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Abstract

Rabies is a fatal disease in dogs as well as in humans. A possible model to represent
rabies transmission dynamics in human and dog populations is presented. The next
generation matrix operator is used to determine the threshold parameter Rg, that is the
average number of new infective individuals produced by one infective individual intro-
duced into a completely susceptible population. If Ry < 1, the disease-free equilibrium
is globally asymptotically stable, while it is unstable and there exists a locally asymptot-
ically stable endemic equilibrium when Rg > 1. A nonstandard finite difference scheme
that replicates the dynamics of the continuous model is proposed. Numerical tests to

support the theoretical analysis are provided.
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1 Introduction

Rabies, also known as hydrophobia of human, is an acute disease that progresses to coma
or death after the first symptom appearers by attacking the central nervous system of the
victim. It is a viral disease that mainly affects carnivores and bats, although it can affect
any mammals. Rabies transmits from animals to animals or animals to humans through bites
or scratches [10]. The most common wild animals to transmit rabies are raccoons, skunks,
bats, foxes and coyotes while domestic animals such as cats, cattle and dogs can also transmit
rabies [9].

A major observation during infection is a change in personality of the rabid animal such as
approach humans without fear or hesitation. Many rabid animals are incapable of swallowing
their saliva. The incubation period, the time between exposure to the rabies virus and the

development of sign varies from one week to one year.

The primary route of humans infection with the rabies is through a bite from a rabid dog.
Rabies transmission is also possible when a claw scratch or mucosal surface (e.g. mouse, nose,
eye) is contaminated with the saliva from a rabid dog. Rabies is responsible for the death of
50,000 to 60,000 people annually although effective vaccines for pre and post-exposed indi-
viduals are available. More than 99 percent of these death occur in the developing countries
where the disease is endemic in domestic dog population. There is no treatment after clinical

symptoms are observed [3, 10].

Domestic dogs in most African countries are the major source of rabies disease for humans.
Understanding the dynamics of rabies between humans and domestic dogs would therefore
important to design a more effective control strategy that could reduce human deaths. In the

controlling strategies of the disease, mathematical models play significant roles.

A model to study the spread of rabies among foxes is given in [17]. Here, we develop a
model to study the rabies transmission between human and dog populations. In each pop-
ulation of our study, we have susceptible (S), exposed (E), and infectious (I) compartments.

In the human population, we have additional compartment denoted by (V) containing indi-



viduals removed by vaccination.

The proposed model, like most mathematical models in applied sciences, cannot be solved
by analytical techniques. Here, we design a nonstandard finite difference (NSFD) scheme to
approximate the solution of the continuous model. The scheme is constructed based on two
Mickens’ rules [15] and as singled out in [2]. To the best of our knowledge, this is the first
time to present the rabies model between human and dog populations with its dynamically

consistent numerical approximation.

This article is organized as follows. The model is formulated in Section 2. Equilibrium
points and their stability analysis are given in Section 3. In Section 4, a dynamically con-
sistent NSFD scheme is designed and its numerical simulations are illustrated in Section 5.
Concluding remarks on our findings and possible future research directions are indicated in

the last Section.

2 Model formulation

To formulate the model, we make the following assumptions:

1. there is no transmission of the disease from rabid humans to susceptible humans;
2. there is no contacts between rabid humans and susceptible dogs;

3. the contacts among susceptible and exposed humans, and among susceptible and ex-

posed dogs don’t give rise to infection;

4. there is no vaccination for susceptible dogs before and after exposed to the disease.

Based on these assumptions, the dynamics of the disease between humans and dogs is given

in Fig 1.
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Figure 1: Flow chart

Using system of differential equations, the flow chart given in Fig 1 reads as follows:

Sy = Ky — BraSnla — pnSh — 1S
E, = BraSula — (pn +yn + 12)Ey

I, = By — (on+ )1y

Vi = Sy +wnE,— Vs

S = paKa— BaaSils — 1aSa

Ey, = BaaSala — (pa + v4)Ea

Iy = vaBa— (aq+ pa)ls,



where all parameters are nonnegative and the description of these parameters are given in
Table 1. Moreover, Ny, = Sy, + Ey, + I, + V}, and Ny = Sy + E4 + I;. Furthermore N, and N,

satisfy the equations

Nj, = pnKn — pn Ny — oI, (2.8)

and
N = pugKq — ptaNg — agly, (2.9)
respectively. Nonnegative solutions Ny, for (2.8) and Ny for (2.9) satisfy the conservation laws
pnEn = (pn + an) N < Npy < pin (K — Np) (2.10)

and
palla — (pa + aa)Na < Ny < pa(Kq — Na), (2.11)

respectively [16]. By applying Gronwall inequality for differential equations [18], from above
and below of (2.10) and (2.11), we get for ¢t > 0,

pndn < pn Ky
Mh + Qp Mh + Qg

_ N,?) e~ (Hntan)t < Nh(t) < K, — (Kh _ N}?)efuht

and

pakq _( pafq

— N9 e~ wateat < N (1) < K, — (Ky — N9)e Hat,
pufe _ (afe ) < Nlt) < Ka— (Ka = N9)

respectively. Thus for 0 < NP < K, and 0 < N? < K, we get respectively,

0 S Nh(t) S Kh and 0 S Nd(t) S Kd.

Theorem 2.1 The epidemiological model (2.1) — (2.7) defines a dynamical system on the
biologically feasible region
Q = {(Sh, En, In, Vi, St B, 1) €RY 2 0 < Sy + Ep + I, + Vi, = N, < K,
0<Sq+ Eq+ 1= N4 < Ky}
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Description

Parameters

and variables

Description

Ky
E,
Vi
Bha
Th
ap
Sa
Iq
Bad

Qq

human carrying capacity
exposed human
vaccinated human pre-exposed and post-exposed
contact rate between S;, and I
rate of transfer from FE;, to Iy,
death rate of human due to rabies

susceptible dog
infectious dog

contact rate between Sy and I

death rate of dogs induced by rabies

Sh
In
Hh
41
Vo
Ky
Eq
Hd
Yd

susceptible human
Infectious human
birth or natural death human
rate of vaccination for S,
rate of vaccination for E},
dog carrying capacity
exposed dog
birth or natural death rate of dogs

rate of transfer from F; to Iy

Table 1: Description of variables and parameters.

Proof: The theorem can be proved by showing that € is positively invariant. Thus for any

initial data in €2, no trajectory will leave Q by crossing through one of its faces (see [5]).

3 Equilibrium points and their stability analysis

To determine the equilibrium points of (2.1) — (2.7), we set

pnBn — BraSnla — pnSph — 1.5y
BraSnla — (pn + v +v2) Ep
YnEn — (an + pn)In

1Sy + 1B, — upV,

pala — BaaSala — 1aSa
BaaSala — (pta +va) Ea

YaFq — (a + pa)la

Il
O ©o o o o o o




From (3.7), we obtain

I
E,;, = M_ (3.8)
Yd

Inserting Equation (3.8) into Equation (3.6), we get

(Ya + pa) (g + pa)lq

BaaSala — = 0. (3.9)
Vd
This gives Iy =0 or [4qSq — W -0
If I, =0, then
K K
EO = (Shth7[h7Vh7‘Sd7Ed7[d) = < Hhh , U, U, Tn s Kd, O, 0)
Up + 11 Un + 11

is the disease-free equilibrium obtained by using appropriate substitutions in the subsequent

equations.

To find the basic reproduction number which is very important in the qualitative analysis
of the model, we use the method of next generation matrix discussed in [6, 20]. For this, we

consider the vector function

BraSnla
0
BaaSala
0

)

which is the rate at which disease compartments increase in size, but the vector function

(Yn + pn +v2) B
—YnEn + (an + pn) Iy
(#ta +va)Ea
—YaEq + (aa + pa)la



is the rate at which the disease compartments decrease due to the disease. By using Diekmann

et al [6] and van Driessche et al [20], the next generation matrix is given by

K=Jr(Jy) ",
where
00 0 S
0 00 0
Jrp =
0 0 0 Puaky
000 0
is the Jacobian matrix of ' at Ey and
Y+ pn + Vo 0 0 0
—Vn ap, + [y 0 0
Jy =
0 0 Ya + Ha 0
0 0 —Ya  Qd+

is the Jacobian of V' at Ey. The basic reproduction number denoted by R, is defined as the
expected number of secondary cases produced in a completely susceptible population by a
typical infected individual during its entire period of infectious [4]. Numerically, it is defined
as the spectral radius of K. That is Ry = p(K) and explicitly,

K,
Ry = YabaiKa (3.10)

(Va + pa)(ca + pa)

Remark 3.1 In Equation (3.10), we can see that Ry is completely defined in terms of the
parameters of the dog population. In the eradication strategy of the disease, the action to

decrease the value of Ry is advised to considered with respect to these parameters.

If 7, >0, from (3.9)

K,
g, = atpa)(aat pa) or 5, = e

YaBad Ro




Then by back substitution,
Ew = (Sks Eny 15, Vi Sa, £, 1)

is the endemic equilibrium, where

tnBaaKn

;= ,
4 tabra (Ro — 1) + (i + 11) Bad
o HapenBrakn (Ro — 1)
h (o + o+ v2) [aBra(Ro — 1) + (tn + 1) Baa)’
o tapnYnBraln(Ro — 1)
h (an + pn) (g + v+ 12) [paBra(Ro — 1) + (pn + 1) Bad)’
K VattaPna(Ro — 1))
Ve = v + :
" paPra(Ro — 1) + (pn + v1)Baa < 1P [ e e o )
Kq pa(ca + pa)(Ro — 1) [d
Sh=—, B = , and I5="—(Ryg—1).
TR, d YaBad d ﬁdd( o= 1)

For Ry > 1, we obtain unique endemic equilibrium.

Theorem 3.2 The disease-free equilibrium point Ey is globally asymptotically stable for Ry <
1 and unstable for Ro > 1.

Proof: To show that Ej is globally asymptotically stable, we use the LaSalle Invariance
Principle [12].

Let E(t) = (Sp(t), En(t), In(t), Va(t), Sa(t), Ea(t), I4(t)) € RY for ¢ > 0, then we consider a
function defined by
UE) = 7vala+ (pa+va)la
U(E) = vaEj+ (a+7a)1;
= YaBaaSals — (pa + va)(a + pa)la

< (YaPaaka — (pta + va) (o + 1a))la
< (pa +7a)(aa + pa)(Ro — 1)1
< 0



for Ry < 1 and F # Ey. Hence, U is a positive definite Lyapunov function and Ej is locally
asymptotically stable for Ry < 1 while unstable for Ry > 1. By using the procedure mention
in [12, 19], it is not difficult to show that the set A = {Ep} is the maximum invariant set in
M ={E : U =0} for Ry < 1. This completes the proof. O

Remark 3.3 By using the Hartman-Grobman theorem [18], we can prove that Ey is hyper-
bolic, locally asymptotically stable for Rg < 1 and unstable for Ro > 1.

For I; > 0 and Ry > 1, the stability property of F., is given in the next theorem.

Theorem 3.4 For Ry > 1, the endemic equilibrium point E, is locally asymptotically stable.

Proof: To prove this theorem, we use Hartman-Grobman theorem [18]. The Jacobian matrix
of the right-side of (2.1) — (2.7) at F is

—(Bralj + pn + 1) 0 0 0 0 0 —BraS;;
Bnal; —(pn + Yh + 12) 0 0 0 0 BraS;
0 Yh —(an+pn) O 0 0 0
%1 2] 0 —Lh 0 0 0
0 0 0 0 —(Baal + pa) 0 —BaaS:
0 0 0 0 Baal} —(pa+74)  BaaSy
0 0 0 0 0 Vd — (g + pa)

Clearly, the trace of this matrix is negative. We need to show that all eigenvalues of J(FE,)
have negative real parts. For this, let r be an eigenvalue of J(E,) and the characteristic
equation is

det (rl — J(Ey)) =0,

10



which leads into the equation

[r 4+ (Braly + pn +v1)] (7 + (un + 0 +v2)) [r 4+ pp{lr + (Baaly + pa)l(r + (pa +va))[r + (@a + pa)]
— (r + pa)vaPaaSi} = 0. (3.11)

All real parts of r in Equation (3.11) are negative if and only if all r in

[r+ (Baaly + pa)l(r + (pa +va))[r + (qa + pa)] — (r + pa)vaBaaS; = 0 (3.12)

have negative real parts. By using values of I} and S with Ry in (3.10), Equation (3.12) can

be written as
r’ + agr® + air + ag = 0, (3.13)
where,

as = ag+ pta(Ro+2)+vq
a1 = paRolog + 24tq + va)
ap = pa(pta + va)(oa + pa)(Ro — 1).

Clearly as > 0, because the parameters in the expression are positive. It is also possible to
show that asa; > ag > 0 for Ry > 1. Then by Routh-Hurwitz condition [8], all real parts of
r in (3.13) are negative. Hence, the endemic equilibrium point, E., is locally asymptotically
stable for Ry > 1. [l

4 Nonstandard finite difference scheme

In this section, we want to design a nonstandard finite difference scheme for (2.1) — (2.7)
that preserves all properties we discussed in the continuous model. For this numerical ap-
proximation, we replace the continuous time t € [0,00) with ¢, = nAt, n = 0,1,2, ...,

where At is the time step-size. Thus, we are interested in finding approximate solutions

11



Sy, BRI, Vi, SY, BN 1T of Sk, En, In, Vi, Sa, Eg, 1g at time t = t,, respectively.
Having these in mind, we propose the following NSFD scheme:

n+1 n

SO = kK — BraSETY — (pn +11)S)H (4.1)
BL B a1 — G+ B (1.2
% T Han R o S Ve (4.4)
% = pala— BaaSy T} — paSyt (4.5)
% = BaaSiHIT — (pa +a) E5 (4.6)
ﬁ = BT (ag+ ) I, (4.7)

where the function ¢(At) is obtained from the exact solutions of the conservation laws (2.8)
and (2.9) to satisfies the condition

¢ = ¢p(At) = At + O((At)?). (4.8)

In the approximation, positive constants are left as positive constants. From Equations (2.10)
and (2.11), by using Grownwall inequality for difference equations, we choose
uAt (p+a)At _ 1
BAL) = ——— or §(Al) = —,
ft 1+
respectively, where p = max{p, pta} and o = max{ayp, aq} (see [15, 19]). These functions

satisfy Equation (4.8).

Remark 4.1 Note that in the constructed NSFD scheme, two Mickens rules [15] are rein-
forced as highlighted in [2]: the nonlinear terms are approximated in a nonlocal way and the

usual standard denominator At of the discrete derivative is replaced by the complex denomi-

nator function ¢(At).

12



By adding (4.1) — (4.4) and (4.5) — (4.7), we obtain

% = unKp — pn N — ap, I
and
% = ptalq — paNJT — oI},
respectively. From (4.9) and (4.10), the inequalities
pnEh — (pn + an) Nt < % < Ky — pn N
and
paka = (pa+ an) Ng™ < % < paKa — paNg™

(4.9)

(4.10)

(4.11)

(4.12)

are obtained, respectively. By using the Gronwall inequality for discrete dynamical systems
[18], solutions for (4.9) and (4.10) are positive and bounded. More precisely, 0 < NP < K,
and 0 < Ng < Ky, lead into the inequalities 0 < N}! < Kj, and 0 < N} < K, respectively

for n € N.

Theorem 4.2 The NSFD scheme (4.1) — (4.7) defines a discrete dynamical system on the

biologically feasible domain

Q = {(Sha Eh7Iha th Sda Eda [d) € R7 . Sha Eh7[ha Vh7 SdaEdajd 2 07

Ny, Ng>0, 0< S, +E,+1,+V, =N, < Ky, OSSd—f—Ed—l-Id:NdSKd}.

13



For further computational purpose, we rearrange the system (4.1) — (4.7) into

pnd(At) Ky 4 SiY
1+ (Brall} + pn + v1)d(At)
Brad(At) S I + B!

n+1
B = T Gt ¥ )00 1)

Syt (4.13)

ntt = nHAOET + I (4.15)
h 1+ (ap + pn)o(Al) '

yrtl (uls;;url + VQE]{LLHM(At) +Vr (4.16)
h 1+ ppe(At)
ADEy+ ST
Sn+1 — /"de)( d 417
d 1+ (Baall] + pa)o(At) (4.17)
Baad(A) ST + BN
En-‘rl — d d d 4.18
d Lt (i + 70)0(AD) (4.13)
pn = QoA 4 (4.19)
d 1+ (g + pa)p(At)

From Equations (4.13) — (4.19), we can see that the NSFD scheme (4.1) — (4.7) gives positive

solutions for any positive initial data. Moreover, the algorithm runs by following the Gauss-
Seidel cycle on (4.13) — (4.19).

To determine the fixed points, we set (4.13) — (4.19) into the following form:

Far meon ! 2
v M
Ay e
(Vlsﬁffzg)b?(ftfwv}l _ vy, (4.23)
e -
s
V(A Eg+1a I, (4.26)

1+ (g + pa)p(At)

14



From (4.26), we get

I
g, — (Qat Ha)la (4.27)
Vd
Plugging (4.27) into (4.25), we obtain
I
BaaSaly = 2t “d)ii‘d 7a)la (4.28)

From (4.28), we get
(g + pra)(pa +va)  Kyg

I;=0 or S5;=

YaBaa - RE
If I; =0, then
K K,
E0:<M, 0, A8n ,Kd,0,0>
fh + 1 P+ 11

is the fixed point associated with the disease-free equilibrium point. This confirms that the
scheme preserves the disease-free equilibrium point.
If 7; > 0, by using (3.10) and (4.20) — (4.28), E = (S}, E;, I, Vi, S5, E3 1Y) is the

endemic fixed point for Ry > 1, where

) Kq
Sq = Ry’
ro= pa(Ro — 1)7
Bad
B = pra(ad + pa)(Ro — 1)’
YaBad
Sr = pnBaakKn
trafra(Ro — 1) + (pn + 1) Baa’
B = tapinBralKn(Ro — 1)
(ttn 4 v + 12) (paPra(Ro — 1) + (n + v1) Baa)’
- tattn YnBraKn(Ro — 1)
(on 4 pan) (o + v+ v2) (aBra(Ro — 1) + (pn + v1) Baq)’
. Ky, VottafBra(Ro — 1)
W = taBra(Ro — 1) + (ptn + 1) Baa <V16dd - b =+ Y T+ V2 ) ‘

Hence, the NSED scheme given in (4.1) — (4.7) also preserves the endemic equilibrium point.

In the coming two theorems, we will check the stability properties of the fixed points.

15



Theorem 4.3 The disease-free fived point Ey of (4.1)— (4.7) is locally asymptotically stable
if Ro <1 and unstable if Ro > 1.

Proof: The Jacobian matrix of (4.13) — (4.19) at Ej is given by

1
e AT 0 0 0 0 0 v
1
0 1+(pn+yn+rv2)o 0 0 0 0 Yy
1
0 z T+ (antun)d 0 0 0 0
v ¢ 2 %) 1
1+l‘1h¢ 1+(un+vi)d 1+ih¢ 1+(pn+yn+rv2)e 0 1+pne 0 0 0
1 BaaKad
0 0 0 0 jEr 0 — 1d‘ﬁﬂdd¢
0 0 0 0 0 T+(patva) @ 1+(de+{i¥d)¢
6 1 1
0 0 0 0 0 Tastmd T ra)d T
where
. —1en Bra K n o
(1 + (g + 1) 8) (pn + 1)
y = pnBraKnd
(14 (n + v+ v2)0) (i, + 1)
Tho 1
Z pr—

L+ (an + pn)p 1+ (pn + yn + 12)

The corresponding characteristic equation is

det (rl — J(Ey)) = 0.

16




This leads into

(7” T+ <uh1+ u1>¢> ( T ( +1vh +u2>¢) ( T+ <ah1+ uhm)
(r ! ) (7" ! ) (r® + air + ag) =0, (4.29)

Yy AN
where
S ——
b L+ (pta +79a)¢ 1+ (aa+ pa)d
= (1 R (pa + va) (ca + Md)¢2>
’ (1 + (pta +7a)®) (1 + (g + pa)$) L+ (pa + va) '

The stability properties of £y depends on the roots of
2+ ar +ag = 0.

By using [13], the roots lie inside the unit circle if and only if |ag| < 1 and |ai| < 1 + ao.
Clearly |ag| < 1 and |a;| < 1+ ap if Ry < 1. Hence, Ejy is locally asymptotically stable if
Ro < 1 and unstable if Rg > 1. .

Theorem 4.4 The disease-free fized point Ey is globally attractor if Ry < 1 and % <1

Proof: From Equation (4.18), we have

NadEy T+ I
1+ (aq + pa)@
(vapKa + 1)1
1+ (Oéd + pq)

(aqg+pa)(ratvd)Rog
Bdd +1 Ic?'
L+ (g + pa)o

n+l __
I =

IN

Thus, IZZH < DI}, where
(ad+ud)(ﬁud+’7d)733¢ +1
dd

1+ (g + pa)

17



For Rg < 1 and “i@% <1, 0 < D <1, the sequence (I}),>o tends to zero for any initial
value 0 < 19 < K,. Using this sequence in Equations (4.12) — (4.17), we can show that if
En, = (S5, By L VL S B 1),

n—o0

This implies that Ej is globally attractor. .

Theorem 4.5 The disease-free fized point Eqy is globally asymptotically stable for Rog < 1 and
%*’M < 1.
dd -

Proof: This is a result obtained from Theorem 4.2 and Theorem 4.3.

Theorem 4.6 The endemic fized point E of (4.1) — (4.7) is locally asymptotically stable
for Rg > 1.

Proof: To prove this theorem, we need to show that all roots of the characteristic polynomial
related to the Jacobian matrix of (4.12) — (4.18) at E. lie inside the unit circle. To show
this, we have the Jacobian matrix at £, and read as

b 0 0 0 0 0 c
1
d 1+(pn+ynt+v2) o 0 0 0 €
1
0 f 1+(an+pn)e 0 0 0 0
1
1 (na9pKa+Sy7)Baad
0 0 0 0 1+(Baall+pa)d 0 - (1+(/3ddlj+dp«d)¢)2
0 0 0 Badply 1 1 Bad$Sy
1+(pa+va)¢ 1+(Baal+pa)d 14+ (pa+va) ¢ 14+(pat+va) ¢
0 0 0 0 12$ 1 L
1+ (aqg+pa)e 1+(patva)d 1+(aa+mpa)e

18




where,

1
b= 1+ (Bral + pn + 1)
.- (K + Sp) Brad
(14 (Braly + pn + v1)d)?
J - Braply 1
L+ (pn + 0+ 1v2)0 1+ (Bpaly + pn + 1) ¢
. Bra®S},
L+ (un + 9 +12)0
;o= Hr® 1
L+ (o + pn)9 1+ (i + n + 12)9
B 210, 1
T T w1+ Bualy + i+ 11)0
20 1

L+ pnd L+ (pn +yn + 12)¢

For an eigenvalue r of E.., the characteristic equation is given by

det(rl — J(Ew)) = 0.

By observing the given Jacobian matrix, the stability properties of E., are determined based
on the roots of the cubic equation

L VY T 1aPaad”S; )
1+ (Baalls + pa) 1+ (pta +7a)0 L+ (aa+pa)o” (L4 (pa +7a)0)*(1+ (aq + pa)od)
(adKa + S5)vaBa,0°1;

0T Baal; + )9V (L + (wa + 7a)0)2(1 + (aa + 1))

the other roots of the characteristic equation lie inside the unit circle. This expression can

(-

:O7

be simplified into

r 4+ agr?® + ayr + ag = 0, (4.30)

19



where,

1 1 1
a = —+ -+
? <1+(Md+’7d 1+ ( ad+7d)¢ 1+(ﬂdd13+ﬂd)¢>
< ) ( )
al = —+
L+ ( ﬁddl +pa)o) \1+( Md+’7d¢ 1+ (ag +va)o

'YdﬁddeqbQ
(= PrEn T e R <1 T +vd>¢)
1 1

YaBadKa 42
_ Ro ¢ .
o= (14 (Baad; + pa)o) (1 + (pa +va)9) (1 + (aa +va)9) (1 + (tta +va)o 1) e

where,

(na®Ka + S5) vaba.l;? .
(14 (Baaly + pa)9)” (1 + (aq + pa)d) (1 + (pa +7a)9)>

By using [13], E is locally asymptotically stable if the the roots of (4.30) lie inside the

unit circle. This is true if and only if
lag +az] < 1+4+a; and |a; — agas| <1 — ag.

From the given values, we can check that |ag + as| < 1+ a; and |a; — apaz| < 1 — a? for

Ro > 1. Hence, E, is locally asymptotically stable for Ro > 1. 0O

5 Numerical Simulation

In this section, we give numerical experiments for our nonstandard finite difference scheme
(4.1)-(4.7). It is known that standard finite difference methods do not always preserve the
dynamics of the corresponding differential equation (see [2]). The designed numerical scheme,
for arbitrary values of the system parameters, provides accurate numerical solutions to the
original model. To show this, we arbitrarily choose the data given in Table 2 with in the
domain of parameters to show the consistency of the scheme with the theoretical analysis of
the continuous model. By using Eqn (3.10), the corresponding value of Ry ~ 3.3 > 1. Hence,

by using Theorem 4.5, we can infer that all solutions will converge to the endemic fixed point

20



E. More precisely, the performance of the NSFD scheme (4.1) —(4.7) is illustrated in Fig 2-3,
which display the local stability of endemic fixed point for Rg > 1. For Ry < 1, analogously
the disease-free fixed point is globally asymptotically stable.

Variable | value | parameter | value
K, 1000 Bha 0.3
Sp0 900 i 0.2
E,0 0 Qay, 0.1
1,0 0 Yh 0.2
V3,0 10 vy 0.2
Ky 100 vy 0.1
S40 80 Bad 0.5
E,0 5 I 0.1
1,0 5 Ya 0.2

oy 0.2

Table 2: parameter values.

6 Conclusion

The qualitative analysis of the rabies model is given. It is proved that the disease free
equilibrium is globally stable for Ry < 1 and unstable for Ry > 1. The endemic equilibrium
is locally asymptotically stable for Ry > 1.

Nonstandard finite difference techniques were developed empirically for solving practical
problems in applied sciences before two decades by R. E. Mickens. Having this in our mind,
we designed a NSFD scheme which is dynamically consistent with the original rabies model.

Numerical simulations of the NSFD scheme are given from Fig 2-3.

The given model is relatively simple and it captures some basic features of epidemiological
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Figure 2: Numerical simulation of human population
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Figure 3: Numerical simulation of dog population

models. When the rabies virus enters the central nervous system, it induces behavioral changes
in its host. If it enters in the spinal cord, it causes paralysis. Moreover, if it enters the limbic
system, the dog become aggressive, lose their sense of direction and territorial behavior and

wander about in a more or less random way. For such cases, our future interest is to add
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a diffusion term in the infected dog compartment and to add vaccination parameters in the
susceptible dog population. Fitting real data to estimate the parameters is also our interest
for future research. The extension of the model will also include the qualitative analysis and

the numerical simulation.
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