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Abstract

The thesis addresses two main problems. The first is that of designing
reliable numerical method for approximating an SIS (susceptible-infected-
susceptible) disease transmission model with discrete time delay. This is
achieved by using the theory and methodology of nonstandard finite differ-
ence discretization which leads to a novel and robust numerical methods
which, unlike many other standard numerical integrators, were shown to be
dynamically consistent with the continuous delay SIS model.

The second problem is the mathematical modeling of the transmission
dynamics of bovine and mycobacterium tuberculosis in a human-buffalo pop-
ulation. The buffalo-only component of the resulting deterministic model
undergo the phenomenon of backward bifurcation, due to the re-infection of
exposed and recovered buffalos. Furthermore, this sub-model has a unique
endemic equilibrium point which is shown to be globally asymptotically sta-
ble for a special case, whenever the associated reproduction number exceeds
unity. Uncertainty and sensitivity analyses, using data relevant to the dy-
namics of the two diseases in the Kruger National Park, South Africa, show
that the distribution of the associated reproduction number is less than unity
(hence, the diseases would not persist in the community). Crucial parame-
ters that influence the dynamics of the two diseases are also identified. The
human-buffalo model exhibit the same qualitative dynamics as the sub-model
with respect to the local and global asymptotic stability of their respective
disease free equilibrium, as well as the backward bifurcation phenomenon.
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Numerical simulations for the human-buffalo model show that the cumula-
tive number of mycobacterium tuberculosis cases in humans (buffalos) de-
creases with increasing number of bovine tuberculosis infections in humans

(buffalos).

© University of Pretoria



CHAPTER 1

INTRODUCTION

Epidemics of infectious diseases have historically, induced devastating pub-
lic health and socio-economic burden on human populations. For instance,
between 1345 - 1351 CE, the Black Death (bubonic (plague)) struck Cen-
tral Asia and Europe, killing one-third of the population (24 million) and 40
million people worldwide [85]. Furthermore, since its inception in the 1980s,
the Human Immunodeficiency Virus (HIV), the causative agent of Acquired
Immune Deficiency Syndrome (AIDS), caused over 39 million fatalities (and
about 35 million currently live with the disease globally). Most of the AIDS-
related fatalities are in low- and middle-income countries, particularly in
sub-saharan Africa [88]. Several other infectious diseases, such as Tuberculo-
sis (TB), Malaria, Ebola and Cholera, have emerged and reemerged causing
severe socio-economic and public health burden in affected areas/regions. In
order to get deep insight into the types, spread and possible control strate-
gies of infectious diseases, Epidemiologists conduct scientific experiments,
sometimes with controlled settings using self-experimentation. However, de-
signing such controlled experiments is often difficult or impossible based on
ethical issues and possible erroneous data collection [17, 85]. These reasons
motivate the possibility of using mathematical modeling and analysis as tools
to substantiate the perception of disease transmission, testing theories, and

© University of Pretoria
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suggesting better intervention strategies.

The concept of modeling for infectious diseases dates back to work of
Daniel Bernoulli, a public health physician who used statistical modeling to
analyze the potential impact of Smallpox vaccine in the 18th century [94].
Subsequently, the framework for epidemic modeling was developed in the
20th century by other public health physicians such as Sir Ronald Ross,
Hamer and Kermack-Mckendrick [3, 55, 56, 68]. In particular, the Kermack-
Mckendrick compartmental modeling approach [68] laid the foundation for
modeling the spread of infectious diseases was amongst the early models
that excel in mathematical epidemiology. In such Kermeck-Mckendrick type
compartmental models, the population being studied is mainly sub-divided
into three mutually-exclusive compartments (classes), based on disease sta-
tus: susceptible, S; infective (infectious), I; and removed (recovered), R;
individuals. The transition between these compartments is governed by the
development of infection and the assumed waiting times in each compart-
ment.

As observed by Hale [51], in many applications, one assumes that the
system under consideration is governed by a principle of causality. That is,
the future state of the system is independent of the past states, and is de-
termined solely by the present. However, under closer scrutiny, it becomes
apparent that the principle of causality is often only a first approximation to
the true situation and that a more realistic model would include some of the
past states of the system [51]. An example is the case of the predator-prey
models studied by Volterra in 1930, using the concepts of delay differential
equations (DDE) [112]. This is also the case for biological systems in general,
and infectious diseases in particular, as they (typically) exhibit time lapse
(delay) in both transmission and progression of the disease. To be more ex-
plicit, time delay can be used to describe any of the following three situations

[61]:

(a) Delay as latent or incubation period: This is a time delay in
which individual exposed to certain infectious disease can be infective
but become fully infectious after the elapse of the time as considered
in [25, 59, 77, 104].

© University of Pretoria
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(b) Delay as maturation time: Maturation delay is the time lapse as-
sociated with stage development of an organism before it can spread
diseases, for instance, in vector-borne diseases, see [23, 37, 86].

(c) Delay as wanning time of immunity: The delay in this case is the
time from the loss of immunity by recovered individual to the time of
re-infection, as studied in [101, 114].

In epidemiology, time delay can be considered in two different forms. The
first approach is to introduce an additional exposed compartment in which
individuals stay before becoming infectious. In its simplest form, the second
approach is to assume that there is constant waiting time 7 for an individual
to become infectious at time ¢ from the past history ¢ — 7. Based on this
transition, several epidemiological models have been formulated by adding
other compartments such as infants passive (maternal) immunity M and
exposed E classes resulting in Kermack-Mckendrick models of type SIRS,
MSEIS, MSEIR, MSEIRS etc [55].

This thesis focuses on the two ways of introducing delay. The first is
associated with the formulation, analysis and numerical discretization of the
SIS model with (discrete) time delay. Although this model seems to be
simple, its explicit solution cannot be determined. Furthermore, finding ef-
fective/efficient numerical solutions for systems of differential equations with
time delay is quite challenging as noted in [9, 35, 76]. Thus, the objectives
of this thesis in this direction are:

(1) To carry out a rigorous qualitative and quantitative analysis of the
SIS model with discrete time delay, a study which is highly relevant
considering the fact that results are scattered in the literature [58, 59,
91, 108|.

(2) To design and analyze novel and reliable nonstandard finite difference
(NSEFD) scheme which replicate the realistic dynamical behaviour of
linear delay differential equations and SIS models with delay.

Another main objective is to design models for the transmission dynamics
of bovine tuberculosis (BTB) and mycobacterium tuberculosis (MTB) in a

© University of Pretoria
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human-buffalo population. More precisely, detailed quantitative, qualitative
and statistical analyses of the resulting BTB-MTB will be carried out. Our
models are gradually built up from the standard SEIR model in the following
steps:

(3) Considering the recovered/removed compartment (R) as a class of
treated individuals (T'), the spread of the BTB disease in African Buf-
falos is modeled using simple SEIT system [20, 46].

(4) The SEIT model in (3) is extended to include the reinfection of exposed
buffalos [38].

(5) The extended SEIT model with reinfection is further extended to in-
clude the dynamics of early and advanced exposed buffalos [2, 20].

(6) The model in (5) above is further refined to allow for the transmission
of both diseases (BTB and MTB) in the buffalo-human population.

The results in Item (2) above are new and published in [44]. The models
in Ttems (5) and (6) are new, as reported in [52].

The rest of the thesis is organized as follows: In Chapter 2, the main
mathematical theories and techniques used in the thesis are briefly described.
For instance fixed-point theorems, as presented in [51, 102], are applied to
establish the well-posedness of the models designed in the thesis. This, to-
gether with Gronwall inequality [102], and the method of integrating factor,
are employed to prove positivity and boundedness of solutions on associated
initial data. The Hartman-Grobman theorem [116], together with its exten-
sion in [11, 24] for DDE and the next generation method [107], are used to
prove the local asymptotic stability (LAS) property of associated equilibria
for the disease transmission models presented in the thesis. Furthermore,
the LaSalle’s Invariance Principle [70], in conjunction with Lyapunov func-
tion theory [116], are employed to prove global asymptotic stability (GAS)
of some equilibria.

Lagrange interpolation polynomials are used to approximate the delay
term, and the Jury’s condition is used to prove the local stability of the fixed
points of the associated finite difference schemes. Furthermore, we use the

© University of Pretoria
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NSFD method to reliably replicate the dynamics of the continuous-time delay
differential equation system, based on the following Mickens” Rules [80]:

(i) The standard denominator, At > 0, of the discrete derivatives, is re-
placed by a more general function ¢(At), which satisfies the require-
ment ¢(At) = At + O(At?).

(ii) Nonlinear terms in the right-hand sides of the model equation are ap-
proximated in a non-local manner, by using multiple mesh points.

For instance, in the linear delay model and the SIS model considered, these
rules are implemented for approximating the involved variables at discrete
time t,, = nAt, where n € N and At is the time-step as follows:

e The derivative %&t) is approximated by ]’ZEIA;)I” instead of I"*Alt_l",

where the denominator function ¢(At) captures the dynamics of the
model, and I,, = I(t,).

e The delay term, I(t, — 7), is approximated by P(t, — 7), where P(t)
is the Lagrange interpolation polynomial of degree 1 at suitable node
points.

e The nonlinear term, S(t,)(t,), is approximated by S,11,, instead of
Spl,.

Chapter 3 deals with the qualitative analysis, and construction of reliable
numerical method, for the SIS model with discrete time delay. First, the ba-
sic dynamical properties, and NSFD schemes for the SIS non-delayed model,
are reviewed [73, 83, 119]. The well-posedness and asymptotic stability of the
associated equilibria of the SIS delay model are established. Using an innova-
tive strategy of approximating the delay term via the Lagrange interpolation
polynomial, robust NSFD schemes that replicates the basic properties of the
continuous model are gradually constructed and discussed. The dynamical
consistency of the NSFD scheme is established by combining both the rigor-
ous approach (see Theorem 3.4.5, Theorem 3.4.6 and Theorem 3.4.7) and the
numerical simulations. The new theoretical results obtained are illustrated
numerically (using appropriate parameter and initial values). The NSFD

© University of Pretoria
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schemes developed in this chapter constitute a major contribution to the
numerical solution of DDE which is reported to be challenging in [9, 35, 76].

Chapter 4 addresses the problem of modeling the dynamics of bovine and
mycobacterium tuberculosis in a human-buffalo population. A novel model
is constructed for this purpose. It is shown that both the BTB-only and the
BTB-MTB model exhibit the same qualitative dynamics with respect to the
local and global asymptotic stability of their respective disease-free equilibria.
More importantly, unlike other BTB, MTB models, these two new models
are shown to exhibit the phenomenon of backward bifurcation (which play a
major role on the persistence or effective control of the two diseases, when the
associated reproduction number is less than unity). Similarly, the two models
have unique endemic equilibria, which are globally asymptotically stable for
special cases, when the reproduction number exceeds unity. Using relevant
data from Kruger National Park, South Africa, uncertainty and sensitivity
analyses are carried out to determine the dominant parameters that affect
the transmission dynamics of both diseases. Numerical simulations, using
MATLAB ODEA45, are conducted to illustrate the theoretical results obtained
in the thesis, as well as to assess the burden of the two diseases in the buffalo-
human population.

The main contributions of the thesis (in terms of modeling, mathematical
analysis and contributions to public health), as well as directions for future
work, are summarized in Chapter 5.
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CHAPTER 2

MATHEMATICAL PRELIMINARIES

This chapter presents the main concepts used in the thesis which are mostly
taken from [102] and [116], in accordance with the presentations in the theses
(66, 95, 103].

2.1 Continuous-time dynamical systems

Consider the following p—dimensional initial value problem (IVP)

d

=i = (@), 2(0) = € R, (2.1.1)
where x = z(t), f € C(RP,RP) and z(0) = x¢ is a vector of initial conditions.
Furthermore, let the subset 2 C RP.

Definition 2.1.1 System (2.1.1) is said to define a dynamical system on a
set Q C RP if, for every xo € QQ, there exists a unique solution of (2.1.1)
which is defined for allt € [0,00) and remaining in Q for all t € [0, 00).

Definition 2.1.2 A function f : RP — RP is said to be Lipschitz on €2 C RP
with lipschitz constant L > 0 if

f(z) = FWIl < Lllx =yl Y,y € Q.
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Here, ||.|| denotes the Euclidean norm in RP. If f is lipschitz on RP, then
f s said to be globally lipschitz. While iof [ is lipschitz on every bounded
subset of RP, then f is said to be locally lipschitz. When 0 < L < 1, f is
called a contraction and there is exactly one equilibrium point x €  such

that x = f(x).

Theorem 2.1.1 Let f be globally Lipschitz. Then (2.1.1) defines a dynam-
ical system on RP).

Realistically, when f is locally Lipschitz, a global existence result can be
obtained under some a priori estimate as stated in the following classical
result.

Theorem 2.1.2 Let f : R? — RP be Lipschitz on the e-neighborhood N (£, €),
where @ C RP is bounded. If for any for any xo € 0, the solution z(t) of
(2.1.1) satisfies x(t) € Q for each t > 0 where the solution ezists, then (2.1.1)
defines a dynamaical system on §2.

The Gronwall Lemma is used, among other things, to show that a given
dynamical system is continuous with respect to the associated initial data.

Theorem 2.1.3 (Gronwall Lemma) Let z(t) satisfy
2z < az+b, 2(0) = z,
for constants a, b. Then fort >0
2(t) < ez + g(eat —1),a#0

and
2(t) < zop+bt, a=0.

2.1.1 Stability of dynamical systems

Definition 2.1.3 (Evolution Semigroup) For a dynamical system on €2, we
define its evolution semigroup operator (solution map or flow map) to be the
map O : Q — Q such that the solution of the system (2.1.1) u(t) = ®yug or
Oy (ug) = x(t;ug). That is, &, maps the initial data ugy to the solution at time
t.
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The terminology semigroup for the evolution operator ® is motivated by the
following properties:

(a) For any S,t > O7 (b(t+3) = (bt(bs = ®s(bt;
(b) For t =0, ®(0) = I, the identity operator.

Definition 2.1.4 A point T € R? such that f(ZT) = 0 is called an equilibrium
point (steady-state solution or critical point) of equation (2.1.1).

Definition 2.1.5 An equilibrium point T of the dynamical system (2.1.1) is
said to be:

(1.) Stable if for any € > 0 there exists 6 = 0(¢) > 0 such that if x(0) €
Q(z,0) then x(t) € Q(T,¢€) for allt > 0.
Equivalently, for all x(0) € RP if

[|2(0) —Z|| < 0 then ||z(t) — || < € for allt >0

(2.) Locally attractive if ||x(t) — Z|| — 0 as t — oo for all ||z(0) — ||
sufficiently small.

(3.) LAS if T is stable and locally attractive. For an asymptotically stable
equilibrium point T of (2.1.1), the set of all initial data x(0) = xo such
that

lim ®,(z9) =7
t—o0
15 said to be the basin of attraction of T.

(4.) Globally attractive if (2) holds for any x(0) € § i.e. the basin of at-
traction of T is ).

(5.) GAS if (1) and (4) hold.
(6.) Unstable if it is not stable, 1. e., (1) fails to hold.

Interpretation of stability is given below:
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Remark 2.1.1 An equilibrium point T is stable if the dynamical system can
be forced to remain in any neighbourhood of T by appropriate choice of initial
condition. It is asymptotically stable if, in addition, any solution starting
near the steady state approaches it as t — co. Thus, the basin of attraction
of an asymptotically stable equilibrium point includes a neighbourhood of the
equilibrium.

Definition 2.1.6 A function p(t) € CYR, RP) is a periodic solution of
(2.1.1) with period T if pr = f(p(t)), pt) = p(t +T) for all t € R, and
p(t) # p(t + s) for all s € (0,7T).

Theorem 2.1.4 (Stability for Linear Ordinary Differential Equations) Con-
sider the differential equation

= Az, (2.1.2)
where A is a p X p matriz and prime, represents differentiation with respect
to time. Let A have eigenvalues {\;}\_,, | < p. Then

(i) The origin is asymptotically stable if and only if Re(\;) < 0 for all .
(11) If Re(\;) <0 for all i, and those eigenvalues with Re(\;) = 0 are non-

defective (A has multiplicity k < 1, k = 0,1,...), then the origin is
stable.

Definitions 2.1.5 cannot easily be used in practice. Fortunately, the method
of linearization permits to reduce the analysis to the user-friendly Theorem
2.1.4. The simplest natural way to proceed would have been to replace the
system (2.1.1) by its linearized system . The starting point is the following
definition :

Definition 2.1.7 Let x =%, x € RP. Then x s called a hyperbolic equilib-
rium point if none of the eigenvalues of Jf(Z) (the Jacobian matriz of f at
T ) have zero real part.

The linearized form of (2.1.1), near Z, is given by
u' = Ju, (2.1.3)

where f is assumed to be of class C*.
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Theorem 2.1.5 (Hartman-Grobman Theorem) Assume that f in (2.1.1) is
of class C* and consider a hyperbolic equilibrium point T of the dynamical
system defined by (2.1.1). Then, there exist 6 > 0, a neighborhood N € RP of
the origin and a homeomorphism h from the ball B = {x € R? : ||z —7|| < 0}
onto N such that

u(t) := h(z(t)) solves (2.1.3) if and only if z(t) solves (2.1.1).

Theorem 2.1.5 states that the behavior as ¢ — oo of solution x(t) of (2.1.1)
near an equilibrium point 7 is the same as the behavior of solution wu(t) of its
linearization J f(Z) near the origin. This observation leads us to the following
result.

2.1.2 Lyapunov function

Definition 2.1.8 Let the system (2.1.1) define a dynamical system on an
open subset Q C RP and T € Q an equilibrium point. A function V C
CY,R) is called a Lyapunov function of the system (2.1.1) for T on a
neighborhood B C Q of & provided that
) h _
) e iy V@ 1) = V()

h—0 h

=VV(x).f(x) <0, Ve e B, (2.14)

where V(x) 1s the directional derivative of V' in the direction of f. If in
addition, V(z) = 0 and V(z) > 0 for all x € B\ {z}, then V is said to be a
positive definite Lyapunov function at T.

If = x(t) is a solution of (2.1.1), applying the chain rule on V(z(t)), we
have

8$7; ) dt ’
(2.1.5)

The Equation (2.1.5) reveals the reason why V is sometimes called “the
derivative along the trajectories” and one can get information about V' with-
out prior knowledge about the solutions.
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The method of Lyapunov can be applied whenever the linearization ap-
proach is not conclusive, i.e. when some eigenvalues are purely imaginary.

Theorem 2.1.6 If there exists a positive definite Lyapunov function V' of the
dynamical system (2.1.1) on a neighborhood B of an equilibrium point T then
Z is stable. If in addition, V(z) < 0, Vo € B\ {Z}, then T is asymptotically
stable and unstable if V() > 0, Vo € B\ {z}.

Global asymptotic stability using Lyapunov function theory, is determined
in conjunction with LaSalle’s Invariance Principle, first we consider the fol-
lowing definition.

Definition 2.1.9 (/116]) Let S C R? be a set, then S is said to be invariant
under the system (2.1.1) if for any x(0) € S we have z(t,0,2(0)) € S for all
t € R. If we restrict ourselves to positive times (i.e. t > 0 then, we refer
to S as a positively invariant set and, for a negative time, as a negatively
mvariant set.

Definition 2.1.10 A dynamical system on ) C RP is said to be dissipative
if there exists a bounded, positively invariant set S with the property that for
any bounded set B C RP, there ezists a time t* = t*(S,B) > 0 such that
OB CS for allt >t*. The setS is called an absorbing set.

Theorem 2.1.7 (LaSalle’s Invariance Principle ([70]). Let T be an equilib-
rium point of a dissipative dynamical system on Q define by (2.1.1). Let V
be a positive definite Lyapunov function for T on the set 2. Furthermore,
let U = {x € Q: V(z) = 0}. If M is the largest invariant set of U such
that M C €, then T is globally asymptotically stable on ) if and only if it is
globally asymptotically stable for the system restricted to M.

The Comparison theorem [100], stated below is applied to prove global sta-
bility of equilibria for a monotone dynamical system on the space of related
system of ODEs by comparing their solutions. A monotone dynamical system
is the dynamical system on an ordered metric space which has the property
that ordered initial states lead to ordered subsequent states. Consider the
nonautonomous system

' =g(t,z), whereg: D — RP, D C R?, (2.1.6)
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with the solutions of the differential inequality system
2 < glt,2), (2.1.7)

or,
y > g(t,y), (2.1.8)

on an interval. This method requires that the solution of the dynamical
system (2.1.6) to be unique.

Theorem 2.1.8 ([100, Comparison Theorem, pp 86]) Let g be monotone
continuous and Lipschitz on D, x(t) be a solution of (2.1.6) defined on
Ja,b]. If z(t) is a continuous function on [a,b] satisfying (2.1.7) on (a,b)
with z(a) < z(a), then z(t) < x(t) for all t in [a,b]. If y(t) is continuous on
Ja,b] satisfying (2.1.8) on (a,b) with y(a) > x(a), then y(t) > x(t) for all t
in Ja,b].

2.2 Reproduction threshold

In epidemiology, the existence of thresholds forms an underlying concept in
determining the spread or decline of a disease in a community. The basic
reproduction number, denoted by Ry, is the average number of secondary
cases generated by a single infected individual during its entire period of
infectiousness when introduced into a completely susceptible population [4,
32, 53]. The threshold quantity, Ry, typically, determines whether disease
will invade a community, if Ry > 1 or will not invade if Ry < 1. This
corresponds to the qualitative property of epidemic models that if Ry < 1,
there is a DFE which is asymptotically stable, and the infection dies out. If
Ry > 1, the usual situation is that there is an EE which is asymptotically
stable, and the infection persists [16]. This exchange of stability between the
DFE and an EE occur at Ry = 1, and is referred as forward bifurcation (or
transcritical bifurcation).

For simple models, the basic reproduction number is the product of the
infection rate and the duration of infectiousness.
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2.2.1 Next generation operator method

The next generation operator method is typically employed to determine the
basic reproduction number, Ry, of a disease transmission model and to subse-
quently, establish the local asymptotic stability of the associated disease-free
equilibrium. The method is described below using the formulation and no-
tations in [107].

Let © = (z1,...,%,), be the number of individuals in each compartment
with each z; > 0 and the first m compartments correspond to infected indi-
viduals. Define X, to be the set of all disease-free states. That is,

Xs={z>0]x;,=0,i=1,...,m}.

The disease transmission model consists of nonnegative initial conditions
together with the following system of equations:

;= fi(lx) = Fi(z) = Vi(x), i=1,...,n, (2.2.1)

where V;(z) = V; (z) — V;*(z), Fi(x) be the rate of appearance of new in-
fections in compartment i, V;"(z) be the rate of transfer of individuals into
compartment 4 by all other means and V; (x) be the rate of transfer of indi-
viduals out of compartment i. The functions are differentiable at least twice

and satisfy assumptions (A1)-(Ab) described below
(A1) if z > 0, then F;, V;", V, >0fori=1,...,n.

(A2) if z; = 0 then V;" = 0. In particular, if z € X then V' = 0 for
1=1,...,m.

(A3) Fi=0ifi>m.
(A4) if z € X, then F;(z) =0and V" (z) =0fori=1,...,m.

(Ab) If F(x) =0 is set to zero, then all eigenvalues of D f(xy) have negative
real parts, where D f(z) is the derivative [0f;/0f;] evaluated at the
DFE, x, (i.e., the Jacobian matrix).
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Let A be a square matrix with nonpositive off-diagonal and nonnegative
diagonal entries as shown below

all —al2 —al3
—a2l a22 —a23
A=1 431 —a32 a3z .- |

where the aij are nonnegative. Furthermore, let A be expressed as
A=sI—-B,s>0, B>0. (2.2.2)

Definition 2.2.1 (M-Matriz [12]) Any matriz A of the form (2.2.2) for
which s > p(B), (where p(B) is the spectral radius of B), is called an M -
matriz.

Lemma 2.2.1 Ifx is a DFE of (2.2.1) and fi(x) satisfies (A1)-(A5), then
the derivatives DF (xg) and DY(xo) are partitioned as

F 0
0 0

vV 0

_D p—
.F((L’Q) JS J4

and DV(xq) =

)

where F and V' are the m X m matrices defined by

F = [gfj (xo)] and V = [gr] (xo)] with 1 <4, 7 <m.

Further, F is non-negative, V is a non-singular M-matriz and Js, Jy are
matrices associated with the transition terms of the model, and all eigenval-
ues of Jy have positive real part.

The following theorem states that Ry is a threshold quantity that govern the
persistence or effective control (elimination of the disease).

Theorem 2.2.1 (van den Driessche and Watmough [107]) Consider the dis-
ease transmission model given by (2.2.1) with f(x) satisfying conditions (A1)-
(A5). If xy is a DFE of the model, then xq is locally asymptotically stable if
Ro < 1, but unstable if Ro > 1, where Ry is defined by Ry = p(FV ).
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2.3 Bifurcations

A dynamical system typically involves a number of parameter values, in
addition to the state variables. Bifurcation is a point in parameter space
where equilibria appear, disappear, or change stability [17]. Typically, in epi-
demic modeling, bifurcation occurs when the associated reproduction number
equals unity. There are different types of bifurcations, such as saddle-node,
transcritical, pitchfork, backward and Hopf bifurcations (the last two are
relevant to this thesis) [84, 116].

2.3.1 Backward bifurcation

Analyses of some compartmental epidemic models have shown that a sta-
ble disease-free equilibrium coexists with a stable endemic equilibrium even
when the basic reproductive number (Ry) is less than unity [21, 106, 111].
This phenomenon is called backward bifurcation. In other words, under some
conditions in parameter space, an outbreak can occur, or a stable endemic
equilibrium can exists, even when the threshold quantity (Rg) of the model
being studied is less than unity. In such situations, the reduction of the
associated reproduction number (Ry) below unity is insufficient for disease
eradication in the community. Figure 2.1 displayed a schematic diagram
for backward bifurcation with force of infection \*, evaluated at equilibrium
and basic reproduction number Ry. The center manifold theory described in
21, 33, 42, 50, 97, 106] is often used to establish the presence of backward
bifurcation in a disease transmission model. The theorem shows that the di-
rection of bifurcation at Ry = 1 is backward (with the first solution branch, a
saddle, separating the basin of attraction of the associated DFE and that of
a stable end branch). The center manifold theorem (in particular, Theorem
4.1 in [21] reproduced below for convenience)is used to establish the presence
of backward bifurcation phenomenon in Chapter 4 of this thesis.

Theorem 2.3.1 (Castillo-Chavez and Song [21]) Consider a general system
of ordinary differential equations with a parameter ¢:

Z—f = f(2,0), fRP xR = RPand f € C2(R? x R). (2.3.1)
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Figure 2.1: Backward bifurcation diagram.

Without loss of generality, it is assumed that 0 is an equilibrium for system

(2.3.1) for all values of the parameter ¢, that is

f(0,¢) =0 for alle,

and assume

(2.3.2)

Al: A = D,f(0,0) = <g£? (0,0)) is the linearization matriz of System
(2.3.1) around the equilibrium 0 with ¢ evaluated at 0. zero is a simple
eigenvalue of A and all other eigenvalues of A have negative real parts;

A2: Matrix A has a nonnegative right eigenvector w and a left eigenvector
v corresponding to the zero eigenvalue. Let fr be the kth component of
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f and
- O i
= W ———— 2.3.
a Z VW Wj i, (0,0), (2.3.3)
kyi,j=1
- 0 fx
b = i———(0,0). 2.3.4
o o

The local dynamics of (2.3.1) around 0 are totally determined by a and b.

(i).

(ii).

(iii).

(iv).

a>0,b>0. When ¢ <0 with | ¢ | 1, 0 is locally asymptotically
stable and there exists a positive unstable equilibrium,; when 0 < ¢ <, 0
1s unstable and there exists a negative and locally asymptotically stable
equilibrium,;

a <0,b< 0. When ¢ < 0 with | ¢ |< 1, 0 is unstable; when
0 < ¢ <1, 0islocally asymptotically stable, and there exists a positive
unstable equilibrium,;

a>0,b<0. When ¢ <0 with | ¢ |< 1, 0 is unstable, and there exists
a locally asymptotically stable negative equilibrium; when 0 < ¢ < 1, 0
1s stable, and a positive unstable equilibrium appears;

a<0,b>0. When ¢ changes from negative to positive, 0 changes its
stability from stable to unstable. Correspondingly a negative unstable
equilibrium becomes positive and locally asymptotically stable.

In particular, a backward bifurcation occurs at ¢ = 0 when Condition (%)

holds.

2.3.2 Hopf bifurcation

Hopf bifurcation occurs when a certain parameter p is not only a point of

change in stability, but also a point near which periodic solutions are born.

Definition 2.3.1 Let f(z,p) = 0 for all uw € R. A point ug is said to be a
Hopf bifurcation point from an equilibrium point T of (2.1.1) if there exists a

© University of Pretoria



P

3

A\ 4

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

Epidemic models & Numerics with/without Delay 19

sequence of parameter values i, — o as n — oo such that, for u = p, the
system (2.1.1) has a periodic solution y,(t) with period T, and

Jmax ||z, (t) — Z|| = 0 asn — oo.

Theorem 2.3.2 (Hopf Bifurcation Theorem) Consider the system (2.1.1)
with p = 2 Assume that

(i) f€C"(RP x R,RP) for some r > 2 and that f(Z,u) =0 for all p € R;

(i1) df (z, 1) has a pair of complex eigenvalues A1 () which satisfy Ay (po) =
+ia for some a € R\ {0};

(iii) g (Re(M(1))) # 0 for pu = po.
Then pg is a Hopf bifurcation point from .

Definition 2.3.2 (Conservation Law [82]) Consider a system modeled by a
system of n-first-order differential equations

dX
v F(X), (2.3.5)
where
X" = (21(t), -, 2a(t), F(X)T = (f1(X), ., fu(X)). (2.3.6)
Let

If M(t) satisfies a scalar differential equation of the form

dM
= f(M), (2.3.7)

where [ is a function depending only on M, then (2.3.7) is a conservation
law for the system given by (2.3.5) and (2.3.6).
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2.4 Discrete-time dynamical systems

In this section, we focus on the properties of discrete dynamical systems
associated with the numerical discretization of some continuous dynamical
systems. For discrete time dynamical systems, the nonnegative time interval
[0, 00) is replaced by a set of nonnegative integers, [0,1,2,...,n,...).
Let F' : R? — RP. Consider a sequence {z,}2, be defined recursively
from zy, € RP by
Tpr1 = F(xy,). (2.4.1)

Definition 2.4.1 FEquation (2.4.1) defines a discrete dynamical system on
Q C RP if, for every xy € Q, the sequence {x,}°, remains in €.

Definition 2.4.2 A vector x € Q C RP s said to be a fixed point of a
discrete dynamical system on Q defined by Equation (2.4.1) if f(z) = & for
alln > 0.

Definition 2.4.3 Let z € Q) C RP be a fized point of a discrete dynamical
system (2.4.1) on Q. Then T is said to be

(1.) stable if, for any € > 0, there exists § = §(e) > 0 such that xq € 2,
||lwo — 2| <6
implies ||z, — Z|| < € for all n > 0.

(2.) (locally) asymptotically stable if (1) holds and in addition there exists
a constant b > 0 such that, o € 2, ||zo — Z|| < b implies

lim ||z, —Z|| =0
n—oo
(3.) globally asymptotically stable on () if (1.) above holds and

lim ||z, —Z|| =0
T—00

for any xy € Q.
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(4.) unstable if it is not stable (i.e., 1. above fails).

Assume that the map F is of class C'. Let J = DF(Z), the Jacobian
matrix of F' at z. Then,

Yni1 = JYn, n=0,1,2,..., (2.4.2)

is the linearization of (2.4.1) around z where y,, = =, —Z. The stability prop-
erties of the linear system is determined by the eigenvalues of the Jacobian
matrix J.

Definition 2.4.4 A fized point T of the discrete dynamical system given by
Equation (2.4.1) is said to be hyperbolic if the Jacobian matriz J has no
eigenvalue of unit modulus. Otherwise the fized point is called non-hyperbolic.

The map F'in (2.4.1) is said to be hyperbolic if all fixed points are hyperbolic.

Theorem 2.4.1 (HartmanGrobman Theorem) Let F' : R? — RP be of class
C! have a hyperbolic fived point . Then there exist § > 0, a neighborhood
N C RP of the origin and a homeomorphism h : B(Z,0) — N such that

h(F(x0)) = Jh(zo)
for all xy € B(Z,6).
In practice, Theorem 2.4.1 is implemented as shown below:

Theorem 2.4.2 Consider [ in (2.1.1) with a hyperbolic fized point T. Then
Z 1s asymptotically stable if and only if for x, = J"xq, solution of v, 1 = Jx,

with ||xo]| :== ||yo — y|| small enough, we have
lim z, =0
n—oo

or equivalently |\| < 1 for all X € o(J). The fized point is unstable if and
only if there exists at least one \ € o(J) such that |A\| > 1 or

lim z, = oo.
n—0o0
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2.4.1 Jury stability criterion

The Jury stability criterion is a method applied to test the stability of fixed
points for discrete dynamical systems. It gives the step-by-step process of
determining whether the roots of a discrete polynomial of degree n all have
magnitude lying within the unit disk.

Definition 2.4.5 (/65]) A necessary and sufficient condition for the follow-
ing polynomial

F(z) = a0+ a1z + a2 + -+ + ap 12" + an2", an >0 (2.4.3)
to have all its roots inside the unit circle is given by:
(1) F(1) >0

>0 forn even

(2) F(=1) { <0 forn odd

(3) (a) |ao| < an,
(b) lbo| > |bn-l,
(c) leol > |en—al,
(d) |do| > |dn-3],

(¢) Irol > [ral,

where the coefficients by to ro are obtained from the table
The elements of row three through (2n — 3) are given by the following

determinants:
n— b bn_ -
bk: (IO a k ’k:071’2’,,,,n_1; Ck‘: 0 1-k 7]{:20,1,2’-.-”]’1/—2
ay Ak b1 by
o d s
di=| O OEE k=012 -3 e = 0TI k=0,1,2, n—4
Cp—9 Ck dn73 dk
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Row | 29 2t 22 2 A Cat Lt L
1 Qg aq 45) as ap—2 Ap—-1 Qn
2 an  Qp—1 Gp-2 Qn-3 az a1 ag
3 bo by by b3 b2 by
4 bn—l bn—2 bn—S bn—4 bl bO
5 Co C1 Co C3 Cp—2
6 Cn—2 Cn—3 Cpn-a Co

2n — 3 Ty T1 T2

Definition 2.4.6 (/80]) The Systems (2.1.1) and (2.4.1) are said to have
the same general solution if and only if

T = l’(tk)

Definition 2.4.7 (Ezact scheme ([80])) An exact finite difference scheme
is one for which the solution to the difference equation (2.4.1) has the same
general solution as the associated differential equation (2.1.1).

Definition 2.4.8 Consider the differential equation in (2.1.1). Let a finite
difference scheme for (2.1.1) be

Thy1 = f(:ll'k, tk, h) (244)

Let the differential equation and/or its solutions have property P. The dis-
crete model, (2.4.4), is dynamically consistent with respect to property P if
it and/or its solutions also has property P.

2.5 Nonstandard finite difference method

The Nonstandard finite difference (NSFD) scheme, a numerical discretization
method invented by Mickens [80, 81, 82], is especially designed to capture the
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essential qualitative features of the corresponding continuous-time dynamical
system being discretized. Usually, these continuous dynamical systems are
formulated using systems of non-linear differential equations, whose exact
solution, if at all exists, is very difficult to determine. This compels the use
of numerical methods, preferably, those that best approximate and replicate
the basic properties of the continuous systems. The NSFD schemes do not,
in general, suffer from the instabilities and/or convergence to spurious zeros
of standard finite-difference methods (such as the explicit forward-Euler and
Runge-Kutta methods), as observed in [43, 49, 81, 90]. Further details of the
mathematical framework are given in [5, 7).

A finite difference method is NSFD if it satisfies the following rules [7, 80]:

Rule 1 The orders of the discrete derivatives should be equal to the orders of
the corresponding derivatives of the differential equations.

Rule 2 The traditional denominator, A is replaced by a non-negative function,

#(h) such that ¢(h) = h+ O(h?) as h — 0.

Rule 3 Nonlinear Nonlinear terms are approximated in a nonlocal way, i.e. by
a suitable function of several points of the mesh.

Rule 4 Special conditions that hold for either the differential equation and/or
its solutions should also hold for the difference equation model and/or
its solutions.
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CHAPTER 3

SIS MODEL

3.1 Introduction

The aim of this chapter is to construct and analyze a reliable numerical
method for solving an SIS model (where infection with the disease does not
confer permanent immunity against re-infection so that those who survived
the infection revert to the class of wholly-susceptible individuals [55]) with
discrete time delay. Although the SIS model with time delay has been studied
in the literature (see, for instance [25, 59, 60, 91, 104] and some of the refer-
ences therein), some of the pertinent aspects of the analyses are unreported.
As discussed in Chapter 1, disease transmission models are usually designed
by splitting the total population of interest at time ¢, denoted by N(t), into
mutually-exclusive epidemiological compartments based on the infection sta-
tus of the members of the population. The simplest of such models take the
form of an SIS model where N (t) is split into compartments of susceptible
individuals (S(¢)) and infected individuals (I(t)), so that N(t) = S(t) + I(1).
Diseases, such as Meningitis, Gonorrhea, Influenza, Chagas, Rocky moun-
tain, Malaria and Sleeping sickness, can be modeled using an SIS framework
[54, 58]. Numerous classical SIS models, using different assumptions on de-
mographic and incidence parameters,are widely studied in the literature in
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[58, 108, 119] and the references therein.

Infection occurs following effective contact between an infectious individ-
ual and a susceptible individual. There is often a time lag (delay) before the
newly-infected individual become infectious (typically at the end of the incu-
bation period, when the infected individual displays clinical symptoms of the
disease). In other words, time delay is used to represent a latent period (in-
cubation period), maturation time or wearing time of immunity [25, 59, 104].
Compartmental models with time delay are known to generally exhibit com-
plex dynamic of behaviour (including sustained oscillations associated with
the (Hopf) bifurcation of an EE into a limit cycle [47, 57, 69, 113]). More-
over, the explicit solutions of such models are formulated using systems of
non-linear differential equations, whose exact solution, if at all exists, are
very difficult (or impossible) to compute in close form. This necessitate the
use of numerical methods, preferably, those that best approximate and repli-
cate the basic properties of the governing continuous-time systems. Time
delays have also been used in other biological and non biological studies,
such as respiratory system [109] tumor growth [110], chemostat models [118]
and neural networks [19].

The main objective of this chapter is two-fold. The first is to quali-
tatively analyze the SIS delay differential equation system ((3.3.1)-(3.3.2)).
The second is to construct a robust numerical method for approximating its
solution. For the later objective, a reliable numerical method (NSFD scheme)
for a linear delay differential equation is designed for solving some classes of
epidemiological models (including an SIS delay model). It is shown, theoret-
ically and computationally, that the NSFD scheme is dynamically consistent
with respect to the asymptotic stability of the trivial equilibrium solution
of the continuous time model. The NSEFD scheme has been extended to a
logistic epidemic model and finally to SIS delay model in a reliable manner.

Before studying the DDE system (3.3.1)-(3.3.2), it is instructive to study
the non-delayed model (3.2.1), for comparison purposes. This is done in
Section 3.2. Afterwards, in Section 3.3, we consider the complete qualitative
and quantitative analysis of the SIS model with discrete delay. Section 3.4
is based on the construction of dynamically consistent NSFD scheme for
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SIS model with delay (starting, first, with setting down the foundation by
analyzing a linear delay differential equation, followed by nonlinear logistic
epidemiological delay logistic model). Numerical simulations are provided
for each of these cases to illustrate the theoretical results derived.

3.2 SIS model without time delay

As stated earlier, the focus of this chapter is to study the dynamics of an
SIS model with discrete time delay. However, to make the presentation self-
contained, it is outlined, in this section, some of the key facts and notations
that will later be used in future (regarding the SIS model without delay).
The non-delayed SIS model is given by the following deterministic system of
nonlinear differential equations [18, 55]:

ds(t) 1)
— =1 vI(t) - <)W_“S<t>’

o . (3.2.1)
7—55(75)T—(7+M+5) (),

where

» Il is the constant recruitment rate of individuals by birth and immi-
gration;

» [ is the effective contact rate;
»  is the natural death rate;
» ¢ is the disease-induced death rate;

» 7 is the transition rate from the infected class to susceptible class. It
can also stand for assumed rate of loss of infection-acquired immunity.

The term SSI/N is the incidence rate. It measures the average number

of susceptible individuals infected by infectious person per contact per unit
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of time. The system (3.2.1) is to be solved subject to the following initial
conditions:

S(0) = Sy >0, 1(0) = I > 0. (3.2.2)

T
— 18 -
BSI
l
7}

Figure 3.1: Schematic diagram of an SIS model.

The flow chart of the non-delayed SIS model (3.2.1) is given in Figure 3.1.
Adding the equations in (3.2.1), gives

‘”Z—Lft) =11 — uN(t) - 8I(t). (3.2.3)

Qualitative analysis
The following standard results hold for the model (3.2.1) [18, 55, 108, 119]:
Theorem 3.2.1 (i) The model (3.2.1) is a dynamical system in the bio-

logical feasible region

r:{(s,l)eRi:S+1§%}. (3.2.4)

(ii) The basic reproductive number of the model is given by

p

Roy=——.
TSyt

(3.2.5)
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(11i) If Ro < 1, then the DFE, given by
By = (5°,1°) = (11/p,0), (3:2.6)

is GAS in I'. When Rog > 1, the DFE is unstable and there ezxists a
unique EE, given by

pA 0+ p)(Ro—1) p+ (6 +p)(Ro— 1)
(3.2.7)

By = (5%, ") = ( 11 (R — 1) ) ’

which 1s GAS i T.

Theorem 3.2.1 shows that the model (3.2.1) undergoes a transcritical bifur-
cation at Ry = 1. Furthermore, the unique EE (E;) collapses into the DFE
(Ep) at Rg = 1 (the bifurcation point).

Nonstandard finite difference method

Although the SIS model is simple, it cannot be solved explicitly (in terms
of elementary functions of S(t) and I(t)) owing to its nonlinearity. Thus, its
solution has to be obtained numerically. In this section, we present an NSFD
scheme which captures the essential qualitative properties of the SIS model
(3.2.1). The equations of the model (3.2.1) are descritized in the following
way (see [73]):

Sn+1 — Sn ﬂInSn—&-l
| T T A
o(A1) T S,
(3.2.8)
[n+1 - [n _ ﬁ[nSnJrl .
P(Al) Spt1+ I

’YIn - (5 + “)In-i-la

where S, ~ S(t,) and I, =~ I(t,) are the approximations of number of
susceptible and infective individuals, respectively, at time t,, = nAt, respec-
tively. Furthermore, At > 0 is the step size. Also, ¢(At) is any complex
denominator function satisfying the asymptotic relation

d(At) = At + O(AF?). (3.2.9)
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In practice, we will use [81]
1 — e Hh
¢ = ¢(At) = ¢(h) = Y (3.2.10)

or,

1 — e~ (ptr+d)h

olh) = w+v+0

(3.2.11)

It should be mentioned that the complex denominator functions in (3.2.10)
and (3.2.11) are obtained from the conservation law (3.2.3) as follows:

AN 1N — s1(n),

dt (3.2.12)

>IT— (u+0+v)N(t).

Adding the equations in (3.2.8) shows that the NSFD replicates the conser-
vation law (3.2.3) in the form

Npy1 — N,
St T I T — Ny — L1 2.
(h) 12 +1 +1 (3 2 ].3)

More generally, the discrete analog of Theorem 3.2.1 is summarized below
(73, 103]:

Theorem 3.2.2 The NSFD scheme (3.2.8) is dynamically consistent with
respect to the qualitative properties of the SIS model (3.2.1), stated in Theo-
rem 3.2.1, in the following specific ways:

(i) The NSFD scheme (3.2.8) is a dynamical system in the biological fea-
sible region T.

(11) The fixed points of the NSFD scheme (3.2.8) are precisely the equilibria
of the continuous model (3.2.1).

(11i) The disease-free fixed point,
By = (8%, 1) = (I1/1,0), (3.2.14)

is GAS in Q if Ry < 1.
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(v) If Ry > 1, the disease-free fized point is unstable and there is a unique
endemic fixed point

By = (5. 1) = ( Il I(Ry — 1) > |

p4 0+ ) (Ro—1)" p+ (6 + p)(Ro— 1)
(3.2.15)

which 1s LAS.

Consider now, the model (3.2.1) with § = 0. Adding the equations in
(3.2.1), with 0 = 0, we have

d]zlf—t(t)zﬂ—uN(t),

so that N(t) = % as t — oo. Thus, it can be remarked that the SIS model
(3.2.1), with § = 0, is equivalent to the logistic equation given by

d(;_%) _ 3 (1 _ RLO) (1 - %) 1(). (3.2.16)

The exact solution of the logistic model (3.2.16) is given by [54], with N (t) =
il

E7

i

W= )1

Iy + [%(1 - RL0> - fo] e PRI

I(t) (3.2.17)

Similarly, the exact numerical scheme for (3.2.16) is given by [73]

]n+1 _In 1 In+1
sl 1— — l————"7-—11,, 3.2.18
=i ( I Rﬁ)) (3215

where the denominator function,

1 —exp[-(1 = )l
BO-&)

0

¢ = ¢(h)

satisfies the asymptotic relation (3.2.9).
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3.3 SIS model with discrete time delay

To account for effect of latency in disease transmission, the non-delayed SIS
model (3.2.1) is extended to include time delay, denoted by 7 > 0, resulting
in the following delay differential equation (DDE) system [59, 91, 119]:

dS(t) BI(t—T)S(t)e H"

— = =H+7I(t) - — pS(t),
d;h(ft) BI(t —T1)S(t)e r" MO (3.3.1)
a N (D) —(y+ 0+ p)I(t).

The parameters (noting the addition of 7 > 0, the discrete time delay) and
variables of the delayed SIS model (3.3.1) have the same meaning as those
for the non-delayed SIS model (3.2.1). However, it is worthwhile noting
henceforth that:

» [(t—7) is the population of individuals who were infected at time (¢—7)
and become infectious after 7 units of time have elapsed;

» ¢ M7 is the probability that a newly-infected individual survives natural
death (u) during the time 7 period, and become infectious.

Moreover, the initial conditions (3.2.2) must be replaced by

S(t) = (1), I(t) = ba(t), t € [~7,0]. (3.3.2)

3.3.1 Basic properties of continuous-time delayed sys-

tem

As a consequence to the way the analysis of delay differential equations sys-
tem are scattered, and in view of our future quest of constructing a dynami-
cally consistent discrete delay scheme, it is of paramount importance to study
the qualitative properties of the continuous model in full detail. We start by
proving the well-posedness of the model (3.3.1)-(3.3.2), as below.

Theorem 3.3.1 Assume that the initial function ¥ = (¢1,19) > 0 is of
class C°([—7,0],R?) and satisfies 0 < 1)y + 1y < % Then, there exists a
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unique solution X = (S, 1) > 0 of class C° (|-, +o0), R?*) (N C* ((0, +00), R?)
of (3.3.1)-(3.3.2) such that 0 < S+ 1 < 7.

Proof. By the fundamental theorem of calculus, the DDE system (3.3.1)-
(3.3.2) is equivalent to the following system of integral equations [51]:

) (t), forte [ 7,0,

S) = { (0) + fo fi[S(u), I(u — 7), I(u)]du, fort > 0, (3:33)
B Po(t), forte[ 0],

1) = { (0) +f0 falS(u), I(u — 1), I(u)]du, fort > 0, (3:3.4)

where

BI(u—T1)S(u)e *"

N (u)
BI(u—7)S(u)e "
N(u)

AlS(w), I(u = 7), I(w)] = 1T — — S (u) + 1 (u),

(3.3.5)

falS(u), I(u—7), I(u)] = — (v 40+ p)I(u).

Let T = (71,7T2) be an operator that transforms the function X = (5, 7)
into Y = TX = (71X, 75X) defined for every ¢ € (0,400) through (3.3.2)
and (3.3.1) as follows:

(TiX)(t) filS(u), I(u—7),I(u)]du,
/ (3.3.6)

(72X) / fa[S(u), I(u—7),1(u)] du.

It follows that solving the DDE system (3.3.1)-(3.3.2) is equivalent to finding
the fixed points of the operator T

X = TX. (3.3.7)

The fixed points of the system (3.3.7) are obtained via the following stages:

Stage 1: In this stage, (which follows Theorem 2.3 in [51]), the existence of
a local solution is proved. We employ the Banach contraction principle [117],
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following the structure in [66].

Given r > 0, let B = B(1p(0),r) C R? be the closed ball with center 1(0)
and radius r. Furthermore, for T > 0 and ¢ > 0, let C, ([—T, T],E) be the
set of continuous functions from [—7,7T] into B, which is a complete metric

space under the metric defined, for any y, w € C, ([—T, T],B), by

dy(y, w) = sup e "||y(t) — w(t)]].

—7<t<T

We show below that there exist T" and ¢ such that the operator 7 is a con-
traction from C, ([—7, 7], B) into C, ([—7,T], B). For any y € C, ([-7,T], B),

we have by (3.3.6)

1T (y)(t) — (0

where 7" is chosen to be

This shows that 7 operates from C, ([—7, 7], B) into C, ([-7,T], B).

)HSAIM@NWWﬂu—ﬂwAwmma

< Tsup || f(y1(2), ya(z — 1), y2(2))]],

z€eB

r

s [0 (), el = 1), wale )

Fix y,w € C, ([-7,T],B). Since the function f in (3.3.5) is Lipschitz on B
(with Lipschitz constant Lg), it follows that:

1T (y)(t) = T(w)

(0H§A|UW@»—ﬂW®MM&
SLgAHﬂ®—W@W$,
=L§Ad%ﬂmﬂ$—w@m%,

t
< Lally = Wl (o) | s

et — 1
=1L — =Y.
B ( 7 ) Iy Wch([_T,T],B)
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Thus,
gt Lg
e HITHIE) =Tl < =y = wl,
and taking the supremum of both sides gives
Lg
dq<T(Y)7 T(W)) < 7dq<Ya W)

For the choice of ¢ > Lg, the operator T is a contraction. Hence, by
Banach contraction principle, there exists a unique fixed point of 7 (and,
thus, a unique local solution of the DDE system (3.3.1)).

Stage 2: The second stage of the proof is based on using Theorem 3.1 in
[51]. We show that whenever the solution exists at some time ¢, it satisfies
some apriori estimate, namely 0 < S(¢),0 < I(t) and S(¢) + 1(¢) < % This
is specifically done in Theorem 3.3.2 and Theorem 3.3.3 below.

Stage 3: The final (third) stage is to establish the global existence result
and is covered by Theorem 3.3.4 below. [

The following result, which is needed in the proof of Theorem 3.3.1, re-
flects a qualitative property of the solution.

Theorem 3.3.2 Whenever it exists, the solution S(t), 1(t) of the DDE sys-
tem (3.3.1) corresponding to the non-negative initial data (3.3.2), remains
non negative for all t > 0.

Proof. Assume that S(t) > 0 and I(t) > 0, for all t € [~7,0]. Let t° =
sup{t > 0:S(t) > 0} and ¢° = sup{t > 0: I(t) > 0}.

We claim that t° = +o00 and t° = +o0o. Assume, by contradiction, that
t% < +ooand t¥ < 400 or t? < 400 and t° = +oo or t? = 400 and t° < +o0.
We deal with the case when t° < +oo and t° < +o0, other cases being
relatively easy. By continuity S(¢) changes sign at least once in the interval
[t%, +00) and I(¢) also changes sign at least once in the interval [t°, +00). Let
t! € [t° +o00) be the first real number such that S(¢') = 0 and ¢! € [t°, +00)
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be the first real number such that I(¢') = 0. Without loss of generality, we
assume that t' < ¢!, Hence,

St) >0, VOo<t<t S(t') = 0and S'(t") < 0.
It follows from the first equation in (3.3.1) that
S'(th) =T +~I(t") > 0.

But t! is extremum of S so that S'(¢') = 0, which is a contradiction. There-
fore, t* = 400 and t° = +o0. |

The result below is a qualitative property of the model (3.3.1), namely
the a priori estimate needed in the proof of Theorem 3.3.1.

Theorem 3.3.3 Whenever it ezists, the solution S(t), I(t) > 0 of (3

3.1)
corresponding to non negative initial data (3.3.2) such that ¥y + 1y < %

belong to the compact set I'.

Proof. Assume that (3.3.1) has a non negative solution X = (S,7). From
the conservation law (3.2.3), we have

AN
AP N
aw —F

It follows from the Gronwall lemma [48] that

—ut_E e Mt _ - _E e Mt E
N(t) < N(0)e ; ( 1) <N(0) u) + mn
Hence,

0< N(t) = S@) +I(t) < % it 0< N(©0) < %
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Theorem 3.3.4 Let the initial function 1 be as in Theorem 3.3.1. Consider
the sequence of times (T,,)m>o0 defined by

Thzngﬂm@%m@—T%w@mT

Then there exists a sequence of functions
Y™ T, —7,Thni| =T,

such that each Y™ is the unique solution of the model (3.3.1) on the interval
[T, Toni1] and satisfies the compatibility conditions

YO(t) = p(t), fort € [—T,0]
Y™ (t) = Y™ (), fort € [Ty, — 7, Tpnpa] m = 1,2,3,--- .

Consequently, the function

Y= JY™: [, 400) = T,

m>0

is the global solution of the model (3.3.1)-(3.3.2).

Proof. The construction of the sequence (Y),,>¢ is done by mathemati-
cal induction. The function Y is obtained, as in the proof of the second step
of Theorem 3.3.1, by applying Banach contraction principle to the operator
T in (3.3.6) defined on C, ([—7, T3], T).

Assume that the function Y € C, ([T, — 7, Tin41], I') satisfying the com-
patibility condition is constructed. Then the function
Y™ e Cy ([Tny1 — 7, Trny2), T') is constructed as follows:

We modify the operator T in (3.3.6) into

wawwmmmoaé F 12X (), Xt — 7), Xou)) dus,

for X € Cy ([Trn+1 — 7 Tm+2], T).
Following the procedure in the proof of the second step of Theorem 3.3.1,
it is easy to show that for a suitable choice of ¢, the operator T is a contrac-

tion on C, ([Ting1 — 7, T2, I'). This proves the existence and uniqueness of
ym+l |
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Remark 3.3.1 Theorem 3.3.1 is the analog of Part (i) of Theorem 3.2.1 for
the DDE system (3.3.1).

The rest of this subsection is devoted to the qualitative analysis of the
system (3.3.1). Let us first find its equilibrium points. To this end, we set the
right hand side of (3.3.1) to be zero; we want to find (S**, I"*) in I' defined
in (3.2.4) such that

ﬁ]**s**e—;n

141 = S —ps™ =0,
ﬁ]’**s**e—/u— (338)
G~ (oI =0

Note that at equilibrium I(t — 7) = I(t) = I"*. At DFE (I** = 0), we have
E° = (5%, I") = (Il/, 0). (3.3.9)

However, in the presence of disease, i.e. I™* # 0, solving (3.3.8) for the EE,
[Ey = (5™, I")], from the second equation we have:

58**67;” .
{S**—W—(’Y—F(S—F/J) I =0.
sk ,—UT
Therefore, po™e —1=0.

(S +I**)(y +6 + )

Hence,

pe ™ _ 1} . (3.3.10)

[** — *kok
{(7 +0+p)
Substituting (3.3.10) into the first equation of (3.3.8), and simplifying for
S**, gives:

S** _ H
- 567”7 66—;47— ?
(Gram — DO+ 0+ — (G — 1) +a (3311)
) - 3.
= ,
(Grsrg — DO+ p) +p
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Substituting (3.3.11) into (3.3.10) gives

M2 — 1
I — BM} GEZEn R : (3.3.12)
(isrm — DO+ ) + p

Therefore, the EE is given by

£ =) - I JCLED Y

(Ro(7) = 1)(0 + p) + 1" (Ro(7) = 1)(6 + 1) + p
(3.3.13)

Be KT 1o .
s 1 and no equilibrium

Hence, the unique EE exists only whenever
otherwise.
From (3.3.11) - (3.3.12), we single out the expression

Bt

RO(T):5+7+M’

(3.3.14)
which, apart from helping to determine the existence or nonexistence of an
EE, is the threshold quantity for the stability as seen in Theorem 3.3.5 below.

Here, the quantity Ro(7), basic reproduction number, is the product of

the infection rate e and the average duration of infectiousness (5 +§ +#)'

To determine the local asymptotic stability of an arbitrary equilibrium
of the DDE system (3.3.1), we linearize the system about this equilibrium
point [24, 102]. More precisely, Taylor expansion of the right hand side with

respect to dependent variables S(t), I(t), I(t — 7) yields:

i 5(1)
t A~
=A| It |, (3.3.15)
di(t) I(t—7)
dt

where S(t) = S(t) — S*, I(t) = I(t) — I* and

667’“—[*2 Bef;u—s*l* 567’“—5*

e M KGR T

A=
5 7u-r]*2 ﬂ KT §* [* 6 —HT g*
o A v G D )
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Thus, assuming solutions of the form S(t) = c;e™ and I(t) = coe™, where
c1, ¢y are constants and A is a complex number, Equation (3.3.15) gives:

At
c1€
e
1A v | =A] e | (3.3.16)
C2A€ cpeMe AT
,867'L“—I*2 Befp.rs*l*
TEFreE M T T
Let J;, = and
687;1,7'1*2 /Be—p,-rs*l*
SEeOE ~ e — (v Hot )
Be—pfrs*
0 =T
J2 - )
,867“7—5*
0

then (3.3.16) can be further simplified to give
N —J, —e ™ J] J =0,

where I is the identity matrix of order 2, J = [c;eM ;M| and 0 is 2 x
1 zero matrix. Hence for nontrivial solution (i.e. .J # 0), the following
transcendental /characteristic equation in A, must be solved:

det( M\ — J; — e Jy) = 0. (3.3.17)

It should be noted that the local asymptotic stability of equilibrium is
determined by showing that all the roots of (3.3.17) have negative real parts.
We claim the following result which is in line with the one in [11, 59, 60].

Theorem 3.3.5 Consider, the DDE system (3.3.1)-(3.3.2).

(a) The DFE,
Eo = (S*,1*) = (I1/p, 0), (3.3.18)

is LAS if Ro(T) < 1 and unstable if Ro(T) > 1 for all T > 0.

(b) For Ro(t) > 1, we have two possibilities depending on the disease in-
duced death rate 0:
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(i) If 6 =0, then the unique EE (3.3.13), is LAS for all T > 0.

(i) If 6 > 0, there exists a critical value T* of the delay such that the
EE is LAS for 7 € (0,7*), while there will be periodic solutions
(stability switches) around the point EE, as T > T* increases.

The proof of Theorem 3.3.5 is based on the following results in [11, 24]:

Lemma 3.3.1 Consider the transcendental equation in (3.3.17) expressed as
G(\) = P(\) +Q(\)e™ =0, (3.3.19)

where P(X) and Q(\) are polynomials in X. Assume that for 7 = 0 each root
A of G(A\) = 0 is such that ReA <0 . Assume further that for T > 0 there is
no purely imaginary root, X\ = +iy, y > 0, of the polynomial (3.3.19). Then
any root A of (3.3.19) satisfies the relation Reh < 0 for all T > 0. However,
if there is any purely imaginary root then any root A of (3.3.19) satisfies the
relation ReA < 0 for T € (0,7%).

Before we prove this result, it is worth noting that the second and third as-
sumptions in Lemma 3.3.1 are needed to guarantee the finite “exit”, if there
is any, for roots to cross from the left half plane to the right and vice versa

for any given 7.

Proof. (a) At the DFE, E° = (S° I°) = (%, 0), the transcendental equa-
tion (3.3.19) gives

P\ =N+ )K; + Ky,
Q) = —(A+ uK3Ro(7),

with Ky = K3+ p, Ko = pKs, K3 =7v+0 + p.
If 7 =0, then the polynomial in (3.3.19) becomes

N4 Alp 4 K3(1 = Ro(7))] + Ka(1 = Ro (7)) = 0.

It follows from Descartes Rule of Signs that all the roots of (3.3.19) have
negative real parts whenever Ro(7) < 1 for all 7 > 0. Furthermore, without
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loss of generality, assume A\ = iy, y > 0 is a root of the polynomial (3.3.19),
we have

—? +iyK, + Ky = (iy + p)KsRo()e ™. (3.3.20)
Separating the real and imaginary parts, (3.3.20) gives

2 .
—y* 4+ Ky = yK3Rosinyt + uK3Rgcosyr,
Yy 2 = YNz Y A3/ ‘ Yy (3.3.21)
yK; = yK3Rycosyr — pl3Rosinyr.

Simplifying further by squaring and adding the equations in (3.3.21), we have
v P+ K3 = Ro(r)*)] + K5 (1= Ro(7)?) =0, (3.3.22)

Therefore, according to Descartes Rule of Signs, equation (3.3.22) has no
positive real root y. Consequently, the transcendental equation (3.3.19) has
no purely imaginary roots. Hence, any root A of (3.3.19) satisfies the relation
ReA < 0 for all 7 > 0 when Ry(7) < 1.

(b)(i) At the EE, with § = 0, the point is given by
Ei = (8%, 1) = (m,s*(nom - 1)) while Ro(7) = 257, The
polynomials in Equation (3.3.19) are given as

P(A) = N+ (2p +7 + K5Ro(T))A + py + 1 + pK5Ro(7),

and K, = fé;(i;, K5 = K“(gg—w Suppose 7 = 0. Then (3.3.19) can be

simplified to
G(A) =X+ [+ Ki(Ro(T) — DA+ pK4(Ro(T) — 1), (3.3.23)

Again it follows from Descartes Rule of Signs that (3.3.19) has roots with
negative real parts whenever Ro(7) > 1. Also, as in (a) above, substituting
A = iy in the polynomial (3.3.19), and simplifying, gives

— v+ 2u+ 7+ K5Ro(7))iy + py + 1 + puK5Ro(7)

. N (3.3.24)
= (iy + p) K4Ro(7)(cosyT — isinyr).
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Separating the real and imaginary parts of Equation (3.3.24) gives

—? 4 py + 1+ pKsRo(1) = yKyRosinyt + uK,Ro cos yT, (3.3.25)
(2p + 7 + KsRo(7))y = yKyRocosyr — nKRosinyr.
Further simplifications and squaring, and adding the equations in (3.3.25),
gives

Yt [+ K2(Ro(1)? — D]y + 12 K2(Ro(1)* —1) =0,  (3.3.26)

Once again, Descartes Rule of Signs imply that (3.3.26) has no positive real
roots whenever Ro(7) > 1. As a result, the transcendental equation (3.3.19)
has no purely imaginary roots, hence any root A of (3.3.19) satisfies the
relation ReA < 0 for all 7 > 0 when Ro(7) > 1.

(ii) To prove the stability of EE when § > 0, the polynomials in Equation
(3.3.19) are, again, given as

PO =N+ 2u+7+ 0+ KsRo(T))A + pry + i + pué + (u+ 6)K5ROE§)3 o)
Q) = —(\ + Ky, ®

Therefore, when 7 = 0, the transcendental equation (3.3.19) becomes
GN) =2+ [p+ Ky(Ro(1) = DIA + (1 + 6) Ku(Ro(7) — 1). (3.3.28)

It also follows from Descartes Rule of Signs that all the roots of (3.3.19) have
negative real parts whenever Ro(7) > 1. Using similar approach as in b(i)
above, assuming A\ = iy is a root of the polynomial (3.3.19), then it implies
that

—y? + 2u Ay + 0+ K5Ro(7))iy + pu(y +6) + p + (1 + 6) K5 Ro
= (iy + p) K4Ro(7)(cos yT — isinyr).

320

Separating the real and imaginary parts, Equation (3.3.29) can be re-written
as
—2 +pu(y +0) + p® 4 (u+ ) KsRo(7) = yKyRosinyr + uK 4R cos yr

.3.30
2u+v+90+ KsRo(7))y = yK4Rocosyr — nkK4 Ry sin<§§7,

)
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which can be simplified as:

y* + 1+ Ky(Ro(1) — D[K4(Ro(r) — 1) — 28]y

) ! (3.3.31)
+(p+0)Ki(Ro(r) — D)[21 + (Ro(7) — 1) (i +0)] = 0.

With Ro(7) > 1, there are two possibilities with regard to the sign of the
coefficient of y? in the polynomial (3.3.31):

(iia) If pu? + K4(Ro(T) — D)[K4(Ro(r) — 1) — 2]§ > 0, then (3.3.31) has no
positive real roots, therefore the equation (3.3.19) has no imaginary
roots. Hence the real parts of all the roots in (3.3.19) are negative for
all 7 > 0.

(iib) The more interesting case is when p? + K4 (Ro(7) — 1)[K4(Ro(7) — 1) —
26] < 0, since according to Descartes Rule of Signs there are at most two
or zero positive real roots in (3.3.19). Therefore, there exists a critical
delay value 7* such that the EE is LAS for 7 € (0,7*), while there will
be periodic solutions around the point EE, as 7 > 7* increases.

*

The critical delay, 7%, can be obtained by first simplifying Equation

(3.3.30) to have:

sinyr = —PrQ; + PiQr
QF | (3.3.32)

_ PrQr+ PiQr

COsYT = _T7

Where, PR = M(7+5)+M2+(M+5)K5R0(T)—y27 P[ = (2M+’Y+5+K5R0(T))y,
Qr=—pKy, Qr=—Kuyand |Q = Q% + Q7.

Therefore, we seek for a unique § = y7, with 6 € [0, 27], that will satisfy
(3.3.32). Dividing the second equation of (3.3.32) by the first gives

P P
6 = cot ™! (— Qe+ PO ) . (3.3.33)
—PrQr+ PiQr
Hence the critical delay is given by
0
T = —, 3.3.34
; ( )
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where y is any positive root of the polynomial in (3.3.31).
In general, we obtain a sequence of positive values of 7,,, corresponding
to any positive root y, given by:

Ty = M, forn=0,1,2,---. (3.3.35)

Y
Thus, for fixed parameter values, and each positive root of (3.3.31), there
exists an integer k, such that 7* =19 < 7y < 75 < -+ < 7,1 < T, as T varies
from 0 to 75, we have alternately, switching from stability, when 0 < 7 < 79,
T < T < Ty, -+, to instability when 7o < 7 < 7, 7, <7 <73 ---, and back

to stability k£ times, and eventually, unstable for all 7 > 7.

3.4 Towards the construction of NSFD scheme
for delayed SIS model

3.4.1 Main setting

As stated in Section 3.2, even though the SIS model without delay is simple,
it cannot be solved explicitly. The situation is even more challenging for the
case of the SIS model with time delay. The results stated in Section 3.3 are
strongly related, and come from the linearization of the SIS delay model
(3.3.1) about the equilibrium as shown in Equation (3.3.15). Using the rela-
tion S = N — I, the system (3.3.15) can be transformed to

dj —MTS*I* — 7-]*2 R R .
| _ BT N By — (v + )| )

dat | (S 12 (ST + 1)
ﬁe—pﬂ's* R
- J(t -
+(S*+I*)( ™) (3.4.1)
AN
— =11 — uN +61(t).
0 uN +61(t)
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To motivate what follows, in (3.4.1), when § = 0 and assuming the total
population N(¢) is constant. The model (3.3.1) is reduced to

dI I(t)

a eIt =T) { - T] — (v + mI(t), (3.4.2)

and the linearized form of (3.4.2) is reduced to the scalar equation

dI

dt

— Beu [1 - ]N] it — ) - VGT” + o+ u)} D@, (343)

In view of equation (3.4.3), the general setting of this constructive part is
therefore a linear delay differential equation (LDDE),

2 (t) = Azx(t) + Bx(t — 1) + f(¢t) ¢ >0,
z(t) = o(t) te[-70],

where A and B are constants, while f : [0, +00) = R and ¢ : [-7,0] = R
are continuous functions, with ¢ being the initial function.

(3.4.4)

The NSFD scheme consists of two time splits as follows:

(a) It is an exact scheme at the early time evolution —7 <t < 7, where 7
is the discrete value of the delay.

(b) Thereafter, it is a nonstandard finite difference (NSFD) scheme ob-
tained by suitable discretizations at the backtrack points.

The existence and uniqueness Theorem 3.3.4 applies to the linear delay
differential equation. However, given the specific nature of this equation, we
provide a well-posedness result of the LDDE (3.4.4), which is best fitted to
our numerical purpose.

Theorem 3.4.1 Let A, B be constants and f, ¢ are continuous functions,
with ¢ being the initial function, there exists a unique continuously differen-
tiable function x : [—T,+00) — R which solves LDDE (3.4.4). The solution
1s represented by the Volterra integral equation

o(t) = ¢(t), tel-70]

A.
z(t) = eMo( +/ At=9Ba(s — 1) + f(s)]ds, t > 0. (345)
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Proof. We follow [51] and the integrating factor approach for the proof of
this Theorem as follows:

Assume, that f is a continuous function and ¢ is the initial function.
Multiplying the first equation in (3.4.4) by e~4¢, gives

e~ Ma'(t) — Az(t)] = e M[Bu(t—7) + f(t)].

Integrating both sides over the interval [0, ¢], gives

/0 % (e *x(s)) ds = /0 e [Bx(s — 1) + f(t)]ds,
o) = 2(0)] = [ €V Bals =)+ f(0)ds

z(t) = ez (0) + eAt/ e [Bx(s — 1) + f(t)]ds,

but z(0) = ¢(0),

hence,
z(t) = e*¢(0) +/0 A Ba(s — 1) + f(t)]ds.

To prove the uniqueness of solution, we use the principle of mathematical
induction as follows:

Assume first of all, that x(¢) and y(¢) are solutions of (3.4.4) such that
x(t) # y(t) and the initial function is such that z(t) = y(t) = ¢(t) for
t € [—,0].

Furthermore, consider the interval [(k — 1)7, k7], for any k£ =0,1,2,.... For
k = 0, the interval is given by [—7, 0], the solution from the initial function
is z(t) = y(t) = ¢(t). Assuming the solution is unique for any k so that
x(t) = y(t), for t e [(k— 1)1, k7.

Therefore, for any integer k+ 1, the interval is [k7, (k+1)7], and the solution
(3.4.5), is given by

x(t) —y(t) = /t A Bla(s — ) — y(s — 7)]ds. (3.4.6)
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But for any s € [k7,(k + 1)7] we have s — 7 € [(k — 1)1, k7]. Hence, it
follows from the assumption above, that x(s —7) = y(s — 7) . Substituting
(s —71) =y(s — 7) into (3.4.6) gives

Hence,
x(t) = y(t), t € [kr, (k+ 1)7].

Therefore, the solution is unique (x(t) = y(t)) at any interval [(k — 1)1, k7],
for any £k =0,1,2,.... This proves the uniqueness of the solution.

|
Regarding the qualitative feature of (3.4.4), we consider the homogeneous
equation

2'(t) = Az(t) + Bx(t — 1), (3.4.7)

in which we assume, without loss of generality, that A + B # 0. Hence,
x = 0 is the only equilibrium point of (3.4.7). The associated characteristic
equation of (3.4.7) is given by

A—A—Be ™ =0. (3.4.8)

The general Theorem 3.3.5 for stability applies to the LDDE. However, we
have, once again, a specific result due to Hayes (Theorem 13.8 in [10]), given
below.

Theorem 3.4.2 The equilibrium x = 0 1s asymptotically stable, or equiva-
lently, all roots of (3.4.8) have their real parts strictly less than zero if, and
only if, the following two conditions hold:

(a) A<1/7;

(b) A < —B < \/(a1/7)? + A? where a; is the root of the equation a =
Atana with 0 < a; < 7, a € R, on the understanding that ay = 7/2 if
A=0.
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In the absence of delay (7 = 0) and if f = 0, the LDDE (3.4.4) reduces
to
z'(t) = (A+ B)x(t). (3.4.9)

Equation (3.4.9) is the well-known exponential equation [80], which is of
paramount importance from both the theoretical and numerical analysis
point of view in the study of dynamical systems, without delay, of the form

Z'(t) = g(x), g(0) =0. (3.4.10)

3.4.2 Combined exact and theta-NSFD schemes

The relevance of (3.4.9) from the constructive point of view hinges on the
explicit and implicit knowledge of its exact scheme, which is [80],

(exp[(A + Bn)At] _Z)/(A TB) (A+ B)wy, (3.4.11)

or

Tny1 — Tp

[1 —exp(—(A+ B)At)|/(A+ B)

= (A+B)tps,  (34.12)

where x,, denotes here and after an approximation of the solution z(t) at the
discrete time ¢, = nAt, n = 0,1,2,..., At being the time step size. Most
reliable nonstandard finite difference (NSFD) schemes for Equation (3.4.10)
are designed on the basis of the exact scheme (3.4.11) or (3.4.12), assuming
that (3.4.9) is the linearized equation of (3.4.10) about the trivial equilibrium.
We follow similar methodology, for a nonlinear delay differential equation.
For the time being, let us focus on the construction of NSFD scheme for the
linear delay differential equation (3.4.4).

The ideal situation is to produce its exact scheme. According to Theorem
1.1 in [80], an exact scheme is readily determined once the solution of the
continuous differential model is known. However, this theorem does not apply
here because the second formula in Theorem 3.4.1 is an integral equation,
which therefore does not give the solution explicitly. A further complication
with the numerical approximation of the delay differential equation (3.4.4),
already observed in the literature [9], is that the backtrack points (¢, — 7),
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n > 0, do not in general coincide with the grid points. To overcome these
difficulties, we proceed as in our paper [44] in which the underlying idea is
to use the following time splitting strategy:

(a) We design an exact scheme of (3.4.4) for early times ¢t € [—7, 7];

(b) When t > 7, we switch to the construction of a NSFD scheme.

This leads to the combined exact and 8-NSFD schemes below in which Z,, is
a suitable approximation of the solution at the backtrack points and ¢ (At)
is a complex denominator function to be specified shortly:

Ay + 5o Ji T €A =) (Be(s — 1) + f(5))ds, i tagr <7,
Tp+1 — Tn .
P = Az, + Bo(t, — tn), 1if ¢, <7 <tpy1, 4.1
D o+ Bty — 1) + flta). i by ST <top (3.4.13)
A1 = 0)zy, + Oxpy1] + B[(1 — 0)Zp + 0Zpp1] + f(E0n), if t > 7.

To the best of our knowledge, exact schemes have never been constructed for
delay differential equations, while the design and implementation of NSFD
schemes for such problems are not well developed. We now explain step by
step of how the numerical scheme is constructed.

Let x(t) be the unique solution of equation (3.4.4) given in Theorem 3.4.1.
Considering the second equation at the discrete times ¢,.; = (n + 1)At and
t, = nAt, we have

Pltir) - (1) = M (4~ 1)(0)
[ eI Bas =7 S(5)ds (g4 1y
+ /tn+1 At =AM By (s — 1) 4 f(s)]ds.

Hence,

Aot o) oo+ [ A Bats =) + o)
. L m? 3.4.15)
ey [ Bl = 1)+ )
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By using again the second equation in Theorem 3.4.1, Equation (3.4.15)

becomes
T(tnt1) — 2(tn) 1 T tmsas)
= A n+1 _
U1 (At) oltn) + Y1 (At) /t ‘ (Bals =) (3.4.16)
+ f(s))ds,
where,
eAAt -1
Vi(At) = — — A+ O(AL?). (3.4.17)

It follows, by applying the mean-value theorem to the integral in (3.4.16),
that there exists s, € [t,, tn41] such that

1 tnt1 A(tn+1is) B
U (At) /tn € (Bx(s — 1)+ f(s))ds,
_ _ # tnt1 A(tnt1—s) (3418)
= (Brlsw =)+ Sl iz [ Vs

= Bx(s, — 1)+ f(sn).

We consider three different cases regarding the time intervals.

Case 1: Suppose that t,11 < 7. Then s —7 < t,,,1 —7 < 0 for s € [t,,, Ly11]
It follows from the first equation in Theorem 3.4.1 that Equation (3.4.16)
reduces to the exact scheme:

T(tny1) — 2(tn) — Az 1 et eAltnt1—5) s— T
L = () + s / (Bo(s — 7)

(3.4.19)
+ f(s))ds.

Case 2: Suppose that t,,1 > 7 > t,. In this case, the initial condition
(given by the first equation of Theorem 3.4.1) can be used to show that

x(ty, — 1) = ¢(t, — 7).

Case 3: Suppose that ¢, > 7. In this case, the backtrack point ¢, — 7 does
not necessarily coincide with a discrete time. Let n* be the positive integer
such that t,« <t, — 7 < t,«, 1. We consider

t—tpx t— Ty
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the Lagrange interpolation polynomial of degree one at the points (¢, z,+)
and

(tnr+1, Tne11). We approximate z(t,, — 7) as follows (see Figure 3.2):

P)

Xn*+1
X(t,,,*+1)
x(t,- T)

x n

)C(Zn*)

Xy

0 [ -7 Lyt

Figure 3.2: Approximation of the delay term z(t, — 7).

x(ty, —T) = &y, := P(t, — 7).

To make the approximation more explicit, we note that by construction,

tn - tn -
n* < n and n* is the integer part [ AtT} of AtT' It should further be
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At At

by — T — s by — T — toest
e E L L
At At

. g(n — )AL — T) o ((n - DAL 7) |

t, —
notedthatn*:[ T]:n—m—l,wheremEmAt:[T].

At At
. (m+ 1At —7 . mAt — 7
— 4n—m At n—m-—1 At )
DAt —
Setting u = (m +1) s 0, 1], gives
At
T = UTp_m + (1 — )Ty 1. (3.4.21)

In addition to (3.4.21), we consider the following approximation of x(t,,+1—7):
1 = UTp_ma1 + (1 — W)y (3.4.22)

The approximation in (3.4.21) or (3.4.22) is implicit or explicit according as
m =0 or m > 0.

It follows from the above reasoning that the denominator function ¢ (At)
appeared naturally. However, for our numerical scheme to capture the param-
eter values of the continuous model (3.4.4), we use the denominator function

At
At) = ————— = At+O(A 3.4.23
where ) > | A|+|B|. Indeed, the denominator function in (3.4.23) involves the
underlying parameters A and B instead of the function v, (At) in (3.4.17)
and (3.4.16). Hence, using the weighted average of (3.4.21) and (3.4.22)

through a parameter value 6 € [0, 1], Equation (3.4.16) is approximated by

Tp4+1 — Tp o . i ~ ~

+ [(1 - Q)f(tn) + Hf(tn-&-l)]'

It can be observed that when 6 = 0, 1/2 and 1, we have the nonstandard
version of the forward Euler method, trapezoidal rule and backward Euler
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method, respectively. To put the three cases together, we introduce the
denominator function

P(At) = { P1(At), in Cases 1 and 2

3.4.25
Yo (Al), in Case 3. ( )

Assume that the exact solution x(¢) is smooth enough and has bounded
derivatives, leads to the following combined exact and NSFD results:
Theorem 3.4.3 The combined Eract-NSFD scheme

Ay + gy Ji M=) (Bo(s ) + f(@)ds, A tur <7

Tpy1 — Ty | Azp + Bo(tn — 7) + f(tn), if th < T <tpi1,
V(At)

A1 = 0)ap + 0zng1] + B(1 — 0)&n + 07n1]

+[(1 - a)f(tn) + 0f(tn+1)}7 Zf tn > T,

approzimates the LDDE (3.4.4) with global error being zero in the time

interval [—T, 7).

It should be noted that the numerical method in Theorem 3.4.3 is a NSFD
scheme in the sense of [7, 80]. Indeed, the rule on the complex denominator
function of the discrete derivatives and the rule of the nonlocal approximation
of right hand sides are reinforced.

Remark 3.4.1 The NSFD theta-method was introduced in [5, 74] for reaction-
diffusion equations and general dynamical systems. In these references, other
examples of demominator functions satisfying the asymptotic relations in
(3.4.17) and (3.4.23) that leads to second order convergence when 6 = 1/2
are given. When t,, > 7, computations of the NSFD scheme are performed by
observing that it s a linear equation in x,1 which has the explicit solution

1—/1011/;2(At){[1 + A1 = 0)ha(At)]z, + B(1 — 0)iha(AL)
FBOY (At)Fn 1 + o (AD[(1— ) (tn) + 0 f(tn+1)]}, if m >0,
S (3.4.26)

1
1 — AfUo(At) — BO(1 — u)ta(At)

FB(L— 0)da(At), + al(L — 0) (1) +ef<tn+1>]}, it m = 0.
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The convergence order of convergence of the NSFD scheme are stated in
the following result and rigorously proved:

Theorem 3.4.4 The theta-NSFD scheme (3.4.24) has local truncation er-
ror, Tny1, in the time interval [T,00), given by O(At) if 0 # + and O(At?)
ifg=1.

Proof. By definition ([92], pp335), the local truncation error 7,1 of the
NSFD scheme (3.4.24) is the amount by which the solution of the continuous

model fails to satisfy the numerical scheme. Thus replacing all the discrete
solutions in (3.4.24) with their exact counterparts we have

AtT, 1 = x(ty1) — z(t,) — At{A[(1 — O)x(t,) + Ox(tne1)]
+B [(1 —0)P(t, —7) + O(A) + 0P (i — 7) + O(At2)§3.4.27)
+[(A = 0)f(tn) + 0f(tns)]}

where E,, = z(t, — 7) — P(t, — 7) = O(A#?).
Next, we Taylor-expand all the involved variables about z(t,), f(¢,) and
x(t, — 7) as the case may be in (3.4.27) as follows.

At2 " tn At3 " tn
AtT, o = Atz (t,) + il >+ cl )+

2! 3]
+% +-- ] +B {(1 — 0)x(t, — T) + O(AL) + O (t, — 7)(3.4.28)

+O(AF) + OAt (t, — 7)

OA2z" (t, — )  OALZ"(t, —T)
+ 2! - 3! o }
[(1 —O)f(tn) + O0f (t) + OALS (t,) + % T } } :

Evaluating (3.4.28) when 0 = 3, gives

1
2
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A2 (t,) A3z (t,)

AtT, 1 = At2'(t,) + 5 + G
At (t,)  At22"(t,)  At2"(t,)
—At{Alx(tn)Jr 5+ T Tt
Atx'(t, — 1)  A2"(t, —71) A3 (t, —7T)
+B [m(tn—T)—l— 5 + 4 + 19
Atf'(t,) AL f(t,
+[f(tn)+ f2( ) | J;( H...}}‘ (3.4.29)

= At/ (t,) — At[Ax(t,) + Bx(t, — 7) + f(t,)]
N At*a"(t,) At {AAtx’(tn) N BAtx!(t, — T) N At fl(tn)}

2 2 2 2
3.1 2. 2. _ 2.rn
At :c6 (t.) At {AAtZ (tn) N BAt x4(tn 7) N At Z(tn)}

With 2'(t,) = Axz(t,) + Bx(t, — 7) + f(t,) and 2" (t,,) = A2'(t,) + B2'(t, —
7)+ f'(t,), Equation (3.4.29), becomes

3,1 " " o "
AtT, 1 = Az (t) x6 (tn) _ At? {Ax4(t”> + b <t£ ™) + ! Ef”)} NP

so that,
Tn+1 == O(AtQ)

If 6 # 3, it follows from (3.4.28), that
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A2 (t,) A3z (t,)
2 * 6
—At{A[( n) + OALZ (t )+9At—() ]

AtT, 1 = At2'(t,) +

+B[ (1) + OAL (1, — 7)1 DAL I = T) }

2
+[f(tn)+9Atf’(tn) QAth” + H
f

— At (1) — At[Az(t,) + B:z:(t —7) + f(tn)]
AtQ.T”(tn)
+ 9
2. .1
_ N+W — AP[0AZ (tn) + 0B (tn — 7) + OALf ()] +
= O(A?).

Therefore, T,,11 = O(At).

— AP[0AL (t,) + 0B/ (t, — 7) + OALf (t,)] +

It follows, by combining these values of T, ., that:

Thr = { O(At),  iff#1/2

O(A?), if6=1/2 (3.4.30)

3.4.3 Dynamic consistency of the NSFD scheme

In this section, we show that the NSEF'D scheme preserves the stability prop-
erty of the LDDE (3.4.7), as stated in Theorem 3.4.2. The conditions in this
theorem regarding the parameters A, B and 7 are supposed to be satisfied in
what follows. The NSEFD scheme under consideration for (3.4.7) is given by
(3.4.26) with f(t,) =0, i.e.

[1+ A(L — 0 (A, + B(L — 0)da(At)E, + BOYs(At)E,i1
1~ AGy(At)
Tpg1 = (3.4.31)
(14 A(L = 0)05(A1) + Buds(Ab)]zn + BU = 0)ba(AF0
1 — Afyo(AL) — BO(1 — u)ta(At) o hme=n

, if m >0,
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It is clear that z* = 0 is the only fixed-point of the NSFD scheme. Thus,
it preserves the unique equilibrium point z* = 0 of the LDDE. In view of

(3.4.21) and (3.4.22), the characteristic equation of the difference equation
(3.4.31) is

H\) = Hoat(N) = QoM™ 4 @it A"+ ap A + ag ) +ag = 0, (3.4.32)
where,

pyo = 1 — A, Am41 = —(1 + A(l - 9)@/12), Uy =+ ,=az =0,

ay = —BOYyu, a1 = —[B(1 — 0)yu + BOyy(1 — )], ag = —B(1 — 0)y(1 — u),

if m >0,
and o — 1-— Aewg — BG(I — ’U,)ibg, ay = —(1 + A(l — 0)2/}2 + B’l/}QU),
ag = —B(1 —0)s(1 —u), it m=0.

The stability of the fixed-point using the linear delay difference equation
(3.4.31) is given in the following theorem and rigorously achieved in subse-
quent theorems (see Theorem 3.4.6, Jury conditions and Theorem 3.4.7).

Theorem 3.4.5 The fized-point z* = 0 is LAS for equation (3.4.31) if and
only if all the roots A\, of (3.4.32) lie within the unit circle: |\ < 1

The task ahead is to check the condition || < 1 for every m. This is normally
done by using the Jury conditions [65]. However, this is a challenge because
for fixed 7, the degree m of the polynomial in (3.4.32) increases to oo as
At decreases to zero. Nevertheless, we start by proving the following partial
result.

Theorem 3.4.6 For A+ B < 0, the roots X of (3.4.32) satisfy the condition
|A| < 1 for any m whenever B >0 or B <0 with A < B.

Proof. Equation (3.4.32) is a special case of Volterra difference equations of
convolution type investigated in [18]. It follows from Theorem 6.18 of [1§]
that the condition || < 1 is satisfied if

1
7 11+ VAL = 0) + [¢2B(1 — 0) + 12 B0||
1- A9@f2! (3.4.33)
== A [11+¥2A(1 = 0)| + |[v2BJ] < 1.
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Assume that B > 0 (so that A < 0). Then,

1 1
T 460,] (114 1o A(1 — )| + |12 B|] = mﬁl — o] A|(1 = 0)| + 2 B],
1
(1= 400y [1 — A8 + o(A + B)],
(1 — Abys) .
(1= A00)" since A+ B <0,
<1

Next, we assume that B < 0 and A < B. Then,

1 1
1
= 0= A0 [1— 9| A|(1 — 0) — 2Bl
1
= (1= A00y) [1+ A —1hy A0 — 1P A]
since — B < —A,
(1= Abys)
(1 — Abyy)’
< 1.

|
Noting Theorem 3.4.6, the challenge raised before this result occurs actu-
ally when A and B satisfying the conditions in Theorem 3.4.2 are such that
B < 0 and A > B. Since the Theorem 6.18 of [18], used in the proof of
Theorem 3.4.6, is not a necessary condition for |A] < 1 to hold, we will for
the case under consideration check Theorem 3.4.5 fully for m = 0,1, and
partially for m = 2.

The case m =0, ie. 0 <7 <At

The Jury conditions for the polynomial in (3.4.32) read:
(1) H(1) >0, H(—1) > 0.

(2) ag — ag < 0, ag + as > 0.
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By definition,

H(1) =1—0Yy(A+ B) + Bipsbu — Bipgbu — 1 — ho(A + B) + 0s(A + B),
= —o(A+ B) >0, since A+ B < 0.

Similarly,

H(—1) = 24 1)y A — 20050 A + 200, Bu — 1, B,
=2+ (A — B)tby — 21020 A + 29 Bu,
> 2 — 2000 A+ 2y Bu, as (A — B) > 0,
> 1+ 2By»0, (—A > B),
> 1+ 2By90
> 0,

since ¢y < <5 in view of the definition of ¢, in (3.4.23) which implies that

1

Py < ———.
Al + [ B

(3.4.34)

From condition (2) above, we have

ag — ag = — By + Biou + Bl — Biout — 1 + Abs + By — Bipsbu,
< =1+ B — Bis(u — 1) + Bisf — Bi)of + Ab1py + B — Bibsb,
< =14 Abys,
< =14 B,
< 0, since B < 0.

Similarly,

o + ty = — By + Bioott + Bibsf — Biyuf + 1 — Ay — B + Bibobu,
= Bipa(u— 1) + 1 — Abis,
> Bio(u— 1) + 1 + Blis,
> 1+ Bis,
> 0 by (3.4.34).

Therefore, by the Jury stability conditions, when m = 0, all the roots of
H(\) lie within the unit circle. Hence, 2* = 0 is LAS.
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The case m =1, i.e. At <7 < 2At
The Jury conditions for the polynomial in (3.4.32) read:

H(1) >0,
H(-1) <0,
by — by < 0,
by + by < 0,

(3.4.35)

where,

bo = (Bty — Bipyu — Bapyl) + Bipofu)* — (1 — Abipy)?,
by = (By — Biou — Bibet) + BihoOu) (1 + Atpy — Ay + Bipsbu)

The first condition in Equation (3.4.35) is straightforward because H(1) =
—19(A+ B) >0as A+ B < 0.
Likewise, from the second condition in Equation (3.4.35), we have,

H(—1) = =24 2050 A — 1)5(A + B) — 4B0You + 2B1py0 + 2Biyu,
< =2+ 24050 — o (A + B) — 2Bt 4 2Bipyu — 2By + 2By0),
< =24 2By —)y(—B+ B), (B< A,—B > A)
< —2+ Bl
<0, (B<0).
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From the expression,

bo — by = (Bt — Bibyu — Bis0 + Biybu)?

— (Btpy — Bipyus — Bioo + Bofu) (1 + Athy — Ay + Bipybu)
— (Bou — Bobtlu + By — Bipotiu)(1 — Ady,),

< [BYof(u — 1)) — [Bbof(u — 1)(1 4 Atpy — Ay + Bapyfu)],
< BipsO(u — 1) — 1 — Auhy + AOtpy — Bipybu,

< Bof(u—1 —u) — 1 — Ahg + Ay,

< =Bty — 1 — Ayy(1—0), if A > 0,

< =Bty — 1,

<0, by (3.4.34).

If A <0, then

bo — by < =Bl — 1 — At)y(1 —6),
< =By — 1 — Ay,
1

< 07 since 77[)2 < m

by (3.4.34).

Similarly, from the fourth condition in Equation (3.4.35),

bo + by = (Btby — Bipou — Bipef + Bobu)?
+ (Bt)y — Bipou — Bijof 4+ Bipyfu)(1 4 Ashy — Abtpy + Bipyfu)
— (Bapgu — Bipofu + Bibyf — Bapyfu)(1 — Abey),
< [BYof(u — 1)) 4 [Biof(u — 1)(1 4 Atpy — Ay + Bapybu)],
< Bapof(u — 1) + 1 4 Avpy — Abtpy + Bapobu,
= B1o0(2u — 1) + 1 + Apy — Al1)y,
< Biod + 1 + Atpg — BOiy,

1
< 0, since 1y < A by (3.4.34).

From (3.4.35), the Jury stability conditions are satisfied, with m = 1, hence
all the roots of H(A) lie within the unit circle. Therefore the fixed point
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x* =0 is LAS.

The case m = 2, i.e. 2At < 7 < 3At
The Jury conditions for the polynomial in (3.4.32) read:

H(1) >0,
H(-1) >0,
ag — ag < 0,
o (3.4.36)
ag + aqg > 0,
Co — Co > 0,

co+co >0,
where,
co = b — b3,
— [(Bty — Bibyu — Bipof) + Biybu)? — (1 — A6y)?]?

— [(ng — B¢2U — B¢29 —|— ngﬁu)(l —|— A¢2 — A@(ﬂg)
+(Btgu — Bipyfu + Bipy — Bibou)(1 — Abipy))?

cy = boby — b1b3,
= [(Bs — Bisu — Bipsf + Bipobu)® — (1 — Abyr)?]
[((Bty — Bipgu — Bipof) + BiaOu) + (1 — Ab1y)) Biebul
— [(By — Bibgu — Bi)el + Bipobu)(Biou — Bibsbu + Bibef — Bibebu)
+(1 — Abo)(1 + Ay — AbBibs)] [( Bt — Bipou — Biho + Bibsbu)
(1 4+ Aty — AbBtby) + (Bibou — Bigbu + Bihel — BipoOu)(1 — A1)

The the first condition in Equation (3.4.36) is obtained as follows

H(1) = (A + B)
>0, as A+ B <0.
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To check the second condition in (3.4.36), we have,

H(—1) =2 — 2A190 + Apg — 4BOYou + 2Butpy + 2BO0You + 2By — B,
> 24+ 1) A(20 — 1) — 2005 Bu(20 — 1) + Bpy(20 — 1),
=2+ 1Y5(20 — 1)(A+ B) — 2¢sBu(26 — 1).
we distinguish two cases :
When6 € [0,1/2], i.e. (20 — 1) < 0, we have
H(-1) > 2 — 2¢oBu(26 — 1),
>1—19B(20 — 1),

> 0, since 1y < 3

ﬁ, by (3.4.34).

When 0 € (1/2,1], i.e. (20 —1) > 0, we have

H(—1) > 24 15(20 — 1)(A + B) — 2y, Bu(20 — 1),
> 1+ 4(20 — 1)(A+ B),
1

>0, as ¢y < —(A+ B)(20 — 1)

by (3.4.34).

The third and fourth conditions in Equation (3.4.36) are obtained from
(3.4.34) as follows:

ag — ay = — By + Biou + Bie) — Bipgul) — 1 + Ab1)s,
< =Bty + Bipobu — Bipou — 1 + (A + B)0Os,
< —1 — B,
< 0,

and,

ag + ay = — By + Bou + Bist) — Bihyul + 1 — Ab),,
S 14 (B — A)bsb,
> 1+ (B — A,
> 0.
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After some computations, the quantities involved in the fifth and sixth con-
ditions in Equation (3.4.36) are given by

co — 2 = [(Bha(1 = 0)(1 — u))? — (1 — A0¢h,)?]”
— [(B2(1 —u)(1 = 0))(1 + Arpy — AOYs)
+Bipou(1 — 0) + Bipof(1 — u)(1 — Afu)]?
— [(Ba(1 = 0)(1 — w))® — (1 — Abus)?] [(Beba(1 — 0)(1 — w)) Bepo613.4.37)
+(1 = Abtp2) Bipabu] + [(Bya(1 — 0)(1 — u))(Bipu(l — 0))
(1 — AGupy) (1 + Athy — A0 [(Bia(1 — 0)(1 — w)) (1 + Athy — Abty)
+(Biboyu(1 — 0) + Bupof(1 — ) (1 — Abip,)]

and,

co+ca = [(Bs(1—0)(1 —u))? — (1 — A0¢,)?]”
— [(Bpa(1 = u)(1 = 0))(1 + Ay — AGY,)
+Bipou(1l — 0) + Bipof(1 — u)(1 — Afuy)]?
+ [(Biha(1 = 0)(1 — u))? — (1 — A0hy)?] [(Beba(1 — 0)(1 — u)) Byo61f3.4.38)
+(1 — Afy) Bisbu] — [(Bipo(1 — 0)(1 — ) (Bibau(1 — 6))
(1 — A0y (1 + Atpy — Abipo)] [(Btoa(1 — 0)(1 — w))(1 + Athy — Abis)
+(Bipou(1 — 0) + Bipof(1 — ) (1 — Ab,)]

respectively.

Due to the complex expressions (3.4.37) and (3.4.38), the fifth and sixth
conditions in (3.4.36) are checked partially (namely for § = 0 and 1).
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When 6 = 0, Equation (3.4.37) gives
co— ¢z = [U3B°(1 = w)* = 1]" = [(1 +v24) (4B — o Bu) + v Bul’
[v3 B?u(1 + (1 +12A)] [t B(1 + 12 A)(1 — u) 4 ¢2 Bu]

— 3 B*u? [¢§BQ (1 —u)+ (1+v2A)] 12 Bu,
— 3 B*® + [V3B%u — 3 B*u’ + 1+ ¢ A] ¢ Bu,
= —1B [%B - (¢§B2 - ¢§BQU) —-1- %A} )
> B — 1 —1hrA,

Il I\/+

> 0, by using 1, < from (3.4.34).

1
(B-A)

Also when 6 = 1, Equation (3.4.37) becomes

co— ca = (1= Athp)* = [(Biba(1 — u)(1 = 0))]* — [~(1 — Ap2)*][(1 — Aty) Biou]
+ (1 — Ao) Biby(1 — ) (1 — Ay),
= (1 — Ay)* — (Bho(1 — u))?(1 — 0)% 4 (1 — Axpy)? Bibou
+ (1 — Avpy)?Bipo(1 — u),
> (1 — Apg)? — (Bbg(1 — u))? + (1 — Anpy) Bapyu + Bapy(1 — u),
> (1= Ath)(1 — ¢p(A — B)) + (= Biu + Biu)(Biby — Bibpu + 1),
> (1 — Aa)(1 — 2(A - B)),

> 0, by (3.4.34).

If = 0, Equation (3.4.38) reduces to

co+ ez = [¥3B*(1—u)’ — 1]° = [(1 4+ v2A) (¢ B — ¢2Bu) + v Bu]’
— [3B*u(l —u) + (1 + 1 A)] 2 B(1 + 2 A)(1 — u) + 2 Bu],
> —3B® — [05B%u(l — u) + (1 4 12 A)] 1B,
> — 9B [t B + (3 B> — 3 B*u?) 4+ (1 + 1, A)]
> Yo B+ 1+ oA,
>0, by (3.4.34).
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For 6 = 1, we have from Equation (3.4.38),

co+ 2 = (1= Aghy)* = [(Boa(1 = u)(1 = 0))]* + [—(1 — Agy)*] [(1 — Auy) Bibyu]
— (1 = Agp2) Bipo(1 — u)(1 — Agpy),

= (1 = Ahy)" — (Biho(1 — w))*(1 — )

— (1 — A3 Bapyu — (1 — Avpy)?Bapa(1 — ),

> (1 — Athg)? — (Bba(1 — u))? — (1 — Anhy) Bibou — Bibo(1 — u),

> (1 — A)(1 — (A + B)) — Biho(1 — u)[Bibo(1l —u) + 1],

>0 by (3.4.34).

Since all the conditions in (3.4.36) are satisfied, all the roots, A of (3.4.32)
lie within the unit circle for the case under consideration. Therefore the
equilibrium point z* = 0 is asymptotically stable.

Apart from Theorem 3.4.6, the case when B > 0 guarantees the dynamic
consistency of our NSFD scheme with respect to positivity as stated in the
following result:

Theorem 3.4.7 If B > 0, then the NSFD scheme (3.4.31) preserves posi-
tivity at all time t whenever the initial conditions are positive.

Proof. Assume that B > 0 and xg, xy,- - , 2, > 0. From (3.4.21) and (3.4.31)
we have, for m > 0,

[1+ Ao (At) — Ao (Al)]zy + B(1 — 0)Ya(At) T, + Be%(At)InH

ot = 1 — Afya(At)
(14 Ayo(At) + BOyo(At)|x, .
I — ABun(AL) , with B < —A,
[ (—A- B (AD,
1 — Abyy(Al) ’
— (—A - B)i(At)
1= Abhy(Bt)
1 1
> (), since wz < m and m by (3434)
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Similarly, if m = 0, we have

14 AYy(AL) — A (AL) 4 Bubips(At)]z, + B(1 — 0))o(At) T,
Totl = 1 — A0uo(At) — BOUs(AL) + Butn(Al) ’
[1+ Ato(At) + BOyo(At) + Bubihe(At)]z,
1 — Ay (At) — BOo(At) + Buis(At)
1 — (—A — BO)s(At)
(A + B)0o(At) + BOupy(At)’

, with B < —A,

>
1 —

> 0, since ¢y < by (3.4.34).

1
—(A+ B)’
[ ]

Remark 3.4.2 The analyses above reveal the following: For fized T, the case
when m =0 (i.e. At > 1) is highly relevant from the nonstandard approach
perspective as it allows us to consider arbitrary values of At (a situation
which is not permissible in the standard numerical analysis setting). In other
words, the impact of the delay on the long term dynamics of the model could
be to reduce, or to increase, the step size At.

In view of the rigorous analysis done above for m = 0, 1, 2, Theorems 3.4.6,
3.4.7 and of the numerical simulation results displayed in Figures 3.6, 3.7 and
3.8, we conjecture that Theorem 3.4.6 is valid in the case when B < 0 and
A > B meet the requirements in Theorem 3.4.3. Equally, the positivity of
the scheme (Theorem 3.4.7) when B < 0 is an issue of interest.

3.4.4 Numerical simulations

In this section, we present numerical simulations that support the theoretical
results obtained in the previous sections. As mentioned above, and also
pointed out in [75], the problem of analysing the location of the zeros of a
general polynomial, such as Equation (3.4.32), is a nontrivial one. This is
evident when the delay parameter 7, or m, is large. Moreover, at each value
there are different conditions to be satisfied by At. Hence, the numerical
approach is essential. Here, we show the convergence of solution to the fixed
point z* = 0 or the asymptotic stability of this fixed point using different

© University of Pretoria



)

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

Epidemic models & Numerics with/without Delay 69

values of the time step size, At (different m values), for fixed value of the
delay, 7, 6 = 0,1/2 and different values of A and B. In Figures 3.3 (a)
and (b), it has been shown that, starting with initial values close to the
fixed point, delay 7 = 2, A = —0.7 and B = —1.3, the solutions of (3.4.31)
converge to the fixed point x* = 0. Furthermore, the robustness of the NSFD
is evident against the Euler scheme and Trapezoidal rule for the same fixed
value of the delay. Figures 3.3 (a) and (b) are the results generated by the
NSFD, in which the solutions converge irrespective of At sizes, in contrast to
the Euler scheme and Trapezoidal rule Figures 3.4 (a) and (b) respectively,
which diverges even with much smaller values of At as indicated. The effect
of time delay is also apparent in the two schemes: NSFD, Figure 3.3 (c¢) and
Euler, Figure 3.3 (d) without delay, respectively. It should be noticed that
models with delay cause the solutions to oscillate before converging to the
fixed point, while such phenomenon is absent from models without delay.
Moreover, the Euler scheme without delay causes the trajectories to diverge
from the fixed point only with slightly higher values of At, compared with
the scheme with delay. These facts and simulations regarding models without
delay are in agreement with existing results in the literature (see for instance
[7]). However, the NSFD scheme still converges even with higher values of
At.

In Figure 3.5(a), the combined Exact and NSFD schemes are shown with
6 = 0. The exact scheme is defined when ¢ is in [-7,7]. When t > 7,
the solution of the linear delay differential equation (3.4.7), is shown to be
approximated by the NSFD scheme. Figure 3.5 (b), is the Euler scheme in
which the exact nature of our scheme is lost and the poor performance of
Euler is observed even with much smaller step size. Figure 3.5 (c¢) depicts
Theorem 3.4.7, in which the solution is positive at all times when B > 0 for
any positive initial condition.

From Theorems 3.4.5 and 3.4.6, the point z* = 0 is LAS fixed point,
for Equation (3.4.31) if and only if all the roots of (3.4.32) are within a
unit circle. This has been shown analytically for some values of m and in
Theorem 3.4.6 for any value of m. For higher values of m, this result can
be shown numerically. In Figures 3.6, 3.7 and 3.8 with § = 0,1/2 and 1,
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(a) —At=0.67 (b) —At=0.67
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X< OffHi
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Figure 3.3: Simulations of the NSFD scheme (3.4.26) for A = —0.7, B =
—1.3,7=2,in (a) # = 0 and (b) # = 1/2, while in (c) NSFD (3.4.26) and

(d) Euler schemes, without delay.
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Figure 3.4: Simulations with values of A = —0.7, B = —1.3 and 7 = 2: (a)
Euler scheme and (b) Trapezoidal rule.

respectively, it can be seen that all the roots of (3.4.32) are located within
the unit circles for values of m =0, 1,2,...1000 (different values of time step
sizes, At) with fixed delay 7 =2 for B < A < 0.

3.4.5 NSFD scheme for SIS delay model

The Exact-NSFD scheme presented in the previous section is primarily de-
signed to handle nonlinear epidemiological delay models in a reliable manner.

In anticipation to this goal, we first consider the delay logistic equation:
2 (t) = Bx()[1 —xz(t—7)], t>0, B>0,
(t) = Ba(O)1 — ot ) a0
z(t)=0¢(t) >0, —7<t<0,

which models the transmission dynamics of a wide range of viral diseases
such as gonorrhea [17]. For this model, we consider the NSFD scheme

tn .
— ot o d(s = )ds + g B — Blaa — D[é(tn — 1) = 1], if tnp1 <7,

Tpp1 —Tn ) Bé(tn —7)+ B — B(xn, — 1)[p(t, —7) — 1], if t, <7 <tpya,
Y(At)
—B(1 - 0)#, — B0#,41 + B
—B[(1 - 0)xy + 0zpy1 — 1[(1 — 0)Ty + 0Zpyq — 1], if &, > 7.
It is clear that the NSFD scheme (3.4.40) reduces to the combined Exact-
NSFD scheme for the linearized delay logistic equation about the asymp-

© University of Pretoria



uuuuuuuuuuuuuuuuuuuuuuu
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

P

3

A\ 4

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

Epidemic models & Numerics with/without Delay

72
70 ; ‘ . : 0.3
I (a) — Exact (b)
60 ! - - -NSFD|{
1 02 -=-=-=-=-=-=--------- : .
50 \ 1 " L
1 : | ! i
“ \ 1 0.1- EEREE
a ] I
x 30 o 1 < VT
Vo | _
20+ . | ot : ! -1
. i !
10r S~ E L | i
‘*-___ -0.1] L i e
oo 4 TTTT----A ph
[
"
- . _0'1 L ]
-50 0 50 . 100 150 200 0 50 100 150 200 250

Figure 3.5: Simulations with A = —13, B = 7,7 = 10; of (a) Combined exact-
NSFED scheme (3.4.26), with At = 10, § = 0 (b) Euler scheme, At = 0.11 (c)
the NSFD scheme (3.4.26), illustrating positivity of solution (Theorem 3.4.7).
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Figure 3.6: Simulations showing the roots of the characteristic polynomial
for (3.4.32) within unit circles corresponding to values of m = 0,1,2,...1000
(different values of At), 7 =2, A= —-1.3,B=—1.7Tin(a) 8 =0, (b) § = 1/2.

Figure 3.7: Simulations showing the roots of the characteristic polynomial
for (3.4.32) within unit circles corresponding to values of m = 0,1,2,...1000
(different values of At), 7 = 0.54, A = 1.3, B = —1.7in (c) § = 0, (d)
0 =1/2.

© University of Pretoria



P

3

A\ 4

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA
Denklsiers « Loading Minds « Dikgopolo 150 Dihicie

Epidemic models & Numerics with/without Delay 74

Figure 3.8: Simulations showing the roots of the characteristic polynomial
for (3.4.32) within unit circles corresponding to values of m = 0,1,2,...1000
(different values of At), # = 1,in (a) 7 = 0.54, A = 1.3, B = —1.7 in (b)
T=2,A=-13 B=-1.T.

totically stable fixed point * = 1 when we ignore the nonlinear term,
For computation, we use the following explicit expression instead of (3.4.40):

=B [,"* ¢(s — 7)ds + AtB = Bz, — D[d(ty =) — 1], if tyar <7,
Tng1 = Ty + § BYO(tn —7) + BY — B(zy — V)[p(t, —7) = 1], if t, <7 <tnp1, (3.4.41)

—BY(1 — 0)Z, — BYbins, + By, if t, > 1.

The illustration of the NSFD scheme (3.4.40) or (3.4.41) is carried out

At
for ¢2 = W, Qb(t) =1+ et, the set of values 7 = 5]., B = 0.31

and A = 0 ie. a; = w/2. In accordance with the dynamics of the delay
logistic equations in [18]. Figure 3.9 shows the NSFD scheme in which the
fixed point z* = 1 is asymptotically stable for 0 < B < 7/27, irrespective
of the step sizes used. The profiles of the discrete solutions confirm that the
trapezoidal NSFD scheme (6 = 1/2) is more accurate than the Euler NSFD
scheme (0 = 0). On the contrary, Figure 3.10 displays the poor performance
of both classical Euler and trapezoidal schemes.
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Figure 3.9: Simulations for NSFD scheme (3.4.41) using 7 = 5.1, B = 0.31;
in(a) =0 (b) §=1/2.
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Figure 3.10: Numerical simulations For 7 = 5.1 and B = 0.31: using (a) the
Euler scheme (b) Trapezoidal rule.
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Next, we consider the SIS delay model (3.3.1)-(3.3.2), which is the central
point of this chapter. For mathematical convenience, we assume that there
is no disease induced death rate (i.e. 6 = 0). The SIS delay model (3.3.1),
with 0 = 0, takes then the equivalent form

dI  Be " I(t —7)(N — I)(t)

pri N — (v +wI(D), a2
% =11 — uN(t).

The exact solution of the second equation in (3.4.42) with initial condition

0 < N(0) < 7 is given by

I I

N(t) =e ™ {N(O) - —] +—. (3.4.43)

K H

To motivate our construction of the NSFD scheme for (3.4.42), we assume

that the total population N(t) = N is constant, the system (3.4.42) is then

reduce to the scalar equation

dl I(t
P_jl

& gehT
;= Pe N

: ]quq—@+uﬂ@. (3.4.44)

Inspired by the construction done above for the logistic delay equation, we
have the following forward Euler (6 = 0) NSFD scheme for (3.4.44):

In+1 - In — L In 7
o e (1) - Init, 3.4.45
= e (1= ) T (3.4.45)
where we recall that I, = ul,_,, + (1 —u)lp_pm_1, with u and m as defined
in Section 3.4.2.

Let us now consider the case when N is not constant in (3.4.42). In this
case, the exact scheme of (3.4.42)y is well-known and is given by

Ny — N,
% =11 — N, 1. (3.4.46)

In view of this fact and of (3.4.45), it is natural to consider the following
forward Euler NSFD scheme for the nonlinear delay model (3.4.44):

[n+1 - [n —p In —uT T
Y " = [, — S I .. 3.4.47
¢<h) 56 nNn +B€ n (’7_{'#’) n+1 ( )
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We have restricted ourselves to forward Euler NSFD scheme, though other
cases (0 # 0) can also be formulated.
In explicit form, equation (3.4.47) can be express as

;o o)se T, (1— ) + 1, (3.4.48)
e L+o(h)(y+p)

The equivalent representation (3.4.48) of the NSFD scheme (3.4.47) sug-
gests that the scheme preserves the essential features of the continuous model
(3.3.1) such as positivity of solution and equilibria. The rigorous qualitative
analysis of this NSFD scheme is outside the scope of this thesis. Here, we
are simply interested in providing numerical simulations that legitimate the
suggestion made above.

In what follows, we give numerical simulations for the NSFD scheme
(3.4.48). The parameter values used are: II = 50, u = 0.026, v = 0.012,
with varying values, of g and 7 to differentiate between the DFE, EE and
the effect of delay on the infectivity of the disease respectively. The numerical

20 @ ‘ 1500 ‘
a _ _
R = 05315 (b) R =43026

Infected Population
= =
(@) U1

Infected Population

[¢)]

5
8

g

0 200 400 600 0 200 400 600
Time(days) Time(days)

Figure 3.11: Simulations for NSFD scheme (3.4.48) in (a) h = 4, 5 = 0.021
(b) h =12, = 0.17 for Endemic fixed point.

simulation of NSFD scheme (3.4.48) in Figure 3.11, illustrating the conver-
gence of the infected individuals in (a) to disease free fixed point, where
Ro = 0.5315 < 1, and in (b) to endemic fixed point, where Ry = 4.3026 > 1,
using different values of initial conditions.
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Figure 3.12: Simulations of NSFD scheme (3.4.48) for (a) h =4, § = 0.014,
(b) h =12, 3 = 0.16.

Figure 3.12 (a), depicts the numerical simulations of the NSFD scheme
(3.4.48) with 7 = 1.5, 8.3 and 12.6 so that Ry = 0.3543, 0.2969 and 0.2655,
respectively, where the population of infected individuals converges to the
disease free fixed point. This agree with the result of the continuous model
in Theorem 3.3.5 (a). The numerical simulation in Figure 3.12 illustrate,
in (b), with 7 = 1.4, 8.3 and 12.6 so that Ry = 4.060, 3.4021 and 2.7994,
respectively. This results, on the other hand, illustrate the endemic fixed
point and the effect of delay value on the number of infected individuals.
This also coincide with the result of the continuous model in Theorem 3.3.5
(b), when disease induced death rate 6 = 0.
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CHAPTER 4

MODELING TRANSMISSION
DYNAMICS OF BTB-MTB IN
HUMAN-BUFFALO POPULATION

4.1 Introduction

This chapter focuses on the second main objective of the thesis, which is
to model the transmission dynamics of Bovine and Mycobacterium (BTB-
MTB) tuberculosis within a human-buffalo population. The aim is to gain
qualitative insight into the transmission dynamics of the two diseases and,
by so doing, contribute to the design of public health policy for effectively
combatting their spread.

Mycobacterium tuberculosis and Bowvine tuberculosis are chronic bacte-
rial diseases classified amongst the closely-related species that form the M.
tuberculosis complex (MTBC) [39]. The human MTB is caused by tuber-
cle bacillus (Mycobacterium tuberculosis), while BTB is caused by bovine
bacillus (M. bovis) [45]. Both MTB and BTB affect a wide range of hosts,
including domestic livestock (such as cattle, goats, sheep, deer, bison, etc),
wildlife (such as badgers, deer, bison, African buffalo, etc) which can either
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be reservoir or spill-over, and humans [30].

Mycobacterium tuberculosis remains a major global health problem af-
fecting millions of people each year [115]. It is ranked second to HIV as a
leading cause of death worldwide [115]. For instance, in the year 2012, there
were 8.6 million new MTB cases and 1.3 million MTB deaths globally [115].
Similarly, BTB remains a serious problem for animal and human health in
many developing countries [41]. Tts widespread distribution has drastic neg-
ative socio-economic development in terms of public health, international
trade, tourism, animal mortality and milk production [40]. For example, in
Argentina, the annual loss due to BTB is estimated to be US$ 63 million
[8]. A benefit/cost analyses of BTB eradication in the United States showed
an actual cost of US$ 538 million between 1917-1992 (current programs cost
approximately US$ 3.5-4.0 million per year [41]).

The African buffalo transmits BTB to humans, via aerosol or oral (as a
result of consuming raw unpasteurized milk) [39]. Furthermore, BTB can
be transmitted from human-to-human by direct contact [39]. As in cattle,
the main source of BTB transmission in buffalo is by direct contact, aerosol,
oral, through a bite or contamination of a skin wound [30] (other means of
transmission, such as vertical and pseudo-vertical [31], also occur). Simi-
larly, MTB can be transmitted from human-to-human, or from human to
buffalo, via coughing or sneezing [39]. In humans, MTB is regarded to be
airborne disease [36]. It typically affects the lungs (pulmonary TB), but can
affect other parts of the body also (extrapulmonary TB) [30]. Common signs
and symptoms of MTB include coughing, chest pain, fever, weakness and
weight loss. The incubation period for MTB is approximately 2 to 12 weeks.
African buffalos infected with BTB show clinical signs only when the disease
has reached an advanced stage (the clinical signs of BTB in buffalo at such
stage include: coughing, debilitation, poor body condition or emaciation and
lagging when chased by helicopter [30, 31]). The incubation period for BTB
is between 9 months to a year, and infections can remain dormant for years,
and reactivate during periods of stress or in old age [40].

Bowvine tuberculosis is typically controlled using isolation or quarantine of
infected herds, test-and-slaughter policy, and pasteurization of milk [27]. In
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South Africa’s Kruger National Park, other control measures, such as culling,
vaccination and their combination, are used [27] (a demographic map of KNP
and sample of African Buffalos [89] is shown in Figure 4.1). Similarly, MTB
in humans is controlled via standard six-month course of four antimicrobial
drugs [1, 2, 13, 14]. The World Health Organization embarked on numerous
global initiatives, such as "Stop TB Partnership”, ”International Standards
of Tuberculosis care and patient’s care” and the ”Global Plan to Stop TB”,
with the hope of minimizing the burden of TB worldwide [1].

Several mathematical models have been used to gain insight into the
transmission dynamics of BTB or MTB in populations (see, for instance,
(1, 2, 6, 21, 27, 31, 67, 105] and some of the references therein). In these
models, the underlying delay from initial infection to onset of symptoms (in-
cubation period) is captured by using a compartment of exposed individuals.
Furthermore, these studies do not incorporate humans in the transmission
dynamics of BTB.

The main objective of this chapter is to gain insight into the qualitative
dynamics of the two diseases in a human-buffalo population. To achieve
this objective, a new deterministic model for the transmission dynamics of
the two diseases will be design and rigorously analyse. A brief review of
existing models for the two diseases individually is given below (the full BTB-
MTB model will be designed based on gradual refinement of these models).
Numerical simulations will be carried out to illustrate the theoretical results
derived.

4.2 Basic SEIR model for TB

In this section, we consider the dynamics of a typical SEIR model for the
transmission dynamics of bovine tuberculosis in a population of African buf-
falo. The population is divided into four mutually-exclusive epidemiological
subpopulations consisting of susceptibles (.5), exposed (E), infected but not
yet infectious), infectious (), and recovered (R), buffalos, so that the total
buffalos population (V) is given by N = S+ E 4+ [ + R. It is assumed
that buffalos can be infected only through contact with infectious buffalos,
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Figure 4.1: Demographic map of Kruger National Park and African buffalos
[89].
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and that recovery confers permanent (natural) immunity against re-infection.
This model can be viewed as one strain SFEIT model considered in ([20], page
370) when the treated class T' is assumed to be recovered (through natural
immunity or long term latency - no treatment) or the model in [105] when
there is no relapse of BTB by the recovered class. It can also be considered
as the general SEIR model for an infectious disease where the death rate
depends on the number of individuals in the population as in [46]. The two
diseases belongs to the same family as stated in the introduction, hence, the
results of these models were adopted with this assumption on treated class.
The model is given by the following system of differential equations The
model can be formulated using the following system of ordinary differential

equations:
ds 1
A Z
dE 1
P BCSN — (bt k)E,
dl
— = kKE—(utr+d)l, (4.2.1)
dR
by S
dt r M‘R?

N=S+E+I+R,

where A is the constant recruitment rate, 3 is the probability of a susceptible
buffalos following contact with an infected buffalo, ¢ is the per-capita contact
rate, i and d are the per-capita natural and disease-induced death rates,
respectively. The parameter k is the progression rate from the exposed to
infectious class and r is the recovery rate.

The basic reproductive number of the model (4.2.1) is given by

B Be k
RO_(u+r+d) (u+kr)’

which represent the product of the infection rate of buffalos (Sc¢), the frac-

tion of buffalos that survived the exposed class and move to the infectious

class (ﬁ)) and the average duration in the infectious class (;; +i ). 1t is
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convenient to define the biologically-feasible region
4 A
G=<(S,E,I,R)eR,,S+E+I+R< ol

The following result is established:

Theorem 4.2.1 The DFE E° — (%,o,o,o) of the model (4.2.1) is GAS in
G whenever Ry < 1, and unstable if Rg > 1. The model has a unique, and
GAS, EE whenever Ry > 1.

4.3 A model for TB with exogenous reinfec-
tion

A major feature of TB disease is the phenomenon of exogenous reinfection (
which is the potential reactivation of BTB (MTB) by continuous exposure of
latently-infected (exposed) individuals to those who have active infections)
20, 22]. The model (4.2.1) is therefore extended to incorporated the effect of
reinfection given by the system of differential equations [38] as follows, where
the treated class is assumed to be recovered:

dS 1

Iy L

7 BCSN S,

dFE 1 I

P BCSN —pﬁCEN —(p+k)E,

al 1 (4.3.1)
= _pﬁcEN +EkE — (p+r+d)l,

dR
= =] =
dt r /’LRJ

N=S+E+I+R,

where the parameters A, 3, ¢, u, k,r and d are as defined above. Reinfec-
tion of exposed buffalos is represented by the term pfScE %, where p € (0,1)
accounts for the assumption that reinfection occurs at a rate lower than
primary infection.
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The associated basic reproduction number for the model (4.3.1) is given

by
B Be k
Ro = (,u+r+d) (,u+k)'

The biologically-feasible region is given by

0= {(S,E,[,R)\S,E,I,R >0,N < %}

The model (4.3.1), has unique DFE (A/p,0,0,0) which is GAS when

Ro < 1 and p = 0. However, when there is exogenous reinfection (0 < p < 1),

system (4.3.1) exhibits a backward bifurcation (subcritical) at Ry = 1. Hence

multiple endemic equilibria can occur for Ry < 1. The conditions for stability
of equilibria are summarized in the following results [38]:

1+Q

1

Let py = %SE be the critical value, where Dp =

Ry =1 [De(1+p—Q) +2y/DpQ(p — pDr — Dp)]

Theorem 4.3.1 Let U} = (S, EL, I7,TY) and U* = (S*,E* , I*,T*) be
the two endemic equilibria with I7 > I* > 0. Then

Q = % and

ptr?

_k_
ptk?

(i) If Ro < 1, then the disease free equilibrium is LAS.
(ii) If p > po and R, < Ro < 1, then U} is LAS, and U* is unstable.

(11i) If Ro > 1, then the disease free equilibrium is unstable and the unique
endemic equilibrium is LAS.

4.4 A model for TB with exogenous reinfec-

tion and two stage exposed classes

Another important epidemiological feature of TB disease in African buffalo
is the early and late-exposure to the disease [2, 20]. Below is a BTB trans-
mission model that allows for early-and late-exposed classes [20], when the
two TB strains are considered to be exposed classes without treatment and
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the bovine tuberculosis model in [2] with no test-reactor classes:

s

—=A—-(A S

o (A +n)S,

dE
d—tl:)\S—(GEA—i-/iju)El,
dFEs

2 _ kB, — (0p\ + 0 + 1) Es,
R DA (4.4.1)

dl

% =oks + <E1 + EQ)QE/\ + GR/\R - (’7 +u+ (5)],
dR

o I = (OrA + )R,

N=S+E +E+I+R,

Here, the force of infection, A = % The result of the model (4.4.1) is stated
below:

Theorem 4.4.1 The biologically-feasible region of the model (4.4.1) is given
by

Q :{(S7E1;E2;I,R)GRiZS—FEl—l—EQ—i—I{—RS%}'

The basic reproduction number of the model is given by

CyC C
Rozﬁ[nl 2 3+H(772 3+7)],01:I€+M,02:U+/L,O3:’Y+M+5.
C1CyC4

(i) The DFE of the model, Ey = (A/1,0,0,0,0), is LAS if Ro < 1 and
unstable if Ry > 1.

(i) The model undergo backward bifurcation when Ro = 1 under certain
condition, i.e. there will be coexistence of DFE and EFE for Rg < 1.

(iii) In the absence of reinfection of exposed and recovered buffalos, there
exists a unique EE, whenever Ry > 1 and no EE otherwise.
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4.5 The model of tuberculosis in human-African

buffalo population

Based on the existing models described in the previous sections, we design
and rigorously analyse a new model, used to gain the dynamical insight into
the transmission dynamics of BTB and MTB in a given population consisting
of both African buffalos and humans as follows:

4.5.1 Model formulation

The model to be designed is based on the transmission dynamics of MTB and
BTB in a population consisting of humans and African buffalos. The total
human population at time ¢, denoted by Ny(t), is sub-divided into seven
mutually-exclusive compartments of susceptible humans (Sg(t)), exposed
humans (who have been infected with MTB but have not yet shown clin-
ical symptoms of the disease) (Fy1(t)), exposed humans with BTB (Eg»(t)),
infected humans with clinical symptoms of MTB (Iy(t)), infected humans
with clinical symptoms of BTB (Iy2(t)), humans who recovered from MTB
(Rm1(t)) or BTB (Rpa(t)), so that

Ny (t) = Su(t) + Exi(t) + Ens(t) + Iy (t) + Iye(t) + Rui(t) + Rya(t).

Similarly, the total buffalo population at time ¢, denoted by Ng(t), is split
into susceptible (Sp(t)), early-exposed with BTB (Ep(t)), early-exposed
with MTB (FE)y(t)), advanced-exposed with BTB (Eps(t)), advanced-exposed
with MTB (Ey(t)), infected with clinical symptoms of BTB (Ipp(t)), in-
fected with clinical symptoms of MTB (/y/5(%)), recovered from BTB (Rgg(t))
or MTB (R p(t)), so that

Np(t) = Sp(t) + Epi(t) + Ean(t) + Epa(t) + Ena(t) + Ipp(t) + Ins(t)
+ RBB(t) + RMB(t).

The susceptible human population (Sg(t)) is increased by the recruitment of
people (either by birth or immigration) into the human-buffalo community
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(at a rate Iy). The population is decreased by infection with MTB (at a
rate Agy) or BTB (at a rate A\g), where

Ay = ff—H(UHlEHl +Im) and A\g = Agp + O ss, (4.5.1)
H
with,
N B Be
up = — (Mu2Fus + Ins) and A\gp = ~——(np1EB1 + np2Ep2 + Ipp4.5.2)

NH NB

In (4.5.1) and (4.5.2), fu and Sp represent the effective contact rates (i.e.,
contacts capable of leading to MTB or BTB infection), respectively. Fur-
thermore, 0 < gy < 1 and 0 < nge < 1 are modification parameters
accounting for the assumed reduction in infectiousness of exposed humans,
in comparison to infected humans with clinical symptoms of MTB or BTB,
respectively. Similarly, 0 < np; < 1 and 0 < ngs < 1 are modification pa-
rameters accounting for the assumed reduction in infectiousness of exposed
buffalos, in comparison to infected buffalos with clinical symptoms of BTB.
The modification parameter 0 < 6,,3; < 1 accounts for the assumed reduced
likelihood of susceptible humans acquiring BTB infection, in comparison to
susceptible buffalos acquiring BTB infection. Natural death is assumed to
occur in all human compartments at a rate puy. Thus, the rate of change of
the susceptible human population is given by

dS
d_tH =1y — Ay + A+ pm)Su.

The population of exposed humans with MTB (Eg1(t)) is generated by the
infection of susceptible humans with MTB (at the rate Ay ), and is decreased
by the development of clinical symptoms of MTB (at a rate o7), exogenous
re-infection (at a rate 01 Ag; where 0 < 1 < 1 accounts for the assumption
that re-infection of exposed humans with MTB occurs at a rate lower than
primary infection of susceptible humans with MTB) and natural death, so
that

dEm
dt

= AgSy — (01 +0mAg + pu)Em.
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Similarly, the population of exposed humans with BTB (Eg»(t)) is increased
by the infection of susceptible humans with BTB (at the rate Ag) and is
reduced by the development of clinical symptoms of BTB (at a rate o),
exogenous re-infection (at a rate fyoAp, with 0 < 0y5 < 1 similarly defined
as Op1) and natural death. Thus,

dt

= AgSy — (02 + Opa A + i) Eno.

The population of humans with clinical symptoms of MTB (I (t)) increases
following the development of clinical symptoms of MTB by exposed humans
(at the rate 01) and exogenous re-infection of exposed and recovered humans
(at the rates Oy Ay and Ogy Ay, respectively; with 0 < Ogy < 1). This
population is decreased by recovery (at a rate 1), natural death and MTB-
induced death (at a rate dg1), so that

dlm
dt

=01Em + (0mEn + OraRui) g — (1 + p + 61 ) L.

The population of infected humans with clinical symptoms of BTB (/g(t))
is generated by the development of clinical symptoms of BTB by exposed
humans (at the rate o2) and re-infection of exposed and recovered humans
(at the rates OgoAp and OgrpAp, respectively; with 0 < Ozrp < 1). This
population is decreased by recovery (at a rate 73), natural death and BTB-
induced death (at a rate dgs). This gives

dlpy
dt

= 09Emgs + (Op2Ens + OrpRu2) A — (2 + i + 5H2)]H2-

The population of humans who recovered from MTB (Rg1(t)) is generated
by the recovery of humans with clinical symptoms of MTB (at the rate 7).
It is decreased by exogenous re-infection (at the rate OgpyAy) and natural
death. Hence,

dRm
dt

=vIm — (Oruru + o) Rur.

It should be mentioned that, since MTB-infected humans do not completely
eliminate the bacteria from their body (usually the bacteria hide in the bone
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marrow), “recovery” in this case implies (or represents) a long period of la-
tency (which could ever last for a lifetime) [72, 105].

Similarly, the population of humans who recovered from BTB (Rps(t)) is
generated by the recovery of humans with clinical symptoms of BTB (at the
rate 72), and is decreased by re-infection (at the rate 0gpAp) and natural
death, so that

AR
dt

= Yolpgs — (OrpAB + i) Rio.

The population of susceptible buffalos (Sg(t)) is generated by the recruitment
of buffalos (either by birth or re-stocking from other herds) at a rate I1p. It
is assumed that all recruited buffalos are susceptible. The population of
susceptible buffalos is decreased by acquisition of BTB infection (following
effective contact with a human or buffalo infected with BTB), at the rate Ap
(where, A\p = 0ppAnp + App; with the modification parameters 0 < g < 1
accounting for the expected reduced likelihood of humans transmitting of
BTB to buffalo, in relation to BTB transmission from a human to another
human), or MTB (following effective contact with a human infected with
MTB), at a reduced rate ygAy (where 0 < gy < 1 is a modification
parameter accounting for the assumed reduction in the transmissibility of
MTB from humans to buffalos, in comparison to MTB transmission from
humans to humans), and by natural death (at a rate ug; buffalos in each
epidemiological compartment suffer natural death at this rate). Thus,
dSp

W = HB — ()\B + QHH)\H + NB>SB~

An important feature of BTB transmission within the buffalo population is
that an infected buffalo could be in early or advanced stage of infection. This
is owing to the fact that the clinical symptoms of BTB usually take months
to manifest in buffalos [40]. Thus, BTB infections can remain dormant for
years, and re-activate during periods of stress or in old age [40]. These
(early- and advanced-exposed stage) features are incorporated in the model
being develop. The population of buffalos early-exposed to BTB (Epy(t)) is
increased by the infection of susceptible buffalos with BTB (at the rate Ap).
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This population is decreased by exogenous re-infection with BTB (at a rate
OppAp; with 0 < Ogp < 1), progression to the advanced-exposed class (at a
rate k1) and natural death. This gives

dt

= AgSp — (0ppAp + K1 + up)Ep1.

The population of buffalos early-exposed to MTB is increased by the infection
of susceptible buffalos with MTB (at the rate gy Ag; where 0 < Opgy < 11is
as defined above). The population is decreased by exogenous re-infection (at
a rate OppAy), progression to the advanced-exposed MTB class (at a rate
ko) and natural death. This gives

dEyvn
dt

=O0uu uSe — (OppAy + k2 + 1) Evn.

The population of buffalos at advanced-exposed BTB class (Epa(t)) is in-
creased by the progression of buffalos in the early-exposed BTB class (at
the rate k). It is decreased by exogenous re-infection (at a rate OppAp),
development of clinical symptoms of BTB (at a rate oy) and natural death,
so that

dEp>
dt

= rk1Ep1 — (OgA\s + 02 + 1) Epo.

Similarly, the population of buffalos at advanced-exposed MTB class (Ep2(t))
is generated by the progression of buffalos in the early-exposed MTB class
(at the rate ko). It is decreased by exogenous re-infection (at a rate OpgAy),
development of clinical symptoms of MTB (at a rate o2) and natural death.
Hence,

dEnr
dt

= koFEn — (OppAn + one + 1is) Enro.

The population of buffalos with clinical symptoms of BTB (Igp(t)) is in-
creased by the development of clinical symptoms of exposed buffalos with
BTB (at the rate ops) and by the exogenous re-infection of exposed and re-
covered buffalos (at the rates OppAp and OgpAp, respectively). It is decreased
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by recovery (at a rate yp1), natural death and by BTB-induced mortality (at
a rate 0p). Thus,

dlpp
dt

= 0paEps + (Ep1 + Ep2)0psAs + 0rpAsRes — (ve1 + 5 + 08)I8B.

The population of buffalos with clinical symptoms of MTB (Iy/5(t)) is in-
creased by the development of clinical symptoms of exposed buffalos with
MTB (at the rate op9) and by the exogenous re-infection of exposed and
recovered buffalos (at the rates gy and OgpAy, respectively). It is de-
creased by recovery (at a rate 7,/1), natural death and by MTB-induced
mortality (at a rate dp7). Thus,

dlvp
dt

= oaaEve + (B + Eyve)0es g + OrpAuRyus — (Van + s + 0um) L.

The population of buffalos who recovered from BTB (Rpg(t)) is increased
following the recovery of buffalos with clinical symptoms of BTB (at the rate
vp1). It is decreased by re-infection (at the rate gpAp) and natural death,
so that

dRpp
dt

=vp1lps — (OrpAB + 118)RBBE-

Finally, the population of buffalos who recovered from MTB (Ryp(t)) is
generated by the recovery of buffalos with MTB (at the rate vy,1), and is
decreased following re-infection (at the rate 0gpAy) and natural death. This
gives

dRyp
dt

=Yvlvs — OreAa + 1) Rus.

It is assumed that recovered buffalos and humans acquire permanent nat-
ural immunity against BTB or M'TB infection so that recovered buffalos and
humans do not return to their respective susceptible class (albeit buffalos and
humans in recovered classes can acquire re-infection).

Thus, based on the above assumptions and formulations, the model for the
BTB-MTB transmission dynamics in a human-buffalo population is given by
the following deterministic system of non-linear differential equations (a flow
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Figure 4.2: Schematic diagram of the BTB-MTB model (4.5.3).
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Table 4.1: Description of the variables of the BTB-MTB model (4.5.3).

Variable Interpretation

Population of susceptible humans

Population of humans exposed to MTB

Population of humans exposed to BTB

Population of infected humans with clinical symptoms of MTB
Population of infected humans with clinical symptoms of BTB
Population of humans who recovered from MTB

Population of humans who recovered from BTB

Population of susceptible buffalos

Population of buffalos early-exposed to BTB

Population of buffalos early-exposed to MTB

Population of buffalos at advanced-exposed BTB stage
Population of buffalos at advanced-exposed MTB stage
Population of buffalos with clinical symptoms of BTB
Population of buffalos with clinical symptoms of MTB
Population of buffalos who recovered from BTB

Population of buffalos who recovered from MTB

diagram of the model is depicted in Figure 4.2; and the associated variables

and parameters are described in Tables 4.1 and 4.2, respectively):
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- / dS
§ d—tH:HH—()\H—F)\B‘i‘,uH)SHa
3
2| dE
g dfl = AgSu — g + o1+ piw) B,
| dE
% a2 :ABSH—(QHQ)\B+0'2+MH>EH27
T d;H =0 Fy + (0H1EH1 + QRHRHI)/\H - (71 + HE + 5H1)IH17
dl
d;m =09y + (HHQEHQ + QRBRHQ)/\B - (’72 + pg 5H2)]H27
dR
dfl =yl — (OraAn + pu)Run,
dR
\ de = Yolpgs — (OrAB + i) Rio.
( dS
= dE
é dtBl = /\BSB_ (QEB)\B‘FRI‘F,UB)EBM
3
& | dE
%‘ d;v[l = QHH/\HSB — (QEB/\H + Ko + MB)EMlu
| dEs
= It = lilEBl — (QEB)\B +0p2 + ,UB)EB2a
&=
= dE
aa] d;\/m = HQEMl — (QEB)\H + op2 + NB)EM27 (453)
dl
diB = opalips + (Ep1 + Ep2)0ppAp + OrpApRep — (Y81 + 8 + 08) BB,
dl
a]l‘fB = om2En2 + (B + Enz)0epAn + OrpAuRyp — (Yan + s + 0n) Ius,
dR
dtBB = vp1dpp — (0rBAB + 1tB)RBB,
dR
\ deB = ymilup — (OrAm + pi8) Rup-

The model (4.5.3), to the authors’ knowledge, is the first to incorpo-
rate humans and MTB dynamics in the transmission dynamics of BTB in
a human-buffalo population. Furthermore, it extends numerous models for
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BTB transmission in the literature, such as those in [1, 2, 6, 21, 31, 67, 105],
by, inter alia,

(i) Including the dynamics of early- and advanced- exposed buffalos. Ex-
posed buffalo classes were not considered in [1, 6, 21, 31, 67].

(ii) Allowing for BTB and MTB transmission by exposed buffalos and hu-
mans. This was not considered in [1, 6, 21, 31, 67, 105].

(iii) Including the dynamics of humans. This was not considered in [2, 31,
67, 105].

(iv) Allowing for the re-infection of exposed and recovered buffalos and hu-
mans (this was not considered in [1, 2, 6, 31, 67]).

(v) Allowing for the transmission of both BTB and MTB in both the buffalo
and human populations (this was not considered in [1, 2, 6, 21, 31, 67]).

The model (4.5.3) will now be rigorously analyzed to gain insight into its
dynamical features. Before doing so, it is instructive, however, to consider
the dynamics within the buffalo population only, as shown below.

4.5.2 Analysis of buffalo-only model

Consider the model (4.5.3) in the absence of humans (buffalo-only model),
obtained by setting the human components to zero (i.e., setting Sy = Fy; =
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EH2 = IHl = ]HQ = RHl = RH2 = )\H = QHH =0in (453)), given by:
dS
d_tB =g — (A + uB)Ss,
dE
dfl = AgSp — (A + K1 + 1) Ep,
dE
dftm = — (k2 + p) B,
dE
df2 = k1Ep1 — (OB + 0p2 + 1i5)Epa,
dE
d;vm = ko En1 — (02 + pB) By,
dlpp
T 0p2Eps + (Ep1 + Ep2)0epAp + OrsA\sRep — (51 + s + 08)I5s,
dI
C?tw = oaaEve — (Y + s + 0 s,
dR
de =vp1lps — (OrA5 + 18)RBB,
dR
dMB = 7M1]MB - NBRMBy
t
where, now,
_ BB
Ap = N—(UBlEBl +np2Ep2 + Ipp). (4.5.5)
B

It is worth stating that since there are no humans in the dynamics of the
buffalo-only model (4.5.4), MTB is not transmitted to susceptible buffalos.
Furthermore, it is clear from the third equation in (4.5.4) that

Eyi(t) — 0 as t — oo. (4.5.6)
Substituting (4.5.6) in the fifth equation in (4.5.4) shows that

Epo(t) — 0 as t — oo.

Similarly, by substituting (Eyq, Fye) = (0,0) into the equation for I,5 and
Ry in (4.5.4), it follows that

(IMB(t),RMB(t)) — (0,0) as t — oo.
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Thus, the buffalo-only model reduces to the following (limited) model at
steady-state

dsS
dE
dfl = AgSp — (A + K1 + up)Epi,
dE
dfz = rk1Ep1 — (OeAs + 02 + 115) EB2, (4:5.7)
dl
dB;B = 0p2Ep> + (Ep1 + Ep2)0pAs + OreAsREs — (Y1 + 115 + 08) BB,
dR

Lemma 4.5.1 The following biologically-feasible region of the buffalo-only
model (4.5.7)

II
I = {(SB7EB1,E32,[BB,RBB) €ER’ :Sp+ Epi+ Eps+ Ipp + Rpp < M—B}
B

15 positively-invariant and attracting.

Proof. Adding the equations in the buffalo-only model system (4.5.7)
gives
dNg(t)
dt

= llp — upNp(t) — dplpp(l), (4.5.8)
so that,

dNp(t)
dt
It follows from (4.5.9), and the Gronwall lemma, that

II
NB(t) < NB(O)G—#B(t) + _B[l _ e—#B(t)]_
HUB
In particular, Ng(t) < lg/pp if Np(0) < IIp/up. Thus, I' is positively-
invariant. Hence, it is sufficient to consider the dynamics of the buffalo-only
model (4.5.7) in I' (where the model can be considered to be epidemiologically
and mathematically well-posed [55]). |
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Theorem 4.5.1 Let the initial data Sp(0) > 0, Ep1(0) > 0, Eps(0) >
0, Igp(0) >0, Rpp(0) > 0. Then, the solutions Sg(t), Epi(t), Epa(t), Ipp(t)
and Rpp(t) of the buffalo-only model (4.5.7) are positive for all t > 0.

Proof. Tt is clear from the first equation of the buffalo-only model (4.5.7)
that

5, = _(AB +MB)SB>

so that,

t
Sp(t) > Sp(0)exp [—/ (A + pp)du| > 0, for all ¢ > 0.
0

Using similar approach, it can be shown that Fg;(t) > 0, Eps(t) > 0, Ipp(t) >
0 and Rpp(t) > 0, for all t > 0. O

The buffalo-only model (4.5.4) is fitted using data for the number of infected
buffalos with BTB obtained from South Africa’s Kruger National Park [28],
from the year 2001 to 2005, as shown in Figure 4.3 (from which it is evident
that the model mimics the data reasonably well).

4.5.3 Asymptotic stability of disease free equilibrium
(DFE)

4.5.3.1 Local asymptotic stability
The DFE of the buffalo-only model (4.5.7) is given by

11
50 = (SE, Egla EE% [EB7 R*BB) = (_Ba 07 07 07 O) : (4510)

UB

The linear stability of & can be established using the next generation oper-
ator method on the system (4.5.4) [32, 107]. The matrices F' (for the new
infection terms) and V' (of the transition terms) associated with the system
(4.5.7) are given, respectively, by
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Figure 4.3: Data fit of the simulation of the buffalo-only model (4.5.4), using
data obtained from South Africa’s Kruger National Park (Table 4.4) [28].
Parameter values used are as given in Table 4.3.
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Benpr Bene2 Bs K 0 0
F= 0 0 0 5 V= —HR1 Kg 0 5
0 0 0 0 —op Ks

Where, K1 = K1 + waB, Kg = 0po + uB and K5 = YB1 + UB + (53. It fol-
lows that the basic reproduction number of the buffalo-only model (4.5.7),
denoted by Ry, is given by

R — Bene1KsKs + k1(np2Ks + 0p2)]
0 K KK '

Hence, using Theorem 2 of [107], the following result is established.

Lemma 4.5.2 The DFE, &, of the buffalo-only model (4.5.7) is LAS if
Ro < 1, and unstable if Rg > 1.

The threshold quantity, Ry, represents the average number of secondary cases
of BTB in the buffalo population that one BTB-infected buffalo can generate
if introduced into a completely-susceptible buffalo population [3, 4, 55].

Interpretation of R,

The threshold quantity, Ry, can be interpreted as follows. It is worth re-
calling, first of all, that susceptible buffalos can acquire BTB infection fol-
lowing effective contact with either early-exposed buffalo with BTB (Ep; (%)),
advanced-exposed buffalo with BTB (FEps(t)) or infected buffalo with clinical
symptoms of BTB (Ipg(t)). It follows that, the number of BTB infections
generated by an early-exposed buffalo (near the DFE) is given by the prod-

uct of the infection rate of an early-exposed buffalo (5 BABL) and the average
B
duration of stay in the early-exposed class (K%) Thus, the average number

of BTB infections generated by early-exposed buffalos is given by

5377315%

4.5.11
KN} ( )

Similarly, the number of BTB infections generated by an advanced-exposed
buffalo (near the DFE) is given by the product of the infection rate of
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Figure 4.4: Simulations of the buffalo-only model (4.5.7), showing the total
number of infected buffalos with clinical symptoms of BTB (Ipp(t)) at time
t as a function of time. Parameter values used are as given in Table 4.3 with
(A) B = 0.00733 (so that, Ro = 0.7036 < 1) and (B) 85 = 0.0733, o5 = 0
(so that, Ry = 8.6050 > 1).
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advanced-exposed buffalos (%), the probability that early-exposed buf-
B
falo survived the early-exposed class and move to the advanced-exposed class

(7&) and the average duration of stay in the advanced-exposed class (KLB)

Thus, the average number of BTB infections generated by advanced-exposed
buffalos is given by

537}32/11 SE

KiK3N},

Furthermore, the number of BTB infections generated by an infected buf-

(4.5.12)

falo with clinical symptoms of BTB (near the DFE) is given by the product of

the infection rate of buffalos with clinical symptoms of BTB ( ]@Z ), the proba-
bility that an advanced-exposed buffalo survived the advanced-exposed class
and move to the symptomatic class Igp (%) and the average duration of
stay in the symptomatic class Ipp (K%)) Thus, the average number of BTB

infections generated by advanced-exposed buffalos is given by

Bpr10525%

5208 4.5.13
K1 K3K5N, ( )

The sum of the terms in (4.5.11), (4.5.12) and (4.5.13) gives Ry. That is,
the average number of new infections generated by infected buffalos (early-

exposed, advanced-exposed or symptomatic) is given by (noting that S§ =

Up and N% = H_B)
wB LB

R Bene1KsKs + k1(np2Ks + 0p2)]
0 K K3 K ‘

The epidemiological implication of Lemma 4.5.2 is that BTB can be effec-

tively controlled in (or eliminated from) the buffalo population if the initial
sizes of the state variables of the buffalo-only model (4.5.7) are in the basin of
attraction of the DFE (&). It is worth mentioning, however, that TB models
with exogenous re-infection are often shown to exhibit the phenomenon of
backward bifurcation (where the stable DFE co-exists with a stable endemic
equilibrium when Ry < 1 [1, 21, 38, 98]). The epidemiological implication
of this phenomenon is that the classical requirement of Ry < 1 is, although
necessary, no longer sufficient for diseases elimination [1, 98]. Thus, the pres-
ence of backward bifurcation in the transmission dynamics of a disease makes
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its effective control in a population more difficult. Hence, it is instructive to
explore the possibility of such phenomenon in the buffalo-only model (4.5.4).
This is investigated below.

Theorem 4.5.2 The buffalo-only model (4.5.4) undergoes backward bifurca-
tion at Ro = 1 whenever the bifurcation coefficient, a, given by (4.5.17) is
positive.

Proof. The proof is based on using centre manifold theory [21, 107]. Consider

the buffalo-only model (4.5.4). Let Sp = 21, Ep1 = 2, Eyn = 23, Epy =

T4, By = x5, Ipp = w6, Iyp = 77, Rpp = 73 and Ryp = wxg9. Thus,
9

Np = Z x;. Further, by using the vector notation X = (xy, xs, 23, 14, T, Tg, T7, Tg, Tg)*
i=1
the buffalo-only model (4.5.4) can be written in the form

dX
% = (f17 f?, f37 f4a f57 f67 f7a f87 f9)T7 as follows
d.ﬁlﬁl
= TIe — (N
L B — (A + up)z1,
dz
dz
d—:’ = — (Ko + p)xs,
dz
d_: = K1Xy — (QEB)\B +0po + ,UB):E47
dz
d_t5 = ko3 — (Op2 + 4B)Ts, (45.14)
dz
d_t6 = 0oty + (¥2 + 74)0pBAB + OrABTS — (YB1 + HB + OB)T6,
dx
d_t7 = Op2T5 — (”YM1 + U+ 53)557’
dx
_dts = Yp1Tg — (eRB)\B + MB>x8>
dxg
_— = xXrr — xr
di YMmM1T7 — UBZ9,
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with the associated force of infection given by

o Be(NB172 + N2ty + T¢)
o 9

>

i=1

Consider the case with Ry = 1. Let 5 (obtained by solving for g = S5
from Ry = 1) given by

A

_ K1 K3K5

1 K3 K5 + k1 (82 K5 + 0p2)

be chosen as a bifurcation parameter. The Jacobian of the system (4.5.14),
evaluated at the DFE (&) with g = S5 (denoted by J*), is given by

B = Bp

(—up  —Brnm 0 —Bgn2 0 =B O 0 0 ]
0 pBpnpr—K1 0 BENB2 0 B 0 0 0
0 0 - K, 0 0 0 0 0 0
J'=1 0 K1 0 —K; 0 0 0 0 0
0 0 K9 0 —K, 0 0 0 0
0 0 0 OB2 0 — K5 0 0 0
0 0 0 0 T M2 0 —KG 0 0
0 0 0 0 O 1 0 —pp O
| 0 0 0 0 0 0 govst 0  —up

where K; (i =1,...,6) are as defined in Section 4.5.2.

The Jacobian (J*) of the linearized system has a simple zero eigenvalue (with
all other eigenvalues having negative real part) obtained through rigorous
computations. Hence, the centre manifold theory [21, 107] can be used to
analyze the dynamics of the system (4.5.14) around g = f5. Using the
notation in [21], the following computations are carried out.
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Eigenvectors of J*
B=B%
For the case when Ry = 1, it can be shown that the Jacobian, J*, has

a right eigenvector (corresponding to the simple zero eigenvalue), given by
_ T
W = [wlyw?aw37w4aw57w67w7aw87w9] ) Where7

_ —Br(nB1w2 + Npawy + we)

wy = , Wo = wa, w3 =0,
1
Kiswg Kewy YB1Ws Ym1Wy
Wy = , Ws = , We = We, W7 = Wy, Wg = , W9 = .
0B2 M2 KB HB
(4.5.15)
Similarly, the components of the left eigenvector of J* (corresponding to the
simple zero eigenvalue), denoted by v = [vy, va,v3, V4, Vs, Vg, U7, Us, Vg, are
given by,
K20 M2V7 (K1 — Bpnp1)ve I
Vo = — =70 4y = = ) Ks+ops)+o v
3 KoK, 4 P e [53 2(?732 5 Bz) B27YB1 8]7
O M2V U2 + YB1V Kgv
Vs = M27706:w,’09: 67,U1:0,U2>0,U7>O,U8>0.
K4 K5 M1

(4.5.16)
It is worth mentioning that the free right eigenvectors, ws, wg and w; and
left eigenvectors, v9, v; and wvg, are chosen to be

) 1 ! 1 1 d 1
V2 , Ut KG’ 8 ) 2 37 6 3141 7 3142’
where,
85 (N2 Ks + 0p2) + vB1082) By +v81) + 751 K5
A= + ,
Ks0p2 Kspup
and,

Kolpp(Ky + Kg) + K4 K

A, =
? KoKy Kepp
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so that v.w = 1 (in line with [21]).

It can be shown, by computing the non-zero partial derivatives of the
right-hand side functions, f;(¢ = 1,...,9), that the associated backward bi-
furcation coefficients, a and b, are given, respectively, by (see Theorem 4.1
in [21]):

y & fr
a = Z vkwiij(O, 0),
L]

kyi,j=1

2 *
= ﬁli[BsB {0ps(wa(ve — v2) + wa(vs — v4)] + Orpws(vs — vs)

—vg(wg+w3+w4+w5+w6+w7+w8+w9)},

28518 By + v — Ks Or (B + V81 — K5
— ZEBPP ) A
3 { EB( Ks A )T Ks

ppKs +o0p1) +opever  Ymome K + KoppKe + 0p2)
— |1+ + :
Aipipopa AsKoppon
(4.5.17)
and,
- 0"
b= ;;1 Ukwim((), 0) = va(Np1w2 + Npaws + we),
L + (np2K5 + 0p2)
S o
3 nB1 A0 NB21\s B2)|
where,

1

Ag= ———
’ A1UB2K3

(K3(B5 +vB1) — B2 K5 + 0p2) + 0p2vB1] -

Since the bifurcation coefficient, b, is automatically positive, it follows from
Theorem 4.1 in [21] that the buffalo-only model (4.5.4) (or its transformed
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equivalent (4.5.14)) will undergo backward bifurcation if the bifurcation co-
efficient, a, given by (4.5.17), is positive. [

This result is consistent with that in [1, 21, 98], on the transmission
dynamics of mycobacterium tuberculosis in human populations. This result
is summarized below.

Lemma 4.5.3 The buffalo-only model (4.5.4) does not undergo backward
bifurcation at Ry = 1 in the absence of re-infection of exposed and recovered
buﬁalos (QEB = HRB = 0)

Hence, this study shows that the re-infection of exposed and recovered buf-
falos causes the phenomenon of backward bifurcation in the transmission
dynamics of BTB and MTB in a buffalo-only population. To further confirm
the absence of backward bifurcation in this case, a global asymptotic stabil-
ity result is established for the DFE (&) of the buffalo-only model (4.5.7) in
the absence of re-infection (i.e., Ogp = Ogp = 0) below.

4.5.3.2 Global asymptotic stability of the DFE

Consider the buffalo-only model (4.5.7) in the absence of re-infection of ex-
posed (0gp = 0) and recovered (frp = 0) buffalos.

Theorem 4.5.3 The DFE, &, of the buffalo-only model (4.5.7) with gpp =

Proof. Consider the buffalo-only model (4.5.7) in the absence of re-infection
(0gp = Orp = 0). Furthermore, let Ry < 1. Consider the following linear
Lyapunov function F = agFpy + a1 Eps + aslpp, where,

Be(ne2Ks + op2) a :ﬁ_B
K3K5 y U2 K5’

ap = Ry, a1 =
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with Lyapunov derivative given by

F = aoEBl + a1EB2 + aszB,

Np
+ az(UBzEBz - K5[BB),

= Qo {5—3(7731591 +np2Eps + Ipp)Sp — K1E31:| + a1 (kiFEp1 — K3Eps)

BeNB2SE

< BenB1SB
= (aqp———— N,

= Ns —apK, + Cl1ff1) Ep + <Cl0

S
+ (CLOBB = —CLQK5> ]BBa
Np

— a1 K3+ a2032) Eps

S /BB(UBIEBl +7732EBQ +[BB)(R0 — 1) since SB(t) S NB(t) for all ¢ in F,

<0 if Ry <1.

Since all the parameters and variables of the model (4.5.7) are non-negative
(Theorem 4.5.1), it follows that F < 0 for Ry < 1 with F = 0 if and only
if Egy = Epy = Igg = 0. Thus, it follows, by LaSalle’s Invariance Principle
[70], that

(EBl(t), EBQ(t), ]BB(t>> — (07 0, O) as t — oo. (4518)

Since tlim sup Igp(t) = 0 (from (4.5.18)), it follows that, for sufficiently small
—00
w* > 0, there exists a constant M > 0, such that, tlim sup Ipp(t) < w” for
—00

all t > M. Hence, it follows from the fifth equation of the buffalo-only model
(4.5.7) that, for t > M, Rpp < vprw* — upRpp. Thus, by comparison

theorem [99], Ry, = tlirgo sup Rpp < %ZBW*, so that, by letting, w* — 0,
Ryp = tlgélo sup Rpp(t) < 0. (4.5.19)
Similarly, it can be shown that
RpBes = tli)rgo inf Rpp(t) > 0. (4.5.20)
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Thus, it follows from (4.5.19) and (4.5.20), that Rpps > 0 > Ryy. Hence,
lim Rpp(t) = 0. (4.5.21)
t—00

Furthermore, substituting (4.5.18) in the first equation of (4.5.7) show that

SB(t)—>E as t — oo. (4.5.22)

UB
Thus, by combining equations (4.5.18), (4.5.21) and (4.5.22), it follows that
every solution of the equations of the buffalo-only model (4.5.7), with 0gp =
Orp = 0 and initial conditions in T', approaches &, as t — oo (whenever

Ry < 1). m

Theorem 4.5.3 shows that, in the absence of the re-infection of exposed and
recovered buffalos (i.e., g = Orp = 0), BTB can be eliminated from the
buffalo-only population if the reproduction number of the model (Ry) can be
brought to (and maintained at) a value less than unity. Figure 4.4A depicts
the solution profiles of the buffalo-only model (4.5.7), generated using various
initial conditions, showing convergence to the DFE & when R < 1 (in line
with Theorem 4.5.3).

4.5.4 Existence of endemic equilibria: Special case

In this section, the existence of non-trivial (endemic) equilibria (where the
components of the infected variables of the model are non-zero) of the buffalo-
only model (4.5.7) is explored for the special case without re-infection (i.e.,
Orpp = Orp = 0). Solving the equations of the buffalo-only model (4.5.7) at
steady-state gives the following general form of the EE (denoted by &)

*kk ok k% ok k%
& = (SB » Ep1y Ega, I, RBB>7

where,
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k3% kk
Kk g ok /\B Ip *k ’il)\B g

— Nk E - ) - )
Podgtus’ TP Kl es) T KiKs(Ng + )

4.5.23
[ opak1 AR 1R - _ vB10B2K1 A B ( )
BB KO KsKs(\g +ug)’ PP K KsKsup\g + ug)’
with the force of infection at steady-state (A}y) given by
sk BB Kk . Hk
A = W(ﬁBlEEn + 2By + I5p)- (4.5.24)
B

Using (4.5.23) in the expression for A3 in (4.5.24) shows that the non-zero
equilibrium of the model (4.5.4) satisfy the linear equation

where, by = Ksup(K3+ K1) +0paki(pup+vp2) and by = K1 K3Ksup(1—Ry).
Clearly, the coefficient by is always positive, and by is positive (negative) if
Ry is less than (greater than) unity, respectively. Thus, the linear system
(4.5.25) has a unique positive solution, given by A} = —by/b;, whenever
Ry > 1. Further, the force of infection for buffalos (A}) is negative whenever
Ro < 1 (which is biologically meaningless). Hence, the buffalo-only model
(4.5.4) has no positive equilibrium in this case. These results are summarized
below.

Theorem 4.5.4 The buffalo-only model (4.5.7), with 0gp = 0rp = 0, has a
unique FE, £, whenever Rg > 1, and no EE otherwise.
4.5.4.1 Global asymptotic stability of endemic equilibrium

The global asymptotic stability of the unique EE (&) of the buffalo-only
model is explored for the special case without re-infection (0gp = Orp = 0)
and BTB-induced death in buffalos (65 = 0). It is convenient to define
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I'y = {(Sp, Ep1, Ep2, Ipp, Rpp) € I': Ep1 = Eps = Ipp = Rpp = 0},
the stable manifold of the DFE (&) of the buffalo-only model (4.5.7).

Theorem 4.5.5 The unique EE (£1) of the buffalo-only model (4.5.7), with
Opp = Orp = 0p =0, is GAS in T\T' if Ry = Ro|sy—o > 1.

Proof. Consider the buffalo-only model (4.5.7) with 0gp = Ogp = dp = 0.
For this case, it follows from Theorem 4.5.4 that the buffalo-only model
(4.5.7) has a unique EE whenever Ry > 1. Furthermore, setting dp = 0
in the model (4.5.7) shows that Ng(t) — Ilp/up as t — oco. Consider the
following non-linear Lyapunov function (of Goh-Volterra type) for the sub-
system of the model (4.5.7) involving the state variables Sg, Ep1, Fps and
Ipp (noting that Np(t) is now replaced by its limiting value Ilg/up):

g E
F=S5—85 -5 (—B) + Epi — B — EfiIn (—f)
SE B
Benp2S5 Egy + BeS Iy Ep)
+ ( l‘ilEE*l B2 B2 B2 n EE*Q
BBSE*IE*B [ (IBB>}
L EBPBIBB \ oo e n (22|
O'BQEE*Q BB BB BB [E*B
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> uBSe N .
where, 0 = 0. The Lyapunov derivative of F is given by
B

*%

F=5g— BSB+EB1—E31EB1

Sg Bl
) S**E** ) S**I** . E** .
n BBnB2SE L) : BeSE 15 (EBQ _ Lo EBQ)
w1 Eg Eps

L Ped5 T, <]BB _ BBIBB) |

032E32 Ipp
=1lp — Be(ne1Ep1 + np2Ep2 + Ipp)Se — 118SB

S** -

- SB [HB — Be(p1EB1 +Mp2Ep2 + 1) Sp — ,UBSB} (4.5.26)

B

+ BB(TZBlEBl +np2Eps + Ipp)Sk

k%

B e
— K Ep — EBI [53(77315331 +np2Eps + Ipp)Sp — KIEBI]
Bl

2 SR 4 2 G [ B
+ Penp25s i - P55 5 [/ﬁEBl — K3Epy — =22 (k1 Ep1 — K3EB2):|
HlEBl EBQ

*x

I
|:0'B2EBZ - KSIBB - IBg (UBzEBz - K5IBB>] .

BeSE I5s
+ E**
Op2Lipy

Using the following steady-state relations (obtained from (4.5.7)),

g = Bs(p1 By + 1By + Iip) S5 + 1Sy, k1B, = KB,

. 4.5.27)
Be(pER + npER, + I5p) S5 = KiER), opER) = Kslip, vp1lpp = MBR%B’

the Lyapunov derivative can be simplified to
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F = Bs(mps1E5y + np2Ey + I5s)Ss + usSy — 1sSe

*3k

— SB [BB(U&EE} + N2 Epy + I55)SE + upSp™ — BB(UBlEBl +np2Eps + Ipp)Sk
B
E** N
—upSp| — K1Ep — EBl [53(77311531 +np2Eps+ Ipp)Sp — KlEBl}
Bl
) S**E** + n S**I** E**
+ Penie: B b2 -~ i B BB |:K/1EB1 — K3Epy — b2 (/431E31 - K3EB2):|
KlEBl E32
) S**[** [**
+ 533;*53 [UBQEBz — Kslpp — 22 (0p2Eps — K5]BB):| ;
UB2E32 Ipp
S S
- MBSE* <2 - SB; - ka)
B

eI S <4 S5 Emlyy  EpkEp IBBSBEEE)
BETE S Egylps  EjEp  IuSyEm

5 G SB
E** *ok 2 B
+ Bene1EE 15k < Sy SE*)

. St EmBEL,  EpSpEL )
ﬁBnB2 B2~ B SB EE*1E32 EE*QSE*EBl

Finally, since the arithmetic mean exceeds the geometric mean, it follows
then that

S** SB
Sel2-=L — <0
’“‘”( Si Sz*)— |
Sy Emlys  EsEp, IBBSBEE*I) <0

5y [** S** 4_
PslppSE ( Sy Eips FEpEp 15,55 Ep

B G SB
Bene1EE S ( Sy SE*) )

Sy EmBEp EB2SBE,§*1>

BenpaE5, St (3
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Furthermore, since all the model parameters are non-negative, it follows that
F < 0 for Ry > 1. Thus, F is a Lyapunov function for the sub-system of
the model (4.5.4) on I'\I';. Therefore, it follows, by LaSalle’s Invariance
Principle [70], that

t—o0 t—o0 t—o0 t—o0

Since Ipp(t) — Iy as t — oo, it follows from the equation for dRpp/dt in

I**
(4.5.4) that, Rgp(t) — YBL 55 _ Ry, as t — oo. The proof is concluded
i

B
using similar arguments as in the proof of Theorem 4.5.3. |

The epidemiological implication of Theorem 4.5.5 is that BTB will be
endemic in the buffalo population if Ry > 1 (and Opp = Orp = o = 0).
Figure 4.4 B depicts the solutions of the model (4.5.7) for the case when
7~20 > 1 and Ogg = Org = 0 = 0, showing convergence of the initial solutions
to the unique EE (in line with Theorem 4.5.5). In general, the dynamics of the
buffalo-only model have shown that it exhibit the phenomenon of backward
bifurcation, where an asymptotically-stable disease free equilibrium (DFE)
co-exists with an asymptotically-stable EE when the associated reproduction
number is less than unity. This phenomenon is shown to arise due to the
exogenous re-infection of exposed and recovered buffalos. In the absence of
such re-infection, it is shown, using a linear Lyapunov function, that the
DFE of the model is GAS whenever the associated reproduction number is
less than unity. Moreover, the model has a unique EE for a special case,
which is shown, using a non-linear Lyapunov function, to be GAS.

4.5.5 Sensitivity and uncertainty analyses

In this section, sensitivity and uncertainty analyses will be carried out, us-
ing Latin Hypercube Sampling (LHS) and Partial Correlation Coefficient
(PRCC) [62, 63, 64], to assess the effect of uncertainty in the estimate of the
parameter values used to simulate the buffalo-only model (on the simulation
results obtained) and to determine the key parameters that drive the dynam-
ics of the disease in the buffalo-human population. The ranges and baseline
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Figure 4.5: Box plot of R as a function of the number of LHS runs carried
out for the buffalo-only model (4.5.4), using parameter values and ranges
given in Table 3.

values of the parameters of the buffalo-only model, given in Table 4.3, will be
used in these analyses. Each parameter of the buffalo-only model (4.5.4) is as-
sumed to obey a uniform distribution [15]. Following [15], a total of 1000 LHS
runs (N=1000) are carried out. Furthermore, the following initial conditions
(which are consistent with the dynamics of African buffalo in the Kruger Na-
tional Park [28]): (Sg(0), Ep1(0), Eni(0), Ep2(0), Ear(0), I55(0), Inp(0),
Rpp(0), Rup(0)) =
(28000, 100, 100, 20, 20, 10, 10, 100, 100)) are used in the simulations.

Figure 4.5 depicts a box plot of Ry, as a function of the number of LHS
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Figure 4.6: PRCC values of the parameters of the buffalo-only model (4.5.4),
using Ro as the output function. Parameter values used are as given in Table
4.3.

runs carried out (N = 1000), from which it is evident that the distribution
of Ro lie in the range Ry € [0.34, 0.55] (each box plot displays the upper
and lower quartile ranges of Ry. A horizontal line within the box is the
median value, and values of R beyond the whiskers are outliers [78]). Thus,
since the distribution of the reproduction number of the buffalo-only model
is less than unity, it follows (from Lemma 4.5.2 and Theorem 4.5.3) that the
BTB outbreaks (in the buffalo-human population) will die out with time (in
other words, the disease will be effectively controlled). The PRCC values of
the parameters of the buffalo-only model (4.5.4), using R, as the response
function, are depicted in Figure 4.6. It follows from Figure 4.6 that the top
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three parameters that most influences the value of Ry (hence the disease
dynamics) are the BTB transmission rate (fp), the recovery rate of buffalos
(vp1) and the BTB-induced mortality in buffalos (dp).

Similarly, Figure 4.7 depicts the box plot of the buffalo-only model (4.5.4)
using total number of symptomatic buffalos (Igg + Iyp) as the response
function. This figure shows a distribution of the number of symptomatic
buffalos lying in the range [42, 118]. Hence, this study shows that, using the
parameter values and ranges relevant to BTB-MTB dynamics at the Kruger
National Park, a BTB outbreak could cause no more than 120 confirmed cases
(of BTB and MTB) in the park. The associated PRCC values (with the total
number of symptomatic buffalos as the output) are depicted in Figure 4.8,
from which it is evident that, in this scenario, the top three parameters
(that most influences the output) are the buffalo recruitment rate (IIg), the
natural (pp) and the disease-induced (6p) death rate of buffalos. Hence,
this study shows variability in the top-ranked PRCC values on the chosen
response/output function.

Therefore, in this section, the detailed sensitivity analysis reveals that the
parameters that most influence the dynamics of the buffalo-only model (us-
ing the reproduction number as the response/output function) are the BTB
transmission rate, the recovery rate of buffalos and the BTB-induced death
rate of buffalos. For the case where the response function is the total num-
ber of symptomatic buffalos (with BTB or MTB), the buffalo demographic
parameters were found to be the most influential. Furthermore, it is shown,
using an uncertainty analysis, the distribution of the reproduction number
of the buffalo-only model is shown to be less than unity (hence, the dis-
ease outbreak will not persist in the buffalo-human population). It is shown
that both the buffalo-only model and the full BTB-MTB model have essen-
tially the same qualitative dynamics with respect to the asymptotic local-
and global- of the disease free equilibrium and the backward bifurcation phe-
nomenon established in the transmission dynamics of BTB and BTB-MTB
in a buffalo-human population; which, in both cases, is shown to arise due to
the re-infection of exposed and recovered host(s) (buffalos or both buffalos
and humans).
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Figure 4.7: Box plot of the total number of symptomatic buffalos (Ipg+ Iy )

as a function of the number of LHS runs for the buffalo-only model (4.5.4),

using parameter values and ranges given in Table 3.
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Figure 4.8: PRCC values of the parameters of the buffalo-only model (4.5.4),
using total number of symptomatic buffalos (Ipp + Iyp) as the output func-
tion. Parameter values used are as given in Table 4.3.
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Having fully studied the dynamics of the buffalo-only model (4.5.4), the
full BTB-MTB model (4.5.3) will now be analyzed.

4.6 Analysis of the BTB-MTB model

It can be shown, using the approach in Section 4.5.2, that the following
biologically-feasible region,

Q= {(SH7 EHI; EH27IH17 ]H27RH17 RHQ; SBvEBla EMlvEBQa EMQ?-[BB?

II II
Ivp, Rpp, Rup) € R : Ny < A Np< —B},

HH HB
is positively-invariant and attracting for the BTB-MTB model (4.5.3).

4.6.1 Local stability of DFE

The analyses in this section will be carried out for the special case of the
BTB-MTB model (4.5.3) with 0y, = 0 = 0. The justification for this
assumption is based on the fact that contact between humans and buffalos
in the Kruger National Park are tightly controlled (hence, it is reasonable to
assume that buffalo-to-human or human-to-buffalo transmission of BTB is
negligible). The DFE of the BTB-MTB model (4.5.3) is given by

_ * * * * * * * * * * * *
gOf - (SH7EHlaEH27]H17]H27RH17RHZ?‘SB?EBDEMDEB%EM%

Ip: Inp, Ripp, Riyp) (4.6.1)

Hp I1p
= ’0707070’0707 707070’070707070 *
12974 KB

The associated next generation matrices of the BTB-MTB model (4.5.3),
denoted by Fy and V} are given, respectively, by
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" Byn;n O By O 0 0 0O 0 0 0]
0O Bunwe 0 By 0O 0 0 0 0 0
0 o 0 0 0 0 0 0 0 0
0 O 0 0 0 0 0 0 0 0
P = 0 0 0 0 pBener 0 By 0 B 0 ’
0 o 0 0 0 0 0 0 0 0
0 O 0 0 0 0 0 0 0 0
0 o 0 0 0 0 0 0 0 0
0 O 0 0 0 0 0 0 0 0
L0 o 0 0 0 0 0 0 0 0,
"Q, 0 0 0 0 0 0 0 0 0]
0 Q 0 0 0 0 0 0O 0 0
oy, 0 Q3 0 0 0 0 0O 0 0
0 —05 0 Q, 0 0 0 0O 0 0
. O 0 0 0 K 0 0 0O 0 0
]l 0o 0o 0 0 0 K, 0 0O 0 0
0O 0 0 0 -k 0 Ky 0 0 0
0O 0 0 0 0 0 -k K, 0 0
0O 0 0 0 0 0 —og 0 K5 0
0 0 0 0 0 0 0 —oums 0 Kg

It follows then that the reproduction number of the BTB-MTB model (4.5.3),
denoted by Ry, is given by

Rf = ,O(Ffoil) = HlaX{RHM, RHB; Ro},

where Ry and Ryp are the associated reproduction numbers for humans
infected with MTB and with BTB, respectively, given by

Ry — Bu(mm Qs + o1) and Ryp — Br(M2Q4 + 02)

1Q3 Q2Q4 ’
where Q1 = o1+pp, Q2 = ootjig, Q3 = +pp+om and Q4 = Yo+ par+0 w2,

(4.6.2)
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and Ry is as defined in Section 4.5.2. Thus, using the approach in Section
4.5.3, the following result can be established for the BTB-MTB model (4.5.3).

Lemma 4.6.1 The DFE, &, of the model (4.5.3), with Oy = 0 = 0,
is LAS in Q0 if Ry <1, and unstable if Ry > 1.

It can be shown, as in Section 4.5.2; that the BTB-MTB model (4.5.3) also
undergoes backward bifurcation. Unlike in the buffalo-only model (4.5.4),
however, this phenomenon persists even if the bovine-associated re-infection
terms (g and Ogp) are set to zero. This is due to the re-infection of exposed
and recovered humans (i.e., g1 # 0 and 0o # 0). To illustrate this fact, it
is shown that the DFE (&) of the BTB-MTB model (4.5.3) is GAS in
in the absence of re-infection of exposed and recovered buffalos and humans,
whenever the associated reproduction number (Ry) is less than unity.

4.6.2 Global asymptotic stability of DFE

Theorem 4.6.1 The DFE, &y, of the BTB-MTB model (4.5.3) with 0y =
9[{2 = ‘9RB = QRH = QBB = HMM = QEB = HRB = 07 18 GAS mn ZfRf < 1.

Proof. Consider BTB-MTB model (4.5.4) with with 0y = 0ys = Orp =
Ory = O = Oy = Ogp = Ore = 0. The proof is based on using a
comparison theorem [71]. It should be noted, first of all, that the equations
for the infected components in the BTB-MTB model (4.5.3) can be re-written
in the following matrix form

% - {(Ff — V) — (1 - %) M, — (1 - %Z) Mg} X, (4.6.3)

where X = [Ey1, Ene, I, In2, Er, Ean, Eg2, Eno, Igg, Inp]”, the matrices
F; and Vy are as given in Section 4.6.1, and
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By O By 0 00000 0]
0 Bumms O By 0000 0 0
0 0 0O 0 O00O0OO0O0O0OTO O
0 0 0 0O 00 O0O0OO0OTGO
0 0 0 0O 00 O0O0OOTGO

M, = )
0 0 0 0O 00 O0O0O0OTGO
0 0 0O 0 0 O0O0O0O0O0OTO O
0 0 0 0O 00 O0O0OO0OTGO
0 0 0 0O 00 O0O0OOTGO

0 0 0 0 000000,

[0 0 0 O 0 0 0 0 0 07
0 0 0O 0 0 0 0O 0 O
0 00O 0 0 0 0 0 0
0 0 0O 0 0 0 0O 0 O

M, — 0 0 0 0 Bner 0 Bnea 0 Bp 0

0 00O 0 0 0 0 0 0
00 0O 0 0 0 0O 0 O
0 0 0O 0 0 0 0O 0 O
0 0 0O 0 0 0 0O 0 O

0000 0 0 0 0 0 O,

It follows, since Sy (t) < Ng(t) and Sp(t) < Np(t) for all ¢ > 0 in 2, that

Z_’t‘ < (F,—V}) % (4.6.4)

Using the fact that the eigenvalues of the matrix Fy — V7 all have negative real
parts (where p(FyV; ') < 1if R < 1, which is equivalent to F; — V; having
eigenvalues with negative real parts when Ry < 1 of [107]). Consequently,
the linearized differential inequality system (4.6.4) is stable whenever R, < 1.
Thus,
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(Emi(t), Ema(t), Im1 (1), Ina2(t), Ei(t), Eari(t), Ep2(t), Ena(t), Is(t), Ins(t)) —

(0,0,0,0,0,0,0,0,0,0) as t — oo. It follows, by comparison theorem (see
[71], pp 31), that

(Eri(t), Ega(t), I (1), Ima(t), Epi(t), En(t), Ep2(t), Eara(t), Isp(t), Inp(t)) —

(0,0,0,0,0,0,0,0,0,0). Substituting E1(t) = Ema(t) = In(t) = Iys(t) =
EBl(t) = EMl(t> = EBQ(t) = EMg(t) = IBB<t) = ]MB(t) = 0 in the suscep-
tible and the recovered compartments of (4.5.3) gives, Sy (t) — S§, Rg1 —
0,Rpgs — 0,5p(t) — Si, Rgp — 0 and Ry — 0 as t — oo. Thus, the
DFE (&) of the BTB-MTB model (4.5.3) is GAS in Q if Ry < 1 and with

01 = 0o = Orp = Opy = O = Oy = O = Orp = 0. u

Hence, the analyses in this section show that the buffalo-only model and
the full BTB-MTB model (4.5.3) have essentially the same qualitative dy-
namics with respect to the local- and global-asymptotic stability of the as-
sociated disease free equilibrium (in the absence of re-infection) as well as
the backward bifurcation property established in the transmission dynamics
of BTB and BTB-MTB in a buffalo-human population. In both cases, the
backward bifurcation phenomenon is shown to arise due to the re-infection of
the exposed and recovered host(s) (buffalos for the buffalo-only model (4.5.4),
and buffalos and humans for the BTB-MTB model). Numerical simulations
of the BTB-MTB model show that the cumulative number of MTB cases
in humans (buffalos) decreases with increasing number of BTB infections in
humans (buffalos).

4.6.3 Numerical simulations

The BTB-MTB model (4.5.3) is simulated, using the baseline values tabu-
lated in Table 4.3 (unless otherwise stated), to assess the effect of the dy-
namics of BTB (MTB) on the spread of MTB (BTB) in the human (buffalo)

population.
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4.6.3.1 Effect of BTB on MTB

The effect of BTB (in the human-buffalo population within the Kruger Na-
tional Park) on the spread of MTB in the human population (within the
park) is assessed by simulating the BTB-MTB model (4.5.3) using param-
eter values in Table 4.3, subject to the following four effectiveness levels of
BTB transmission likelihood from buffalos to humans (i.e., choosing four dif-
ferent values of the parameter 6,5, for the reduced likelihood of humans
acquiring BTB infection from buffalos):

(I) No transmission of BTB from buffalos to humans: 6,y = 0;
(IT) Low rate of transmission of BTB from buffalos to humans: 0,,,; = 0.25;

(III) Moderate rate of transmission of BTB from buffalos to humans: €5,y =
0.50;

(IV) High rate of transmission of BTB from buffalos to humans: 0y, =
0.75.

The simulation results obtained, depicted in Figure 4.9A, show that the
cumulative number of new MTB cases in humans decreases with increasing
rate of BTB transmission to humans by buffalos (6x//)-

4.6.3.2 Effect of MTB on BTB

Similar plot is generated to assess the effect of MTB (in the human-buffalo
population) on the spread of BTB in the buffalo population. Here, too,
four transmission levels of the associated parameter (Agy) are considered,
namely: none (gy = 0), low (fgy = 0.25), moderate (0yy = 0.50) and
high (g = 0.75). The results obtained, depicted in Figure 4.9B, show that
the cumulative number of new BTB infections in buffalos decreases with
increasing rate of MTB transmission to buffalos by humans.
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Figure 4.9: Cumulative number of new cases of (A) MTB infection in hu-

mans. (B) BTB infection in buffalos. Parameter values used are as given in
Table 4.3, with various values of 0y, (A) or Oy (B).
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Table 4.2: Description of parameters of the BTB-MTB model (4.5.3).

Parameter Interpretation

Iy Recruitment rate of humans

II5 Recruitment rate of buffalos

L Natural death rate of humans

B Natural death rate of buffalos

By Transmission rate of MTB

5%, Transmission rate of BTB

NH1 Modification parameter for the reduction in infectiousness of exposed
humans in comparison to humans with clinical symptoms of MTB

NHo2 Modification parameter for the reduction in infectiousness of exposed
humans in comparison to humans with clinical symptoms of BTB

NB1, B2 Modification parameters for the reduction in infectiousness of exposed
buffalos in comparison to buffalos with clinical symptoms of BTB

Ouw, OB Modification parameters for the reduction in transmissibility of MTB
to buffalos in comparison to humans

s Modification parameters for the reduction in transmissibility of BTB
to humans in comparison to buffalos

v (i=1,2)  Recovery rate of humans

YB1, YM1 Recovery rate of buffalos

o; (1=1,2) Progression rate from Ey; to Iy; class

K1 Progression rate from Ep; to Eps class

Ko Progression rate from Ey;q to Ejye class

0B Progression rate from Eps to Igp class

O M2 Progression rate from Ey5 to Iy p class

Op; (i =1,2) Exogenous re-infection rate for humans in the Ep; class

OrB, Oru Exogenous re-infection rate for recovered humans

Orn Exogenous re-infection rate for buffalos in the exposed
and recovered classes, respectively

Omt, 02 Disease-induced death rate for humans

0B, O Disease-induced death rate for buffalos

© University of Pretoria



Epidemic models & Numerics with/without Delay

)

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

129

Table 4.3: Ranges and baseline values for parameters of the BTB-MTB model

(4.5.3).

Parameter Range (day!) Baseline Value (day') Reference
Ty 126,80] 53 [96]

I, 2,4] 3 79, 87, 96]
e [0.0000274,0.0000549]  0.000047 13, 22, 34, 38]
15 (0.00009477,0.00011583)  0.0001053 126, 87]

Bir [0.00011,0.000959] 0.000535 13, 21]

B (0.006597,0.008063) 0.00733 [27]

N1 [0,1) 0.5 Fitted

e [0,1) 0.5 Fitted

81 (0.4455,0.5045) 0.45 Fitted

- (0.495,0.605) 0.55 Fitted

O 0,1) 0.5 Fitted
Onrme [0,1] 0.5 Assumed
Onm [0,1) 0.5 Assumed
v (i=1,2)  (0.0000823,0.000823) 0.000453 (13, 22]

- (0.00774,0.00946) 0.0086 127]

Va1 (0.13374,0.160086) 0.1486 1]

o (i=1,2)  (0.0000822,0.00247) 0.001 22, 93]

K1 (0.45,0.55) 0.5 93]

Ko (0.45,0.55) 0.5 193]

oo (0.25,0.35) 0.3 93]

Taio (0.36,0.44) 0.4 93]

O; (i=1,2) [0,0.1] 0.00271 [22]

OrB, OrH [0.002439,0.002981] 0.00271 22]

Orp [0.002439,0.002981] 0.00271 122]

Si1, Orro [0.000115,0.000822] 0.0002 13, 22, 21, 38]
Sn [0.0018,0.0022] 0.002 129]

S [0.0018,0.0022] 0.002 13, 22]
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Table 4.4: Number of symptomatic buffalos with BTB at Kruger National
Park [28].

Year Number of Symptomatic Buffalos [28]

2001 35

2002 135
2003 185
2004 238
2005 230
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CHAPTER 5

CONCLUSION AND FUTURE
WORK

This thesis consists of two main parts that deals with two ways of considering
the delay process in epidemiological models. The first approach, which con-
stitutes the first part of the thesis, deals with the SIS model, which takes the
form of a deterministic system of nonlinear differential equations with (dis-
crete) time delay. The main motivation of this part is the need to construct
a robust nonstandard finite difference scheme for this model. Despite the
simplicity of the SIS model, the presence of delay is a challenge from the nu-
merical point of view as observed in the literature [9, 35, 76]. For this reason,
and given also the importance of the linearization process in the qualitative
and constructive analysis of dynamical systems in general and epidemiolog-
ical models in particular, we start with a linear delay differential equation
(LDDE) for which we construct an innovative Exact-NSFD scheme. The sec-
ond part of the thesis deals with the second way of considering delay in epi-
demiological models. That is by introducing one or several exposed classes.
In this part, we do a thorough quantitative, qualitative and statistical anal-
yses of two new models for bovine tuberculosis (BTB) and mycobacterium
tuberculosis (MTB) in a buffalo-human population. The models which are

© University of Pretoria



)

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

Epidemic models & Numerics with/without Delay 132

gradually built from basic SEIR models, extends numerous other models for
the transmission dynamics of one or both diseases in the literature.
The specific contributions of the thesis are summarized below:

5.1 Contributions of the thesis

5.1.1 Nonstandard finite difference for SIS delay model

As stated earlier, one of the main contributions of the thesis is the design of
a novel NSFD for solving linear delay differential equation model (which is
associated with an SIS delay model for disease transmission). Some of the
main findings and contributions for the linear delay differential equation are

as follows:

(i) The combined Exact-NSFD scheme is dynamically consistent with the
LDDE in many respects.

e It preserves all the properties of the solution at the earlier time
evolution.

e [t has no spurious fixed-point and it replicates the asymptotic sta-
bility property of the trivial equilibrium of the continuous model.
These facts are verified both theoretically (under some conditions
on the coefficients of the delay differential equation) and compu-
tationally when the conditions are not satisfied.

e The profile of the solutions for the combined Exact-NSFD scheme
with delay shows oscillations in accordance with the trajectories
of the continuous model, while such phenomenon is absent in the
same scheme without delay. Furthermore, the better performance
(convergence of order 2) of the trapezoidal NSFD scheme is ob-
served.

e When the delay coefficient is positive, it is shown that the NSFD
scheme preserves positivity of solutions at all times irrespective of
the step size value At, whenever the initial conditions are positive.
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(ii) The robustness of the NSFD scheme is shown in which the fixed point
is asymptotically stable irrespective of the large step sizes used, while
in the case of classical theta-method, the fixed point is shown to be
unstable.

(iii) The relevance of the exact scheme at the early stage of the process is
seen in numerical simulations specifically when the delay is longer. On
the other hand, for Euler scheme, the delay has effect on the stability
of the fixed-point with regards to the smaller step sizes used. For
Euler scheme with no delay, the solution profiles converge to the fixed
point for these step sizes while in Euler scheme with delay, the solution
profiles diverge for the same smaller step sizes.

As for the SIS model with delay, our primary goal, we design a NSFD
scheme whose linearized part corresponds to the NSFD scheme obtained
above. It is illustrated that this NSFD scheme preserves the complex dynam-
ics of the continuous SIS delay model that is rigourously analyzed in an effort
to put together results that are scattered in the literature [58, 59, 91, 108].

5.1.2 Mathematical modeling of BTB-MTB dynamics

A new model, which takes the forms of deterministic systems of 16-dimensional
nonlinear differential equations is designed and used to gain the qualitative
and quantitative insight into the transmission dynamics of BTB and MTB
in a given buffalo-human population (using Kruger National Park, South
Africa). The model extends numerous other models for the transmission
dynamics of one or both diseases in the previous studies by, inter alia,

(a) Including the dynamics of early- and advanced- exposed buffalos. Ex-
posed buffalo classes were not considered in [1, 6, 21, 31, 67].

(b) Allowing for BTB and MTB transmission by exposed buffalos and hu-
mans. This was not considered in [1, 6, 21, 31, 67, 105].

(c) Including the dynamics of humans. This was not considered in [2, 31,
67, 105).
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(d)

(e)

Allowing for the re-infection of exposed and recovered buffalos and
humans (this was not considered in [1, 2, 6, 31, 67]).

Allowing for the transmission of both BTB and MTB in both the buf-
falo and human populations (this was not considered in [1, 2, 6, 21, 31,
67)).

From this part of the study, some of the main findings are:

(1)

(i)

(iv)

The buffalo-only model undergoes the phenomenon of backward bi-
furcation. This phenomenon is caused by the exogenous reinfection
of exposed and infected buffalos (this finding is consistent with the
well-known presence of this phenomenon in MTB dynamics in human
populations). This finding is crucial in terms of public health since its
presence makes effort to effectively control the two diseases difficult.

In the absence of re-infection of recovered and exposed buffalos, it is
shown, using Lyapunov function theory and La Salle’s Invariance Prin-
ciple that the disease free equilibrium of the buffalo-only model is shown
to be globally asymptotically stable whenever the associated reproduc-
tion number of the model is less than unity. The epidemiological im-
plication of this result is that, in the absence of backward bifurcation,
BTB can be effectively controlled in (or eliminated from) the buffalo
population if the associated reproduction threshold can be brought to
(and maintained at) a value less than unity.

In the absence of the re-infection of exposed and recovered buffalos,
the buffalo-only model is shown to have unique endemic equilibrium
whenever its reproduction number exceeds unity. This equilibrium is
shown to be globally-asymptotically stable for the special case where
the disease-induced mortality in buffalos is negligible.

Detailed uncertainty analysis, using Latin Hyper Cube Sampling, of
the buffalo-only model, using a reasonable set of parameter values
and ranges (relevant to BTB dynamics in the Kruger National Park),
shows that the distribution of the associated reproduction number of
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the buffalo-only model is less than unity (hence, BTB outbreaks will
not persist in the Park). Furthermore, such outbreak would cause no
more than 120 confirmed (symptomatic) cases of BTB within the Park.
Sensitivity analysis, using Partial Rank Correlation Coefficient, for the
case when the reproduction number is chosen as the response/output
function, reveals that the three main parameters that govern the dis-
ease dynamics are the BTB transmission rate, recovery rate of buffalos
and BTB-induced mortality rate. Similarly, three parameters (recruit-
ment rate of buffalos, natural and BTB-induced death rates in buffalos
are identified as the main influential parameters for the case where
the number of symptomatic buffalos (with BTB) is the chosen output
function.

(v) Tt is shown, rigorously, that the full BTB-MTB model has the same dy-
namics as the buffalo-only model with respect to the (local and global)
asymptotic dynamics of the respective disease free equilibrium and the
backward bifurcation property. However, unlike in the buffalo-only
model, the phenomenon of backward bifurcation persists even if the
bovine-associated re-infection terms are set to zero. This is due to the
reinfection of exposed and recovered humans. It is shown that this
model does not undergo backward bifurcation in the absence of rein-
fection of exposed and recovered host(s) (buffalos and humans). For
this case, it is shown that the DFE of the BTB-MTB model is globally-
asymptotically stable, whenever the associated reproduction number is
less than unity.

(vi) Numerical simulations of the BTB-MTB model, using MATLAB ODEA45,
show that an increase in the cumulative number of BTB infection leads
to a marked reduction in the cumulative number of new MTB cases
in humans. Similarly, an increase in the cumulative number of MTB
infection leads to a significant decrease in the cumulative number of
new BTB cases in buffalos.
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5.2 Future work

Along the lines of this thesis, there remains number of issues and extensions
that will be addressed in future work. These include:

e Investigating the dynamic consistency of the combined Exact-NSFD
scheme for the SIS delay model with disease induced death rate.

e Extending the NSFD approach to more challenging delay epidemiolog-
ical models.

e Designing reliable NSFD schemes for the new tuberculosis models.

e Testing the complete BTB-MTB model using data relevant to Kruger
National Park and incorporating control strategies.

e Incorporating seasonality in the full BTB-MTB model to ascertain the
variation and impact of the two diseases in the community.
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