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Abstract

In this PhD thesis, we construct numerical methods to solve problems described by advection-
diffusion and convective Cahn-Hilliard equations. The advection-diffusion equation models
a variety of physical phenomena in fluid dynamics, heat transfer and mass transfer or alter-
natively describing a stochastically-changing system. The convective Cahn-Hilliard equation
is an equation of mathematical physics which describes several physical phenomena such
as spinodal decomposition of phase separating systems in the presence of an external field

and phase transition in binary liquid mixtures (Golovin et al., 2001; |[Podolny et al., 2005).

In chapter 1, we define some concepts that are required to study some properties of numer-
ical methods. In chapter 2, three numerical methods have been used to solve two problems
described by 1D advection-diffusion equation with specified initial and boundary condi-
tions. The methods used are the third order upwind scheme (Dehghan, 2005), fourth order
scheme (Dehghan, 2005) and Non-Standard Finite Difference scheme (NSFD) (Mickens,
1994)). Two test problems are considered. The first test problem has steep boundary layers
near the region x = 1 and this is challenging problem as many schemes are plagued by non-
physical oscillation near steep boundaries. Many methods suffer from computational noise
when modelling the second test problem especially when the coefficient of diffusivity is very
small for instance 0.01. We compute some errors, namely Ly and L, errors, dissipation

and dispersion errors, total variation and the total mean square error for both problems and
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compare the computational time when the codes are run on a matlab platform. We then
use the optimization technique devised by Appadu| (2013) to find the optimal value of the
time step at a given value of the spatial step which minimizes the dispersion error and this

is validated by some numerical experiments.

In chapter 3, a new finite difference scheme is presented to discretize a 3D advection-
diffusion equation following the work of |Dehghan| (2005, [2007)). We then use this scheme
and two existing schemes namely Crank-Nicolson and implicit Chapeau function to solve a
3D advection-diffusion equation with given initial and boundary conditions. We compare the
performance of the methods by computing L,- error, L..-error, dispersion error, dissipation
error, total mean square error and some performance indices such as mass distribution ratio,
mass conservation ratio, total mass and R? which is a measure of total variation in particle
distribution. We also compute the rate of convergence to validate the order of accuracy of
the numerical methods. We then use optimization techniques to improve the results from

the numerical methods.

In chapter 4, we present and analyze four linearized one-level and multilevel (Bousquet et al.,
2014) finite volume methods for the 2D convective Cahn-Hilliard equation with specified
initial condition and periodic boundary conditions. These methods are constructed in such
a way that some properties of the continuous model are preserved. The nonlinear terms
are approximated by a linear expression based on Mickens' rule (Mickens, |1994) of nonlocal
approximations of nonlinear terms. We prove the existence and uniqueness, convergence
and stability of the solution for the numerical schemes formulated. Numerical experiments
for a test problem have been carried out to test the new numerical methods. We compute
Ls-error, rate of convergence and computational (CPU) time for some temporal and spatial
step sizes at a given time. For the 1D convective Cahn-Hilliard equation, we present
numerical simulations and compute convergence rates as the analysis is the same with the

analysis of the 2D convective Cahn-Hilliard equation.

vi
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Nomenclature
At time step size
Ax spatial step size on z- direction
spatial step size

16 advection velocity

B advection velocity in the direction of x
By advection velocity in the direction of y
B. advection velocity in the direction of z

« diffusivity constant

Oy diffusion coefficient in the direction of z
Qy diffusion coefficient in the direction of y
o, diffusion coefficient in the direction of z
D diffusivity tensor matrix

c Courant number

Co Courant number in the direction of z
Cy Courant number in the direction of y

C, Courant number in the direction of 2
Re Reynolds number

v for all

v driving force

€ dimensionless interfacial width
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Chapter 1

Introduction

In this thesis, some finite difference and finite volume methods have been used to discretize

the advection-diffusion and convective Cahn-Hilliard equations, respectively.

Partial differential equations are used to describe a wide variety of phenomena such as
physical, chemical and biological phenomena and are also used for economics, meteorological
and financial forecasting and other fields. The analytical solutions of partial differential
equations are not generally easy to find. Hence it is necessary to apply numerical methods
to solve approximate solutions of these partial differential equations in order to investigate

or forecast the predictions of the mathematical models.

Numerical methods are techniques by which mathematical problems are formulated so that
they can be solved with arithmetic operations, which describe a particular real problem.
There are many types of numerical methods used to solve ordinary/partial differential equa-
tions. Finite difference, finite volume, finite element, collocation, B-spline and cubic-splines
are some of the most commonly used numerical methods to solve partial differential equa-

tions.

© University of Pretoria
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1.1 Preliminaries and some important concepts

Az
/—/%
tn+1. @ { J
n
/z’ At
tle ° )
Li—1 T Lit1

Figure 1.1: One dimensional finite difference discretization

1.1 Preliminaries and some important concepts

In this section, we recall some definitions and important concepts which are helpful for our

study.

1.1.1 Finite difference methods

Finite difference methods for solving differential equations are numerical methods that pro-
ceed by transforming the differential equation into a large algebraic system of equations
called difference equations. The domain is first partitioned into space and time and approx-
imations of the solution are computed at the spacial and temporal grid points (called point
wise approximation) as shown in Fig. [L.1] For 1D partial differential equation on the inter-
val (a,b),a < b, the crossing points (z; = iAx,t, = nAt),i =0,1,...,N,n=0,1,...,

are called the grid points where Az = — © and At is time step size. The finite difference

solution, denoted by ', is the approximation of the solution at the grid point (z;,t,).

7
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1.1 Preliminaries and some important concepts

1.1.2 Finite volume methods
We start with the one dimensional conservation law of the form (for more details see Leveque
(2004)))

w + g(u), =0, (1.1.1)

where u is a conserved quantity and ¢ is some flux function. Rather than point wise
approximation at grid points, like finite difference methods, a finite volume method is
based on subdividing the spatial domain into intervals called grid cells/finite volumes and
approximating the integral of u over each of these grid cells. The approximate value of the
average value over the i*" grid cell at time ¢, is given by
1
u = N . u(z,t,)dz, (1.1.2)

where k; = [2;_1), T;412) is the i grid cell, Az = z;41/2 — x;_1/2, see Fig. .

If w(z,t) is a smooth function, then the integral in (1.1.2) agrees with the value of u at
the mid point of the interval to O(Ax?).

The integral form of the conservation law ((1.1.2)) gives
d d
pr . u(z,t)de = — /kl . (u(z,t)) de
= g(u(zi-1/2,1)) — g(u(@is1/2,1)). (1.1.3)
Integrating (1.1.3) in time from ¢, to ¢, yields

tni1 tn+1
/ (it bosy) di = / w(w ) do + / (s 1) dt — / gl o, 1)) dt.
tn tn

(1.1.4)
Using the numerical fluxes, we have
At
n+1 n n n
“z’+ = U — Ar [ i+1/2 Fi—l/Q] ) (1.1.5)
or
ultt —al Fly e = F
! L =0 1.1.6
AT As ’ (1.16)
3
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Figure 1.2: One dimensional finite volume discretization

where

n 1 tn+1
Flyp= Kt/ g(u(w;_1/9,1)) dt.

tn
Eq (1.1.6]) is the discrete analogue of the conservation law ([1.1.1)), called a finite volume
discretization of ((1.1.1)).

1.1.3 Some properties and definition of terms

Definition 1.1.1. Let V is a vector space and F' is a field. A function ),
VXV —=F,
is a bilinear map if it satisties the following properties: for any u,v,w € V

Y(av + bv,w) = ap(v,w) + b (u, w) and
(v, au+ bw) = a(v,w) + bp(v,w).

Definition 1.1.2. A finite difference equation (FDE) is consistent with a partial differential
equation (PDE) if the difference between the FDE and the PDE (i.e., the truncation error)

4
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vanishes as the size of the grid spacing goes to zero independently. The order of a FDE
is the rate at which the global error decreases as the grid size approaches zero (Hoffman,

2001).

To obtain truncation error, we have to use Taylor's expansion of discrete terms.

Definition 1.1.3. A finite difference/volume method is called stable in the norm || - || if

there exist constants ¢ and cy such that
|lu™|| < coexp(enAt)||u|, (1.1.7)
where cq > 0 and c is independent of the spacial and temporal step sizes.

Definition 1.1.4. A finite difference/volume method is convergent in the norm || - || if the
discrete solution (i.e., the numerical values) approaches the exact solution of the partial
differential equation in the norm || - || as the size of the grid spacing go to zero (Hoffman,

2001).

Theorem 1.1.1 (Lax Equivalence Theorem (Morton and Mayers, 2005))). For a consistent
linear finite difference approximation to a well-posed linear partial differential equation, the

stability of the scheme is necessary and sufficient for convergence.

For the linear problems, i.e., advection-diffusion equations, it is required to show the finite

difference methods are consistent and stable, and hence by Theorem are convergent.

Poincaré inequality (Canuto et al., 2007): For u € H'(f2), the Poincaré inequality states

that there exists a constant C' (depending upon §2) such that
ol < €(@) ol + [ wd], (11)
Q
where || - || and | - |; are the L? and H' norms, respectively.

Restricting ourselves to the case of functions vanishing on the boundary 92 of the domain

of definition €2 and zero mean in case of periodic boundaries, i.e., fQudx =0, one has

lul* < C(Q)]uly. (1.1.9)
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The smallest constant C' for which (1.1.9) and (1.1.8)) hold is termed as the Poincaré

constant of the domain €.

The same result holds if the domain €2 is simply connected and u only vanishes on a portion

of 92 of positive measure.

Given a linear operator T': X — U, we say that T satisfies the existence property if there
exists at least one solution x € X to T'(z) = u for every u € U. The existence property is

equivalent to the surjectivity of 7" and therefore, to the condition rank(T) = dim(U).

We say that T satisfies the uniqueness property if there exists at most one solution z € X
for each u € U. The uniqueness property is equivalent to injectivity and therefore, to the

condition ker(T") = {0}.

Lemma 1.1.1. (Gockenbach, 2010) Let X and U be d—dimensional vector spaces over a

field F', and let T : X — U be linear. Then T is surjective if and only if it is injective.
The following inequalities are also important for the later discussion.

e Forz €0,3],

(%)% <1_u (1.1.10)

For z € R,

1+ z < exp(z). (1.1.11)

e Young's inequality: For any a,b € R and any § > 0, we have

1
ab < ga2—|—2—5b2. (1.1.12)

Cauchy-Schwarz's inequality: For N € N

N N 1/2 N 1/2
> aib; < (Z af) <Z bf) : (1.1.13)
=1 =1

i=1

© University of Pretoria



poat
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q@ YUNIBESITHI YA PRETORIA

1.2 Advection-diffusion equation

1.2 Advection-diffusion equation

In nature, transport occurs in fluids through the combination of advection and diffusion.
The advection-diffusion equation is one of the most challenging equations in science as
it represents a superposition of two different transport processes: advection and diffusion

(Szymkiewicz, 2010).

In practical applications, the advection-diffusion equation has been used to predict the
movement of a pollutant in a body water (Szymkiewicz, 2010), describe heat transfer in
a draining film (Isenberg and Gutfinger| |1972)), water transport in soils (Parlarge, |1980)),
mass transfer (Guvanasen and Volker, 1983), flow in porous media (Kumar, 1983), charge
transport in semi-conductor devices (Ehrhardt and Mickens, 2013), the spread of pollutants
in rivers and streams (Chatwin and Allen| 1985), the transport of pollutants in the atmo-
sphere (Zlatev et al., [1984), contaminant dispersion in shallow lakes (Salmon et al., 1980,
oil reservoir flow (Dehghan| 2005) and thermal pollution in river systems (Chaudhry et al.,

1983).

The advection-diffusion equation is given by

%+ﬁ.vu:v-(1}-vu),t>o,

where ¥ is advecting velocity vector and D is the (constant) diffusivity tensor and w is the

transported dependent variable.

Various numerical methods have been introduced to model accurately the interaction be-
tween advection and diffusion processes. The available numerical methods are sophisticated
in order to avoid two undesirable features: oscillatory behaviour (dispersion) and numer-
ical dissipation (damping). Modelling accurately the interaction between advection and
diffusion processes in the numerical approximation of the partial differential equations is a

challenging problem (Morton, 1996).
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1.3 Von Neumann stability analysis

There are several techniques that can be used to obtain the stability of numerical methods.
CFL condition (R. Courant and Lewy, 1967)), matrix method (Siemieniuch and Gladwell,
1978) and von Neumann stability analysis are some of these methods (Richtmer and Morton,
1967). CFL conditions are only neccessary conditions for stability and matrix method is
necessary but not always sufficient (Sousa, 2003). The von Neumann method is the most
well-known method to determine the necessary and sufficient conditions for the stability of
numerical methods (Sousal, 2003). Von Neumann's method is applicable only for linear finite
difference equations with constant coefficients. To apply for more general problems, the
governing finite difference equation must be linearised locally and any variable coefficients

must be frozen at some constant value (Durran, [2010).

The von Neumann stability analysis is based on the decomposition of the discretized solution

at some particular time step into a finite Fourier series as
N
up = Y &exp(lw; i),
j=—N

where I = v/—1; &; is an amplification factor and 6, is a wave number of the j-th Fourier
component. The variable w; = 6; Az is called the phase angle and covers the domain
(—m, ). The region around w; = 0 correspond to the low frequencies and while around
the region w; = 7 corresponds to the highest frequencies (Sousa, [2003). Since time
evolution of a single Fourier mode, " exp(Iwi), is determined by the same numerical
scheme as the complete solution [, the stability of the numerical method is obtained by
inserting £ exp(/w; i) into a numerical scheme (Durran, 2010). For simplicity, hereafter,
the variables, w, 0 and &, are written without the subscript j representing the j-th Fourier

component.

Definition 1.3.1. An amplification factor, &, is said to satisfy the von Neumann condition

if there is a constant K such that (Richtmer and Morton, |1967; Sousa, 2003;|Durran, |2010)
E(w)] <1+ KAt Yw € [-n, 7). (1.3.1)

where K is independent of At and Ax.

© University of Pretoria



poat
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q@ YUNIBESITHI YA PRETORIA

1.4 Convective Cahn-Hilliard equation

In practice, the inequality (1.3.1]) is replaced by the following strong condition
|§(w)| < 1,‘v’w € [_ﬂ-’ﬂ-]? (132)
which will ensure that ([1.1.7)) is satisfied.

Lemma 1.3.1. A linear finite difference method is stable in the discrete L*-norm if and

only if the von Neumann condition is satisfied (Sod, 1988).

In this thesis, we use this von Neumann stability analysis to find the stability conditions for

the numerical methods used to solve the advection-diffusion equations.

1.4 Convective Cahn-Hilliard equation

Let 2 denote an open bounded set of R? d = 1,2 or 3. The convective Cahn-Hilliard

equation is a fourth order nonlinear partial differential equation given by
u, — yu(B - Vu) = A(f(u) — e2Au), t > 0, (1.4.1)

where u = u(x,t),x € €, is a scalar unknown function, 7 is the driving force, B is d—

dimensional vector, ¢ is a dimensionless interfacial width and

flu) = v —u.

This equation is a successful model for the description of several physical phenomena:
spinodal decomposition of phase separating systems in the presence of an external field
(e.g. gravitational, magnetic and electronic) (Leung, 1990; Emmott and Bray, 1996; |Yeung
et al., |1992), formation of facets and corners in crystal growth (Golovin et al., {1998, 1999).
Phase transition observed in alloys, glasses, polymer solution and binary liquid mixtures,
faceting of growing thermodynamically unstable surfaces (see (Golovin et al., 2001} Podolny

et al., [2005)), and the references cited therein).

The convective Cahn-Hilliard equation is on one side related to the Cahn-Hilliard equation
and on the other side it is related to the Kuramato-Sivashinsky equation (Eden and Kalan-

tarov, 2007a} (Golovin et al., |2001} Watson et al. 2003; |Watson, [2003). When v ~ 1, the

9
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morphologies of the solutions do not coarsen as time progresses but rather display periodic

patterns (Watson| 2003)).

In the absence of the driving field, i. e. v =0, the Eq. (1.4.1]) reduces to the well known

Cahn-Hilliard equation
uy + 2 A% = Af(u), (1.4.2)

which is a model to describe the evolution of a concentration field for a binary mixture
(Cahn, 1965) and phase separation of binary liquids or binary alloys (Cahn and Hilliard,
1958; |Bray, [1994)). This reduced model has been studied by several authors (Elliott and
Songmul, 1986 Khiari et al 2007, Song, 2015). In [Song (2015), higher order schemes
preserving the properties such as energy and large time behavior are constructed. The Cahn-
Hilliard equation, ([1.4.2)), admits a Lyapunov (free energy) functional which guarantees that

generically all solutions converge to an equilibrium.

. . U

For large 7, that is v — oo, the transformation u — — reduces Eq. (1.4.1) to the well
gl

known Kuramato-Sivashinky equation, which describes the chaotic structure of dynamical

systems. By ignoring the bar on u the Kuramato-Sivashinky is given by
uy — u(B - Vu) = —=Au + e*Au), x € Q,t > 0.

The one-dimensional case of Eq. has been studied by several researchers, theoreti-
cally and numerically. Analytical solutions have been obtained for a single interface in the
presence of the driving force, i.e v # 0, in an infinite system (Leung, [1990). The effect of
this driving force on the coarsening dynamics of the one-dimensional Cahn-Hilliard equation
at T = 0 has been studied by Emmott and Bray| (1996) when ¢ = 1. They observed that
the driving force v has an asymmetric effect on the solution of a single stationary domain
wall. They also noted that the behavior of the kink-anti kink pair (bubble) depends on
v~! and the separation of the interfaces. Later, |Golovin et al| (2001) demonstrated nu-
merically that the one-dimensional convective Cahn-Hilliard equation exhibit a transition
from coarsening to chaotic behaviour as 7 increases. The presence of the driving force

elucidates a fundamental asymmetry between kinks and anti-kinks which is not present in

the Cahn-Hilliard theory (Watson et al., 2003). In |Podolny et al.| (2005)), the dynamics of

10
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domain walls (kinks) governed by the convective Cahn-Hilliard equation is studied by means
of asymptotic and numerical methods. The bifurcations of stationary solutions for different
values of v with € = 1 has been studied by|Zaks et al.| (2006). [Eden and Kalantarov| (2007al)
proved the existence of compact attractor for the one dimensional convective Cahn-Hilliard
equation s with periodic boundary condition. [Zhao and Liul (2013) proved the existence
of optimal solutions for the one dimensional convective Cahn-Hilliard Equation. Aderogba
et al.| (2014) solved the one dimensional convective Cahn-Hilliard equation numerically us-
ing fractional step-splitting methods for v = 0.1 and € = 1. The authors observe that the
solution coarsens as t progresses and they tested numerically the transition of convective
Cahn-Hilliard equation from coarsening to an order less pattern as 7y increases, which is the

behavior of Kuramoto-Sivashinsky equation.

For the convective Cahn-Hilliard equation in higher space dimensions, the transition to
roughening and the structure of the steady states are not well understood (Emmott and
Bray, 11996; |Golovin et al., 2001; |[Eden and Kalantarov, [2007b]). The existence of optimal
solutions for the convective Cahn-Hilliard Equations in two dimensions has been proved by
Zhao and Liu| (2014). [Eden and Kalantarov| (2007b) considered a 3D convective Cahn-
Hilliard equation with periodic boundary conditions and proved the existence of absorbing
balls. In [Zhao (2015), semidiscrete and completely discrete spectral approximations are
constructed to study the long time behaviour of the 2D convective Cahn- Hilliard equation.
Polata et al| (2009) show that a semi-group generated by 3D convective Cahn-Hilliard

equation has a global attractor.

1.5 Thesis overview

The thesis is divided into three main chapters. Each chapter is self-contained and represents
a scientific contribution (published, accepted or submitted). Chapters 2 and 3 are devoted
to a study of some the finite difference methods for the discretization of the linear advection-
diffusion equations. In chapter two, three numerical methods have been used to solve two

1D advection-diffusion problems. We compute some numerical errors and then implement

11
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an optimization technique to find the optimal temporal step size when the spatial step size
is chosen as Az = 0.1. The results in this chapter are the subject to the papers

(Appadu et al., 2015, 2016).

In chapter 3, three finite difference methods have been used to solve a 3D advection-
diffusion equation with given initial and boundary conditions. A new finite difference scheme
is presented to solve 3D advection-diffusion equation. We compare the performance of
the methods by computing Lo-error, L.-error, dispersion error, dissipation error and some
performance indices such as mass distribution ratio, mass conservation ratio, total mass and
R?. We then use an optimization technique to find an optimal time step size that minimizes
dispersion errors. This is the first time the fourth order finite difference method
and an optimization technique applied to a 3D advection-diffusion equation. A
part of this result is accepted for publication Appadu et al. (b) and a full version

of this chapter is submitted for publication (Appadu et al., c).

Chapter 4 deals with one-level and multilevel finite volume approximations of 1D and 2D
convective Cahn-Hilliard equations. We construct four finite volume methods for solving
1D and 2D convective Cahn-Hilliard equations. We study the existence/uniqueness of
solutions and stability and convergence of the finite volume methods for the 2D convective
Cahn-Hilliard equation. We compute the computational time for some chosen temporal
and spatial step sizes at some values of T". Numerical experiments are carried out to
solve the 1D problem. We compute convergence rates for the finite volume methods
constructed. This is the first time the nonlocal approximation of the convective
term preserving the properties of the continuous model applied to the convective
Cahn-Hilliard equation and the multilevel approximation implemented on the
convective Cahn-Hilliard equation. The results in this chapter are submitted

for publication (Appadu et al., a,d).

The last chapter summarizes the dissertation and some possible avenues for future research.

12
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Chapter 2

A computational study of three
numerical methods for some

advection-diffusion problems

A version of this work has been published in (Appadu et al., 2016)) and a shorter version of

this work published in (Appadu et al., [2015)).

2.1 Introduction

We consider the 1D advection-diffusion equation

U+ Uy = AUz, 0<2<1,0<t<T, (2.1.1)
with initial condition
u(z,0) = f(z), 0<x <1,
and boundary conditions
uw(0,t) = go(t), 0<t<T
13
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u(l,t) =g1(t), 0 <t <T,
where « is diffusivity constant.

In this chapter, three numerical methods, namely: third order upwind scheme, fourth order
scheme and non-standard finite difference scheme (NSFD), have been used to solve
with given initial and boundary conditions. Also, an optimization technique has been im-
plemented to find an optimal temporal step size that minimizes the dispersion error for the

third order finite difference method for a fixed spatial step size.

This chapter is outlined as follows: In section 2.2} we study the dissipative and dispersive
characteristics of some numerical methods for the 1D advection-diffusion equation. Section
describes the two test cases considered in this chapter. In section [2.4) we show how
to quantify errors from numerical results into dispersion and dissipation errors using the
technique by [Takacs (1985). In sections [2.52.7] we describe how the three finite differ-
ence methods are constructed and obtain their stability conditions using the approach of
Hindmarsh et al| (1984). Numerical results are presented in section [2.8] In section [2.9]
we obtain the optimal temporal step size using a technique devised by |Appadul (2013)) to
minimize the dispersion error at a given Reynolds number and spatial step size and this is
validated by some numerical experiments for test case 1. In section [2.10| we highlight the

salient features of the chapter.

2.2 Numerical dissipation and dispersion

Finite difference schemes used to solve partial differential equations will often lose energy
as time t progresses, this property is called numerical dissipation (Trefethen, |1996). In the

case of dispersive schemes, oscillations are generated in regions of discontinuity. We let the

elementary solution of Eq. (2.1.1)) be (Anderson et al., [1984)

u(z,t) = exp(yt) exp(16 ), (2.2.1)

14
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where 0 is the wave number and ~ is dispersion relation. On plugging Eq. (2.2.1)) into Eq.

, we get
v =—0I — ab® (2.2.2)
Hence
u(z,t) = exp [(—0I — ab?)t] exp(I6z). (2.2.3)

From Eq (2.2.3]), we deduce that the partial differential equation given by (2.1.1]) represents

a wave with exponentially decaying amplitude travelling at a constant speed. The exact

amplification factor is obtained as (Anderson et al., |1984)

u(x,t + At)

(o) = exp((—16 — ab*)At). (2.2.4)

gemact -

The modulus of the exact amplification factor is then given by
|§ea:act| - eXp(—OZQQAt). (225)

The numerical amplification factor, &, is obtained using von Neumann stability analysis.

The relative phase error (RPE) is obtained as (Anderson et al., (1984)

arg(&num) _ arg(&§num) _ arg(Enum)
arg(gexact> - 8 At n cCw ’

RPE = (2.2.6)

where ¢ is courant number and w = #Ax is phase angle, with Ax being the spatial step

size. Eq. (2.2.6]) can also be written as

(\.
RPE = —i arctan (M) ,
cw

2.3 Test cases

In this section, we consider two test problems to compare the performance of the three

numerical methods, namely third order upwind, fourth order and NSFD.

15
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2.3.1 Test case 1

We solve a problem from Feng and Tian (2006]) which is described by the partial differential

equation
1
ut+ux:§um, O<x<l1, t>0, (2.3.1)
with initial condition
u(z,0) =0, 0<z<1 (2.3.2)
and boundary conditions
u(0,t) =0, u(l,t) =1, t > 0. (2.3.3)

where Re is Reynolds number.

The analytical solution to this equation is obtained using the method of separation of
variables. As t — oo, there exists a solution v of (2.3.1)) independent of ¢ and v(0) = 0

and v(1) = 1, then u can be written as
u(z,t) = v(x) +w(x,t),
where w is a solution of Eq. with
w(0,t) = w(1,t) = 0,w(x,0) = —v(x).

Substituting v into Eq. (2.3.1)) and solving for v, one obtains

_ exp(Rex) — 1
v(@) = exp(Re) — 1 °
Now we solve the following problem
1
Wy + Wy = R_ewxxa
w(0,t) = w(l,t) =0, (2.3.4)
_ exp(Rex) — 1
w(,0) = 1 —exp(Re)
We first find A with
Wiz, t) = A, Op(a, 1), (2.35)

16
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such that p satisfies the following partial differential equation (heat equation)

1
= — Pra- 2.3.
Dt Re Pz ( 3 6)

Substituting (2.3.5]) into Eq. (2.3.4) and solving for p;, we get

1 _A + RieAx _At - Ax + RleAmc

To obtain Eq. (2.3.6)), the coefficients of p and p, in Eq. (2.3.7)) must be zero. We now

solve the following partial differential equations

(2.3.7)

. éAx —0 (2.3.8)
A — A+ éAm ~0. (2.3.9)

Solving Eq. (2.3.8), we obtain
A(x,t) = c(t)exp (% :1:) : (2.3.10)

Substituting (2.3.10)) into Eq. (2.3.9)) and solving for ¢(t) yields
R
c(t) = Agexp (_Ze t) :

where Ag is constant. Hence we have

Re Re

w(z,t) = Agexp (—I t+ 5 x) p(x,t). (2.3.11)

By taking Ayg = 1, we solve Eq. (2.3.6)) with initial condition

_ exp(%5%) — exp(=F2)

p(z,0) = 1 — exp(Re) ’

and boundary conditions

p(o,t) :p<1,t) =0,

using the method of separation of variables. We write p as a product of two functions X

and T such that

pla,t) = X(2) T(#), (2.3.12)

17
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with X (0) = X (1) = 0. Substituting [2.3.12]into Eq. (2.3.6]), we get
ReT’ X"
T X

=\ (2.3.13)
where A is the coefficient of separation and it is given by

A= —w?weR".
We now solve the following two ordinary differential equations

ReT' = —w? T, (2.3.14)

X" = —w?X. (2.3.15)
The general solutions for Eqgs. (2.3.14)) and (2.3.15)) are respectively
—w?t
T(t) = Ty exp ( ;’ ) (2.3.16)

(S

and
X(z) = a cos(wz) + b sin(w x),

for constants T, a and b. Using the boundary conditions we obtain ¢ = 0 and w, =

nm,n =1,2,.... Thus we have

ZB exp( W2t> sin(n ), (2.3.17)

where
1
B, = 2/ p(z,0) sin(nmx)dz.
0

Using integration by parts, we obtain

-1 Re
B, = T o Re
n?m? + R%

Hence, we have

wto) o (551 52 37 AT oy (25| o (2 st

n=1 4
(2.3.18)

18
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Therefore, the solution u of Egs. (2.3.1))-(2.3.3) is given by
(1) = {exp(Re X 1) — 1} . i{ (—1)™mr e (Re x (z — 1))
m=1

exp(Re) — 1 (mm)? + B 2
<oty esp o221 B |

In Tian and Yu| (2011)), they have used two values of Re, namely 100 and 10,000 and two

values of step-size (for coarse and fine grids), namely 0.1 and 0.025. The temporal step
size was chosen as 0.01. This test case is quite challenging as for instance at Re = 100,
numerical solutions from Crank-Nicolson method show non-physical oscillations while the
scheme constructed by [Ding and Zhang (2009) is not accurate on coarse mesh. Moreover,

for Re = 10000, the scheme by Ding and Zhang gives inaccurate solutions due to dispersion.

In this work, we consider three values of Re, say 10, 100, and 10000, and two values of Az,
say 0.1 and 0.025. The temporal step size is chosen as 0.01. We compute the Lo, L.,
total variation, dissipation and dispersion errors when the three schemes are used to solve
problem 1 at time, T"= 1. Table gives the regions of stability of the three schemes at

some values of Re and Ax. The errors are shown in Tables 2.2 to 2.4] and the numerical

and exact plots are shown in Figs. 2.1a| to [2.1¢]

2.3.2 Test case 2

We consider the advection-diffusion equation
U+ Uy = AUy, O0<z <1, t>0 (2.3.19)
with the boundary conditions
u(0,t) = u(1,t) =0,
and the initial condition

u(z,0) = 3sin(4 7 ).
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2.4 Quantification of errors from numerical results

The exact solution of the problem is given by (Chawla et al., 2000)

u(x,t) = exp {% (:B - %)} Z G exp (—aj?n°t) sin(jrz),
j=1

where

G = % [l +(=1)"" exp <—%>} {( D)2y (; —42m2 (L4 (; +4)? 72

2a

The exact solution is obtained using the method of separation of variables as discussed in

subsection 2.3.1.

In |Chawla et al. (2000), they have used a one-parameter family of unconditionally stable
third order time-integration scheme with temporal and spatial step sizes being At = 0.25
and Az = 0.05, respectively and compared their results with Crank-Nicolson which is
highly oscillatory. In this work, we consider four combinations of values of o and Aux;
namely @ = 0.01, Az = 0.1, a = 0.1, Az = 0.05; a = 1,Az = 0.05 and a = 1, Az = 0.1
and display the numerical results at time, 7" = 1. For each choice o and Az, we consider
four different values of the temporal step size for which the methods are stable and the

regions of stability are depicted in Table 2.6

2.4 Quantification of errors from numerical results

In this section, we describe how Takacs (1985)) quantifies errors from numerical results into

dispersion and dissipation errors.

The Total Mean Square Error (TMSE) is calculated as
L
— 2
TMSE = ;le(ui — )

where u; represents the analytical solution and v;, the numerical (discrete) solution at a
given grid point ¢ and N is the number of discrete points.

The Total Mean Square Error can be expressed as

N N

1 & , 1 , 1 , 2 2 &
N;(ui—vi) :NZ(ui—a) +NZ(Ui_@) —I—NZulﬂ—kNZvi@

i=1 =1 i=1 1=1
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2.4 Quantification of errors from numerical results

—\2 1 —\2 2N
S OIUES S CE 24

The right hand side of Eq. (2.4.1]) can be rewritten as
5 N
2 2 _\2 N2 (N2 (2
o (u) +o°(v) + 2(w)” + 2(v)* — (0)* — (v)* — N ;1 w;v;,

where 0?(u) and 0?(v) denote the variance of u and v, respectively, @ and v denote the

mean values of u and v, respectively. Then we have
TMSE = o*(u) + 0*(v) + (@ — 0)? — 2 Cov(u, v),
where Cov(u,v) = + S N u;v; — @v. The Total Mean Square Error can also expressed as
(o) = o(v))? + (@ — 9)* + 2(1 = p)o(w)o(v) (242)

where p = Cov(u,v)/(c(u)o(v)) is the coefficient of correlation. The expression 2(1 —
p)o(u)o(v) measures the dispersion error and (o(u) — o(v))? + (u — ©)* measures the
dissipation error.

We also obtain values of the L, and L, errors which are obtained by the following formulae:

N

Lo-error = , | Az Z(UZ —v;)?, (2.4.3)
i=1

Loo-error = max |u; — v;]. (2.4.4)

Numerical methods must have monotone and Total Variation Diminishing properties. A
numerical scheme is said to be monotone if it produces a monotonic distribution after
advection, given a distribution that is monotonic before advection. Monotonic methods
neither create new extrema in the solution nor amplify existing extrema. Monotonic schemes
are classified broadly into two classes: Flux-corrected transport (FCT) and Flux Limiter

Method (FLM) (Boris and Book, |1973} Zalesak, |1979; Durran, [2010)).

In FCT, the advective fluxes are essentially a weighted average of a lower-order monotonic
scheme and a higher-order non-monotonic scheme. In FLM, the advective fluxes of a high-

order scheme are modified so that the total variation of the solution does not increase with
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2.5 Third order upwind explicit scheme

time. This property is called Total Variation Diminishing (TVD). The Total Variation (TV)

of a function w is defined as
N—1
TV = Z |Ui+1 - ul|
i=1

A TVD scheme ensures that TV (u"*!) < TV (u™) which signifies that the overall amount
of oscillations is bounded ((Trac and Pen)| |2003). All monotone schemes are TVD. All TVD

schemes are monotonically preserving methods (for proof see (Ganzha and Vorozhtsov,

1996)).

2.5 Third order upwind explicit scheme

Dehghan| (2005)) developed high order efficient finite difference schemes (Eleiwi and Laleg-
Kirati, 2014) based on the modified equivalent partial differential equations (MEPDE)
as a means of estimating the order of accuracy of the methods. Third order upwind
and fourth order schemes are some of these methods and have been used to solve a 1D
problem described by a constant coefficient advection-diffusion equation with smooth initial
conditions and quite good results with high accuracy have been obtained. These methods
are explicit and can therefore be used to maximum advantage on a parallel computer. In
this section and sections 2.6 and 2.7, we describe the three methods and obtain the order of
accuracy and the region of stability. We now describe how the third order upwind scheme

is constructed.

oul™ ultt —aup
ou

dx

b (2 +3c+ 125 = 2\ [up —ul, N 2¢7 — 3c+ 125 — 2\ [ul, —ul
o 12 oAz 12 2Nz

4—c*—6 ulr o, —ut

O*ul"” (65— 12sc+2c — 2¢3 + 3¢\ [upy; —2ul +ul
ox?|, 6s (Ax)?
12sc — 2c + 2¢® — 3¢*\ [uf, — 2ul +ul
: . : . 253
f() (s (253
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2.5 Third order upwind explicit scheme

h = ﬁ nd s _ oAt
where ¢ = Ay a = A

have the following:

ultt — 26—|—30+125—2 ulr —u?, 2¢% — 3¢+ 125 — 2\ [uly — uf
s ) (o) () ()
4—c?—6s 1 6s — 12sc + 2¢ — 2¢* + 3¢*\ [ufy — 2u +uj,
() () (et (.o L

. 12s¢ — 2¢ + 2¢3 — 3¢? o — 2u + up
6s 4(Ax)? '

On simplification we get

2.5.1))-(2.5.3]) into Eq. (2.1.1)), we

1 1
ultt = 24[40 + 24sc — 4cjul o + 6(60—303—18504—63—1—362)“?—1"‘
A 1 a1
1—Z—E(243—36sc+60—60 +9¢%) | uj +6( 2¢ — ¢® — 6sc + 6s + 3c*)uf, ;.

Therefore, the third order upwind scheme is given by

uftt = Ayl + Agul |+ Agul + Agull (2.5.4)
where
1 1
Ay = 60(02+6S_1)’ Ay = 5(20—03—6$c+23+02),
1 2 3 1 2
A3:§(2—20 —4s+6sc —c+ ), A4:6(1—c)(6s+c — 2¢).

The modified equation of the scheme is given by

Ax?

EYPS (125¢* — 25 — 2¢® + 2¢ + 128% + 6¢ — 2 — 2¢8) Uggas + *
c

U + Uy — A Ugy =

(2.5.5)

and the leading error terms are dissipative in nature. The scheme is consistent and is third

order accurate in space. The amplification factor of the scheme is given by
€= A exp(—2Iw) + As exp(—Iw) + As + Ay exp({w). (2.5.6)

We use the Fourier analysis and the approach of Hindmarsh et al. (1984) to obtain the

stability region. When w = 7, on simplification of Eq. (2.5.6), we obtain

4 4
E=1—4s— 3¢ + 8sc — 2¢* + 503. (2.5.7)
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2.6 Fourth order explicit scheme

Then we have

2¢ + 3¢ —2¢® — 3 < s5(12¢ — 6) < 2¢ + 3¢ — 2¢°. (2.5.8)

When w — 0, using Taylor's expansion and on neglecting higher order terms, we have
€)% ~ 1 — 2s(w?), (2.5.9)

and therefore, we must have

s> 0. (2.5.10)

Thus, the scheme is stable when both inequalities (2.5.8) and (2.5.10) are satisfied.

2.6 Fourth order explicit scheme

For this scheme the following approximations are used (Dehghan, [2005);

oul™  utt —
I o~ 2.6.1
ot |, At 26
du|" 125 +2¢* — 3¢ — 2\ [u}y — u? 125 +2¢* 3¢ = 2\ (uf —uil,
o~ +
oz |, 12 2Azx 12 28z
A +6s—4\ [up, —ul
B i i— 2.6.2
(=5—) () oo
Pul" [ 44 — 125 — 125 + 85\ (ulyy — 2ul +ul
dx2 |, 6s (Az)?
4 4 2 12 2 12 2 9 no n
N c c® + 1257 + 12sc 8 Uiy — 2U; + Uiy . (2.6.3)
6s 4(Az)?

On substitution of Eqgs. (2.6.142.6.3)) into Eq. (2.1.1]), we have

U?H_U?—i- 125 +2¢% — 3¢ — 2\ [ul'y —ul n 125 +2¢% + 3¢ — 2\ (uf —uity
At 12 2Ax 12 2Ax

B (02 + 6s — 4) (U?H — u?_1> . {(—04 +4c® — 128* — 12s¢* + 88) (u;;l —2ul' +ul"
3 2Ax 6s (Ax)?
ct —4c® + 1252 4+ 125¢® — 25 o — 2u + up g
“( Gs ) (S

which yields

TN PN 125 +2¢% — 3¢ — 2 125 + 2¢* + 3¢ — 2
i 24 24
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2.6 Fourth order explicit scheme

—ct + 4% — 128% — 12s¢* + 8s =4 + 1257 + 12s¢* — 2s n
— 2s + U;
Os 24s

<125+202+3c—2) (04—4c2+1252+12302—23>} "
c + s U;_o

24 24s

4 6s—4 —ct +4c* — 125% — 125¢* + 8s "
+ < —c — 6 + s 63 Ui—1

N 4 6s—4 N —ct +4c® — 125% — 125¢* + 8s .
c|l —— s u;
6 6s i+1
N 125 + 2¢* — 3¢ — 2 N A — 4 +125% + 12s¢% — 2s .
‘ 24 i 245 ire:
(2.6.4)
and after some algebraic manipulation gives
1
ultt = ﬂ[lQS(S + )+ 25(6c — 1) + e(c® + 26 — ¢ — 2)|ul,
1
— 6[125(5 +¢®) +25(3c — 4) + (¢ + & — de — D)|ul
1
+ 1[123(3 +¢?) — 105 + ((€)?)* — 5c* — 4)ul!
1
— 6[128(8 + ) —253c+4) + (¢’ — & —de+ D,
1
+ ﬁ[l%(s + %) —2s(6c + 1) + c(c® — 2¢% — ¢+ 2)]ul,,.
On rearranging, we get the following finite difference scheme
ul ™t = Aul 5+ Bul + Cul + Duly, + Eul.s, (2.6.5)
where
1
A= 1 (12s(s 4+ ¢*) +2s(6c — 1) + c(c — 1) (c + 1)(c + 2))
1
B = =5 (12s(s 4+ ¢*) 4+ 25(3c — 4) + c(c — 2)(c + 1) (c + 2)) ,
1
C = 1 (12s(s 4+ ¢*) —=10s + (¢ — 1)(c = 2)(c+ 1)(c + 2)) ,
1
D= 5 (12s(s 4+ ¢*) — 25(3c +4) + ¢(c — 2)(c — 1)(c + 2)),
1
E = 3 (12s(s + ¢*) = 2s(6c + 1) 4+ c(c — 1)(c + 1)(c — 2)) .
The modified equation of the scheme is given by
Az 2 2, 4 2
Up + Uy = QVllgy = o (60s% + 20s¢? + ¢* — 5¢° + 4 — 308) Upagae +----  (2.6.6)
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2.6 Fourth order explicit scheme

The scheme is essentially dispersive as the leading error terms are dispersive in nature due
to the presence of the odd-order derivative term, w ;... The scheme is consistent and is

fourth order accurate in space.

To obtain the stability conditions for the fourth order scheme we use the approach of

Hindmarsh et al.| (1984). The amplification factor of the scheme is given by
§ = A exp(—2Iw) + B exp(—Iw) + C + D exp(lw) + Eexp(2/w). (2.6.7)

For w = 7, we have

2 2 1
le—%?+7%+85+8M?—é? (2.6.8)

For stability we need to have || < 1 and from (2.6.8]), we obtain

8 9 16
—1<1—€%+7;+83+8m:—7;<1

which equivalently written as

5 1 A\\° ¢ 1
Co 2 s (=-5)) <S4 2 2.6,
6 36“(8 (3 2)) =5 " (26.9)

Solving for s from the right hand side inequality of (2.6.9)), we get

Ne}

1
3 2 \/4+604 <s< 5 — —c + = \/4 + 6¢4, (2.6.10)

and from the left hand side inequality, we have either

11 1
sgg——ﬁ——V&L43 (2.6.11)

2 6
or
1 1, 1
SZ §—§C +6V6C4_5 (2612)
For % < %, it is only required to show the inequality (2.6.10)) is satisfied. For the other
case % > %, and ¢ should satisfy either of the inequalities
1 1, 1 1 1, 1
S == VA6t <s< - — = — V6t -5 2.6.13
3720 TV SISy Te TEvhe (26.13)
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2.7 Non-standard finite difference scheme

or

1 1 1
§—§CQ+6VGC4—5§S§

1
c? + 6\/4 + 6¢t. (2.6.14)

N | —

1
3
When w — 0, we use the following approximations

W 2

cos(w) ~ 1 — = sin(w) ~ w;  sin(2w) ~ 2w;  cos(2w) ~ 1 — 2w”. (2.6.15)
By neglecting the terms with higher degrees, we obtain
€2~ 1 — 2502
The inequality |£] < 1 holds only if
s> 0. (2.6.16)
For the case ¢* < g, using (2.6.10)), and ((2.6.16)), the scheme is stable if
0<s g%_%m%m. (2.6.17)

For the other case, i. e. ¢* >

%, the inequalities (2.6.14]) and ([2.6.16]) are satisfied only
for ¢ € [1,/3]. Hence, for ¢ € [1,/3] the scheme is stable if the conditions (2.6.14) and
(2.6.16|) are satisfied.

2.7 Non-standard finite difference scheme

In this section, we describe how the non-standard finite difference scheme (NSFD) has been

constructed by Mickens| (2000) for the 1D convection-diffusion equation.

The equation u; + u, = @ u,, has three sub-equations (Mickens, |1991} [1994) which are

given by
g+ 1y = 0, (2.7.1)
Uy = O Ugy, (2.7.2)
Up = O Uy (2.7.3)
27
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2.7 Non-standard finite difference scheme

Egs. (2.7.1) and (2.7.2)) have known exact finite difference scheme which are

n+1 n__ ,mn
i U Uy — Ui

At + Ax

u

=0,

and

Uj — Uim1 a( Uip1 — 2 Ui + Uiy >
Ar  \aAz(exp(Az/a) — 1)/’

respectively.

The NSFD is given by (Mickens, (1991} 2000)

n+1 n n n n n n
U, — U n Uy — Uy < iy — 2w oy )
) b

At Ar aAz(exp(Az/a) — 1

which on re-arranging gives

u?—’—l = 61 u’?—f—l + (1 — C — 261) U;? + (C+ Bl) u?—l?

exp(Az/a) — 1

t
where ¢ = Ao and 3, =

The modified equation of NSFD scheme is given by

A 2 Az?
ut+ux:7x(—c+ﬁ+1>um+%(6s—l—02—1)umx+...,
c

and the leading error terms are dissipative in nature.

The square of the modulus of the amplification factor is given by

7 = (1= ¢~ 28) + (e +2 By) cos(w)) + (¢ sin(w))”.

(2.7.4)

(2.7.5)

(2.7.6)

(2.7.7)

For stability, 0 < |¢] < 1 and this implies that 0 < |£|> < 1. We now obtain the region of

stability using the approach used in Hindmarsh et al.| (1984).

We consider the case when w = 7. The amplification factor of the NSFD is given by

£=1-2c—44. (2.7.8)

and therefore,
0<c+2p <1. (2.7.9)
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2.8 Numerical results

Since ¢ and [(3; are positive, we have ¢ + 23, > 0. Hence, we have the inequality

c+20 <1 (2.7.10)

We next consider the case when w — 0. When w — 0, cos(w) =~ 1 — w? and sin(w) =~ w
and we get

c+2 B —c*>0. (2.7.11)
From (2.7.10) and (2.7.11]), we obtain ¢* < 1, which gives

At < Az (2.7.12)

Thus the scheme is stable if it satisfies inequalities (2.7.10) and (2.7.12)).

The stability can also be obtained from positivity property of nonstandard schemes. Here,

we obtain
0 S c+ 251 S 17
which is (2.7.9) and hence (2.7.10). This is one of the strengths of the NSFD methods.

Table displays the regions of stability of the three schemes at three values of Re:10,
100, 10000 and also for two values of Az namely 0.1 and 0.025. The three schemes are
stable at Re=100 and Re=10000, when Az = 0.1 and 0.025, with At = 0.01. However,
the fourth order and NSFD schemes are not stable at Re=10, Az = 0.025 and At = 0.01.

2.8 Numerical results

In this section, the numerical results obtained from the test problems, Test Case 1 and Test
Case 2, at T = 1 are presented. For each test problem, the numerical profiles obtained
using the three methods; third order upwind, fourth order and NSFD are plotted and some

types of errors are tabulated.
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Range of At
Scheme Re Ax
for stability
10 | 01 [0,0.0541]
0.1 [0,0.1578]
100
Fourth Order 0.025 [0,0.0237]
0.1 | [0,0.1001]U[0.1725, 0.1995]
10000
0.025 | [0,0.0251] U [0.0426, 0.0495]
10 | 01 [0,0.0760]
0.1 [0,0.1675]
_ 100
Third order 0.025 [0,0.0275]
0.1 [0,0.1996]
10000
0.025 [0,0.0496]
10 0.1 [0,0.0333]
0.1 [0,0.0833]
100
NSFD 0.025 [0,0.0138]
0.1 [0,0.0998]
10000
0.025 [0,0.0248]

Table 2.1: Stability regions when Re= 10,

Re= 100 and Re= 10000 for Test Case 1.

Ax Re | Ly-error | Lo.-error Diss. Error Disp. Error TMSE
0.1 10 0.0012 | 0.0300 | 3.3114 x 1077 | 9.0556 x 10~7 | 1.2370 x 10~¢
0.1 100 0.0635 | 0.1969 | 3.3448 x 10~* 0.0033 0.0037
0.025 | 100 0.0011 0.0067 | 3.9951 x 1078 | 1.0893 x 1076 | 1.1293 x 10~¢
0.1 | 10000 | 0.1013 | 0.3052 | 9.0851 x 1074 0.0084 0.0093
0.025 | 10000 | 0.0252 | 0.1572 | 1.7086 x 107° | 6.0090 x 10~* | 6.1798 x 10~*

Table 2.2: Errors obtained from third order when At = 0.01, Re= 10, Re= 100 and Re= 10, 000

for Test Case 1 at T' = 1.
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2.8 Numerical results

Ax Re | Lo-error | L..-error Diss. Error Disp. Error TMSE
0.1 10 0.0012 | 0.0030 | 3.5526 x 1077 | 8.8273 x 1077 | 1.2380 x 107°
0.1 100 | 0.1659 | 0.3973 0.0027 0.0224 0.0250
0.025 | 100 0.0029 0.0182 | 1.4444 x 1077 | 8.2459 x 107 | 8.3904 x 10~¢
0.1 | 10000 | 0.3860 | 0.6031 0.0448 0.0906 0.1354
0.025 | 10000 | 0.0591 | 0.3102 | 1.4821 x 10~ 0.0033 0.0034

Table 2.3: Errors obtained from fourth order when At = 0.01, Re= 10, Re= 100 and Re= 10, 000
for Test Case 1 at T' = 1.

Test Case 1

We tabulated the Ls, L, dissipation, dispersion, total mean square errors and total varia-
tion at temporal step size 0.01 and Reynolds number: 10, 100 and 10000 for two values of
Az namely 0.1 and 0.025 for the three different methods in Table to (2.5)). For each
method, it is seen that the errors are larger at higher Reynolds number for same values
of Az and At. The NSFD is by far the best scheme in terms of Ly, L., dissipation and
dispersion errors followed by the third order and fourth order schemes. The profiles from
the three methods and exact profile are shown in Figs. (2.1a) to (2.1¢). At Re= 100 and
Re= 10000, with Az = 0.1 (coarse grid), the results obtained from the third order and the
fourth order are very oscillatory. However, the profile obtained using NSFD is very close
to the exact profile. With Az = 0.025, the profiles are less oscillatory as compared to

Az = 0.1 as expected. Again the NSFD is the most efficient shock-capturing scheme.

From Table 2.5] one can observe that at Re= 100 and Re= 10000, the total variation
obtained from the third order and the fourth order are larger when Az = 0.1 as compared
to the case Az = 0.025. In all cases considered the total variation for the NSFD scheme

is much less than for the other methods.

Fig. shows that the NSFD is TVD and the other two methods are not TVD. This
is because the total variation for the third order upwind and fourth order methods are

increasing near the initial time.
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Az Re Lo-error L.-error Diss. Error Disp. Error TMSE
0.1 10 | 3.6413x107* | 6.7422 x 107* | 5.8429 x 107® | 6.2106 x 107® | 1.2054 x 1077
0.1 100 | 3.8220 x 10710 | 1.2086 x 1072 | 1.3293 x 1072° | 3.6701 x 10~'7 | 1.3280 x 10~*
0.025 | 100 1.4133 x 10712 | 8.8194 x 107'2 | 7.0285 x 10726 | 1.0591 x 10717 | 1.9488 x 10~
0.1 | 10000 0 0 0 0 0
0.025 | 10000 | 4.2204 x 1071 | 2.6692 x 1071 0 5.2836 x 10718 | 5.2836 x 10718

Table 2.4: Errors obtained from NSFD when At = 0.01, Re= 10, Re= 100 and Re= 10, 000
for Test Case 1 at 7' = 1.

CPU time to solve and | CPU time
Numerical methods Re Az | Total Variation
compute all errors to solve u

10 0.1 1 4.246 0.016
100 0.1 3.1664 4.157 0.085
Fourth Order 0.025 1 8.718 0.099
0.1 7.6374 3.703 0.071

10000
0.025 2.3420 4.186 0.081
10 0.1 1 4.363 0.072
0.1 1.4902 4.106 0.084

_ 100

Third Order 0.025 1 8.521 0.098
0.1 1.8783 3.545 0.074

10000
0.025 1.3730 3.961 0.095
10 0.1 1 4.127 0.084
0.1 1 4.262 0.073

100

NSFD 0.025 1 8.754 0.078
0.1 1 3.662 0.030

10000
0.025 1 4.295 0.075

Table 2.5: Total Variation and CPU time for different values of Az when At = 0.01 for

Testcase 1 at T = 1.
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Figure 2.1: Comparison of the numerical schemes when Re=10, Re=100 and Re=10000

for Test case 1 at T' = 1.
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Figure 2.2: Total variation of the numerical schemes when Re=100 and Re=10000, At =
0.01 for Test case 1 at T' = 1.
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2.8 Numerical results

Test case 2

Test case 2 has been described in section where we consider the following values of
a and Ax:

(a) a =0.01, Az = 0.1
(b) a =0.1, Az = 0.05
(c) a=1, Az =0.05
(d) a=1, Az =0.1

Fig. compares the profile when o« = 0.01, Az = 0.1 at four different values of At.
The fourth order scheme is very oscillatory and the third order is quite oscillatory. Table
2.7 compares the errors. It is seen that the NSFD performs the best in regard to Ly, L
and Total Mean Square errors. The dissipation error is greater than dispersion error for the

third and fourth order schemes.

For the case a = 0.1 and Az = 0.05, the exact profile is quite smooth as the coefficient of
diffusivity is larger. The results from NSFD are very close to the exact profile. There is some
dispersion and an overshoot in the peak from the third order and fourth order methods as

shown Fig. (2.4). From Table [2.8] we can deduce the NSFD is the most effective scheme.

When « = 1, the errors obtained using the three methods are very small as shown in Tables

and and again the NSFD performs the best.
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2.8 Numerical results
Range of At
Scheme a | Ax ..

for stability

0.01] 0.1 [0,0.1578]

0.1 | 0.05| [0,0.0155]

Fourth Order | 1 | 0.05 | [0,0.0016]

1 0.1 [0,0.0066]

0.01] 0.1 [0,0.1675]

Third order | 0.1 | 0.05 | [0,0.0314]

1 [0.05| [0,0.0012]

1 0.1 [0,0.0053]

0.01] 0.1 [0,0.0999]

0.1 | 0.05| [0,0.0122]

NSFD 1 |0.05| [0,0.0012]

1 0.1 [0,0.0049]

Table 2.6: Stability regions for three different values of & namely 0.01,0.1 and 1 for Test

Case 2.

Scheme | At | Lg-error | Lo-error | Diss. Error | Disp. Error | TMSE
5 0.001 | 0.1475 | 0.4226 0.0194 3.9638 x 10~ | 0.0198

g 0.005 | 0.1384 | 0.3958 0.0170 3.7389 x 10~ | 0.0174

E 0.01 | 0.1274 | 0.3636 0.0144 3.4468 x 10~ | 0.0147
0.025 | 0.0960 | 0.2733 0.0081 2.5683 x 107* | 0.0084

5 0.001 | 0.3436 | 0.9866 0.0939 0.0134 0.1073

?: 0.005 | 0.3133 | 0.9108 0.0780 0.0112 0.0892

S 1001 | 02792 | 08215 | 0.0619 0.0090 0.0709

- 0.025 | 0.1944 | 0.5845 0.0297 0.0046 0.0344
0.001 | 0.0888 | 0.1696 0.0017 0.0055 0.0072

g 0.005 | 0.0868 | 0.1670 0.0016 0.0052 0.0069

= 0.01 | 0.0842 | 0.1630 0.0015 0.0049 0.0064
0.025 | 0.0748 | 0.1462 0.0012 0.0039 0.0051

Table 2.7: Comparison of the numerical schemes when

Case2 at T = 1.

a = 0.01 and Az = 0.1 for Test
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Figure 2.3: Comparison of the numerical schemes when o« = 0.01 and Az = 0.1 for Test

Case 2 at T = 1.
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Figure 2.4. Comparison of the numerical schemes when o« = 0.1 and Az = 0.05 for Test

Case 2 at T = 1.
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Scheme At Lo-error L-error Diss. Error Disp. Error TMSE
. 0.005 | 2.1355 x 10=* | 3.7906 x 10~* | 3.6010 x 1078 | 7.4241 x 1072 | 4.3434 x 1078
5 0.00625 | 3.9782 x 10~* | 6.8387 x 10~* | 1.4248 x 10~7 | 8.2386 x 10~ | 1.5072 x 10~7
E 0.008 | 6.7694 x 104 0.0012 4.2648 x 1077 | 9.9494 x 1079 | 4.3643 x 10~7
0.01 0.0010 0.0018 9.7346 x 10~7 | 1.2862 x 10~% | 9.8632 x 10~7
5 0.005 | 6.4476 x 1074 0.0012 3.6733 x 1077 | 2.8590 x 1078 | 3.9592 x 107
§ 0.00625 0.0015 0.0026 1.9726 x 107% | 1.0343 x 107 | 2.0761 x 10~°
LL% 0.008 0.0028 0.0050 7.2691 x 1076 | 3.49477 x 1077 | 7.6186 x 10~°
0.01 0.0047 0.0086 2.0288 x 107 | 1.0097 x 107¢ | 2.1297 x 10~
0.005 | 1.1822 x 107* | 3.3094 x 10~* | 1.4911 x 107 | 1.1819 x 1078 | 1.3310 x 1078
g 0.00625 | 2.4401 x 10~* | 3.8193 x 10~* | 3.2902 x 10~% | 2.3803 x 10~% | 5.6706 x 10~
= 0.008 | 4.5680 x 10~ | 7.2895 x 10~* | 1.4871 x 107 | 5.0027 x 10~% | 1.9873 x 1077
0.01 | 7.1049 x 10~* 0.0011 3.8799 x 10~7 | 9.2768 x 10~% | 4.8075 x 10~7

Table 2.8: Comparison of the numerical schemes when o« = 0.1 and Az = 0.05 for Test

Case2 at T =1.
Scheme At Lo-error L.-error Diss. Error Disp. Error TMSE

. 0.0001 | 2.2371 x 1078 | 3.1736 x 1078 | 4.7587 x 10716 | 7.7443 x 10~ | 4.7665 x 106
5 0.000625 | 5.7507 x 1079 | 8.4119 x 10~ | 3.1399 x 10~'7 | 9.7311 x 10~2° | 3.1496 x 107
E 0.0008 | 1.5026 x 108 | 2.1688 x 10~° | 2.1497 x 10716 | 6.7603 x 1072 | 2.1504 x 10~16

0.001 | 2.5597 x 10% | 3.6796 x 10~% | 6.2384 x 107'¢ | 1.4553 x 107'% | 6.2399 x 10716
c 0.0001 | 1.1829 x 1077 | 1.6605 x 10~7 | 1.3322 x 10~'* | 3.8972 x 10~ | 1.3326 x 104
§ 0.000625 | 1.1035 x 1077 | 1.5428 x 10~7 | 1.1593 x 10~"* | 4.7517 x 10~'8 | 1.1597 x 10~
LL% 0.0008 | 2.1916 x 1077 | 3.0609 x 1077 | 4.5725 x 107 | 1.8239 x 10717 | 4.5743 x 10~14

0.001 | 3.7680 x 1077 | 5.2541 x 1077 | 1.3516 x 10713 | 5.6404 x 10717 | 1.3522 x 10713

0.0001 | 1.5801 x 1078 | 2.2254 x 10 | 2.3752 x 10716 | 2.6164 x 10~ | 2.3778 x 1016
g 0.000625 | 1.5277 x 1079 | 2.2411 x 1079 | 1.9681 x 10~'® | 2.5469 x 10719 | 2.2228 x 10~'®
= 0.0008 | 7.0858 x 1072 | 1.0205 x 1078 | 4.7565 x 10717 | 2.5241 x 10 | 4.7818 x 107

0.001 | 1.3492 x 1078 | 1.9322 x 1073 | 1.7311 x 10716 | 2.4982 x 10~ | 1.7336 x 10~'¢

Table 2.9: Comparison of the numerical schemes when o« = 1 and Az = 0.05 for Test Case

2at T =1.
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Figure 2.5: Comparison of the numerical schemes when o« = 1 and Ax = 0.05 for Test

Case 2 at T = 1.
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Scheme

At

Lo-error

L -error

Diss. Error

Disp. Error

TMSE

Third Order

0.0001

1.0558 x 1077

5.0247 x 1071°

5.3754 x 10718

5.0301 x 1071°

5.0301 x 1071°

0.0008

4.0576 x 1078

5.7541 x 1078

1.4946 x 10715

2.1423 x 10718

1.4968 x 10715

0.0025

4.0199 x 1078

5.7023 x 1078

1.4687 x 10715

3.8842 x 1071°

1.4690 x 10715

0.004

1.0981 x 10~ 7

1.5554 x 107

1.0958 x 10~

4.3849 x 10718

1.0962 x 10~

Fourth Order

0.0001

24713 x 1077

3.4362 x 1077

5.5504 x 10714

1.7528 x 10~17

5.5522 x 10714

0.0008

1.5477 x 1077

2.1495 x 1077

2.1770 x 10714

7.3444 x 10718

21777 x 10714

0.0025

2.1010 x 1077

2.9041 x 1077

4.0109 x 10~

1.9375 x 10717

4.0128 x 1071

0.004

8.7923 x 1077

1.2089 x 10~7

7.0240 x 10713

3.7892 x 10716

7.0278 x 10713

NSFD

0.0001

5.1603 x 1078

7.2322 x 1078

2.4205 x 1071°

2.8981 x 10719

2.4208 x 1071°

0.0008

2.7793 x 1078

3.8923 x 1078

7.0193 x 10716

2.7971 x 1071

7.0221 x 10716

0.0025

2.7513 x 1078

3.8847 x 1078

6.8789 x 10716

2.5627 x 10719

6.8815 x 10716

0.004

7.3389 x 1078

1.0321 x 107

4.8961 x 1071°

2.3682 x 10719

4.8963 x 1071°

Table 2.10: Comparison of the numerical schemes when @ = 1 and Az = 0.1 for Test Case

2atT =1.
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. . CPU time to solve and | CPU time
Numerical methods | « Az At Total Variation
compute all errors to solve u
0.001 3.7467 3.938 0.099
0.005 3.7467 3.938 0.030
0.01 01 0.01 3.7467 3.938 0.026
0.025 3.7467 3.938 0.020
0.005 0.1221 4.922 0.031
5 01 | 0.05 0.00625 0.1248 4.923 0.027
< ' ' 0.008 0.1291 4.947 0.026
© 0.01 0.1351 4.954 0.025
£ 0.0001 | 1.4639 x 1076 6.238 1.382
L2 0.000625 | 2.1045 x 1076 5.022 0.122
0.05 0.0008 2.4082 x 1076 4.979 0.096
1 0.001 2.8468 x 1076 4.970 0.084
0.0001 | 1.0875 x 107° 4576 0.683
01 0.0008 | 1.3444 x 107° 3.896 0.070
' 0.0025 | 2.3537 x 107° 3.910 0.029
0.004 | 4.1907 x 10~ 3.838 0.021
0.001 1.7159 3.757 0.062
0.005 1.6560 3.749 0.030
0.01 01 0.01 1.5843 3.751 0.020
0.025 1.3859 3.775 0.018
0.005 0.1206 4.892 0.037
. 0.00625 0.1213 4.866 0.039
o 0-1 1005 47508 0.1223 4.874 0.034
< 0.01 0.1234 4.846 0.032
= 0.0001 | 1.8595 x 1076 6.336 1.356
= 0.05 0.000625 | 1.7792 x 1076 4.915 0.122
' 0.0008 1.7526 x 1076 4.915 0.101
1 0.001 1.7224 x 1076 4913 0.084
0.0001 1.9841 x 107° 4.310 0.653
0.0008 | 1.8880 x 107° 3.769 0.048
0.1 0.0025 1.6603 x 1079 3.771 0.021
0.004 1.4648 x 1070 3.824 0.013
0.001 0.5743 3.738 0.055
0.005 0.5869 3.747 0.018
001 01 0.01 0.6034 3.739 0.017
0.025 0.6563 3.740 0.017
0.005 0.1199 4.864 0.040
0.00625 0.1196 4.868 0.033
0.1 | 0.05
A 0.008 0.1190 4.847 0.032
= 0.01 0.1184 4.859 0.015
< 0.0001 | 1.8405 x 107° 6.058 1.305
0.05 0.000625 | 1.7916 x 10~° 4.954 0.116
' 0.0008 | 1.7756 x 1076 4.936 0.097
1 0.001 1.7573 x 1076 4.910 0.077
0.0001 | 1.9179 x 1076 4.365 0.638
01 0.0008 1.8511 x 1076 3.814 0.061
’ 0.0025 1.6960 x 107° 3.768 0.036
0.004 1.5673 x 107° 3.762 0.016

Table 2.11: Total Variation and CPU time for different values of Az and At for Test Case

2atT =1.
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2.9 Optimization

2.9 Optimization

From the numerical results obtained for Test Case 1, it is observed that all errors obtained
from NSFD are very small. The results obtained from third order upwind shows that the
dispersive errors are much greater than the dissipation errors for the case Az = 0.1. In the
case of fourth order scheme, both dispersion and dissipation errors are very large and are

almost the same in magnitude.

Our aim in this section is to find an optimal value of At that minimizes the dispersion
error when Az = 0.1 and Re=100, using test case 1. 'Tam and Webb (1993), Bogey and
Bailly (2004) and Berland et al.| (2007) have implemented techniques which enable coeffi-
cients to be determined in high order numerical methods for computational aeroacoustics

applications.

The Dispersion-Relation-Preserving (DRP) scheme was constructed (Tam and Webb, |1993)
such that the dispersion relation of the finite difference scheme is formally the same as that
of the original partial differential equation. The integrated error is calculated as
E = /17 0* Az — 0Az|* d(0 Ax),
-n
where the quantities 0*Az and 0 Ax represent the numerical and exact wave numbers
respectively. The dispersion and dissipation error are obtained as |R(6*Ax) — 0 Az| and
|(0* Ax)|, respectively. Tam and Shen| (1993) set 1 as 1.1 and optimize the coefficient in

the numerical scheme such that the integrated error is minimized.

In /Appadul (2012), these techniques were modified into equivalent forms so that the optimal
CFL is computed for some known numerical schemes where the parameters were CFL
and the phase angle. The author defined the following integrated errors integrated error
from Tam and Webb (1993) (IETAM) and integrated error from Bogey and Bailly (2004)
(IEBOGEY)

w1
IETAM :/ |1 — RPE| dw,
0

w1
IEBOGEY = / 11 — RPE| dw,
0
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2.9 Optimization

with w; = 1.1 where |1 — RPE] is the dispersion error.

In /Appadu (2013), optimization techniques based on minimization of the dispersion error
have been used to obtain the optimal At at a fixed value of Az for the Lax-Wendroff
and NSFD discretising a 1-D advection-diffusion equation and these techniques have been

validated.

In this work, we use the same approach as in |Appadu| (2013). The amplification factor of

the third order scheme approximating Eq. (2.1.1)) with Az = 0.1 is

Enind = R(E) + I3(E),

and the relative phase error is given by

—1 3()

RPFEthird = T0ATG arctan(——),

where R(£) and (&) are given by

R(E) =1 —5.33 At — 80AL? + 60At? cos(w) + 20At% cos?(w) + 333.33 At? cos?(w)
+ 8.67 At cos(w) — 666.67 At cos(w) + 333.33At%,
J(€) = 3.33 At sin(w) cos(w) — 13.33 At sin(w) — 333.33 At® sin(w) cos(w) + 20A¢* sin(w)
+ 333.33 At® sin(w) — 20At* sin(w) cos(w).
3D plots of the exact RPE versus At € [0,0.1675] vs w are shown in Figs. and
and we have phase wrapping phenomenon. We thus obtain an approximation for the RPE

till the terms O(w*) using Taylor's series for w € [0,1.1]. The 3D plot of the approximated
RPE vs At vs phase angle is shown in Fig. 2.7d

The approximated RPE is obtained as
RPEnpprox = 1 — (0.0333 + 5A* — At + 50At* — 333.3333)w”.
The integrated error is obtained as

1.1
/ (RPEppprox — 1)*d w, (2.9.1)
0
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2.10 Conclusion

and is a function of At¢. A plot of the integrated error vs At is shown in Fig. [2.8a The
integrated error decreases as At increases from a value close to 0 to 0.05 and then it
oscillates with local minimum near At = 0.1 and At = 0.1414 and then increases again as
as shown in Fig. 2.8b] The scheme is stable if At € [0,0.1675] and using NLPSolve, the

optimal value of At is 0.1.

Table compares the TV, Lo, L., dissipation and dispersion errors, total mean square
error and CPU time using the Third order upwind scheme at some different values of At

with Az = 0.1, Re= 100 and in Fig. 2.9, we obtain the plots of these error vs At.

It is seen that the errors initially decreases and reach a minimum when At = 0.1 and then
increases again. We conclude that the variation of the integrated error in Fig. mimic
the actual variation of the Lo-error, L.-error, total variation, dissipation error, dispersion
error and total mean square errors in Fig. 2.9 We conclude that the time step, At = 0.1 is
indeed the optimal time step size which allows the method to perform at its best. Moreover,
it can be observed from Table [2.12] there is no big change in CPU time when different

values of At are used.

We also plot the exact RPE vs w € [0, 7] at five different values of At namely 0.001,0.08,0.1,0.125
and ¢ as shown in Fig. and it is seen that the scheme has best dispersion properties
when At = 0.1.

2.10 Conclusion

In this chapter, three numerical methods have been used to solve two test problems. The
NSFD is much better than third order upwind and fourth order for all the cases considered.
An optimization technique has been implemented for the third order scheme when Re=100
and Az is fixed as 0.1 to find an optimal temporal step that minimizes the dispersion error.
This optimal value is validated using numerical experiments. The computational time using
NSFD is in general less as compared to the times using the fourth order and third order

upwind schemes.
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At TV Lo-error L-error Diss. Error Disp. Error TMSE CPU time
0.0001 | 1.6291 0.0779 0.2393 5.1174 x 10~ 0.0050 0.0055 4.807
0.00025 | 1.6267 0.0777 0.2386 5.0844 x 10~ 0.0050 0.0055 4.333
0.0005 | 1.6228 0.0773 0.2375 5.0299 x 10~ 0.0049 0.0054 4.198
0.0008 | 1.6181 0.0768 0.2361 4.9656 x 1074 0.0049 0.0054 4.199

0.001 | 1.6150 0.0765 0.2352 4.9227 x 10~ 0.0048 0.0053 4.199
0.0025 | 1.5922 0.0742 0.2285 4.6152 x 1074 0.0045 0.0050 4.128
0.005 | 1.5560 0.0705 0.2176 4.1457 x 1074 0.0041 0.0045 4.140
0.008 | 1.5156 0.0662 0.2050 3.6451 x 10~ 0.0036 0.0040 4.178
0.01 | 1.4903 0.0635 0.1969 3.3448 x 10~ 0.0033 0.0037 4.124
0.025 | 1.3333 0.0457 0.1429 1.7264 x 10~* 0.0017 0.0019 4.139

0.05 | 1.1612 0.0237 0.0746 47694 x 1075 | 4.6144 x 107* | 5.0914 x 1074 4.106
0.0625 | 1.1026 0.0155 0.0488 2.0753 x 107 | 1.9668 x 10~* | 2.1743 x 10~* 4.128

0.1 1 1.4357 x 10° | 4.5400 x 10 | 1.8739 x 10! | 1.6864 x 10 | 1.8738 x 101% | 4.126

0.125 1 0.0025 0.0079 5.6869 x 10~7 | 5.0676 x 1076 | 5.6363 x 10~° 4.165

1/7 | 1.0060 | 9.6247 x 10~* 0.0030 8.3942 x 108 | 7.5819 x 10~ | 8.4213 x 1077 4.125

1/6 | 1.1319 0.0196 0.0619 3.3062 x 107 | 3.1675 x 10~* | 3.4981 x 1074 4.148

Table 2.12: Errors obtained from third order when Az = 0.1, Re= 100 for different values

of At for Test case 1 at T = 1.
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RPE

At

(a) Exact RPE versus At vs phase angle for 0 < (b) Exact RPE versus At vs phase angle for 0 <

w< T w<1.1

1.03
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(d) Plots of Exact RPE vs w € [0, 7] when At =
(c) Approximated RPE versus At vs phase angle 0.001,0.08,0.1,0.125 and % for the Third Order

for 0<w<1l1 Upwind scheme.

Figure 2.7: Plots of RPE vs At vs w for the third order upwind scheme for problem 1 with
Re= 100 and Az = 0.1.
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Figure 2.9: Errors versus At for third order upwind scheme when Re=100 and Ax = 0.1
at T'=1.
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Chapter 3

Performance of some finite
difference methods for a 3D

advection-diffusion equation

In this chapter, following the works of Dehghan| (2005, 2007)), a new finite difference method
has been used to solve a 3D advection-diffusion equation and it is compared with two finite
difference methods. An optimization technique has been implemented to find an optimal
time step that minimizes dispersion errors and that performs better with the performance

indices. This chapter is an extension of the work accepted for publication in |Appadu et al.

(b).

3.1 Introduction

The 3D advection-diffusion equation is given by:

Qu 5 0u +6 U g ou aa2u+a82u+a82“
ot ‘0 Yoy 770 * Ox2 Y Oy? F022’

with initial condition

(3.1.1)

u(z,y,2,0) = f(r,y,2), 0<z,y,2<1, (3.1.2)
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and boundary conditions
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where f, go, g1, ho, h1, ko and k; are known functions while u is unknown transported scalar
variable; f3,, 3,, 3. are constant velocity components of advection in the direction of z, y
and z, respectively and «,, , and « are constant diffusivities in the z, y and z directions,

respectively.

Solving the analytical solution u of Eq. (3.1.1) is difficult and hence numerical method is

advocated if one wants to get insight of the structure of solution (Yang et al., [1998).

In section [3.2] we discuss the discretization of the continuous region and describe the nu-
merical experiment we consider. Section [3.3|discuses dispersion and dissipation of numerical
methods. In section [3.4] we show how errors from numerical results are quantified into dis-
persion and dissipation errors and also define some performance indices. In Section [3.5}
we describe how the numerical methods are constructed and obtain stability of the explicit
scheme. Numerical results are presented in section 3.6 and in section [3.7} we obtain an
optimal temporal step size that minimizes the dispersion error and which also performs

better for the other performance indices and this is validated by numerical experiment.

3.2 Numerical experiment

The domain we consider is 0 < z,y,z < 1. The grid points (z;, y;, 2, t,) are defined by

= (—1)Az,i=1,2,...,N,,
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y]:<.]_1)Ay7j:17277Ny7
o= (k—1DAzk=1,2,... N,

th=(n—1)At,n=1,2,..., N,

where (N, — 1)Az = (N, —1)Ay = (N, —1)Az=1and (N - 1)At =T.

Yang et al.| (1998) studied the accuracy of three numerical methods, namely explicit cen-
tral difference (ECD), implicit Crank-Nicolson (ICN) and implicit Chapeau function (ICF)
methods for solving a 3D advection-diffusion equation as applied to spore and insect dis-
persal. The three numerical methods were used to simulate only the diffusion process. For
the full advection-diffusion equation they only use the ICF for some advective and diffusive
coefficients. The major criterion to test the accuracy was R? which represents the propor-
tion of the total variation in particle distribution in all grid cells that is accounted for by
the distribution through numerical solutions. High R? values were obtained for the ECD

method with % < 0.5 and for the implicit methods with % < 5.

In this work, we compare the performance of three finite difference methods, namely:
fourth order finite difference method (Dehghan [2005), implicit Crank-Nicolson and implicit

Chapeau function when used to solve the partial differential equation in ([3.1.1)) with initial

conditions
—0.5)? —0.5)2 —0.5)?
u(,y,z,0) = exp (—(I F_W S _G ) ) : (3.2.1)
Ol Qy o,
The analytical solution to this problem is (Dehghan| 2004)
. x—B,t—0.5)? (y—PByt—0.5)2 z2—f,t—0.5)?
u(z,y,z,t) = —(4t+11)3/2 exp [_( 0w (4t+1)) - yay (@) ( o (4t+1)) ]
(3.2.2)

The boundary conditions are obtained by substituting directly into Eq. (3.2.2)).

Dehghan| (2004) solved eq. ({3.1.1) subject to the initial condition given by eq. (3.2.1)

and using explicit methods: forward-time centred-space technique, forward-time backward-

space centred-space scheme, Lax—Wendroff type technique and implicit methods: Backward
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3.3 Numerical dispersion and dissipation

time centered-space fully implicit, the (7,7) fully implicit and implicit Crank-Nicolson type
methods. Dehghan| (2004 found that the explicit methods are very simple to implement
and are economical to use as compared to the implicit methods. From the implicit meth-
ods described, it was found that the implicit Crank-Nicolson method is the most efficient

method.

3.3 Numerical dispersion and dissipation

The term with the lowest-order even derivative in the truncation error produces amplitude
error (loss of amplitude) in the approximate solution and this is responsible for numerical
dissipation. The leading odd derivative in the truncation error produces small-scale waves, as
different fourier components propagate at different phase speeds and this causes numerical

dispersion (Durran, [1999).

The modulus of the amplification factor (AFM) is a measure of the stability of a scheme
and it is also used to measure the dissipative characteristics of the scheme. The partial
differential equation (3.1.1)) is dissipative by nature due to the terms u,, and w,, in Eq.

(B.1.1).

The relative phase error (RPE) is a measure of the dispersive characteristics of a scheme.

The relative phase error of a scheme discretizing a 1D advection-diffusion equation, Eq.

(2.1.1)) from previous chapter, is obtained as

_ 1 S (Enum)
RPE = - arctan <—§R(§mm)) ,

where ¢ is the Courant number, w is phase angle, &,... is the amplification factor for a
numerical scheme in approximating the 1D advection-diffusion equation and R(&,.m) and

I(&num) are the real and imaginary parts of &,,.,,, respectively.

We extend the work on relative phase error in Appadu et al.| (2016) for the case of 3D
advection-diffusion equation. We substitute u by exp(yt) exp (I(6,x + 6,y + 0. 2)) in

equation (3.1.1)), where I = /—1; t is time; 6,, 6, and 6, are wave numbers in the
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3.3 Numerical dispersion and dissipation

direction of x, y and z, respectively, and ~ is the dispersion relation. Then we get

0
8_7: = exp(yt) exp (I(0, x + by y + 6. 2)), (3.3.1)
% = 16, exp(y1) exp (I(6 v+ 0,y + 0. 2)), (332)
Z—Z =10, exp(yt) exp (I(0o v + 0y y + 0. 2)), (3.3.3)
% =10, exp(yt) exp (I(0. = + 0,y + 0. 2)), (3.3.4)
0*u 5
a2 = U= exp(vt) exp (1(0: @ + 0,y + 0: 2)), (3.3.5)
0%u 5
ek —0, exp(vt) exp ([(0:x + 0,y + 0, 2)), (3.3.6)
0*u )
a5z = 0= exp(yt) exp ([(0: 2 + 60y y + 6. 2)) (3.3.7)

By substituting Equations (3.3.1)-((3.3.7)) into Egs. ([3.1.1]), we obtain
v = (b2 + o0 + .02) — I1(Bu0, + B0, + B.0.).
Hence we have

u(aja Y, =, t) =€exXp [<_(a96992c[ + Oéytgzl + azez) o I(ﬁxeac + Byey + Bzez)) t]

xexp[l(Oyx+0,y+0,2)].

The exact amplification factor is obtained as (Anderson et al., 1984)
u(z,y, z,t + At)
u(z,y, z,t)
= exp [[—1(Bobe + B0, + 5.0.) — (002 + 02 + a.07)] At] .

gexact =

The relative phase error of a numerical method is obtained using the relation (Anderson

et al., |1984)

arg(fnum)

RPE = ,
arg(ﬁexact)

where the argument of the exact amplification factor is given by

arg(fe:tact) = _(ﬁxez + ﬂyey + ﬁzez) Ata
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3.4 Performance indices and quantification of errors

and the amplification factor of the scheme denoted by &,,.,,,. Hence

arg(Enum)

RPE = .
— (B2l + B0, + B.0,) At

The amplification factor of the scheme can be written as &,.,, = & + 1&, where & and

&5 are the real and imaginary parts of &,,,,. Hence, after some algebraic manipulations, we

obtain
1
RPE = — arctan é ,
Cawy + Cywy + Cw, &
where w, = Az 6,, w, = Ay6, and w, = Az 0, are phase angles in the direction of z, y
and z, respectively; ¢, = Bzit, Cy = 5Z§t and ¢, = % are the Courant numbers in the

direction of x, y and z, respectively.

3.4 Performance indices and quantification of errors

To analyse and compare the performance of the three methods, we compute the L, and
Lo, dissipation, dispersion and total mean square errors and some performance indices such
as total mass, mass conservation ratio (MCR), mass distribution ratio (MDR) and R? which
is a measure of goodness fit (Kvalseth| [1985). We next describe how these performance
indices are calculated. Let u; j; be the exact solution and v; j; the numerical (discrete)
solution at a given grid point (7,5, k) and © and @ their mean, respectively, then R?, total
mass, MCR and MDR are calculated as follows.

Nz Ny Nz
2
D D> (vigk — uign)
i=1 j=1 k=1
Na: Ny Nz ’
—\2
d DS (vige—0)
i=1 j=1 k=1
Nz NZI Nz

Total mass = Z Z Z Ui j o>

i=1 j=1 k=1

R2=1-
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3.4 Performance indices and quantification of errors

Nz Ny Nz

n
=1 j=1 k=1
N:c y Nz
PIPIPIL N
=1 j=1 k=1
Ny N,

zf’:m
>

MCR =

i=1 j=1 k=

MDR =

1,5,k

k=1

Nz Y Nz
Z(U’L] k

i=1 j=1 k=1

We note that MCR and MDR are calculated differently as compared to (Nguyen and Dab-

dub, [2001; |Appadu et al. [2008), where the authors work with a 2D scalar advection

equation.

Following the work of |Appadu and Gidey| (2013)), we also extend the quantification of errors
from numerical results into dispersion and dissipation errors discussed in section for a
3D advection-diffusion problem. The Total Mean Square Error (TMSE) for the 3D case is

calculated as

TMSE = NN N . ZZZ Uik — Vijr)- (3.4.1)

=1 j=1 k=1

The total mean square error can be expressed as

Ny Ny N. 1 N, Ny N,
N, N, N, N N, ZZZ“J’“ Vi) _WZZZ(W,P@)Z
1 j=1 k=1 i=1 j=1 k=1
N N N, ZZZU”’“ N N N. Zzzuuku
i=1 j=1 k=1 i=1 j=1 k=1
N. Ny N, N, Ny N,
NNNZZZZ“”“’ NNNZZ
i=1 j=1 k=1 i=1 j=1 k=1
N, Ny N, N, Ny, N.
" N, N, NZZZZ " N,N, N, N N, DD D Uigkvik
i=1 j=1 k=1 i=1 j=1 k=1

(3.4.2)
The right hand side of Eq. (3.4.2) can be rewritten as

:c Z

Ny
E Uy, 5,k Vi j,k>

i=1 j=1 k=1

o (w) + 0%(0) + 2()° +2(0)° = (@) = (0 = 3y N N.
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3.5 Numerical methods and stability analysis

where o%(u) and %(v) denote the variance of u and v, respectively, « and v denote the

mean values of u and v, respectively. Then we have

TMSE = o*(u) + 0 (v) + (@ — v)* — 2 Cov(u, v),

Nz Ny Nz

1
where Cov(u,v) = ]VxTy]Vzlzl ]Zl ;(ui,j,kvi,j,k — m—;). The Total Mean Square Error
can also expressed as
(o(u) —o(v)* + (. —v)* 4+ 2(1 — p)o(uw)o(v), (3.4.3)

where p = Cov(u,v)/(c(u)o(v)) is the coefficient of correlation. The expression 2(1 —
p)o(u)o(v) measures the dispersion error and (o(u) — o(v))? + (4 — ©)*> measures the

dissipation error.

We also obtain L, and L, errors which are obtained using the following formulae:

Na: Ny Nz

Lg—error = ACL’AyAZ Z Z Z<ui’j’k - ’Ui’j,k)Q, (344)
i=1 j=1 k=1

L-error = max Wi j e — Vijk|- (3.4.5)

1<i<Ng, 1<j<Ny, 1<k<N.
The rate of convergence of a numerical method is obtained using log <Z—;> /log <Z—;>

where e; and ey are Lo-errors with hy and h spatial step sizes, respectively.

3.5 Numerical methods and stability analysis

3.5.1 Stability analysis

The von Neumann stability analysis in three dimensions is the generalization of the one-

dimensional case. We use the ansatz
up iy = E"exp | [(wy i+ wy j + w, k‘)] ,

where [ = /—1; £ = &(w,, wy,w;) is an amplification factor; w, = 0, Az, w, = 6,Ay and
w, = 0,Az are phase angles in the direction of x,y and z, respectively; 6,,6, and 6, are

wave numbers in the direction of x,y and z, respectively.
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3.5 Numerical methods and stability analysis

The region around (0, 0,0) corresponds to the low frequencies and while around the region
(7,7, ) corresponds to the highest frequencies (Sousa, [2003)). An amplification factor, &,

is said to satisfy the von Neumann condition if there is a constant K such that
1§ (g, Wy, wy)| < 1+ KA Y w,, wy,w, € [—7,7]. (3.5.1)
In practice, we use the strong condition as in the one-dimensional case
1§ (Way wy, w)| < 1,V wy, wy, w, € [—m, 7). (3.5.2)
According to Hindmarsh et al| (1984), the von Neumann stability condition holds if the
inequality holds for w, = w, = w, = 7 and w,,w,,w, — 0.

Here, we use the approach given by Hindmarsh et al. (1984) to find the stability regions

for the explicit numerical method considered to solve the 3D advection-diffusion equation.

3.5.2 Numerical methods

In this sub section, we see how the three finite difference methods are constructed to solve

a 3D advection-diffusion equation. For simplicity, we use the following notations:

_ BLAt _ ByAt . B, At
Cx = AZE ) Cy - Ay ’ z AZ )
. S IAN oAt At

SA VT A BT Az
Implicit Crank-Nicolson method (ICN)

Since the 3D implicit methods are costly, we use fractional splitting methods, by first

splitting the 3D problem into three 1D equations as done by Yang et al.| (1998).

U = — g Uy + Qg Uy (3.5.3a)
U = — By Uy + vy Uy (3.5.3b)
U = — B, Uy + oy Uy (3.5.3¢)
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3.5 Numerical methods and stability analysis

Each of Eqgs. (3.5.3a)-(3.5.3c|) are split into two equations. At the first fractional time

step, Eq. (3.5.3a]) is approximated by first separating into two equations

1
1
Ul = Qo Usg. (3.5.5)

from which (3.5.4) is discretized as

n+1/3 n+1/3 n+1/3

Lt — Ui, Wiv1 5k — Wim1k Uy g — Wiiq ik
Wk R =—0, 0 5] 2 1— 0 N N ‘ 356
2 At 2 ( 2Ax * ) 2Ax ( )

and (3.5.5) as

n+1/3 n n+1/3 n+1/3 n+1/3 n n n
1 <uwk - “wkz) . <9“i+1,j,k =2 5 Uy L 9)“i+1,j,k — 2ui; + ui—Lij)
— ——————————————————eeeeeeeeeeee. — x - .

2 At Ax? Ax?
(3.5.7)
Combining Egs. (3.5.6) and (3.5.7)), we get
n+1/3 n+1/3 n+1/3 n
Ax u; +ljk + BI 1;rk/ + Cx ui:l,]/',k: = ik (358)

where

A, =—-0c,—20s,, B,=24+40s,, C,=0c,—20s,,

v = (L=0)[(co +282)ui’ | ;p + (—Co +285)uilyy 4] +[2 = 4(1 — 0)s.]u; 4.

In a similar way, we obtain

w23 w23 n+2/3 _ n+1/3
Ayu ij—1k T Byu ik T Cy Uijy1e = Di,ng 5 (3.5.9)
and
Al + Boulfh + Coulfhy = DI, (3.5.10)

from the second and third fractional time steps, respectively, where

Ay=—0cy,—20s,, By=2+40s,, Cy=0c, —20s,

n+1/3 n+1/3 n+1/3 n+1/3
D, ,],k‘/ (1—=0) [(cy + 28y)uz’,j—{,k + (—cy + 25y)“¢,j+{,k] +[2—4(1- 9>Sy]ui,j,k/
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3.5 Numerical methods and stability analysis

A, =—0c,—20s,, B,=2440s,, C,=0c,—20s,

DI = (1= 0) [(ex + 25 )u T8 + (o 25 75 | o+ [2 = 41 = 0)s.] 1.

0,5,k
The modified equations of (3.5.8)), (3.5.9)), and (3.5.10)), are
At At? At3 Att L Ax?
U + By Uy — Oy Ugy = — > Uy — 6 Ugpp — 24 Uttt — 120 Uttt — 6 6 Uy + AL By Uy
By Azt n ay Ax? n a, Azt At? 0 3,
- Uzzzrzz ——= Ugzzzx o~ Uzzzzzr — Uy
120 12 360 2 "
At3 0 B, At 0 B, Ax? At? 0 B, Ax?
- 6 6 Ugttt — ﬁT Ugpat — + Ugzatt + Ate Oy Uyt
At? 6 o, At3 6 o, At 0 o, Ax? At o,
g Uaant + T Uawntt + Ty Mwsset T o n W
At? 0 o, Ax? AP0 o,
+ o1 Ugzzatt — “60ALZ Ugppee + 0 (3.5.11)
At At? At3 At? Ay?
Up + By Uy — Q Uy = o Ut — 6 Uttt — o1 Uit — 120 Wittt — %Ty Uyyy — ALO By uy
B Ay? ay, Ay? a, Ayt At?0 3
y120 Uyyyyy T — 5 12 Uyyyy + %T Uyyyyyy — Ty Uyt
At At B, Ay? At 0 B, Ay?
6 Oy Uyttt — # Uyyyt — # Uyyytr + AL 0 vy Uy
At?0 «, At 0 At 0 o, Ay? At 0 a,
5 Uyytt + 6 Uyttt + BT Uyyyyt — W Uttt
At? 0 o, Ay? AP0«
+ 2—4,743/ uyyyytt — 60Ty2y Uttt + .- y (3512)
and
At At? At3 At4 L AZ?
U + ﬁz Uy — Oz Uy = — 7 Ugt — 7 Uty — g Ut — ﬁ Uttt — /BT Ussy — ALO 5z Uzt
ﬁz Az a, A2 N a, Az4 At?0 5,
o Uzzzzz — T Uzzzz oo Uzzzzzz — Uy
120 12 360 2 "
A3 05, At0 B, Az? At?0 B, Az?
6 6 Uzttt — BT Uzzzt — 1—62 Uzzztt + At 9 Ay Uyat
At? 0, At3 0 o, At o, Az? At o,
+ Ty Ueen + g U + T Ut T oA Wun
At? 0 o, Az? A’ 0 a,
+—— Ugteee + (3.5.13)

24 Uzzzztt — 60A22

respectively.

When the time and mixed derivatives in Eq. (3.5.11]) are converted to space derivatives,

we obtain
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3.5 Numerical methods and stability analysis

U + By ug + |:—Oéx+At5§ (% —6)} Upy = [Atﬁxax(l—ze) _ A + AL 5y (1_9)1 Ugza

6 2 3
At3 32 1 At 0 B2 Ax? al At? 32 ay

a, Az At*0a, AP B A Ba, (1 At? B, o
T 12A72 20 3 <2 >+ (36 -1)

At 0233 AP0, 3 B At 6 52 Az? B Azt At Az? a,

3A72 60A72 12 120 1 Hrzzzs
n At a3 0_1 +axAx4_At50a§B§ 5At28/8§Aa:2am_At4amﬂ;l
2 3 360 12Ax2 24 24

1) N Atfai Az®  At'faj B

302 2(p 1
+AE S a (9 1 12 9Az?

(3.5.14)

The modified equations in the directions of y and z can be obtained in the same way.
Hence the method is a second order accurate in space and first order accurate in time for
0 # 5. When 0 = % we obtain the Crank-Nicolson method and from (3.5.14)), its modified

equation is

ap Ax? n At3 32 N At Ax? 52

12 24 12

B.Az?  AEPE

ut+ﬁxux_azuxm: - |:

A2 32 a, Atta, Bl At? 3, a2 N A3 33 N At? Az? 33

TXTT ~

4 24 Ax? 4 6 24
n At Az? B, oy N By Azt B Atta? 33 B At 35 B At a, 35 "
8 120 6Ax? 120 120Az2 | 7

AP a2 8L Attad B2 n JAN o4 n 5 At? Ax? a, B2 N At Az? a?
24 Ax? 4Az? 12 48 24
a, Azt A B2a2 Atta, p2
+ + —~
360 4 24

The Crank-Nicolson scheme is second order accurate in space and time. Amplification
factor is important to study dispersion and dissipation properties of numerical methods as

well as to obtain stability of explicit methods. The amplification factor of the numerical

61

© University of Pretoria



=
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Q@ YUNIBESITHI YA PRETORIA
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method is given by

(1—0)[(c. + 2s.) exp(—Iw,) + (—c. + 2s.) exp({w.)] +2 — 4(1 — 6)s.

£= A, exp(—Iw,) + B, + C, exp({w,) &2

where

(1-20) [(cy + 2s,) exp(—Iwy) + (—c, + 2s,) exp([wy)} +2—4(1—-10)s,

f2= Ay exp(—Iw,) + B, + Cyexp({w,) S

and

(1= 0)[(cs + 252) exp(—Iwy) + (—cz + 28,) exp(lw,)] +2 — 4(1 — 0)s,
Az exp(—Iw,) + B, + Crexp(lw,) )

&=

For any Ax, Ay, Ay > 0, the method is unconditionally stable.

Implicit chapeau function method (ICF)

In this sub-section, we refer to|Yang et al.|(1998). We adopt same type of splitting as for the

Implicit Crank-Nicolson method. We first integrate ([3.5.3a)) in the z-direction. Equations

(3.5.4) and (3.5.5)) are discretized as follows:

1 +1/3 +1/3 +1/3
[(u::ljk =y )+ 4(“Zj,k/ —uiig) + (“?ﬂj/k - U?+1,j,k)]

12At
n+1/3 n+1/3 n n
w, L = ul o =l
S 0 i+1,5,k i—1,5,k 1-0 i+1,5,k i—1,5,k 35.15
1 n+1/3 n n+1/3 n n+1/3 n
ToAL (uzj_lék_ U ) + 4(ui,j,k/ —uii) + (ui+1,§,k - ui—&-l,j,k)}
n+1/3 n+1/3 n+1/3 n n n
—a lo ui+1,]/',k ~ 2ui,j,k/ + Uiq,;,k +(1-0) Uiy ke = 2Uij e+ Ul g
’ A2 Az? '
(3.5.16)
Combining Egs. (3.5.15]) and (3.5.16)), we get
A w5+ Boul TP 4 Gl = Dl (3.5.17)
where
A, =2—60c, —120s,, B,=8+240s,, C,=24+60c, —120s,
62

© University of Pretoria



=
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Q@ YUNIBESITHI YA PRETORIA
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DYip =24 (1= 0)(6c, + 125,)]uf’ ;5 + (8 — 24(1 — 0)s,)ui; 4

+ 24 (1 = 0)(=6cs + 1255)ufyy 5

Using same procedures as those described by Eqgs. ([3.5.15))-(3.5.17]), we obtain

n+2/3 n+2/3 n+2/3 _ pyn+1/3
Ay i g0+ By i+ Gy iy = Dy (35.18)
and
n+1 n+1 n+1 _ yn+2/3
Acwi e+ Bowl - Coudiy =Dy, (3.5.19)

for the integrations in the y-direction and z-direction, respectively, where

Ay =2—-60c,—120s,, B,=8+240s,, C,=2+60c, —120s,,

DI =124 (1 - 0)(6c, + 123y)]u§fj_1{f”k + (8 —24(1 — e)sy)uz;f;/?’
+ 24 (1= 0)(=6c, + 125,)]ul T,

A, =2—-060c,—120s,, B,=8+240s,, C,=24+60c, —120s,,

+ 2+ (1—0)(—6c, + 1232)]u§j,§ﬁ.

Making use of Taylor's expansion, the modified equations of (3.5.17)), (3.5.18]) and (3.5.19)

are
Ax? Ax? At? Ax? AtAx?
Uy + ﬁx Uy — O Uggy = — ﬁ Uggzat — T Uggt — T Uggttt — T Uggtt — At 6 6:1: Ugt
At Az? At 0 B, Az? At o, At 0 o,
T 1 Ugzzatt — 36 Ugzmttt — ToAL2 Uttt — 60AZZ Uttt
At? 0 B, Az? At B, Az? At? 0 oy Az
— ——a Uggast — — L Uzax @, Uzzazz
12 " 6 ! 24 *
At o, Ax? At? 0 o, By Ax?
——a  Uzzaxt + ———uxrtt + Ate Qg Uggt — —, Uzax
12 2 6
a, Azt By Ax? o, Az? At 0 3,
“aain Uzzzzze — 1o~ Uzzzzzx 7 Ugzazz — Uy
360 120 12 6 "
At?0 3, At 0 o, At At? At
— Uy — Uggttt — —— Ut — ——— Ut — —— U
2 tt 6 tit 2 tt 6 tit 36 tttt
At
— rso uttttt + RN (3520)
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Ayt Ay? At? Ay? AtAy?
U + By uy — Uy = Ty Uyyyyt — 6 Uyyt — T35 Uyyttt — 19 Uyyte — AL O By uy
At Ay At? 6 B, Ay? At* 6« At* 0
- W Uyyyytt — T Uyyyttt — W Uttt — 60—Ay2 Uttt
At20 5, Ay AL0 B, Ay? A0 cry Ay
T 1 Uyyytt — 6 Uyyyt + o1 Uyyyytt
At o, Ay? At? 0 o By Ay?
1—; Uyyyyt L uyytt + A oy gy — yT Uyyy
o, Ayt B, Ay o, Ay? A0
+ %T Uyyyyyy — leO Uyyyyy T y1—2 Uyyyy — Ty Uyttt
At?6 3, At oy At At? At?
- B Uypt + T Uyttt — 7 Ut — T Uty — % Uttt
At
— TSO uttttt + SN (3521)
and
Az4 Az? At?2 Az? AtAz?
Uy + ﬁz Uy — Oy Uy = _W Uzzzzt — T Uzzt — T Uzttt — T Uzzet — At 0 52 Uzt
At Az4 A2 03, A2 At*h o, At b,
T T 1aa Uzzzatt — 3 Uzzattt — 129AL2 Uttt — “60A22 Uttt
At?0 3, A2 At B, Az? . At? 0 o, N2>
T T Uzzztt — o Uzzzt s Uzzzztt
12 6 24
At o, A2 N At? 0 o, H ot AL B, Az?
—— Uzzzat — = uz=z Qp Uzt — — (7 Uzzz
12 2 6
a, Azt B, Az a, A2 A0 3,
i Uzzzzzz — Tan Uzzzzz _'_ —— Uzzzz — Uzttt
360 120 12 6
At?0 3, At 0o, At At? At
- 5 Uzt + 6 Uzttt — 7 Utt — 6 Uttt — 36 Uttt
At

respectively. When the time derivatives in (3.5.20]) are converted to space derivatives using

(3.5.17)), we obtain

2 23
At 5,(1 — 20) + % <% — «9)] Uy

Uy + By Uy + —am+Atﬁz (% —9)} Upy =

[ A2 62 a, a, Az? At B2 Ax? ) 1 At o, B
+ — (30 —1) — 12 + 5 + Ata; (6’ — —> oA

2
A3 0 52 1
TPz lp_
+— ( 6)] Upgas +

Bs Azt A2, o At B3 a, (1
£ (1-360 —F —(=—20
180 + 2 ( 30) + 3 3
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A? 33 Ax? <1 B 9> N AtAz? B, a, (1 9) AtPOa, 35 At 33

12 3 2 3 2 60Ax2 3Az2
Att 35 1 At o2 Ax? At 0 a3 32
T At3 2 2 g — = z g—1)— z Pz
T e E ( 6) A Ay v
o Art AP AR o, (250 + AP0 By Ax® AtP0ai By AtAa® 5
90 24 36 12A 22 12
At? o 1 Atto, 2 At Azt 32
s (p—2) - v _ & =0, 52
T3 ( 3) 36 Tag |Vesese T =0 (35.23)

The modified equations in the directions of y and z can be obtained similarly. Hence the

method is second order accurate in space and is first order accurate in time when 6 # 1/2.

When 6 = 3, we get the ICF method and from (3.5.23), its modified equation is given by

At? 33
T Ugza +

A2 B2 a, o, Ar? N At 32 Ax? Atta, B2
4 12 12 24 A x?

ut+ﬁxux_axuxx: -

BoAxt  APBof  2AFFlas  AE B A
180 4 9 2

A3 B

n AtAZ? B, oy n AtSa, 85 Atta? 33 n Att 35 n A3 3% a2
24 120Az? 6Az2 180 | 3
Qg Azt N At? Az? o, 52 n A3 32 Ax? B At® o2 32 B Attad 32 n At
90 48 72 24 Ax? 4Ax? 12
AtA2? 32 Atta, 2 At Azt 32
2 36 1aq | e T (3.5.24)

The ICF scheme is second order accurate in space and time.

The amplification factor of the numerical method is given by

_ A, exp(—Iw,) &+ As & + Az, exp(lw,) &

¢ A, exp(—Iw,) + B, + C, exp(lw,) ’
where
- Ay exp(—Iwy) & + Agy &+ Asy exp({wy) &
A, exp(—Iw,) + B, + C, exp(lwy)
¢ = Ay, exp(—Iw,) + Asy + Az, exp(fw,)
T oA, exp(—Iw,) + B, + C, exp({w,)
and

A, =2+ (1—-0)(6c, +12s,), Ay, =8—-24(1—0)s,, As.=2+(1—-0)(—6c,+ 12s,),
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Ay =2+ (1—-6)(6c,+12s,), Ay, =8—-24(1—-10)s,, A3, =2+ (1—6)(—6¢c,+ 12s,),

Ale =2+ (1—0)(6c, +12s,), Ay =8 —24(1 —0)s,, Asn =2+ (1 —60)(—6c, + 125,).

The scheme is implicit and hence unconditionally stable.

Fourth order finite difference method (FOM)

Dehghan| (2005)) constructed a fourth order finite difference scheme for 1D advection-
diffusion equation and then extended the scheme to discretize 2D advection-diffusion equa-
tion (Dehghan, 2007) using time-splitting procedures. In this work, we extend their work
to obtain a scheme to discretize 3D advection-diffusion equation using fractional splitting

techniques. The following approximations are used to solve (3.5.3a)) at the first fractional

step:
+1/3
oul|" N qu,k:/ - U?Jk
du ik (3.5.25)
Ot i At
du nt+1/3 (128 +2¢2 — 3¢, — 2\ [(Uhajik — Uik n 1250 +2¢; + 3¢ — 2 (Uiin — U2k
ox ik B 12 281 . =
_ <c§ + 65, — 4> <“?+1,j,k - “?17j7k> (3.5.26)
3 2Ax ’ -
9%u s A~ A — 1257 —125,¢2 + 85, \ ((Uik1 gk — 2Uik T U1k
O0x2 i,5,k B 65, (Ax)2
+ i —4c) + 1257 + 125,65 — 255\ (Wira ik ~ 2Uijk T Uila ik (3.5.27)
65z 4(Ax)? o

On substitution of Egs. ([3.5.25)-(3.5.27)) into Eq. ([3.5.3a) and after some algebraic

manipulation, we obtain

n+1/3 n n n n n

where

24

A, = i (1233:(375 + ci) + 28, (6c, — 1) + cp(ce — 1)(ce + 1) (e + 2)) ,
B, — —é (125, (5, + &) + 25,(3es — 4) + cales — 2)(es + 1)(ca +2)) .
C,

(128,(s5 + %) — 108, + (co — 1)(cp — 2)(cz + 1) (2 + 2))

|
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1
D, = 5 (12395(31 + ci) — 25, (3¢, +4) + co(ce — 2) (e — 1) ez + 2)) ,

1
E, = 9 (123,;(% + ci) —28,(6c, + 1) + cp(ce — 1) (e + 1) (e — 2)) )

We use same procedure for the y— and z— directions at the second and third fractional

time steps and obtain

wl T = Ayl T+ By T+ Oyl + Dyl T+ Byl (3.5.29)

gk ik y Wi g1k i k27
and
wh = A+ Bl S+ Codl P+ Do+ BT, (35.30)
where
Ay =5 (125, (sy + ¢2) 4 25,(6¢, — 1) + ¢y (cy, — 1)(¢y + 1)(¢, +2))
B, = —é (12sy(sy + ) + 25,(3cy — 4) 4 ¢,(cy — 2)(¢y + 1)(cy +2))
C, = 411 (125, (s, + ci) — 105, + (¢, — 1)(cy — 2)(cy +1)(¢y + 2)) ,
Dy = —5 (123,(5, + &) — 25,(3¢, + 4) + (e, — ey~ 1ley +2)),
E, = 2—14 (12s,(sy + CZ) — 25,(6¢, 4+ 1) + ¢y(cy — 1)(cy + 1)(cy, — 2)),
and
A, = i (12s.(s: 4+ ¢2) + 25.(6c. — 1) + cz(c. — 1)(c. + 1)(cs + 2))
B, = —é (12s.(s: + ¢2) + 25.(3c. — 4) + cz(c. — 2)(c. + 1)(c: + 2))
C, = i (12s.(s: 4+ ¢2) — 10s; + (c. — 1)(c: — 2)(cs + 1)(c: + 2))
D, = —é (1232(32 + %) — 25.(3c, +4) +c.(c. —2)(c. — 1)(c. + 2)) ,
E, = i (12s.(s: 4+ ¢2) — 25.(6¢, + 1) + cz(c. — 1)(c. + 1)(c; — 2)) .
The modified equations of Egs. (3.5.28)), (3.5.29) and (3.5.30) are (Appadu et al., [2016))
Up + By Uy — Oy Ugy = ?(;1 (608325 4 208,¢2 + ¢t — 52 +4 — 303$) Upgzar + 7
(3.5.31)
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6] a | Stability region for At
0.8 | 0.01 [0,0.073865]

1 1 [0,0.001665]

2 0.01 [0, 0.039467]
0.01 | 0.01 [0, 0.166528]
0.001 | 0.01 [0, 0.166665]

Table 3.1: Stability region of FOM when for some values of 3 and o when Az = Ay =
Az = 0.05.

Ay4

U + By Uy — Qi Uy = 120 (6033 + 203yc§ + 03 — 503 +4— 305y) Uyygyy + 5
(3.5.32)
and
Azt
e+ Bettz = @ tzy = o (6057 + 205262 + € — 5L 4 = 308:) Usanaz
(3.5.33)

respectively, and hence this scheme is fourth order accurate in space and third accurate in

time.
Using von Neumann stability analysis, the amplification factor of FOM is given by
¢ = (A exp(—2lw,) + B,exp(—Iw,) + C, + D, exp({w,) + E, exp(2{w, ))&,
where
& = (Ay exp(—2{wy) + By exp(—Iw,) + C, + D, exp({w,) + E, exp(2lw,))é,
and
& = A exp(—2Iw,) + B, exp(—Iw,) + Cp + D, exp(Iw,) + E, exp(2[w,).

Using the approach of Hindmarsh et al.[(1984)), the region of stability at 4 = 0.05 for some

values of advection velocities and diffusivities are given in Table [3.1]
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3.6 Numerical results

The numerical results obtained from the three numerical methods at time 7" = 0.05 and 0.2
are shown in Tables[3.2]to[3.8] Figs. [3.1]to[3.3] present the numerical results when z = 0.5.
For all computations, we consider the spatial step sizes Ax = Ay = Az = h = 0.05 and
the temporal step size, At = 0.001, where the advection and diffusion coefficients are the
same in all directions, i. e. , 8, = 8, = 3. = f and a, = oy, = o, = «, with § and a to

be chosen. Some combinations of 3 and « are considered namely:

(a) B=08,a=001
(b) 8 =2,a=0.01.
(c) f=1,a=1.

(d) 5 =0.01,a = 0.0
(e) 8 =0.001,a =0.01

Table shows the errors at h = 0.05, At = 0.001 and T" = 0.05 when 8 = 0.8 and
«a = 0.01. Based on Lj, L., and dispersion errors, ICF is slightly better than FOM. ICN
is the worst performing scheme for this problem. Based on the positive definite character,
ICF is best scheme out of the three methods, though it is not completely positive definite.
MDR values from ICN and FOM are respectively 1.0129 and 1.0013 while this value from
ICF is 0.9870. MDR is affected by mass spreading into areas of the grid that should remain
free of mass, by damping of the peak concentration, by negative ripples or by diffusive

events in the solution (Kenneth, 1983).

Table [3.3] shows errors when 3 = 0.8 and a = 0.01 at h = 0.05, At = 0.001 and T' = 0.2.
Based on Ls, L., and dispersion errors, MDR values, the most efficient scheme is ICF

followed by FOM.

Table shows errors when 5 = 2 and o = 0.01 at 7" = 0.05. ICF performs better
followed by FOM, except the MDR for which FOM better. As we progress in time, for
instance 7" = 0.2, as shown in Table [3.5 the FOM performs well and the ICF is least

efficient.
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Method Lo- error Lo.-error | Total mass R? MCR | MDR min u max u Diss. Error Disp. Error TMSE
Exact 0 0 44 5466 1 1 1 1.6640 x 10732 | 0.7419 0 0 0
ICN 0.0032 0.0799 44 5465 0.9932 1 1.0129 | —3.9948 x 107° | 0.7145 | 5.4840 x 1078 | 8.5946 x 10~¢ | 8.6494 x 10~
ICF 5.8236 x 1074 0.0210 44 5466 0.9998 1 0.9870 | —1.2857 x 10719 | 0.7209 | 5.5783 x 10~® | 2.3718 x 1077 | 2.9297 x 107
FOM 8.3415 x 10~* 0.0226 44 5466 0.9995 1 1.0013 | —1.2422 x 10~* | 0.7330 | 5.8748 x 10710 | 6.0047 x 10~7 | 6.0106 x 107
Table 3.2: Errors obtained when o = 0.01, 5 = 0.8, h = 0.05 and At = 0.001, T" = 0.05.
Method Lo- error Lo-error | Total mass R? MCR | MDR min u max u Diss. Error Disp. Error TMSE
Exact 0 0 44 5400 1 1 1 1.2227 x 10732 | 0.4072 0 0 0
ICN 0.0052 0.0016 | 44.3273 | 0.0658 | 0.9952 | 1.0238 200027 | 0.4059 | 1.0541 x 107 | 2.3197 x 10~ | 2.3302 x 10-7
ICF | 7.7228 x 10 * | 0.0163 | 44.8431 | 0.0992 | 1.0068 | 0.9778 | —5.0803 x 100 | 0.3910 | 9.5717 x 10°® | 4.2047 x 107 | 5.1518 x 107
FOM 9.6606 x 10~* 0.0181 44 5894 0.9988 | 1.0011 | 1.0016 1.2227 x 10732 0.4110 | 4.7813 x 10719 | 8.0571 x 10”7 | 8.0618 x 1077
Table 3.3: Errors obtained when o = 0.01, 8 = 0.8, h = 0.05 and At = 0.001, "= 0.2.
Fig. and Table [3.6] show that the ICN method is the worst method for the case o = 1
followed by the ICF. Both methods are highly dissipative. For the cases o and 3 small, all
the results obtained from all the three methods are close to the exact solution as shown
in Figs. and and Tables [3.7] and [3.8] where least errors are obtained from FOM
followed by ICF.
Based on dissipation errors obtained from all the cases considered, the FOM is the best
scheme out of the three schemes.
We then obtain the rate of convergence of the three methods. Using Tables [3.9] and [3.10]
we observe that the FOM is fourth order in space, ICN and ICF are second order in space.
Method Lo- error Loo-error | Total mass R? MCR | MDR min u max u Diss. Error Disp. Error TMSE
Exact 0 0 44 5466 1 1 1 6.2334 x 10740 | 0.7607 0 0 0
ICN 0.0077 0.1712 44 5405 0.9600 | 0.9999 | 1.0130 -0.0063 0.6872 | 5.5188 x 1073 | 5.0758 x 10~° | 5.0813 x 107°
ICF 7.7692 x 1074 0.0217 44 5467 0.9996 1 0.9871 | —1.0839 x 107° | 0.7390 | 5.5330 x 10=% | 4.6609 x 1077 | 5.2142 x 1077
FOM 0.0020 0.0487 | 445488 | 00972 | 1 | 1.0001 | —5.8074 x 10 * | 0.7436 | 5.1787 x 102 | 3.5561 x 100 | 3.5561 x 10

Table 3.4: Errors obtained when o = 0.01, 5 = 2, h = 0.05 and At = 0.001 at 7' = 0.05.
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(b) ICN

(a) Exact

= = =Exact
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(e) wvs  when y = 0.5

Figure 3.1: Numerical results from FOM, ICF and ICN when o« = 0.01, 5 = 0.8, h = 0.05,

At =0.001 and z = 0.5 at 7' = 0.05.

71

1a

ty of Pretori

iversi

© Un



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

)

3.6 Numerical results
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Figure 3.2: Numerical profiles from FOM, ICF and ICN when o = 0.01,8 = 0.8, h =

0.05, At =0.001 and z =0.5 at "= 0.2.
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3.6 Numerical results
Method | Lo-error | L..-error | Total mass R? MCR MDR min u max u Diss. Error Disp. Error TMSE
Exact 0 0 33.4324 1 1 1 9.7126 x 10790 | 0.4141 0 0 0
ICN 0.0105 | 0.1864 36.2141 0.8488 | 1.0832 | 1.2867 -0.0375 0.3809 | 1.1695 x 107° | 8.4049 x 107 | 9.5743 x 10~
ICF 0.1760 | 6.8426 97.5905 | -41.2453 | 2.9190 | 46.7061 -2.6598 7.1155 0.0220 0.0047 0.0268
FOM 0.0020 0.0422 33.4840 0.9946 | 1.0015 | 1.0229 | —7.7893 x 10~* | 0.3891 | 8.5215 x 10~% | 3.3124 x 10~% | 3.3976 x 10~°

Table 3.5: Errors obtained when o = 0.01, 5 = 2,h = 0.05 and k£ = 0.001 at 7" = 0.2.

Method | Ly-error | Lo-error | Total mass R? MCR | MDR min v | max u Diss. Error Disp. Error TMSE
Exact 0 0 3.1089 x 103 1 1 1 0.1830 | 0.4141 0 0 0
ICN 0.3201 | 0.4106 753.0659 | -42.3521 | 0.2422 | 0.2235 | -0.0163 | 0.3939 0.0733 0.0152 0.0885
ICF 0.0880 | 0.1585 | 2.4926 x 10 | -2.2723 | 0.8017 | 0.6468 | 0.1665 | 0.3939 0.0044 0.0022 0.0067
FOM 0.0014 0.0020 | 3.1194 x 10° | 0.9991 | 1.0034 | 1.0068 | 0.1830 | 0.4156 | 1.3105 x 1076 | 4.5297 x 107 | 1.7635 x 10~¢

Table 3.6: Errors obtained when o« = 1,8 =1,h = 0.05 and At = 0.001 at 7" = 0.2.

Method Lo-error Lo-error | Total mass R? MCR | MDR min u max u Diss. Error Disp. Error TMSE
Exact 0 0 44,5466 1 1 1 2.3792 x 107* | 0.4138 0 0 0
ICN 7.2622 x 107* | 0.0204 44.5462 | 0.9993 | 1.0000 | 1.0239 | 2.3792 x 1071 | 0.4342 | 1.0230 x 10~7 | 3.5328 x 10~® | 4.5558 x 10~7
ICF 6.8262 x 107* | 0.0179 44.5472 | 0.9994 | 1.0000 | 0.9776 | —9.4898 x 10~ | 0.3959 | 9.2623 x 10~ | 3.0990 x 1077 | 4.0252 x 1077
FOM 1.0628 x 107* | 0.0031 445468 1.0000 | 1.0000 | 1.0019 | —4.9154 x 10~7 | 0.4169 | 6.8583 x 107 | 9.0715 x 10~ | 9.7573 x 10~

Table 3.7: Errors obtained when oo = 0.01, 8 = 0.01, A = 0.05 and At = 0.001 at 7" = 0.2.

Method Lo-error L.o-error | Total mass R? MCR MDR min u max u Diss. Error Disp. Error TMSE
Exact 0 0 44 5466 1 1 1 3.2137 x 107 | 0.4141 0 0 0
ICN 7.2327 x 107* | 0.0204 445462 | 0.9993 | 1.0000 | 1.0239 | 3.2137 x 107 | 0.4344 | 1.0230 x 10~7 | 3.4958 x 107 | 4.5189 x 107
ICF 6.8262 x 10~* | 0.0179 44.5472 | 0.9994 | 1.0000 | 0.9776 | —7.9385 x 10~ | 0.3962 | 9.2623 x 10~% | 3.0990 x 1077 | 4.0252 x 10~7
FOM | 1.0559 x 10~* | 0.0031 44.5468 | 1.0000 | 1.0000 | 1.0019 | —1.7572 x 1077 | 0.4172 | 6.8586 x 1070 | 8.9457 x 107 | 9.6315 x 107

Table 3.8: Errors obtained when «

T =0.2.

0.01,5 = 0.001,A = 0.05 and At = 0.001 at
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Figure 3.3: Numerical results when h = 0.05, At = 0.001 and y = z = 0.5.
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Method h Lo-error Lo-Rate
0.1 0.0013
FOM 0.05 | 2.6006 x 10~* | 2.3216
0.025 | 2.0023 x 1075 | 3.6991
0.0125 | 1.2781 x 107% | 3.9696
0.1 0.0023
0.05 | 8.5445 x 10~* | 1.4286
N 0.025 | 2.2617 x 10™* | 1.9176
0.0125 | 5.573 x 107° | 1.9792
0.1 4.0746 x 1074
0.05 | 1.8120 x 1074 | 1.1691
o 0.025 | 4.0561 x 107° | 2.1594
0.0125 | 9.9999 x 107% | 2.0201

Table 3.9: Convergence rate of FOM, ICN and ICF when 5 = 0.8 and a = 0.01 with
At = 0.0001 at T"= 0.01.

Method h Lo-error Lo-Rate | CPU time
0.05 | 2.4575 x 10~* 0.368
FOM 0.025 | 1.8858 x 1075 | 3.7039 4.222
0.0125 | 1.2436 x 1075 | 3.9226 96.346
0.05 | 8.5474 x 10~ 1.515
ICN 0.025 | 2.2620 x 10~* | 1.9179 11.773
0.0125 | 5.7365 x 1075 | 1.9794 339.296
0.05 | 1.8060 x 10~—* 0.657
ICF 0.025 | 4.0517 x 1075 | 2.1562 11.430
0.0125 | 9.9982 x 107% | 2.0188 327.676

Table 3.10: Convergence rate of FOM, ICN and ICF when 8 = 0.8 and a = 0.01 with
At =h?at T =0.01.
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3.7 Optimal step size

In this section, we implement an optimization technique for the fourth order method to
find an optimal time step size when the spatial step size is fixed as h = 0.05. Since the
partial differential equation we consider is dissipative by nature and we observe from the
numerical experiments carried out that the dissipative errors are very small as compared to

the dispersion errors, we choose to minimize the dispersion error.

In this work, we extend the work in/Appadul (2013), for which an optimization technique has
been implemented to find an optimal temporal step size when solving 1D advection-diffusion

equation. The relative phase error of a numerical method is given by

_ Cx
RPE = ! arctan (M> ,
(Cxwx + Cy wy + Cz wz) §R<€num)

where R(&um) and (&uum) are real and imaginary parts of the amplification factor of the

scheme, respectively.

In |Appadu| (2013), the integrated error which minimizes dispersion error for a scheme

discretizing the 1D advection-diffusion equation

ou Ou 0%u
— 4+ — =0.01— 7.1
8t+8x 0.0 0x?’ (3.7.1)
is obtained as
1.1
/ (RPE — 1)*dw. (3.7.2)
0

The spatial step size was chosen as 0.02 and the range of the temporal step size is deter-
mined. Then the integrated error is minimized and the optimal value is determined using

NLPSolve function in maple.

Appadu and Gidey| (2013)) extended the work on 1D advection-diffusion (Appadul [2013)
to 2D advection-diffusion equation in order to find the optimal temporal step size of two
finite difference methods: LOD Lax-Wendroff and LOD (1,5) when discretizing the 2D
advection-diffusion equation

ou ou ou 0%u 0%u
Gp HOSgL 085 = 0015 0017y, (3.7.3)
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3.7 Optimal step size

and they define the integrated error as

1.1 1.1
/ / (RPE — 1)? dw, dw,,
0 0

where the spacial step size was fixed as 0.025, and hence the RPE is a function of At, w,
and w,. As there was phase wrapping, they made use of Taylor's expansion to obtain an

approximation for the RPE upto the terms w}, w/ with i 4 j = 5.

Here, we extend the work on the 2D advection-diffusion equation by |Appadu and Gidey
(2013)) to obtain an expression for the integrated error of the FOM when discretizing the

partial differential equation

ou ou ou ou 0%u Pu 0%

— + 08—+ 08— 08——001— 001—0 01— 3.7.4

ot %0, TP, TP, oz2 TV g M (374)
3D plots of the exact RPE versus w, versus w, for some values of At when w, = 0 are
shown in Figs. and [3.4b] Since phase wrapping phenomenon occurs for some value
of At, as shown in Fig. [3.4b| we approximate the RPE till the terms O(w! w] w¥), with
i+j+k =25, using Taylor's series for w,, w,,w, € [0,1]. The 3D plot of the approximated

RPE versus w, versus w,, when w, = 0, is shown in Fig. [3.4d|

The integrated error is obtained as

1 1 gl
/ / / (RPEppprox — 1)? dw, dw, dw,, (3.7.5)
o Jo Jo

where RP Epppox is the approximated relative phase error. A plot of the integrated error
versus At is shown in Fig. [3.5 The integrated error obtained from FOM decreases as
At increases from a value close to 0 to the value close 0.045 and then it increases as
At increases, as shown in Figs. and 3.5b] From Fig. [3.54] it is observed that the
integrated error is almost constant from At = 0.04 to At = 0.05 and it drastically increases

after At = 0.05.
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3.7 Optimal step size

(a) Exact RPE vs w, vs wy, when At = 0.001 (b) Exact RPE vs w; vs w, whenAt = 0.05

(c) RPE vs w; vs w, when At = 0.05 and (d) Approximated RPE vs w; vs w, when At =

W, wy € [0, 1]. 0.05 and wy, wy € [0,1].

Figure 3.4: RPE versus w, versus w, when w, = 0.
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Figure 3.5: Integrated error versus At obtained from FOM, ICF and ICN.
At Lo-error Lo.-error Total mass R? MCR | MDR min u max u Diss. Error Disp. Error TMSE
Exact 0 0 44.5400 1 1 1 1.2227 x 10732 | 0.4072
0.001 | 9.6606 x 10~* 0.0181 44,5894 0.9988 | 1.0011 | 1.0016 | 1.2227 x 10732 | 0.4110 | 4.7813 x 10710 | 8.0571 x 107 | 8.0618 x 107
0.002 | 9.3842 x 10~* 0.0175 445883 0.9989 | 1.0011 | 1.0013 | 1.2227 x 10732 | 0.4106 | 3.0461 x 10~'° | 7.6040 x 10~7 | 7.6071 x 107
0.005 | 8.5490 x 10~* 0.0162 445835 0.9991 | 1.0010 | 1.0004 | 1.2227 x 10732 | 0.4096 | 4.0174 x 1071 | 6.3130 x 1077 | 6.3134 x 107
0.01 | 7.1512 x 10~* 0.0140 44 5752 0.9994 | 1.0008 | 0.9991 | 1.2227 x 10732 | 0.4080 | 1.6340 x 10~1° | 4.4160 x 107 | 4.4176 x 107
0.02 | 4.4447 x 10~* 0.0093 44.5589 0.9997 | 1.0004 | 0.9979 | —1.5821 x 10~'° | 0.4060 | 8.3576 x 10710 | 1.6982 x 10~7 | 1.7065 x 1077
0.04 | 6.0765 x 10~° 0.0012 44 5407 1.0000 | 1.0000 | 0.9991 | 1.2227 x 10732 | 0.4060 | 1.4946 x 10710 | 3.0402 x 109 | 3.1897 x 10~
0.05 | 4.3115 x 107 | 9.0712 x 10~* 44 5417 1.0000 | 1.0000 | 0.9996 | 1.2227 x 10732 | 0.4068 | 3.2830 x 10~ | 1.5730 x 109 | 1.6058 x 10~
1/15 | 5.8212 x 10~* 0.0118 44.5549 0.9996 | 1.0003 | 0.9935 | —2.1744 x 1078 | 0.3998 | 7.7725 x 1072 | 2.8495 x 1077 | 2.9273 x 107
Table 3.11: Numerical results from FOM when o« = 0.01, 5 = 0.8, h = 0.05 for some values
of At at T'=0.2.
At Ly-error L-error Total mass R? MCR MDR min u max u Diss. Error Disp. Error TMSE
Exact 0 0 0.0029 1 1 1 8.2051 x 10716 | 4.0398 x 1071
0.001 | 5.9388 x 1077 | 5.0059 x 10~° | 0.0028 | 0.9929 | 0.9701 | 0.9896 | —2.8931 x 107 | 4.0398 x 10~ | 1.2319 x 10~ | 3.0344 x 10~ | 3.0467 x 10~ 3
0.005 | 4.6819 x 1077 | 3.9332x10™° | 0.0029 | 0.9956 | 0.9740 | 0.9898 | —5.3070 x 10~ " [ 4.0398 x 10~ | 1.1597 x 10~ | 1.8820 x 10~ | 1.8936 x 10~ 13
0.02 | 1.8116 x 107 | 1.4280 x 10° | 0.0029 | 0.9993 | 0.9872 | 0.9944 | 8.2051 x 10" | 4.0398 x 10~* | 3.4962 x 106 | 2.8001 x 10 | 2.8350 x 10~
0.04 | 21834 x 10°® | 1.6096 x 10~° | 0.0029 1 0.9982 | 0.9992 | 8.2051 x 1020 | 4.0398 x 10~ | 6.7095 x 10~® | 4.0700 x 10~ 0 | 4.1371 x 1016
1/23 | 1.2772x 107° | 9.4243 x 107 |  0.0029 1 0.9990 | 0.9995 | 8.2051 x 10%° | 4.0398 x 10~ | 2.2922 x 108 | 1.3863 x 10~'6 | 1.4092 x 1016
1/22 | 1.0244 x 10® | 7.5750 x 1077 | 0.0029 1 0.9992 | 0.9996 | 8.2051 x 106 | 4.0398 x 107 | 1.4639 x 10~ '® | 8.9188 x 107 | 9.0652 x 10~ 17
1/21 | 9.8802 x 107 | 7.2977 x 107 | 0.0029 1 [0.9992 | 0.9996 | 8.2051 x 10% | 4.0398 x 10+ | 1.3541 x 10~ ™® | 8.2972 x 107 | 8.4326 x 107
0.05 | 1.2715 x 107® | 9.3473 x 107 | 0.0029 1 0.9990 | 0.9995 | 8.2051 x 1026 | 4.0398 x 10~ | 2.2534 x 108 | 1.3741 x 10~'6 | 1.3966 x 1016
1/19 | 2.0497 x 10° | 1.4999 x 10°° | 0.0029 1 0.9984 | 0.9993 | 8.2051 x 10" | 4.0398 x 10" | 5.8631 x 10~'® | 3.5706 x 10~ '® | 3.6292 x 10~
0.0625 | 1.2431 x 107 | 9.3980 x 107 | 0.0029 | 0.9998 | 0.9905 | 0.9959 | 8.2051 x 10~%6 | 4.0398 x 10~* | 1.8503 x 10~ 10 | 1.3163 x 10~* | 1.3348 x 10~
1/14 | 83678 x 107 | 6.5463 x 105 | 0.0028 | 0.9859 | 0.9592 | 0.9914 | —7.9880 x 1075 | 4.0398 x 10~* | 9.3913 x 10~ ¢ | 6.0392 x 10~ | 6.0486 x 10~3

Table 3.12: Numerical results from FOM when o = 0.01, 5 = 0.8, h = 0.05 for some values
of At at T = 1.
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3.8 Conclusion

In this paper, three numerical methods have been used to solve a 3D advection-diffusion
problem with spatial step size, h = 0.05 and temporal step size, At = 0.001 at some
values of T. We compute L, error, L., error, dissipation error, dispersion error, total mean
square error, MCR, MDR, Minimum and Maximum values of u using the three methods.
We observe that as we progress in time, the maximum value of u decreases as expected
as the partial differential equation has dissipative terms. Based on the results obtained, we
conclude that in general FOM is quite an efficient method to solve the problem for for some
selected advective velocities and diffusivities. We also extend the optimization technique
presented by Appadu and Gidey (2013)) to a 3D problem to find an optimal temporal step
size to minimize dispersion error when spatial step size is chosen as 0.05, for the case
a = 0.01, 8 = 0.8. This optimization works well and the optimal time step size is obtained
from Figs. and [3.5b] The optimal time step is validated using numerical experiments.
Indeed, all the various errors are less at the optimal value of time step size as compared to
other time step sizes. It is also shown that the FOM is fourth order accurate in space and

the ICN and ICF are second order accurate in space and time.
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Chapter 4

Analysis of multilevel finite volume
approximation of convective

Cahn-Hilliard equation

In this chapter, we solve 1D and 2D convective Cahn-Hilliard equations with specified ini-

tial condition and periodic boundary conditions using one-level and multilevel finite volume

methods. The methods constructed for the 2D convective Cahn-Hilliard are analysed thor-

oughly. The existence/uniqueness, stability and convergence of the finite volume methods

are proved. From the results obtained from the 2D problem, one can easily prove the

existence/uniqueness, stability and convergence of the finite volume methods for the 1D

convective Cahn-Hilliard equation. Hence, we only implement the corresponding finite vol-

ume methods for the 1D convective Cahn-Hilliard equation. Our results has been submitted

for publication (Appadu et al. jald).
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4.1 Introduction

The general setting of this work is the 2D convective Cahn-Hilliard equation:
uy — yu(B - Vu) + 2 A%u = Af(u), (z,y) € M,t >0, (4.1.1)
with initial condition

u(z,y,0) =u’(z,y), (z,y) €M, (4.1.2)

and periodic boundary conditions

du Ol

%(_Lhyut) = %(Lbyat% (TS (_L27 LQ) and 0 S t S T: (413)
J J

g—;;(x, —Ly,t) = g—;j(w, Loyt), xz€(—Ly,Ly)and 0 <t <T, (4.1.4)

where

7 is the driving force, j = 0,1,2,3, M = (—Ly, Ly) x (—Ls, Ly), M is the closure of M,
Ly and L, are positive constants, u® € L*(M), ¢ is a dimensionless interfacial width and

B is a vector in 2D.

It is worth noting that (4.1.1)) together with (4.1.3) and (|4.1.4)), for j = 0, leads to

// u(a:,y,t)d:cdy:// u’(z,y) dv dy, V.
M M

Hence for the analysis of (4.1.1])-(4.1.4), it is important to assume that (Temam), [2012)

//M u’(z,y) dz dy = 0.

Our objective is to propose numerical techniques based on the work in Bousquet et al.

(2013a, 2014) to compute the solution of (4.1.1)-(4.1.4) with v =1 and 8 = (1,1).

In many important phenomena (turbulence, excursion, etc) the solutions involves multi-
scale analysis. Hence a reliable simulation requires a large number of degrees of freedom,

which increases the calculation costs. Multilevel simulation in which the principle rely on
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4.1 Introduction

the separation of scales are therefore one possibility to describe these phenomena. Early
contribution include (Chen and Temam| [1993; Folas et al., 1988; [Marion and Temam,
1989; Temam, (1990), but there is now a vast literature in this research direction. It is
worth mentioning that though the approach may differ from researchers to researchers, the

common feature remains the same: the separation of scales.

The multilevel method we discus in this chapter was formulated by Bousquet et al.| (2014),
in which a hierarchical multilevel finite volume discretization is implemented for the 2D
shallow water linearized around a constant flow. The contribution in Bousquet et al.| (2014)
is a followup of ideas started in Adamy et al. (2010) and Bousquet et al. (2013b). Our
motivation in this work are as follows: formulate, analyse and implement the multilevel
approach advocate in[Bousquet et al. (2014)) for the 2D nonlinear partial differential equation
with high order derivative. One of the challenge as mentioned earlier is to discretize the
nonlinear term u(B - Vu) in a linear way while maintaining basic properties, and as a

consequence saving computational time.

We construct two schemes associated with (4.1.1])-(4.1.4) based on the work of Bousquet

et al. (2014). The schemes we construct are easy to implement and are respectively called:

(a) linear implicit multilevel finite volume approximation, and

(b) explicit multilevel finite volume approximation.

For the sake of comparison, we also formulate two one-level methods associated to the
multilevel methods. One of the difficulties is to design an appropriate linear expression for
the nonlinear term. We achieve that thanks to the nonlocal approximation of nonlinear
quantity introduced by Mickens| (1994) and Anguelov and Lubumal (2001). In particular,
following |Djoko| (2008)), we approximate the nonlinear term w (8 - Vu) in a linear way such

that the property
//u (B-Vu)udrdy =0 (4.1.5)
M

is constructed at the discrete level.
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After the construction of new schemes, we show the existence and uniqueness of the solu-
tion. At this step, we should bear in mind that since we are dealing with linear equations in
finite dimension, existence of solutions is equivalent to uniqueness, thus, we provide condi-
tions under which there is one solution. The third contribution of this work is the stability of
the new schemes. We show that the implicit multilevel method is conditionally stable with
a region of stability smaller than one obtained from the one-level implicit method on the
fine mesh. The fourth contribution of our study is the convergence analysis of the implicit
methods. Indeed, we show that the implicit methods are first order accurate in time and
second order accurate in space. Our last contribution is numerical result that supports our
theoretical findings. We compute Lo-error and rate of convergence for the proposed nu-
merical methods. We also demonstrate that in all numerical tests, the multilevel methods

are faster than the one-level methods on the fine mesh.

The remaining part of this chapter is organized as follows: in the next section, we recall
some preliminaries and introduce some standard notations. We also discuss, in section
4.2, some properties of difference operators and the discrete analogue of L, space. In
sections and [4.4], we construct one-level and multilevel finite volume methods and
proved those methods are conditionally stable and conditionally convergent. In section [4.5]
we present some numerical results comparing computations done by one-level methods and
computations done by the multilevel methods. In section[4.6] we solve 1D convective Cahn-
Hilliard equation using one-level and multilevel finite volume methods. Lastly, conclusions

are given in section 4.7}

4.2 Some preliminaries and space discretizations

In this section, we recall some preliminaries which are helpful to our discussion and we
present the space discretization in a 2D rectangular region. To develop finite volume approx-
imations that satisfy the discrete analogue of Eq. (4.1.5)), we first introduce some standard
notations and results. We partition M into N7 x N, control volumes (k; ;)1<i<n; 1<j<N»

of uniform area Az Ay, where Ax and Ay are the spatial step sizes in the - and y- di-

84

© University of Pretoria



oo
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q@ YUNIBESITHI YA PRETORIA
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rections, respectively. It is assumed that the partition of the domain is conform, meaning
that for two elements A and B one has, AN B is either a face, a vertex or empty set. For

0<i<Nyand 0 <j <Ny,
Tiv1/2 = iAr — Ly, Yj+1/2 = JAY — Lo,
so that
kij = (Tic1j2, Tiv1y2) X (Yj—1/2,Yjp1y2) for 1 <i < Np, 1< < Ns.

(xi,y;) is the centre of the (4, j) control volume, which is given by the formula

A A
(xi,yj): ((Z—l)Al’—i—Tx—Ll, (]—1)Ay+7y—lz2>, 1§Z§N1,1SJSN2

In the rest of this work, we take h = (Axz, Ay). The approximate solution to the control

volume average of the true solution at ¢, = nAt is denoted by u}';, i.e.

1
UZJ ~ AxAy//u(xay7tn)dxdyal SZSNhl S]SN2,

ki ;

where At is the temporal step size such that AtM = T, which is obtained recursively by

0
7;7‘7.,

starting with the initial average value, u} ;, given by

ud = !
“ AzAy

//uo(x,y)dxdy,l Si< N, 1<j<Ns.

ki j
Define the space H,, as
N1 Ny
Hh = u = (um)i’jez,ui,j - R‘ Ui+ Ny,j = Uij = Ui j+No, and E E Ui j = 0 s
i=1 j=1

equipped with the inner product and discrete L? norm

Ny N N, N, 1/2
(u,v)h = AIAyZZUZJU” and ||UHh = <A$Ay ZZ%%) )

i=1 j=1 i=1 j=1

respectively.

For u € Hy, we introduce the following difference operators:

_ 1 1
Vlyhui,j = E (u” - Ui&,j) ) thuz',j = E (Uz’+1,j - Uu) ) (4-2-1)
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2 plij = Aiy (uig — wij1), Vauti; = Aiy (Ui j+1 — wig), (4.2.2)
Arpitiy = g (i = 2usy + iory), (4.2.3)
Ao i = ALyQ (Wi j+1 = 2uij + uij1) (4.2.4)
Aihui,j = ﬁ (Ay ity — 200 puij + Aqpuiog ) , (4.2.5)
A;hum = ALyQ (Ao pttjr1 — 200 pu;j + Do ptt; j—1) - (4.2.6)

From (4.2.1)-(4.2.6), we have
B-VE = th + V;t’h, Ap = A+ Aoy, A7 = Aih + A Aoy + Ag Ay + Ag,h'
(4.2.7)

The discrete analogue of the derivative of product of functions is given as follows: for

u,v e Hy,
(B - Vi) (wijvij) = (Vipuig)visr; + i (Vi0i5) + (Vo ,atig)vije + ui (V3 ,0i5),
(4.2.8)

(B - Vi ) (wijvig) = (Vipuig)vie1g + wii (Vi) + (Vo tig)vij—1 + wii (Vg ,vig)..
(4.2.9)

From the definition of H;, and the discrete product rules, (4.2.8)) and (4.2.9)), one obtains:

Lemma 4.2.1. Let u,w € H,,. Then for any vector B = (1, B2) with 51,0 € R

N1 No N1 N3
Z Z wi (B Vi ui; = — Z Z u; (B -V, Jw; ;.
i=1 j=1 i=1 j=1

Proof. To prove this, we use the definition of H;,.

N1 Na N1 Nz
+ _ + +
Y > wii (B Vi u = Y wii (81 Vi + B Vijui,)
i=1 j=1 i=1 j=1
N No
Y [51 (uim - ua) 5, (Um’+1 - u]>]
- 1,7 A
T A
i=1 j=1 Y
/8 N1 No N1 Na
1
= . E E wi'uiJrlj_E E Wi, jUj 5
ALE i ) ) .
i=1 j=1 i=1 j=1
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4.2 Some preliminaries and space discretizations

N1 Nso N1 Na
§ § :wz,yuz,y+1 § ,E :wmum

=1 j=1 i=1 j=1

Ni—1 No N1 Na

E E :wwum,a E :E :wz’,jui,j

=1 j=1 =1 j=1
N1 N2 1 Nl N2
§ E :wwuz,ﬁl E ,E Wi Ui,
=1 j=1 =1 j=1

B Ba
Ar E Wh, jUN, 41, T Ay E Wi, Ny Ui, Ny+1
j=1 Y4
Ny N1 N2
E ,E :wl LU — E ,E :wi,jui,j

=2 j=1 i=1 j=1
N1 Na N1 Nz
E :E :wm 15 — E :E :wm“m
=1 j=2 i=1 j=1
No
b1
+ E E W N,y ju’l,] § Wi Ny Ui 1
Jj=1
N Ns
—_ U |:5 (wZJ _wl_l)]) /8 (wzz.] ulu] 1):|
- - g E ,J 1
i=1 j=1 A A
N1 Ny
== E E ul](lB Vi wi
i=1 j=1
O
We define the following discrete semi-norms and norms for u = (u;;), 1 < i < Ny,

1 <7< N,

N1 Nz 2
lujip = (A:vAyZZ Vi) (v;hum-)?]) : (4.2.10)

=1 j=1
Tt lullf,
N1 Ny %
lulap = (AxAyZZ(Ahui,j)2> , (4.2.11)
i=1 j=1
Jullcn = max |
1<]<N2

In Eq. (4.2.10), Vi, and V3, can be replaced by V7, and V3, respectively. Using Egs.
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(4.2.10) and (4.2.11f), we have
2 1 1 2
ulin <4{ x5+ A [[ull}, (4.2.12)
and the following are obtained by direct computations
lulli; < 4Ly Lo|lul[3,

and

lullsn <

1

Moreover, it is important to note that if u belongs to #j,, then the discrete Poincaré's

inequality holds; this is to say that there is > 0, independent of Az and Ay such that
nlulln < |ulip. (4.2.14)

Remark 4.2.1. With (4.2.14)), we conclude that the semi-norm | - |1, is a norm on H,y,

equivalent to || - |15

For any u,v € H},, one easily obatains

2(u — v, u)y = [lull; — [IvI; + llu = vIf5, (4.2.15)

2(u = v, v)p = [lulli = [Iv][z = [lu = v]I[;. (4.2.16)

The following result belong to calculus of multi-variable. It is an intermediate step in

showing that the solution u of Egs. (4.1.1))-(4.1.4)), satisfies the property (4.1.5]).

Lemma 4.2.2 (Green's Theorem).

oM  OL

o 2= — (L M ,
// ( e 8y) dx dy 7{( dx + Mdy)dxdy
M c

Lemma 4.2.3. The solution u of Egs. (4.1.1))- (4.1.4) satisfy the relation:

//ﬁ(ﬁ - Vu)dA = 0. (4.2.17)
M
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Proof. The integrand can be expanded as follows:
1/0 0
201 . _ 2 2, _ (9 3y _ 9, 3
u (B - V)u = uu, + uu, 3<8x(u) ( u))
Using Green's Theorem, we obtain

/ / (B - V)udA — % f — ide + udy, (4.2.18)
M C

where C' = C; U Cy U C3 U Cy, the contour line shown by Fig. [£.1] The right hand side of
Eq. (4.2.18)), we have

j{ —uddr + uddy = / —u(z, —Ly)*dx + /U(Lb y)’dy

C Cy Cs

- /u(x,L2)3da:+ /u(—Ll,y)de

C 3 C4

L1 L2
= —/ u(x,—L2)3d:c+/ u(Ly,y)dy

—L4 —Lo

—L4 —Lo
- / u($7L2)3dx + / u(_Llay)gdy
L1 L2

L]_ L2

= (u(m, L) — u(z, —L2>3) dr + / (u(Ll, y)? —u(—Ly, y)g) dy

—Iq —Lo

=0.

(—=Ly, Ly) I 0‘3 (L1, Ly)

04 r 1 CQ

(=L1, —Ly)

(L1, —Lo)

K

Figure 4.1: Representation of the contour diagram.
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Hence, when discretizing (4.1.1)), it is desirable to approximate u (8 - V) u in such a way
that the discrete counter part of (4.2.17)) hold.

In order to approximate the nonlinear term, we introduce the bilinear map: C), : H, x H;, —

RN1xNz2 in the form

Cr(u,v)ij = anfui; (B - Vi )vig +vii(B - Vi iy + vig1; VT + via V3 )
+ ol (B - Vi vig +vii(B - Vi uiy +vic1 iV +vi1 Vg ),
(4.2.19)

where a1 and ay are constants. We use this bilinear map to approximate the nonlinear

term u(B - V)u at t,,41 and t,, for the implicit and explicit methods, respectively.

Using Egs. (4.2.8), (4.2.9) and Lemma |4.2.1} we prove the following.

Lemma 4.2.4. Foru,ve H,

N1 N3

> D (Culu,v))ijuiy =0, (4.2.20)

i=1 j=1

Proof. For all u,v € H;,, we have

N1 Na N1 Na N1 Na
§ :E :uw ((B-Vi)vij)ui ;= E ,E :u” B - Vi) (vijui ) E ,E :u” huw Vit1,j
i=1 j=1 =1 j=1 =1 j=1
N1 Ny
+ .
- E E ui,j(vzhui,j)vi,j—i-l using (4.2.8)
i=1 j=1
N1 N2 Nl N2
== E E U@J”M(:B -V ) (wig) E , E :u” 1hum Vit1,j
i=1 j=1 i=1 j=1
N1 Ny
— E E w; ; (V3 i )i j41 using Lemma |4.2.1|
i=1 j=1
N1 NQ N1 N2 Nl N2
E E :um (B -V} )vijui; = E E :um (B Vi) (vijuig) E :E :u” 1hum Vi—1,5
i=1 j=1 i=1 j=1 =1 j=1
N1 Ny
- E : E :u” hum Vi,j—1 using (4.2.9)
=1 j5=1
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N1 N2 Nl N2
+
== § § ,\“m”m B-V ) Uw E ,E :uw 1hum)vz Lj
=1 j=1 =1 j=1
N1 N3
— E E ui,j(V;’hui’j)vm,l using Lemma 4.2.1|
i=1 j=1
Thus we have
N Ny
+ - + + _
Y > i [uig (B Vi vig +vii (B Vi i+ viea Vit + vija Vi) =0
i=1 j=1
and
N No
- + - - _
Y 0 iy [wig (B V)i +vig(B - Vi i+ vica gV + vigo1 Vauag] = 0.
i=1 j=1
Therefore, the proof is complete. H

Remark 4.2.2. For any d-dimensional space problem with d > 3, we can easily extend

Eq. (4.2.19) such that an analogous of (4.2.20) holds. That is

Ch(“a V)il,ig,..‘,id = |:ui1,ig,...,id (,3 : VZ)Uh,iQ,‘..,id + Viy io,.ig (,3 : V;)Uil,ig,...,id

d
+ —
+) U8+v5,hui1,i2wwidi| + [Uil,z‘z,...,m(ﬂ Vi Wisia i
s=1

d
+ —
+ Vi ignia B - Vi Wiy ioia + D Us—vs,huil,iz,.-.,z‘d]7

s=1

where voy = v;, 41,4, fors=1,2,....d and i, is the position of the vector at the s

coordinate.

Lemma 4.2.5. For u,w € H,,

N1 Na N1 N2
E E Alh A1 hu’Lj Wy,; = E E Alh uzy A1 h(wz,j)
=1 j=1 =1 j=1

Proof. For all u,w € H;,, we have

N1 N2 N2 Nl
> Y A A g wi =Y 1D :A 7 (Uiyoj — 2uip j + wij)w;
=1 j=1 j=1 Li=1

N1

1
-2 Z E(Uiﬂ,j — 2ui 5 + Ui )W
i=1

1
1
+ Z At (uij — 2ui15+ uz‘—2,j)wz‘,j . (4.2.21)
i=1
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. . N N N
From the periodic boundary conditions, > . w;; = > .0 wi—1; = > U1, for each

j=1,..., Ny and hence (4.2.21)) yields

N1 N2 N2

DO A Arpuiwig =

i=1 j=1 j=1

N1
E :A 1 (i1 — 2w  + Uiy 5)Wio1

=1

N1

1
-2 Z A—ZA(UH_IJ — 2Ui,j + ui—l,j)wi,j
i=1

1
+ > g (Wi — 2w+ wi ) wig
— Ax
=1

No

=2

J=1

Ny

1
ZA 5 Al hum)wl 1,5 — 2ZA 2 A1 huz,j>w23

Yo
+ Z E(Amui,j)wiﬂ,j
i=1
Ny N

- ZZ A1 hu1]> [A 2(wz 1.5 — 211}2] +wz+1]):|

7j=1 =1
Ny N1

= Z Z(Al,hui,j)(ALhwm)’

=1 i=1

Lemma also holds when one (or two) of the operator(s) Ay, is (are) replaced by
Ao .

)

Lemma 4.2.6. For u,w € H,,

N1 NQ Nl N2

2
E E A (g j)w; j = E E Ap () Ap(w; ;).
=1 j5=1 =1 j=1

Proof. For any u,w € H,, using (4.2.7)), we have

N1 No N1 N2
2 2
YOS A wig =3 Y [(AT L+ Ao + Ao Ay + AF ) (wig)] wiy
i=1 j=1 i=1 j=1
N1 N2 N1 N3
= Y A Apuig)wig+ Y 0> App(Agpuig)wsy
i=1 j=1 i=1 j=1
N1 No N1 N2
YD Aon(Avpuiwig + > Y Mo p(Dgpu)wi
i=1 j=1 i=1 j=1
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N1 Nag N1 N2

:g g Al,hui,jAl,hwi,j+E E Ao ptt; j AL pw;

i=1 j=1 i=1 j=1
N1 N2

+ Z Z Ay pu; j A pw;

i=1 j=1
N1 N

+ E E Ao pu; jAs pw; ;  using Lemma [4.2.5
i=1 j=1
N1 N

=) Ayt (A iy + Dgpw; ;)
i=1 j=1
N1 Ns

+ E E Aoy i (Ay pw; j + Ao pw; ;)
i=1 j=1
N1 Ns

= Z Z(Al,huz,j + Ao pui ) (Arpwij + Ao pw ;)
i=1 j=1
N1 Na

= Z Z AhumAhwm.

i=1 j=1

The following lemma will be used later.

Lemma 4.2.7. Foru e {u= (u);;,ui; € R| witn, j = ui; = Ui jin,, 1,J € Z}, the fol-

lowing inequality holds true

ulf, < [ulo]ull:
Proof. Using " foru e {U = (u)i,j,um € R| Wit Ny,j = Ujj = Ui j+ Ny 1,] € Z}, we
have

(Apu,u)p, = (A pu+ Ay pu,u),

Ni Ny
B Uil = 2Wij+ Uity | Ui = 2ig il
L £ Ax? Ay? I
i=1 j=1
N1 NQ Nl N2
Wit1,j — Uij Wij — Wi—1,5 w
= § E E E :
Az  Azz I
i=1 j=1 =1 j=1
N1 N2 w u N1 N2 U —
g1~ Ui, , J-1
+Y0) ( = ”) - ( = >uj (4.2.22)
=1 j=1 =1 j=1
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Using periodic boundary conditions, we have

N No Wit1,j — Ui o Uiy — Wi-1j 4.2.23
SO (M) =S (Mg s 622

i=1 j=1 i=1 j=1
and
N1 Na ” U N1 Na Ui s — Us
i,J+1 = Wi yg %,J z,] 1
E E ( ) E E ( > Ui, j—1, (4224)
=1 j=1 =1 j=1

Combining Eqgs (4.2.22)), (4.2.23)) and (4.2.24)), we obtain

N1 Na U — ws 2 N1 Na U — s
) 1, , J—1
(Apu,u) ZZ( i — Wie J) ZZ( i~ Wi ) |

=1 j5=1 =1 j5=1

which is
(Apu,u), = —‘Uﬁ,h-
Using Cauchy-Schwarz's inequality, we have

|U|%,h = —(Apu,u)y

< [|Anullallulls = lulzpllulx.

For u € H;, Lemma and Young's inequality implies the existence of 7, positive
constant independent of both Ay, and Ax such that

nulin < ulgp. (4.2.25)

4.3 One-level finite volume methods

In this section, we present two traditional one-level finite volume methods: namely implicit
finite volume method and explicit finite volume method. The existence, uniqueness and
convergence of solution for the implicit method are proved and stability analysis is examined
for both schemes. For both methods thirteen point stencils are used to approximate (4.1.1))-
(4.1.4), as shown in Fig. [4.2] The introduction of these classical schemes is important at

least for three reasons:
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(a) comparison with multilevel methods;

(b) these schemes that are categorized as classical present significant challenges for their

analysis as we will see;

(c) the analysis of these schemes will shed lights in the analysis of multilevel methods.

4.3.1 Implicit one-level finite volume method

The nonlinear term u (B-Vu) at t,,,1 is approximated linearly using the bilinear map defined

in section [4.2) Eq. (4.2.19), and is given by

[w(B-V)u] [} ~ (Cu(u™,a")), . (4.3.1)

where 0" is the approximation of u™*!, given by
0" = apu” + au"t azu" i 4 - g ut T (4.3.2)
where mg € {1,2,...,n} and ay,as, ..., a,, are coefficients that determine the approxi-

mation with 3(a1 +as)(a1+as+- - -+am,) = 1, ensuring consistency of the approximation.

For m < mg — 1, the term a™ is given by the relation
u” =u". (4.3.3)

We approximate the nonlinear term on the right hand side of (4.1.1) at ¢,,, by a linear

second order accurate in space as follows:

Af(u) njl ~ Vi (@12, V7, hu?jl) + Vzh(SOZj—l/QVQ_,th;_l)' (4.3.4)
where
n _f( >+f/(11,]> d n _f( )+f/( 2,]— 1)
Yi1/2,5 = 9 and @; ;172 = 9

Lemma 4.3.1. For u", u™*! € H,,

N1 Ny
AzAy Z Z ! w(ei12; V1 hu?;rl) + V5, w(@ij-12Vs hu?jl)} unH < [u™ti e

=1 j=1
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Proof. For u™,u™*! € H;,, applying Lemma [4.2.1] we obtain

N1 Ny
AzAy Z Z v1 h (2 1/2,j Vi hun+1) ?;rl + V (%J 1/2 Vs, hun“)uﬁl
=1 j=1 -
= —AIEAQZ Z [90?—1/24 (Vi hu?j_l) + 90?,3‘—1/2 (v;h ?;H) ]
1—11 ]—21
= ey Y3 [(Stta+ )) — 1) (T
=1 j=1

# (Bl + ) - 1) Vet

N1 Na
= ——AxAy Z Z [ ?—1,]‘)2) (vl_hunjl)

i=1 j=1

+ ((U;L_])2 + (“qu)Q) (Vs h“njl) ]

1 2
+ AzAy Z Z ! hu”jl + (V5 hu’f}“) ]

=1 j=1

1 2
< AzAy Z Z 1 huf;rl + (Vs hu’fjl) ]

=1 j=1

_ n+1
= u" g,

The fourth order derivative is discretized using the central difference method and combining

together with Eqs. (4.3.1)) and (4.3.4)), and the implicit one-level finite volume discretization

of Egs. (4.1.1)-(4.1.4) is given as follows:

ur.l',H —um.
%J A Y th(unJrl7 ~n>w 4 62A2 n+1 Vlh(% 1/2]V1 U 7]+1)
+ v2 h(@pw 1/2V2 huljl), (4.3.53)
unJ - uz—l-Nm = ,]+N27 (4.3.5b)

0 _
u; ;= Aa:A // x)dx dy. (4.3.5¢)

Remark 4.3.1. It is worth noting thanks to (4.2.19), that (4.3.5a))-(4.3.5d)) is a linear
system of equations, while (4.1.1)-(4.1.4)) is nonlinear.
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i i i i i i
05
Sole%
BRI
T BB IDIIBEKHAST L KGR
i -

Figure 4.2: Finite volume discretization in 2D

Before discussing some qualitative properties of the solution of ({4.3.5a))-(|4.3.5c)), we first

address its feasibility.

Theorem 4.3.1. If At < 42, then the approximate solution u™ of ([4.3.5a)-(4.3.5d) is

unique.

Noting that equations (4.3.5a))-(4.3.5c) is a linear system in finite dimensional space, its

existence is equivalent to uniqueness of solution (Gockenbach| 2010). Thus, we only show

that the approximations u', u?, ... u satisfying (4.3.5a))-(4.3.5d) are unique.

Proof. Forn = 0,1,2,..., M, let v* and u™ be two sequences of solutions of (|4.3.5a)-
(4.3.5¢) with vg = ug. Let z" = u™ — v and clearly z° = 0. We shall prove by induction
that z¢ =0 for all n = 1,2,..., M. We observe that z"*! is a solution of

1

N (Zn—H "rfj)_<0h(un+17 ﬁﬂ))i,j + (Ch(anrl’ ~n))” + €2A2 n+1
= Vl h(% 1/2,]V1 h“nH) + V (@Zj—l/2v2_hu2jl)

- th(qﬂ?—yzjvfhvﬁl) + Vih(% 1/2V2 h% ), (4.3.6)

fori=1,...,N;,j=1,...,Ny and

(2% + i—1,j n + , 4,j—
g = IR g SO0 S )
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By induction, we assume that z"* = 0 and we want to show that z**! = 0. It follows then

that

TL+1 — At (C ( n+17 ~n))2] + At €2A2 TL+1 = At [vih(so?—l/?,jvl hzlj ) + V (¢Zj—1/2v2_,hz7?]+

(4.3.7)

Multiplying Eq. - by AtAzAy z"“ and summing the resulting equalities for ¢ =
1,...,N1, 7=1,..., Ny, with help of (4.2.20]), we obtain

N1 N2

| n+1||2 + A7552|Zmrl P AtAxAyZ Z 1 h (o 1/2, JV1 hZzn;rl) + v;—,h((p?,j—lﬂv;,hzz%’—

i=1 j=1
Nyi  No

= _AtAxAyZ Z 012 (Vinzis ) + @112 (Vanziy )]

i=1 j=1

which after the application of Lemma gives
1215 + Ate?|z" 3, < Atz (4.3.8)

Applying Lemma and Young's inequality, (4.3.8]) implies that

A n
(1— e 2)Hz 12 <0, (4.3.9)

At
For 12 < 1, we get
Iz < 0.

Therefore, z"™1 = 0. This completes the proof of uniqueness, hence the existence of

solution. u

With the existence of solution being conditioned, it is quite clear that all possible results

will be under at least the same condition, that is At < 4£2.

About the stability of the method (4.3.5a))-(4.3.5c), we have the following theorem.

Theorem 4.3.2. The finite volume method defined by (4.3.5a)-(4.3.5d), is conditionally
stable in L>=(0,T;Hy), that is, for At <e* and1 <n < M,

2T
lun )2 <26 |3
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Proof. By multiplying Eq. (4.3.5a) with 2AzAyAt u"+1 and summing from i = 1 to NV,

and j = 1 to N,, we obtain

[l Rl 1R + ™ — w7+ 248 e*(Afu™ ™),

N Ny
= 2AxAyAt Z Z 1h 902 1/2, jvl hulj ) + v (9013 1/2v2 hu B, )} UZ;H
i=1 i=1
(4.3.10)
Using Lemmas |4.2.6| and |4.3.1| together with (4.3.10]), we have
™ = ™5+ o™ — a4+ 2882 |u™ 5, < 288 u™ T, (4.3.11)

Due to Lemma [4.2.7, Young's inequality and dropping the term |[u™*! — u™|?, (4.3.11)

gives
™ iR = llu™ ;< o2 2|| u™ g,
which is re-written as follows
At " "
1 g I < (43.12)
At 1 :
Based on (|1.1.10)), for — < 5 (4.3.12)) gives
2At

IR <2 e flun|f;.

By induction over n, we obtain

2n At 2T
Jur(l; <2 € [lu’ll} <22 ul]3.

Therefore, the proof is complete. H
Remark 4.3.2. Starting with and Lemmal[4.2.7, one has

[ G = a7 + o™ = u[l; + 24t [T, < 28t R . (43.13)
Hence, we obtain

[l 5 + 288 ("0 — D] T, < (oI5, (4.3.14)
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from which one deduces that if € is big enough, then
[ G < Nlu™llf < a7 < - < 7

This alternative stability result requires both that At < 4< and the viscosity constant ¢

big enough.

Theorem 4.3.3. Suppose that the solution u(x,t) of Eqs. (4.1.1)-(4.1.4) is sufficiently
smooth.

Assume that At < min(4¢?, c), with ¢ given by (4.3.49)), independent of Az and Ay.
Assume also that At, Ax and Ay satisfy the relation .

Then, the solution of the finite volume discretization (4.3.5a))-(4.3.5¢) converges to the
solution of the problems (4.1.1)-(4.1.4)) in the discrete L? norm with rate of convergence
O(At + Az? + Ay?).

Proof. Fori=1,...,Nyand j=1,..., N, let

n 1
Ui,j = Aa:Ay//u<x’y’t”) dl‘dy,
k:iyj

be the cell average of the exact solution u of (4.1.1)-(4.1.4) at time ¢, for 0 < n < M,
on the cell k; ;. Since u is smooth enough by assumption, (hence at least continuous on

[—Ll, Ll] X [—LQ,LQ]), we let

TP, S L CL L (4.3.15)

Also, the smoothness of u gives

vl :u(xi,yj,tn)+O(Ax2+Ay2), 1<i<N,L,1<j<Nyand0<n<M.

,J

Making use of Taylor's expansion (see Appendix A), we obtain

n+1 n
M—u!” + O(AL + Az® + Ay?) (4.3.16)
At = Ut|; j Yy) -9.
Ajoitt = NPl + O(At + Az? + Ay?), (4.3.17)
Vi@ Vvl ) + Va1 Vo) = Al + O(At + Ax® + Ay?),
(4.3.18)
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and

(Ch™™,0™"))i; = 3(on + a2) (a1 + ag + - -+ + amy) (uw (B - V)u)[};

(1 —ag)(ar +ag + - + g ) (AT (Wtgs) |7 + Ay (wuy,)|7;)

j+ Ay (u)l7)

. 1
2
+ (Oé1 — 042)(a1 +ag+ -+ amo)(Ax (Ui«) IL

+ O(At + Az? + Ay?). (4.3.19)

One observes that the numerical scheme is first order accurate when oy # a5 and it is

second order accurate in space if a; = aw, from which (4.3.19) gives

Ch(©™ 8" = (u(B - V)u)[}, + O(AL + Az® + Ay?). (4.3.20)

In this study, we consider the case «;

Egs. (4.3.16))-(4.3.18)) and (4.3.20]), we obtain

oy to obtain second order method. Combining

n+1 AN )

Vi Vi ~n n n n
S (G, 57))ig AR = VL, Vi) + VW
1
0 0 dr d
U = Npag e, @ y) dedy,
(4.3.21)
where 77, is the truncation error of the finite volume discretization (4.3.5a)) for 0 < n <

M—1,1<i<N;and1<j <N, There exists a positive constant ¢; such that

max|rl | < (At +Az” + Ay?), 0<n <M —1,1<i< N, 1<j< N, (4322)
27]7

Let " =v" —u”,0 < n < M, where 7, is the solution of Egs. (4.3.5a))-(4.3.5¢). Clearly

e” € H; and e = 0.

1 1 n o _ ,n n
Substituting u}'; = v}'; — e},

into Eq. (4.3.5a)), we obtain

1
1V2 hv”+ )+l

27‘77

1V2 h€n+1)]

U?'.H — Uzn. ~
# — (O™, ™)) + £2A20 n+1 [th(w L VL hvn+1> +V§h(¢"l 1V2 hvn+1)]
€Zj+1 B ezj n+l ~n ~n 2 A2 n+1 + n+1 n
= St (G (@07 — &),y + A — VIO, Vel ) + Vi)
n 3 n n n
- vfh {(3(%; € ; + (o 1, e 1]) 5[(ez‘,j)2 + (‘%—1,;‘)2]) Vi AU j_1:|
n n n n 3 n n — n
- V;r,h [(3(%;' e+ erig) — 5[(%;‘)2 + (ei,j—1)2]> Vot jl]
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— (Ch("™*,€")iy, (4.3.23)

where

f'(wiy) + f1(0iay) Fwiy) + (i)

¢?—1/2,j = 9 and ng—l/2 = 9
Using Eq. (4.3.21), Eq. (4.3.23]) becomes
enjl e’?j +1 ~n _ xn 2 A2 +1 + +1 +1
S = (O = )iy + AR = Vi (0l Vel ) + Vel Vauel )

v, [(3(% et e - [(ezj>2+<e?_1,j>ﬂ) v;hv’ff]
e+ (el a]) Vot

(4.3.24)

DO | o L\:)Ioo

+ Vi [(3(%@ et Uiy €)=
+ (Cp(v™*, @) + 17

2,7 "

Multiplying Eq. (4.3.24)) by 2At Az Ay et and summing the corresponding equalities for
i=1,...,Nyand j =1,..., Ny, we obtain

2(en+1 . en’ n—i—l) + 2At52|e”+1|2

1 2
=20t AT Ay SN Ve Vi) + V(e Vo) e

Z7‘7
i=1 j=1
1 2 n 3 n n n n
+ 2At Az Ay Z Z V {( ZJ zj + v 1,5 Gi— 1]) - 5[(61‘,3')2 + (eil,j)2]) 2 hUz;r1:| ez‘jl
=1 j=1

L 3 n n n n
—|—2AtAJZ'Ay ZZV |i( 7,] 7,] +Uzg lez,j l) 5[(€7L,j)2+ (ei,j—l)2]) VQ hv ,]Jr1:| ez;rl

=1 j=1

+ 2AH(Cp (0™ &), @), + 2AL(r" e, (4.3.25)

Using (4.2.15)) and Lemmas |4.2.1|and [4.3.1} Eq. (4.3.25) yields

le™ % — lle™[l7 + lle™ " — e™|[5 + 2Ate|e™ 3, < 2At[e™ [,

N1 Nz

_GAtAIAy ZZ[ zy ’L]_I_,UZ 1]61 lj)vlhvn—i_lvlhe;nj—l

i=1 j=1

n +1 n+1
+(U,] l]+U’Lj 1€Zj 1)v2hv v2he,] ]
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N, N
+3AtAT Ay Z Z [[(621')2 + (e ) IV iavis Ve

i=1 j=1

+ [(ef;)* + <€Zj71>2]v2 hvn+1v2 henjl]

+ 2AH(Cp (0™ @), "), + 2A¢(r" e, (4.3.26)

Since u is smooth then there exist constants ¢y and ¢z such that

max |V, v;| <epand max Vo, vl <ez forn=0,1,---, M.
1<i<N; 1<i<N
1<j<No 1<j< Ny
We estimate each of the terms on the right hand side of ({4.3.26)) as follows:
N1 Ns
1 1
—QAtAZEAy 223 1] 1] +Uz 1,9 €;_ lj)vlhvn+ vlhen,j_
i=1 j=1
N Ny
< 6scg At (Aw Ay ZZ e Vel + ey IV ert! )
i=1 j=1

Ni Ns 1/2 Ni N» 1/2
<6scy At |2 (Am Ay 22(6%)2> (Ax Ay ZZ Vine zngH )

i=1 j=1 i=1 j=1

Ni Ns 1/2
< 12s¢y At |€”|n <Aac Ay > S (Ve ) (4.3.27)

=1 j=1

In a similar way, one obtains

N Ny
_QAtAl'Ay ZZB zy ZJ+UZ] 1623 1)v2hvzylv2h€n+l
=1 j=1
N N 1/2
< 12se3 At||e”||n (Ax Ay ZZ( Q_he"jl) ) . (4.3.28)
i=1 j=1
Combining ((4.3.27)) and (4.3.28)), we get
N1 Ny
—2At Ax Ay ZZ[ v el i g el )Vl HVlhe?jl
=1 j=1

n _n n n +1 n+1
+3(vi el + ol el ) Vo vt Vo el ]

< 125, At

NN, 1/2
<Aasz ZZ (Vinertt) )

=1 j=1
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NN 1/2
(A:cAyZZ Qhe”“) ]

i=1 j5=1

< 12V2 s ey At|e||nle™ 1

257 Ci n|2 n+1)2
<6 Ar (=l + 0l ) (4.3.29)
where ¢4 = max{cy, c3}.
N1 No
3At Ax Ay ZZ + (el 1,)%] V1 hv"+1V1 he?jl
=1 j=1
N1 No
< 3cy At (Amy DN e+ (er ) IV hwﬂ)
i=1 j=1
N1 No
< 3cy At|e"|oe (A:cAy SN lerl + ey ] \Vlhe’”l)
i=1 j=1
N1 N 1/2 N1 N 1/2
<onarteon |(ara0 535 (000 S 3w
i=1 j=1 i=1 j=1

N1 N 1/2
= 6y AL |[€"]|son]|€" |1 <AmAy > Y ;hen“)) . (4.3.30)

i=1 j=1

Similarly, we get

3At Ax Ay ZZ e 1)2} Vant; +1V2 he?;rl
j=1

=1

N1 Ny

1/2
< 6c3 At ]| €| oonll€” |1 (AmAyZZ ;henﬂ)) . (4.331)

i=1 j=1

Adding (4.3.30]) and ({4.3.31]), one obtains

NI N
3At Az Ay Z Z [ ef 1 ;)%) Vioi iV et

i=1 j=1

2¥)

+ ((‘32]')2 + (€Zj71>2) Vs hvn+1v2 henH]

< 6v2es At [le"lo [l 1n [ 1

23
<sa (S et o). (8332)
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From the definition of the bilinear map C}, we have

(Ch( n+1’ ~n>’ en+1>h

N1 Nz

= Azx Ayaz Z B - VEEr + e (B Vit e Vo e Vo et
=1 j=1
NI N

+ Az Aya Z Z PUB -V Er e (B Vit e Vot e Vo or et
=1 j5=1

(4.3.33)
We now estimate each of the terms on the right hand side of (4.3.33)).

AxAyi:iv"H Ve el ”“— AJJAyiie” B- Vi) ”JH ";rl)

=1 j=1 =1 j=1

N1 No
_ + n+1 n+1 n+1 + n+1 + n+1 n+1 n+l + n+1
——AxAyE E ZJ[VMU )e €it1,; T Vi V (Vzhv )e + V

2] zj—l—l
=1 j=1

< (c2+ c3)[€"[|nll€"n

N, Ng 1/2 Ny N 1/2
+ s||e"||n (AxAyZZ thenﬂ ) (AxAyZZ V;Lhe”Jrl >

i=1 j=1 i=1 j=1

< (c2+ca)]|@" [lalle™ ln + V25 [|&"|n [€" 1

= cs[|&” lalle™ I + v/2s [|€"]|n |e" !

1h (4.3.34)

where ¢5 = ¢y + c3.

N1 N Ni N
AxAyZZem ,B \Vin ,U’n+1) n+1 < 1?3§ |(,B \vén ) n+1 A:CAyZZ’é Hen+1]
i=1 j=1 1<;<N2 i=1 j=1
N1 N2
< |, Vel ma Va0 | BBy ) ) I He"“]
1<5<N2 1<5<N; i=1 j=1
< cs[[&"||ulle™ |- (4.3.35)
Ni N
Ar Ay Y [ Vil + & Vit e
=1 j=1

< max |V orf!
— 1<i<N; | Lh 72
1<j< N>

N1 Ns
Ardy SO e, et ]

=1 j=1
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Ni N,
+ e [V A by ) 18 allel
155X N i=1 j=1
< eoll€”(|nlle™ [ + csll€™lnlle™  ln = cs[@"[[alle"  ln  (4.3.36)
In a similar fashion, we obtain

N1 Ny

Ax AyZZU"H (8- V;é’; ) n+1 < €™l [C5||en+1||h V25 |en+1| h} (4.3.37)
i=1 j=1
N1 Ny

Azlyy Y (B Vi et < cslle”[alle™ |a. (4.3.38)
i=1 j=1
Ni Ny

Ar Ay S S [ Viort + a Vet et < @ lalle™ . (4339)
=1 j5=1

Combining the inequalities from (4.3.34))-(4.3.39)), we have

2At(ch<vn+17én)7 n+1) <4At|a|[ \/_HénH ‘en+1|1h+305|lén” Hen—H“ ]
8s2a?

< At [ &2 + 54|e”+1|%,h]

36c

+At[ L2 + Sl 2 Hl (4.3.40)

Finally, the last term of ((4.3.26]) is estimated as given bellow.

Ni N
n n+1 - : n _n+l
("™ < Doy 3 D riyel]
=1 j=1
NN 1/2
<N1N2AmAy max |7" (AxAyZZ n )
1<]<N2 =1 j=1
2
16 L3212 03 on
< = (max [riy| |+ e i
3
1<5< N>
16L2 L¢3 0
< T(At+Aw + AP+ 23|yen+1|yz. (4.3.41)
3

Thus, from (4.3.29)), (4.3.32)), (4.3.40) and (4.3.41)), we get

2 .2

2s‘c
e 2 — fle” | + 2A¢=2e™ 3, < 22¢e™ 2, + 6 At ( el + |e"+1|%,h)

3AL 2_0421 n |2 5 n|2 n+1|2
+ 5, €7l + oallelloe fe™ i
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8s2a? _. n 36c2a? _, n
b | ale ]+ ar |2 e 4 s
16AtL2L
+5—201(At+Ax + Ay?)? + At byllem 3,
3

which on rearrangement gives

[1 — At(d3 4 05)][|€" |7 + 2Ate*|e™|3, < At[2+ 66, + 64)|e" [T,

2 2 .2 2
b reear (2254 S en?
5. 6,

2s 9t | | -n
PR 7+ anee? |5+ 52 e

16At L2L3c3
+ - - & -
d3

Using (4.2.13)), Lemma and Young's inequality, (4.3.42)) becomes

. N At(2 4661 +04)%, "
11— At + &)l |2 + 28t2er 12, < DHETONF 0y nirya | Apeieni,

LAt + Ax? + Ay?)2 (4.3.42)

4e?
2 2 .2 2
+ [1—|—6 At ( 55 44 ;-4)] le||?
1 2
3Atoy n 25> 931,
Aol e+ asa? |3 4 52 e
16At L2 L3c3
+ S (A A 4 A, (4.3.43)
3

Using (4.2.25)), (4.3.43) gives

[1— Atcle™ 5 + Ate®n*le" i ), < (1+ Atey) [l€"][; + Ates][e"[;

12At 6
Wlle”ﬂi "}, + Ater (At + Aa® + Ay)?,  (4.3.44)
where
16 L2123 2 + 601 + 04)>
cr = 261’ 02(53+(55+( + 12+ 4)
53 4e
2s2¢2 2 2s 9¢2
—6 1, G — 4n2 ICs
© ( 5 *52)’ Gt {54 5
For
1
At < % =c (4.3.45)
c

then it follows from (|4.3.44)) that

n RVAVZ O "
e+ At < 43 [(1+ Aten) [ + e8I + 2 e e
+ Ater (At + Az® + Ay?®)?|. (4.3.46)
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Now for

352 Cr
AzxAy

[(At+ Az + Ay?)?] < %527]24’% exp(—Tcm), (4.3.47)
where ¢1g = ¢g +mg Acs and A =" |a;]?, we prove by inductive method that
1 -
le™ [ + §At€2n2|e"+1lih < 480 [(1 + Atey) [l + Ates|l €|

+ Ater (At + Az? + Ay?)?|. (4.3.48)

For n = 0 from (4.3.46), one obtains

3At o
o1+ AtPlel < 434 |1+ Atfen-+ ) 71 + S0l e

+ Ater(427°) [(At + Az® + Ay®)?]
and hence,
1
le™l7 + S AtPn?lel [Ty, < 4% [(1+ At(co + cs)) el + Ater(At + Az + Ay*)*]

which is (4.3.48)) for n = 0. Now suppose that (4.3.48)) is true up to the order n—1. Thus,
fors=0,1,...,n—1,

1 -
&1 + SAtEPler U, < 480 (14 Atey) [l + Ates e}
+ Ater(At + Az? + Ay2>2] . (4.3.49)

It is now remaining to treat the term ||&°||2. For s < mgy — 1, it is clear from (4.3.3) that

€%l = ||e®||n. Thus, (4.3.49)) becomes

1
e + SAtRle [, < 450 [(1+ At(ey + ) [l€°]2 + Ater(At + Aa? + Ay?)]

(4.3.50)

It follows from ({4.3.50)) that
[ TH|7 < 42 [(1+ At(co + cs)) [|€°|7 + Ater (At + Az® + Ay?)?] .
After s + 1 iterations, we get

e# 12 <430 (1+ At(es + ex)™ 3
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+ Ater(Af+ Aa? + Ay 31+ At(e +cx))]
=0

ek [AtC7(At + A2+ Ay’ (14 At(eo + Cs))j] . (4351)

Jj=0

For the case s > mg — 1 and my > 1, it follows from (4.3.2)) that

Il < 3 lall&
=1
which by Cauchy-Schwartz's inequality gives
le[l7, < A[Hes\li e R+ [ler TR
Hence, (4.3.49) gives

e 2 < 455 | (1 + Ateo) 7|17 + Atcs A (€77 + le*I7 + -+ + e[

+ 480 [Ater (At + Az® + Ay?)?] .
It follows easily that

max{[le 3o, ., e 2} < 42

(1+ At ero) max{ [le*[, [le" " .

. ||es—mo+1||‘g} + Ater (At + Az? + Ay?)?

which after s — mg + 2 iterations gives

max{ e e[, .. e 22}
< 40T (14 Ateyg) T+ ma{ e e R, [l
s—mo+1
+ Ater(At+ Ax® + Ay?)? Y (1+ Atey)’ | (4.3.52)
=0

Combining (4.3.51)) and (4.3.52)), we get

s

HeSHHi S 4(s+1)Atc |:AtC7(At—|—AZ'2 +Ay2)2 (1 +AtC10)j:|
=0

<

s+1
— 4(5+1)Atc |:At C7<At + A2 + Ay2)2 <(1 + Atclo) 1):|
Atcm
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< 46FDA exp (s + 1) At ¢p0) [%(At + Az® + Ay2)2] (4.3.53)
and
187 |? < mg A4EFTDAE axp((s + 1) At ¢19) [E(At +Ar® 4 Ay2)2] , (4.3.54)
€10

fors=0,1,....,n— 1.

Going back to (4.3.46|), we have

3AL b9

e )17 + Atenlen [, < 45| (1 + Ateo) [le”} + Ates||e"|} + Ardy

&7 le 12
+ Ater 42(At + Az? 4+ Ay?)?

< ybte [(1 + Atey) [|€”]| + Ates|&")? + Ater(At + Az? + Ay2)2]

RYAN A
AxAy

which by (4.3.47) gives

gnite exp(nAt cyp) [00—7(At + Az? + Ay2)2} |e”+1|ih,
10

o117 + AtetyPe 2, < 45% (1 + Ateo) e[} + Ates[&"} + Ater(At + Aa? + Ay*)?|
1
+ Al
Thus, we obtain

1 -
e + S A2l < 48 (1 + Atey) " + Ates||&”] 3

+ Ater (At + Az? + Ayﬁ)ﬂ . (4.3.55)

Using (4.3.53)) and (4.3.54)), (4.3.55)) gives

c
He"H,% < 4B exp (n Ateyg) [c_:()(At + A%+ Ay2)2}

< 47 exp(T e10) [CCL(At + Az + AyZ)Q] , (4.3.56)
10
formn=1,2,..., M. Thus, it follows from (4.3.56)) that
le"|ln < C(At + Az® + Ay?),

for constant C' independent of At, Ax and Ay. This completes the proof. O
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Remark 4.3.3. The assumption At < 4 in Theorem is to ensure the existence of
solution for (|4.3.5al)-(4.3.5d).

It is worth noting that the convergence result Theorem is conducted for oy = ay.

The case when oy # s is treated in the same way but the rate of convergence will change.

4.3.2 Explicit one-level finite volume method

In this section, we approximate the solution of Eqs. (4.1.1)-(4.1.4) using an explicit finite

volume method:

n+1 o
Boa R (G, um))i + S22 = V(0o VIa) + V(98 2Vl
At h ,) h .5 1,h 901—1/2,] 1,h %i,5 2,h 90171—1/2 2,h%i,5/

(4.3.57a)
u?j = uz+N1 ] zg+N27 (4357b)
Ui = A Ay / / z,y)dady, (4.3.57¢)

for1<n<M-—1and1<i<N;,1<j< N, (4.3.57) is explicit, hence the solution

n

u” is computed at each time step. One important feature of this scheme is stated in the

following.

Theorem 4.3.4. We assume that the following are satisfied for some 6,0 < § < 1:

1 1 2 196
16At (A X 2) < e20n*(1 —6), (4.3.59)
72At 4 1 1 =2T
o (ol el + o (G s ) IR 1P < 20 e (51 ).

(4.3.60)

where oy and a are the constants in Eq. (4.2.19). Then the finite volume method defined
by (4.3.57)) is L>(0,T;Hy,) stable in the following sense:

At At T
|u"|]* < exp (8 ) " P < <exp (n€ ) [u”])? < exp (5 ) 1% n=1,2..., M,
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At T
2527]2Zexp< ) )|un|1h<exp (5 ) | u”]|2.

Proof. To prove this assertion we use the approach of [Temam| (1979). Multiplying Egq.
(4.3.57a) by 2AtAx Ay u}; and summing the equalitiesfori = 1,..., Nyand j = 1,..., N,
together with (4.2.16)), (1.1.12)) and Lemma [4.2.7} we arrive at

n n " n At n
o 1 = = o+ et < exp (5 ) Il (4.361)

Now we have to estimate the term [ju"™ — u"|?. By multiplying Eq. (4.3.57a) by
2AtAz Ay (uj ”“ — up;) and adding the corresponding equalities for i = 1,..., N; and
j=1,... ,NQ, we obtain

2/[u™tt —u™||F = 2A(Cy (U™, u™), u" Tt — u™), — 2Ate*(Apu™, Ay (U™t — u™))
NN

— 2AtAzAy Z Z [P 12, Vi ) Vi (g — )
=1 =1
N1 No

— 20 AzAY > Y @l 1y Vo Vo (up = uly)  (43.62)

i=1 =1

Using ((1.1.12)) and (1.1.13]), we majorize all the terms on the right hand side of ({4.3.62))

as follows:

2A4(Ch(u™,u"),u™ ! —u"), < 36&2(\04 |+ Jae])?[[u” [l u" 2 +1HU"“ —u"l;
h ) ; h > Al’Ay 1 2 h 1,h A hs

2 n n+1 n 4 2 1 1 ? n|2 1 n+1 n|2
—2Ate (Ahu ,Ah(u —u ))h < 64 At Az ) + P ’U |2,h + ZHU —u ”h;

N1 N2

—2AtAxAy Z Z [(90?—1/2,jv1_,hu2j1)Vl_,h<u2j1 —ui;) + (SOZj—l/?V;,th;rl) vih(uﬁl -

i=1 =1

LHAAT ! 1 ni4|,,n|2 1 n+1 n|2
B AIszQ (AxZ + Ay2> ||U ||h|u |1,h+ A_LHU —u Hh

1 1 " 1., n
+16A¢% (A 5 T Ay2> u |ih+4_1”u "7
Hence, (4.3.62)) becomes

n+l u” 36At2

144At2 A T N T T
T AR AL (AxQ - Ay2> [Ju™[[a]u" 1, + 16AL (A_x2+ A—yQ) u”{

112
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which by (4.3.58) gives

P 36A¢?
||h = Azr A
144782 [ 1 1 o
A ( Lot Ay2) o

1 1

lu™* — o (ol + e P Ju™ [Eu™ ;) + Ate?(1 = 6)|u”[3,

On substitution of (4.3.63) back to (4.3.61)), we arrive at

At 1 1
i exp () Il + At < 1086 (s + o ) W

JAV/ZIAN
36At2 9 4 1 1 a2 A2 12
+ o [l o+ o (5 + s ) IR o Bl
(4.3.64)
Using (4.2.25)) and (4.3.59)), (4.3.64) gives
n At N 36 At
s = exp (5 )l + A2t < o (el + eal?
4 1 1 9 9 9
" " . 4.3.
b g () IR I RI R (8369
We then need to show by induction on n, that
At At
Jur i+ e, < e (55 ) Il (4.3.66)

For n =0, from ({4.3.65)), we obtain

At
'+ et < e (55 Il

36At?

4 1 1
2 02| 114011214:012
+ AzAy [(|Oz1|+|oz2|) + Aviy <A$2 + AyQ) lu ||h} Ju™[[5 1"l 1,

which with (4.3.60)) leads to
At At
ol + ettt < exp (55 ) Il

which is (4.3.66]) for n = 0. Assuming now that (4.3.66)) is true up to the order n — 1, this

is to say that for s =0,2,...,n — 1, we have

At sAt
ol < exp () 2 and ol < oxp (5 ) (43.67)
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Using (4.3.67)) in ({4.3.65)), one obtains

At
lu™ 7 + Ateo®p*jum i), < exp (= ) [lu”l;
9

36At 2nAt 9 4 1 1 012 | (1401121472
oo (250 ) (ol sl + o (s + s ) W] Il

which by (4.3.60) gives
At

At
i+ AP < oo (55 ) I + G0

+

2

re-written also as follows

§ At i AL\
Jur i+ e, < e (55 ) Il

We then have

i < oxp (55 ) Il = SretstaPiun
<o (5 |oo (55) W - Gt ] - e,
<o (251 I - St o (5) R St
< exp (250) It - St exp (250 w2, - et e (5l
- Seep,

2
Lh:

(n+1)At At = (n—s)AtY , ,
< () Il = Gttt S ()
Hence we get
" At & (n—9s)AtY | . (n+ 1)At
Jursi I+ et S exp () iy < e (PR 1l
s=0

Therefore, the proof is complete. ]

4.4 Multilevel finite volume methods

Multilevel methods were introduced to improve calculation speed in the simulation of com-

plex physical phenomena while maintaining a good level of accuracy, see (Bousquet et al |
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2013a, 2014; [He and Liu, 2005; [Faure et al., 2005; Bousquet and Temam, [14-17 June 2010
Adamy et al, [2010)). This section is an application of the work presented in Bousquet et al.

(2014)), in which the shallow water equations is analyzed. Here, we are concerned with

the two dimensional convective Cahn-Hilliard equation (4.1.1)-(4.1.4). We formulate in
the spirit of [Bousquet et al| (2014) two methods approximating (4.1.1)-(4.1.4), namely:
implicit multilevel finite volume method and explicit multilevel finite volume method. These
new methods are next studied thoroughly and comparison by stability and CPU time with
the associated one-level methods discussed in section [4.3] are established. To make this text

self-contained for the reader, we recall below the multilevel finite volume approximation as

described in [Bousquet et al.| (2014).

Here N; and N, are assumed to be divisible by 3. Let N?, N and M, be integers such
that 3NY = Ny, 3NY = N, and AtM, = T. We discretize M into fine meshes and coarse
meshes. The fine mesh consists of 3Ny x 3Ny regular cells (ki ;)1<;<sn0,1<;j<3ng Of uniform

area AxAy.

The coarse mesh consists of NYNJ control volumes (Kim)1<i<no 1<m<ng of uniform area

9AzAy, where

Kim = ($3l—2—1/2,$3m+1/2) X (y3m—2—1/27y3m+1/2)-

We denote the approximate solutions on the fine grid by u; ;, 1 <i < 3N{,1 < j < 3NJ.
The approximations (averages) on the coarse mesh are defined by

2
1
Uim = 5 > Usi—asm—p, 1 <T< NP 1< m < NY,
OZ,B:O

and the incremental unknowns by

Z3l—a,3m—ﬁ = U3l—a,3m—8 — Ul,m; «, ﬁ = 07 17 27 (441)

2
which satisfy Z Z31—a.3m—p = 0.

a,B=0
Let p > 1 and g > 1 be two fixed integers. We discretize (4.1.1]) on the fine mesh by using

time step At/p and on the coarse mesh by using time step At. We assume that n is a
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multiple of ¢ + 1 and (u;)1<;<sn0,1<j<sng are known, where u}'; is an approximation of
the average value of u over k; ; at the grid t = nAt, fori =1,...,3N?, j=1,...,3NJ.
Forr=0,1,...,pand s =1,2,...,q+1, we let u”+r/p be the approximate solution of the
mean values over k; ; at time t,4/, = nAt +rAt/pfori=1,...,3N},j =1,...,3N
and Ul’fgs be the approximate solution of the averages on the coarse mesh K, at time

thes=(n+s)Atforl=1,...,Nlandm=1,...,NJ.

4.4.1 Implicit multilevel finite volume method

ForO0 <r <p—1and1 < s <gq, the following multilevel scheme is used to discretize Eqgs.
(4.1.1))-(4.1.4).

p nt(r+1 n+r n+(r ~n+r n+4(r+1
Kt(uﬁ( + )/p—uj /p) (Ch(u /e gt /p)) + 22y Z;r( +1)/p

n+r — n+(r+1) n—+r —  n4(r+1
= Vi ( 2'*1//2]; Lh u( /p)+v ( ”7{}/32 2,h i,j( )/p)7 (4-4-23)

Un+s+1 Un+s s
l, l,m (Cg (Un+s+1 U + ))l,m+52A Un+s+1

At
= V(D70 ViUl ™) + Vg ()70 12V, s U, (4.4.2b)

nt+(r+1)/p _  n+(r+1)/p _  nt(r+1)/p

i T Vi3NY T Tig+3Ng (4.4.2c)
n+s+1 __ yrnts+1 n+s+1

Ulvm le—&—NO Ul ;m+NQ? (442d)
0o _ 0

Uij = A:L’Ay’//u (z,y)dxdy, (4.4.2¢)

kl,]

where 1 < <3N, 1 <j <3N 1<I<N?, 1<m<Ny and

TH_T ntr n n+r
n+7‘/P o f/( /P) + f/( z 1,§p> n+r/p . f/(ui,j) + f’(ui’j_{p)

Pic1/25 = 9  Pij-1/2 T 2 ’
@n+s o f (UTH'S) + f/( ln—iism> ¢n+s f (Ul m) + f ( lnnts 1)
-1/2;m — 2 ) l,m— 1/2 2 :

The multilevel discretization consists of alternating p steps on (4.4.2a)) with smaller time
step At/p, from t,, to t,41 followed by g steps on (4.4.2b)) with time step At, the incre-
mentals being frozen at ¢,,.; from ¢,,41 to t,,44+1. Then, using Eq. (4.4.1]), we can go back

to the fine mesh for p steps from ¢, 1,1 to £, 440
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Since (4.4.2)) is a succession of linear equation, we prove only uniqueness of solution and

hence existence.

Theorem 4.4.1. For At < 4¢?, then the approximate solution u™ of (4.4.2a))-(4.4.2¢€]) is

unique.

Proof. Suppose vg = ug and let v, vZ ... vM0 € H,, AtM, =T, such that v" satisfies

(4.4.23) and (4.4.2B)) with the relation (4.4.1). Let z" = u™ — v and clearly z2° = 0. We

use mathematical induction on n. Since z° = 0, the theorem holds for n = 0. We assume
that 2/ = 0fort =1,2,...,n. If nis multiple of ¢+ 1, we need to show the theorem holds
by induction on r using Eq. (4.4.2a)). We observe that z"*("*+1)/? is a solution of

[2¥)

At

n—+r —  n+(r+1) n+r —  n4(r+1
= ViV T 4 (o Vi )

n+r/ n+(7‘+1)/ n+r/ n+ (r+1)/
- vih(% 1/2pjvl hYij p) - v;h(¢i,j—172v2 nVij p)’
fori=1,...,3N?, j=1,...,3N? and

n+r n+r n+r n+r
wirpp _ SO L) gy PO P00
wifl/lj - 2 an wi,jfl/Z - D) .

By assuming that z""/? = 0, we have

n+(r+1)/p
Ly nr THan n+t(r+1 n=-r —  n+(r+1
JT — (Cu(2™ D/ gntr/ey), -4 EzA%zi +r+1)/p _ VILh( z+1//2pdvl B J( + )/p)
n-rr — _n+(r+1
+ Vi {I/}Vzh Saani} (4.4.3)

At Ax A e . . .
Multiplying (4.4.3) by 2reray +( /7 and summing from i = 1 to i = 3N and
j=1toj=3NJ, we obtaln

3NY 3N9
|2+ )2 4 At52‘2n+(7“+1)/p‘2 _ AtAxAyZZ Vi, n+r/p' - nf(r+1)/p)
p 2,h 1 1/2,5 ¥ 1L,h*i,j
=1 j5=1

n4+r —  nt(r+1
+ Vih(%,jfﬁz 2.h%i,5 ( )/p)]

Hence using Lemmas [4.3.1{ and 4.2.7| we get

At
— ||| R <o,

4pe?

(1-
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which for

o2 < 1, and after p iterations gives
pe

Iz < 0,
and implies
Iz = 0.

For the case n is not multiple of ¢ + 1, we use Eq. (4.4.2b]) to prove the theorem. By first
calculating U™ and V" using Eq. (4.4.1) from u™ and v", respectively, we obtain

]_ ~ N ~, 1
S (E0 = 2= [ (Con(U™ 0" — (Con(V V)| 2205, 270

= Vi (¥ Vi) = Vi (Y Vi) (449)

where Z" =U" —V" for I =1,...N°. m =1,...,NY. Using the assumption U" = V",

(4.4.4) becomes

Znﬂtl .
(O (Z )0+ 02 = 0 (9, V)
Multiplying Eq. 1} by 6At AxAy Z[fntl and adding the corresponding equalities for

[=1,..., Ny, we obtain

N} N3
|23, + At 2, = 680 Ardy S 3V, (90, Vi 20t ) 2
=1 m=1
Hence using Lemma [4.3.1] one obtains
[ZMFH[3, + At ZMTH5 ), < AHZMTH (4.4.5)

Applying Lemma and Young's inequality, (4.4.5]) leads to

At
(1- ZIZ"E, <o,

At
which for 12 < 1, gives Z"1 = 0. Therefore, z"*! = 0. This completes the proof of the
£

theorem. O

Theorem 4.4.2. The multilevel method defined by the equations (4.4.2a))-(4.4.2¢€)) is

conditionally stable in L>(0,T;Hy,), that is, if At < e? and 1 <n < M, then
2T

Jun )2 <22 |3
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2At Az Ay n+(r+1)/
—_—

D i
equalities for i = 1,...,3NY and j = 1,...,3NY, we obtain

Proof. By multiplying (4.4.2a)) by P and adding the corresponding

3NY 3N9 3NY 3N9

r 2A$Ay At 1)/ +( +1)/p
2A$Ay ZZ n+ (r+1)/p unj—r/p)un;—( +1)/p ZZZA%L :z;l—(r-i— p n+(r
=1 j=1 =1 j=1
3ND 3NY
QAIEAy At n+r n+ r+1 n+r _ n+(r+1 n+(r+1
ZZ [V i 1//2p]V1 n Ui j /p) + V3 wlp ”_{1/92 2,hui,j( )/p)] ui,j( .
i=1 j=1
(4.4.6)
Using Lemma 4.3.1 Eq. (4.4.6) becomes
HUnHTH)/pHi _ HunJrr/pHi + Hun+(r+1)/p — un+r/pHi+2§ 52|un+(r+1)/p 2 < Q_At ’un+(r+l)/pﬁ
' p
(4.4.7)
And then using Young's inequality and Lemma |4.2.7|, (4.4.7)) yields
n T n—-r n T n—-r At n T
[ A [ e T 1 i [ F
2pe
Thus we have
At n T n-r
1= 2] s < e
At 1
Based on (|1.1.10|), for 52 < 5 we have
e
244 n+r
lur D < 20 |t
After p iterations, we obtain
n 24 n
lu™ 5 < 2% [u” . (4.4.8)

We now perform g iterations on the coarse grid, Eq. ({4.4.2b)), using time step At and the
relations (4.4.1)). At time t,4s = (n+s)At,2 < s < ¢+ 1, the incremental unknowns Z; ;
are frozen at time (n + 1)At¢. Multiplying Eq. (4.4.2b)) by 18AtAzAy Ul’;;ts“ and adding

the equalities for [ =1,... , Nl and m = 1,..., NJ, we get

(Un+s+1 - Un+s’ Un+s+1)3h 4 2At82<A§hUn+s+1, Un+s+1)3h
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Ny NG

— 18ATAYALY S [V @1, ViU ) + Vi (@ o Vaan U™ | Ul

=1 m=1

(4.4.9)
Using Lemma together with (4.4.9)), we get

U, — U, U = U, 28U R < 28U,

(4.4.10)
Using Lemma and Young's inequality, (4.4.10) becomes
n-+s n—+s n—+s n—-+s At n—+s
U™ 5, = (U5, + U — U, < 5z U™ I3
Thus we have
At n-—+s n—+s
L o] o, < o,
. At 1 _
Using ((1.1.10)), for 502 < 5 we obtain
5
JUm s, < 2 U3, (44.11)

. P . _l’_]_
From the definition of the increments Z:?z_a,gm_g: we have
1 0 0
U g = Ul + 25 gy 1<STISND,1<m <Ny, «a,f=0,1,2.

Taking the sum over o and 3, we get
2 2 2
Z |ugltsa,3m—ﬁ|2 = Z ’Ulﬁs + Zi?ltz,?)m—,ﬁp = 9‘UZT,L7;§S’2 + Z ’Z:?ltla,?,m—ﬁ‘z-
a,8=0 a,B=0 a,$=0

For s =1,...,q+ 1, the following relation holds
w7 = U113, + 12715 (4.4.12)

By adding ||Z"*!||? to both sides of inequality (#.4.11]) and using (4.4.12)), we get
2At

Ut 2 <2 €2 funte| 2,

After ¢ iterations, we have

2At g

lum T <20 el
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which by (4.4.8)) gives

2At (g +1)
lum R <2 et

By induction over n, we obtain

2nAt 2T
Juli <2 & u’ll; <2 [Ju;.

This completes the proof. ]

Theorem 4.4.3. Suppose that the solution u(z,t) of Eqs. (4.1.1)-(4.1.4) is sufficiently

smooth.

Assume that At < 42, (4.4.17)), and (4.4.20)) are satisfied.
Assume also that At, Ax and Ay satisfy (4.4.18)).

Then, the solution of the finite volume discretization (4.4.2a))-(4.4.2€) converges to the

solution of Eq. (4.1.1)) in the discrete L*-norm with rate of convergence O(At + (3Ax)* +
(3Ay)%).

Proof. Let n is a multiple of ¢ + 1. Let

n+7“/p // ZL’ yu +r/p)dxdy>

be the cell average of w at time ¢,,1,/, onthe cell k; ; fori =1,...,3N?, j =1,...,3NJ, r =

1,...,p. Denote

T —Lléxﬁh,—ngyéLz,ogthlu@’ y,1)l.

Making use of Taylor expansion, we obtain

n+(r+1)/p Un+7“/p

i,J ,J —(C ,Un—i—(r—i—l)/p ~n+r/p 2A2 n+(r+1)/p
At/p ( h( )) +e rU; .J
— vt [w“*””v n+ rH)/p] v [w"”/PV nt 7"“)/1”] 4 /P (4.4.13)
- 1,h 1 h @] 2,h 2, Y %, @] ) s
where 7 /P ¢ 94, is the truncation error of the finite volume discretization (4.4.2a)) for

i=1,...,3NY, j=1,...,3NJ. There exists a positive constant ¢; such that

,7,n,T

n—-r At . .
max]T+/p]<cl (—+Ax2+Ay2),z:l,...,BNf,j:L...,?)Nzo, r=1,...,p.
p
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Let e 7/P = "*7/P — ynt7/P where u’?ﬂ/p is the solution of (4.4.2a]). Substituting
R T T 1) (4.4.23), we obtain

[2¥} 2y 7'.7
@—'&-(r-ﬁ-l)/ _vn-l-r/p
%,J At/p ,J o (C«h(vn+(r+1)/p7,{)n+r/p)) . €2Ai Zn;—(r—O—l V <¢n+T/pV1 h Zj— r+1)/P)
n+(n+1)/ n+r/
_ vt (wn—H"/p \Von n+ r+1)/p) €ij p_ i,j p (Ch( n+1 n+r/p ~n+r/p))‘ )
2,h 1 2 h ] At/p 2,7
+ €2A}2L ;1J+ (r+1)/ [V ( n+r/pv1 i Zz;r(erl /p) + v ( n+r/pv2 h€7fj+(7“+1)/p):|
n [th ((SOT'lJrlT/'p B wnJrr/P) ;hvn+(r+1 /p> X V ((@’7,”/1” _ wﬁ{rr{p) ;hvn{r(rﬂ)/p)]
) =3, 177] 2¥) Lj—% Lj—3 PNV
— (Cy(um /P gnitr/eyy, (4.4.14)
Using (4.4.13 m ), Eq. (4.4.14) becomes
€n+(7"+1)/p 6n—l—r/p ( y ) ) "y
2,] 2] o n+(r+1)/p ~n+tr/p _ zn+r/p 2 A2 n+(r p
At/p (Ch(e U e )) te Ah €
n-r n+(r+1)/ n—H" n+(r+1 n+(r antr
=V, ( /pvlh et > LV ( /pv2 et >/p> 4 (O (o D gnt/nyy
3
n+r n+r n—+r n-+r n—+r n-+r — n+(r+1
+ Vih [(3<Uz‘,j v €4 v + Uz’—1,g/'p ez’—lép) - 5[(6 i /p) + (ei—1,§p)2]) 1,hYij ( )/pl
3
n+r n—H" n—+r n-+r n—+r n-+r — n+(r+1
# g [ (B e o ) = T () Vel )
i Tifj‘;rr/p. (4.4.15)

2AtAxA
Multiplying Eq. (4.4.15) by Loaray :L;r (/P and adding for i = 1,...,3N} and

j=1,...,3N2, we obtain

Q(en-i-(r-i-l)/p _en’en-i-(r-l-l)/p)h + 2§t 2Hen+ r+1)/p”2 _ Q_At(ch(,un—i-(r-i-l)/p n+r/p) n (r+1)/p)h
| 20t80A Sl
X n-+r n T n-r n T n T
yZZ{[V ( + /pV1h ”+ (r+1) /p> + V] ( + /pv2h J +1)/p>} ej( +1)/p
=1 j=1
3
n—+r n—+r n+r n+r n4+r n+r — n+(r+1 n+(r+1
+ V1+,h [(3<Uz] v €4 v + Ui—l,j/'p ez’—lép) - 5[(‘3@ /p)2 + (ei—lép)2]> 1,hYij ( )/pl €ij rH/p
3
n+r n+r n+'r n+'r n+r n+r — n+(r+1 n+(r+1
g [ (B ey o7 ) = I (TR Dol ] e
2At
+ 22 (/e gt D/p), } . (4.4.16)
p

Using (4.2.15) and Lemmas|4.3.1)and [4.2.1} Eq. (4.4.16]) becomes

||en+ (r+1) /p||2 ”en—i-r/p”i + “en—i-(r—i-l)/p . en—i—r/pH%L 2At 2||en+ (r+1) /p||2
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2At

< 2_AtHe?j+(r+1)/pH%h + _(Ch(anr(TJrl)/p ~n+r/p) n+(r+l)/p)h
p 9. b
3NY 3N9
2AtA$Ay n+'r n—l—'r n-+r n+r —  n+(r+1) n+(r+1
ZZ < v zg /p+ Ui 1,]/'p i—l,ép)) 1,hvz,j /pvlh z,] e
i=1 j=1
3 n+r/ n+r/py2 —  n+(r+1)/ n+(r+1)/
- 5((6 ij p) + (eifl,jp) > 1,hY55 pvl hCij P
+ 3((ul eI ) Vil el
3 n+r n-+r —  n+(r+1) n+(r+1
D) ((ei,j /p>2 + (ei,jf{p)2> 2.hVij /pv2 nCij D/
L 28 ey gDy,

p
Using the approach implemented on the proof of Theorem |4.3.3] we deduce in the fine
mesh taking

Ate <

N3

(4.4.17)

then

||en+(r+1)/p||i +lAt€2n2|en+(r+l)/p|%h < 4Atc
p ’

Ath b Ath o
(1+ . )||e+/p||i+7||e+/p||i

At At 3At Sy aite ot
+ ?c7(? + Az + Ay?)? | + MHG /2 |t H)/pﬁ,h-
For
30, ¢r At S| _
Ar? 4+ Ay?) < —e2p2q-Te (—T ) 4.4.18
AzAy (min{p,9} AT+ y) - 2T6 " eXP €10 ( )

as shown in Theorem [4.3.3] we obtain

||en+(r+1)/p||}2l + %AtSQU |en+ (r+1) /p|2

Atc

<4 P

Ate Ates At (At ?
<1 4 S 9) ||en+T/pH}2l + . 8”en+r/PH}2l + ?C7 <? +ASC2 +Ay2>

which after p iterations gives

At ?
€™ 1|2 < 42 exp (At cy0) [||e”||i + At ey (— + Az + AyQ) ] (4.4.19)
p
In a similar way for s =1,...,q, and being on the coarse mesh and for
1
Ate < 3, (4.4.20)
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4.4 Multilevel finite volume methods

we get

~n+s

1
B4+ G AP gy < 43| (L M) [ B3 + At [E™
+ Ater (At + (302) + (30)%)),

where E"™* = Y7 — U""* and T"** and U""® are exact cell average and numerical

solutions on the coarse mesh, respectively. For n +s < mg — 1, we have

[E41)3, < 45 exp (At (co + cs)) [ |3, + Ater (At + (38A0)? + (38))],
(4.4.21)
As we said at the beginning of this section, the numerical increments Z; ;'s are fixed between

steps n + 1 and n + ¢+ 1 and therefore for 1 <s < ¢, 1 <I< NP and 1 <m < NJ,

n+s+1 o n+1 _ n+l o n+1 _
Z3lfa,3mfﬁ - “3l-a,3m—p u3lfa,3mf,6’ lm > «, B - 07 17 2.

Using Eq. (4.4.1), we have

en+s+1 _ Un+s+1 o un+s+1
3l—a,3m—p — Y3l—a,3m—p 3l—a,3m—p

_ n+s+l1 - n+s+1 n+1

= Uy namep — (U™ + Z3 o 3mp)

__ . nts+1 n+s+1 n+s+1 n+s+1 n+1

- U3lfa,3mf,8 + Tl,m - Tl,m - (Ul,m + Z3lfoz,3mfﬁ)
_ n+s+1 _ rrn+l n+s+1 _ yntst+ly _ ntl

- (Tl,m I,m ) + (USZfa,3mfﬂ Tl,m ) 3l—a,3m—p

n+s+1 n+s+1
Im + <3l—oz,3m—,87

where

n+s+1 _ n+s+1 _ nts+ly o+l
C31—a,3m—ﬂ*(U3Z—a,3m—ﬁ ) Z3l—o<,3m—,6’7

is the difference of the numerical increment from exact increment.

It is clear from the definition of increments that
2

2
n+s+1 n+s+1\ __ n+1 o

E (U3l—a,3m—ﬂ - Tl,m )= E Z3l—a,3m—ﬁ =0,

a:ﬁzo CY,B:O

2
and hence Z Gt 3 =0. Asaresult for s=1,... ¢,

l—a,3m—
a,B=0
2 ) ) 2 ,
S () =9 (L) + D (Gitaas)” (4.4.22)
a76:0 CM,BZO
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4.4 Multilevel finite volume methods

Multiplying (4.4.22)) by AzAy and taking the sum for [ =1,... . NY and m =1,..., NY,

we obtain
le™ =I5 = E™ 13, + (1¢I5 (4.4.23)
We now estimate the term {"™**!. From the definition of increments for u € H,,, we have
Uim = Usi—a3m—p + O(Az + Ay),
from which
TZ;T“ — vglf“”oj?}m_ﬂ =T = v am_p + At O(Ax + Ay).
Hence
¢t = ¢ At O(Az + Ay). (4.4.24)
(4.4.24) gives
IE R = IE" (17 + At O(At (A + Ay)?),
which with the application of Young's inequality (1.1.12)) gives
IE R < NIC™IE + Aten (At + Az + Ay?)?, (4.4.25)

where ¢; is a constant independent of At, Az and Ay.

Combining (4.4.21)), (4.4.23)) and (4.4.25)), we obtain

€441 < 43 exp (At (eo + ) [l + At ers (A1 + (302)? + (3829))°].
which after s iterations gives

e+ < 4315 exp (At s (o +ex)) [l 2 + At s cip (At + (302)° + (329)%)?].

(4.4.26)
where ci5 = max{cy, 4 2% exp (—At (cg + cg)) c11}-
Together with Eq. (4.4.19), (4.4.26) becomes
|entst |2 < 42t etV axp (At s (e + cs)) |exp (At eyg) [HenHi
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4.4 Multilevel finite volume methods

+ Ateig (At + (3A7)% + (3Ay)2)2] + At scg (At + (3Az)* + (3Ay)?)?

Since mgA > 1, it follows from this inequality that
e tst |2 < 48t et axp [At g (s + 1)] [He"Hi + At (s 4+ 1) e1p (At + (3Ax)* + (3Ay)2)2} :
Thus, after n iterations, we get

Hen+s+1H}2L < 4At ("+S+1)Cexp [At C10 (n + s+ 1)] :HeO”fZL

+ At (n+ s+ 1) crp (At + (3A7)° + (3Ay)?)?

= gMtstDe ox s I e (n 4 5 + 1)) :At (n+ s+ 1) o (At + (3A2)% + (3Ay)?)2].

(4.4.27)

For the case n + s > my — 1, we have

IE™ 05, < 42 (1 + At co) [E™[[5, + At Acs 42 [ [E™ (|3, [E™* I3, +

doee HEH*S*moﬂugh] + At e 48(AL + (3A7)% + (3Ay)?)?,

which implies

max{ "3, T
< 48 exp (At eg) max{ B3, B, . BT R,
+ At c1p 4% (At + (3A2)% + (3Ay)?)2. (4.4.28)

Using (4.4.23)), (4.4.25) and (4.4.28)), we obtain

max{ "2, flerte o2}
< 48 exp (At erg) max{ eI, R, . flen 2
+ At e 4%(At + (3Az)° + (3Ay)?)?
< gAHsmot)e oy [Atcyg (n+s—mg+1)] [ max{||em°_1||i,
e 22, €12} At (s — mg + 1) eia (At + (302)? + (389)°)].

(4.4.29)

126

© University of Pretoria



oo
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Q@ YUNIBESITHI YA PRETORIA

4.4 Multilevel finite volume methods

Using (4.4.27)), (4.4.29)) and induction on n, one obtains

|e"||? < 421 exp [n At 0] [HeOHi +n Aterg (At + Az? + Ay2)2}

< 4% exp [T ¢1) [Tclg (At + (3Ax)* + (3Ay)2)2} :
form=1,..., M. Therefore, we have

le"(|n < C(At + (3Az)* + (3Ay)?),

where C'is a constant independent of At, Ax and Ay. This completes the proof. H

4.4.2 Explicit multilevel finite volume method

For 0 <r <p-—1and1 <s <gq, we discretize Eq. (4.1.1)) using explicit multilevel finite

volume method.

Aﬁt(uzj(rﬂ)/p _ uzj-r/p) — (Cp(um /P um /ey, €2A%uzjr/p

n—+r —  n+4r n+r —  n+r
- th(SOiq//Qp,ijhuij +/p) + v;—,h(gpi,;‘t{%vlhui,j /p)’ (4.4.30a)
Unr—ni-s—s—l o Unr—r‘,b-s
l, Lm (Cgh<Un+s, Un—&-s))l,m + €2A§hUla’17:s

At
= V(0 Vs Ulm™) + Vo (P01 oV Uiy®). (4.4.30b)
ntr/p _  ntr/p  __  ntr/p
Uij = Uyyano ;= Uy jisno (4.4.30c)
n+s __ rrn+s __77n+s
Ul,m - Ul—i—N?,m - Ul,m+N207 (4430d)
1
Ui = Ay Ay / / u’(z,y) dz dy, (4.4.30e)

where 1 <i <3ND, 1 <I< N, 1<j<3NJ)and1<m<NJ.

Theorem 4.4.4. We assume that the following satisfied for some 6, 0 < § < 1:

oAl (-1 4 2<1_5 in{p, 81} (4.4.31)
A TAgE) S o min{p, , 4.
1 1
— 4+ — ) <2%(1 — &) mi 4.
16At (Aﬂ + AyQ) < e%dn”(1 — ) min{p, 9}, (4.4.32)
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4.4 Multilevel finite volume methods

T2At 4 1 1 =2T
o (ol o+ o (5 e ) 1991 NPl < =200 e (50
(4.4.33)
S8At 4 1 1 =2T
o (el leal? + e (G + e ) I ) Il < 2t es (57 )
(4.4.34)

Then the multilevel method defined by the equations (4.4.30al)-(4.4.30¢€)) is L>(0,7;Hp)

stale in the following sense:
n At e nAt T

|u ||2<exp<8 )||u 12 < <exp( = )||u0||2<exp( )||u0||2, n=12..., My,
VA T rAt VA

s < oxp (D5) LR =12

where z is non-negative integer such that z (¢ + 1) < M.

Proof. To prove this theorem we use the approach discussed in Theorem [4.3.4, We assume
20t Ax Ay

n is a multiple of ¢ + 1. Multiplying Eq. (4.4.30a)) by LtArayy, + /p

sum fori =1,...,3NY and j = 1,...,3NJ) together with ( and Lemma |4.2.7} we

and taking the

obtain

||un+ r+1)/pH2

At At
Jurs e — o S, < oxp (25)
p h pe?
(4.4.35)

To estimate the term ||u™+("+1/P—yn+7/P||2 'we multiply Eq. (4.4.30a]) by % (uZ;r(TH)/p—

uZ;rr/p) and summing from i = 1 to i = 3N} and from j =1 to j = 3NJ,, we find
n T n—+r 36At2 n—+r n—+r
[ Tl 14 Smﬂ@ﬂ + [ag )P R um PR,
64A82 (1 1\,
n+r/p|2

4A2 (11 .
n+r/p(|4],,m|2
s (2t s ) IR R,

16A2 (1 1 .
n+r/p|2
- ()

Using ({4.4.31)), we obtain

2
n+(r+1)/p un—&—r/pHi < 36At

( At
— p2 AzAy

lu et | -+ ez ) fu™ |7 u™ 7P, + ¢ (1= 8)lu™*77l3,
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4.4 Multilevel finite volume methods

At2 1 1 n-+r n—-+r
+ 144]72 Al’szz <AI‘2 + Ayg) ||U * /p”;lzlu * /pﬁ,h
16AE* ..
+ T [iaaecd Ay (4.4.36)

On substitution of ({4.4.36)) into (4.4.35]), we get

At At
a4 S, < exp (S5
p pe?
36At* 2 1 1 1 N
n+r/p||2 n+r/p(|2|,,n+7r/p|2
+p—2AmAy {(|Oé1|+|042|) +A:1:Ay (ASEQ +Ay2> [um /P2 | a2 a2,

Using [4.2.25| and (4.4.32)), we obtain

At At
Jur s oxp (2] s 4 SR
pe? p ’

36At?

2
Ay | (el + laa)

4 1 1 n+r 2 n—+r 2 n+r 2
T ArAy (sz + Ay2> [u /th] U™ /P2 a3, < 0. (4.4.37)

In a similar fashion, from (4.4.30b)) together with the assumptions (4.4.31)), (4.4.32) and
(4.4.34), we obtain

n+m At nrm nm
U5, — exp ( & ) U5 + Ao U™y,

< 2 Un+m 2 Un+m 2 Un+m 2 '
— AzAy {(|041| +as)” + 81 AzAy <A:1:2 + Ay2) I H?’hl | 1351 I 3n

(4.4.38)

Now we need to prove the following by induction on n

At
|un T HD/p) 2 2(527)2|u"+"/”|2 < exp ™ /P)2 forr=0,1,...,p—1,

2p pe?
(4.4.39)

n—+s At n-+s At n—+s
UM+ U Ry < e (5 ) U fors =12,
(4.4.40)
We first show (4.4.39)) and (4.4.40) hold by induction on r and s when n = 0. We first
show
At At

'l + 252n22exp (P25 e <o (55) IR, (@)
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holds.
For n = 0, the relation (4.4.37)) becomes

At At
DRI+ =28 |u P}, < exp lu™][5
h 1,h
p pe’

36— 20 o]+ Jaal)? + —— (2 + L) gz purz g,
p? AxAy AzAy \ Ax?  Ay? :

(4.4.42)
For r = 0 using ({4.4.33)), we get
At At
a4 Sttt < oo (5 ) Il

Let us assume that (4.4.41)) holds up to » —1. From the assumption fors =1,2,...,r—1,

we have

luP5, < [lu®=D77)

and

s sAt
< exp (5 ) 1ol

The relation ((4.4.42]) becomes
At

D25+

At At? 2r At
252772|u’“/”|2 <exp( ) ||ur/p||h—|—36 ( !
y%3

p? AxAy P

4 1 1 0112 ] 14,0112 1,47/7|2
b o (e + ) IR IR

At At
< e /M e b 4.4.43
exp (pg ) [Ju™* 11} + o 00 Ul s ( )

pe

which shows us that (4.4.39)) is true for n = 0. From ({4.4.43)), we have

Zf At At
Jutlz + 25“Zexp( —7) )w/p\mexp( )uuoum

which implies

At
Ju'(]? < exp (5 ) u®||2. (4.4.44)
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We then show (4.4.40)) by using induction on s for n = 0. From the definition of U, we

have
U™ 13, < flu™|3. (4.4.45)
For s = 1, from ({4.4.31]), we have

At
071, = oo (55 ) IV + AP

VAN 4 1 1
~ oy [l sl + a5+ s ) VIR UV < 0

Then using (4.4.44) and (4.4.45)), we have

At
HWM%@()W%ﬁNﬁWWM

ANt 2AL 5 4 1 1 o2 | 10121yt
- oo (25) [l ool + e (o + oz ) IR IRV < 0

and using (4.4.34)), we arrive at

At At
U1+ SR s < e (55 ) U1

We now assume that (4.4.40|) holds true up to the order ¢ — 1, that is
At At
U1+ SR B < e (5 ) IO
and we observe that

S At S
JUPHH[3, < exp (5 ) [U°[[5,, fors=1,...,q L. (4.4.46)

From (4.4.38)) and ({4.4.46|) together with (4.4.34]) we obtain the result. Thus using (4.4.1)
and (4.4.12)), we find

At
Jus™ |13 <exp<(E > |u®||7, for s =0,...,q.

Now suppose that Eqs. (4.4.39) and (4.4.40) hold up to the order n. Using the same

approach as in the case n = 0, it can be easily proved by induction on r and s. Hence,

(4.4.39) and ({4.4.40) hold for any n = z(q + 1), where z is a positive integer. Therefore,

the proof is complete. ]
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Remark 4.4.1. By the subscript 3h, we mean the discrete operators, discrete norms and

semi-norms are applied on the coarse mesh discretization.

Remark 4.4.2. To compare the stability regions of the explicit finite volume methods,
_ At : :
we use time steps — on the fine mesh and At on the coarse mesh as discussed at the

beginning of this section.

e When p <9, the multilevel method has the same region of stability as the one-level
method on the fine mesh but smaller region of stability than the one-level method on

the coarse mesh.

e When p > 81, the multilevel method has the same region of stability as the one-level
method on the coarse mesh but smaller region of stability than the one-level method

on the fine mesh.

e When 9 < p < 81, the multilevel method is less restrictive than the one-level method

on the fine mesh and more restrictive than the one-level method on the coarse mesh.

4.5 Numerical simulations

In this section, some numerical simulations of the 2D convective Cahn-Hilliard equation,
(4.1.1)), with specified initial condition and periodic boundary conditions at some values of
T are presented. All the results are computed in a matlab platform using Windows 10 Intel

CORE i3, 6G RAM PC and the parameters are chosen as: a; = ag = %,p =5and ¢ =8.

For the one-level finite volume methods, we use the following temporal and spatial step

sizes

e One-level method on the fine mesh (Fine): time step At/p and spatial step sizes

Ax = Ay.

e One-level method on the coarse mesh (Coarse): time step size At and spatial step

sizes 3Ax = 3Ay.
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For the implicit one-level method, we assume that

l’]?”L

(u"+u™ ), forn=1,2,...,M—1.

N | —

Similarly for the implicit multilevel method, for a non-negative integer m and n = m(q+1),

we assume the following:

grlatD+r/p _ % (um(q+1)+r/p + um(q+1)+(r—1)/p) L forr=1,....,p—1,
gmletl) — um(<1+1)7
0m(‘1+1)+8 _ 1 <Um(q+1)+s + Um(q+1)+571) fors — 1 q
2 Y PARER) Y

and for both implicit methods t° = u®.

To test the numerical methods, we consider the exact solution

2 2
u(z,y,t) = sin <%) sin <%) cos(2mt),

where L; = Ly = L = 3, from which the source term is obtained on substitution of Eq.
(41.1). As shown by Figs. [4.3[/4.4] it is observed that the numerical results obtained
using the multilevel finite volume methods are close to the results obtained from one-level
methods on the fine mesh as compared to the one-level method on the coarse mesh. There
is no need to plot u versus y because of the similarities with u versus z.

Tables show that we can save more time using the multilevel method as compared
to the one-level methods on the fine mesh. From the numerical simulations, it is observed
that all methods are second order accurate in space and the solutions obtained from the
multilevel methods are intermediate between the ones obtained from one-level methods on

the fine mesh and on the coarse mesh.
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Method | Az(= Ay) At Ly-error | CPU time | L, Rate
0.2 0.01 0.0518 | 1.032
Fine 0.1 0.0025 | 00131 | 15134 | 1.9594
0.05 0.000625 | 0.0033 | 1232.888 2
0.2 0.01 0.3947 | 0.150
0.1 0.0025 | 01128 | 0272 | 1.5661
Coarse 0.05 0.000625 | 0.0291 | 3.822 | 1.8806
0.025 | 0.00015625 | 0.0073 | 159.934 | 1.9607
0.2 0.01 0.0518 | 1.341
_ 0.1 0.0025 | 0.0279 | 4643 | 0.8927
Multilevel 0.05 0.000625 | 0.0098 | 271.597 | 1.5094
0.025 | 0.00015625 | 0.0027 | 15701.626 | 1.8598

Table 4.1: Convergence rate, CPU time and Ls-error for some values of spatial step sizes

and At for the implicit methods at 7" = 0.01.

Method | Az(= Ay) At Ly-error | CPU time | Ly Rate
0.2 0.0002 0.0441 | 1.765

Fine 0.1 0.0000125 | 00112 | 73.639 | 1.9773

0.05 0.00000078125 | 0.0031 | 10267.945 | 1.8532
0.2 0.0002 03749 | 0571

0.1 0.0000125 | 0.0983 | 2.079 | 1.9312

Coarse 0.05 0.00000078125 | 0.0249 | 117.542 | 1.9810
0.2 0.0002 0.0449 | 0.469

Vuttilevel 0.1 0.0000125 | 0.0143 | 10.725 | 1.6507

0.05 0.00000078125 | 0.0043 | 723.252 | 1.7336

Table 4.2: Convergence rate, CPU time and Ls-error for some values of spatial step sizes

and At for the explicit methods at 7" = 0.001.
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-4 -4

(a) One-level on the fine mesh when Az = Ay =
0.1 and At = 0.0025.
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(c) Multilevel method when Az = Ay = 0.1 and
At = 0.0025.
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(e) u versus = when Az = Ay =

0.0025 where y = 0.15 is centre of the cells.

0.1, At =

-4 -4

(b) One-level on the coarse mesh when Az =

Ay = 0.1 and At = 0.0025.

\‘ i \“\\\E
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(d) Exact when Az =
0.0025.

0.1 and At =

0.6

0.4r
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(f) u versus  when Az = Ay = 0.2, At = 0.01

where y = 0.3 is centre of the cells.

Figure 4.3: Numerical results from implicit methods for some values of At and spatial step

sizes at 7' = 0.01.
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(a) Explicit one-level on the fine mesh when
Az = Ay = 0.1 and At = 0.0000125.
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(c) Explicit multilevel method when Az = Ay =
0.1 and At = 0.0000125.
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Figure 4.4: Numerical results from explicit methods for some values of spatial step sizes

and At at T = 0.001.
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4.6 Finite volume methods for 1D convective Cahn-Hilliard equation

4.6 Finite volume methods for 1D convective Cahn-

Hilliard equation

In this section, we solve the 1D convective Cahn-Hilliard equation
Uy — YUUy + EXUpgr = f(U)ge, T € M,t >0, (4.6.1)

with initial condition

u(z,0) = u’(z), =€ M. (4.6.2)

and periodic boundary conditions

J J
%u(—L,t) - %U(L,t), i=0,1,23and0<t<T. (4.6.3)

We partition M into N cells (intervals) (k;)1<;<n of uniform length Az with NAz = 2L.
For0<i< N

Tit1/2 = 1Ax — L, so that k’l = (l’i_l/g, l’i+1/2).
We also consider the center of each cell:

Ti— + x;
v — 1/2 ] +1/2

A
—(i—DAr+ - —L1<i<N.

We denote u!' as the approximate solution to the cell average of the true solution at

t, =nAt with MAt=T,0<n<M, ie.

1
ul ~ — | u(x,t,)dr,1 <i<N,
Az ks

which is obtained recursively by starting with the sequence u{ given by

1
u?

¢ :E/muo(:ﬁ)dm,lgigl\ﬁ

Define the space H,, as

N
Hh = {Ll = (ul),uz € R|Ui+N = Ui,i € 7Z and Zul = O}

=1
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4.6 Finite volume methods for 1D convective Cahn-Hilliard equation

We equip H;, with the inner product
N
(u,v), = Az Z u;v;,
i=1
and discrete L? norm

N 1/2
i (ar3047)
=1

For u,v € H;,, we introduce the following difference operators:

1 1

Viju; = E(uz —u;1), Viu = E(ui—l-l — U;),
1
Apu; = Vi (Vyu) = A_xQ(uiH — 2u; + u;q),
1
A%UZ = Ah(Ahuz) = E(Ahuiﬂ — QAhUZ + Ahui_l),

We define the following semi-norm on H,,

=1

|U|17h = (Al’ Z(V]:UZ)2> s (464)

In Eq. (4.6.4), V;, can be replaced by V.

4.6.1 One-level implicit finite volume method

The one-level implicit finite volume discretization of Egs. (4.6.1)-(4.6.3) is given as follows:

n+l _ . n
U, N Wi (C'h(un+1, u"); + 52Aiu?+1 = V; [@?,;VEU?H} : (4.6.5a)
2
u = Uiy N, (4.6.5b)
1
e A w(z)de, (4.6.5¢)

where
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4.6 Finite volume methods for 1D convective Cahn-Hilliard equation

Remark 4.6.1. Theorems|4.3.1| and 4.3.2 apply for the method (4.6.5)). Hence we only

state the convergence theorem, its proof is similar to the proof of the corresponding 2D

problem.

Theorem 4.6.1. Suppose that the solution u(z,t) of Egs. (4.6.1)-(4.6.3) is sufficiently

smooth. Then, there exist positive constants c,cy,co and c3, independent of At and Ax

with
At < min(4¢?, ¢)

and

(At + Ax?)?

< epe?47 T exp <—T63) ,
Ax

such that the solution of the finite volume discretization (4.6.5)) converges to the solution

of Eq. (4.6.1)) in the discrete L* norm with rate of convergence O(At + Ax?).

4.6.2 One-level explicit finite volume method

Here, we approximate the solution of Eq. (4.6.1]) using an explicit finite volume method:

n+tl _ . n

U (G ), + Ak = Vi [er, V]

At e (4.6.6)
ui = Uiy h
uw = fkl ul(x)dx,

forl1<n<M-1land1<¢<N.
The stability theorem is stated as follows, for proof refer to Theorem [4.6.1]

Theorem 4.6.2. We assume that the following are satisfied for some 6,0 < § < 1:

At 1-96

— < 4.6.

Azt = 64¢? (467)

16 At

A S 20n*(1 —9) (4.6.8)

T2At 4 =2T

o (ol leal? + sl ) 10 < 2ot exn (51) . (469
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4.6 Finite volume methods for 1D convective Cahn-Hilliard equation

Then the finite volume method defined by (4.6.6)) is stable is L>°(0,T';Hy,) stable in the

following sense:

At . nAt T
ol < xp (55 ) a2 < oo < e (P50) 18I < oo (5 ) NP = 1,220
At = (M —n)AtY |, T
75252772 ; €xp (5—2> |u ‘1h < exp (e ) el

4.6.3 Multilevel finite volume methods

Let Ny and M, be integers such that 3NgAx = 2L and AtM, = T. We discretize M
into fine meshes and coarser meshes. The fine mesh consisting of 3N, cells (k;)1<i<3n, of

uniform length Ax and centres x;, where
A
mi:(z’—l)Ax—l—Tm—L,lgz'gSNo.
The coarse meshes consisting of Ny cells (K))1<;<n, of uniform length 3h, where

K; = (5531—2—1/2, 9U3l+1/2)-

The approximations of U on the coarse mesh is given by

1

and the incremental unknowns are defined by

Zyi—o = ug—2 — Uy,
Zy—1 = ug—1 — Uy,
Z3 =ug — U.

Implicit multilevel finite volume method

Forr =0,....,p—1and m = 1,2,...,q, the following multilevel scheme is used to
discretize Eqs. (4.6.1)-(4.6.3).
Aﬁt(unﬂrﬂ)/p . u?+r/p) . (Ch(un—i-(r—i-l)/p’ ﬁn+r/p)) + ngQ n+ (r+1)/ V+ n+r/pv— n+(r+1)/p 7
(4.6.10a)
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4.6 Finite volume methods for 1D convective Cahn-Hilliard equation

Uln+m+1 - Uner

n+m S rrtm n+m n+mvyy— 7rn+m
(G T+ AR U = W, [or ]

At
(4.6.10b)
u?+(r+1)/p _ ?r;]:/;rl)/p (4.6.10c)
ypml = gt (4.6.10d)
1
u) = o u’(z)dw, (4.6.10e)

where 1 <7< 3Ngand 1 <[ <N,.

Remark 4.6.2. The uniqueness, stability and convergence analysis can be done similarly

as that of the 2D convective Cahn-Hilliard.

Explicit multilevel finite volume method

For0<r<p-—1and1l<m <gq, we discretize Eq. (4.6.1)) using explicit multilevel finite

volume method.

A%(u%(m)/p _ u?+r/p) — (Ch(un-i-r/P, un+r/p)) + €2A2 n-H"/p v+ [ n-ig/pv}:u?ﬁ-r/p] 7

(4.6.11a)
Uln+m+1 B Uln+m n+m n+m 2 A2 n+m + n-H“/P n+m
N — (C (U U 4 A3 U = g, (@0 g o]
(4.6.11b)
utrr = u?:;]{,ﬁ : (4.6.11c)
Ut = Ui (4.6.11d)
1
u) = A_/ u’(z)dz, (4.6.11e)
xr k;
where 1 <7 <3Ny, 1 <1< N,.
Theorem 4.6.3. We assume that the following satisfied for some 0,0 < § < 1:
32At 1-9§
Azt S 9o 81}
16At 9c 9 ,
AL < e“on*(1 — 9) min{p, 9}
T2At 2 4 o2 02 252 2 —2T
e (ol + gl ) 1Pl < 20 exp (57 ).
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4.6 Finite volume methods for 1D convective Cahn-Hilliard equation

24 At 4 =2T
20 (Ol + ol + s 112 1401 < e ().

Then the multilevel method defined by the equations (4.6.11a)) - (4.6.11€)) is conditionally

stable in L>°(0,T;Hy) in the following sense:

At At T
Hu"||2 < exp (5 ) |u"™ 1||2 - <exp (ng ) HuOH2 < exp( ) HuOHQ, n=12..., M,,

o q+1+r/p||2<exp< )n 2 12, p.

4.6.4 Numerical simulations

Here, some numerical simulations of the 1D convective Cahn-Hilliard equation, (4.6.1)),
with specified initial condition and periodic boundary conditions at some values of T' are
presented. The parameters are chosen as: L = 3,e =0.3,p = 5,01 = ay = % and some
values of ¢.

Here, we consider the exact solution
2
u(z,t) = sin(%) cos(27t), (4.6.12)

for which the source term is obtained on substitution of u into Eq. (4.6.1)).

The convergence rate is calculated based on the relation:

Rate = log(el/eQ)/ log(2)

where e; and ey are Ly-errors when the spatial step sizes are Az and Az /2, respectively.
Tables[4.3]and [4.4] show the Ly-errors and the corresponding convergence rates due to each
of the finite volume methods for some temporal and spatial step sizes at 7" = 0.1. It is
shown that all the methods are second order accurate in space. The numerical simulations

of the exact solution and the corresponding numerical solutions are also shown by Figs

and [4.7]

The Lo-error for the multilevel methods is calculated by the formula:

3No

— Mo Moy2
Ly-error = Axg (u; " —v;"°)2,
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4.6 Finite volume methods for 1D convective Cahn-Hilliard equation

Method Az At Ly error Rate | CPU time
0.2 0.01 0.0432
_ 0.1 0.0025 0.0111 1.9606 | 0.406
Fine 0.05 | 0.000625 0.0028 1.9880 | 3.115
0.025 | 0.00015625 | 6.9982 x 10-* | 1.9971 | 24.898
0.2 0.01 0.4077
0.1 0.0025 0.0872 22250 | 0.117
Coarse 5705 1 0.000625 0.0228 1.9370 | 0.282
0.025 | 0.00015625 0.0058 19743 | 1631
0.2 0.01 0.3521
itovel |01 0.0025 0.0623 24984 | 0.261
Multilevel =5 6510, 000625 0.0151 20467 | 0.978
0.025 | 0.00015625 0.0038 1.9984 | 18.546

Table 4.3: Ly-error and convergence rate of implicit methods when ¢ = 9 for some values

of At and Az at T =0.1

where u and v are numerical and exact solutions, respectively. Fig. shows the 2D
plot of ¢ versus Loy-error obtained using the multilevel method for some values of Ax and

At. Let m be an integer and 0 < s < 1 such that
My—1=m(qg+1)+s(g+1).

In Fig [4.5] the points, (g, La-error(g)), in which s = 0 (as in Fig or s is small as
compared to the values of s for some neighbouring ¢'s (as in Fig [4.5a]), are connected
by a curve. It is shown from these figures that the curve is increasing and all the Lo-
errors obtained using the multilevel methods lie above these curves. Thus we note that the

accuracy of the multilevel method relies on suitable choice of g.
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4.6 Finite volume methods for 1D convective Cahn-Hilliard equation

Method | Az At Ly error | Rate | CPU time
0.2 0.002 0.0348
Fine 0.1 0.00025 0.0091 | 1.9364 2.871
0.05 | 0.00003125 | 0.0023 | 1.9774 45.084
0.2 0.002 0.3946
Coarse 0.1 0.00025 0.0778 | 2.3418 0.331
0.05 | 0.00003125 | 0.0204 | 1.9327 3.171
0.2 0.002 0.1485
Multilevel | 0.1 0.00025 0.0287 | 2.3730 0.794
0.05 | 0.00003125 | 0.0072 | 1.9935 9.516

Table 4.4: Ly-error and convergence rate of explicit methods for some values of At and

Az at T =0.1

0.55 T T T T T T T T T 0.24

0.5 : . : . 1 0.22

—error

o~

L

22

(a) Implicit multilevel when Az = 0.2, At = 0.01 (b) Explicit multilevel when Az = 0.2,At =
at T = 2. 0.005 at T' = 2.

Figure 4.5: ¢ versus Lo-error for multilevel methods
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4.6 Finite volume methods for 1D convective Cahn-Hilliard equation
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(e) u versus x at T' = 2

Figure 4.6: Numerical results from implicit one level and multilevel methods when when

g =9, At = 0.005 and Az = 0.02.
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4.6 Finite volume methods for 1D convective Cahn-Hilliard equation

exact

(c) Multilevel method (d) One-level on the coarse mesh

_04l
—— Multilevel
-06f = = =Fine
-0.8F = = = Exact
‘ ‘ —w»— Coarse
= -2 ] [) 1
X

(e) u versus x at T' = 2

Figure 4.7: Numerical results from explicit one level and multilevel methods when when

¢ =9, At =0.0005 and Az = 0.1.
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4.7 Conclusion

4.7 Conclusion

We have extended the work of Bousquet et al.|(2013a, |2014) in two directions: first, we have
considered a nonlinear equation in which the nonlinear term has been linearized following
Mickens' rules. Secondly, we have shown that the method can be adapted to higher order
partial differential equations. Four numerical methods have been presented and analyzed for
the 2D convective Cahn-Hilliard equation. The implicit methods discussed here are linear
and easy to implement. Existence, uniqueness of solutions for the schemes formulated are
discussed and detailed convergence analysis of implicit schemes is furnished. We also study
the stability of these schemes which allow us to make a classification based on region of
stability. From the analysis done on the 2D problem, one can easily prove the analysis of the
corresponding 1D problem. We compare the multilevel methods with the one-level methods
by means of stability, convergence and CPU time. It is shown that the multilevel methods
are faster than the one-level methods on the fine mesh. As the numerical experiments
reveal, comparing these schemes only with the stability is misleading, hence the CPU time
is good indicator for a classification. From the convergence analysis, it is proven that all the

methods are second order accurate in space and it is validated by numerical experiments.
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Chapter 5

Conclusion and future work

5.1 Conclusion

In this thesis, finite difference and finite volume methods have been used to solve advection-
diffusion and convective Cahn-Hilliard equations, respectively. Some properties and appli-

cations of these equations are discussed in chapter 1.

In chapter 2, three finite difference methods have been used to solve two test problems
described by 1D advection-diffusion equation. The NSFD is much better than third order
and fourth order for all the cases considered. An optimization technique has been imple-
mented for the third order scheme when Re=100 and Az is fixed as 0.1 to find an optimal
temporal step that minimizes the dispersion error. From Fig. and 2.9 we observe
that the errors obtained from the third order upwind scheme initially decreases and reach
a minimum when & = 0.1 and then increases again. We conclude that the variation of
the integrated error in Fig. mimic the actual variation of the errors in Fig. 2.9 It is
validated from Table[2.12] that the time step, At = 0.1 is indeed the optimal time step size

which allows the third order scheme to perform at its best.

In chapter 3, three numerical methods have been used to solve a 3D advection-diffusion

problem, with spatial step size, Ax = Ay = Az = 0.05 and temporal step size, At = 0.001
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5.2 Future work

at some values of 7. We compute L, error, L., error, dispersion error, dissipation error,
total mean square error and some performance indices. We observe that as we progress
in time, the maximum value of u decreases as expected as the partial differential equation
has dissipative terms. Based on the results obtained, we conclude that in general FOM is
quite an efficient method to solve the problem. We also extend the optimization technique
presented by |Appadu and Gidey| (2013) for a 3D problem to find an optimal temporal step
size to minimize dispersion error when spatial step size is chosen as 0.05, for the case
ay = oy =, = 0.01, 3, = B, = 8. = 0.8. This optimization works well and the optimal
time step size is obtained from Figs. and [3.5b] The optimal time step is validated
using numerical experiments. Indeed, all the various errors are least at the optimal value
of time step size as compared to other time step sizes. It is shown that the FOM is fourth
order accurate in space and the ICN and ICF are second order accurate in space and time

using modified equation and this is tested numerically also by doing convergence tests.

In chapter 4, we have extended the work of Bousquet et al.|(2013a, 2014) to a nonlinear
fourth order equation in which the nonlinear term has been linearized following Mickens'
rules. Four numerical methods have been presented and analyzed. The implicit methods
discussed here are linear and easy to implement. Existence, uniqueness of solutions for the
schemes formulated are discussed and detailed convergence analysis of implicit schemes is
provided. It is shown that the multilevel methods are faster than the one-level methods
on the fine mesh. We also study the stability of these schemes which allow us to make
a classification based on region of stability. But as the numerical experiments reveal,
comparing these schemes only with the stability is misleading, hence the CPU time is good
indicator for a classification. It is proven that all the methods are second order accurate in

space and this is validated by numerical experiments.

5.2 Future work

Our next plan is to extend this work in the following directions:
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5.2 Future work

1. to construct efficient finite difference methods to solve:

(a) advection-diffusion equations with non-constant advection velocities and diffu-
sivities in Eq. (3.1.1)), i. e.
° B = f(x),
o Bo=[f(x,y,2), 6y = 9(x,y,2),8: = h(x,y, 2),
e 3, = f(z) and o, = g(x),
e all coefficients non-constant.
(b) advection-diffusion with von Neumann boundary conditions.

(c) system of advection-equations with constant coefficients.

(d) advection-diffusion equation with nonlinear convective term for instance Burgers'

equation.
(e) system of Burgers' equations.

(f) advection-diffusion equation in heterogeneous media of the form

0S(z,t)

T +o(z,S(x,t)) - VS(x,t) + V- D(z,S(x,t))VS(z,t) =0,

where S(x, 1) is saturation of an immiscible fluid (Bolster et al., 2009).

2. Concerning the work on the convective Cahn-Hilliard equation, we would like to adapt

the multilevel approach discussed;

(a) to solve the singularly perturbed convective Cahn-Hilliard equation, that is when
e — 0. It is well documented that naive schemes produce bad results when

e — 0, so how does the multilevel method can take care of the singularity?

(b) It is known that the multilevel schemes are cost effective for big system of
equations. Hence, the natural follow up of this work is to investigate fluid flow

phenomena (Navier-Stokes and its variants).
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Appendix A
Taylor’'s expansion of some

nonlinear terms

In this section, we prove the Taylor's expansion given by Egs. (4.3.17)), (4.3.18) and

(4.3.19). Note for simplicity that we omit |}"; on the expanded terms (right hand sides of

each equations).

Proof of (4.3.17).

To find the Taylor's expansion of the approximation of the fourth order derivative, we use

the relation

A2 n+1 A% hv”“ + AQ hAl hU ntl + Al hAQ hUn+1 + A2 hUn+1. (Al)

]

It is clear that

A? hv"+1 Uggzz + O(AL + Az?).

A% hvnJrl Uyyyy + O(At + A?JQ)-

We only find the Taylor's expansion of the second term of the right hand side of Eq. (A.1)
and hence the expansion of the third term can be obtained accordingly. Using central

difference approximation, we have

Al hU 2A1 hU —|— Al hUn—H

e bl (A2)

n+1l __ ’Lj+1
A2,hA1,hUZ'J
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where
n+1 n+1 n+1
At = Vit = Vi  Vingn
l’h Z7J+1 - AI2 )
n+l n+1 n+1
At — Jimli 2v;5 F Uil
LhUij = A2 )
n+1 n+1 n+1
Aot = Vi—1,j-1 2U 1T Ui - L
, i,7—1 sz
n+1 n+1

The Taylor's expansion of the terms v}, vit'; and u}'l, are given by the following

relations.

_ B > (Am)% 82i+1 Am 2i—2 821 o (Ay)% 82i+1u
Uiﬁ:l,jﬁ:l =u+ Azr Z (22' + 1)! 8I2i+1 A Z ox2 A ZO (22' + 1)! ay2i+1

) x (Ay)h 2821 Atz 162
Ay l_zl (2i)! 8yQZ At Z il ot

+ Az

e (Ay)2z a2z+1ux Ay 21 2 a2zux
+A — + Ay
Y Z (2i + 1)! Oy2it! Z (i) Oy?

(At)] 1 8] o Ay 21 aZH—luz Ay 25— QaQZUI
A Z ot e £ Y Z (20 + 1)! Oy?+l Ay Z (20)!  Oy*

jl

j=1
Ax? Ay? Ay? (At)I=t 9
T iAy Uy + — 2 Ugayy + T Ugaryyy + At Zl ]' % (uxx + AZ/ uzxy)
J:
Az? Ay? Ay? = (A O
+ T iA?J u:m:xy + — ux:m:yy + T u:c:cxyyy + At Z Z" 6# Y] (ux:t:c + Ay U'a::c:r:y)
i=1 ’

o e (A:)E)Ql a2i+1 AZE 2i— 2821
£y oy (:I:Ax ZX_; (20 +1)! 8x2i+1 A Z (20)! Ox%

o i-1 9j > 2 92i+1 2i—-2 52
+ At Z GO +Azx Z <<Ax) 0" u + Az? Z (Ba)"” M)
i=2 =2

gt ov 2i 4 1)! Oz2i+1 (2i)! Ox?

=1

> ji—1 9j > 22 2z+1 22 2 92i
TUND P = amay FU Z (By) T b ny ZA?J o"u )

— ]| Ot 2@ +1 lay22+1 22 ayQZ
= B P (0 [ (B (Bapr o
+ A le T on TRV, | FAT ZQ @it 1) a2t AT Z Ere
+ A2?Ay? O(Az? + Ay?). (A.3)
nel (A Py 2\ (A)%2 9Py — (A1) 9w
vy A ZZ:; (20 +1)! 3352"“ Z (2i)! 8932’ + At Z z! ot
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o0 (At)jfl 8j > (Aw)ZZ 82i+1 0 A:E 2i— 282z
ALY im;(zmn!axmﬂ Z 20 0x% |

=

(A.4)

> 21 2z+1 0 21—2 921 0 i—1 9
ot —uiAyZ( RTINS D = LAV ) i
=1 =1

2i + 1) 0y?i+t (2i)!  Oy* il ot
& (At)]—l a] e (Ay)% 82i+1 Ay 2z 2 an
; gl ot ; (20 + 1)! 8y22+1 Z (20)! Oy*
(A.5)
= (A O
ot =u+ At z_; T (A.6)

Using Egs. (A.3)-(A.6)), we obtain

21—2 923 2 2
ML opntl g A2 (Az) 0™u i Ay* Az u
i+1,5+1 3,J+1 i—1,74+1 — 2Z O 9 TTYY

> i-1 83 Ay?
+ AIQ At Z ( ])l % (ua:ac + Ay szy) + Al‘z Tuac:cyyy

j=1
] 1 a] (Ax)m 2 321, 0 Al.)m 2 822
Fatas le ot (ZZQ (20)! 8:162’) 28y A 5 <Z (2i)! ax%)

=1
s (AL (9 (X (A2 P
+ 2At Ay Az Z i ot \ay o (20! 0¥

j=1

+ Ar?Ay® O(At + Ax? + Ay?).

mHl gt gl (Az)*~2 9%y i1 @ (S (Ax)22 9%
Ui 200 ot = 2Az2? Z ol Eres + At Az? Z j! o ;_(2@')! o |

3

n—+1 2Un+1 n+1 QA 2 Z ALU 22 821 Ay2 AJ:Q ALL'Q Ay

Vig1j—1 2V 51 T U151 = (20)] 9% 5 Upzyy — 6 Uzzyyy

£)i-1 ay , 0 [ o= (A7)¥2 9%y

3133 > Axmzazz
+ At Aa? JX_; J! ot (Z (2i)! 8x21>

1
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+ A2?Ay® O(At + Ax® + Ay?).
Thus
Do p AL pUl T = Ugayy + O(At + Az® + AzAy + Ay?). (A7)
In a similar way, we obtain
Ay p Do p U = Uyyee + O(AL + Az® + AzAy + Ay?). (A.8)
Therefore,

AFuiTh = APul?; + O(At + Ax? + Ay?).

Proof of (4.3.18).

n - n 3 n n (UZnJ:rll, B UZ+1)
vi‘:h(wi—%,jvlﬁvi,;—l) = BN ((Ui+1,j)2 - (Uifl,j)Z) JAm ’
3
T3 ((v7)* + (vitey)?) Al:hvﬁl - ALhUZ;’rl' (A.9)

Clearly A17h02j1 = Uy, + O(At + Az?). The remaining terms of the right hand side of

Eq. (A.9) are given as follows:

Az? Az?
(Uﬁru)2 — (U?_Lj)Q = (u+ Azu, + TIUM)Q — (u — Azu, + T$u$$)2 + O(Ax?)

= 4Azuu, + O(Az?); (A.10)

(vf)? + (V)7 = 2u® — 2Azuu, + O(A2®); (A.11)
A 2

Ufjllj — 'Ugffl = Azu, + Txum + O(Ax At + Ax?). (A.12)

The products are given as follows:

3 no\2 no N2\ (,n+l n+1 Guu, Az’ 2
m ((Ui+1,j> — (Uifl,j) ) (Ui—jl,j — 'Ui’;r ) = E ALU'U/;E + T'quj + O(At + Az )
= 6uu? + 3Azul, Uy, + O(AL + Az?). (A.13)
3
5 ((02)? + (V1)) Alyhvfjl = 30U Upy — SUULUL, + O(AL + Az?). (A.14)
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Thus we obtain
VIR s Vv ) = 6un + 3uuy — uge + +O(AL + Aa?). (A.15)
In a similar way, we obtain

V;rh@ﬂ,n 1 vV, hU"H) = Guu + 3utuyy — uy, + +O(AL+ Ay?).

Combining Egs. ((A.15)) and (| , we obtain

AT ) Wi+ V7 1V LUy = Af(u)]? + O(AL + Ax® + Ay?).

(A.16)
Proof of (4.3.19)). We recall that
C (vn+1 {)n) ) _ﬂ[vn—‘rl on - ,Un+1 o H + 2[’[}”’—'—1 ~n Un+1 on j|
h ) 2,] _A.Z' i+1,5Yi+1,5 i—1,7 4,7 Azr i+1,5%%,5 i—1,j%i—1,7
a1 1 oyl ~ 1~ 1~ 1~
T A_y[ 10k — Vi O A_y[ L0~ Vi) (A7)

The Taylor's expansion of the terms on the right hand side of Eq. ([A.17)) are given as

follows
@Zj—%“*Z Clal =i
Vi1 = Co [u + Azu, + Um i A; G ?;tl + O(AzAt + Az?);
Oy = colu = Mg + =] i Al,t “ a YL O(ATAL+ AP,
ol = u+ Aru, + ATJJQum + Z Az; G ?91: + O(AzAt + Az?);
U?jﬁlj =u— Azu, + ATxQum + ; AZ G gltl + O(AzAt + Az®);

= Atic; O
n+1l __ 1
ot = w4 : .
& DT

where

Co = a1+ Az ++* + Amg;
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mo
=Y (j—Vai=12...
j=2
ntl ~n Az? = At ¢; O'u

u+ Axug, + Tum + Z

Vit1,jVit1,5 =0 i ot

 (—At)ic; O'u At ¢ O
P \ Mt T

=1

coAx?

+ Ax ¢y [u + A:Eum} Uy + ———U Uy + O(ATAL + Ax?).

n+l ~n __
Vi1,V =Co

Az? 2. At ¢; O'u (—At) ¢; O'u At ¢; O'u
w A S k) ati]“Z i 8#( E i aw)

=1 =1

+ O(AzAt + Az?).

Thus we have

n+1 n+l ~n
i+1 ]Uz+1j — U 1,5 Y4,5

Ax

(Y

A
= ¢o [Buu, + ;uum + Az ul] + O(At + Az?).

Similarly, we obtain

n+1 ~ n+1l ~n
prl oo n L o Az
+1, 1 1,j
Y R~ e RPN [3uu$——uum A:vu}—i—(’)(At—I—Ax)
Ax 2
Hence
aq n+1l ~n n+l ~n n+1l ~ n+1
Azr [Ui—O—l,jUH—l,j U 1] z,]] + A [ z+1,jvi,] — U lj/U’L 1]} = 360(061 + aQ) Uy

Az ¢
2

() — Q) Utyy + Axco(ar — ag) u? + O(At + Az?).
(A.18)

In a similar way, one obtains

aq n ~n n ~n a2 n ~n n ~n
Ay [ ,;ilv ij+1 UZ]+11 w} + Ay[ ,thl,UZ] - UleUu 1] = 3co (a1 + ) uny
Ay ¢y 9 9
+ 5 (1 — ag) wuy, + Ay co(ar — ag) uy, + O(At + Ay”). (A.19)

Combining Egs. (A.18) and (A.19), we obtain

(Ch(e™1,0"))i; =3co(on + az) (u (B~ V)u)l}; + %(al — ) (A (g )7 + Ay (wuy,)[7;)

+ colon — az) (Az (ud)7; + Ay (ul)|7,) + O(AL + Ax? + Ay?).
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