(x)]|2dm
0

1/n

1/n
[ P2 [ 0O Pl

/2n 1/2n

1/n
2 / 221X, (2)u() | DO [u()]|dz

/2n

1/2n
< / 22| DOu(x)]Pdx
0

1/n 1/n
+/ 22X (x)u(z) |’ dz + 2/ x2|D(1)[u(:v)]|2dx
1 0

/2n

1/n
2 / 221X, (2)u(2) | DO fu(z)]|dz

Taking the limit as n — oo on both sides of the above inequality then yields

1/n

lim |u — xpulwizgx) < lim 2?|x; (v)u(z)Pdz
n—00 n—=00 J1/on

recalling the boundedness condition on Y,

1/n
< lim Cn®  sup (IQ)/ lu(z)[*dx
1

n—00 z€[1/2n,1/n) /2n

n—o0

1/n
< lim C/ lu(z)[*dz
0

=0 .
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Chapter 2

The Weak Formulation of the

Valuation Problem

We recall that the aim of this dissertation is to follow the work of Sanfelici
[33] and obtain price estimates for discretely monitored barrier options by
making use of a modified Galerkin finite element method. It is well known
that such methods rely on reformulating the original partial differential equa-
tion (the strong form of the problem) as an integral identity (the weak form
of the problem). We will begin this chapter by formally introducing the
strong form of the valuation problem at hand and then proceed to consider
the selection of suitable spaces in which to conduct our analysis. Making
use of these spaces, we will then derive the required weak formulation of the
problem and conclude by demonstrating the existence and uniqueness of its

solution.
Let us consider a double knock-out European call option, with lower bar-
rier [ > 0, upper barrier v > [ and monitoring dates

0< 7 <71 <..<7y <Tys1 =T. We recall from our initial discussion of

option pricing that the price of this derivative will satisfy the Black-Scholes
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partial differential equation, with terminal condition

z(T)— K|t if l<z(r,) <u form=1,2,..M+1
v { D =K ()

0 otherwise

Where, as noted in the Appendix, 2:(¢) € R denotes the value of the under-

lying asset at time ¢.

The theory of partial differential equations is generally geared toward the
study of initial value problems and hence it will prove convenient for us to
reverse time and reformulate the above problem as an initial value problem.
To this end, we define ¢ to be the time until expiry and set t = T — 7 for
7 € [0,7]. We furthermore denote the transformed monitoring dates by
tmm =T — Tag—me1 for m =0,1,2,...M. Under this transformation we obtain

the strong formulation of the valuation problem.

Problem 1. Find V(x,t) that satisfies the reverse-time Black-Scholes partial

differential equation,

with the initial condition

V(z,0) = (z — K)" xiu(z)

that is updated at each monitoring date t,, by

V(IL‘, tM) = V(Iv t;z)Xl,U($)
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Here t,, denotes the instant just before time t,, and X, s the indicator

function

1 f l<xz<u
Xl,u<x> =
0 otherwise

We note that for the remainder of this work the option value V will be a
function of both the underlying x and time ¢, however for notational

convenience we will often omit one or both of the variables.

2.1 Suitably weighted Sobolev Spaces

Recalling Problem [I| above, we have that the option value V' satisfies the

reverse time Black-Scholes partial differential equation

oV OV o PV

o
—_+T$_+E$W:7"V .

It will now be convenient for us to shift our notation and rather denote
classical partial derivatives via subscripts. Under this notation, the option

value V satisfies

2

—Vi+raV, + %xQVM =rV . (2.1)

We notice that we may rewrite equation (2.1) as

1
Vit 50 [PV, (= oPaV, =V =L(V)=0 . (22)

Following Guermond and Ern [18] (page 112), the operator L is called elliptic
if there exits ¢ > 0 such that

:1322(:.

It is clear that this identity holds on any interval of the form (a, cc) for a > 0,
but fails as x approaches 0. We therefore say that the PDE is degenerate
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at x = 0. It therefore follows from Kufner [27] that the natural norm that
arises during the derivation of weak formulation of Problem [1|is a weighted
Sobolev norm. Classical Sobolev spaces will therefore be of no use in our
investigation and we must rather choose a suitably weighted alternative. It
follows from Kufner [27] that a natural space to consider for our analysis is
given by WH(R*, w*), with w* = {1, 2%} (the reason that this space is suit-
able will become apparent further in the Chapter). We note that the work
of Achdou and Pironneau [I] presents an analysis of the Black-Scholes PDE

in terms of this space.

We now recall that the norm associated with this space is given by

||u||%,V1,2(R+7w*) = /R+ [u(z)]*dz + /}R+ z? [D(l)[u(x)]}zdm .

Due to the unbounded nature of the domain, this norm places strict re-
strictions on the behaviour of functions within the space W12(R* w*) as =
becomes large. In particular, given u € W12(RT, w*), we require that if the
limits

lim u(z) and lim 2DW[u(x)]

200 200
exist, then they must be equal to 0. To demonstrate these conditions, suppose
for example that there lim, ,,, u(x) = C for some C' > 0, then there exits

a € RT such that
1
lu(z) — C| <§C’ Vo>a
or
1
u(zx) > 50 Vo>a
and hence

/0 " u(2)2de > (a, oo)[%C]Q
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The right hand side of this equation is clearly infinite and hence u ¢ W12?(R™T).

A similar example may be used to demonstrate the second condition.

These restrictions are clearly very unsuitable for financial applications as
they exclude many of the most common financial derivatives, in particular
the European call option whose value increases with that of the underlying.
Following Kufner [27], this problem may be addressed by the addition of a
well chosen secondary weight function. While there are potentially many
functions that decrease sufficiently rapidly as x increases to be used as the
secondary weight function, we however choose to follow Sanfelici [33] and

consider the function

1 if 0<ux<2mu

wu(x) = )

Tomaz \ X
(ma> if > T
e

where © > 2 may be selected large enough to ensure that the required finan-
cial contract is admissible and x,,,, > 0 is a ’'large’ value of . In the case
of call options, u = 2 is sufficient, as for large x the option value increases

linearly with the underlying.

Making use of this function, we now define the following weighted spaces

that may be used in the derivation of the weak formulation of Problem
W, =W (RY @,) where @, = {w(z),w(z)z*}

and

While the treatment of the valuation problem within the context of the above
weighted Sobolev spaces will form the basis for this dissertation, it is not
the only manner in which to deal with the degeneracy of the Black-Scholes
PDE. As noted previously, a far more common approach is to consider a

logarithmic transformation of the reverse time Black-Scholes PDE. Setting
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X = In(z) equation [2.1] becomes

1, o?
—‘/1:‘{'(7“—50' )Vx+?VXX:TV .

Clearly, since z is defined on R, the transformed problem is defined for
X € R. The point of degeneracy (z = 0) has therefore been shifted to
X = —oo and may be dealt with through domain truncation. Weighted

spaces are therefore not required.

To conclude this section we now present a number of useful properties of
these spaces. One of the main aims of these results will be to show that
C§°(R™) is dense in W,. The author notes that Achdou and Pironneau [I]
demonstrate this result for the space W1?(R*, X) and that the method
employed may be investigated as a possible alternative to that presented

here.

Lemma 2.1. The weight function w, is weakly differentiable on R and

satisfies
| DY [w,,(2)]w, (z)z] < uwi(x) for almost all z € RT

Proof. Let ¢ € Cg°(R"), then

[ ed@an= [ @ [T (222) g(@ar
applying integration by parts,
Fmaz xmam H >
=l@l| - +I(7E) ew)|

o n() e
- w(EE) e

© University of Pretoria



poat
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q@ YUNIBESITHI YA PRETORIA

It therefore follows from the definition that w, is weakly differentiable, with

a weak derivative given by

0 if 0<2<2mer

xmam H 1 .
— ( ) — if > T
x x

DOl ()] = (2.3)

In order to demonstrate the inequality, we note that it follows from (2.3))
that for 0 < z < Zy00,

DOl (@), () = 0

< pw, ()

and for x > Z,,44,

DD, (2)]w, (2)r = —p (mmm>“ i (xm)” x

The result now follows by noting that the weak derivatives of w, are equal

almost everywhere. O]

Lemma 2.2. Given u € W,, it follows that for each n € N, u,) € W, with
supp(tiyy) € €.

Proof. It follows immediately from the definitions of x|, and X, that
supp(tiny) € Q. Furthermore, since the derivative of [, may be bounded
by a constant depending only on a, it will suffice to show that u,) € W,. To
this end,

ol = | _sk@ln@u@Pds + [ wi@a DO @t |

R+

making use of the product rule for weak derivatives,

- [ wi@hu@ut)a
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2 2 1 2
+/R+ wi ()22 )X, (2)u(@) + Xn (2) DW[u(@)]Pde
recalling the boundedness of x,,

< [ wi@l@id+ [ e @)+ 1DVfu@))* da

- [ @@+ [ e
+2 [ i@, @ula)] [PV lua)] ds
+ [ wi@al D)
recalling Lemma [[.8]
< [ @@+ ¢ [ wioluPds
+C [ haelu@)] IDVluta)jds

+/R+ wi(z)x2|D(1)[u(x)]|2dx :

Holder’s inequality then implies that

¢ [ @ 00u)ar <0 ([ woluoa) e
(/R+ w?(z)2? DVlu(x)] |2dm> 1/2

= Cllullz, |ulw,

and hence, we have that

1w [[w, < /+ wi(x)|u(x)|2dx + C/ wi(m)|u(x)|2dx
R R

+

+Clule fuby, + [ @@ D@l . (24)
R+
Since u € W, the righthand side of (2.4)) is clearly finite and hence, as
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required, u,) € W,.

Lemma 2.3. Let u € W, then given €y > 0 there exists a function
¢ € C§°(Q2) such that

@ — 925||wH < €
Proof. We begin by recalling that since y is bounded on R, we have @ €

W, € WH2(Q,w,). Furthermore, making use of Lemma for each n € N
we have that 4,y € W, C W'(Q,w,), with supp(ig,) € Q.

Now, since t,) = X, and w, = 1 on €, u satisfies the conditions of Lemmas
and and hence (4,)) converges to @ in W*(Q,&,). It therefore
follows that given ¢y > 0, there exists n* € N such that

€0

2(Q,w,) < E .

We now consider the mollification
¢e,n* = J * a(n*)

and note that Lemma implies that ¢~ € C§°(£2), provided

€ < dist(supp(tiy~),00Q) < max{z— 3xmax} Moreover, since G,y € W2(Q, @,,)
n*

and w, = 1 on (2, we may apply Lemmas [A.26|and [1.15| to yield

M)ZO '

1 1
It therefore follows that given ¢y > 0, there exists 0 < €* < max{ﬂ, gxmm,}
n

such that

|ty —

Finally, setting ¢ = ¢ - € C5°(£2), we have

|2 — llwrzs,) < ltw) — llwi2@e,) + 18— w2,
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Lemma 2.4. Let u € W, then
lim [|u — 1w, =0 .
a—r o0

Proof. We begin by noting that

fu=lby, = | h@lule) = i) o

+AmﬁwﬁﬂNWmm—awm%x,

1 2
recalling that u(z) = a(z) for = € (0, ga), a(z) = 0 for z > 3% wy(z) =1
for 0 < x < a, we have that

2a/3 00
= u(z) — a(x)?dz W () |lu(z)Pdx
AB|<> () +Lm 2 () u(x)

2a/3
+/ :v2|D(1)[u(x) — ﬁ(a:)]|2dx
a/3

+ / wi(x)x2|D(1)[u(x)H2dx )
2a/3

Making use of the product rule for weak derivatives, we have that
2a/3
/ 22 DD u(z) — ()] Pz
a/3

2a/3
:/ 2| DOu(z)] - Xy (2)u(z) — xa(2) DOu(z) Pz

/3
2a/3 9
= //3 2% [|(1 = Xy (2)) DM ()] + |xfyy(2)u(z)]]” dz
2a/3 2a/3
= [, @D P+ [ ey @uds
a/3 a/3
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2a/3
w2 [ )] 1DV et de
a/3

applying Holder’s inequality and recalling that x4 is bounded below by 0,

2a/3 2a/3
21 (1 2 2 2
< //3 22 DWu(z)| dx+//3 2| X[g (2)u(z)]*d

2a/3 1/2 2a/3 2
+ 2 //3 2*|DWu(x)Pde //3 7* Xy (2)u() *dz ’

recalling the the boundedness condition of X/[a}’

2a/3 2a/3
S/ $2|D(1)u($)|2dx+4/ |u(z)[Pdx
a/3 a/3

2a/3 1/2 2a/3 1/2
+2 / 22 DWy(z)*dx 4/ lu(z)[*dz
a/3 a/3

Similarly,

2a/3 2a/3
/ ju) — () Pz = / 1 = X ()]uu() Pz

/3 a/3

2a/3
< / fu(z)Pdz |
a/3

and thus we have that,

2a/3 ()
lu— allw, < / () Pz + / W2 (@) Jux) Pda

/3 2a/3

+ / wi(m)x2|D(1)[u(x)]]2dx
2a/3

2a/3 2a/3
—I—/ $2|D(1)u(3§)\2d$—|—4/ lu(z)|*dz
a/3 a/3

2a/3 1/2 2a/3 1/2
+2 / 22 DWu(z)|?dx 4/ |u(z)[2dx
a/3 a/3
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The result now follows by taking the limit as a — oo. O]
Theorem 2.5. The space C°(R™) is dense in W,,.

Proof. Let u € W,, then recall from Lemma that
lim [ju —lw, =0
a— 00

and hence, given € > 0, there exists x,,,, > 0, such that

€

. (2.5)

lu = allw, <
Now, for this z,,4;, Lemma implies that there exists ¢ € C°(Q) C
Ci°(R™) such that

€
2
Noting that both supp(@) and supp(¢) are contained within €2, it follows

from (2.5) and ({2.6) that

@ = @llwr2@w,) < (2.6)

lu = dllw, < llu—allw, + (&= dllw,
= [lu = allw, + {12 = dllwi2(@u,)

<E€ .

This result may seem rather surprising as the analogous result does not
hold in the unweighted case(see the Appendix). This apparent discrepancy
may be explained by the presence of the weight 22 in the second term of the
W,-norm. In the above proofs, we relied on the cut-off function to x, to
ensure that our approximating functions vanish within some neighbourhood
of 0. Since x,, increases from 0 to 1 over the interval [1/2n,1/n], it is clear
that as n increases, the derivative of x,, becomes infinitely large within this
interval. It is this growth that hinders convergence in unweighted norms.
The growth is however controlled within the weighted WV,-norm by the

presence on the fast decaying 2% term in the weight function.

40

© University of Pretoria



poat
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q= YUNIBESITHI YA PRETORIA

Theorem 2.6. The space C3°(R") is dense in L, and L*(R*, z°w?).

Proof. The proof of this result follows similarly to Theorem by noting
that results analogous to Lemmas and 2.4 hold for these spaces. [

Theorem 2.7. The spaces L, and W, are separable Hilbert Spaces.

Proof. We have already demonstrated that £, and W, are complete inner
product spaces and hence it only remains to show that they are separable.
To this end, we will adapt work by Adams and Fournier [2] to demonstrate
the separability of two particular weighted Lebesgue spaces and then make

use of these results to demonstrate the separability of W,,.

Following Adams and Fournier [2], we begin by setting
Q, =(1/n,n) for each n € N

and then denote by P, the collection of all polynomials over €2,, with rational
coefficients. It is well known that for each n € N, P, is countable and hence
sois | J 2, Po.

We now consider functions u € £, and v € L*(R™, x%ui) and notice that
Theorem [2.6 implies that for each e > 0, there exist functions ¢, € Cg°(R™T)
such that

€

. (2.7)

[ = dlle, <

and
€

: (2.8)

||U — SOHLZ(]R+ <

Since ¢ and ¢ are continuous functions and have compact support within
R, it follows that there exists an n € N such that ¢, ¢ € C(f,). Making
use of the Stone-Weierstrass Theorem to yield the density of P, in C(£2,), it

therefore follows that given € > 0, there exist functions v, v € P, such that

—1/2
6 = vl <5 (/ﬂ wg(x)dx) (2.9)
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and

~1/2
€
lo — Voo, < 5 (/Q x%ui(x)dx) ) (2.10)

Making use of equations ({2.7)) and (2.9) it then follows that

lv = vz, <llu—=4¢lle, + ¢ —vle,

= le, + ( [ koot - u<x>|2)1/2
= u=alle, + (| sh@loto) -t N

1/2
£+ 16— vllos ( / w3<x>)
~1/2 1/2
< %—i—% (/ﬂn wi(m)dx) (/nwi(x)dx)

= € y

< |lu— ¢

so that |J'~, P, is dense in £, and thus £, is separable. Making use of
equations (2.8) and (2.10) we similarly have that L*(R*,z°w?) is separable.

To complete the result, we follow Kufner [27] in noting that W, can be
viewed as a subspace of the Cartesian product £, x L*(R*, z°w?”) and hence

must also be separable. O

To conclude this section, we present the following characterisation of the
dual space W) that is adapted from a similar result for unweighted spaces

as presented by Evans [19].
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Theorem 2.8. A mapping f : W, — R is a member of W, if and only if
there exist functions fo,f1 € L*(RY) such that for every u € W,

) = [ el @it + [ o @@ DOt

R+

Proof. Suppose that f € W}, it then follows from the Riesz representation
theorem (see Kreyszig [26] p. 188) that there exists a unique v € W, that
depends only on f, such that

f(u) = (u,v)w,
_ /R @@y + | @) DY) DY) ds
— [ enlo)uto) nla)ote)) do
+ [ andaeD V@) oDV (o)) d
Since v € W, we clearly have that
fo = wal@)u(e) € LARY)
and

fi= wu(x)xD(l) [v(x)] € L*(RY) .

Conversely, suppose that there exist functions fy, fi € L*(R™) such that

) = [ e @+ [ w,@ehi@DO )]s

+

Since f is clearly linear, it remains to show that it is bounded. To this end,

we may apply Holder’s inequality to obtain

flu) < ( B fo2(x)da:> v ( [ <x>u2<x>dx> y
+ ( R+ ff(w)dgc) V2 (/R+ W5<x)$2 ’D(l)[“(x)]]2dx) 1/2
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< maz{| foll 2@y, | fill L2 Hiullw,

2.2 Weak formulation

In this section we will derive the weak formulation of Problem [Il To this
end, it will prove convenient to follow the convention of Evans [19] and view
the option value V(z,t) not as a function of the underlying and time, but
rather as a mapping of time into the space W,. In other words, for each
fixed t, we view V as a function of x that lies within W,. For notational
convenience, we will write V' (x) in instances where the statement in question

does not make reference to time variable. Now, following Evans [19]

Definition 2.9. Given times 0 < t; < ¢y, p > 1 and a real valued Banach
space X, we define the space LP(t1,t2, X) to be the collection of measurable

functions
U(t) : [tl,tz} — X

t2 1/p
|| Loty t0,x) = (/ Hu(t)H];(dt) <00 .

t1

that satisfy

Bearing this convention in mind, standard procedure indicates that we
should begin by multiplying equation by an arbitrary test function

¢ € C°(R™) and then integrate the resultant identity over RT. We however
wish to ensure that the natural integral norm that arises during our
derivation is that of the space W, and hence rather multiply equation ({2.1)
by w’¢ and then integrate to obtain
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+Z w2 ()2 Voo (2)p(x)dz (2.11)

2 Jrr
Since classical and distributional derivatives agree almost everywhere, we

may instead write

r/]RQ wZ(:L’)V(:L’W(w)dx = — /R+ WZ<$)[V]t($)¢(x)dx
+ /]R+ TWZ(x)x%(x)gzﬁ(x)dx

0.2

+ — [ 2 (2)2* Ve (z)p(x)dx . (2.12)
2 o
where [V]; denotes the distributional derivative of the option value V' with

respect to time.

It is now easily verified that the functions w,,z, DMV (z)] and ¢ satisfy
the conditions of Lemma and hence we may apply the product rule for
weak derivatives to obtain

DO | 20%2(2)a? DOV (@)}6(x) | = 0%,(x) DOl (@)} DOV (@)} ()
+ 0% (@)a DYV (2))é(x)

n

+ L 2 ()2 DO () ()

2 I
+ 3032 @)DV @)DV o)
%UQwi(ac):l:zD(Q) [V (2)]p(x) = DY %aQwi(x)xzD“)[V(m)]ab(w)

]
— o*wi(2)aDWV (2)]é(x)

— o*wi(2)a” DYV (2)] DW[g(x)] .
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Substituting into (2.12)), it then follows that

and hence,

+ / A(w)w? (@) DOV (@)]¢ () da

+ 4+rwu<x>v<x>¢<x>dx

- [ o [z nO v @] ar
=0 ,

where

1
Recalling that 502wi(x)x2D(1)[V(x)]gb(x) is weakly differentiable on RT,

Lemma implies that for each n € N, it has a version absolutely continu-

ous on [1/n,n|. We may therefore apply the fundamental theorem of calculus
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to obtain

/m Y Ba%ﬁ(m?w[vmwm] d

= lim DW FJsz(x)xQD(l)[V(a:)]¢(a:)] dz

n—oo /iy, 2
o L oy o 2 (1)
- nh_{go (50 w,(n)n" DV (n)]¢(x)
n—oo

-t (o2 /m) DY (1lota/m) )

Since ¢ € C§°(R™), it must vanish for large enough n and within some neigh-
bourhood of 0 and hence there exists a N € N such that ¢(n) = ¢(1/n) =0
for each n > N. It therefore follows that

n—oo

lim (%UQwi(n)ngD(l)[V(n)]qb(n))

— lim (%UQwi(l/n) (1/n)2D<1>[V(1/n)]¢(1/n)>

n—o0

=0

and hence

R+

| @V + [ Soui@e DOy @I
+/}R+ A(m)wi(m);pD(l)[V(x)](b(x)dx +/R+ rwi(x)\/(x)gb(x)dx
=0

(2.13)

This expression naturally leads us to define the bilinear form

A, (u,v) = /R+ %02wz(a:)x2D(1)[u(x)]D(l)[v(x)]dx

+/R+ A(x)wi(x)xD(l)[u(:z:)]v(x)d:c + /R+ rwi(x)u(x)v(x)dx :
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for u,v € W,. Under this notation, equation (2.13]) becomes
(VO] @)z, + Au(V(),0) =0 ¥V ¢ € C7(RT) . (2.14)

We now wish to show that this identity is still valid if ¢ is replaced by an
arbitrary function v € W,. To this end we give the following important

property of the bilinear form A,,.

Lemma 2.10. The bilinear form A, is continuous on W, i.e. there exists

a constant vy > 0 such that for u,v € W,

[ A, 0)] < Allullw, l[vllw,

Proof. Setting

It follows that

2

A0.9)1 < 5 [ i@l DDu@) D00z dr
+ /R+ A(m)wi(m)ﬂp(l)u(x”|v(x)|dm + /R+ Twi(x)|u(a:)||v(x)|dx ,

making use of Holder’s inequality,

2 1/2 1/2
< 5 (/ wz(x)x2|D(1)u(x)|2dx) (/ wi(m)x2|D(1)v(x)|2dx>
R R

1/2
A ( / wz<x>x2\D<”u<x>|2dx) lolle, + rllulle, vl

IN

g
o lulw. b, + 1 A@) el vz, + rllulle, 0],

0.2

5 lullw, ollw, + IA@) oo lullw, [V, + 7wl llv]w,

IN

2
The result now follows by setting v = 3 max (%, |A(2)]| 0, 7‘)
[

We now recall that due to Theorem , each v € W, may be approximated
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in W, (and hence in £,) by a sequence of functions in C§°(R"). It
therefore follows that by making use of the above lemma, equation (2.14)

may be extended by continuity to yield
(V)] w)e, + AV (t),u) =0 YueW, . (2.15)

We now notice that this equation places far weaker restrictions on the
option value V' than does Problem [Il Indeed, while Problem [I] requires V' to
be twice classically differentiable with respect to the underlying, equation
only requires that V' € W,. We furthermore note that the definition
of the bilinear form and the requirement for it be continuous with respect
to our chosen Sobolev space clearly indicate why the original weight

function w* = {1, 2%} arises naturally and is suitable for our investigation.

The requirement that V' € W, gives us direction as to in which spaces we
should search for the solution to the weak formulation of Problem [1l In

continuation with this theme we present the following results.
Lemma 2.11. There exist functions f1, fo € L*(RT) such that for every
¢ € C°(RT),

Vo, = [ an@lhi@o@is+ [ waafsle) Do)

R+
Proof. We begin by noting that equation (2.1)) may be reformulated to yield

2

V] =raV, + %mQVM —rV
o2
=(r—o°)aV,+ ED(I)[xQV;] A

Making use of this fact, it follows that

mm@@:/wmwmwwm

R+

= /]R+ wi(x) [(r — 02) xV(x) + %ZD(I)[ﬁVx(x)] —rV(z)| ¢(x)dz
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N /R + T @) L PV ()p(e)de (2.16)

Noting that the functions z*V,(z), #(x) and w,(z) satisfy the conditions of
A.31], we may apply the product rule for weak derivatives to yield

D[22V, (2} (2)é(z)] = DV [2°Vi ()] w2 (x) ()

+ 2w, (2) DY [w,(2)] 2V, (2) ()
+wp ()27 Ve () du ()

and hence

| G @loaids = [ DY [#Vi(ia)o] do

B / 20, () DY [w, ()] 2*Va(2) ()
+wp (2)a? Vi (2) @y (2)da (2.17)

We now notice that since the function 2V, (x)w?(z)¢(z) is weakly

differentiable on R, it follows from Lemma that for each n € N it has

a version which is absolutely continuous on [1/n,n] and hence

/R+ pW [V (2w (z)¢(x)] do = lim ' pW [2*V(2)w? () ¢(z)] dx

n

= lim [mQW(x)wi(a:)(b(x)]l/n .

n—oo

This limit clearly vanishes since ¢ € C§°(R"). Equation (2.17) therefore

becomes

[ S vwotes

+ 2 0F
[ 20D o @)] Vi w)ota)

+w,(2)2* Vo (@) do(2)da

20
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applying Lemma [2.1

IA

¢ /R W (2)7Ve(2)$(3) + Wy ()27 V(@) 6 (7)
¢ / (@) [wu ()2 V()] o(z)
+ /]R+ w#(x)x [w“(x)xvr(x)] du(z)dz .

Combining this equation with (2.16)), we have that

(Ve d)e, = / wy () [(r — o2+ 1) wy(z)xVy(x) + rwu(aj)V(az)} ¢(z)dx

R+

+ / wy () [wy ()2 Ve (x)] ¢ (z)dx .
R+
The result now follows by setting
filz) = (r—o® + 1) wu(@)2Ve(z) + wu(z)rV (z)
and

fo(x) = wu(@)aVe(z)

Lemma 2.12. There exist functions f1, fo € L*(RT) such that for each

u € W, we may write

(Vewe, = [ wn@hl@u@is+ [ w@eh@DVu@s |

+

Proof. We begin by recalling that each for each v € W,, there exists a
sequence (¢,) in Cj°(R™) such that ¢,, — v in W, (and hence also inL,,).
Making use of the fact that the inner product (.,.)., is continuous (see
Kreyszig [20] p.138 ) we therefore have that

(VI w)e, = lim (V] én)e,, -

n—oo

o1
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It then follows from Lemma that there exist functions fi, fo € L?*(R™)
such that

(Ve =t | [ @il oa

n—oo

+ [ @Dl @

In order to evaluate the limit on the right-hand side of this expression, we

note that due to Holder’s inequality we have that

lim
n—oo

/]R+ W, (7) f1(2) () d —/ (@) fr(@)u(z)dz

R+

< i [ @) (0] 6n) — ulo) o
< lim [ fill 2@ llon = ullz,
=0 .
Similarly
lim / w#($)$f2($)D(1)[¢n<l’>]d$—/ wy () fo(2) DV u(z)]de
n—o00 | fp+

R+

< lim [ fo(@)2a(@)| [DO[on(a) — ul)]| do

< nh_{{)lo | foll L2mey | b — wlwy,

=0 .

Applying these limits to the right-hand side of equation (2.18) then yields
the desired result. O

We now notice that the inner product (.,.), may be viewed as a mapping
from the space W, into R and hence due to Lemma [2.12] Theorem
implies that ([V];,.)c, is a member of the dual space W. The Riesz
representation theorem implies that [V]; is unique to this member of W,
and hence it follows that it would be natural that the weak solution to
Problem (1| should be such that [V]; € W . Bearing this in mind, we have

02
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the following weak formulation of Problem [I]
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Problem 2. For each m = 0,1,...N — 1, find V € L*(t, tmi1, W) N

Cltm, tmy1, L) with V], € L (ty, tmir, W), such that

(V] w)e, + Au(Vou) =0 YueW, (2.19)

and
(x — K)"yu(z) if m=0
V(tm) =
Viz,t, )xiu(z) if m=1,2.,N—1
We note that the initial conditions V'(t,,) = V(x,t,,)xiu(x) for
m =1,2,..., N — 1 ensure continuity of the solution in all cases except when

the barrier is it. In this event, the solution immediately becomes zero and

remains so for the remainder of the time intervals.

2.3 Existence and Uniqueness

In this section we will make use of a well known result due to Zeidler [40]
(similar results are also presented by Brezis [I1] and Evans [19]) to demon-

strate that Problem [2| has a unique solution.

Definition 2.13. (Zeidler [40])
Let V,H be separable, real Hilbert spaces such that V' is dense in H and we

have the following chain of continuous embeddings
Ve H<=V".

We then call (V, H,V*) an evolution triple.

Theorem 2.14. (Zeidler [40])
Given ug € H and 0 < T < oo, suppose that the following conditions are
satisfied

1. (V,H,V*) is an evolution triple, with dim(V') = oo.
2. The mapping A :V x V — R is bilinear, continuous and coercive.

o4
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3. There exists a basis (w1, ws,...) in V and a sequence (ug,) in H, such
that

Upn € span{wy, we, ..., w,} Vn €N

and

Ugp — Up In H .

Then there exists a unique function u € L?(0,T,V) with [u]; € L*(0,T,V*)
that satisfies

([ule,v)g + A(u,v) =0 forall veV (2.20)

U(., 0) = Uo()

Proposition 2.15. (Zeidler [40]) The condition that the bilinear mapping
AV xV — R satisfies the Garding inequality is sufficient to replace the
coercivity requirements in Theorem [2.14)

Proof. Suppose that the bilinear mapping A satisfies the Garding inequality,
that is, that there exist constants a > 0 and A € R, such that for every
ueV

A(u, u) + Mullf = allully

A

We now set w = e *u and notice that

([w]e, v) g + A(w,v) = (B_At[U]t, Vg — )\(G_MU, v)g + A(e_”u, v)
= e_At (([u]t’ U)H + A(“?”)) - /\(w’ U)H *)

and hence, recalling (2.20)),
([w]e, v) g + A(w,v) + Mw,v)g =0 forallveV .
Setting A(w,v) = A(w,v) + M(w,v)y then yields the transformed problem:

([w]s, v) g + A(w,v) =0 forallveV | (2.21)
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with
w(0) = ug .

The mapping A:V xV = Ris clearly bilinear and is coercive since

Alw,w) = A(w,w) + MNw,w) g
> aflwlli = Alwll + Allwlz

= afuwlfy
We may therefore apply Theorem to the transformed problem (2.21)) as
required. O]
Proposition 2.16. Condition 3 in Theorem [2.14] follows from Condition 1.

Proof. We begin by recalling that since V is separable, the Gram-Schmidt
process (see Kreyszig [26] p.157) may be employed to obtain a total orthonor-

mal sequence in V. That is, a sequence (wy,ws, ...) such that

V = span(wy, wo, ...) . (2.22)

We will now demonstrate that this sequence may be used to construct a suit-
able (ug,,) that satisfies Condition 3.

To this end, we notice that since V is dense in in H, for every ug € H

there must exists a sequence (u[()")) in V such that for each n € N

(n) 1
— < — . 2.23
o uol| o on ( )

Now, since the sequence (u(()")) is contained within V, it follows from ([2.22])

that each element therein may be approximated by elements within span(wy, w, ...).

Hence, for each n € N; there exists v,, € span(wy, wsy, ...) such that

n 1
lon —ug”ll < 5~ (2.24)

We now notice that , since the sequence (v,) is contained within span(w;, ws, ...),
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for each n € N there exists an m,, € N and scalars a,, as, ..., @, » such
that

Up = G1W1 + A2, W2 + ... + Ay Wi,y

Making use of this fact, we now construct the sequence (uo,,) as follows:

For n =1,2,...my, we set

n

Uon = E ;1 Ww;

i=1

so that ug, € span{wy, wa,...w,} and ug,, = v;.

Then, iteratively for each 1 = 2,3,... , we set

U07m1+m2+_nmi_1+j = uO,m1+m2+...mi_1 for j = ]_, 2, Ly — 1

and

U0, m1+ma+..mi—1+m; — U(m;)-

Clearly this sequence satisfies the requirement that ug,, € span{w;, ws, ...w,}

and hence it only remains to show that it has the limit u,.

To this end, we begin by noting that the constructed sequence is of the

form
(Uo,n) = (@1 1w1, a1 1w1 + A21Wa, .., V1, ...y V1, V2, .. V2, oy Upy o Uy o)
and hence, given n € N, there exists N € N such that
luon — uoller = llon — uoller < low = u” s + [uf” = wolln
recalling that V' is continuously embedded in H

< ow = u§ v + [[ud” = uolla
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© University of Pretoria



oo
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q@ YUNIBESITHI YA PRETORIA

recalling and

2n+2n n

Thus, as required lim,, o ||uo, —uo||x = 0 and hence Condition 3 is satisfied.
]

We will now proceed to demonstrate that Theorem may be applied to
Problem 2L

Lemma 2.17. (W, £, W}) is an evolution triple.
Proof. Tt follows from Theorem that W, and £, are separable Hilbert

spaces. Furthermore, we notice that the definitions of the spaces W, and L,

imply that for each u € W,
lullz, < llullw,
so that
W, =L, .

Making use of this fact and Theorems [2.5 and [2.6]in the previous section, it
follows that W, is dense in £, and hence (see Brezis [1I] p.136)

W, = L, =W, .

Lemma 2.18. (Cauchy inequality)
For o, € R and any € > 0

1
aff < ea® + — 2
4e
Proof. Given € > 0, it follows that that
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1
=e® —af+—3
4e
from which the result follows immediately. O

Lemma 2.19. (Sanfelici [33])
The bilinear form A, satisfies the Garding inequality. That is, there exist
constants o > 0 and X\ € R such that for each u € W,

Au(u,w) + M|z, = allully,

Proof. We begin by setting

2

(= min{a—,'r’} ,

2

so that,
Ap(u,u) = Cllullw, +/ A(w)wi (2)2 DD [u(z)Ju(z)dz
R+
> Clulbw, = 4@ | wb@)eDVlu@u(s |

applying Holders inequality,

> Cllullw, = [[Allsolulw, [l .,

> Cllulw, = Al lluliw.llullz,
applying the Cauchy inequality,
2 1 2
2 Cllullw, = el Allollully, = ZllAllsllullz, for any e>0 .
It therefore follows that
1 2 2
A, u) + =l Allclullz, 2 (¢ = el Alloo)llullyy,

¢

The result now follows by selecting 0 < € < W
Ulloo
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Recalling Lemma [2.10] from the previous section, we have therefore shown
that Problem [2] satisfies the conditions of Theorem 2.14] and hence has a

unique solution.

60

© University of Pretoria



poat
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Quf) YUNIBESITHI YA PRETORIA

Chapter 3

The Galerkin Approximation
Method

In the previous chapter we completed the first step required for the
application of finite element type methods - reformulating the valuation
PDE as an integral identity over a well chosen Hilbert space (the weak
formulation). Our aim is now to obtain easily calculable numerical
approximations for the solution of this problem. To this end we will
consider the well known Galerkin approximation method. Simplistically,
this method will involve deriving approximating versions (termed
semi-discrete versions) of Problem [2{ over carefully constructed finite

dimensional subspaces of W, (the approximation spaces).

An investigation into the construction of these subspaces will form the bulk
of this chapter. In this regard we begin by introducing classical methods for
such constructions in the context of a generic variational problem. We will
then proceed to follow the work of Sanfelici [33] and Bettess [5] and
consider the various alterations that are required in order to derive suitable

semi-discrete versions of Problem [2
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3.1 The Finite Element Method

Suppose for the moment that instead of Problem [2, we consider the
following generic, time independent problem defined over a bounded
domain Q = [a,b] C R:

Problem 3. Find u € W4(Q) such that
A(u,v) = f(v) for all v € WH(Q)

where W2(Q) is the classical Sobolev space (see Definition in the
appendiz) and A : WH(Q) x WH2(Q) — R is a continuous and coercive

bilinear form.

We now wish to consider the application of Galerkin’s method to this
problem. Similarly to Problem [2| this requires the selection of suitable
finite dimensional subspaces of W2(2) over which we may define
approximating versions of the above problem. The most common choice
within literature for these subspaces are the well-known finite element
spaces (a Galerkin’s method that makes use of finite element spaces is
referred to as the Galerkin finite element method). In this section we will
therefore follow the work of Ciarlet [I3], as well as that of Guermond and
Ern [I8] and provide a brief introduction to the construction of finite
element spaces and their application within Galerkin’s method. To this

end, we begin by recalling the following well known definitions:

Definition 3.1. (see Guermond and Ern [18] p.3 )

A triangulation of the domain €2 is a finite collection of closed,
non-overlapping sub-intervals {I;}i=) (termed elements) that satisfy
Q=UN,I,. We write: T, = {I,}}¥, , where h; < co is the length of the ith
element and h = Zlilla]}\cf(hz)

A triangulation may be uniquely described by a finite set of points
a=ayg<a; <..<ay =bsuch that for each : =1,2,..., N, I, = [a;_1, a;].
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Definition 3.2. For each k£ € N, we denote by P, the collection of all

polynomials of degree less or equal to k.

Definition 3.3. (see Guermond and Ern [18] p.4 )
Given a triangulation 7, of €2, we define the associated space of piecewise

polynomials of degree k by,

P ={ueC(Q)|Vi=1,2,..,N ,u, € P}

Making use of these definitions, we may now proceed to detail the
construction of the finite element spaces for use within Galerkin’s method.
In keeping with standard notation, we will denote these spaces by W~
(Functions within these spaces are also written with subscript h. The
meaning of this subscript will be given presently). Following Ciarlet [13],
we begin by noting that the constructions rely on the following three key

aspects.

1. Associated with each finite element space W), should be a

triangulation 7T, of Q.

2. The finite element spaces W), should consist of piecewise polynomials.
That is, we require that W, = P} for some k € N.

3. There should exist a basis of W), that consists of functions with

"small" supports in €.

Owing to the simplicity of the domain in question, 2 = [a, b], it will suffice
b—a

for us to consider the trivial triangulations T, = {[;}Y |, where h =
and I; = [a + (i — 1)h,a + ih]. Property 2 above then dictates that we

should choose
Wih=PF ={ueC(Q)|Vi=1,2,..,N ,u, € B} ,

for some k € N. For simplicity, we will restrict ourselves to the case in
which k = 1.
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It now remains to show that these spaces have bases that consist of
functions with "small" support in €. To this end, we follow standard

theory and introduce the well known Lagrange polynomials of degree 1.

Definition 3.4. (see Guermond and Ern [I8] p.4)
Let 7, be a triangulation of Q = [a,b]. We then define, for i = 1,2,...N — 1,

the functions

(1/h)(x —ai—y) if z €
wi =19 (1/h)(a;y1 —x) if x €l

0 otherwise
and

(1/h)(h —z) if x €y
Yo =
0 otherwise

(1/h)(x —an—1) if z€ly
YN =
0 otherwise

It should be noted that within literature these functions are often termed
"hat functions" due to their characteristic shape (see Figure below).

.
a .

Qi—1 i Qjt1

Figure 3.1: Lagrange polynomials of degree 1.
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It is easy to show (see Guermond and Ern [18] p.4) that the collection of
Lagrangian polynomials, {¢g, 1, ..., on }, forms a basis for W, and hence
that W), is finite dimensional. Furthermore, since the support of each of the
;s is restricted to at most two elements, this basis satisfies aspect 3 above

(the reason for this requirement will become apparent in later chapters).
Lemma 3.5. The finite element spaces W), are subspaces of W2((2).

Proof. Let v, € W}, it then follows that v, may be written as a linear
combination of the basis functions {¢g, 1, ..., on } and thus, there exist

scalars ag, aq, ..., an such that
(@) = Egipi(2)

We then note that an argument similar to that used in Example may be
employed to show that the function v, is weakly differentiable. Noting that

h on [Z
D(l)[%‘] =4 —h on ji—i—l 5

0 otherwise

the distributional derivative of v, is given by

hla; — oy on Ioi,forizl,Q,...,N
D(l)[vh] _ [ 1]

0 otherwise

Noting that €2 is bounded, it then follows immediately from the fact that

both v, and its distributional derivative are bounded that

2()dx (1)~x2:p o0 .
/Qsamd +/(D [pi(2)])” dz <

Q
Thus, as required v, € W12(Q). O

We have thus shown that the finite element spaces W), are indeed finite

dimensional subspaces of W2(Q) and owing to the way in which these
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spaces were constructed, they may now be used within Galerkin’s method

to define approximating versions of Problem [3| (termed discrete problems).

Problem 4. Find u;, € W), such that
A(up,vp) = f(vy) for all v, € W),

For a discussion of the manner in which these problems approximate
Problem (3] we direct the reader to the work of Ciarlet [I3] as well as that of
Guermond and Ern [I8]. We will however present a similar discussion in the
context of Problem |2 in the next chapter.

3.2 The Infinite Element Method

We now recall that the ultimate aim of this chapter is the application of
Galerkin’s method to Problem [2| and as such, we must now consider the
construction of suitable finite dimensional subspaces of W, to serve as
approximation spaces. In the previous section we illustrated the
construction of finite element spaces - the standard choice in this regard.
These spaces can however not be constructed within the context of
Problem [2] as the unbounded nature of the spacial domain R* does not
allow for the construction of the required triangulations 7. In this section,
we will therefore follow the work of Sanfelici [33] and Bettess [5], and
consider an extension to the finite element theory of the previous section, in
the form of an infinite element. This extension will allow us to circumvent
the problem of the unbounded domain and construct suitable

approximation spaces for use within Galerkin’s method.

The construction of these spaces (which we will term the infinite element
spaces and denote by Wj~¢) begins by considering the decomposition of the
spacial domain R* into the bounded sub-domain Q = [0, z,,4,] and an
unbounded interval I;,; = [Zyq4q,00) (the infinite element). Following
Sanfelici [33], we wish the construction over €2 to mirror that of the finite

element spaces in the previous section. Consequently, considering the trivial
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triangulations 7T, of €2, we select the associated Lagrangian polynomials of
degree 1 as basis functions over this set. W, is then defined such that its

restriction to €2 consists of piecewise polynomials of degree 1.

It now remains for us to select suitable basis functions over the infinite
element. To this end we will follow the work of Bettess [5] and introduce
the method of "mapped infinite elements". Under this method, suitable
basis functions are obtained by mapping the standard basis functions over
the interval I = [0,1) (termed the reference element) onto the infinite
element. In this regard, we begin by recalling (see Definition that the
Lagrangian basis functions of degree 1 over the reference element are given
by

and

0 1

Figure 3.2: Lagrangian basis functions of degree 1 over the reference
element.

Adapting the work of Bettess [5], we now introduce the following mapping:

F:[0,1) = [Zmaz, ) ,
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where

F(O) = (0) (xma:c - h) + (1 - 0) (xmax) = Tmax

and

lim F(i) = mn(—fi)@40+%mx=aa.

T—1— T—1—

Furthermore,

Thus, F' is invertible, with

h
T — (Tpmaz — D)

t=F1z)=1-

Under this mapping, the images of ¢; and ¢y on the infinite element are

therefore given by

h

Pinf1 (ZL“) = Sal(F_l(x)) B T — (l'ma:c - h)

and

h

T — (Tyaz — h)

Ping, () = Go(F~H(x)) =1 -

Setting
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. ON on Iy
@N = )
Pinf1 on Iinf

we may then define the infinite element spaces as

Wh = span{gpo, P10y PN-1, SO*Na (pian}

Figure 3.3: Infinite element basis functions.

Lemma 3.6. The infinite element spaces Wy, are contained within the weighted

Sobolev space W,,.

Proof. Let v, € W, it then follows that v, may be written as a linear
combination of the basis functions {¢o, 1, ..., oN—1, ¢N> Pins, } and hence,

there exist scalars ag, ay, ...an_1, oy, @y+1 such that
vp(z) = Eﬁal(ai%(x)) + anPyN T AN Pings

Since vy, is continuous and piecewise classically differentiable, an argument
similar to that used in Example may be employed to show that vy, is
weakly differentiable, with

hloy — 1] onI; fori=1,2,..N
DO%) = S h(z = (Tmaz — B)) 2 [ing, — o] on Loy
0 otherwise
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It remains for us to show that ||v[lyy, < co. To this end we note that since

each of the basis functions is bounded above by 1, we have that

/ W (x)|op(2)]?dz < (N +1)*  max |ozi|2/ w?(z)dz < oo
R+ R+

i=0,1,...,N+1

Furthermore,
N
[ D0 e = Y [ b= P (o)

o

It is clear that the first term is finite and hence, the result follows by noting

that
o
Amaz

= 1 Yo u
< C’ max 2d
a /mmam [‘1. - (xmaz - h)] < x? ) v

2
wz(x)a:de :

h(ani1 — ay)
[ — (Tae — R)]?

h(ani1 — ay) 2 , ,
[ — (Trmaz — h))? wh(z)2*dx

0o 1 4

<C 272

B Tmax ['T - (xma.’l? - h’)] ! v
0o 1 4

<C dr < oo .

Tmaz [:)3 - (Imaw - h)]

]

The infinite element spaces W, are therefore finite dimensional subspaces of
W,.. Before we may proceed to make use of these spaces to formulate
semi-discrete versions of Problem [2| we note that due to their discontinuity,
the initial conditions at each monitoring time t,, do not lie within the
spaces Wy. These conditions should therefore also be approximated in
order to be included within the infinite element spaces. Following Sanfelici

[33], for this purpose, we consider the L£,-projection into Wi,.
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Definition 3.7. The £, ,-projection of a function u € £, into W}, is the

function uy, € W), that satisfies
(w —up,vp)e, =0 Yo, €Wy .

Bearing this projection in mind, we may then formulate the semi-discrete

approximation of Problem [2] as:

Problem 5. For each m =0,1,... M — 1, find Vj, € CY([t, tms1], Wh) such
that

([Vh]t7 uh)ﬁu + A,u(vfu Uh) =0 V up € Wh (31)
Viltm) = Vi

where Vi, 1 is the L,-projection of V,,, into Wh,.

Recalling that the solution of the above problem may be written as

N-1
Z OQ SDZ + OéN@)SO*N + aN+1<t)90inf2 ;

or, setting ¢; == ¢; for 1=0,1,2,.., N —1 and ¢y := ©N, ON+1 = Qinfs)
N+1

Vh(t) = Z Oéi(t)@‘ ) (3-2)

1=0

it follows that the coefficients a;(t) must satisfy the following system of or-

dinary differential equations (ODEs):

N+1 N+1

> ()i, ) Jrzozz (@i @) =0 for j=0,1,2,...N+1 .

= (3.3)
The Cauchy-Lipschitz-Picard Theorem (see Brezis [I1] p. 184) implies that
the system of ODEs has a unique solution. Noting that the solution
of Problem [5 is uniquely determined by the coefficients a;(t), this in turn

implies that this solution exists and is unique.
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Chapter 4

Convergence of the Galerkin
Infinite Element Method

In the previous chapter we introduced the Galerkin infinite element method
and then proceeded to derive semi-discrete versions of the valuation problem
defined over the infinite element spaces W;,. We now wish to show that the
solutions of these problems, V},, may be used to approximate the option value
V. To this end, we begin this chapter by considering a weighted analog of a
well known interpolation estimate. We will then proceed to characterise the
sense in which the spaces W), approximate the weighted Sobolev space W,.
Finally, we present a number of stability estimates for the solution of the
semi-discrete problem and then, making use of these estimates, demonstrate

the convergence of V}, to the option value V.

4.1 Interpolation Estimates

As in the previous chapter, we denote by €2 the bounded interval [0, Z4.]
and by Tp,~o the trivial triangulations of {2. We now proceed to introduce an
important class of operators, termed the linear interpolation operators, that

map continuous functions into the spaces of piecewise polynomials.
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Definition 4.1. (See Guermond and Ern [18] p. 5)
The piecewise linear interpolation operator associated with a triangulation
Ty, of Q is the linear operator II;, : C'(Q) — Pl(Q) defined by

N

IIyu = Z u(a;)p;

i=0
where {¢q, 1, ..., on } is a basis for P} ()

For the remainder of this dissertation we will assume that the basis
functions ¢q, 1, ..., e used to define the piece-wise linear interpolation
operator II; are the Lagrangian basis functions of degree 1, as introduced in
Chapter 4.

It is well known (see Guermond and Ern [I8] or Oden and Reddy [31]) that
the linear interpolant IT,u of a function v € W22%(Q)), approximates u and

satisfies
Hu — HhunLz(Q) < ChHuHW2,2(Q) Vuée W2’2<Q) s (41)

for some constant C' that is independent of h.

This estimate is essential in classical theory of finite element spaces and
hence, before we may proceed investigate the manner in which the infinite
element spaces WV}, approximate W,, we must obtain an analogous estimate
within the weighted Sobolev space W2(Q, wy).

To this end, we begin by noting that Definition implies that in order for
the linear interpolant II,u to be well defined, we require that the function u
is essentially continuous on Q (in the case of (4.1)), this follows due to the
well known compact embedding of W%2(92) into C(2)). Tt therefore follows
that in order to derive a weighted version of estimate , we must first
demonstrate that the functions within the weighted Sobolev space
W?22(Q, wy) are essentially continuous. In this regard, we will first show
that the space W22(Q, wy) is continuously embedded into W22(£2, X) and
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then, by making use of Theorem that the compact embedding
W22(Q,wy) CC C(2) holds.

Lemma 4.2. The weighted Sobolev space W*?(Q, wy) is continuously embed-
ded into W22(Q, X).

Proof. Let u € W%%(Q,wy), then
sy = [ o)
+ /352 [D(l)u(x)]2da:+/ac2 [D(2)u(:c)]2dx
Q Q
< ||(L’2Hoo,Q/U2(£U)dJI+/ZE2 [D(l)u(x)]2dx
Q Q
+ /x2 [D(Q)u(x)]2d:1:
Q
< C {/ uQ(:p)dx—l—/x2 [D(l)u(x)]zdx+/x2 [D(Q)u(x)]zdm
Q 0 Q
= Cllullw22@u)

where C' = max{||7?||w.0, 1}. The result now follows due to Definition
in the appendix. O

Theorem 4.3. The space W?%(Q,wy) is compactly embedded into C ().

Proof. Recalling the above lemma, it follows immediately from Definition
in the appendix that the identity operator

I : W33(Q,wp) — W22(Q, X)

is bounded and linear.
Similarly, Theorem and Definition imply that the identity operator

I : W>*(Q, X) — C(Q)

is compact.
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Suppose now that we consider the operator
]13 =Iyol;: WQ’Q(Q,WQ) — C(Q)

Recalling that the collection of compact operators between Banach spaces
forms an operator ideal within the space of bounded linear operators (see
Conway [14] p. 174), we have that since W22(Q, wp), W*?(Q2, X) and C(Q)
are Banach spaces, I3 is compact. The result then follows by nothing that
a compact operator between Banach spaces is bounded and hence that for
each u € W2?(Q, wp),

[ulloo < NTslflellw22(@u0) - (4.2)
0

As in the unweighted case, an embedding of this form implies that the
piecewise linear interpolant Il,u is well defined for functions

u € W22(Q,wp). We may therefore proceed to derive an estimate analogous
to for functions u € W22(Q, wp).

Sanfelici [33] suggests that a starting point for this estimate is the work of
French [21], Lyashko and Timerbaev [29], as well as that of their references.
The author of this dissertation could however not find a reference to this
result in the work of French [2I]. Lyashko and Timerbaev [29] do however
cite a paper due to Timerbaev [36], in which such an estimate is discussed.
This paper, entitled "OneHKn mOrpenrHOCTH N-MepPHOR
CILJIAMH-UXTePHoanun B BecoBbix HOpMax' or "Error estimates for
n-dimenstional spline interpolation in weighted norms", does however not
appear to have been translated into English and presents results in a more
general setting than that which is required here. The following work

therefore makes use of author’s own translation and adaptation of [36].

We begin by noting that local versions of the required estimate are easily

obtained over the elements I;, for + = 2,3,...N, as the weight functions may
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be bounded above and below by non-zero constants.

Lemma 4.4. There exists a constant C > 0 such that for each i =2,...N
and u € W?%(Q,wy), we have that

]u — Hhu\wm,z(h’wo) < Ch‘u’wzz(h’wo) for m = O, 1

Proof. We begin by noting that since the elements [; are mutually disjoint
and 0 € I;, we have that for each i = 2,..N; I; N1 {0} = (). We then recall

that it follows from Ciarlet [I3] (p.121) that there exists a constant C' > 0
such that for each u € W22(I,)

|u — Hhu‘wmg(h) < ChQim’u‘Wz,z(Ii) for m = 0, 1.

Now, for u € W?2(I;,w) and m = 0, 1, we have that

1/2
T e () IRV R

(zh)m|u - Hhu|Wm,z(1i)
[2h(l - 1)]m|u - HhU’Wm»Q(Ii)
C[(l - 1)h}mh2_m|U|W2,2([i)

i - ( | (5) 10 o)

< oo ] ( [ D lutac) "

z€l;

= e [@ —11)h} (/ o [“‘””)”2“) i

— Cli— 1) h ( /1 D [u(x)]|2dx) v

k3

IN

IN

1/2

noting that 7 —1>1and m=0,1 ;

S C’h|u|W2,2(1i7wO) .
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The method presented in the above lemma is however not applicable in the
case of the first element I, as the presence of the 22 term in the weight
functions causes them to become degenerate (= 0) at x = 0. We are
therefore unable to bound the weight functions below by a non-zero
constant. In order to obtain the local estimate over the element I;, we must
therefore proceed by following the method presented within the work
Timerbaev [36]. To this end, we begin by introducing the following

mapping from the reference element I = [0,1] onto 1.

Definition 4.5. Let F : I — I be the mapping defined by
F(&)=hi , 2el .
We then define the mapped functions
(%) = w(F(2)) where u € W2(I;,w)

and denote by II the interpolation operator (see Definition above) over
I, with respect to the trivial decomposition 7; = {f }. Finally, if we give the
obvious meaning to the weighted Sobolev spaces W™2(I,éy) and W™ (I, X)

it is clear that these spaces satisfy embeddings analogous to those given in

Theorem Theorem [I.13] Lemma [4.2] and Theorem

We now present a number of Lemmas due to Timerbaev [36] and then derive

weighted versions of two well known results.

Lemma 4.6. For m = 0,1, each u € W™?(I},wy) satisfies

1/2
_ AN\2m m) A/ A ~ ~
hmwmmmmz(ﬁ@>uﬂqum) — il i

Proof. We begin by noting that for any ¢ € C5°(I) we have that

ot =) [ e

dx™

7

© University of Pretoria



oo
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q@ YUNIBESITHI YA PRETORIA

dm
— /o)
so that
a" . m ™
T (@) = 1" o(2)
Thus
oo dm o 1 m d’ .
- [0 g @z =~ [ u £ o) ds
= L pe ) e (L) da
h J,

The uniqueness of the weak derivative then implies that
D™ a(#)]* = [h*"| D™ u(F (&) . (4.3)

Multiplying both sides of this equation by (i’)zm and integrating over I yields

@ pmacps = e [ @)D" u(F )P
I

I

= /1 (h&)>™ | D™ u(F(&))]2dz .

Recalling that each € I; may be written as - = F(#) = hd for some & € I,

a change of variables yields

f (2)*™ | D™ (2))2dz = / (hz)*™ |D™u(F())|?dz

I I
_ / 22| D™y () [2d
I

and hence,

1/2 1/2
( / (3)2 |D<m>a<§;)|2d@) _ oy ( / m2m|D(m)u(x)]2dx)
1 I
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Lemma 4.7. Every u € W?(1,wy) satisfies

Proof. We begin similarly to the previous lemma and for m = 2, multiply
equation (4.3) by #2 and then integrate over I to obtain

/ (2)*|DPi(z))?di = h? /I (hz)? | DPu(F(&))|?dz

1

= h/ 2?| DPu(z)|?dx
I
and hence,

1/2 1/2
( / (#)? |D(2)ﬂ(j:)|2di> _ < / xm|D(2)u(x)|2da:>
I I

The proofs of the following results are adapted from the analogous

unweighted versions as presented by Ciarlet [13].
Lemma 4.8. For m = 0,1, the interpolation operator

IT: W21, 00) — W™2(I, )
s bounded and linear.

Proof. We begin by noting that the operator IT : W22(I, &y) — W™2(1,éy)
is well defined due the fact that P}(I) € W™?2(I,d) and that linearity fol-

lows immediately from the definition.

It therefore remains for us to demonstrate boundedness, to this end we note
that for each @ € W22(I, &) we have that

HHfwam,z(j,@O) = [|[a(0)$o + a(l)SalHWmﬂ(f,wo)
|@(0)lIBollwm2(i a0y + 1GIG1wm2(d o)

IN
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VAN

max {[|@ollym.(7 zo) 1P1llwma (i ae)} [@(0) + a(1)]
Cllall,i

IN

A~

We now recall that due to the embedding W22(I, &) cC C(I), there exists
a constant C' > 0 such that for every @ € W22(1, )

@l 7 = supla(z)]
zel

IA

Cllallwez i zy)

and hence, as required

Il yymeioe < Cllillweci oy -

Lemma 4.9. (Weighted Deny-Lions Lemma)
For every bounded domain 2 C R, there exists a constant C > 0 such that
for each u € W2(, wy)

peilgfﬂ) Ju — P”W?’Q(QMO) < C|ulw2’2(97‘”0)

Proof. We begin by noting that the space P;(2) has dimension 2 and hence
so does its dual space P;(Q)* (see Kreyszig [26] p.114). Now, suppose that
f1 and f, are basis functions for P;(Q2)*. Then, since

Pi(Q) € W?%(Q,wy), the Hahn-Banach extension theorem (see Kreyszig [26]
p.221) implies that f; and fo may be extended to bounded linear functionals
fi and f, in the dual of W22(€, wy).

We then recall (see Kreyszig [26] p.115) that since P;(€2) is finite dimen-
sional, we have that for p € P;(Q),

filp) = fo(p) =01if and only if p=10
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and hence, for p € P;(92),

filp) = fo(p) =0 if and only if p=0 . (4.4)

Now, suppose that there exists a constant C' > 0 such that for any
u € W22(Q,wp)

lullw220.) < C |[ulwziouy + i@+ 2@ . (@45)

We then define the mapping T'(u) = (f1(u), fa(u)) : P, — R% Since {f1, fo}
is a basis for the finite dimensional space P;, the mapping 7" is an isomor-
phism and hence for each u € W?2(Q,w) there exists a ¢ € P, such that

T(q) = (f1(a), f2(9)) = (f1(), f2(q)) = (f1(w), fo(u))

and hence that

filu—q) = folu—q)=0. (4.6)

Recalling that ¢ € P;(Q) and hence D®[q] = 0, it follows from (4.5) and

(4.6) that

i B o < B o
peﬁm)”u pHW“(Q, 0) = [|u QHW“(Q, 0)

< C[lu=dlwaaioun + ilu =)l + | fa(u = q)]

= Clulw22@u)

as required. It now remains to show that inequality (4.5)) does indeed hold.
To this end, suppose that (4.5) is false, it then follows that there exists a
sequence (u,,) in W2(Q, wp) such that

|tn|[w22(0u) =1 for each n € N

and
tim (Junlw220200) + i ()] + o)l ) =0 (4.7)

n—oo
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Since (u,,) is bounded in W?22(€), wy), it follows from the compact embedding
W22(Q,wy) CC C(Q) that there exists a subsequence (u,,) of (u,) that

converges in  C'(§2) . It therefore follows that (u,, ) is Cauchy in C'(2) , i.e.
given € > 0 there exists M € N such that

||unj — Up, ||oo,Q <

Now, if ¢ denotes the Lebesgue measure and we set
C = [\/E(Q) + HxHLl(Q)], we have that for j,1 > M.

[[ttn; =ty lw1.2(2, wo) < Jum, — iy [wo2 (@) + [tn; — tn, [wr2(00)
< Nan, = oo [ V(D + all 2100 |
= CHU’”J - unz”oo,ﬁ

<€/3
Furthermore, it follows from (4.7)) that there exists M* € N such that
6 *
|Unk|W2,2(Q’w0) < g Vk>M .
Now, provided j,! > max{M, M*}, we have that
||U’nj - unz”Wz’Q(Q,wo) < Hun] - um||W1’2(Q7WO) + |Unj - um‘W2*2(Q,w0)

< e, = [l wr2(0,w0) T |Un, w22 (@.w0) T [t 22 (Q.m0)

- 6+€+6
3 3 3
€

It therefore follows that (uy,,) is Cauchy in W%2(Q,w) and hence, since
W22(Q2,wp) is complete, that there exists u € W?(Q, wy) such that

(Un,) —u in WH(Q,wp) .
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We therefore have that

|U|W2’2(Q,wo) - kh—{go [|U|W2’2(Q7w0) - |u”k|W2’2(Q’w0)}
< b b

=0 .

It follows that D®[u] = 0 almost everywhere on 2 and hence that u € P;(Q).
Making use of this fact, as well as (4.7)) we then have that

0= lim fi(un,) = fi(u)

and

0= lim fo(un,) = fo(u)
and hence u = 0 due to (4.4). This however contradicts the fact that
l|tny [|w22(000) = 1 and hence must hold. O

Making use of the above lemmas, we will now derive the local interpolation
estimate over the first interval I;. The proof of this result is due to
Timerbaev [36].

Lemma 4.10. There exists a constant C > 0 such that for eachu € W22(Q, wp)
we have that

|U — Hhu’WmQ(Il,wo) S Ch|’U,|W2,2(Ith) .

Proof. We begin by noting that clearly W22(I, @) < W™2(I, &) and hence
the identity operator I : W22(I, &) : W™2(I,&,) exists and is bounded.
Furthermore, we demonstrated in Lemma that the interpolation operator
11 : W22(1,00) — W™2(I, () is also bounded. It therefore follows that there

exists a constant C' > 0 such that
II-1<C . (4.8)
We now also notice that for each § € P;(I), we have that
(q) =q ,
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and hence that
(I-M@) =4—G=0 . (49)

Making use of equations (4.8)) and (4.9)), as well as the weighted Deny-Lions
Lemma, it then follows that for each @ € W22(I, Q)

4 — H@)‘Wm,z(f,wo) = inf [a —1I(a) — (¢ — H(d))‘wva(f,wo)
GepPi(I)

= inf [(I=I0)(@— §)lymagis
b U = I = @lymaran

< M= inf (@ = qllymee,
g I)

€r

< C inf ||t—qllymeie
(jEPl(f) || ||W 2(1,&0)

< C inf ||t —q|lyezis
0=l
C|alw2,2(f’w0) . (410)

Making use of Lemmas and as well as (4.10), we then obtain the
required result as follows

[ = TH(w) [wmez(ry wo) = Y28 = TH(@) |z 7 o)
S Ch1/2|a|W2v2(f,®o)

= Ch‘U|W272(11’w0)
]

To conclude this section we will now make use of the local estimates derived
in Lemma and Lemma to illustrate the required interpolation

estimate over (2.

Theorem 4.11. There exists a constant C' > 0 such that for each
u € W22(Q,wy), the following interpolation estimate holds

|u = T () [[wr2w) < Chllullwz2(0w)
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Proof. Tt follows from Lemma [£.4] and Lemma (.10 that for i = 1,2,..N

and m =0, 1,
|U - Hhu|W7”’2(I¢,wo) S Ch|u|W2’2(]¢,w0)
Making use of these estimates, the result is derived as follows

Ju — In(u) w2 @uwe) < Ju— Ta(w)|wo2(quw) + [t — Thn(w) w2 .w)
N
= Dl = Ta(w) [ wor(1,wo) + |t = T () w2z, )
=1
N

Z [Oh|u|W2v2(Ii,wo)]

i=1

IN

Ch2fu\%/v2v2(9,wo)

IN

ChHUH%vw(Q,wO)

Corollary 4.12. Given ¢ € C§°(Q), it follows that

lim ¢ — ndllwz2(@uw) =0
Proof. This result follows immediately from Theorem by noting that the
space C5°(Q) is contained within W?22(Q, wy). O
4.2 Error Estimates

Making use of the interpolation estimates derived in the previous section,
we may now proceed to investigate the convergence of the solution of the

semi-discrete problem V}, to the option value V' .

We begin by investigating the manner in which the weighted Sobolev space
W, is approximated by the infinite element spaces W. To this end, we

present the following result due to Sanfelici [33].
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Theorem 4.13. Let x,,,. = h™¢ for some ¢ > 0, then for each
u € W, we have that

li inf — =0
g iy, 1 = b

Proof. Given u € W,, we begin by setting @ = uX[s,.,,], Where Xy is the
cut-off function as defined in Definition [[.16] Lemma then implies that
for each € > 0, there exists a function ¢ € C§°(2) such that

HfL — d)HWl’Q(Q:Wu) < € .

Since both @ and ¢ vanish within some neighbourhood of z,,,,, they may be
extended by 0 outside of {2 to obtain

= glhw, < e -
Furthermore, we notice that since ¢ € C§°(Q2), Corollary implies that

Tim [}6 — Tadllws 20y = Tim 6~ ugl, =0 (411)
Now, since [I,¢ € W, it follows that

Jnf =l < llu—Tg]w,
< lu—allw, + |l — ¢llw,
+ ¢ — oI,
< |lu—=allw, + e+ [|¢ — M, - (4.12)

Since this holds for every € > 0, the result now follows by taking the limit as
h — 07 and considering (4.11)) and Lemma O

For completeness, we now present an estimate due to Sanfelici [33]. We do

however note that this estimate is not used in the proof of further results.
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Lemma 4.14. There exists a constant C > 0 such that for u € W,, we have
that

Uhlélg\}h Hu — uh||W1,2(Q’wO) S OhHUHWQ?(RJF,w,L) s

for every compact domain Q = [0, Te:] = [0, 7] C RY.

Proof. Similarly to the previous theorem, we begin by setting u = ux

xnm,;c]

and then note that since supp(a) C Q, @ € W*?(Q,w,). The piecewise linear
interpolant I1,u is therefore well defined and is a member of W), with support
in €.

Following Sanfelici [33] (this method was originally used by Babuska [4]),

we then define the set of weight functions

2

M(a:)e’mxe}, for some /i > 0.

Wy, = {wi(x>€72ﬂx7w

Clearly we then have that e=2#* may be bounded above by 1 on R*. Fur-
1
thermore, it follows that since u(x) — a(z) = 0 for 0 < z < 3¥maz; We have

that
1

—H S Tmax

||u — a‘|W1’2(R+7wu,ﬂ) <e 3 ||u — 174”1/\;“ .

Making use of the above facts, as well as Lemma [4.11], we therefore have that

uh,igif\/h HU — uh”Wl’Q(Q,w%ﬂ) S Hu — HhﬂHWl’Q(Q»Wu,ﬂ)

< lu = allwrz@uw, ) + 10— aillwizu, )

< u- a"Wl’Q(R+ku,ﬂ) + [l — HhﬂHWLZ(Q»%,ﬂ)
1

_ﬂ_xmam

e 3 lu—dlw, + lo - htflwiz o,

IA

o Tmaz

< lu = allw, + Chlla]lw22@.u,)

1
e '3
1

—H T Tmazx ~ ~
<e 3 [llullw, + l@lw,] + Chllalwaege v,

1
< 26_/J'333max

[ullw, + Chllalw2@s )
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1
_/A//—-Tma:c

<2 3 ||U||W2’2(R+,wu) + ChHUHWZ?(Rth)

The result now follows by noting that there exists a constant C' > 0 such
1

0— mazx —p—h

Hatmer _ M3

—1

< Ch. ]

that e

We now turn our attention to demonstrating the convergence of V}, to the
option value V. To this end, we begin by presenting a number of
introductory results that will prove useful within the main results of this

section.

Lemma 4.15. Gwen u,v € W,, we have that

. 2 o
xlg& w(z)ru(z)v(z) =0

Proof. We begin by noting that since u,v € W,, we have u,v € Wh?(Q, X)

and hence, due to the embedding W'2(Q, X) cC C(), both u and v are

bounded on 2. We furthermore recall that w, is bounded above by 1 and

hence the result follows immediately. O]

Lemma 4.16. Giwen u,v € W,, we have that

. 2
mh_)rgo w,,(z)ru(z)v(z)

Proof. We begin by noting that since w,(x)*u(z)v(x) satisfies the conditions

of Lemma it is weakly differentiable over R™ and hence Lemma
1

implies that it has a version that is absolutely continuous on [—,n], for each
n

n € N. We therefore have that

n

| s@Puade = @ rua)ots)

n

1/n

- /1” zDW [wu(z)u(z)v(z)] dz .

/n

Noting that w,(z)?u(z)v(z) also satisfies the conditions of Lemma [A.31] we
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may apply the product rule for weak derivatives to yield

n

/ " @ u@)o()ds = (@) zu(@)o()]

n

1/n

_ /1 " 2 (2) DY o ()] o () da

/n
_ /1 / W2 ()2 DY [u(z)] v(z)dz
_ /1; W (@)au(z) DD [u(@)] de . (4.13)

Taking the limit as n — oo in (4.13)) and applying Lemma we have that

[ et utantenie = Jim oo et
- /0 " 20, (2) DY [ ()] wule)o(a)da
_ /0 2 (@)aDD fu(x)] v(x)de
- /Ooowi(:v)xu(x)D(l) (@) de . (4.14)

Making use of Holder’s inequality, it is easy to show that the the integrals
in ([£.14) are finite, and hence we must have that lim, . [w,(z)*2u(z)v(z)]

exists and is finite.

Suppose now that for some C' > 0,
lim [w,(2)*zu(x)v(z)] = C .
T—r00
It then follows that for every e > 0, there exists X > 0 such that

Wi (z)zu(z)v(z) —C| <e Vo> X |

or,

C - C
[mQ“ E} 2t < u(z)v(z) < [Wﬂ] V> X
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Multiplying this inequality by w” and integrating over [X, c0), Holder’s in-
equality implies that

[, <o [inj] e < [l

< ( /X h wg(x)u%;)dx) v ( /X b wi(w)vz(x)dx) "

(4.15)
Furthermore, we note that

/ N W (x) {02; 1 2Ny = / CC—datdr (4.16)

X Tmax X

The integral on the right-hand side of is clearly not finite and hence
neither is the right-hand side of [4.15] This however contradicts the fact that

u,v € W, and thus, as required,

Jim [, (2)*zu(2)o(2)] =0

]

Lemma 4.17. There exists a constant C' > 0, such that for all u,v € W,,

the bilinear form A, salisfies
|Au(u,v) = Au(v, u)| < Cllulw, vz,

Proof. We begin by noting that

[Aw(u,v) = Au(v, u)| =

/R+ A(a:)wi(a:)a: [D(l) [u(z)]v(z) — u(x)D(l) [U(.CE)H dz

< [ All

/w wi(m)xD(l) [u(z)]v(x)dx

+ [[Allo (4.17)

| wi@au@p® v(e)
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Now, applying Hélder’s inequality we have that

/]R+ wi(m)xD(l) [u(z)| v(z)dx

< /R+ |w5($)xD(1) ()] o(0)] da
< (/ﬂm wr ()2 DWu(z) de) 1/2

([ aemwra)”

lullw,llvlle, - (4.18)

IN

Furthermore, since w?(x)zu(x) satisfies the conditions of Lemma and
v(x) is weakly differentiable, we may make use of Lemma and apply

integration by parts to obtain

| wi@au@p® )

< xh_)l{)lo ‘wi(m)xu(m)v(m)‘ + xli%h ‘wi(m)xu(w)v(w)‘

_|_

/R+ pW [w?(z)zu(x)] v(z)dz

)

making use of the product rule for weak derivatives, as well as Lemma [4.15

and Lemma

/R+ DW [wi(m)} u(z)v(z)de

+

/R wh@u(@)(e)d

+
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Recalling Lemma, it then follows that

/R+ ‘D(l) [wi(m)} zu(z)v(z)| do = y/ﬂw ‘wi(x)u(w)v(wﬂ dz .

Thus

| wi@au@p® o)

applying Holder’s inequality,

< Cllulw, vlle, + llulw,lvllz, + llulw, )0z,

< Cllulw,llvllz, - (4.19)

The result now follows by combining (4.17), (4.18)) and (4.19). O

Following the work of Sanfelici [33], we now present a number of stability
results for V},, over the first time interval [0,¢;]. We note that similar results
hold for each time interval [¢,,_1,%,]. We begin by recalling that in Chapter
3 we demonstrated that the bilinear form A,, is continuous and satisfies the
Garding inequality and hence that there exist constants a > 0, A € R and
v > 0 such that

Ay ) + N2, > aluly, (4.20)

and
|AL(uw, )| < yllullw,[[vlw, (4.21)

Proposition implies that we may suppose that A = 0 in (4.20]).

We now recall that we have V,(0) = V}, o, where V}, o is the £,-projection of
V4 (0) into W, and satisfies

(Va(0),un)z, = (Vho, un)c, Yun € Wy . (4.22)
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Lemma 4.18. The semi-discrete solution V), satisfies

t1
20 [ VA0 at < IVAlE,
where « is the coercivity constant given in (4.20)).
Proof. We begin by setting u, = V}, in (3.1) to obtain

(Vale Vi), + Au(Vi, Vi) =0 .

The product rule (applied to the time derivative) then implies that

d d
EWh’ Vi)e, +2A,(Vh, Vi) = E”VhH%M +2A4,(Vi,, Vi) =0

and hence, since A, is coercive,
d 2 2
S IVallz, +2allVally, <0

Integrating this inequality over (0,¢;), we obtain

t1

t1
IVa(®)|1Z, +2a/0 Vi (6)[3y, dt < 0

0

and hence
t1
Va2, + 2a / IVA(®) 2,0 < VA O)]2,
Clearly then

t1
% / Va2, dt < [Viol2, (4.23)
0

Making use of (4.22)), as well as Lemma and the Cauchy-Schwarz in-
equality we then have that

WViollz, = (Vio, Vao)e,
= Vo, Vao)z,
< [Molle, Vorlle,
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1 1
< =|IVollz, + =i
< IOl + 5lVoale,
and hence
VaollZ, < IVollZ, -
The result then follows by combining this result with (4.23]). O

Lemma 4.19. If v and « are the continuity and coercivity constants as given
in [@.20) and ([@.21)), then for each t € (0,t,], the semi-discrete solution Vj,

satisfies
1y 2 ' 2 2 2
SUIIValilz, +/0 I V@)l [y, dt < canlVallz,

where cq = 21 <4l + 1).
a \do

Proof. Differentiating (3.1)) with respect to time and then setting

up, = t*[Vi]i, we have that
(Valie [Vale) + Au([Vali, £°[Vil) = 0,

and hence that

%% [t2 | [Vale ||iu] —t]l Vale I3, + 2 Au([Vile, Vi) =0

Making use of (£.20) and then integrating over [0, ], we obtain

PMWhﬂ,waAﬁummmm%wézlﬂuwwhﬁnt (4.24)

Following Sanfelici [33], we now denote by A% the symmetric part of the

bilinear form, i.e.
AZ(U,U)Z/ %02wi(x)x2D(1)[u(a:)]D(l)[v(a:)]dx
R+
+/ rwi(a:)u(x)v(x)dx :
R+

94

© University of Pretoria



oo
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q@ YUNIBESITHI YA PRETORIA

We then note that

d
7 [tAS (Vi Vi) | = AL (Vi, Vi) + LA (Ve Vi) + A5 (Vi [Vile)

(
= A (Vi, Vi) + 2645 ([Vi]e, Vi)
(

n
= A (Vi, Vi) + 2t A, (Vils, Vi)

i
- 2t/ A(x)wi(x)xD(l) [ Va]e(z) | Vi(z)dx .
R+
Setting uy = t[V,]; in then yields
tl [Vale 11z, + tAL(Va, [Vale) = 0,

and hence,

d
2| [Vale IZ, + p [tA5 (Vi, Vi)

= (Vi Va) — 2t / Ax)e2(z) « DD [ [Vily(z) | Va(2)dz
R+
< IIVAllZ, +2?5H14Ho<>/R+ wi(w) x| DY [Vi]i() ] Va(z) [dz
applying Holder’s inequality and then making use of Lemma [2.18]

< AVallz, + Al [Vale [lw, [Valle,

1
<ANValZ, +evtll [Vale By, + E'VHVhH%H ,

for each € > 0.

Integrating both sides of the above inequality over [0, ] then yields

i i
2/mwwm%m+mw%msﬂ/#mwww%
0 0

t
N 2
(L+7) [ Mol
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and thus clearly,

2 [ DAoL e < e [ AL Pae
(L+) [ Mol

Combining this result with (4.24) then yields

i i
20 Vale I1Z, +204/0 tl Va(®)le [y, dt < 67/0 E[[Va (®)]e 5w, dt

t
N 2
+(L+7) [ vhizae

o
Since this relation holds for every € > 0, we may select ¢ = — to obtain
Y

i i
f)/
EIVALIE, +a [ VOB < (L +1) [ oI,
0 o 0

The result now follows by making use of Lemma [4.1§].

Making use of the above stability results, we may now finally turn our
attention to demonstrating the convergence of the solution to the
semi-discrete problem, V}, to the option value V. To this end, we define the

error function

en(t) = V(1) = Vi(t)

and then, following Sanfelici [33], introduce the backward auziliary problem,

as well as its semi-discrete approximation:

Problem 6. Find v € W, such that for any t € (0,t,),

(u, [V]e)g, = Au(u,v) == (u,en),, YVu €W, (4.25)
and

v(t) =0 .
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Problem 7. Find v, € Wy, such that for any t € (0,,),

(un, [On]e) g, — Au (un,0n) = = (un,en), YV un €W, (4.26)
and

Uh(l?) =0 .

Making use of the above problems, we now demonstrate a number of esti-

mates that will prove useful later in the chapter.

Lemma 4.20. Fort € (0,t], the solution to Problem @ satisfies

i
0

i
2
| 1l < [ e,

Proof. Setting u = v in equation [4.25] we have that

(U’ [U:It)ﬁp, - AM(U7 U) = _(U7 6}1)[,“ 9
or,
1d
—§%HUH%H + Au(v,v) = (v,en)e,

Making use of the Cauchy-Schwarz inequality, [£.20] and Lemma [2.18] it then

follows that for each € > 0, we have

_Ld
2 dt

1
oIz, +allvlby, < ellvlw, + ;llenlz,

1
Setting € = 504 and integrating over [0, ], this relation becomes

1 1t |
SR+ 30 [ @, < [ gleolEd

and hence, as required,

i £
2
[ rold< [ Sl
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]

Lemma 4.21. There exists a constant C' > 0, depending on v and p, such
that for t € (0,ty],

/0 I/ (02, dt < C / lo@)2,, (d)t + / lea(®)[ dt

Proof. We begin by noting that

SA,0) = 2401 0) + (Ao [1) — AuBlw) - (420)

We then proceed by setting v = [v]; in equation (4.25)), to obtain

W]elz, = Au([v]e,v) = =[] en)e, -

Making use of (4.27)), we have that

1d

1l 112, = 5 Auwv) = 5 Aol v) = A, [P1)] = (W en)e,

N | —

applying the Cauchy-Schwarz inequality, as well as Lemma [4.17]

< Cllwllw, IWlelle, + vldllz.llenlle.

where, C' > 0 depends only on v and p.

Making use of Lemma [2.18] we then have that for each ¢ > 0

1d 1
I[lllz, — Sy ulvv) = C ell[vlllz, + Zellvllivu
1
2 2
+ elllvlellz, + - lleallz,
so that,

1d 1 1
1— 1 p—— < C—|lv|? —|lenll® .
1= (C+ DAL, — 5z Au(v,0) < Ol + leal?,
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Setting € = > 0, it follows that

1
2(C+1)

d

1
Wiz, = = Au(,0) < S(C+D(O)vlwz + 5(C + Dllenlle,

N | —

The result now follows by integrating over [0,¢] and recalling that
v(t) =0, u

Lemma 4.22. Consider the error function 6, = v —vy,. There then exists a

constant C' > 0, that depends only on o, and p, such that for t € (0, 4],

i i
AHWMW&+7M&W%&SCAH%WﬁMt-

Proof. We begin by noting that since d, = v — vy, triangle inequality implies
that

£
Awmma+w%w%wt
P / , i ,
sAUw@m,w%mMJm+47mwmm+mwwm}&
i
=Anwwa+wwmmwwmyumwm§t

t
+ ’7/0 @)1, + 2l Iw,llvs@liw, + lloa®) [y, 4t

1
making use of Lemma [2.18] with ¢ = 3

t i
§2/HU®W¢+Wﬂm@ﬂﬂﬂv/HMﬂW¢+Mﬂm%ﬂt,
0 0

the application of Lemma[4.20[and Lemma [4.21], as well as their semi-discrete

analogues, then implies

t
SCAW@WWHM®Mﬂt
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t 47 i
T / lon (Ol + llen (e, e + % / len ()2, + len(t)]12, dt
t h t
e / lea(®)|2, dt + C / o (6)], d + / lon(®)]12, dt

applying Lemma [4.20] as well as its semi-discrete analogue

i ; e ,
<O llen®liz,dt+ | Zllen®lz,dt

from which the result follows. O

Definition 4.23. Let v € W, then the Ritz projection Rjv of v into W, is
defined such that

‘AM (RhU, uh) = AM(U, uh) Yu, € Wy (428)

We note that the existence of the Ritz projection follows from the
Lax-Milgram Lemma (see Brezis [11] page 140) by noting that for each
u € W, the bilinear form A,(u,.) maps the space W, into R and hence,

A, (u,.) is a member of the dual space Wj.

Lemma 4.24. Gwen v € W,

v o
v — Ryvllw, < - u,fgvah v — unllw,

Proof. This result follows trivially in the case that |[v — Rjvllyy, = 0 and
hence we may be assume that [[v — Ryv||w, # 0. Making use of (4.20) and

(4.28)), it then follows that

allv— RhUH%% <A, (v— Rpv,v — Ryv)
=A,(v— Rpv,v) — A,(v — Ryu, Ryv)
=A,(v— Rpv,v)

Furthermore, making use of (4.28)), we have that for each u, € W,
allv — th||)2/vu <A, (v— Rpv,v) — Au(v — Ryv, up)
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=A,(v—Ryv,v—uy) .
Hence, by
allv — th||)2% <vllv = Rpv|lw, v —unllw, VY un € Wi
and hence
[v = Bivlbw, < Lo = unlby, ¥ wn € W,

The result now follows by taking the infimum over all u, € W.

Lemma 4.25. The error function e,(t) = V(t) — Vi (t) satisfies

i t
2 : 2
el ae < e nt [V -,

fort € (0,t1] and some constant C > 0 that depends only on «, v and p.

Proof. We begin by noting that since W, C W,,, we may subtract equation

(4.26)) from equation (4.25) and (3.1) from (2.19) to obtain

([eh]t, uh)[;u + A#(eh, uh) =0 Vu,eW,

and
(uh, [5/1],5)5“ — Au(uh, 5h) =0 v up € Wh .

We then proceed by noting that if R, denotes the Ritz projection operator,

the repeated application of (4.29) and (4.30) yields,

d

dt <€h, Uh) (V RhV [5h]t)£# + AH(V — th, 5h>

= —(lenlt;vn)e, — (en, [vnle) e, — (Vi [6nle) e, + Au(V; 0n)

[
+ [(RiV, [0n)e)z,, — Au(RLV,6)]
[eh]tavh>ﬁu ( €h, [

—(

)
e, = (Vi [0nle) e, + Au(V, 0n)
-V
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= —(lenlt,vn)c, — (en, [vnle) e, — (Vi 0nle) e, + (Vi [0nle) 2,

+ Au(eh, 5h)
= —([en]t, vn)c, — (en, [vnlt)c, — (en, [On]t)c, + Aulen, on)
= —([enlt, vn)c, — (en, [V]i)c, + Aulen, on)

= —A,(en,vn) — (en, [V]e)e, + Au(en, or)
= A#(eha U) - (eh7 U)Eu

= lexlz, -

Recalling then, that (V(0) — Vi, un)z, = 0 for every u, € W, as well as
the fact that v(f) = 0, integration over [0,] yields

t t
/Wmm&a—/—ww—mwmmm@+&ww—mwmwma
0
/ [(V(t) = RV (), 6,(1) .| + | AL (V(t) — RV (t),6,)] dt
making use of the Cauchy-Schwarz inequality and (4.21]),

SAWW—mwmmmmm

+ V@) = BaV (6w, |06 (8) [, dt
applying Lemma [2.18] for any € > 0,
/“M%ru+wmm%Ja
t
1
+ [ V0 - RVOIR, + 51V e - ROl ] a

1
Recalling Lemma [4.22| and then setting € = Yok we have that

t t
L7
[tz ae < [ 55 (1@, + i, ] a
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+ [V - RVOI, 21V - RV Ol ] @
<3 [ el
t %/0 V(1) = BV @I, + 1V (@) = RaV (0, | at

and hence,

£ i
| les®l,ae < ¢ [ [V = Ry Ol +91Ve) - RVOIR,] a
The result now follows due to Lemma [4.24] O]

It has been noted that one would expect to see the initial projection error
within the error estimate presented in the above lemma. This matter is under

investigation by the author.

Theorem 4.26. The solution to the semi-discrete problem, Vy, converges to

the option value V' in W, and the following error estimate holds,

t1
%%ﬁﬁﬂﬂ/t%NW%MSCiﬁHV®—%Mmmm)
0 v, €W},

+Clale, i

‘g\}h ||V - whHLZ(O,tl,WM)

Proof. Following Sanfelici [33], we begin by setting
u = ey, in 2.19 and, for arbitrary wy, € Wy, up, = Vi, — wy, in to obtain

(Vs en)e, + Au(Vien) =0
and

([Vh]t, Vh — U)h)[jM + Au(vfw Vh — wh) =0 .
Adding these two equations, we therefore have that

0= ([Vlen)e, + Au(Vien) + ([Vale, Vo — wn)z, + Au(Vi, Vi — wp,)
= ([V], €h)£u + A, (V,en) + ([Vile, Vi — wh)c# + A, (Vi, Vi, — wp)
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— (Vale: Ve, — AuVi, V) + ([Vale, Ve, + Au(Vi, V)
= (Ve en)e, + (Vale, Vi)e, — (Vale: Ve, + (Vale, V —wi) 2,
+ A, Vi,V —wp) + A, (Vi, Vi) — A.(Vi, V) + A (V. e)
= (V]e.en)e, — (Vale, en)e, + ([Vale, V= wn)e,,
+ Ay (Va, V —wy) — Au(Viy en) + Au(Vien)
= (lenlt, en)c, + Aulen, en) + ([Vale, V = wn) g, + Au(Va, V —wy)

We therefore have that

t([en)esen)e, +tAu(en en) = t([Vale, wn — V), +tA(Vi,wn = V)
or,

HtehH£ +tA,(en, en) = —Hehng +t(Vale, wn = V), +tA(Va,wp, = V) .

2 dt

The application of the Cauchy-Schwarz inequality, as well as (4.20]) and (| -
then yields,

5 lltenl, + atlenlly,

< §||€h||%u + | [Valellz, IV — wnllz,

+ 7t |Vallw, IV — wrllw,

Integrating this identity over [0,#] ,for any ¢ € (0, ], then implies

1 . t
e, +a [ tlentt)lfa
0
1 [t , i
!
fﬁAtWWW@“+AﬂMﬁMMW®—ww@a

t
v [ V@ V(0 = wnllw
0
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applying Holder’s inequality,

1 t
< 5 | e,
0

+< JRGIACL dt) ( [ v - dt)
: 1/2 ; 1/2
+'y< / t?HVMt)H%Wdt) ( / \rv<t>—wh\rw#dt> ,

applying Lemmas, [1.18] [£.19] and [4.25],

/2

i
<C inf /\\V(t)—vh|]mdt

UhEWh 0

; 1/2
+CVolle, (/0 1V (t) - wh”%f”)
: 1/2
+ Cta|Vollz, </0 IV (t) - whﬂmdt)

Taking the infimum over all w, € W, and selecting ¢ = ¢; then yields the

required estimate,
t
L2 2 .
el + 20 | len Ol < C inf 1V = whlzzoiom,
+ OVl it IV = wnlliaim,

We now recall that due to Theorem for any € > 0 and ¢ € C§°(Q2), with

Q =10, Zymae) and x4, = A for some ¢ > 0
oof lu—unllw, < llu—dllw, +e+llé = Mndllw,

and hence, due to the triangle inequality we have that

w,}lelévh IV = wnl[ 12 0,iW,) = < |V - VHLQ(OtWH + [|€ll 2 (0,i,W,)
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+ |6 — Tndll 202w,

Now, since supp(¢) € Rt and w, < 1, we have that there exists C' > 0 such
that

16 = Mol < 1l6 = Tadllwr2(supp(s) wo)
< hC|Pllw22(supp(6) wo)

Furthermore, recalling Lemma [2.4] it is easy to show that there exists C' > 0
such that

IV = Vllw, < ClIViw, € L*(0.t,)

and hence, due to Lemma [2.4]and the Lebesgue dominated convergence The-

orem, we have that
i [V =Vl 20, w,) = 0 -
Hence, if we set ¢ = h we have that

hh_{go wgg\}h |V - whHLQ(O,ﬂWM) < }}1_{20 IV - VHH(O,E,WH) + hh_{go HGHLQ(O,f,WH)

+ }}1_}1130 ¢ = Il 120, m,)
< lim Al 2w,y + Hm Al 2w supp(s)wo))

=0 .

It therefore follows that

t1
li 2 2) 2 _
tim [trenl, +20 [ llen(t)lfy, =0

and hence, as required, V}, converges to the option value V' in W,,. O
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Chapter 5

Numerical Methods

To conclude our investigation into the use of the infinite element method
within the field of option pricing, we will now present a brief view of the
implementation of this method numerically. In this regard, we begin this
chapter by following the work of Sanfelici [33] and rewrite the semi-discrete
problem in vector form. We then proceed to apply a finite difference scheme
to discretise the time derivative and obtain a fully discrete vector problem.
Finally, we will calculate the elements of the mass and stiffness matrices and
thereby present the infinite element method in a form that may easily be

applied to obtain a solution to the valuation problem.

In Chapter [3] we noted that Problem [f| may be reformulated so that for each
m =0,1,2,..., M—1, we must search for the coefficients a(t), a1 (t), ..., an41 (%)
that satisfy

N+1 N+1

> o)), ¢5)e +Zaz u(Pis 85) =0, (5.1)

1=0

for j=0,1,2,..., N+1landt, <t <t .

Recalling that the basis functions ¢; were chosen such that for: = 0,1, ..., N,

1 if i=j
(;Oi@jj) = ) )
0 otherwise
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it then follows from equation that we must have
Vi(x;,t) = ay(t) foreachi=0,1,..N .
This fact motivates us making use of the vector notation
V(t) = [ap(t), vi(t), ..., an(D)]" .
Following Sanfelici [33], equation may then be rewritten as
M[V()]; +AV(t) =0 , (5.2)

where the matrix M, termed the mass matrix, is given by M := [(;, ¥;) 2, }iji=0,1,2,...N+1
and the stiffness matrix A, is given by A := [A,($:, ¥j))ij=0.12...N+1
Under this notation, the initial conditions Vj(t,,) = V4,,n , imply that we

must have

V(tn) =V, = Vi, n(x0), Vi, n(21), .., V;Sm,h(xN)]T

Following standard practice, we will now derive a fully discrete version of
this problem by discretising the time derivative via a finite difference scheme.
While there are many possible finite difference schemes with which this may
be achieved, we will follow the work of Sanfelici and apply the well-known
Crank-Nicholson method (6 method, with § = 1/2). To this end, we begin
by recalling that we may approximate the time derivative by

Vi ~ Yt AAti ~ V(1)

for small At > 0 . Bearing this approximation in mind, we then divide each
time interval [t,,,t,11] into N* subintervals of length At = [t 11 — t]/N*
and then replace equation (5.2)) by the fully discrete system

Vj+1 _ Vj

1 . .
Z J+1 7] —
M[ A7 }+2A[V + V7] =0,
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or
1 41 1 j
M+ SALA| VI = M - SAIA |V (5.3)
for j =0,1,2,..., N* — 1, and V! = V(¢;).

In order to solve this system numerically, we must clearly be able to cal-
culate the matrices M and A. To this end, we recall from Chapter [3| that
one of the key requirements when constructing the infinite element spaces,
was to ensure that there existed a basis consisting of functions with "small
supports". Many readers may, in the context of Chapter [3| have questioned
the relevance of this condition. We will however now demonstrate that it
plays a crucial role in ensuring that the calculation of the mass and stiffness

matrices is practical.

The functions ¢; that serve as a basis for the infinite element space W,
were carefully chosen to have "small" supports restricted to at most two

elements,

supp [¢i] = ;U Iy

It therefore follows that any product of the form ¢;; vanishes unless
j =1—1,74+ 1. The selection of these carefully chosen basis functions thus
reduces M and A to tri-diagonal matrices and as such, sharply reduces the

computations required to solve the system of equations (5.3]).

We will now proceed to derive expressions for the non-zero elements of M and
A. We begin by noting that since the basis functions have the same shape
outside of the infinite element, we clearly have that for i = 0,1, ..., N —1 and

i=1,2,3..,N

M, i1 = (P, Piv1)z, = M1 = (05, 0j-1)z, = (Po, 1)z,
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and fori =1,2,.... N —1

M;; = (&, Pi)c, = (@1, 91)z,

where

and

Finally,
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We now proceed to consider the elements of the stiffness matrix A. Under
standard circumstances the consistent shape of the basis functions would
cause the values of the elements along each of the three non-zero diagonal
rows to coincide. The presence of weight functions within the required in-

tegrals however, implies that this is no longer the case and as such we will
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A 4

derive more general expressions for the required terms.

Recalling that

A, (u,v)

2

+/R+ Az)w? (2)z DO fu(z)]v(x)de +/R

we then calculate:

/R+ lg%z(a;)ﬁp(l)[u(x)]D(l)[U(x)]dx

+

2 2 hi 1 2
U—/ 2?[pi(2))dz = 7 - {—} dz
2/, 2 Jui-ny Lh
% [5].
-2 [3m2 h(i—1)
2Thi® h
- % [%—g(i3—3i2+3i—1)}

Q
o

]
H [x—hl(j_ 1)

| @a

hi

= (0" +71) |37 - —5; } (1)
ot [h(326— 1)}
[iotarar=r [*[* U |
—r [?f_g - (Zh_ Ui 1)24 h(i-1)
_rh
3
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N % 38 + 3i + 1]
(o +7) /Ii+1 w[ol(2)][gi(2)]dx = (6 + 1) /h:L(iﬂ) ) {H [h(%l_—;)_x] .
= (0 +7) [% B g_z} i)

= (0% +7) [W]

hi h
2i+1) 3"
=r|(+1)% — —]
[ h 3h h(i—1)
_rh
3
2 2 hi
g 2 / / o 2 1 1
— | x%|pi(x i_:vdx——/ x{—}{——}dx
> /. [0 ()] [ (2)] s e
Sl
o2 3 h(i—1)
2 [hi®  h
- —% {?Z - S =374 3i - 1)}
2
- —% [3i2 — 3i + 1]
hi
1
0 +0) [ el =@+ [ [ - oo
I -1y LP
9. 3 hi
(A2 re_ T
= (0" +r) [Zh 3h2} h(i—1)
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% a3 5 . 2 —1)] "
E R R
_Th
6
o? 9 , o M 1] [1
— . . de = — 21211214
> | Pl = [ a2 ] 7] as
o? x3} h
2 3w h(i—1)
2 '3
- —% {%@ - 2(1‘3—32'%3@'— 1)}
2
h
- —‘%(3@'2 —3i+1)
hi 1 '
@40 [ als@lioolte = (040 [ o) -G - Dl
I; h(i—1)
3 27 (s hi
R ~ oz wth(i—1)
=(c"+r) [ 372 + oz it

P [3;”'6— h}

[l = () [f”‘ - } [ — b= ”] "
[aﬂz’ z3 2 M]

hi

2h

h(i—1)

Making use of these integrals, we may then calculate expressions for the

non-zero elements of the stiffness matrix as follows:

Ao = [ st @de - 0 +7) [ eh(@leol]an
41 [ lpn(o)Ps
= % (3¢ +3i+ 1] — (6> +7) {h(?ﬂTﬂ)] +rﬁ
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_rh
5
Au= [ Ppers - o) [ liladds

br [lalars 3 [ @
@) [ el [ f)Pds

Ii+1 I’H»l
2 b — 1
:%[3@2—32'“} —(0* +7) {%} +%
2 )
+%h[3¢2+3¢+1] — (0% +7) {W} %

A =G [ SR @~ 04 7) [ @) @)

I;

+ 7’/[ [©i(2)][Pig1(x)]dz

i

0.2

= [3@'2—32'4—1}—(02—1—7")[

3hz’—2h] rh
c — |+

6 6

Ari= T [P - @) [ 16 @l

7

47 [ pea@lpds

2 hi—h] rh
:_%(3¢2—3i+1)—(02+r) [3 Z6 ] r

6

It now remains to calculate the elements M and A that require integration
over the infinite element. In these calculations we will assume that the weight
parameter, ;1 = 2. The required integration is easily performed via the
method of partial fractions, however due to the number of terms required for
the partial fraction decomposition (in some cases as many as 6 per integral),
we have only computed one of the mass matrix elements and evaluated the
remaining elements of the mass and stiffness matrices via Mathematica. We
note that Sanfelici [33] computes these integrals numerically and suggests

either the Gauss-Legendre method over the reference interval or the Gauss-
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Laguerre method over the infinite element.

My Ny = )

PN-1, PN— 1)£ +(90mf1790mf1)

(N
= (

wl s

+ (Spinfu Pinfi )ﬁu

where,

(SOinfla(mel)Eu I/Rwi(l')%?nfl(x)dx

o 2
[T )

applying a partial fraction decomposition,

_ /OO ma;vh2 + maa;h2 n 3m¢naxh2
- Tmaz ZL‘4(ZL’ma$ - h)2 xg(xmax - h)g J;Q(xmaa: - h)4
+ 4z math _ 4x$@axh2
x(‘rma:c - h)5 (Imax — h)5(:)’} — (xma:c — h))
h2
+ Lnaz da
(@maz — h) (v = (s = h))?
xmaxh2 h2 3x3 h2

mam max
= +

B B(xmax - h)2 ('Tmaw - h)3 * (mmax - h)4

i ]

Tmax

42t B2 > xt h
- max I — (Zoaw — h max
{(xmaw - h)5} e~ (@ ) Tmaz " (Tmaz — )
B 3(xmax - h’)2 ($max - h)3 (xmax - h)
4xmazh2 4 maxhz
[ ] )] — | el o)
+ ’I;Lnaxh
('Tmaw - h)4
Tonazh? 2 h? h?

+ maxr max

3(xmax - h)2 (mmax - h)3 * (xmaw - h)4
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4

] )

Tmaz — h h Tmaz — h)4

Tmach [3 ot 41023, b+ 1223, In (5”71) — 1822, h% + 6Zmach® — hﬂ
- 3(Tmaz — h)?

which agrees with the expression produced by Mathematica:

x3 622 18x 3h h
h2 _1 mar max mar 12l
Tmaz < A A "(xm»
3<xmaz - h>5

Mathematica gives the following output for the remaining mass and stiffness

element:

My ni1 = (PN, PN+1)c,

o0

= wz($)¢inf1 (x)¢inf2 (.]j')dil?

Tmax

/Oo =] [m - <: - h>] {1 Tz (Z = h>] &

2 B <—(q;max R (1722, + Samanh — h2) + 622 (Zmas + 30)(In (""”M)))

h
6(Zmaz — h)?

QDN+1)

(Pn+
/ 1nf2 )¢inf2 (:L‘)dl‘

2
[l
Tmaz = L T — (Timaz — h)

3 _ AN Tmaz
T (P = 1) (0 + 108 + ) = 620 h(@as + B) (I (252 )))
3(Tmaz — h)?

Mnyii Ny =
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An v = Au(dn, On11)
o [

=5 wz(az)xQ[@v(C’?)][@G\fﬂ(@]dx

Tmax

~ 0+ | 2 (@)l (0)][py (0)]da

| T 2@ ey @era (@)

AN—!—LN = Ap(@NH, @N)
2 [ele}
o 2

e B T ) e

Tmazx

@) [ @@slha@leyds

b / 2@ Py (@)][en (2)]da

Any = Au(Pn, én)

o? o?

-2 [ Plnveras G [ d@sierae
In Tmax

—(0*+0) [ aldh(@ex(olde
@+ [ @l @llpr@lde

i f w7 / °° W2 () px (@) P

Ansiner = Au(@n1, 1)

2 [ee)
g 2

=2 [ @@ o)

Tmazx

@+ [ @@l @l

r [ G
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[ et = [ | [t a

3 2 1
1'4 h2 (_10+ :Uma:r: . 6xmax + 8xmaﬂﬁ . 3h + 12[71 |: h :|)
Tmazx

mar h3 h? h Tmagz

3(Tmaz — h)?

/ T 2 (0)elPy (@) [pw (@))da

- /j FZB} {_ (- (a:m]; - h>>2} Ls - <x:ax — hJ e

— 2 _ 2
2 (a—h)(a+h) (254 — 8Tmazh + h*)  190n h
l‘?nath Lmax

2(Tmaz — h)?

/:z wi(x)[pn ()P d

- / [ = } { y h>} dr

3¢, 18h  6h2 K3 L
(10+$ _ n - +12lnL D

2 3
h Lmaz xmaz xma:c

3(Tmaz — h)?

4 2
Lmaz h

/ T R (@)elPhess ()]G (@)]dz

-/ [xH e vl
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1 2 4 2
- _ —24+h)—

h? 4+ Zpae (7 — 8h)R?

+ (=1 +h)h* + 22, h(1 + 8h) + 622 . h(Tmaee + (=1 + 2h))Log [ h ])

/ OO W2 () B ()P

— max 1 _ d
/xmaz { r } { T — (Tmae — I) !

T (Pmar = 1) (021 + 107 ah + ) = 62 (s + 1) (1[5 )
3(xmaz - h)5

/ 2@ B ()P (@)de

- /:o {%} {1 SR e h)l [x P h)l o

x?naxh <_(xmax o h) (17x$nax + 8xma1h’ - h'z) + 6x72nag; (xmax + Sh) (ln[$72az]))

6(Zmaz — h)°

| @@l @l

B /:j [xiﬂ [_ (v - (a::2 T

x> 62 18z 3h h
_10 max max mar 12l
< " h3 h2 * h Tmaz * " |:5Emaz:|)
3(Tmaz — h)?

4 2
xmawh

| s@alda@levs

- /OO [xH {@ e h))?] [x o h)] 4
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2 B2 ((xmax - h) («Imax + h) (mfnax — 8% maxh + h2>

max 2 2
Limazx h

2(Tmaz — h)?

-1 | 2|
Tmax

/ 2@l (0)][Bya (2))da

-/ [xH ) )

1 2 4 2
- - — 94 h)—

h? + Zpae (7 — 8Rh)R?

+ (=1 +h)h* + 22 h(1+8h) + 622 h(Tmae + h(—1 + 2R))In L h } )
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Conclusion

In this dissertation we followed the work of Sanfelici [33] and considered the
valuation of discretely monitored barrier options within the context of the

infinite element method.

We began our investigation by noting that the Black-Scholes PDE displays
a number of properties that make the use of finite element type methods
problematic - namely the unbounded spacial domain and the degeneracy
that exists in the PDE when the value of the underlying reaches zero. This
degeneracy implies that the convergence of finite element type methods (in-
cluding the infinite element method) should be examined within the context
of weighted Sobolev spaces - an extension of standard Sobolev spaces that
is not extensively treated within literature. As such, a key aim of this dis-
sertation was to present the reader with a complete introduction to these
spaces, as well as a rigorous treatment of the key results that are required to
demonstrate convergence within the context of weighted spaces. To this end,
we have considered and collated the key works within the field (Kufner [27]
and Kufner and Opic [28]) to provide a detailed mathematical introduction
within Chapter 1. We have furthermore presented weighted analogs to nu-
merous classical results and derived a number of results that, while critical
to the demonstration of convergence, are omitted from the work of Sanfelici,
as well as from many similar works within literature. Of particular interest
in this regard were the adaptations and translations of the weighted em-
bedding theorems due to Timerbaev [35] [36], the treatment of mollification
within weighted norms and the derivation interpolation estimates in weighted

norms).
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The work contained within this dissertation furthermore completes the work
of Sanfelici by providing discussions with regard to the selection of a suitable
weighted space in which to perform the analysis; a derivation of the weak
formulation of the valuation problem; a rigorous demonstration of existence
and uniqueness of the solution of the weak formulation; an introduction to
the infinite element method and the selection of basis functions used to gen-
erate the associated spaces and a rigorous treatment of the estimation results

required within the demonstration of convergence.

The author of this dissertation acknowledges that while we have addressed
many of the gaps within the work of Sanfelici and endeavoured to present a
near complete treatment of the theoretical aspects of barrier option valuation
under the infinite element method, there is still scope for further develop-
ment, within this topic. In particular we note that we have not considered
the order of the demonstrated convergence or illustrated the convergence via
numerical examples. Sanfelici [33] suggests that under stronger regularity
conditions on the initial condition, one is able to prove first order conver-
gence within the W, norm. The author of this dissertation notes that a
rigorous investigation into this claim is the natural direction in which to ex-
tend the work contained within this dissertation and the aims to consider
this topic within future research. The author also notes that the treatment
of weighted Sobolev theory within the context of convergence analysis, as
presented within this dissertation, may be applicable in similar contexts and
allow for the rigorous demonstration the convergence of numerical methods

defined on weighted spaces.
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Appendix A

Sobolev Spaces and the

Distributional Derivative

In this appendix we provide a brief introduction to the topics of Sobolev
spaces and the distributional derivative. For a deeper treatment of these
topics, we direct the reader to the books by Adams and Fournier [2] (Chap-
ter 1 - the distributional derivative; Chapter 3, 4 and 6 - Sobolev spaces),
Zeidler [40] (Section 21.1 - the distributional derivative; Sections 21.2, 21.4
and 21.4 - Sobolev Spaces) and Evans [I9] (Chapter 5 - Sobolev spaces and

the distributional derivative).

We begin by recalling the following well known definitions.

Definition A.1. Let u be a function defined on the domain €2. The support
of u is then defined to be the closure of the subset of €2 on which u assumes

a non-zero value. We write

supp(u) = {z € Qu(x) # 0}

Definition A.2. Given n € N, the space C"(2) denotes the collection of all
functions continuous on €2, whose first n derivatives are also continuous on

Q.Furthermore, we set

C=(Q) = () C"().
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Definition A.3. Given n € NU {oco}, we denote by Cj(£2) the subspace of
C™(£2) that consists of functions compactly supported in €.

We notice that if {2 is open, the above definition implies that functions in

the space CJ(£2) must vanish within some neighbourhood of the boundary
of Q.

Definition A.4. Let 1 < p < oo, we then define the Lebesgue space LP(£2)

as the collection of all measurable functions that satisfy

1/p
HuHLp(Q) = (/ ]u(;c)ypdx) <00 .
Q

If p = 0o, we require
[ull o (9) = l|ulloc = sup fu(z)| < oo .
e
Definition A.5. A measurable function v defined a.e. on  is said to be

/Uu(x)dx < 00

for every compact U C 2. We write u € L}, (9).

loc

locally integrable if

Bearing the above definitions in mind, we may now begin to examine the
idea behind Sobolev spaces. Simplistically, we wish to define a Sobolev
space as subspace of a Lebesgue space that includes integrability criteria

not only for the function itself but also for its derivatives.

It is well known that in the context of Lebesgue spaces, functions are
viewed to be equivalent if the norm of their difference is 0, or equivalently if
they differ at most on a set of measure 0. We therefore make the important
observation that although we treat (and even refer to) the elements of the
Lebesgue spaces as functions, they are in fact equivalence classes of
functions. Since we wish each Sobolev space to be a subspaces of a

Lebesque space, the same should be true of elements within Sobolev spaces.
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Due this fact, the classical derivative will prove unsuitable for use within
the definition of Sobolev spaces, as it will impede our ability to equate
functions that differ only on sets of measure 0. To illustrate this fact,

consider for example the functions
u(x) =z for z €10, 1]

and
x  x€1]0,0.5)U(0.5,1]

0 x=05

Clearly, in the sense of the space L'[0, 1], these functions are equivalent.
This would however not be the case in the sense of a Sobolev space defined
via the classical derivative, as while the function u (being classically
differentiable) may lie within a certain Sobolev space, 1, since it is not
classically differentiable could not. This indicates that a Sobolev space
defined in this way would not be a subspace of a Lebesgue space as
required. Tt therefore follows that we should rather consider a weaker
version of differentiability that does not distinguish between functions that
differ only on sets of measure 0. To this end, we now turn our attention to

the theory of distributional (weak) derivatives.

A.1 The Distributional Derivative

Definition A.6. Let u € L] (), we then call v € Li () an ith distribu-

loc loc

tional (or weak) derivative of w if

[ w6 = (<17 [ o(@)éla)da

Q Q

for every ¢ € C5°(Q2).

Notationally, we will denote the ith weak derivative of a function wu(z) by
DO[u(x)].

We notice that since the distributional derivative is defined by integrals,
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functions that differ only on sets of measure 0 will share distributional
derivatives. Furthermore, the distributional derivative is not unique. In
fact, if a function v satisfies the above definition, then so does every
function that differs from v at most on a set of measure 0. As with
Lebesgue spaces, when referring to the distributional derivative of a
function, we therefore mean the equivalence class of functions differing at

most on a set of measure 0.

We now demonstrate that if the classical derivative exists, it coincides with

the distributional derivative.

Lemma A.7. Suppose a function is classically differentiable. The classical

derivative is then also a distributional derivative.

Proof. This result follows immediately due to integration by parts. O]

We note that making use of integration by parts, it is also easy to show
that if a function is classically differentiable over a certain interval, the

distributional derivative agrees with the classical derivative here.

The ability of the distributional derivative to essentially ignore the
behaviour of a function on a set of measure 0 allows it to be applied to a
wide range of functions that would not normally considered differentiable.

We consider the following examples.

Example A.8. Let Q = (—1,1) and u(x) = |z|. The function u is clearly
not differentiable on €2 in the classical sense, due to the corner at x = 0. The
function u is however weakly differentiable as the distributional derivative

will essentially allow us to ignore the point x = 0.

In order to construct a function v that satisfies Definition we begin
by noting that u is classically differentiable on the intervals (—1,0) and (0, 1)
and hence the distributional derivative should coincide with the classical
derivative on these intervals. It then only remains to give value to v at the

point x = 0. This point however is a set of measure 0 and is hence ignored
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by the distributional derivative. We may thus choose v to have an arbitrary

value at this point. Suppose that we set

1 if x>0
v(r)=<¢ a if 2=0 forsomeacR.
-1 if <0

It follows that for any ¢ € C§°(€2) we have that

- /Q o(@)(z)de = / i 16(2)de — /0 " e (z)dz — / ()

0

making use of integration by parts,
0 1
= —/ ¢ (r)dr + / ¢ (z)dx
1 0
1
— [ el (o)
1
= / u(z)g' (x)dx .
Q
It then follows from Definition [A.6] that v is a distributional derivative of w.

Example A.9. Let Q@ = (—1,1) and

u(z) = x ?f x € (—=1,0)U(0,1) (A1)
1 if =0

Clearly, in the Lebesgue sense, u is equivalent to the differentiable function
@ = z and hence they should share distributional derivatives. Lemma
thus implies that we must have DW[u(z)] = 1.

Example A.10. Let Q = (—1,1) and
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The jump discontinuity present in u at = 0 cannot be repaired by changing
the function on a set of measure 0 and hence cannot be ignored by the dis-
tributional derivative. We therefore assert that u is not weakly differentiable
on €. To demonstrate this claim, suppose to the contrary that there exists
a locally integrable function v such that for all ¢(x) € C5°(Q2)

/Qv(x)qb(x)d:c = —/Qu(x)qﬁ’(:c)dx
= /_(1 ¢ (z)dz — /01 ¢ (r)dr . (A.2)

Since w is classically differentiable on the intervals (—1,0) and (0,1), the
distributional derivative should coincide with the classical derivative on these

intervals and hence we should have that
v(z) =0 for x € (—1,0) U (0,1) .

We thus must have that for each ¢(x) € C5°(Q)

1
/ v(z)p(x)dx = 0.
-1
Combining this result with equation [A.2]we have that for each ¢(z) € C§°(),
®»(0) = 0 which can clearly not be true and hence u is not differentiable in

the distributional sense.

To conclude this section, we present a result that will prove useful in later

work.

Lemma A.11. (see Driver [17])

Consider a weakly differentiable function v € L} (Q) with supp(u) € Q.
1

loe(82) such that v is a weak derivative of

Then there exists a function v € L

u and supp(v) C supp(u).
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Proof. From the definition of the weak derivative, for each ¢ € C5°(Q2)
- [ Do) éta)de = | ulz) a)do
Q Q

:/Supp(u) u(z) ¢'(z)dz .

It therefore follows that,

/ u(z) ¢'(x)dz =0
Q\supp(u)

and hence, for each ¢ € C§°(Q \ supp(u))

/D(l)[u(x)] ¢(r)dr=0.
Q

Thus
DY) =0 aeon Q\ supp(u) .

Due to the fact that the weak derivative is unique up to sets of measure zero,

it follows that there exists a function v that is a weak derivative of u, with

supp(v) C supp(u) . O

A.2 Sobolev Spaces

We begin this section by noting that since the distributional derivative is
defined via integration, functions that differ only on sets of measure 0 will
share distributional derivatives. Furthermore, the distributional derivative
is not unique, in fact if a function v satisfies Definition [A.6] then so does
every function that differs from v at most on a set of measure 0. As with
Lebesgue spaces, when referring to the distributional derivative of a function,
we therefore mean the equivalence class of functions differing only on sets of
measure 0. It therefore follows that the distributional derivative will preserve
the nature of the elements within Lebesgue spaces and is hence suitable for

use within the definition of a Sobolev space.
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Definition A.12. Let m € N and 1 < p < oo, then the (m,p) — th order
Sobolev norm is then defined by

m 1/p
[ullwme@) = (Z ||D(”U|\ip(g)>
=0

Definition A.13. Let m € N, 1 < p < oo, then making use of the above

Sobolev norm, we may define two different types of Sobolev spaces, namely

1. WmP(Q) is defined to be the collection of all functions which the

(m,p) — th Sobolev norm is finite.

2. Wy"P(Q) is defined to be the closure of C§°(2) in the (m, p)—th Sobolev

norm.

We note that in the case of a closed set (), the spaces C$°(Q) and L} ()
loose their defining local characteristics and become C°°(Q) and L*(Q)
respectively. The use of these spaces within the definition of the
distributional derivative is therefore non-nonsensical, as it alters the very
nature of the definition. In order to maintain a meaningful definition, we
will therefore define a Sobolev space over a closed set 2 to be equivalent to

that defined over their open counterparts €.

We will now proceed to present a number of key properties of Sobolev
spaces. We note that while no proofs are provided in this section, we do
direct the reader to appropriate texts where detailed proofs can be found
and furthermore note that in general, proofs of the weighted versions of

these results are provided within the main body of this dissertation.
We also note that since this dissertation focuses exclusively on functions in
R, results are presented in this context for convenience. Most texts however

(including those to which we provide reference), present Sobolev theory in

the more general setting of R".
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Theorem A.14. (See Adams and Fournier [2] p.60-61)

Let m € N, 1 < p < oo, then W™P(Q) is a separable Banach Space. In
particular, if p = 2, then W™?2(Q) is a separable Hilbert space, with inner
product given by

(oo = - [ DOlul@) DV lu(e)]
=0
In reference to this fact, many authors write
Wm2(Q) = H™(S)

Theorem A.15. (See Adams and Fournier [2] p.67)
For any bounded domain Q C R, the space C*°(2) is dense in W™P(Q).

We notice that this result cannot be extended to an unbounded 2, a fact

illustrated in the following example.

Example A.16. Consider the function u(z) = 1, defined on © = R. Clearly
u € C*(R), but the integral [, 1dz does not exist and hence u ¢ W™P(R)

for any m and p.

Under certain regularity conditions on the boundary of {2, we may however
extend the above result to ensure that the approximating smooth functions
are bounded on the closure of €2. To this end, we note the following

definition due to Adams and Fournier [2].

Definition A.17. A domain 2 C Ris said to satisfy the "segment condition"
if for each point z € 9N there exists a neighbourhood U, of x and a number
y, # 0 such that given z € QN U,, we have that for every 0 < § < 1,
2+ 0y, € S

This condition essentially ensures that €2 does not contain any points that

are separated from all other points in the set by some non-zero distance.
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Theorem A.18. (See Adams and Fournier [2] p.68)
If the domain ) satisfies the "segment condition” above, then C3°(R) is dense
in WP(Q) for anym e N, 1 < p < 0.

We note that since the restriction to Q of any function in C§°(R) clearly lies

in C*°(€), this result is equivalent to the density of C*°(Q2) in W™P(Q).

Furthermore, as a particular case of Theorem we have.

Theorem A.19. (See Adams and Fournier [2] p.70)
For allm e N and 1 < p < o0,

WP (R) = Wi (R)

This result may lead one to ask whether there are other domains {2 for
which W™?(Q) = Wy""(2)? Adams and Fournier [2] provide a detailed
answer in Chapter 3, however for our purposes it suffices to know that it
cannot happen if the set R \ © has non-zero measure. This is of particular
interest as we shall demonstrate that the same is not true for certain

weighted Sobolev spaces.

In many applications it is very useful to know under which conditions certain
Sobolev spaces may be embedded into other spaces, to this end we will now
present the well known Sobolev embedding theorems. We begin by recalling

the definition of what it means for one space to be embedded in another.

Definition A.20. Let X,Y be normed spaces, then we say that X is con-

tinuously embedded into Y and write
X =Y |,

if X is a subspace of Y and there exists a constant C' > 0 such that for each
ue X
[ully < Cllullx

We now recall the following definition.
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Definition A.21. (Kreyszig [26] p.405)
Let X,Y be normed spaces, then a linear operator 7': X — Y is said to be

compact, if for every bounded subset M of X we have that T'(M) is compact.

Definition A.22. Let X,Y be normed spaces, we then say that X is com-
pactly embedded into Y and write

Xccy ,

if X is continuously embedded into Y and this embedding is a compact

operator.

Similarly to some of the above results, the Sobolev embedding theorems
require the boundary of €2 to satisfy certain regularity conditions. These
conditions, when viewed within the context of R™, prove however to be
quite complex and thus we direct the reader to the work of Adams and
Fournier [2] (page 82 for the "cone condition" and page 83 for the "strong
local Lipschitz condition") for a full treatment of these conditions. For the
purposes of this dissertation, it will suffice to know that an interval subset
of R satisfies both of these conditions.

Theorem A.23. (See Adams and Fournier [2] p.168-172)
Let Q C R be a bounded domain that satisfies the strong local Lipschitz

condition, then for 2 < p < oo and m € N, the following compact embedding
holds
W™P(Q) cC C()

Theorem A.24. (See Adams and Fournier [2] p.168-172)
Let Q0 C R be a bounded domain that satisfies the cone condition, then for
1<p<oo, mkeN andk >m, the following compact embedding holds

WkP(Q) cc W™P(Q)
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A.3 Mollifiers

The proofs of many of the results in the previous section require the
construction of sequences of smooth functions that approximate Sobolev
functions in various norms. The construction of such sequences is achieved
through a process termed mollification, in which the Sobolev function is
convolved with a function from a special class of smooth functions termed

mollifiers.

A large portion of the main body of this dissertation is dedicated to the
derivation of weighted analogs of results in the previous section. Mollifiers
will therefore play an important role in this regard and thus we will now

provide a brief introduction to the topic.

Definition A.25. (Adams and Fournier [2])

For each € > 0 let J, be a non-negative function such that
1. J. € C§°(—¢,€)
2. [pJe(z)dz =1

The function J. is called a mollifier and the convolution (defined for all u for

which the below integral exists)

Joxulx) = / T (@ —y) u(y)dy |

the mollification of w.
An example of such a function is given by

o o) e

0 lz] > €.
The classical properties of mollifers are now given in the following well-known

result (see Adams and Fournier [2] p.36).
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Theorem A.26. Let u be a real valued function with supp(u) C Q then:

1. Ifue L} (), then J.xu € C>®() .

loc

2. Ifue L} (), then J. xu € C() provided thal

loc

e < dist(supp(u),09) .

3. Ifu e LP(Q) for 1 < p < oo, then J.xu € LP(Q2) and

lim || J*u— ullpo=0.
e—07F

4. If u € C(Q), then lim o+ J. * u = u uniformly on Q.

To conclude this section, we will now demonstrate the application of
mollifiers and prove a number of very useful properties of the distributional

derivative.

Lemma A.27. Consider a weakly differentiable function v € Lj () with
supp(u) € Q. It then follows that

DW[J *u(x)] = J* (DW[u(x)])

Proof. We begin by noting that since u is compactly supported within €2,it
must vanish within some neighbourhood of the boundary of €2 and hence The-
orem implies that J.xu € C§°(£2) and is hence classically differentiable.
It therefore follows that

DO+ )] = (v u(o) = fim |+ [ )k =4 1) = o = )}y

The mean value theorem then implies that

%U(y){Je(:v —y+h) —J(z—y)} < %IU(yﬂ | Je(x —y +h) — J(z —y)|

(o |2y ) — Tz —y)
-l A=
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= [u(y)[| ()]
< [u(y)|sup | J(c)],
ceR
for some ¢ € [v —y,x —y + h|. The right hand side of this inequality is
clearly a member of L*(2) and hence, making use of the Lebesgue Dominated

Convergence Theorem and the definition of the weak derivative it follows that

DL % u(z)] = /Q“(y) tin Jo(x —y+ h/i — J(z—y) g
- /Q %[‘Je(w —y)uly)dy = - /Q diy[Je(ﬂf = y)July)dy

- / Tz — y) DV lu(y)]dy
= J o« DWu(z)] .

Lemma A.28. (Driver [I7]])
Suppose that u is weakly differentiable on the bounded domain Q@ = (a,b),

with DW[u] = 0. It then follows that u is almost everywhere constant on ().

Proof. Given ¢ > 0, we define Qs = [a + §,b — 0] and then set

u(z) if z € Qs

0 otherwise

Clearly supp(i) € Q5 and DW[a] = DM [u] almost everywhere on Q5. Fur-
thermore, if 0 < € < 4, it follows from Theorem that J. x 1 € C§°(Q),
while Lemma, implies that

DW[J. x 4] = J. x DW]i]

=0 a.e.on Q.
It therefore follows that there exists a C' € R such that

Jextu=C a.e. on Qs .
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Recalling that, by Theorem J. * 4 converges to 4 in L*(£s), it follows
that u is constant almost everywhere on €25. The result now follows by noting
that this is true for every 6 > 0 and that

Q:UQ(;.

6>0

Lemma A.29. (Driver [I7] )
If u is weakly differentiable on the bounded domain Q = (a,b), then u has a

version that is absolutely continuous on every closed interval [c,d] C (a,b).

Proof. Let u be weakly differentiable on 2 = (a,b) and recall that from the
definition of weak differentiability, for every [c,d] C (a,b), we have that

we L'e,d and DW[u] € LYe,d] .

Now, for x € [c, d], define

Clearly w is classically differentiable, with derivative D [u(x)] and hence has

a weak derivative that agrees with the classical derivative almost everywhere.
That is,
DYV u(z) —w(z)] =0 a.e. on [c,d] .

It therefore follows from Lemma that u(x) —w(x) is almost everywhere

constant on [c,d] and thus, for some C' € R
u(z) =w(x) 4+ C a.e. on [cd .
There thus exists a version u of u such that

w(z) = w(x) + C for every x € [c, d].
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Setting x = ¢, it follows that

and hence, for = € [¢, d], it follows that

ie) = )+ | " DOu(y)dy

Thus, as required,u is absolutely continuous on [, d]. O

Lemma A.30. Let (v,) be a sequence of functions that converges uniformly
on Q to some function v € L'(Q). Now, given a function u € L'(Q) such
that uwv € LY(Q), it follows that

lim u(x)vn(x)dx:/u(x)v(a:)dx

Proof. Since v,, converges to v uniformly on €2, there exists N € N such that
forx € Qand n > N,

|vn(@)] = [v(2)] < |on(z) —v(@)| <1,
or
lun(z)] < 1+ |v(x)] .
We therefore have that for each n > N,

luvy,| < u(l+ |v|)
<u+|uv| .

Noting that the right hand side of this inequality is clearly a member of L'(£2),

the result follows due to the Lebesgue dominated convergence theorem. [
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Lemma A.31. (Wong [39])

Let u and v be weakly differentiable functions on € such that both uv and
DWulv + uDW(v) are members of L .(Q). It then follows that uv is also
weakly differentiable on Q) with

DWluw] = DY [u]v + uDW[v]

Proof. We begin by fixing ¢ € C5°(92) and then note that since
supp(¢p) = Qy € (2, the definition of local integrability and Lemma
imply that

u,v € C(Qy) and DW[v] € L}(Qy,) .

Given € > 0, we now set

Ve = Jexv

and note that due to Lemmas [L.14] and [A.27],

1.
v € C™®(Q°)
2.
ve — v uniformly on €2
3.
v = J.x DW[v]
4.

v' — DWv] in L'(Q?) .

Finally, we note that since u, v, ¢, ¢’ are all bounded on 2, their products

with integrable functions remain integrable and due to property (4) above

wv'p — uDW[] in L'(Qy) . (A.3)
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Making use of the above facts, the result is derived as follows,

[ uter@e @ = [ u@p@e

Qy

making use of Lemma

= lim u(x)v ()¢ (z)dx |

+
e—0 Qy

applying the classical product rule,

= lim w(z)[ve(z)p(x)]'dr — lim w(z)vl(z)p(x)dx |

e—0t Q4 e—0t Qy

noting that v.¢p € C§°(£2), the definition of the weak derivative implies,

=—lim [ DWu(x)jvc(z)p(z)dx

+
e—0 Q4

— lim w(z)vl(x)d(x)dx .

o+
€E—> Q¢

Thus, applying Theorem [A.30[ and (A.3)),

= [ DOu(a)]v(z)p(x)dz / u(2) DY (v(x))¢(x)dx

Qg Qg

_ /Q [DW[u()]v(z) — u(z) DV[u(x)]] p(x)dz .
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Appendix B

Options and the Black-Scholes

Equation

In this appendix we will provide a brief introduction to financial concepts
used within the body of the dissertation and will provide a brief introduction
to the theory of options and option pricing, with an emphasis on the Black-
Scholes option pricing model. For a deeper treatment of these topics, we
direct the reader to the well known works of Hull [24] or Bjork [6].

B.1 Options

An option is a contract that affords its holder the opportunity to buy or sell
a given financial asset for a predetermined price at some time in the future.
We call the asset that is to be bought or sold the underlying (whose value at
some time ¢ > 0. is denoted by z(¢)) and the predetermined price and future
time, the strike price (denoted by K > 0) and expiration date (denoted by
T > 0) respectively. Options that allow the holder to buy the underlying are
termed call options, while options to sell the underlying are referred to as put
options. When the holder of an option makes use of their right to buy or sell
the underlying asset, we say that they have exercised the option. Options
may be classified as being of either European or American type based on

when the exercise may occur. European options allow the holder to exer-
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cise the option only at the expiry date, whereas American options allow the
holder more freedom in that they may be exercised at any time prior to, or at
the expiration date. There are many choices for the financial asset on which
an option is written, with some of the more common examples being stocks,
foreign currencies and futures, however for the purposes of this dissertation

we will focus on the case of stock options of European type.

We now recall that options offer their holders a right to exercise, but do
not oblige them to do so. It therefore follows that the holder will only exer-
cise the option if it is profitable to do so. Consider for example a European
call option. At expiry, the holder has the opportunity to pay the strike price
K and receive a share of the underlying. Clearly this is only advantageous if
the current value of the underlying x(7") exceeds the strike price K, in which
case the holder receives a profit equal to x(7T) — K. If the holder does not
exercise the option, it expires with a value of 0. It therefore follows that at

expiry, a European call option will have the value
[2(T) — K]* = max{a(T) - K0} .

which we will term the payoff of the option.

A similar argument holds for the case of a European put option; at expiry
the holder has the right to sell a share of the underlying for the strike price
K. Once again, the holder of the option will only make this sale if it is

advantageous to do so and hence the payoff of the option is given by

[K — z(T)]" = max{K — z(T),0}
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Payoft

x(T)

Figure B.1: The payoff function [2(T) — K| of a call option.

Payoff

w

z(T)

Figure B.2: The payoff function [z(T) — K| of a put option.

The standard put and call options we have described thus far are termed
vanilla options and are the most basic within the class. More advanced op-
tions, or so called exotic options, may be constructed by the addition of
further conditions. Such conditions may for example alter the underlying,
introduce some sort of path dependence or change the terms under which the

option may be exercised. For examples of such exotics we direct the reader

to Hull [24] (Chapter 24).

In this dissertation we will focus our attention on the class of path-dependent

exotic options referred to as barrier options. These options extend the idea
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of vanilla puts and calls by placing a restriction on the values that the under-
lying may assume over the life of the option. These restrictions are classified
as either knock-in or knock-out conditions. A knock-in condition asserts that
the option will expire worthless unless the underlying asset attains a certain
value (termed the knock-in barrier) over the course of the options life. A
knock-out condition on the other hand causes the option to expire worthless
if the underlying attains a certain value (termed the knock-out barrier) over
the course of the options life. Barrier options may further be classified as up,
down or double barrier options. If the barrier condition is triggered by the
value of the underlying exceeding some value U > 0, the option is termed an
up-type option, while a down-type barrier option is one in which the barrier
condition is triggered by the value of the underlying falling below a certain
value L. As with vanilla options, it is clear that the value of a barrier option
is known at the expiry date. An up and out European call option for example

has a payoff of the form

[z(T) — K]* provided z(t) <U VYV tel0,T]

0 otherwise

while the payoff of a down and in European put option is given by

[K —z(T)]* provided z(t) < L for some ¢ € [0, 7]

0 otherwise

We call the option that combines the conditions of up and down type barri-

ers, a double barrier option.

In the theory of option pricing, barriers are usually assumed to be moni-
tored in continuous time. In other words, the knock-in and knock-out con-
ditions are applied if the underlying reaches the barrier at any time during
the options life. This is however an unrealistic assumption in practice as it
is impossible to monitor the value of the underlying at every point in time.

In fact, the majority of traded barrier options specify only a fixed number
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of times 0 < t; < ty < ... < ty < T at which the value of the underlying
is checked against the barrier and allow the underlying to assume any value
during the interim time periods. As before, the payoff of such an option is
known. For example, a double barrier knock-out call option with monitoring
dates 0 < t; <ty < ...<ty < T has a payoff of

[z(T) — K]t provided that L < z(t,) < U for every n =1,2,...N
0 otherwise
(B.1)
A special case of discretely monitored barrier options is the so called binary
option, which may be viewed as a barrier option with a single monitoring
time that coincides with the expiry and pays out 1 if the option is not knocked

out and 0 otherwise.

B.2 Option Pricing and the Black Scholes Equa-
tion

As we can see from the above discussion, the value of an option is known
at the time it is exercised /expires. Since this value cannot be negative (the
holder of the option is under no obligation to exercise the option) and may
be positive (the holder has a chance of making a profit), it is clear that the
option must have a positive value at inception. We term this value the fair
price of the option and it is the amount an investor must pay in order to en-
ter into the contract. At the time the option is written, we cannot know the
value of the underlying at the expiry date (or hence the payoff of the option)
and thus the problem of calculating the price of an option is stochastic in

nature.
In their seminal paper, Black and Scholes [7] show that under certain as-
sumptions the value of European options satisfy a deterministic partial dif-

ferential equation of parabolic type. This model (termed the Black-Scholes

model) has become one of the cornerstones of quantitative finance and will
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form a basis for this dissertation.

Before we may proceed to introduce the workings of the model, we recall

the following basic stochastic processes.

Definition B.1. (Bjork [6] )
A stochastic process (W;)>¢ is called a Wiener process (or standard Brownian

motion), provided that it satisfies
1. WO — O .
2. The paths t — W, are almost surely continuous.

3. Given times 0 < s < t, the random variable W, — W, is normally
distributed with mean 0 and variance \/t — s .

4. The process (W;) has independent increments. That is, given 0 < r <
s<t, Wy —W, and W, — W, are independent.

Definition B.2. Let x; be the solution to the stochastic differential equation
dil?t = ,uxtdt + O_:Etth t>0

JIOZXO

Then x; is called geometric Brownian motion with drift parameter p and

volatility o.

Making use of these processes, the model of Black and Scholes begins with

the following assumptions.
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1. The risk-free interest rate r is known and constant.

2. The value of the underlying is geometric Brownian motion, i.e. for
t>0
dx, = radt + ocxdW, (B.2)

where W, is a Wiener process and r and o are the risk-free interest rate

and volatility of the underlying respectively.

3. The underlying does not pay dividends (in the case of the underlying

being a share of stock).

4. There are no transaction costs when buying or selling either the under-

lying or the option.
5. There are no restrictions to short selling.

6. Financial assets are divisible, in other words, an investor may purchase

any fraction of an asset.

7. The market is free of arbitrage.

If these conditions are satisfied, then for all times 0 < ¢ < T, the value of
a European option (denoted by V(z,t)) satisfies the Black-Scholes partial
differential equation.

ov oV o? 0V

With terminal condition

Vi, T) = f(x)

Under this framework, one may derive closed form solutions for the values
of a number of common European options, including standard puts and
calls (see Black and Scholes [7]), as well as continuously monitored barrier
options (see Merton [30]). More complicated exotic options (including

discretely monitored barrier options) do not in general have closed form
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valuation formulae and as such it is often necessary to resort to numerical

valuation methodologies.

Numerically, options are most commonly valued by binomial (see Cox, Ross
and Rubinstein [I5]) and trinomial (see Boyle [9] ) lattice methods. These
methods rely on constructing a mesh of possible paths for the value of the
underlying, by discretising the time horizon and then assuming that at each
discrete point in time the value of the underlying may either make a fixed
up or downward movement (or remain unchanged, in the case of the
trinomial method). Once the mesh has been constructed, the payoff of the
option is calculated at each of the terminal points in the mesh and then
these values are discounted back through the tree to obtain a day one price
for the option. These methods are particularly useful for the valuation of
American style options, as they allow for the inclusion of early exercise
features. Lattice methods are however generally unable to accurately value
path dependant options (such as Asian or Lookback options) as the lattice
is unable to distinguish the path that the underlying took to reach a certain
node. Furthermore, it is well documented with in literature (see Boyle and
Lau [I0], as well as Ritchken [32]) that the application of lattice methods to
barrier options may result in large errors and very slow convergence, unless
great care is taken to ensure that the barrier is well positioned relative to
the mesh.

Another common numerical approach to option valuation is Monte Carlo
simulation(see Boyle, Broadie and Glasserman [§]). Monte Carlo simulation
relies on the assumption that the underlying follows geometric Brownian
motion, as is assumed under the Black-Scholes framework. Making use of
this assumption, the method the simulates sample paths for the underlying
and then calculates the value of the option under each simulation. These
values are then averaged to obtain the price for the option. Since this
methods simulates paths for the underlying individually, it is well suited to
the valuation of path dependant options. Monte Carlo simulation does

however not have the flexibility to consider options with early exercise
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possibilities and often requires a large number of simulations to obtain an

accurate value .

Finally, since the Black-Scholes framework phrases the valuation problem in
terms of a PDE, the well known PDE methods of finite difference and finite
elements (see Seydel [34] ) may also be applied within option pricing. These
methods do however present a number of complications due to the nature
of the Black-Scholes PDE. Neither method is well equipped to accept
degenerate problems on unbounded domains and as such, many authors
elect to transform the Black-Scholes PDE to the more common heat
equation and truncate the spacial domain when applying either of these
methods. Despite these complexities, the finite element method in
particular allows a large degree of flexibility and as such is often applied to
value more complex contracts that cannot be accurately valued under more

standard methods.
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