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ABSTRACT

The Leigh-Strassler theories are marginal deformations of the ' = 4 SYM theory preserving
N = 1 Supersymmetry. As such they admit a Hopf algebra structure which is a quantum
group deformation of the SU(3) structure of the R-symmetry of N' = 4 SYM. We reproduce
the B-deformed theory, a subset of the Leigh-Strassler theories, from the Hopf twist approach
and investigate how the twist manifests itself on the gravity dual by defining a star product
between chiral superfields of the p-deformed field theory. The treatment on the gravity side
is done in the Generalized Geometry framework. This star product is then used to deform
the pure spinors of six-dimensional flat space and from the deformed spinors we obtain an
N = 2 solution of Supergravity. The Lunin-Maldacena background dual to the p-deformed
theory is recovered when a stack of D3-branes is introduced in this N = 2 solution. Alongside
the B-deformed theory we consider a unitarily equivalent theory, which we refer to as a w-
deformed theory. In this approach the role of the twist is transparent from the field theory to
the gravity dual, making it useful in constructing backgrounds dual to the full Leigh-Strassler
family of theories.
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1

SUPERSYMMETRY

It is the aim of science to explain phenomena observed in nature, mainly by proposing plausi-
ble models whose predictions are tested against experimental data. Theoretical physics is not
an exception to this. Typically and historically, models have been invented to help understand
specific phenomena and usually they would be limited to that problem [52]. The need to
invent a model for every phenomenon may attest to a lack of understanding the underlying
principles of nature. So, a model which can explain many phenomena and do so in a simple
[and elegant] way, is most sought after. In no other science is this search more prevalent than
in particle physics. A concept of import to particle physicists in their quest for such modeld]
is one of symmetry.

1.1 SYMMETRY

Symmetry can simply be described as the attribute of an ‘object’ to remain unchanged or in-
variant under a certain transformation. A rotation of a uniform sphere leaves it unchanged
and so does a reflection. Some symmetries are continuous, like the rotation of the sphere,
and others are discrete, the reflection of the sphere. In physics, symmetries of a system with
respect to a given transformation usually manifest themselves as invariances in the action of
that particular system. Our interests shall be on continuous symmetries because these kinds
of symmetries are related to conserved quantities or charges by the elegant Noether theorem
which we state here and prove in Appendix [63]:

Theorem. Every continuous symmetry of the Lagrangian, L, gives rise to a conserved current ji(x),
that is

9yt (x) = 0 (1-1)
1.2 EXTERNAL AND INTERNAL SYMMETRY

Another way to classify symmetries which will simplify our introduction to Supersymmetry
[SUSY] is whether the symmetry is internal or external. External symmetries are those that re-
sult from transformations which operate on spacetime coordinates, they are sometimes called
geometric symmetries. Internal symmetries, on the other hand, are associated with transfor-
mations that affect the objects defined on the spacetime and not on the spacetime itself. In the
case of field theory internal symmetries are observed in theories with more than one real field
such that these real fields appear symmetrically in the Lagrangian /] These symmetries have a

1 Or “"The Model” in the case of Grand Unified Theory [GUT].
2 There need not be multiple fields in the case where the fields are complex.

© University of Pretoria
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1.3 THE LORENTZ GROUP AND POINCARE GROUP

property that they commute with Lorentz transformations and an outcome of this is that their
multiplets always contain particles of the same spin, either of bosonic kind or fermionic, not
both[10].

1.3 THE LORENTZ GROUP AND POINCARE GROUP
1.3.1 Lorentz group

Now we turn to the Lorentz group, a group of linear transformations acting on four-vectors
x#
= A" xY

such that the quadratic form
X2 = xlxy = uata’ = (x0)2 — (xxd + 22+ 232P)

is invariant. Here we understand 7, to be the “mostly negative” Minkowski metric, 17, =
(1,—1,—1,-1), (x°) to be the time component and (x!, x2, x3) the spatial components of space-
time respectively. From a geometric view point the elements A, form a group of rotations
and boosts, which mathematically is SO(1,3|R) P| From Lie algebra theory, we know that an
element, A", of the group, SO(1,3|R), can be written in the form

A = exp(iT")

where T' is a group generator, belonging to the Lie algebra s0(1,3|R). We will refer to J' and
K' as generators for rotations and boosts respectively. These generators satisfy the following
commutation relations

Ui Ji] = iem]s

i, Ki] = €K

[Ki, Kj] = —i€ijicJi
where 7,7,k =1,2,3 and €153 = 1

(1-2)

The boosts and rotations can be combined into a single anti-symmetric two-indexed tensor,
Juw by choosing that
Jio = —Joi = —Ki, Jij = —Tji = €ijicJx

In matrix form 7 looks like this

0 K5 Ky K
-Ky 0 J3 -]
Ky —J3 0 |
-Ks L -1 0

T =

The commutation relations of the generators of the Lorentz group, (1—2), become

[jyv/ jpa] = i(ﬂyajvp - Wypjwf + vajya - Uvajyp)- (1-3)

This is because the Minkowski treats time and space differently. In the Euclidean metric the appropriate group is
S0(4).

© University of Pretoria
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1.3 THE LORENTZ GROUP AND POINCARE GROUP

1.3.2 Poincaré group

If we include spacetime translations, x# — x" 4 a* to the Lorentz group, we obtain the
Poincaré group. This is the full group of isometries of the Minkowski spacetime. An isometry
is a transformation that preserves distances between points; rigid rotations, translations and
boosts are examples of isometries. This group extension implies an algebra extension with
momenta, P, - the generator of translations, and the resultant algebra is called the Poincaré
algebra and is presented below:

[P, P,] =0
[jw, jpa] = i(ﬁ;wjvp - prjva + vajya - Uvajyp) (1—4)
[Py/ \71/0] == i(”]yvpa - Uyapv)

1.3.3 Conformal group

Another yet important extension of the Poincaré group useful in field theory is the inclusion
of conformal transformations. Conformal transformations are coordinate transformations that
preserve the quantity
X-y
(x-x) (y-y)
Just as isometric transformations preserves distances between points, conformal transforma-
tions preserve angles. Their effect on the metric is

v (x") = O (x") g (x”) (1-6)

and field theories that display this symmetry are called Conformal Field Theories [CFT]. In-
finitesimally these transformations are determined by vector fields ¢, that induce a change in
the metric by a scale factor. These vector fields must satisfy the conformal Killing equation

(1-5)

2
aygv + avgy - Eg;wap‘:p =0 (1-7)
d is the spacetime dimensionff] At the algebra level this implies the introduction of two
generators : the dilation x"* — ax" with generator D = —ix#d, and the special conformal

transformation [SCT]
xt — (x - x)b*

Uz —
T2 %) + 022 (-8)
which is generated by K, = —i(2x,x"9d, — (x-)d,) and b* is a translation. So the conformal
algebra is the Poincaré algebra with the inclusion of following relations:
[K;u jvp] = Zgy[va] [P;u KV] = Z(gva + j;w) (1—9)
[D,P,] = P, [D,K,] = =K, (1-10)

Eugene Wigner’s work [59] on representation theory ascertains that in is all the infor-
mation needed to build representations and states. This is because in representation theory
particles are defined as elements of the representation space for a given representation of the
Poincaré representation. Put in another way, the object that transforms in a given representa-
tion of the Poincare group is a particle. Now we need only to find a good filing system which
we can use to order the various representations of the Poincaré group. A fruitful detour is a
turn to Casimir operators.

4 The case d=2 is very special because the conformal group is infinite.

© University of Pretoria
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1.3 THE LORENTZ GROUP AND POINCARE GROUP

1.3.4 Casimirs

For a given group G, a Casimir operator is ¢ € G such that xc = cx V x € G. A Casimir
operator is much like a central element of a group, which by definition is a member of the
group which commutes with all the other elements of that group. For the Poincaré group, the
first Casimir is C; = P, P¥, momentum squared and here is why.

[P,, P,P"] = P,P,P" — P,P'P,
= P,(P,P" — P,P") (1-11)
=0

This is simply because P, commutes with itself according to the first relation in (1—4). Now
for J, also with the help of (1—4), we have

[Tvp, PuPH] = TooPyP¥ — Py PH Fyp

= JvpPyP" — P, JypP* + P, JypP* — P, P* Ty

= [Jvp, PulP* + Py [Ty, P¥] (1-12)
— (1P = upPy) P* = iP* (v Pp — 11cpPy)
=0

The purpose here is to obtain a good label to use in classifying the representations of the
Poincaré group. C; helps us obtain this label. To demonstrate this, let us consider a massive
particle, mass m, with four-momentum, k¥, and boost to its rest frame. In this rest frame its
momentum becomes

k* = (m,0,0,0)

and applying C;, we have
C1 |KF'y = P PH k') = kKt |KF') = m? k")

and m? is an invariant of the state |[k*) because it is an eigenvalue of Cy, thence a good label
for ordering P| For massless particles, we have to adhere to the cosmic speed limit and cannot
boost to the rest frame, but we can boost to a frame where

k" = (E,0,0,E)

and here the action of C; is still
Ci k') = kKt k)

but the Minkowski metric implies that the covariant momentum of the state is
ky = (E,0,0,—E)

and we conclude that for massless particles the eigenvalue of C; is 0. The second Casimir
requires that a definition of the Pauli-Lubanski pseudovector

1
Wy = =5 €upe TP P7 (1-13)

Facts about this pseudovector which will prove to be useful later are that it is orthogonal to
and commutes with translation generators P¥, that is

[Wy, P'] = 0 and W, P* = 0. (1-14)

5 Since C; is a Casimir, m? will not change under any Poincaré transformation.

© University of Pretoria
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1.4 N =1 susy ALGEBRA

The second Casimir is given by C; = W, W¥ and this will give us another label with which to
classify the representations of the Poincaré group. Consider again a particle of mass m with
momentum k*. In the particle’s rest frame the momentum is k* = (m,0,0,0). The spatial
components of momentum in this frame are zero, this then implies that the time component
of the pseudovector is also zero

1 y
Wo = —§€0iijZ]Pk =0

so that the spatial components of W), give

1 ,
Wl' = _EeijkOJJkPO
m :
= o

m ki
= ¢k i

(1-15)

= —mj;

Here J; is the rotation generator, thus spatial components of W), are proportional to the spin
matrices, J;. So the action of C; on a rest frame state k* = (m,0,0,0) is

WL W () = " W, W, (k)
= —WiW; k") (1-16)
= —m*J* [k")

From quantum mechanics we know that for a state with spin s, the eigenvalue of J? is s(s +
1). Spin is therefore another label with which to order our representations of the Poincaré
group. This argument fails for massless particles so we recall from that W, and P¥
are orthogonal and for massless particles both W and P are light-like, thus they are linearly
dependent

W, = AP,. (1-17)

The constant of proportionality A is called helicity. We define helicity as the projection of the
spin of a particle along the direction of its momentum
p.
A= Po]' (1-18)
Spin and mass, for massive particles, and helicity, for massless ones, are the useful label in
classifying representations. This is enough to embark into SUSY.

1.4 N =1 sUSY ALGEBRA

In section 1.2l we pointed out that symmetries are either of the internal kind or of the external
kind. It is thus only natural to wonder if there exists another kind of symmetry which closes
the chasm, one that mixes both internal and external symmetries. To the Coleman- Mandula
"no-go theorem” [6] credit is due because it helped shed light on exactly how to search for
this new kind of symmetry. By listing the axioms needed for a plausible physical theory in
their proof, Coleman and Mandula exposed a silent assumption, namely that all continuous
symmetries are Lie algebraic. Haag, Lopuszanski and Sohnius [19] demonstrated that by
generalizing Lie Algebras to include algebraic systems whose defining relations incorporates

© University of Pretoria
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1.4 N =1 susy ALGEBRA

both commutators and anti-commutators, the new symmetry could exist and it would be
exempt from the no-go theorem. SUSY is simply then the symmetry that arises when we
extend the Poincaré group by adding an anti-commuting spin — 3 operator. We refer to the
generators of SUSY as supercharges, denote them by Q, and treat them as Weyl spinors. If
parity invariance is imperative then we include the conjugate supercharges, Qy, also. In the
latter setting it is meaningful to speak of the four-component Dirac spinors, Qp, composed in

the following fashion,

- (&) (19
We use N to denote the amount of SUSY, the number of supercharges, by which the Poincaré
algebra is extended. ' = 1 SUSY means there is only one Qp and cases where N’ > 1 are
said to have extended SUSY. To avoid unnecessary complexities we consider the ' = 1 case
and specifically we look at the algebraic relations that the supercharges, Q, and Q,, have with
the Poincaré generators.

In 1965 O’Raifeartaigh, [46]], demonstrated that translations commute with all generators be-
yond those of the Lorentz group. From this we conclude that

[Py, Qu] =0, [Py, Qa] =0 (1—20)

The spinorial nature of the supercharges imposes the following commutation relations be-
tween the supercharges and J,,,:

[Qa/ jyv] - (ayv)tx 'BQﬁ and [Qééz \7‘111/] = _Q_‘B((_Tyv)B i (1_21)

oy and 0y, are 2x2 matrices, belonging to the group SL(2,C) and they give a representation
of the Lorentz group in the space of two-component left-moving and right moving spinors
respectively. Their components are given by

(U'VV)‘XIIS — i(g’”aﬁyﬁ—w}/ﬁ _ U'Va,j/(j-ﬂ”’/ﬁ) (1_22)

o i »
(1) = (@MY — ek ) (1-23)

We now consider how the supercharges relate to one another by using anticommutatorﬁ
because they are of fermionic nature. Thus in the left-moving representation

{Qa/ Qﬁ} =0 (1_24)

The same is true of the conjugates in the right-moving representation. The mixed case is
quiet interesting because supercharge, Q, is in the (3,0) representation while its conjugate, Q
is in the (0, ;) representation. Their product is therefore in the (3, 3), which is nothing but
a spacetime vector. So their anticommutator must result in an object that transforms like a
spacetime vector; the only candidate is P, and by imposing consistency in the indices their
relation becomes

{Qar Qo’c} = 20" 44 u = 2Py (1-25)
It turns out that by extending the Poincaré group to include the supercharges there is an
extra symmetry called the R-symmetry. To see it, let the Q’s to be charged under an internal
symmetry generated by R so that

[sz/ R] = Qu and [Q_o'u R] = _Q_u'z (1_26)

6 {A,B} = AB+ BA.

© University of Pretoria
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1.4 N =1 susy ALGEBRA

It follows that [R, P,] = 0 and [R, J,v] = 0 because such a symmetry is internal to the Poincaré
group. R-symmetry is scalar in nature and is simply the symmetry of the supercharges, Q,
under phase rotations. We will refer to it as U(1)g symmetry. In exponential form it is

Qu — e_ianx ’ Qo’c — eid‘Qa‘c . (1-27)

In summary, below is a collection of the relations of the A/ = 1 super-Poincaré algebra [56]:

[P;u Qa] =0 [P;u Qa] =0,

[P, Py] =0 [Py, Tpo] = i(1upPo — 11uo L),
{Qu, Qa} = 200, P, {Qu, Qp} =0, (1-28)
{Qa, Qs =0 [Qu, R] = Qu,

[Qu, R] = —Qa (Tvr Too) = i1(up Tuo + ve Tvp — Nup Tve — vo Tup),

[Qm jpw] = (Uyu)aﬁQﬁ [Qo‘c/ jyv] - _Qg(ﬁyv)‘géc
It is to be noted that SUSY was obtained by extending the idea of Lie algebras to include

fermionic generators as well as anti-commutators, this algebra then is a graded Lie Algebra and
for consistency it is required to satisfy the graded Jacobi identities:

[b1, (b2, b3]] + [b2, [b2, bn]] + [b3, [b1, b2]] = O

[b1, [b2, f]] + (b2, [f, ba]] + [f, [b1, b2]] = O

(b, {fi, f2}] + {f1i, [f2, b1} —{fo, [b, Ai]} = O
{f A f3} +{ fs it +{fs {fi, 2}} =0

b; and f; represent bosons and fermions respectively. Any three elements of the super-Poincaré
algebra satisfy these identities.

(1-29)

1.4.1  SUSY Multiplets

The two-fold question: What “things” can live in a supersymmetric theory and how are these
“things” related to one another? Note that the s supercharges are fermionic, thus their action
on a bosonic (fermionic) state will change it to a fermionic (bosonic) state.

Q |boson) = | fermion) and Q |fermion) = |boson) (1-30)

This observation demands that the theory have a fermionic state for every bosonic state [56].
So the idea of a “particle” is adjusted to one that contains both the bosonic component and
its fermionic counterpart and this generalized particle will be called a superparticlf’| The
components of a sparticle belong to the same supermultiplet. This takes care of the first
part of our question. Sparticles, having boson components and fermionic components, are
the “things” that live in a supersymmetric theory. To answer the second part there’s need to
consider the Casimirs of the superalgebra. The first Casimir is

C;, = P,P*

as it was for the Poincaré algebra and this follows from [Py, Q] = 0in 1} The second
Casimir C; is given by
CZ = CHVC]JU

7 or sparticle.

© University of Pretoria
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1.4 N =1 susy ALGEBRA

where 1

The irreducible representations of the AN/ = 1 super-Poincaré algebra are characterized by
eigenvalues of these Casimirs.

1.4.2 N = 1 massless supermultiplets

In order to confirm the demand in (1—30) we consider the action of SUSY on a massless particle
and observe the changes in helicity. From we have that

Wo = AB,

Let us now consider a state |E, A1) of specific helicity A; in the frame where P, = (E, 0,0, E).

We observe that W
W()‘E,A1> :A1E|E,)\1> (1—31)

gives the helicity of the state. In this setting the anticommutation relation {Q,, Qi } becomes

_ 1 0
{Qu, Qi} = Z(TD’;‘PH = 2E(c7O + (73),,402 = 4E <0 0) 4 (1-32)

so that
{Qll Q_l} = 4E and {QZI QZ} =0 (1_33)

Finding the helicity of the state Q. |E, A1) is what we are interested in, so we act on it with
Wo

WOQ(X |E/)\1> = QDCWO |E//\1> + [WO/ le] ‘E/)\1>
= MEQq |[E, A1) + E[T, Q4] |E, A)
= MEQq|E, M) + E(—0')iPQp |E, A1)

1
— £ (1a? = 5@)") QM)

p
M—5 0
—E 2 E,A
[ 0 Ay+ﬂaQN 1

We therefore have that
1 1
WoQ1 |E, A1) = E(M — E)Ql |E,A1) and WoQ> |E, A1) = E(Aq + E)Qz |E, A1)

and conclude that Q; lowers the helicity by 1 while Q, increases it by 1. From li it follows
that Qj increases helicity by 3 and Q, lowers it by 1. We then define a state of helicity A to
be the highest weight state if the following is true

Q1|E, Ag) =0 (1-34)

Thus we can build our multiplet by applying Q; to such a state and of course this action can
only be done once because the SUSY generators anticommute thus Q;Qj |E, A¢) = 0. And the
second relation in is not an option since it implies that the norm of every state |¢) in
Hilbert space vanishes [8].

(W] Q2Q5 + Q2 |) = (¥ Q2Q5 — QQs |¥) =0 (1-35)

© University of Pretoria
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1.5 EXTENDED SUSY

In a nutshell, multiplets of N' = 1 supersymmetric theories only have two helicities {Ag, Ao +
1} unless we are considering a CPT invariant theory then the allowed helicities are {— (Ao +
3), —Ao, Ao, (Ao + 3)}. To make all these findings concrete we first note that theories without
gravity have fields whose spin is not larger than one, thus our sample space of helicities for
the highest weight state is narrowed down to just, Ag = 0, 3.

1.4.2.1  Example 1: Chiral Multiplet

If we begin with a highest weight state,|E, A¢) with helicity Ao = 0, then the multiplet is given
by {—3,0,0,3}. This multiplet has room for two scalars and two spinors and is referred to
as a chiral multiplet ﬂ The on-shell field content is then a complex scalar field ¢ and a Weyl

spinor .

1.4.2.2  Example 2: Vector Multiplet

Now if our highest weight state has helicity Ag = % then the resultant multiplet is called a
vector multiplet and looks like this {—1, —%, %, 1}. There are two vector and two spinor degrees
of freedom. The on-shell field content for this multiplet is a vector, A;, and a Weyl spinor,

Pa-

1.5 EXTENDED SUSY

At this point, we take a detour and insert a brief discussion on extended SUSY after which
attention will be placed on N/ = 4 SUSY specifically . Extended supersymmetry is nothing
but an extension of A/ = 1 SUSY in the following way:

szr Qd — Q/xA/ Q_&A

with A = 1,.., N. This extension has little effect on the SUSY algebra (1—28) except for the
following generalization and new relations:

{QZ?/ Q_aB} = 20’50.613#5‘43
{QF, Qs = epZ™ (1-36)

{Qaa, QﬁB} = _eaBZZB
ZAB, an antisymmetric matrix, has been introduced in order to preserve the symmetry prop-
erties on both sides of the relation. Actually the algebra places another requirement on the
elements, ZAB and (ZAB)*, and that is, they must commute amongst themselves and also
with every element of the algebra in order for the algebra to be closed and consistent; algebra
elements exhibiting such a property are called central charges.

8 or scalar.
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1.5 EXTENDED SUSY
1.5.1 Massless Multiplets

The massless multiplets in the extended SUSY case are similar to the N' = 1 case in that, if we
boost to the frame P, = (E, 0,0, E), we recover exactly what we found in li

(02 Q) =224 (o o) (1-37)

of
We again can use Qf! to define the highest weight state |E, A)
Q' [E,A) =0 (1-38)

and by applying Q‘l“ to such a state we can build the multiplets. By the same token as before,

the case where A = B and & = = 2 will introduce zero norm states in the theory so we lay it
aside.

1.5.2 Massive Multiplets

Massive multiplets in the case of extended SUSY are slightly different, especially with the
central charges switched on. In the rest frame, P, = (m,0,0,0), the relation

(@ Qb =2m (g 7) (1-39)

ap

already points to new features. Previously the case where A = B and &« = = 2 issued in zero-
norm states and in building the multiplets we excluded them. Here however they must be
included and this means massive multiplets will contain more states than the massless ones.
In order to handle the full SUSY algebra it is convenient to diagonalize the antisymmetric
matrix Z48 into blocks of 2 x 2 and we do so by splitting the index A into two A = (a,i)
wherea =1,2and i = 1,...,r with NV = 2rP| The outcome is

Z = diag(eZ, ..., €Z,,#) where el? =2l =1 (1—40)
In this basis, the only non-vanishing SUSY anticommutators are
{ahs, (ay )t} = 816k (m + Z,) (1-41)

where a and a' are linear combinations givens by

, 1 o
Ayt = 5 (Qil + QZZ/SU,SB) (1—42)

1 _ _ .
Ay = 5 (Qlia‘c + %?BQ;) (1-43)

Requiring that m > Z; ,V m, drives away any ghost states. If m > Z; then we’re in the typical
massive multiplet case but if m = Z; then we have a multiplet shortening, because a’ will give
zero-norm states hence a', are to be employed in creating states. This means a lesser number
of states compared to the typical massive multiplet case. These special states have a special
name: BPS-saturated states.

9 Assuming N is even. In the case where it is odd we would append a zero in the # .
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1.5 EXTENDED SUSY

1.5.2.1  Example 3: N' = 4 SUSY and its massless multiplet

Let us now consider a special SUSY case, N' = 4, where we introduce four generators and
construct the massless multiplets of such a theory. As per custom in the massless multiplet
case, we exclude the generators carrying indices 2,2 since they rise to zero-norm states and
build with generators with indices 1,1 by applying Q‘{‘ to the highest weight state ,|A), of
helicity A defined by:

QfA) =0 (1-44)
And since A runs to 4, it is clear that the helicity can be raised to a maximum value of A + 2.
If we steer clear from theories with gravity, then we need to take A = —1. We then have the
following states in table
A State
12354
1 Q' Q2Q3Q* |A)
L @@ ) 01030t @ON0HA) Q1IR30 A)
3132 3133 31 (94 3233 32 (34 33 (94
01 QQil0) QQ7 M) QiQiIM QiQA) QiQi M) QQ; N
—3 QjlA) Qi IA) QFIA) QM)
-1 A)

Table 1.: N' = 4 SUSY massless multiplet

This multiplet consists of four Weyl fermions, 1,0,;4’”, six real scalars, (pl'“, which can be com-
bined to give 3 complex ones. It is the presence of a massless vector boson, Aj, that makes
this multiplet really special; this theory is called the N' = 4 super Yang-Mills (SYM) theory.
Its field content in a compact form is

(A5, ", ") (1-45)

where a is the gauge index, A = 1,..,4and I = 1,...,6. The presence N' = 4 supercharges
means the U(1)g symmetry observed in A/ = 1 SUSY is enhanced in N' = 4 SYM to SU(4)x.
The scalar fields can be combined into

1 . ‘
O = ——[¢p/ +i¢p/] wherei=1,2,3 146

The scalar fields transform in the 6 of SU(4) which is equivalent as SO(6). This fact becomes
useful later when we match global symmetries between two theories. Below is the action of
the theory where the SU(4) symmetry is evident [29].

5= [ x[(Dg™*) (D"Fas) — W) 1 DLy — 3 FuuF”
— @Y 98, Pas] — gPaalPh, 9] + 287197, P [Pan, feo| (1-47)

Notice that the field content of N' = 4 SYM can be decomposed to that of one N = 1 vector
multiplet and three ' = 1 chiral multiplets:

V=(Au,ys), = (¥.¢) (1-48)
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1.5 EXTENDED SUSY
1.5.3 Superspace and Lagrangians

The most logical way to proceed after obtaining the field content of a field theory is to con-
struct a Lagrangian and obtain the e.o.m. Historically, this procedure entailed much trial and
error simply because of the amount of freedom available to start with and it is thus best to
construct the Lagrangian by components. A well-known such construction is the Wess-Zumino
lagrangrian presented below

£WZ = ﬁkinetic + *Cmass + »Cint (1_49)

where .
Liin = 0, A*" A +i0, "ol " + F*F

1 1
Emass = —mAF + Emyb“llﬁa - mA*F* + EWU’UM’UD‘ (1—50)

Ling = —§AAT + gAY py — gA*A*F* + gA* P p*
with A and ¥ being the scalar field and the Weyl spinor of the multiplet respectively, g a
dimensionless coupling constant and F an auxiliary field. It is auxiliary because it needs to
be supplied in order to have the right number of degrees of freedom because SUSY is not
closed off-shell. Thus F guarantees closure of the SUSY algebra off-shell and has zero on-shell

degrees of freedom, so it does not propagate [58]. Such a Lagrangian is invariant under the
following SUSY transformations

SeA = V25, 0 A" = V2L,
et = V2EuF + V20" 45", A, Sps = V25, F* — V2850740, A%, (1-51)
5§P _ _i\/iaylpao_ylmg&, 551:* — i\/iélxa—‘uaﬁtaylp‘j‘

¢ and its conjugate ¢ are anti-commuting variation parameters which ascertain consistency in
the statistics.

Computational technology has since been developed and allows us to not only construct
Lagrangians with ease but also to handle both the bosonic and fermionic part simultaneously.
Superspace is what we are referring to and it is an extension of the spacetime coordinates, x¥,
by including Grassmann coordinates as follows:

Xt — (x¥,6%,0%)

This is thus called N/ = 1 superspace because the extension is by the addition of only one
Grassmann coordinate with its conjugate. In principle we can append any number of Grass-
mann coordinates but this formalism becomes cumbersome. We will thus consider the simple
case of NV = 1. While this extension may seem arbitrary, a closer look at the algebra in (1—28)
shows signs that which may suggest otherwise. The relation

{Qu, Qi} = 207, Py

implies that the action of two supercharges is as good as spacetime translation and further-
more indicates that superspace is not flat. In superspace, the supercharges,Q, and Qg, can be
represented as differential operators

U A J .
Qu= = — 10,0, , Qs = —ogi T i0" 0t 0,
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1.5 EXTENDED SUSY

And since superspace is not flat, we define the covariant derivatives as

0 . _
D’,{ - ay , Dtx A4 —'I_ia_{ilaeaay, DIX - —

= o — i0%0, 0y (1-52)

004
These derivatives act on superfields, x(x,6, 0), the superspace version of spacetime fields.
Superfields are functions of superspace and they are to be understood in terms of their power
expansion in the Grassmann coordinates, 6 and 6. Thus, generally a superfield in /' = 1
superspace will have the form

X(x,0,0) = A(x) + 6y (x) 4+ 6¢(x) + 00B(x) + 60C(x)+
00t0v,,(x) + 66 OA(x) + 00 017 (x) 4+ 60 60D (x) (1-53)

and all other higher order terms vanish because of the anticommuting nature of Grassmann
coordinates. We now have to impose some restriction on the superfield because its degrees
of freedom do not match those obtained in section , neither the chiral multiplet nor the
vector multiplet. The appropriate constraint for the chiral multiplet is

Dix(x,6,0) =0 (1-54)

and we shall use ®(x,0,0) to designate a superfield that satisfies (1-54), thus referring to it as
a chiral superfield. To see the reason behind this nomenclature, we use a coordinate y* defined
as

yt = xt +i00"0 (1-55)

which satisfies the following condition
Dyy" =0 (1-56)

It is clear that D;6* = 0. Any function ®(y#,6*) will satisfy the constraint and solving
it gives

(", 0%) = Aly) + 0%¢u(y) + 00F(y) (1-57)
There are two complex scalar fields, A(y) and F(y), and one Weyl spinor,{(y). In one super-
field is the entire field content of the chiral multiplet; the name is thus fitting. We can regain
the chiral superfield in terms of the original coordinate x by expanding the fermionic part of
y. The result is

D(x,0,0) = A(x) + V20ip(x) + 00 F(x) + i60"8 9, A(x)
i

V2

The mixed product, ®'®, constitutes the kinetic term of the superspace action from which we
can recover the Wess-Zumino lagrangian in (1—49). Let us first turn to dimensional analysis
and recall that the action must be dimensionless, so we require that the mass dimension

06 9, (x)o"0 + 299 00 OA(x) (1-58)

[£] = 4. The component fields, A, F, and ¢ have the usual canonical mass dimensions
[A] = 1,[F] = 2 and [¢] = 3 respectively. The mass dimension of the Grassmann coordinate
is [0] = —3 and corresponds to that of the anti-commuting parameter, ¢, introduced in the
transformation rules (1-51). The chiral superfield then has mass dimension [®] = 1. We
conclude that the measure over all of superspace must have mass dimension [d6%d6%] = 1
since [df] = [6] ! = ] as observed from the Grassmann integral

/ 466 =1 (1-50)
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1.5 EXTENDED SUSY

For a free massless theory the action is thus given by
5 — / 162 d6® oD — / dx 044 9,47 — ity + FF'] (1-60)

A useful fact in extending to a massive and interacting theory is that a product of chiral super-
tields, ® and I’ is also a chiral superfield. The SUSY transformation rules when expressed in
superspace language will impose restrictions on the auxiliary F-term (the 6% term) of the prod-
uct chiral field ®I" and the only way to extract it is to integrate over half of superspace. Since
the mass dimension, [£], must be 4 and [d6?] = 1, it follows that the mass term and interaction
term of the theory must each be of mass dimension 3. A simple candidate is
L P

W(P) = _qu) = 5/\(1) (1-61)
A is a coupling constant and m the mass. By putting all the results together we recover the
Wess-Zumino lagrangian/action

Swy = / 40 o - [ / d*0 <;m®2 + ;g<1>3> + h.c} (1-62)

From we see that part of the mass and interacting term is a holomorphic function of
® and the other part, denoted by h.c., an antiholomorphic function of ®t. A feature which
persists even in general cases is that the kinetic term of a supersymmetric theory composed
only of fields from the chiral multiplet is integrated over all of superspace but the interacting
term over half. In general the action of such a theory will have the form

S = / 40 (0, @) — [ 20 W(@') + 20 W(@)] (1-63)

here K is a general kinetic term, called the Kdhler potential and )V is the superpotential of the
theory, a general interacting term. This superpotential will be of import to us in the following
chapters. Imposing a reality constraint

V=vt

on the general superfield gives rise to a different superfield whose field content matches
that of the vector multiplet we saw in section (1.4.2.2). Since this multiplet includes a vector v,
and the reality constraint is not enough to adequately reduce the degrees of freedom either on-
shell or off-shell, gauge symmetry will feature. The procedure involves the promotion of the
gauge transformation parameter («(x)) to a chiral field (A) and realizing that the superspace
version of the regular gauge transformation is

V= V+i(A—A") (1-64)

Under this new gauge symmetry, the gauge field transforms as A, — A, + 9d,a(x), where
a(x) is a scalar. We capture this by covariantizing the derivative as follows:

The different ways we can choose A is the superspace “gauge fixing”. It turns out that the
proper way to define a superfield which will function as a field strength, F,, = 9,0, — 9,0y,
which ever present in gauge theories is

DiD* D,V (x,6,0) (1-66)
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1.5 EXTENDED SUSY

And in the case of what is known as the vector superfield in the Wess-Zumino gauge
Vivz = 60", (x) + 1628 A(x) — i6P0 A(x) + %ézez D(x) (1-67)

In this gauge the prescribed superfield W, in terms of the fields of the vector multiplet,
vy, A and D(x) takes the form

: iy Y
Wo = —ide +0.D(y) = 5(0"7")aFu (y) + 0?30, AP (y) (1-68)

Here D is an auxiliary term supplied in order to balance the degrees of freedom on- and off-
shell. y is familiar coordinate used in (1—55). We are on the verge of obtaining the Lagrangian
because

/ d*OW W, = —2iAc?9,A + D* — %FWF’” — iewpﬂpwppg (1-69)
Now for the Lagrangian of the abelian theory in superspace we have:
1 o
L= { / LOW W, + / dzewaw“} (1-70)

For the non-abelian theory we first convert the fields in the vector multiplet to matrices, that
is place them in the adjoint representation with the help of the non-abelian gauge group
generators T*

Ay = AT, Ay = AT and D = D*T" (1-71)
and then promote all derivatives to covariant ones. The end result is
c=2mwl lp v ipacia+ 1p?
_? 19 —gEw +iDyAc —1—5 (1-72)

which in the superspace formalism is given by

L= ‘Im {r / P26 Tr W“w“} (1-73)
87
where .
_ 0 din
C2m g%
The interacting Lagrangian for general gauge invariance in the non-abelian theory is
1 o1 P
L=Tr / d*0dTe?Vd — Tr / d*e {Zmijcb’qﬂ + é/\ijk<1>l<1>fcl>’< + h.c.} (1-74)

and precise generalization of gauge invariance is
D e 20 Pt s ple2A W, — e 2AW, ei2A
Finally we present the superpotential of the ' = 4 SYM theory in N/ = 1 superspace notation

W = g tr(®Hd?, @) (1-75)

The @ fields are complex and they are constructed using the 6 scalar fields X' of N' = 4
SYM as & = \%(X’ +iX/*1) so that j = 1,2,3. In this guise the superpotential exhibits
an SU(3) x U(1)r symmetry concerning which there will be much discussion in the light of
deformations.
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ADS/CFT CORRESPONDENCE AND DEFORMATIONS

2.1 ADS/CFT CORRESPONDENCE

An idea that has proved useful in physics research, especially since the advent of string theory,
is that of dualities or correspondences between theories. To have a duality that relates theories
of the same kind, (i.e. QFT’s — QFT’s etc.), is sensible and is somewhat expected. In [39] a new
kind of duality was conjectured and this duality relates field theories without gravity to theo-
ries of gravity with a particular background geometry. In the finding example which inspired
this conjecture, on the field theory side was the maximally supersymmetric 4-dimensional
N = 4 SYM in Minkowski spacetime and on the gravity side was the 10-dimensional Type
IIB string theory in the AdSs ® S° background geometry. More information was however ob-
tained by considering the low energy limit where Type IIB string theory is well approximated
by the 10-dimensional Type IIB Supergravity [SUGRA] [13]. The CFT is said to live in the
boundary of AdS where AdS is the bulk.

Let us briefly discuss how this conjecture can be arrived at and for simplicity we shall take
the D3-brane perspective. A detailed exposition on Dp-branes can be found in [48] [25]. Dp-
branes are massive objects found in Type IIB string theories, they serve as higher-dimensional
surfaces extending in (p+1) spacetime coordinates on which the ends of open strings attach.
When a Dp-brane is introduced in flat space the BPS bound (as discussed in chapter 1) is
saturated. This implies that there will be a shortening of the supermultiplet of IIB SUGRA
(a low energy approximation of IIB string theory), thus Dp-branes are appropriately called
BPS objects. Only charged odd-dimensional (where p is odd) Dp-branes are found in Type
IIB string theory. An open string trapped on a D3-brane represents matter and its dynamics
are governed by a g4-dimensional U(1)-gauge theory. Closed strings on the other hand can
travel through the bulk; their massless excitations are spin-2 gravitons. Since a brane is a BPS
object it preserves only 16 of the 32 supersymmetries present in 10-dimensional SUGRA and
this means in the near-horizon limit (details of which are specified below) the induced gauge
theory must have A = 4 Poincaré supersymmetry at the low energy limit. In the case where
we have N D3-branes with the two string ends attached to different branes the induced gauge
theory has U(1)N symmetry. At the limit when the D3-branes coincide we end up with a full
U(N) = U(1) x SU(N) gauge theory. The U(1) describes the center of mass of the branes and
can be ignored since focus is toward on-brane dynamics [61]. The final outcome is an N = 4
supersymmetric gauge theory in 4 dimensions with gauge group SU(N) [57] [62].

1 see
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2.1 ADS/CFT CORRESPONDENCE

The spacetime metric of N coincident D3-branes is given by

ds? = H(y)*%mjdxidxj + H(y)? (dy? +y*dQs?) (2-1)
4
H(y) = <1 + §4> and L* = 471g,N(a/)?

where L is the radius of the D3-brane, 7;; — 4-dimensional Minkowski metric with mostly plus
signature, g; — the string coupling and «’ is related to the string length. In the regime where
y > L, H(y) — 1 and the 10 dimensional flat spacetime is recovered. The regime where y < L
has a geometry whose one part is a 5-sphere with radius L and the other is the hyperbolic

space AdSs also with radius L. A redefinition of coordinate to u = ?2

the new coordinate H(u) = (1+ %i) The regime y < L corresponds to ‘large” u# and in this

makes this apparent. In

limit H(u) — z—i This transforms the metric to

i = 12 | = pdxidx + du” + L* [dOs? (2-2)
= 2 i 2 5 22

The near-horizon limit corresponds to y — 0 (or u — c0) with g; and N fixed. Now reducing
the ’string nature’, «’ — 0, Maldacena noticed that only the AdSs®S° part of the D3-brane
geometry survives and the dynamics of the asymptotically flat region decouple from the
theory. In this way was the conjecture born. Explicit comparisons have been made in view of
the conjecture and these include matching the spectra of the theories [60] [18]. At present focus
will be on comparing the symmetries of the theories for this is a necessary condition,though
not sufficient.

2.1.1  Global Symmetries

2.1.1.1  Symmetries of N' = 4 SYM

A D3-brane in 10-dimensional spacetime has SO(1,3) x SO(6) global symmetry. The SO(1, 3)
part is associate with Lorentz invariance and while the SO(6) ~ SU(4) part is associate to
the R-symmetry that relates the 6 scalar fields of N' = 4 SYM (1—45); these 6 scalar fields
parametrize the 6 coordinates which are transverse to the D3-brane. The vanishing of the
B-function of the theory means it is a CFT. The presence of conformal symmetry extends the
superalgebra to a superconformal algebra and the Lorentz invariance SO(1,3) is amplified
to SO(2,4) which is homomorphic to SU(2,2). The global symmetry of N’ = 4 SYM is thus
given by SO(2,4) x SO(6) ~ SU(2,2) x SU(4).

2.1.1.2  Type IIB SUGRA on AdSs @ S°

Anti-de Sitter space is a vacuum solution to Einstein’s field equations with positive cosmo-
logical constant. By definition then AdS has constant negative curvature [47]. In a flat (d+2)-
dimensional manifold having coordinates X; wherei = 0, 1, ...,d + 1 with a pseudo-Minkowski
signature® metric

d
ds® = —dX§ —dXG,, + ) dX; (2-3)
j=1

2 or mostly plus = (-+,...,.+,).
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2.1 ADS/CFT CORRESPONDENCE

AdS; 1 is defined as a solution to the constraint
d
—Xg—Xi,+) X =17, (2-4)
j=1

L is refered to as the radius of AdS. Our particular case has d +1 = 5 and constraint becomes
~X-X+ X+ X+ X3+ Xy = -1 = XE=L1"—guX'X" (2-5)

Su = diag(—,+,+,+,+). Contained in (2-5) is the fact that AdSs has an isometry group
SO(2,4). By solving the constraint (2-5) in what is usually referred to as global coordinates
given via [9]:

Xo = Lcoshp costT

X5 = Lcoshp sintT

4
X; = X; Lsinh p, where the X; obey Z X?=1
i=1

one obtains the metric

ds? = L2 {— cosh? p dt% + dp* + sinh? p ng,Z} (2-6)

where ()3 is a 3-sphere. However in order to make conformal invariance apparent we ought
to rewrite the metric in Poincaré coordinates (u, x?) which are defined by

1 1 y
Xo= oo (1402 (L2 4 pax's) ) = o (1412 (12 4 22— )

1 1 )
Xy = oo (1402 (L2 4 gax'xt) ) = o (1402 (—12+ 22— 7)) (2-7)
X5 =ult

Xl' = MLXZ' i= 1,2,3.

x? is a 4-vector which means 7, is the Minkowski metric diag(—, +, +,+) and the condition
on the fifth coordinate is u > 0. This reduces the form of the AdSs metric to
du? L?
2 _ 12 2 _ 27,2 b
ds* =L <u2 +u dxudx”> =5 (u du” + n,,dx"dx ) . (2-8)
AdSs is conformal manifold with an isometry group SO(2,4) which happens to be equivalent
to SU(2,2), the conformal group of a manifold with one dimension less. The isometry group

of $* is SO(6) ~ SU(4). The global symmetry group of AdSsx S° is SU(2,2) x SU(4) and
matches that of N' =4 SYM..

N =4SYM | Type IIB SUGRA on AdSs5x S°
Conformal group : SO(2,4) ~ SU(2,2) || Isometry group of AdSs : SO(2,4) ~ SU(2,2)
R-Symmetry group : SU(4) Isometry group of S° : SO(6) ~ SU(4)

Table 2.: Global symmetry match

© University of Pretoria

28



poat
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q@ YUNIBESITHI YA PRETORIA

2.2 DEFORMATIONS
2.2 DEFORMATIONS

The N = 4 SYM is undeniably a remarkable theory possessing interesting features, one such
feature is finiteness. It however is removed from most theories which are of interest to physi-
cists in that it is too ideal. It is only natural to wonder if there are other theories that are
similar to A/ = 4 SYM but are closer to reality. A logical starting point in searching for such
theories is with the N' = 4 SYM itself and make changes to it. These changes are called defor-
mations and the changes that preserve conformal invariance are referred to as marginal. It has
been known that ' = 4 SYM is a member of a larger family of four-dimensional CFTs that
preserve only N’ = 1 supersymmetry and these A/ = 1 theories can be arrived at by a suitable
marginal deformation of the N = 4 superpotential as follows

Wy—s = gTr (q>1 (@2, q>3]) = Wi = KTI‘{CDl (@2, 97, +Z [(q>l)3 + (923 + (@3)3] } (2-9)
This deformation of the superpotential is in the formalism of N/ = 1 superspace with chiral
superfields ®'and [®, d/], = O'P/ — q®/P' is a q-deformed commutator. Finiteness at the
quantum level of the ' = 4 theory only extends to A/ = 1 theories whose superpotential is
parameterized by g and & [33]. The parameter choice (g,h) = (1,0) restores the ' = 4 theory
whose superpotential is invariant under SU(3) x U(1)g in terms of N' = 1 superspace but
switching on both parameters breaks the SU(3) part to a discrete Z3 x Z3 symmetry so that
only the U(1)g-symmetry is continuous [41]. Having begun with a CFT whose gravity dual is
known, how then does the (g, h)-deformation manifest on the dual side? At the heart of this
paper is an attempt to answer this question. We know that this question is valid because (g, h)-
deformations are marginal and thus conformal symmetry is still present. With the presence
of conformal symmetry in the deformed field theory it is reasonable to anticipate that in dual
description the AdSs part of the geometry will not be affected and thus expect the deformation
will manifest on the S°.

2.2.1  B-deformed theory and non-commutativity

In [36], a class of deformed field theories corresponding to the parameter choice (gq,h) =
(e™,0) was studied and a solution-generating technique of obtaining the gravity duals was
devised. These field theories are referred to as f—deformed and their superpotential is given
by

Wrs = «Tr [ei”ﬁ<b1®2¢3 - e‘mﬁqbldﬁcbz} (2-10)

An important consequence of the f-deformations is that the SU(3) part of the global symmetry
is broken to a subgroup U(1) x U(1). This is key because the solution-generating technique
developed requires that the field theory possess a global U(1) x U(1) symmetry and that
there be a 2-torus in the geometry of the parent gravity dual description, in other words, two
isometries associated with the two U(1) in the field theory. Then according to [36] the gravity
dual of the B-deformed field theory can be obtained by transforming the complexified Kéhler
modulus, T = B +1,/g, of the original theory as follows

T— 1= (2—-11)

T
1+ Bt
The Kéhler modulus is associated with the 2-torus whose volume is ,/g and B is the B-field. g
is the deformation parameter which in this work we restrict to real values only. The custom is
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to use <y as a parameter when 8 € R but we will retain p, keeping in mind that it must be real.
The deformation can alternatively be viewed as a result of promoting the product between the
fields to a new one, called a star product. In this case we have

H(QQR-QFQ ¢

frg=e 4 (2—-12)

here f and g are fields belonging to the chiral/anti-chiral multiplets of the theory and the
Q’s are the U(1) charges associated with them. This prescription is not foreign in the context
of non-commutative gauge field theories where the field theory lives in a non-commutative
space. In order to maintain the validity of the usual differential geometric methods, the
non-commutativity of the spacetime is encoded by defining a star product on the spacetime
coordinates (which now commute) [50]][7].

Thus while the star product in might seem to appear purely from inspiration it ac-
tually has a good basis from the field theory. In [30] there is a demonstration of how it can
be obtained. Returning to the D3-brane picture in 10-dimensions with the 6 transverse coor-
dinates, C%, we now can introduce the deformation by making these transverse coordinates
non-commutative. Thus the D3-brane is surrounded by a six-dimensional non-commutative
space and this non-commutativity of these coordinates is taken to be

zld = g2l2t, 713 = g7l 7! (2-13)

I and | are cyclically ordered and run from 1 to 3. The relations are nothing more
than the constrains that the deformed superpotential imposes on the F-termf| of the
Lagrangian, namely that o o

ol = gd/o! |, O = b/ DL (2-14)
This allows for the construction of an anti-symmetric contravariant 2-tensor in which the non-
commutativity of the coordinates is captured in the following way

,ZT]* =zlazl — 2l szl =i@! (2-15)

The holomorphic components are @Y = 2sinpBz!z) and by the same token the anti-holomorphic
components are @Y = 2sinfz'z/. The mixed components are @/ = —2sinpz'z/. The non-
commutativity 2-tensor for the f-deformed theory in matrix form ©Og is

0 Z1Zp  —2Z12Z3 0 —Z1Zr Z21Z3
—2Z122 0 223 2122 0 —2Z22Z3
Op=a 21023 _2_223 _O —71%3 2:22_3 _0 - , a=2sinp (2-16)
—Z127 2123 0 2122 —Z123
Z12p 0 —Z221 | —Z12» 0 2023
—2Z321 2322 0 Z1Z3  —2Z2Z3 0

®/ISI is coordinate independent; this fact evident when we change to a spherical coordinate
system [30]. The choice

2t = rcos(a)e®t , 22 = rsin(a)sin(0)e'? , z° = rcos(6) sin(a)e'’? including c.c.  (2-17)

an auxillary term introduced into the supersymmetric lagrangian to ascertain the closure of the super-algebra,
both on-shell and off-shell.
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results in
000 O O O
000 O 0 O
Op = 8 8 8 g _Oa 2 ,where a = 2sin(p) (2-18)
0 00 a 0 -—a
000 —a 0 a

It must be emphasized that the holomorphic (top left block) and anti-holomorphic (bottom
right block) parts are determined from the F-term constrains which means as long as we have
the deformed superpotential we can always obtain them. The mixed components (top right
and bottom left blocks) however were obtained from the star product definition and in
the absence of a star product prescription/definition one will have to rely on other constraints
(i.e. the reality of the entries of ® and symmetries of the lagrangian) in order to narrow down
the possibilities for the mixed sectors.

2.3 QUANTUM ALGEBRA

From the view point of quantum algebra the non-commutativity of coordinates follows natu-
rally. Quantum algebras are to classical (Lie) algebras what quantum mechanics is to classical
mechanics in the sense that classical quantities are promoted to operators (which do not nec-
essarily commute). So we can consider a non-commutative space V from which quantum
vectors x = (x') and co-vectors u = (u;) source their components. Commutation relations
between quantum vector elements and quantum co-vector elements are given in terms of a
complex-valued matrix R belonging to the vector space V ® V as follows

boa _ pab j.l _ jl
Ax"xt = R“]- Xxt, Auguy = uju Ry (2-19)

where A is an eigenvalue of the matrix R! ]-kl = Rk, i].. In quantum algebra linear transformations

are governed by quantum matrices t = (t;) where the entries t; are operators and linear
transformations that preserve the relations (2—19) will be associated with a quantum symmetry
[41] [27].
Proposition 1. The commutation relations in are preserved by quantum linear transformations
of the form
S N

X" =t and wuj=u(t'); (2—20)

if the elements t;. satisfy
N Y A (2—21)

Proof. Let t;- commute with x’ and u;
ot plto kol
x'xT =R x"x
<t§ﬂxm> (tﬁx”) =R/, (t’;x”) (téx")
tint{; R xPx1 = Rjkil t";tf7 xPxf

tot R% xPxT = R xP

kl'phq
cogidd Pkl it gkl
"tkthpq_Rkltptq
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O

The last equality is obtained by renaming the dummy indices (m,n) — (k,I) . The equations
are called RTT relations [12]. For definiteness we rewrite the commutation relations

(2-15) in the language of quantum algebraE}

2,2], = ipd'] 22, [2,)), = ip®'] 2, [£,7). = ip® (2-22)
In this light, the commutation relations for the mixed coordinates are easily obtained from the
mixed quantum planes defined by [27]

‘ - ‘ .
Yuy = uiR]kllxk and u;x' = kal. 1]“1 (2—23)

where u; is a quantum co-vector to which the antiholomorphic coordinates are mapped ¥’ = u;
and R is a second inverse matrix defined such that

R R = a0 = R R -

Now by choosing o' k] ; to be diag(0,-1,1,1,0, -1, —1,1,0) we fully recover the holomorphic
part of @4 (and in principle the anti-holomorphic part also), 7, j,k,I = 1,2,3 [32]. © is not just
chosen to make things work but rather comes from the matrix R € V ® V used to define the
commutation relations in quantum algebra (2-19). The matrix R for the p-deformed theory
is given by diag(1,q, %, 7,91, %, %, g,1) and its first order expansion around a small B, called a
classical R-matrix, is equal to ©. The general R-matrix for a (g,/)-deformed theory is given
by [41]

144G —hh 0 0 0 0 —2h 0 2hq 0
0 27 0 1—qq+hh 0 0 0 0 2hq
0 0 2 0 —2h 0 97 +hi—1 0 0
) 0 q7+hi—1 0 2% 0 0 0 0 —2n
R= s 0 0 2hg 0 1+ q4— hh 0 —2h o 0
2 0 0 0 0 2 0 1—qq+hh 0
0 0 1—qG+hh 0 2h7 0 27 0 0
—2h 0 0 0 0 G +hh—1 0 2 0
0 —2h 0 2hg 0 0 0 0 1+4q—hh
(2-25)
where d? = w (2—26)

This matrix is arrived at when the SU(3)-invariant tensor €;j;, appearing in the superpotential,
is deformed to Ejj. Ejj is invariant under a quantum deformed SU(3) [41]. This point about
the quantum deformation is important because the deformations which are of interest to
us deform the SU(3), much like the B-deformation. Whilst one might “naively” expect the
general deformations to break the SU(3) symmetry to U(1)’s on the contrary they actually
deform to a Hopf algebra. This is true of the p-deformation. Notice that the parameter
choice (g,h) = (0,0) gives the R-matrix for the undeformed N/ = 4 SYM while the choice
(g,h) = (¢%,0) gives the R matrix of the B-deformed theory. Admittedly our introduction
of quantum algebra was informal, necessity is laid upon us to take a more thorough and
somewhat in-depth look at the theory of Quantum Algebras.

4 Repeated indices imply summation.
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THE LANGUAGE OF HOPF ALGEBRAS

We devote this section to the formal discussion of the theory underlying Hopf (Quantum) E|
Algebras which we began to use in chapter 2. We shall also look at their properties pertaining
to our scope by using mainly the conventions and notations of [37].

3.1 DEFINITIONS

3.1.0.1 Algebra
Definition 3.1.1. An algebra A is a vector space defined over a field k together with a compati-
ble associative map, m : A® A — A, and a unit element, 14.

The map m, which sometimes is referred to as a “product” or “multiplication”, is associative
in the sense that (ab)c = a(bc) V a,b,c € A where ab =m(a ®b). And if

ab=m(a®b)=mb®a)=baVabe A

then A is commutative. The unit element 14 can be defined in terms of a map as follows
n:k — Aasn(l) = 14 Itis customary to both compactly write all of the above as
(A,+,m,n;k) and also summarize with the help of commutative diagrams as we do below

ARARA
A® A®A k@A ——
(a) Associativity of Algebra (b) The unit map %

Figure 1.: Commutative diagram for algebra A

3.1.0.2 Co-algebra

An unusual and somewhat novel structure is the coalgebra. Its formal definition is below.

1 In this section Hopf will be used instead of Quantum.
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Definition 3.1.2. A co-algebra C is a vector space defined over a field k coupled with a co-
product, a map A : C — C ® C, which is co-associative and a co-unit, a map € : C — k.

The co-product A acts on an element ¢ € C so as to share it over C® C,
= Zc(l)i ® c(2)i = ¢(1) ® (o) where c(yy ) € C (3-1)
i

The last equality exhibits the use of the Sweedler notation in which the summation and indices
are suppressed to help simplify complicated expressions [26]. Co-associativity means that

(A® id) oA(c) = (id® A) o Ac) (3-2)
(A®id)(Zc )) = (id®A Zc ®c(2)) (3-3)
) ® ey =) @) @), Vel (-4)

hence it is of little import which vector space we share out first} The condition on the co-unit
map is that it obey
(e®id)oA(c) =c= (id®e)oAlc) (3-5)

The coalgebra parallel of algebra commutativity is co-commutativity and is defined via a
transposition map 7 : C ® C — C ® C which reverses the order of the vector spaces, that is
T(a ®b) = b ®a. Thus a co-algebra is co-commutative

ToA(c)=A(c)VceC (3-6)

As we did for the algebra so also we compactly write (C, +, A, €; k) and summarize by means
of commutative diagrams for the coalgebra.

CecCxC
Co 2C koC <2 coc 42, cok
\ / Nl / x JN
C C
(a) Coassociativity of coalgebra C (b) Co-unit map €

Figure 2.: Commutative diagram for coalgebra C

The notion of a co-algebra parallels that of an algebra and is achieved by reversing the arrows
of a commutative diagram of an algebra. What the algebra takes away is brought back by
the co-algebra. One can then define extended structures which contain both the algebra and
coalgebra properties, that is they are invariant under an arrow-reversal operation of their
commutativity diagrams; such structures are called bi-algebras and they have built-in an “input-
output” symmetry.

3.1.0.3 Bialgebra and Hopf Algebra

Definition 3.1.3. A bialgebra (H,+,m, 1, A, €;k) over a field k is a vector space (H, +; k) defined
over a field k which is both an algebra and a co-algebra in a compatible way, where the maps
m and A are co-algebra homomorphic and algebra homomorphic respectively.

2 o found inmeans composition i.e. (fog)(x) = f(g(x)). So throughout this work.
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Compatibility means the product and unit maps m and 7 preserve the coalgebra structure
on the vector space and so do the co-product and co-unit maps A and e the algebra struc-
ture:

A(hg) = A(h)A(g), A(ly) =1g®1h, e(hg) =€e(h)e(g) and (1) =1V h,g, 1y € H

We will be concerned with a particular class of bialgebras called Hopf Algebras. They have an
additional axiom, that is they have a linear map S : H — H, called an antipode. This map must
obey

m(S®id)oA=m(id®S)oA=rnoe. (3-7)

Condition , at the level of elements, translates to [49]: S(h1))hp) = €(a)1 = h1)S(h(y))
and for this reason many view it as encapsulating the idea of an inverse| The commutative
diagram of a Hopf Algebra will be a composition of (1) and (2) but will also include two
additional diagrams for the antipode S

H ¢ k 1 H H ¢ k 1 H
[ di [ di
H ® H id®S H® 21 id®id 20 & 20 20 ® H S®id H ® H id®id H ® H

Figure 3.: The antipode axioms of HA H

3.2 HOPF TWISTS

The existence of HA's is certain but the task of constructing an one is not simple. One way
of constructing HA’s called Twisting [f| was presented in [11]. The core idea is: given an HA
(A,m,n,A,€,S;k) and a counital 2-cocycle element y € A ® A then a new HA Ay can be
constructed by twisting the coproduct and the antipode as follows

Aya=xAa)x ™, Sya=U(S(a))U ! ,Vac A (3-8)

and using the product map m and unit map # from A. U is given by mo (id ® S)(x) =
Y xW (S x'?) and must be invertible. To say that xy ought to be counital and 2-cocyclic respec-
tively means

(eid)xy =1
(lex)(deA)x=(xe1)(Axid). (3-9)

The benefit of the twist approach is that it preserves properties of the original HA which
depend on the coproduct and counit. This is useful because can one relax certain HA axioms
to obtain special kinds of HA’s with richer structure. The method of twisting will preserve
the extra structure on these special HA’s. A special HA that will be important in our case is
the Quasitriangular Hopf Algebra which arises when the co-commutativity of the HA is relaxed
up to conjugation with an invertible element upon which there are certain restrictions.

3 The antipode need not be an involution nor invertible.
4 Or twist construction, sometimes deformation.
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3.2.0.1  Quasitriangular Hopf Algebra

Definition 3.2.1. A Quasitriangular Hopf Algebra is the pair (H, R) where H is an HA and R
is an invertible element of H ® H that satisfies

(A & Zd)R = R13R23 and (ld & A)ngRlz (3—10)
ToA(h) =RA(WR'Vhe H (3-11)

In this notation the expression Rjj means 1® - - @ R; ® - - - ® R; ® - - - ® 1 where R; is in the i-th
position of the chain and R; in the j-th position. The quasitriangularity of HA H is preserved
by a twist x, so the twisted HA (H,, Ry) is also quasitriangular. The twisted co-product and
antipode are as in and the twisted quasitriangular structure is

Ry = xa1Rx ™! (3-12)

Notice that the quasitriangular structure actually satisfies the Quantum Yang-Baxter Equation
(QYBE), R12R13R23 = R3R13R12, a consistency equation. This property will ascertain associa-
tivity when the non-commutativity of the coordinates is encoded via a star product.

3.2.0.2 Representation of Hopf Algebra

Hopf algebras can act on other sets, be they algebras, coalgebras or even other HA’s and
generally the side from which this action is applied matters. If the action of HA H is from
the left then A is called a left H-module algebra and the same can be said about the right action.
The left actionP|is then a linear map a : H® A — A.

a(h®@a)=hva € A, whereh€ Handa € A (3-13)

The module is then a representation of the Hopf algebra. A desired property of the action of
HA'’s on algebras is one of compatibility with structures already existing within the algebra
in question (i.e. multiplication and unit maps). So given an algebra A with product map
u:A®A— A, theelements g, € H act on elements x,y € A such that

g (u([x®@yl])) = u(A(g) > [x®@yl) (3-14)

This means twisting an HA (which twists the co-product A) will translate to a twist in the
product u of the module. To maintain the Leibniz property of products one observes that for
an F-twisted co-product Ar = FAF~! the F-twisted module product ought to be [2]

ur(x®y) = p(F o [x®y)) (3-15)

5 The same definitions can be made for the right action and for coalgebras.
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3.3 TWIST CONSTRUCTION OF 3-DEFORMATION

In section we saw that the deformation parameter choice (g, h) = (1,0) in the general
(g, h)-deformed R-matrix (2—25) restores the N’ = 4 SYM with R-matrix, Rg = lgx9, and the
B-deformed theory arises by setting (g, %) = (e'f,0) with the corresponding R-matrix
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We observe that Rg can be constructed from R, with a suitable twist Fs which is given by

_ 1 1 1
Fs = diag(1, /3, Nt NIV Va,1) (3-17)

Vi Vi VT
using the twist construction Rg = FgRoF~'4. To see that Fg is 2-cocyclic we first note that is
can be written in terms of the Cartan sub-algebra generators H; of SU(3) as

. 1 0 O 00 O
Fg=¢2"1""2 where Hy= |0 —1 0|,andH,= (0 1 0 (3-18)
0 0 O 00 -1

and this means Fg is a twist of a Abelian type [53]. Since the co-product acts on algebra
elements as
A(H;) = Hi®1+1® H; (3-19)

its effect on Fg exponentiatesﬁ so that

A ®id)el 2N

A® id)ez‘g(H@Hz—Hz@Hl)

(A®id)Fs =

—~~

i% (A®id)(Hi®Hy— Hy®Hy )

e

_ pi5 (@18 H, +19Hy @ Hy— Hy @10 Hy ~ 19 Hy @ Hy )

— 5 (1019 H,~H@18Hy) ,ib (19 Hi @ Hy~ 1@ Hy@ Hy)

Fp13Fp 23

By the exact same argument we arrive at (id ® A)Fg = Fg13Fg12. This means then 2-cocycle
condition reduces to

Fg12Fp13Fp23 = Fp23Fp13Fp 12 (3—20)

6 much like Lie group elements are obtained by the exponentiation of Lie algebra generators.
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Let us first define the co-unit map € such that (1) = 1 and ¢(X) = 0 for any other algebra
element X [53]. It becomes clear that Fg is counital because we can expand in the deformation
parameter 3 as

it B B P _
\/ﬁ_32_1+12 3 148—|— (321)
1 _if B B B
— = =1—ib -2 4P 4 -
Vi e 'z 12 8+l48+ (3—22)
so that Fﬁ can be written as
Fg = 353 ® Iaxg + BFY + BPF@) 4+ . (3—23)

where F(U is % x diag(0,1,—1,1,1,0,—1,—1,1,0) and also for the higher order terms. Note,
however, that only the first term survives the action of the co-unit map and this implies that
(e ®id)Fg = l3x3. Thus Fg is a legitimate twist.

It is easy to see that Ry satisfies the axioms in and thus is actually a quasitriangular
structure of the SU(3) symmetry of A" = 4 SYM. Twisting by Fz produces a quasitriangular
structure Rg and a twisted SU(3) symmetry SU(3),. This is what motivates our view which
is that the B-deformation does not break the SU(3) symmetry, it only deforms it. And, as we
mentioned previously,the price: we must describe symmetry in terms of Hopf algebras rather
than Lie algebras.

By a Taylor expansion of Rg in the B we obtain

2
Rp =1+ BRW + % @ 4. .. (3-24)

from which we isolate R(Y) = rl(gl) = diag(0,1,-1,1,1,0,—1,—1,1,0) — the B classical R-

matrix— employed to define the antisymmetric 2-tensor @/ which carries the information of
non-commutativity of the coordinates. Note that rél) is exactly the ©'/, which appears in

(2—22)).

3.4 W-DEFORMATION AND THE TWIST

In this work we considered a deformation which corresponds to parameter choice (g,h) =
(14 w,w) where w € R. We call it a w-deformationf’| Since the q and h are not independent in
the w-deformation it follows that the w-deformed theory is a proper subset of Leigh-Strassler
theories. This means it possesses Z3 x Z3 symmetry which all Leigh-Strassler theories possess.
We will extensively employ the Z3 symmetry which rotates the fields as ® — ®'*1. It should
be noted that the w-deformed superpotential, can be obtained from the f-deformed one
by a field redefinition ® — (T*);@j where T is the SU(3) matrix

) 1 1 1
1 27 27
T=——_|1 ¢35 e3|. (3—25)
V3 1 i3 ¥

Although the w-deformed theory is the same as the S-deformed it obscures the familiar sym-
metries of the B-deformed theory, making it a good candidate on which to test Hopf algebraic

7 and hope this name choice has not been used before.
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approach to deformations. So the gravity background dual the w-deformed theory can be
compared against the known Lunnin-Maldacena background [36] in order to build confidence
in this approach for future work. The w-deformed theory has an R-matrix equal to

1 0 0 0 0 -4 0 w 0
w
0 1 0 - 0 0 0 0 w
w

0 0 1 0 - 0 w 0 0

0 w 0 1 0 0 0 R

1 w+1
Ry——T% | o 0 w 0 1 0 —-o 0 0

1+ 1w+ w? wi
w 0 0 0 0 1 0 -2 0
0 0 -4 0 w 0 1 0 0
—L 0 0 0 0 w 0 1 0
0 - 0 w 0 0 0 0 1
(3—26)

and it can be viewed as a result of twisting Rg. We first dismantle R, in terms of the shift
matrix, its square and the identity matrix

001 010
U=|100|,Vv=U?=[0 0 1] and U® =13,3. (3—27)
010 100
Thus R, becomes
1+w w
=7 1ol V- —V ) -
" 1+w+w2[ @ltwleV - ®LI] (3-28)

From this angle, the twist corresponding to the w-deformation is

1+w 0 0 0 0 w 0 0 0
0 14w 0 w 0 0 0 0 0
0 0 14+w 0 w 0 0 0 0
0 0 0 14w O 0 0 0 w
E,=C]| 0 0 0 0 1+w 0 w 0 0 (3-29)
0 0 0 0 0 14w 0 w 0
0 0 w 0 0 0 1+w O 0
w 0 0 0 0 0 0 14w O
0 w 0 0 0 0 0 0 14w

The coefficient C serves as a normalization constant. Note that we have freedom to choose its
form. This is~evident from the definition of the Ry-matrix ( Ry, = Fy,, RoPujé = Fu,, Fzgé) that
the effect of C is cancelled out since the twist and its inverse are

Fy :C[(1+w)11®]1+w1/®u] (3-30)
1 (1 +w)? o _w _
E; _C(1+2w)(1+w+w2)[ﬂ®ﬂ (1+w)V®U+(1+w)2U®V] (3-31)

In order to choose the form of C we first note that F,, satisfies the YBE, as can be confirmed by
explicit calculation. From this we know therefore that F, is a 2-cocyle and thus the deformed
Ry-matrix is quasitriangular, as is the undeformed Ro-matrix. The co-unitality of F, is how-
ever not guaranteed, so we will choose the normalization constant C so as to guarantee it. The
shift matrices possess properties

(VeoU)P=U®V)and (VU =121 (3-32)
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which allow for F; to be written in terms of the exponential function

F, = expla(w)V @ U+ b(w)U ® V] (3-33)
where
and
b 1= b(w) = %m {%] - \% [tanl <1 J\r/gw> - ﬂ : (3-35)

Using hypergoniometric cosine and sine functions C(x) and S(x) we fix the normalization
constant to be [35] [34]:
G C (aw)‘
1+w
The result of substituting (3—34) into the hypergoniometric sine and cosine functions is

(3-36)

1+w

Claw) = : .
) = T 20) (14w + )] 6737
and -
S(ap) = . 38
() G201t w i)} (3-38)
This means we can safely expand to obtain
Fy = C(ay) [1®1] 4 S(a,) [V @ U] (3-39)
5(aw
~cla) 11+ £ voul (5-40)
— C(ay) [11 ®1+ le Ve u} (3-41)

because the properties mean that the higher-order terms in U ® V will recollect and
cancel out. Thus and are equivalent. The exponential form, however, best high-
lights the counital property. F, is therefore a proper twist and the twisted R-matrix Ry, is a
quasitriangular structure of the twisted algebra.

The classical R-matrix, r;, associated with the w-deformed theory is given

o 0 0 0 0 -1 0 1 0

o 0 0 -1 0 0 0 0 1

o 0 0 0 -1 0 1 0 0

o 1 0 0 0 0 0 0 -1

to=|0 0 1 0 0 0 -1 0 0 (3-42)

1 0 0 0 0O 0 0 -1 0

o 0 -1 0 1 0 0 0 0

-10 0 0 O 1 0 0 0

o -1 0 1 0 0 0 0 0

and from it we obtain holomorphic part of the non-commutativity 2-tensor ®,, via the defini-
tion

N N 0 25 — 2122 2123 — 25

L] _ L]kl 2 2

Oy = (rw), )22 = | 2120 — 25 0 27 — 2223 (3—43)
z% — 2123 2923 — z% 0
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3.5 THE STAR PRODUCT

Using the map of antiholomorphic coordinates to co-vectors, ¥ = u;, in conjunction with the
mixed plane relations in (2—23) we find that the full non-commutativity matrix is

0 (B2 —2122 AP (22 2R-BP 2P 7P 2220
2122 — (3)2 0 (22283 2B P PP 7B

®£u] =w (2232_)32 B 221_223 2212_337 (_221 )32 2-3 0 1=2 22— 2r il_zj B Z_lzz 2_121 B Z_ZZ_Z (3_44)
823 — 7272 2B - 2B 2B 7lz 0 7122 — (2?2 (2)?-z2'28
2328 Pf _58 2B (PR_R 0 273 _ (71)2
2B 72 AR 7B 22 7 AP (22 (22— 25 0

The radial independence of this non-commutativity matrix @, is manifest in the spherical
coordinate systenﬁ and this ascertains conformal invariance of the theory [32]. This matrix
will play a central role in encoding the deformation of the spacetime coordinates on the gravity
side.

3.5 THE STAR PRODUCT

Next we discuss the twist in module/representation of the HA. In accordance with section
(3.2.0.2) a compatibly twisted module product is pr(x' ® x/) and this clearly means x' and x/
are no longer commutative. We transfer this non-commutativity of module the elements to a
star product so that x’ and x/ once again commute. The star product is defined as

el = g, (x' @ o) = (F, ) 2! (3-45)

with the last equality reminiscent of the quantum plane relations discussed in (2.3). In fact
this star product obeys the RTT relations because

X = B ol = ()] L) ] 5 = R 5™ (5-46)
The use of F, rather than its inverse F,! may seem unorthodox but an attractive feature
sought after in a star product —especially with solution-generating techniques in mind—is
one that administers the deformation simply by promoting the products between fields of the
undeformed theory in order to obtain the deformed fields (up to a factor). The availability of
this luxury rests in that F, satisfies the YBE, thus the star product it defines is associative. It
turns out that promoting the product in the superpotential of N' = 4 SYM to a star product
defined via F,, gives the correct w-deformed superpotential, hence the choice.

The module of interest is parameterized by the coordinates z' thus it suffices to consider the
star product at the level of coordinates rather than that of [general] functions. For the g and w
deformations associativity of star product is ingrained since their respective twists satisfy the
YBE hence

(z' x 21) % 25 = FioFi3Fosz'2l 2K = FsFisFioz'alzk = 2« (2 % 25) (3—47)

And in the matrix representation (where the map p is matrix multiplication) the star product
corresponding to the w-deformation manifests as

Zx7d = u(Fprz ®@2) = C[(w+1) (]l zi®ﬂzj> —l—w(V zi®llzj” (3—+48)

8 The form of this said matrix is bulky hence it does not appear here.
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3.5 THE STAR PRODUCT

where C = [2w + 1) (w? + w + 1)]% is the normalization constant. In the basis where

1 0 0
Z'=0],22=[1] and2’= (0 (3-49)
0 0 1
the star product on the coordinates is
2tz =C {(1 + 2w) zlzz] (3-50)
2zl =C [(1 +w) 22z +w 2323] (3-51)
Pz =C [(1 +w) 2228 +w zzzl] : (3-52)
We conclude then that
[2!,2%], = 2t % 2% — 22 %zl = 2w 22 v 2 — 11201 5, (3-53)
7 * 1 _|_w

Having an associative star product defined via the twist F,, and the 2-tensor ol to capturing
commutation relations of coordinates we are ready to consider the w-deformation on the
gravity side.
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PartII

THE GRAVITY SIDE
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GENERALIZED GEOMETRY

Thematic of the AdS-CFT correspondence conjecture, the first part of this paper was devoted
to field theory [CFT], this point marks the second part, the gravity [AdS]. In treating the sym-
metries of the respective field theories Hopf Algebras were the language of choice; in under-
standing the corresponding gravity side: Generalized Complex Geometry [GCG]. This framework
is appealing in that it places spacetime metric and B-field on equal footing. This matches string
theory view that the metric and B-field are different excitation modes of the same string.

4.1 AN OVERVIEW

In order to properly place GCG it is meaningful to briefly consider the two [manifold] defini-
tions: symplectic and complex manifolds.

A symplectic manifold is a smooth manifold M of even dimension containing a non-degenerate
2-form w which is both smooth and closed. w is a linear map w : T(M) — T*(M), called
a symplectic form ['| and it satisfies w* = —w. Here T and T* are the tangent and co-tangent
bundles respectively.

Similarly if an even-dimensional smooth manifold N is equipped with J : T(N) — T(N) such
that J> = —1 then the pair (N, J) is an almost complex manifold and ] is called an almost complex
structure. If | is compatible across coordinate systems then we drop the “almost” and the pair
is said to be a complex manifold [42]. This is where GCG enters the picture as it first replaces
tangent and cotangent bundles with a sum of the two

T(M), T*(M) — T(M) & T*(M) (4-1)
whose sections are
X+¢& eToT ' withXeTand & € T . (4—2)

Secondly it generalizes the two above-mentioned structures by replacing them with a Gener-
alized Complex Structure [GCS] in which symplectic and complex structures are contained as
special cases [17] [22] [23]. Thus a GCS on an n-dimensional manifold M is an endomorphism
J : T(M)® T*(M) — T(M) & T*(M) such that 72 = —1p, and J* = —J. A GCS can be
constructed from a complex structure | in the following way

Jy = <_0] ]0> (4-3)

1 or structure.
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4.2 PURE SPINORS

and also by means of a symplectic structure w

0 —w!

Jw = (w 0 > (4_4)

The GCS J is also required to satisfy the hermiticity condition J'GJ = G where

01
g= (1 0> (4-5)
is a natural metric on T @ T*. In flat C3 with coordinates z’,Z/ and i, j =1,2,3, the holomorphic
volume form () and the Kéhler form | will be needed to define a metric g;; = —iJ;;. These
forms are given by
Q=dz' Ndz> NdZz® and | = %Zdzf AdZ (4-6)
i

and since Cj is a six-dimensional manifold we know that it is spanned by a basis of polyforms

with maximum degree of 6. So then there is a unique form of dimension six, the volume form.

Thus the six dimensional forms | A J A J and Q) A () have to be individually proportional to
the volume form, hence to one another explicitly in the fashion:

3i -
JAJA]=ZONQ. (47)

This manifold can be described from the generalized geometric view where the tangent bundle
T is replaced with a 12 dimensional generalized tangent bundle T @© T*, the space on which
we will define the corresponding GCS. We first note that the natural metric G which defines
the hermiticity condition for the GCS reduces natural SO(6,6) structure on T & T* to O(6,6)
thus spinors will transform under Cliff(6,6). The Clifford map

C=L gl nendsd o ¢ =P acl ol (+8)
allows a one to one relation between spinors to forms so that the chirality of spinors is manifest
as the degree [even or odd] of the forms. Thus to an element of T ® T* a gamma matrix I’

will be assigned
I1=tyand T =dzl withl1=1,2,...,6 (4—9)

under the set ordering {i,dz'} = {11,171, 12,...,dz%,dz°}.

4.2 PURE SPINORS

The missing ingredients to make a full transition to GCG are pure spinors. These are the special
forms used to define the conditions for a supersymmetric in GCG. More formally

Definition 4.2.1. A pure spinor @ is a (poly-)differential form whose annihilator, Le ,in
T @ T* ® C has complex dimension 6 and whose inner product is nowhere vanishing on
the manifold, that is (®, ®) # 0

The annihilator of spinor A in T ® T* ® C is the set defined as [16]
La={(X+5) eToT|(X+) - A=0}, (4-10)
here the action of a polyform (X + &) on a spinor & is understood as

(X+8) @ = X"15,® + Emdx" A . (4-11)
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4.2 PURE SPINORS

On the other hand the inner product on polyforms, (, ), in component form is given by
(A,B) =Y (-1)E1A, A Bg_y (4-12)

where A, and Bs_, are components of the forms A and B corresponding to the degree? The
existence of two closed pure spinors that also are compatible guarantees an N' = 2 super-
symmetric background. A pair of pure spinors ®.is compatible if it satisfies the following

[14]:
o (P_ XP,)=(P_,XP,)=0V X € TdT"— Mukai pairing
o (O, XP,)=(D_,XP_) — Equal norms

o If they satisfy the first two requirements then they define a metric; this metric is required
to be positive definite.

For flat 6d space the spinors are
0 = QO =dz! NdZ? N dDP, (4-13)
) =e =1+ % Zj;dzi Adz' + i ;dzi Adz' A dZ T A dz
+ %dz1 Adzt Adz? A dZE A dZP A dZ3 (4-14)
and the elements of their annihilator are respectively given by
Ly =dz'A, P =4 (4-15)
L =dz' A +2i7, Lf =dz' A+2y (4-16)

The pure spinors ®° and Y. are compatible and closed and thus define an V' = 2 background,
hence flat space is a solution to SUGRA.

We now can consider the bosonic fields. By combining sections of T & T* we can construct
two-indexed anti-symmetric gamma matrices

1 1
Iy = E(lll] — i) = Ay, Iijte = E(lIdZ] —d7luy) (4-17)
1 1
Tiy6 746 = E(dzldz] —dZldz") = dz' Ndd Tiye) = E(dzll] — 1dz") (4—18)

which are useful in obtaining the GCS through the Mukai pairing
Jemn = (P, TunD). (4-19)
These GCS define a 12-dimensional generalized metric via
Gun = —Trm TN (4—20)

We know that contained in the generalized metric are the 6-dimensional [complex] spacetime
metric ¢ and B-field B [16] since

-1 -1
M _ -8 B 8 _
v = <g—Bngl Bgl) =0

2 [] selects the integer part.
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4.3 THE TWIST 47

From ¢ we obtain the dilaton ¢?? = \/|det(g)][; this is the complete NS-NS sector. The general-
ized metric defined from the flat pure spinors is

010000
100000

(0 gt o000 100

g_<g 0>Wlthg_ 001000 (4-22)
000001
000010

This is flat space in complex coordinates, with no B-field and no dilaton.

4.3 THE TWIST

On the field theory side we used a 2-tensor non-commutativity parameter © as a container
for the deformation via a twist and defined a star product which transmits the deformation to
fields of the undeformed theory by simply replacing regular product. Here we propose that
© will play a similar role as on field theory side and also the star product will manifest on the
wedge product as a deformed wedge product A,P| Its action on polyforms is

dzl A, dZ) = <1 — %@KLLK A lL> dz! NdZ) = dz! A dZ —ieY (4—23)

That this star wedge product does not anticommute is evident but the non-anticommutativity
is governed by ®!/. This approach allows a transparent transition of the twist from the field
theory side on to the geometry on the gravity side. The deformations at hand are of the
bivector type hence they act to deform in the fashion ®; = PN @Y. The star wedge
product on mixed forms is understood to mean

dz! A, dz!l = dz! A dZl + el (4-24)
4.3.1 PB-deformed pure spinors

We now promote the anticommuting wedge product in the flat space pure spinors to the star
wedge product in order to deform them. The simplified result is

o =0 + B d(z'2%2%) (4-25)
oF = @Y — g (2'2% dz' NdZ? + 227 dZ' NdZ + 2127 d2 NdZ? + 212 d2 A2+ cyclic]
(4-26)

and by following the GCG prescription of extracting the metric, B-field and dilaton from the
generalized metric one obtains an N' = 2 background. It is from this background that we
recover the N/ = 1 real-f Lunin-Maldacena background [36] by introducing a stack of D3-
branes. Hence such an N' = 2 background is said to be a precursor of the Lunin-Maldacena
background. A very simplistic viewpoint, the fact that the deformed spinors define an N/ = 2
background means that the deformation (star wedge product) commutes with the exterior
derivative.

3 or ”star wedge product”.
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4.3 THE TWIST
4.3.2  w-deformed pure spinors

We again begin with the flat space pure spinors and promote the wedge product to the non-
anticommuting star wedge product to obtain

PV =P —iw((z%2° — (z')?)dzt A +(2P2! — (22)H)d2? + (z'2% — (2°)?)dZ’)] (4—27)
Y = @Y + izw [(2°2° — 222%)dz! N dzZ! + ((22)% — 2'2%)dz! N dZ?

+ (2'2 — 222%)dz! NdZ? + (2227 — 2'2%)dz! N2 + (2122 — (2°)?)dz! A dZ* + cyclic]

+ %w [(z'2" — 222%)dz! A dzZ! N dZ2? N dZ? — (2220 — (2Y)?)dz! A dz' N dZ? A dZP

+ (2128 — 2'22)dz! N dzt A dZP N dZ — (212 — 2122 dzt AdEt A dZ? A dZP

+ (222° — (2")?)dz' Adz' AdZ? A dZ + cyclic] (4—28)

These forms are still pure spinors because their inner product is no-zero and their annihilator
sets L+ are of dimension 6. The elements of these sets are

Ly = dz' —iw[(z'22 — (2°)*)n — (z'2% — (2%)?)13) (4—29)
=4 (4-30)
Lzri) =dzt + {( — 2+ iw(2°2° — 222%) )iy + iw (2?2 — 2'2%)13 (4-31)
—iw (232 — 2'2%) 1 — iw(2'28 — (2%)?)13 + iw(z'2? — (23)2)12} (4—32)

Lzrl) =dzt + { (2 —iw(°2® — 222%)) 13 — iw(2°2* — 2%2 )13 (4-33)
+iw (222 — 222Y) 15 + iw(2'2® — (22)?)13 — iw(z'2* — (23)2)12} (4-34)

together with their cyclic permutations. They have a vanishing exterior derivative and both
their Mukai norms are equal to 1. So they guarantee an N/ = 2 background. Since the star
wedge product A, was defined from the w-deformed field theory, we propose that this N = 2
background is the NS-NS precursor of the dual w-deform theory.
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W-DEFORMED BACKGROUND

5.1 W-DEFORMED GCS

From the two w-deformed pure spinors we define the two GCS which produce the 12-dimensional
generalized metric. The GCS corresponding to ®% is defined as

(ul) (ur)
VAN <IO _]](ul)> (5-1)
and the one corresponding to @ as

jK <]S_ul) ]S_ur) > ( )
p— —2
+L ]S_ur) (]S_ul)>T 5

The ] blocks are presented explicitly in Appendix where we have used (ul) = upper-left
and (ur) = upper-right to denote the respective blocks. The generalized metric is defined in
and from it we can extract the spacetime metric g, and B-field B, of the NS-NS sector
precursor solution. The 10-dimensional metric is obtained by concatenating the 4-dimensional
Minkowski metric to g, a metric of w-deformed Cs. The 6-dimensional part of the 10d-
spacetime metric, in string frame and complex coordinates, takes the form

s> =G {gii dzdz + Qi dzidz + Siit1 dzldz 1 + S dzidz 1 4 C.C.:| (5-3)
where the G factor is given by
G =1+4w? [z%i% + 2525 + 2325 + 21212020 + 20202373 + 21212323 — 212273
— 22377 — 232173 — 232273 — 252371 — zgzlzz} (5-4)

The components of the metric are stowed away in Appendix [B.2]] as are those of the B-field,
which B-field has the form

B= 5 [Bii dz' Ndz' + Bj 41 dz' NdZT 4+ By dZP ANdZT + C.C] (5-5)

and the dilaton is obtained ¢ = /det(g) = The full 10d-metric in real coordinates in the
Einstein frame is

ds? = 1

3
[ AP+ Z dxiz +G [gf]-rdridf’j + g;fpdrid(])j + g;’;‘Pd(PidCPj]] (5-6)
i=1

S

1 where G is given in .
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The metric and B-field components as expressed in terms of real coordinates are contained in
Appendix [B.2].

In probing the R-R sector we follow [39] [1] to take the near-horizon limit so that the back-
ground AdSsxS), arises where only the AdSs part of the geometry has radial dependence.
That is to say the deformed S, is a sphere of constant radius. We thus denote the radius
of AdSs by R. This means we truly are dealing with a 5-sphere. We use the coordinates
(a, 0,1, ¢z, p3) to parametrize the 5-sphere and thus obtain that the factor G is given by

G '=1+w*R* {1 — 52¢2 — 58505 — 20,55 cps5Co — 252¢259cCy — 2casgc559C3] (5—7)

and the metric can be written as
gyv = Gg‘uv (5_8)

where the components §,, are recorded in Appendix [B.3] together with all the R-R fields
which were computationally affordable to the resources available. Of course from the stand

point of GCG this is sufficient but as a confirmation the metric was tested and found to satisfy
the IIB SUGRA e.o.m in Appendix[A.3].

5.2 CONCLUSION AND FUTURE WORK

We have studied the role of the Hopf twist on the field theory side and its manifestation on
the gravity side in the Generalized Geometry framework and have found that this approach
it fruitful at least when the twist satisfies the YBE. No energy was expended in studying
the geometry which was produced from the w-deformation. The particular twist used herein
possesses features that by-pass the would-be pitfalls. The fact that F,, satisfies the quasitriangu-
larity axioms implied the YBE (at the level of the twist), which in turn guaranteed associativity
of the star product defined. One can consider twists that give rise to R-matrix which are qua-
sitriangular structures with the twists not being quasitriangular structures themselves. These
cases require that we either know the action of the co-product, A, at the group level or that
we express the twist in terms of the generators of the algebra. The latter approach has issues
with uniqueness. Is there a unique way to express the twist in terms of the generators of the
algebra? If not, how are they many ways related to one another? These questions are at the
forefront of future work.

We also narrowed our scope to real deformation parameter w. These cases were used as a
“controlled environment” on which to test the Hopf Twist-Generalized Geometry approach
since they are well-understood. Ultimately we would like to study the full (g, h)-deformed
theory and thus the full twist [45]. This would mean considering mathematical structures that
generalize Hopf algebras and quasi-Hopf algebras are suspected to make an appearance in
course of this endeavour. A useful starting point to test this approach is to study twists whose
deformation parameter is allowed to take on complex values.
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APPENDIX A

A. 1 GRASSMANN COORDINATES AND INTEGRATION

Grassmann coordinates are fermionic in nature and thus anticommute. The highest power of
a coordinate and its conjugate to not vanish is

0> = %0, and 0% = ;9" (A-1)

The combination (6 6?) is legal and useful for notational brevity. It is to be understood by
means of (A-1). The rule for Grassmann integration in the case where « takes only one value,
a single coordinate 6!, is

/ d6' 0" = 1 and / 461 =0 (A=2)

Grassmann integration on the fermionic superspace coordinate has a similar effect that differ-
entiation has on regular spacetime coordinates. If « = 1,2 then there are two coordinates, o1
and 62, and we define the measure of superspace to be

1
de* = —f,x,;de“deﬁ (A-3)
here €, is
0 —1
Cap = €up = (1 0 > (A—4)
Then d0'd6? = —dH?d6! from which we deduce that
/ 46267 = 1 (A=5)

The conclusions arrived at above are true also for the conjugate coordinate(s) and this allows
us to be concise in our notation since we have the luxury of defining

/ 440 = / 220 / P25 (A=6)
A.2 PROOFS

Noether’s theorem:
Theorem. Every continuous symmetry of the Lagrangian, L, gives rise to a conserved current jt(x),
that is

ayj”(x) =0 (A7)
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A.2 PROOFS

Proof. Let £L(¢') be a Lagrangian which depends on a set of fields {¢'} and also let 5¢' be a
combined transformation of the fields such that £ is invariant. By varying the Lagrangian, we
obtain:

oL oL :
0L = =—=6¢" + =—=—=6(0,¢’ (A-8)
a(Pl (P (a (Pz) ( V(P )
Using the Leibniz product rule of derivatives:
oL ) ( oL > oL i
9 ) — + === 0u(0 (A—9)
(5m7™) = (367) 5 * sy 00) °
and invoking the action principle we reduce (A-8) to
oL oL ; oL
oL = [ —d <>} d¢' 40, [ ) ] (A-10)
o\ ) |7 T 50

From Lagrangian mechanics, the first term of (A-10) is the Euler-Lagrange equation and is
itself zero. Thus we have that second term is also zero. Thus

oL
Iy { 1) ] (A-11)
09
This is exactly (A—7)
oL ;
d,j" = 0 with j# = — ¢! (A-12)
) ] a(a‘uqbl) ¢

Hence the invariance of £ with respect to 6¢', the combined transformation of the fields ¢’
has led to a conserved current j#. To this conserved current we associate a conserved charge
by noting that

9"
Q' = S+ V-] =0 (A-13)
and then we can define the conserved charge Q by
Q= 8] / dxv-j=0
O

Preservation of Quasitriangularity in Twisting:
Theorem. If the pair (H, R) is a quasitriangular Hopf Algebra and x is a twist - 2-cocyclic and counital
- then (Hy, Ry) , the twisted HA, is also quasitriangular having a co-product Ay (a) = xA(a)x ™t And

Ry = xRx™!
Proof.
(AX ® id)RX = RX13RX23
= x(A@id)x~
=x(A®id)x~ XRX
= x(A®id)Ryx
= X(R13Rs)x~

= (xRisx 1) (xRasx ™)
= Ry Ry,
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A.3 1IB SUGRA EQUATIONS

A.3 IIB SUGRA EQUATIONS

The NS-NS sector field equations:

1 1 _ 1 _
RmN = EaMCDaNCD + 1€ ®PHursHy® — g~ ®HrsTH®®T

48
H = dB
1VMaMcp = —LHMNRHMNR
2 24/G
and
DP(e™ 2 Hynp) = %(Dpcb)e—%HMNp

The R-R sector field equations [In string frame]:

e The 5-form field strength:

F(S) = WAdSs —+ wsa with (,(]Sg) = GSgCaSGCG

o Three-form field e.o.m:

R _
Fynp = — 71 Dumy/ge *Penpors HR®
and
R ORS
Hynp = o Dwyv/genrorsH

e The Einstein equations:

1 1 1

96

I

+

e The dilaton equation:

1

DMaMe—ZCD _ _E(FMNPFMNP _ e—2<I>HMNPHMNP)

© University of Pretoria

1
( Hupo HZI\’IQ + 2@ Fumpo FZI\)IQ) -5 SMN ( Hynp HMNP 4 2@ Fyinp FMNP)

(A-14)

(A-15)

(A-16)

(A-17)

(A-18)

(A-19)

(A—20)

(A—21)
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APPENDIX B

B.1 GENERALIZED COMPLEX STRUCTURES

Here are the block matrices that constitute the GCS for the w-deformed pure spinors ®¥

-1 0 0 0 0 O
0O 1 0 0 0 O
@ .10 0 -10 0 0 i
2=t 0 000 1 0 o0 (B-1)
0 0 0 0 -1 0
0O 0 0 0 0 1
0 0 ((23)* —2122) 0 (z123 — (22)°) 0
0 0 0 ((23)* = 2122) 0 (2123 — (22)%)
70— g ~((23)* —z122) 0 0 0 —(2223 — (21)?)
- 0 —((z3)? —2122) 0 0 0 —(2223 — (21)?)
—(z123 — (22)?) 0 (2223 — (2)?) 0 0 0
0 —(2123 — (22)°) 0 (2223 — (21)%) 0 0
(B—2)
(2323 — 2222) 0 —(nz3—21z3) ()2 —2122) (azz—21z2) (2123 — (22)?)
0 (2323 - 2222) ((23)2 - 2122) (2123 - 2223) (212 - (22)2) (2223 - 2122)
juh _ @ (123 — 2z3)  —((z3)* —z1z2)  —(z3% — 2171) 0 —(nizs —n2) —(nz - (1))
* 2 | (m)?—2n) (2223 — Z123) 0 (23233 —n1z1) (2 — (21)?)
223 — 2122 —(z1z3 — (22)?) —(2123—2122)  (mz3 — (21)?) (222 —21%1) 0
—(11z3— (2)?)  (azm—21z)  (2m-(21)Y)  —(am-22) 0 (2222 — 2121)
(B-3)
01 00O0TO0
1 00000
.0 0O 01 0O
=i 001000 (B-4)
0 00O0O0T1
0 00O0T1O
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B.2 NS-NS FIELDS OF W-DEFORMED PRECURSOR SOLUTION

The 6d metric components in complex coordinates have the form

gim =w _(Z% - Zi+1Zi,1)(ZZZ+1 - Z‘i+22i)]

-3 -3 . -2 22
Sii = w°|zi(27, 1 + 27 1) + Zi(zit1Z7 1 +2i-1Z51)

—Ziy1Zi—1(2i21Zic1 + Zig1Zip1) — 221‘21‘214121‘71]

(5,252 2 =2 2 =2 - -
Qii =W |227Z7 + 27 _1Zi_1 + 2i41Zi1 + 22i11Zi41Zi-12i1
+ziZi(zi-1Zi-1 + Zit2Zit2)
25 = = (.2 s 2
— (2 272223 + 2i(2i 1 Zio1 + 21 Ziv1) + C-C-H

gi=2+w’

—

2.2, .2 =2 2 22 _ _
22727 + 274121 + 2i1Zisq T 22i11Zi41Zi-1Zi-1
+2iZi(zi—1Zi—1 + zi41Zis1)

2. - 2 - - 2 - -
— [2272i41Zi21 + 27 1ZiZi21 + 27 1ZiZig1 + C.C.]]

87 =&ij and g3 = g7

while the B-field components assume the form

iw _ =
B = —Bj; = TG(zi_lzi_1 — Zit1Zis1)

1w o _
Biiy1 = —Biy1i = TG<Zizz’+1 —(zi-1)?%)
1w _ ~
Bizy = =By = TG<Zizi71 —zi-1Zi11)

Upon converting to real coordinates using
zl = rjei"’f, 2l = r]-e_i‘Pf (B-5)
the 6d-metric components then become:

e rr-components

w2
=1+ > {(21"11 + 13+ 13+ 135+ r3rd +13r3 — Carryri — Crarirs
+ Cy(rar3 + 133 — 2r3rar3) — 3Caryrars — 3C3r1r2r§} (B-6)
2

w
3 3 2.2 4 3 2
ghh = 5 [rlrz + rory + C1arirs + Cary — Co(ryrs + rirars)

— C1(7%73+717573>} (B-7)
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e r¢ components [note that ¢¢" = ¢"?]

2
w
g = -5 S1(rar3 + r3rs + 2rirars) + Sarirars
+ S31’17’21’§ + 53,11’17% — 51,27’11’%} (B—8)
r w? T 3 2 4 3 2 2.2
812 = 52 S1(rirs — rirjra) — Sar3 — Sa(ryr3 + rirars) — 51,2&*2} (B-9)
2
w
gt = —5 73 S1(rira — rirar3) — Sary — S3(rar3 + rirars) + 53,#%7%} (B-10)

e (p¢p-components:

2
w
8% =+ 77% 21 + 75 + 15 4 1115 + 1113 + 21313 — Ci(rar3 + 13713 — 6137273)

— Cz?’ﬂ’%?’g, — C3r1r2r§ + Cllzrlr% + Cg/lrlrg’} (B-11)

w [ 2 3_.3 4 2 2
g‘fg’ = ?rlrz 2111915 — 1115 — 1iry — Cars + Co(ryrars — 1313)

+ Ci(rirrs — rirs) + C1,27%7%} (B-12)

The symmetry of the metric in its indices and Z3-cyclicity allows us to obtain the remaining
unrecorded components. For brevity the following short hand notation has been used

Ci = cos(2¢; — $pit1— ¢i—1) Ci;j = cos(3¢; — 3¢;) (B-13)
Si = sin (Zc‘bl — (Pi+1 — (Pifl) Si’]' = sin (3¢1 — 34)]) (B—14)

The B-field components:

By, = —%73 (1151 + 1257 + 1353] (B-15)
Brig = %rl 3 =73 (B-16)
By ¢, = %”2[—7’172 + C3V§’ — Corar3 + Cyryr3] (B-17)
By s = %73 [r1r3 + Carars — Car3 — Ciri72) (B-18)
By, = %717273 [r3S3 — 1252 — 1154] (B-19)
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B.3 R-R SECTOR OF W-DEFORMED 5-SPHERE

Below is a record of the independent metric components, the rest can be obtain using the

symmetry in indices of the metric and B-field.

The S, real metric components

Suan

o

Sagy

gy

Sags

800

8¢

86¢,

86¢3

216
w-R
———— | (4¢3 — 3c4)50c550C3 — SCasu55Co1 + (4ch — 3c2 4 1)ceseCy

2
+ (4(:3‘é - 3ca)sas§c9C2 (c,xs,xce)Cgl + 2c 52 c959 +1| +R®
wR®| 5 55 4 2\2 4 2.2.2 222
7 | sac 2250C31 — [(25% — 523 — s2]59Cy — s2cas3c9Co1 — 52c25509C3
+ (20483¢3 4 ¢354 ) C1 + secocasa (205 — 1)]
w?RS | 2.2.2 2 2.2.2
—— $2c2c3S31 + 2c25253501 + 25203393 + (2 + 1)caSuCospst + c2s255¢
w?RS | 223 4 2.2 4. 4
5 [Sacass — (stcosa +52c2cps3)So + (2 — 5253)CaSu59CoS1 — SaseCh
2p6 [
w R
> s2c2¢3S31 — (Sach + 52C2C3)S3 + CaCpsasyS1 + Sasgcesa
szé_zz 2_ g2 2.2 2\ 2
> (252 + 53 — 52)cas286Cs — c25559C5Co1 — CO52ce55Ca1 + (1 — 25255¢5)s2
+ (cas3c) — casacgs3)Co + (st +c2 +1)s2ces6C1 — 85cgs9Caa | + s2R?
26
w R
- c3s 2CoS21 — c sec9531 + (c s secg C,XSSSS)S
4 (c3 — s3)casoceSs + (1 — 25§)c§s§51]
26
w R
6.2.2 5.3(c2 3.2
— lcgsecasaszl S955¢5S32 + [casasa(sg — 2) — caSys0cs] Sa
2.2
+ (1 — $253)c2525551 — cus, 0959]
w?R 5 4 6.2.2 2. 3.3 3.2 2 5.3
— CaSyCyS0S2 — S9CgS5S32 — C5SaCySySa1 + [CasyCosy — (Cj + 2)cas,Cp) S

+ (1 — c3c2s2)s2c 0551]
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(B—22)

(B-25)

(B—26)

(B—27)

(B—28)
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Ep1¢

Sp1¢3

Spagn

a3

a3

w2 R6

w2R®

w2 RO

w2 R6

w2 R®

w2 RO

s c 59C21
(c2 —s2s3
(2 —s2c3

s c959C32 +c3 SS’C21 —(1- SSisg)cas c@59C2

(cs

+ (25354 + S3C3s5 + 25285 + sacy + 2¢2

— 53)cusas5c0Ca + (
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(1+5¢2)cgsgsac2Cy — casocpsiCo + 3

3

3 32
9C31 — C“SaC959C3

+ (sﬁ + 2c2)cﬁ + ciR2 (B—29)

YeuSacesiCo 4 (5255 — c2)c2s2ce59Ct + Co5553Con

— Cas5,65Cs — (1+ 535 — 35) (B-30)

)C,XSQS c9C3+ (s C9 cz)czs cp86Cq +c s c C31

— casacesgCa + (25253

—s2c5 — %) (B-31)

CaS, C953C3 — c 0959C1
s2c5 4 c}) | +s2s5R? (B—32)

55 — c3)casa59c5Cs — s8c3s3Can — CisicgseCy

— (sas +sac5 — 2ca)sacsy | (B-33)

$8¢355Can — (1 + 5¢3s3)s3cheasg — caspsaciCr —

Casacas3Cac3s3c3Cay

4 (258¢§ — sisp +5253) | +52c3R* (B-34)

The real B-field components:

Bi=0

Bzx@
qu’l
Bug,

Ba¢3 —

B@a
394,1

B9¢2 -

B9¢3 -

Bpa
Bg,6

wR*G]|
wRAG|
wR*G|
wR*G]|
wRG[—
wR*G|
wR*G[—
wR*G|
wR*G|
wR*G]|

52528 + 5253C9 + CaSa51]

2casa59 CuSa)
2

(s2cacq 4 CuSa )55 + (—82¢3¢5 — caSaC1Ch)S0)

2

525759 — 52539 — CaSuS1)

2.2 2
s czc959 + (CaSaC1Cg — S5€3C5)Se — CaSaCh]

(2c252cg — Cusoc)Sp — CaSocacy + C252¢1]

Casacasy + (cusacacy + (s2

— sp)c1)sg + (s3 — 253 )cosel

(casdcach + (s2 — 2s2)cg)sp — casocacy + (52 — sa)c1cd]

CuSu — 2casa59]

(cas3cy — 2¢252c)sg + Casocacy — C
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4 3,2 _ 22 3 2
WR*G[(CaSyS3Ch — C55551C0)So — CaSyS2CSy]

= wR*G[(ca8353¢5 4 c25251c0)Sg — CaS352C053]

= wR4G[(—s§c2c€ - casa)sé + (S§C3C§ + ca84c1C
= wR*G[cys3ca83 + (—casdcacy — c2s2c1)s5 + (si
= wR*Gcy8352c055 + (C25251Co — Ca5253C5)S0)

R (22 3.2 3 2
wWR*G[(c55551C9 — CaSyS3Cy)Se — CaSyS2CaSy]

= wR*G[((s§ — c252)cg — caSaCaC3 )59 + CasSCaCy

4 2 2 22
= WR*Gcy83520055 + (—CaS253€5 — C25251C4)S6)]

3 2

= wR*G[cys2520055 + (cas283¢5 — 25251Cq)S0)

The End

© University of Pretoria

0)56]

2.2
a — CaSu

= wR*G[—s2cpc983 + (52C3C5 — CaSuC1C9)Sg + CaSuCl]

—c2s2cic3

)cese]

]
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