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Abstract

Homogenization theory has emerged over the last decades as a fundamental tool
in the study of mathematical problems arising in processes taking place in highly
heterogeneous media, such as composite materials, flow through porous medium,
living tissues, just to cite a few. The main feature of these problems is the presence

of multiple scales, notably microscopic and macroscopic scales.

A prominent and simplified theory of homogenization is period homogenization
based on assumptions of periodic structure in the problems investigated. Since
its inception, several challenges had to be overcome in the evolution of the theory.
My dissertation was aimed at covering these challenges and the corresponding deep

methods that were invented subsequently.

First, we study elliptic partial differential equations with periodic coefficients using
the multiscale expansion and Tartar’s method of oscillating test functions. Then
we discuss nonlinear homogenization using the div-curl lemma, compensated com-
pactness, Young measures and H-measures. We shall endeavour to motivate the

emergence of these methods along their historical flow.
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Notations

For the reader’s convenience, listed here are some symbols, sets and function spaces

used throughout this dissertation.

If X is a Banach space, X’ denotes its dual and its bidual is denoted as X"
i.e. the dual of the dual of X.

{z,} : A sequence of functions x,,.

e z, —x: {x,} converges weakly to x.

o z, —~*z: {x,} converges weakly* to .

e v, — z: {x,} converges strongly to x.

e Z: The complex conjugate of a complex number 2.

e z -y : The dot product of two vectors x and y in R".

e (-,-)x’.x : The duality pairing between X’ and X.

e 0;; : Kronecker delta, equal to 1if 7 = j and equal to 0if ¢ # j fori,j =1, ...n.

e F(u): The Fourier transform of the function u, given by
F(u) = / e~ 2 (@9 y(z) da.

e a.c.: almost everywhere.

© University of Pretoria



Q) : An open bounded subset of R™.

|2| : The Lebesgue measure of €.

%) . The boundary of €.

C(§2) : The space of continuous functions u : Q@ — R.

Co(R2) : The space of continuous functions u :  — R with compact support

contained in €.
C>*(Q) : The space of all infinitely differentiable functions u : Q — R.

C3°(Q2) or D(2) : The space of all infinitely differentiable functions with

compact support contained in 2.

Co(R™) : The space of continuous functions converging to zero at infinity.
Y, Y1,Y5, ..., Y, : Unit cells in R™.

C> (Y) : The restriction to Y of functions in C*°(R™) that are Y-periodic.

per

LP(2;R™) : The space of measurable vector functions u : Q@ — R"™ whose

components belong to LP(2).

L>(£; X) : The space of functions u : 2 — X such that

||U||LOO(Q;X) = esssup ||u(x)||x < oc.
e

M(Q) : the space of radon measures. The dual of C'(2) up to isomorphism.

The operator A is defined as

A= —div(A(x)V) = — zn: a% (a,-j(x)a%)

,j=1

where A is an n X n matrix.

i
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Chapter 1

Introduction

When materials with different physical or chemical properties are combined, they
produce a material which may combine the essential properties of their individual
constituents, the resulting material is called a composite material. Common ex-
amples of composite materials are concrete and plastic. An industrial example is
Carbon-Fiber-Reinforced Polymer (CFRP). It is an expensive, light and extremely
strong composite material made up of carbon fiber (for the strength) and polymer
resin (to hold the carbon fibres together). It is mainly used wherever there is a
need for high strength-to-weight ratio and rigidity e.g. automotive and aerospace
engineering, sport goods and some modern bicycles and motorcycles. Some liter-

ature on CFRP include [TS03] and [Has03].

Nowadays in industries, composite materials are widely used because they have
better properties according to the performance one looks for. In recent years, re-
searchers study the use of composite materials in place of individual materials,
for example, the use of FeyO3/CNTs as anode materials for Lithium-ion batteries
in place of graphite [Sunl3]. Due to the increasing use of composite materials,
there is a huge need for mathematically understanding these materials. The het-

erogeneities in a composite material are smaller in size compared to the global size
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of the composite material. So a composite material is said to be made up of two
scales, a macroscopic scale representing the global behaviour of the material and

the microscopic scale representing the heterogeneities.

In fields like physics, chemistry, material science and engineering disciplines, sci-
entists study the physical properties/behaviour (e.g. temperature, heat conduc-
tivity or elasticity) of heterogeneous media, but the presence of the microstructure
creates some difficulties. In other words, supposing the physical property of a
heterogeneous material is modeled using partial differential equations, where the
heterogeneities are represented by rapid oscillations in the coefficients of the equa-
tion. The oscillations present in the coefficients may cause severe difficulties while
trying to solve the equations. A heterogeneous medium possessing a fine micro
structure takes on the appearance of a homogeneous medium at first glance, which
makes one think that at a macroscopic scale (the global form of the composite ma-
terial), it will act like a homogeneous medium. A homogeneous medium which
can be modeled using a partial differential equation without oscillations but will
capture the properties in the microstructure. The process in which this equation
is determined is know as homogenization. The theory of homogenization enables
one to determine the macroscopic behaviour of a composite material from its mi-
croscopic behaviour. Hence, it enables one to understand how the properties on

the microscopic level influences the macroscopic behaviour of a composite material.

The physical properties of heterogeneous media are usually modeled using partial
differential equations. So the theory of homogenization can be seen as a collec-
tion of methods for approximating a heterogeneous problem by a homogeneous
one. These methods employ different mathematical tools. For example, the math-
ematical tool 'weak convergence’ can be used to model the relation between the
macroscopic and the microscopic scales. The methods described in this disserta-

tion involve the notion of weak convergence.
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For an illustrative purpose. Suppose two conductors with different conductivities
are crushed into fine powder and mixed together in a certain proportion. Either
out of curiosity or for research purposes, one would want to know the conductivity
of this mixture. Let us assume that the conductivity is modeled using a partial
differential equation, and the change in conductivity in the mixture is captured
using oscillations on the coefficients of the equation. The aim would be to derive
an equation without oscillations that describes the conductivity of this mixture,
taking into consideration the arrangement and the properties of the microscopic

constituents, which in this case are the two conductors.

1.1 Research Objectives

Materials having different length scales can be reduced to a body covering a smooth
domain on R™ and modeled using differential equations. It is however difficult to
determine the characteristics of this heterogeneous body since the coefficients on

the microscopic level are rapidly oscillating functions.

In the major parts of this dissertation, we study the homogenization of an elliptic
problem with periodic coefficient
. xT .
—div (a(=)Vu(z)) = f(x) in Q
€ (1.1.1)
u(x)=0 on O
where € is a small parameter used to represent the heterogeneities.
In other words, we obtain a limit equation known as the effective or homogenized
equation which describes the global behaviour of the heterogeneous body. Our ap-
proach is to study the corresponding sequence of the weak formulation of equation

(1.1.1) using some of the methods developed over the years for this purpose.

In addition to studying the homogenization of an elliptic problem with periodic
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coefficient, a chapter on nonlinear homogenization is included. This additional
chapter is based on a few approaches developed by L. Tartar and F. Murat in
that area. We discuss each approach with an application, then we highlight its
shortcomings and why there is a need for improvement or a new approach to ac-

commodate unanswered problems.

In summary, this dissertation serves as a survey of homogenization. It brings
together two approaches to periodic homogenization and an overview on four ap-
proaches to nonlinear homogenization so that a reader with a limited knowledge

of the concept of homogenization may understand the basic ideas

1.2 Dissertation Outline

In Chapter 2, the basic concepts of periodic homogenization are presented. We
begin the chapter in Section 2.1 by describing homogenization with a simple ex-

ample. While in Section 2.2, some methods of homogenization are briefly discussed.

Chapter 3 is devoted to definitions, theorems and important results used through-

out the dissertation. The necessary functions spaces are defined.

In Chapter 4, the method of asymptotic expansion is introduced. We illustrate
how the homogenized equation and solution is computed for an elliptic partial
differential equation. To determine the accuracy of the result, we also compute

the error estimate..

In Chapter 5, we consider the convergence theorem which will be proven using
Tartar’s method of oscillating test functions. This method involves passing to the
limit in (1.1.1) by making appropriate choice of test functions, thereby eliminating

products of weakly converging sequences that would cause problems. Section 5.3,
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deals with the corrector result and as an example, the corrector matrix for a one

dimensional case is computed.

Nonlinear homogenization approaches based on the research done by Luc Tar-
tar and F. Murat are discussed in Chapter 6. In Section 6.1, we discuss the theory
of compensated compactness and Young measures and give an example of its ap-
plication to Maxwell equations and also state its shortcomings. H-measures are

defined in Section 6.2.
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Chapter 2

Homogenization

2.1 Introduction and Brief History

Broadly speaking, homogenization can be viewed as a mathematical theory in
the field of partial differential equations used to study differential operators with
rapidly oscillating coefficients, equations with rough random coefficients, equations
in perforated domains, boundary value problems with rapidly varying boundary

conditions and many other objects of practical and theoretical interests.

Different differential equations arise in the theory of homogenization. They could
be linear partial differential equations with rapidly oscillating coefficients which
may be periodic or non-periodic, see e.g. [Cio99]. The differential equations may
be considered in domains with a complex microstructure such as perforated do-
mains, see for instance in [Mar06] and [Zhi94]. They could be stochastic partial
differential equations, see e.g. [Ich05], [San12]. One could also have nonlinear par-
tial differential equations with oscillating, variable or constant coefficients. (We
could even have differential equations with a combination of different conditions

e.g. a differential equation in a perforated domain with periodic microstructure
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see for instance in [Zhi94], [Ole92], [Sha82] etc.) The aim of homogenization is
to be able to represent a complex, rapidly-varying heterogeneous medium with a

simpler, slowly-varying homogeneous medium.

From as early as the 19th century, homogenization problems i.e. (finding ho-
mogeneous equation for heterogeneous medium) have been studied. They were
initially associated with methods of nonlinear mechanics and ordinary differential
equations developed by Poincaré. They came up in works of Maxwell [Max81] and
Rayleigh [Ray92]. While Maxwell studied the effective conductivity of heteroge-
neous media, Rayleigh studied the effective conductivity of heterogeneous media
with periodic inclusions. A good number of physicists have considered the prob-

lem. See for instance Hill [Hil64], Ilfushina [Ili72], just to cite a few.

From the sixties, mathematicians began to intensively develop the theory of ho-
mogenization. For ordinary differential equations, contributions by Bogolyubov
and Mitropolskii can be found in [Bog61]. In the aspect of partial differential
equations, the work of Marchenko and Khruslov [Mar64], [Mar06] can be consid-
ered as pioneering. They introduced an approach that could handle boundary value
problems in non-periodically structured domains with fine-grained boundaries with
fine-grained domains. This direction in homogenization is more challenging. In
the 1970s, several methods of homogenization were introduced and homogeniza-
tion became an area of research in mathematics. Many of the results can be found
in [BLP78], [Pan05], [KZO79], [Koz79] and [Bab75]. The theory of homogeniza-
tion has numerous applications which include deriving the effective properties of
composite materials, (see [Pob96] or [Mil02]) and the macroscopic modeling of mi-
croscopic systems. The interests of mathematicians in homogenization has led to

the emergence of new ideas and concepts relevant to mathematics as well.

Some of these methods of homogenization include; The method of asymptotic

expansion, G-convergence, H-convergence, I'-convergence, Two-scale convergence.
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The method of asymptotic expansion was introduced by engineers and mechanical
scientists, (see for instance [Bog61]). It was later formalized to handle problems
with periodic rapidly oscillating coefficients in [BLP78], (see also [Lar75], [Lar76],
[Lar74] and [San80]). It is now a widely used method in physics and mechanics.
The G-convergence was introduced by Spagnolo [Spa67]. It is an operator-like
convergence that deals with the convergence of solutions to symmetric problems
with periodic or non-periodic coefficients. The H-convergence of L. Tartar and
F. Murat [Tar77], [Mur77], [MT97| is an extension of the G-convergence to non-
symmetric problems. The T'-convergence was introduced by De Giorgi [Gio84],
(see also [Spa73] and [Bra02]), for the study of homogenization of functionals. It
can be considered as the analog of G-convergence. Tartar’s method of oscillating
test functions was introduced by L.Tartar [Tar77]. It is a mathematically rigorous
method that better handles problems containing the product of two weakly con-

verging sequences, as passing to the limit in such product is a notorious problem.

For vector-valued case (systems of nonlinear PDEs). L. Tartar and F. Murat
introduced the div-curl lemma as a tool for passing to the limit of the product
of weakly converging vector fields. This lemma states that under certain condi-
tions on the derivatives of the weakly converging fields, their product converges to
the product of their limits in the sense of distributions, see e.g. [Tar79], [Tar09],
[Zhi94], [Cio99]. This lemma has been applied to different problems in mathe-
matics and physics, see for instance [Chr05] and [Zhi94]. The div-curl lemma was
further extended to compensated compactness method by L Tartar and F. Murat
[Mur81], [Tar79], [Tar09]. Literature on this method and its applications include
[Zhi94]. Unfortunately, the compensated compactness method can only handle
problems with constant coefficients. So In the late 1980s, L. Tartar developed yet
another approach known as H-measures. This was also introduced independently

by P. Gérard under the name microlocal defect measures [Gé91].

In 1989, G. Nguetseng [Ngu89b| introduced the two-scale convergence for studying
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boundary value problems with periodic rapidly oscillating coefficients. It was fur-
ther developed by Allaire [All92]. In 1994, Mikeli¢, Bourgeat and Wright [Mik94]
introduced stochastic two-scale convergence. Further development on the two-scale
convergence can be found in [Neu96], [Ngu02] and [Heill]. In recent years (pre-
cisely 2002), Cioranescu, Grisco and Damlamian [Cio02], [Cio08] introduced the
periodic unfolding method for the homogenization of periodic composites. And in
2003, the two-scale convergence was extended to tackle problems beyond the peri-
odic setting by Nguetseng [Ngu03], [Ngu04] under the name Y-convergence. Then
in 2009, Wellander [Wel09] introduced the two-scale Fourier transform which is
like a combination of the two-scale convergence, the periodic unfolding method

and the Floquet-Bloth expansion approach to homogenization.

There is a wide range of excellent monographs and journal articles books and
publications written in the area of homogenization that give insights to these meth-
ods, see e.g. [Pan97], [Bra98|, [Zhi94], [San80], [Al193], [All12], [Lu02], [Mur77],
[Ngu89b|, [Mas93], [Hom97], [Tar90]. Widely used text on the theory of periodic
homogenization of partial differential equations are textbooks by Cioranescu and
Donato [Cio99] and the so-called bible of homogenization by Bensoussan, Lions
and Papanicolaou [BLP78]. More comments on some of these methods will be
found in Section 2.2. A description of the asymptotic expansion and Tartar’s
method of oscillating test functions will be found in Chapters 3 and 4 respectively.
And some of the methods by Tartar and Murat on nonlinear homogenization will

be briefly described in Chapter 6.
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2.1.1 The Concept of Homogenization

For a heterogeneous medium, we always assume that the length scale of the oscil-
lation is far smaller than the size of the domain in which a physical phenomenon is
investigated. This physical phenomenon can be described using differential equa-
tions with rapidly oscillating coefficients or differential equations with some other
complicated structure e.g. being in a perforated domain. The structure of the dif-

ferential equations makes solving its corresponding boundary value problem very

difficult.

Supposing that the microscopic scale is much less than the scale of the heteroge-
neous material, then one could give a macroscopic description of the investigated
phenomenon. In cases such as this, the material usually has some stable charac-
teristics (e.g. heat conduction, elasticity etc) which may be significantly different
from its characteristics on the microscopic scale. These stable characteristics are
known as the effective or homogenized characteristics as they are mostly obtained
using methods of homogenization or the relevant mean field methods, see for in-

stance [OK13].

To mathematically describe a composite material, we assume that its characteris-
tics on the microscopic scale depends on a small parameter € which is the length
scale of the microstructure (it is important to note that a composite material can
posses several microscopic scales). The homogenized model of the phenomenon
under investigation is obtained by an asymptotic analysis as € — 0 of the problem.
As it is, the limit of the solution to the original problem satisfies a new differen-
tial equation whose coefficients are expected to have better regularity in a simpler
domain. In the following subsection, we illustrate periodic homogenization to a

certain extent, since it will constitute most parts of this dissertation.

10
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Periodic homogenization

Let us consider a two-phase composite material covering €2, where one material is

periodically distributed within the other. See Figure 2.1

Figure 2.1: A microstructured material

Looking at this material, we see that the periodic inclusions appear mi-
croscopic compared to the size of €). To model this material, we assume that €2
can be divided into periodic cells with side length €, a small parameter.

Let us denote by Y a periodicity cell of a fixed size and suggest that the mi-
crostructure is a disjoint union of translated e-homotheties, €Y of the periodicity
cell. Then the whole space €2 can be covered with a disjoint union of translated sets
of Y. Since the constitutive properties of the microstructured constituent repeat
periodically, they can be described by a function f : Y +— R™ which is extended
by periodicity to the whole of €.

Most times, the unit cube [0, 1)™ is used as the periodicity cell for simplicity, as in

Figure 2.2.

11
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Figure 2.2: Hlustration of the concept of periodicity

There are materials with periodic micro structures whose periodicity cells
are not represented by unit cubes. For example, a material that possesses a
honeycomb-like micro structure may be represented by a periodicity cell shaped
like a hexagon i.e. its periodicity cell Y, is a regular hexagon. An example of such
material is a large wire rope made from wires of similar diameter and arranged
like a honeycomb. The microstructure in the cross-section of this material can be
described using hexagonal periodicity cells, where each wire is seen as the incircle

of a regular hexagon as in Figure 2.3.

Figure 2.3: Hexagonal periodic cells in a cross section of a wire rope

12
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There are also materials whose periodic micro structure cannot be de-
scribed by the translation of periodic cells. For instance, the functionally graded

annular disk can be described by the rotation of a periodic cell. See Figure 2.4.

Figure 2.4: Functionally graded annular disk

Situations like this may be explained by changing to an appropriate co-
ordinate system where the rotation leads to translations of an angle variable. For
the functionally graded annular disk mentioned above, polar coordinates can be
used.

There are also composites with heterogeneities occurring on several microscopic
scales. Examples include, a fiber composite with thinner fibers inside each fiber
and a composite with inclusions of different periodicities and sizes, see Figure 2.5.
Homogenization problems of this sort are known as iterated homogenization prob-
lems. They were studied by Bensoussan [BLP78] and are being investigated by

many other mathematicians, see for instance [Bra98] and [Cas12].

13
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Figure 2.5: Material with more than one microscale

2.1.2 [Illustrative example

Let us consider a composite material occupying 2 C R", n € {2,3}. Suppose
this body has a periodic microstructure with periodicity cell Y = [0,1)". Let a(y)
be a matrix-valued function that shows how the thermal conductivity changes in
the periodicity cell. Substituting £ for y gives a function a(%) that oscillates
periodically with period € at any point z on €2, thus describing the oscillations of
the thermal conductivity in the material, where € € {€;}7°, a sequence of positive
real numbers such that ¢, — 0 as k — oco. Supposing the material is placed in a
medium with zero temperature and a heat source is introduced, given by a function
f, the equilibrium temperature u¢ is the solution to the problem
—div(a(z)Vue(x)) = f(z) inQ
€ (2.1.1)
u®=0 on JN.

For small values of €, it will be difficult to solve equation (2.1.1) numerically,
which makes it hard to find u¢. Furthermore, the smaller € gets, the smaller the
heterogeneities become, and the material begins to take on the appearance of a
homogeneous material, ( See Figure 2.6). This makes one suspect that on the
macroscopic scale, it would behave like a homogeneous material. Now we ask; as

e tends to zero, can we determine a limit equation similar to (2.1.1), representing

14
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the heterogeneous material and satisfied by the limit u? i.e. a problem of the form

-div(aVu) = f  in Q
( ) (2.1.2)
u=0  on 0.

This problem is known as the homogenized or effective problem and a is the effec-

tive or homogenized thermal conductivity matrix.

o000 0 O\

poecoeeocos e |
Peeeeeee !
Neeeeps O

gl —

Figure 2.6: Homogenization

Some of the subsequent questions that arise are:
Q(1) Is the solution u a good approximation of u¢ for small enough €?
Q(2) Can a be estimated from a(%)?
To investigate these questions, let us consider a one dimensional example.
Let Q = (0,1), f(z) =2* and

1

aly) = 2 + sin(27y)
Substituting into (2.1.1) gives

T —
dz \2 + sin(2r(2))dz ) 7

Integrating both sides, we obtain

_ /x a ( ! iue) dt
o dt\2+ sin(2m(L))dt

€

Il
c\g

H‘l\')

=

Let u(0) = 0. then we get

B 1 d x3
2+ sin(2m (%)) do

€

this implies that

d - %(2 +sin(27r(%))).

15
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Integrating again gives

_/Ox () dt—%/Oxt?’(zﬂm(%(f)))dt,

€

SO

—(uf() — u(0)) = %(33—4 + /O “psin(en(h) )) dt.

2 €
Integrating by parts a few times leads to

ex? x e2x? x eSx

u(z) = 6_7TCOS(27T(E)) — WSW@T(E)) —mcos@w(f))
+ #sm(%(%)) - %

The figures below show a graph of the solution u and the exact solution

u€ for different values of €

1] 0.1 02 03 04 05 0B 07 08 09 1

0

-0.02

-0.04

-0.06

-0.05

01

012

-0.14

-0.16

Figure 2.7: v and ul, where ul = u€ for e = 0.1.
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Figure 2.8: v and u7, where u7 = u¢ for ¢ = 0.07.

We see from Figures 2.7 - 2.9 that as e becomes smaller, the curves for the
approximation u and the exact solution u¢ fit better, i.e., the difference between
the solutions u and u° becomes smaller. Even though this happens, the solution
u does not capture the oscillations in u€, so there is still a difference between Vu
and Vu. To deal with this problem, we see in Chapter 5, Section 5.3, how the
approximation u is adjusted with the introduction of a corrector matrix. See also

[A1192], [Ci099).

In periodic homogenization, various methods have been introduced to compute
the limit equations and the limit matrix a. In essence, the theory of homogeniza-
tion gives positive answers to Q(1) and Q(2).

In summary, the theory of homogenization is aimed at predicting the global prop-
erties of a material by taking into account the properties of the heterogeneous

constituents, i.e., approximating a heterogeneous problem by a homogeneous one.

Remark. Not all linear partial differential equations used to model these effects
have periodic coefficients. There are materials with non-periodic microstructures

whose corresponding linear partial differential equations have non-periodic coefhi-
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Figure 2.9: v and u4, where u4 = u* for € = 0.04.

cients and there are also cases where nonlinear partial differential equations arise

as well.

2.2 Homogenization techniques

A brief historic development of the methods of homogenization has been given in
Section 2.1. This section contents a brief illustration of some these methods. We

shall expand to a certain extent (in subsequent chapters) on two of these methods.

Method of Asymptotic Expansion: This is a classical method widely used in
mechanics and physics. It was originally introduced for mechanical problems by
engineers till mathematicians began to use it in the study of problems with peri-
odic coefficients. The method of asymptotic expansion is based on the assumption

that the solution u° to problem (2.1.1) is of the form

U’e(x) = U/O(l’, %) + €ul($, %) + €2u2(1;7 %) + ...
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where u; = u; (x, f) are Y -periodic in the second variable. When this expansion is

substituted into problem (2.1.1), the terms with equal powers of € are equated and
a series of problems is obtained. Solving these problems leads to the homogenized
problem and the homogenized solution. This is mainly used for partial differential
equations with periodic coefficients. See e.g. [San80], [Ci099], [Bakl11], [BLP78],
[All13] [Pan05], [And09]. This method can also be applied to equations with peri-

odic oscillations on more than one microscopic scale.

G-Convergence: This is a method introduced by S. Spagnolo [Spa67] in the
late 1960s for second-other elliptic and parabolic operators. It is an operator-like
convergence defined as follows.

Suppose {a‘} € M(a,3,92) (see Definition 3.64) is a sequence of symmetric ma-
trices. Then a® G-converges to a® € M(«, 3,Q) if and only if for all f € H1(),
the solution u¢ of (2.1.1) is such that u® — ug weakly in Hj(f2), where ug is the

unique solution of
—div(a’Vug) = f inQ
( ) (2.2.1)
ug =0 on If.
The G-limit a° has appropriate properties that makes (2.2.1) uniquely solvable. G-
convergence handles problems with symmetric matrices only and periodicity is not

a necessary condition. For more on G-convergence, see [Spa76], [Def93], [Pan97],

[KZOT79], [Cio99] and [SpaT73].

H-Convergence: This is an extension of G-convergence to problems involving
non-symmetric matrices. In the 1970s, F. Murat [MT97] and L. Tartar [Tar77]

introduced an additional condition i.e.,
a“Vu — a®Vu® weakly in (L*(Q))".

With this additional condition, G-convergence was generalized to problems in-
volving non-symmetric matrices under the name H-convergence. The major dif-

ference between this approach and G-convergence is that, H-convergence is based
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on the convergence of aVu¢ and the solution u¢, while G-convergence is based on
the solution u¢ only. Like G-convergence, periodicity assumption is not required
for H-convergence. For more on this method, see [Mur77], [MT97], [Pan97] and
[01e92]. Moreover, the H-convergence has been extended by Donato, Damlamian
and Braine [Dam98] under the name H%-convergence to handle problems in perfo-

rated domains. see also [Dam04] and [Don99.

Tartar’s method of oscillating test functions: Using equation (2.1.1),

choosing v € H} (), we have
/A€VUEVU dr = / fVvdz, ve Hy(Q).
Q Q

While passing to the limit in the equation above, one may have to find the limit
of the product of two weakly converging sequences which is a problem, as this
product does not generally converge to the product of their limits. This method
was introduced by Luc Tartar [Tar77]. It enables one to find the limit by using
test functions obtained by periodizing the solutions to a cell problem. When the
operator is non-symmetric, the adjoint operator of the cell problem is used, see for
instance [Cio99]. Unlike the method of asymptotic expansions which leads to the
homogenized problem and the homogenized solution, this method constructs the
test function using only the knowledge of the cell problem and the homogenized
problem is obtained independently. Constructing the test functions are not as easy

as it seems, we refer to Chapter 5 for more details. For more on this method, see

[MT97], [Tar09] and [Van81]

Two-scale convergence: This method of convergence was introduced by G.
Nguetseng [Ngu89b|, [Ngu89a] and was further developed by Allaire [All92]. It
can be seen as a combination of the test functions method and the method of

asymptotic expansion. It involves the convergence of integrals of the form
[ty i [ [ Pepeadyds voe2@xy)
Q € QJy
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up to a subsequence where {v°} is bounded in L*(Q) and ¢ = ¢(2.%) is smooth

and periodic in the second variable. The main feature of this convergence is that
the limit v° contains both the macroscopic and the microscopic variable. Two-scale
convergence was initially restricted to periodic homogenization until Bourgeat
et al [Mik94] extended the method to stochastic two-scale convergence, see e.g.
[Heill], [So614]. In 2003, Nguetseng extended his two-scale convergence method
to handle problems in an almost periodic setting. This extension was named -

convergence. For more on two-scale convergence and its applications, see [Al192],

[Fré1l], [Ama98], [Cas02], [Cas00], [Neu96.

The Periodic Unfolding Method: This method was developed in 2002 by
Cioranescu, Grisco and Damlamian [Cio02],[Cio08]. It is used for periodic homog-
enization problems including problems with several microscales and problems in
perforated domains [Ciol2], [DT13]. It could be seen as an extension of the two-

scale convergence and has a broader range of applications, for more see [Fral0],

[Fral2).

Compensated compactness: This was introduced by L. Tartar [Tar79] and
F. Murat [Mur78] in the 1970s. First, they proved that under certain conditions
on the derivatives of weakly converging sequences, the product of two of such se-
quences converge to the product of their limits in the sense of distributions. This
result is known as the Div-curl lemma, a prototype of the result is given below.
Suppose €2 is a bounded subset of R™ and {us}, {v,} are two vector-valued se-

quences in (L?(€))" such that
up, — u weakly in (L*(Q))",
vy, — v weakly in (L?(2))".

If
div uy, is bounded in L*(2),

curl vy, is bounded in L?(€2)"*",
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then

up, - U, — u - v in the sense of distributions.

It is applicable to non-periodic problems and nonlinear homogenization problems.
In the study of elliptic problems in divergence forms, this lemma comes in handy.
However, one can not apply it to any quadratic product because it requires some
specific conditions on the derivatives of the weakly converging quantities. We shall
see a generalization of this result in Chapter 6. See [Tar79], [Mur79], [Eva90] for

more details on Compensated Compactness.

Young measures: This tool was developed by L.C. Young [You37] in the 1930s,
for treating problems of calculus of variation. Later, Tartar [Tar79] developed it
as a tool for the analysis of nonlinear partial differential equations. This tool can
be used to compute the weak limit of any nonlinear function of weakly converging
fields i.e. if u® — u, weakly in LP(Q2), 1 < p < oo, then there exists a subsequence
(still denoted by € ), and a family of probability measures v, on R such that for
all f € CYQ),

Flus(z)) — /]R FO0a(A) dX weakly in L(€).

Young Measures however, do not capture the differential structure of the equation

satisfied by the field u¢, except for certain classes of conservation laws. See for

instance [Tar79], [Bal89] and [DiP83].

H-measures: These devices were introduced independently by L. Tartar in
[Tar90] and P. Gérard in [Gé91]. They can be seen as a middle ground be-
tween Young measures and compensated compactness. Unlike Young measures,
H-measures inherit the differential structure of the problem studied and this re-
sults in the localization and transport properties of the H-measure, while unlike
compensated compactness, no compensation is needed to be able to pass to the

limit for quadratic products, see also [Fra06], [Mik02] and [Tar95]. .
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The compensated compactness, Young measures and H-measures are further ex-

plained in Chapter 6.
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Chapter 3

Preliminaries

This chapter contains a variety of definitions, theorems and some basic proper-
ties and results used in the forthcoming chapters. The notion of periodicity is
introduced. The Lax-Milgram theorem and how it is applied is also shown. The
proofs of the theorems and proposition can be found in [Haill], [Cio99], [Eva98]
and [Ole92].

3.1 Banach Spaces

Definition 3.1. Let E be a vector space. A mapping
1] -z € Ev— [|z]| € Ry,

is called a norm if and only if

L. ||z|]]| =0 <= 2 =0,
2. |[Az|| = |\l ||z]] forany A € R, =z € E,

3. |l +yll < llzll +[lyll, for any 2,y € E.
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Then E is called a normed space with its norm denoted by ||.||g. Furthermore, £
is called a Banach space if and only if it is complete with respect to the strong
convergence, i.e.,

T, — v in F < ||z, —z||p — 0.
Definition 3.2. Let H be a vector space. A mapping
(,)u:(r,y) € Hx H— (z,y)g €R

is called a scalar product if and only if

1. (x,2)g >0<=x #0,
2. (xuy)H:(y7x)H7 for any xay€H7
3. ()\x + uy,z)H = )‘(x>Z>H + ,U(y, Z)H? for any )\,,U, € Ra r,y,z € H.

Moreover, if H is a Banach space with respect to the norm associated with this

scalar product, i.e.,
1
|zl = (2, 2) g,

then H is called a Hilbert space.

Definition 3.3. Let V be a vector space over a field F. A quadratic form is a

function ) : V' — F such that

e Q(kv) =k*Q(v) YweV, z€F
o bo(u,v) = 3(Q(u+v) — Q(u) — Q(v)) is a symmetric bilinear form.

Definition 3.4. Any n X n symmetric matrix A determines a quadratic form ¢u

in n variables by the formula

QA({ﬂl, ceey l’n) = Z AZ]Z'ZZ']
2]
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Definition 3.5. Suppose X and Y are Banach spaces. Let T': X —— Y be a

linear map such that

T(ax + By) = oT(x) + BT (y)
Ve,y € X and Vo, 8 € R. T is said to be bounded if and only if

T
wp [T@Ib

sex\for |1Zl[x
Definition 3.6. Let X be a Banach space. The set of all linear functionals on X
is called the dual space of X and denoted by X’. The dual of the dual space X' is
called the bidual of X and is denoted by X”.
If ' € X', then the image 2'(z) of x € X is denoted by (2, z)x’ x.

Definition 3.7. Let X be a Banach Space and suppose J : X — X" is a
canonical injection from X into X”. If in addition, J is bijective then the space

X is said to be reflezive. If X is reflexive, then X can be identified with X”.

Definition 3.8. (Weak Convergence) Let X be a Banach Space. A sequence {z,}

in X is said to converge weakly to x if and only if
' (x,) = 2’ (x) Vi e X',

and this is written as

T, — x weakly in X.

Proposition 3.9. Let X be a Banach Space. FEvery weakly convergent sequence
{z,} in X is bounded in X, i.e., there exists a constant C, independent of n, such
that

llzal|lx < C, VneN

and the norm on X is lower semi-continuous with respect to weak convergence,
that s

||z]|x < lminf ||z,||x.
n—oo
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Proposition 3.10. Suppose X is a Banach Space. If a sequence {x,} in X is
such that

Tn — x strongly in X,

then
(1) x, — x weakly in X

(id) [fznllx = [l2]lx-
Theorem 3.11 (Eberlein-Smulian). Suppose X is reflevive. Then every bounded
sequence {x,} in X, has a weakly convergent subsequence, and if every weakly

convergent subsequence has the same limit then the whole sequence converges weakly

to that limait.

Theorem 3.11 is referred to as the weak compactness theorem.

Proposition 3.12. Let {z,} C X and {z],} C X’ be such that
Tp — x weakly in X,
xl — 2’ strongly in X',
Then

lim 2} (z,) = 2'(z).
n—oo

The result in the above proposition enables us to find the limit of a product of a

weak and a strong convergent sequence.

Definition 3.13. (Weak™ Convergence) Let X be a Banach space. A sequence

{2/} in X’ converges weakly* to «’, if and only if
z () = o' (z) Vze X,

n

and this is written as

zl, — 2’ weakly® in X"
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Proposition 3.14. Fvery weakly® convergent sequence {x! } in X' is bounded and

the norm is lower semi-continuous with respect to the weak™ convergence, i.e.,
||$/||X’ S llIIllIlf ||I‘;L||X/
n—oo

Theorem 3.15. Let X be a separable Banach space (i.e. there exists a countable

basis in X ) with its dual given by X'. If {x]} is a bounded sequence in X', then,

1. There is a subsequence {x,, } of {x;} and 2’ € X" such that

x,, — &' weakly* in X' as k — oo.

2. If each weakly* converging subsequence of {x!,} has the same limit z', then

the entire sequence {x,} is weakly® convergent to x’, i.e.,

z), — 2" weakly™ in X'.

Theorem 3.15 is referred to as weak™ compactness theorem.

3.2 Function Spaces

3.2.1 LP Spaces

Definition 3.16. Let p € R with 1 < p < 4o00. LP(1) is defined as the class of

measurable functions f on €2 such that for 1 < p < +o0,

/ |f(x)|Pdx < +o0,
Q

[ fllzr ) = [/{Jf(@l%x] p.

28

with the norm,

© University of Pretoria



For p = o0,
L=(Q) = {f|f : Q@+~ R, f is measurable and 3 C' € R with |f(z)] < C a.e. z € Q}

with the norm

£l (Q) = inf{C, | f(z)| < C ae. z€Q}.

Proposition 3.17 (Holder’s inequality). Suppose f € LP and g € L? where 1 <
p < oo with % + % =1. Then fg € L(Q) and

/Q F@)g(x)ldz < ||l llgl 2o

If p = 2, the inequality is known as the Cauchy-Schwarz’s inequality.

Remark. q is referred to as the Holder’s conjugate of p.

Definition 3.18 (Plancherel’s Identity). If f € L?(2), then

- F () dé = - [f(2)* de,

where F(f) is the Fourier transform of f.

Suppose 1 <p < ¢ < +oo . Then L9(Q2) C LP(R2) and
A zr) < ellflLao
where ¢ is a constant depending on ||, p and g.

Definition 3.19. Let 1 < p < 4o00. A sequence {f,} in LP(£2) converges weakly
to f, written

fn — f weakly in LP(Q2),

if
/fnqbd:p—>/f¢dx, Vo € LY(Q)
Q Q
where
1 1
-4+ -=1
b q
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Proposition 3.20. Suppose 1 < p < oo and {f,} is a sequence in LP(SY). Then
fn — [ weakly in LP(Q) iff
(@) Mfallzry <C

(41) /fn dr — /f dx  for any interval I C €
g I

Theorem 3.21. Suppose 1 < p < 400 with q as its conjugate and let f € (LP(£2))’.
Then there ezists a unique g € L1(S2) such that

U 6) oty oy = / g(2)é(x) dx, Vo € LP(Q).

Furthermore,

91l zo) = Il 1l ey
Remark. The above theorem allows L(Q2) to be identified with (L?(£2))" for 1 <
p < +0o0, 80 (LY(Q)) = L°(Q) but (L>=(2))" # LY(Q). Instead, L}(Q) C (L>(Q))'.
The space (L*(£2))" is known as the space of Radon measures on € and is also

denoted by M(€2).

Theorem 3.22. For 1 < p < 400, LP(Q)) is a Banach space. Moreover, LP(2) is

separable for 1 < p < 400 and reflexive for 1 < p < +o00.

Remark. The Banach space L(€) is not reflexive except where € is made up of a

finite number of atoms and L'(€) is finite-dimensional.

Radon measures

The space L'(€2) has no compactness property. So, to be able to still work with it,
LY(2) is embedded into a larger space, the space of Radon measures. The space
of Radon measures M() is equal (C(2))’, the dual of the space of continuous
functions on a bounded open set €2 in R".

Let us define a mapping T : L*(Q2) — M(Q), by
(Tf,u) m@).c@) = / fudr VfeL'(Q), ueC(Q),
Q
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with
1A = s e =117l

ue(9), [lul|<1

One may identify L'(Q2) with a subspace of M(£2). Now since C'() is a separable
space, there is a weak compactness property, i.e., if {f,} is a bounded sequence
in L'(Q) then there is a subsequence {f,, } and p € M(Q) such that f, — u
weakly* in M(Q), i.e., [, fa,u— (uu), Yue CQ).

3.2.2 Sobolev Spaces

Definition 3.23. Let 2 be a bounded open set in R™. For a function ¢ : 2 — R,
the closed subset F' of €2, such that ¢ = 0 a.e. on Q\F' is known as the support of

¢ and is denoted by supp ¢ i.e

supp ¢ = {z € {1 : ¢(z) # 0}
Definition 3.24. Assume that {¢,} is a sequence in D(2). We say that ¢,
converges to ¢ in D(Q) if
(i) there exists a compact set K C €2 such that Vn € N, supp ¢, C K,

(ii) for every multi-index o, {0%p,} converges uniformly to 0%p on K.
Theorem 3.25. For 1 <p < 400, D(Q) is dense in LP(S2).

Theorem 3.26. Suppose f € L}, () is such that

/f 2)dr =0, YD)

Then f =0, a.e. on Q.

Definition 3.27. A mapping 7" : D(Q2) — R is called a distribution on € if

(i) T'isalinear form on D(2),i.e. T(awp1+PLy2) = aT(p1)+LT(p2), o, €R.
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(ii) T is continuous on sequences, i.e., ¢, = ¢ in D(Q) = T'(p,) = T(p).

The set of distributions on €2 is denoted by D'(2) and T'(¢) = (T, ) () D(©)-

Definition 3.28. A sequence { T,,} in D'(Q2) is said to converge to T in D'(Q) in

the sense of distributions if and only if

(T, o)) p) — (T, 0)p)p@), Ve € D),

and we write

T, — T in D'(Q).

Definition 3.29. For any ¢ = 1,...,n, the derivative gf of T € D'(Q) is defined
by

T
Oz D/(Q),D(Q) ox; D/(Q),D(Q)

Definition 3.30. Let 1 < p < +o0o. The Sobolev space W'*(Q) is defined as

{ulu € 17(9), 2

cIP(Q), i=1,..,n},

(2

with derivatives taken in the sense of distributions .i.e.

0 0
Vv € D(Q), <—u,v> :—<u,—v>
9%/ pioy o) 0% / () p(o)
If p=2, WH2(Q) is written as H'(Q) i.e.

ou

HY(Q) = {ulu € L*(Q), oz,

€ L*(Q), i=1,..,n}.

Proposition 3.31. 1.) The norm on the Sobolev space WP (Q) is given by

ou
aZ‘Z‘

lullwreg = llullooe) + :
i=1 Lr(Q)

WLP(Q) is a Banach space with the above norm.
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2.) The space H* () is equipped with the following scalar product,

“ [ Ou Ov
(U, ’U)Hl(Q) = (U,U)L2(Q) + Z (6—, @—) 5 VU,U S HI(Q), (321)
im N9 9T )

and its norm is given by

|l ) = (“7“)1{1(9)'

The space H'(Q) is a Hilbert space.

Definition 3.32. The boundary of €, is said to be Lipschitz continuous if and only

if there exist two real numbers, ¢; > 0, co > 0 and M number of local co-ordinates

(v, yrn) and local maps @, r = 1,..., M defined on the set
Ay ={y, e Ry < e,y
such that for

M
0=Jr,, r=1,.M,
r=1

I = {(y;“vyrn); Yrn = %(y;),y; S Ar},
and

UF = {0 ) 0r(1) < Yo < 0r(4)) + 2, 1. € DN} C O,
Ur_ = {(y;ﬂyrn); @r(y;) —C2 <Y < ¢T(y;’)7 y; < Cl} - RN\Q

@, is Lipschitz continuous if and only if there is a constant K, > 0 such that

or(27) = ()| < Kolzh —ypl, Vg, y, € A,

Theorem 3.33. Let 1 < p < oo be a real number. Then D(RY) is dense in

WLP(RN).  Furthermore, if O is Lipschitz continuous, then D(S) is dense in

WP (6).

Theorem 3.34 (Sobolev embedding theorem). Assume that OS) is Lipschitz con-

tinuous. Then

1 if1<p<mn, Wh(Q) C LI(Q) with
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(a) compact injection for q € [1,s) where % —1_ %

1
p
(b) continuous injection for q = s,

2. if p=mn,WP(Q) C LI1(Q) with compact injection if q € [1,+00),

3. if p>n, WH(Q) C C°Q) with compact injection.

Theorem 3.35. The linear continuous operator v : H*(R" ! x R, ) — L?(R"1)
such that

Vu e HY(R" ' xR )NCOUR"™ xR,), ~(u) = ulgn1
1s called the trace of u.
Theorem 3.36. Suppose 0N) is Lipschitz continuous. Then the linear map
v HY Q) — L*(09)

such that
Vue H' NC%Q), v(u) = ulaq.

1s called the trace of u on OfS).
Definition 3.37. For 1 < p < oo, W, ?(Q) is the closure of D(Q) with respect to

the W(Q) norm. For p =2, W;?(Q) is written as H}(Q).

The space Hj () is a subset of H*(Q2). Hence Hj(Q) is reflexive and a
Hilbert space with the H'-scalar product (3.2.1). The Sobolev embedding theorem

applies to this space as well.

Proposition 3.38 (Poincaré inequality). Let Q be a bounded open set. Then there

s a constant depending on the diameter of € denoted Cq such that
l|ul|2) < Cal|Vul|r2@). Yu € Hi(Q).

Thus, ||Vul|r2q) is the H} () norm equivalent to the H'-norm.
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If 99 is Lipschitz continuous, the set H2(€2) is defined as the range of
the operator v, i.e, H2(9Q) = v(H'(Q)).

Theorem 3.39. Assume 0N2 is Lipschitz continuous. Then H%(aﬂ) s a Banach

space with the norm defined by

2 |U |2
1y = / ) ds, + / / |a:— |N+1 Jul@) = w4,

Proposition 3.40. Suppose 0X) is Lipschitz continuous. Then there is a constant

C, () such that

@13 gy < Cr Dl V€ H'(Q).

Theorem 3.41 (Green formula). Suppose 0X2 is Lipschitz continuous. Then

) g;)z (z)u(z) drv = —/Qv(x)g“ dx+/897(u)7(v) i ds, Yu,o € H\(Q).

€

where n. = (ny, ...,ny,) s the outward unit normal vector on 02 and i =1,...,n

Definition 3.42. Suppose (2 is connected. The space W(2) = H*(Q2)/R is defined

as the space of equivalent classes, where
Vu,v € H'(Q), u=wv <= u— v is a constant.

Proposition 3.43. Suppose ) is connected. The quotient space W(S2) is a Banach

space with the norm
||1I||W(Q) = ||Vu||L2(Q), uEU UE W(Q),

and is a Hilbert space with the following inner product;

N rou ov
(U, U)W(Q) - Z %7 % . (Q), VU/, v € W(Q)
i—1 i i 2

Definition 3.44. The dual space of H}(§2) written as H~1(£2) is a Banach space

equipped with the norm

Fov)g-
1l 0y = sup )

, for Fe HY(Q),ve Hy ().
v#£0 HUHHg(Q)
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Proposition 3.45. Suppose F € H™'(Q2). Then there exist n + 1 functions in
L3(2) such that

0/,
830/

F=fo+ (3.2.2)

i=1
in the sense of distributions. Furthermore,

[FII-1(Q) = inf Y [ £illZ20)-
=0

where (anfl-“afn) € (L2(Q))n+1
Conversely, if (fo, f1,-- [n) € (L2(Q))" is a vector, then any F € H™'(Q) such
that

1F[|3-1(9) < Z il |22
i—=0

is defined by (3.2.2).

3.2.3 Sobolev Spaces of Periodic Functions

This section contains a brief review of the class of periodic functions of the form

T
a.=al—),
€

where a is a periodic function and € > 0 takes its values in a sequence that tends

to zero. Throughout this thesis, ¥ will denote a parallelepiped in R™ defined by
Y =(0,01) X ... x (0,1,), (3.2.3)

where [, ..., [, are given positive numbers, Y will be referred to as the periodicity

cell.

Rapidly oscillating periodic functions

Definition 3.46. Let Y be defined by the relation (3.2.3) and f, a function defined

a.e. on RY. The function f is called Y -periodic if
f(x+ klie;) = f(x) aeon R",  VkeZ, Vie{l,..,n}
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where {ey,...,e,} is the canonical basis of R". If n = 1, then f is said to be [;-

periodic.

Definition 3.47. Let  be a bounded open set of R™ and f a function in L*(Q).

The mean value of f over Q is the real number Mq/(f) given by

Ma(f) = ﬁ / f(y) dy.

Proposition 3.48 (Poincaré-Wirtinger inequality). If Q is connected, then there
s a constant depending on the diameter of €2 denoted by Cq, such that

l|lu — MQ(U)HLz(Q) < CQHVUHLQ(Q), Yu € Hl(Q)
where Mgq(u) denotes the mean value of u on .

Lemma 3.49. Let f be a Y -periodic function in L*(Y') and yo a fized point in R™.
Denote by Yy the translated set of Y, defined by

YYo=y +Y.

Set

Then

1 [y fly)dy = [, f(y) dy,
8 fyy Jiw) di = [y fi(w) d = € [, £(y) dy.

Theorem 3.50. Let 1 < p < 400, and f be a Y -periodic function in LP(Y'). Set

fo(x) = f(f> ae on R

If p < +00, then as € — 0,
1 .
fe=My(f)= m/ f(y) dy weakly in LP(w),
Y
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for any bounded open subset w of R™.

If p= 400, then as e — 0,
fo = My (f) weakly* in L>=(R™).

Example 3.51. Let f(y) be a periodic function with period 2 defined on (0, 2)
such that
p ye(0.3)
fly) = i

o otherwise.
Let f.(z) = f(%£) with € (a,b), where a,b € R,a # b,e € {1/2"} and n € N.
Using Proposition 3.20, we compute the weak limit of f.(x).
fe(x) is bounded independent of €, so (i) is satisfied. To check (i), let I = (ay,b;)

be an interval in (a,b), then we compute

by
/Ife(x) dor = fe(x) dx

For any € > 0, there exist k and 6 such that

b1:a1+2]€6+95, kGN,O§9<2 (324)

by by b
foyde =[5y do=c [ s dy

€

%1+gk “Tl+2k+0
_y / ) dy + ¢ / f(y) dy.

1 aj
o 42k

So

Using Lemma 3.49, we have

%1+2k “L+2h 2
EA dy—EZ/l dy—ek/ f(y) dy,
- 0

L +2(h—1)

_ e al / fy) dy.
On the other hand,
L 42k+0 4 2k+2 2
[ s [Tl =c [ 1) a
0

U yok L2k

€

from (3.2.4),

38

© University of Pretoria



Therefore, as € — 0,

Using Proposition 3.20, this implies that

1/4 6 )
£ 5 (5'0 + gg) weakly in L*(a,b).

Notice that Theorem 3.50 makes computing the weak limit of a periodic function
easier and more straightforward.

Using the same example and taking Y = (0,2), we have

f€(.CE) - MY(f) =

So fe(x) = 3 (%p + ga> weakly in L?(a,b).
Suppose f and g are Y-periodic functions in L*(Y'). Let
uc(z) = f(

ve(z) = g(

) a.e. on R",

N8 o s

) a.e. on R".
Then by Theorem 3.50,

uc(z) = My (u) weakly in L*(Y),
and

ve(7) = My (v) weakly in L*(Y).
Again by Theorem 3.50,

vete = fg(-) = My (fg) weakly in L'(w).

where w is an open bounded subset in R".

(vt a0 = [ v de = lwl My (79)

w
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while

My (u), My (0)) 2(v).L2(v) z/My(f)My(g) dr = |w|M(f)M(g).

Using an example, we check if My (fg) = My (f)My(g). From Example 3.51, let

2\5 5)
Then )
1/4 6
My (f)My(g) = [5 (EPJF 50)}
_(2,.3.)
—\57 757
L 2
= 25(4p + 12po + 907).
On the other hand, )
1
My(r) =5 [ () dy
0

14, 6,
_2(5p+50)

1
= 5(2,02 + 30?).

So from the above example, we see that in general, My (fg) # My (f)My(g).

Remark. Suppose A is a Banach space with A" as it dual. If {a.} C A is a
sequence converging weakly to a € A and {a.} C A’ is a sequence converging

weakly to a’ € A’ then in general,

(aé, ae>A’,A - <a’, a>A’,A-

The space L*(€; L?(Y')) which can be written as L*(Q2 x Y) is a Hilbert

space with the inner product,

wmwmmz//wmwmewm
QOJY

and a norm given by

|wmmm=//mmmwwx
QOJY
40

© University of Pretoria



Let f be a function defined a.e on Y, its extension f# by periodicity to R" is
defined by

f#(x+klie)) = f(x) aeon Y, kecZ Viec{l, ., n},

where {ey, ..., e, } is the canonical basis of R".

The space L*(;Cer(Y)) is a separable space dense in L*(Q;Y) with

norm given by

0l ) = / (sup [u(z, y)])? da

Q yey
Theorem 3.52. [Pav08] Let ug € L*($Y; Cpe, (Y)), and define u(z) by u(x, <) with
e > 0. Then

1. uc e L2(Q) and ||’LL6||L2(Q) S ||U0||L2(Q;pr(y)).
2. u(x) — [, uo(x,y) dy weakly in L*(Q) as e — 0.

3. HUEHLQ(Q) — HuoHLz(QXy) as € — 0.

Definition 3.53. The completion of Cp¢ (Y') with respect to the H'-norm is de-
noted by H' (V).

per

Proposition 3.54. If u € H;ET(Y), then the trace of u on the opposite faces of Y

are equal.

Definition 3.55. The space
WPET(Y) - H;er(y>/]R

is defined as the space of classes of equivalence with respect to the relation

u=v <= u—vis aconstant, Yu,v € H (V).

per
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Proposition 3.56. The norm on Wy, (Y') is defined by
Nalbwyer ) = IVull2vy, Y € 4,9 € Whyer(Y).
Furthermore, the dual space (W, (Y))" can be identified with the set

{F e (H!

per

(Y))|F(c) =0, VceR}.
where

(F 1) Woer (V) Wher (V) = (ES W) (13, (), (), VU € Uy Vi € Wiper (V).

3.3 The Lax-Milgram Theory

The Lax-Milgram theorem is an essential tool which plays a crucial role in the
theory of weak solutions of linear elliptic partial differential equations in divergence
form. This section is devoted to the abstract formulation and few basic applications
of the Lax-Milgram theorem. We use it in the proof of the existence and uniqueness

of a solution to a boundary value problem, in the weak sense.

Definition 3.57. let H be a Hilbert space. The map B from H x H to R is called

a bilinear form on H iff, for any fixed u € H, the following maps:
B(u,.) :v € H+— B(u,v) € R,
B(.,u):v e H+— B(v,u) € R,

are linear.

Definition 3.58. A map B from H x H to R is bounded on H if and only if there
exists C' > 0 such that
| B(u, v)| < Cllula]lv]|a-

Proposition 3.59. Let B: H x H — be a bilinear form. Then B is bounded if

and only if B is continuous on H X H.
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Definition 3.60. A bilinear form B on H is a called symmetric if and only if
B(u,v) = B(v,u), VYu,v€ H.
It is called positive if only if
B(u,u) >0, YueH.

It is called H-elliptic or coercive with a constant «, if and only if there exists
a > 0 such that

B(u,u) > allul|3, Yue€ H.

Proposition 3.61. Let V' be a vector space, any symmetric bilinear form by de-

fines a quadratic form i.e.

Qu) = bo(u,u), YueV.

Let H be a Hilbert space, B a bilinear form on H and F' € H'. Consider the

problem

Find v € H such that
(3.3.1)

B(u,v) = (F,v)y f, Vv € H.

Problem (3.3.1) is known as a variational problem and v € H is a test function.

Definition 3.62. The problem (3.3.1) is said to be well-posed if it has a unique

solution and there exists a constant C' > 0 such that
VF e H', lullu < ClIF |l
Theorem 3.63 (Lax-Milgram Theorem). Let
B:HxH—R

be a bilinear form such that B is H-elliptic with constant o ( see Definition 3.60 )
and F' € H'. Then there exists a unique solution uw € H for the variational problem
(8.3.1). Furthermore,

1
lulla < =|[F[|n-
(0%
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Definition 3.64. Let a, 8 € R, such that 0 < a < 8. Let M(«, 3,) be the set
of N x N matrices A = (a;;)1<ij<n € (L2°(Q))" " such that

i) (Al@AA) = alAP, (3.3.2)
i) AN < BIA.

for any A € R and almost everywhere on 2, where ) is a bounded open set in

RV,

In this dissertation, partial differential equations involving elliptic oper-

ator in divergence form are treated i.e.

A= —div(A(z)V) = = ) a% (aij(x)a%) (3.3.3)

3.3.1 Dirichlet Problem

Homogeneous Dirichlet Problem

Solving a homogeneous Dirichlet problem means finding a function u defined on

Q) that solves the following problem:

—div(AVu) = f in Q
(3.3.4)
u=0 on 0.

where A is a positive matrix and f € H(Q).
Assume that wu is sufficiently smooth. Then we may multiply each side of the first
part of the equation by a test function, u € D(£2). Integrating over (2, using the

Green formula and the condition that u = 0 on 052, we get

/AVUVUd:L‘:/fUdaE.
Q Q

The definition of A, the Cauchy-Schwarz inequality and the Poincaré inequality
give

[ AVaVods < 8| Vul iz 9l1200) = Bllullyo| 1oy
Q
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So the solution u to problem (3.3.4) belongs to Hj ().
Hence, the corresponding variational problem (or the weak formulation
of problem (3.3.4)) is
Find u € H}(Q) such that

a(u,v) = (f, U)H—I(Q),Hg(ﬂ)a Vo € Hy().

(3.3.5)

where

a(u,v) = / AVuVvdr, Yu,v € H}(Q)
0

Theorem 3.65. Suppose A is a matriz in M(a,3,Q) and f € H(Q). Then

there exists a unique solution u € H} () to problem (3.5.5). Furthermore,

1
ul| 3y < aHfHH—l(Q)- (3.3.6)

Proof. First, check ellipticity and continuity of a(-,-) in order to apply the Lax-
Milgram theorem.

From the definition of A,
a(u,u) = / AVuVudz > OzHVuH%z(Q) = O‘HUH%’(}(Q)'
Q0

Next, from the definition of A and the Cauchy-Schwarz inequality, one gets,

/ AVuVo dzx
Q

la(u, v)| = < BIIVull 2@Vl 2@ = Bllullay@ vl @)

Applying Lax-Milgram theorem, the problem (3.3.5) has a unique solution u €

Hi ().

Lastly, we prove estimate (3.3.6). From the ellipticity condition,
a||u||H3(Q)||U||H3(Q) < a(u,v) = (f, U)H*(Q),Hé(ﬂ)

< | flz—r@llv|l g @)-
This implies that

allull gy < M flla-19)-
Hence

1
el < Sl lla-1@)-
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Non-homogeneous Dirichlet Problem

Suppose € is Lipschitz continuous. Let f € H™1(Q) and g € Hz (). Consider

the following problem
—div (AVu) = f  in Q,

u=g on Of.
Using the notion of trace, an equivalent equation is
div (AVu) = f inQ,
v(u) =g on ON.
Theorem 3.66. Let A be a matriz in M(«, 8,2) and 02 be Lipschitz continuous.

Suppose f € H Q) and g € H%(GQ). Then there exists a unique solution u €
HY(Q) to problem (5.3.1) and

luller@) < Cillflla-1@) + Callgll 14 ey (3.3.7)
where C7 > 0 and Cy > 0 depends on 2, «a and 3.
3.3.2 Periodic boundary conditions
As defined in 3.2.3, let Y be a parallelepiped in R™ defined by
Y =(0,0;) x ... x (0,1,),
where [y, ..., [,, are give positive numbers.
Suppose f € H1(Q) and A € M(a,3,Y) . Consider the problem
—div(AVu) = f in Y,
(3.3.8)
u  Y-periodic.
The weak formulation of Problem (3.3.8) is
Find @ € W, (Y') such that
(3.3.9)

CLY(U, U) = <f7 Z))(Wper(y))/ywper(y) vv E WPET(Y)’
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where

oy (11, 9) = / AVuVudy Vu € i, Yo € 6.V, 5 € Wy (V).
Y

Using the definition of A and the Lax-Milgram theorem, one can prove that there
exists a solution @ € W, (Y") for problem (3.3.9). But the solution @ € W, (Y)
implies that problem (3.3.8) has a solution in H,,,.(Y") defined up to an additive
constant. To make the solution unique, we remove this constant by choosing a

representative element for the class of equivalence u. In that light, we may propose

that the solution has a zero mean value and problem (3.3.8) becomes;

—div(AVu) = f in Y,
u  Y-periodic, (3.3.10)
My(u) = 0,

with f still in W), (Y) and the weak formulation is

i

Find u € W, (Y) such that
ay (u,v) = [, AVuNVv dy = (f,0) Wyer(v)) Wyer(v) (3.3.11)

Vo € Wper (Y),

where

Wyer(Y) ={u € H;eT(Y) : My (u) = 0}.

Using the Poincaré inequality, W, (Y') is a Banach space with the norm given by
ullw,er(v) = [[Vullizy,  Vu € Wi (Y),

and the pairing (f, v)w,..(v)),w,..(v) is well defined using proposition 3.56.

Theorem 3.67. Suppose A is a matriz in M(«, 5,Y) with Y -periodic coefficients
and f € Woper(Y))'. Then there exists a unique solution for problem (3.3.11).

Furthermore,

1
[l [wper vy < EHfH(WW(Y)y (3.3.12)
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Proof. First, we verify the conditions of the Lax-Milgram theorem i.e ellipticity
and continuity of ay(+,-) then we apply the theorem.

From the definition of A,
o) = | AVUTudy > ol Valfiay, = allulf, o

This shows ellipticity.
Now for continuity; from the definition of A and the Cauchy-Schwarz inequality,

one gets;

/ AVuVv dy’ < BIIVull 200Vl 2(vy = Bllullw,e. ) [0l (v)-
Y

|a(u, v)| =

Thus a(-,-) is continuous.

So by the Lax-Milgram theorem, there exists a unique solution u € W, (Y) for
(3.3.10).

Lastly, for estimate (3.3.12), the ellipticity condition and the general Cauchy-

Schwarz inequality gives

| [uf|wyer )|V [Wer ) < @, 0) = (F,0) Wper (7)) Wper (V)
< A Howvper vy 0l wper () -
This implies that
ol [ullwye, vy S N loWper(vyy -
Hence

1
[ullw,.e. vy < a||f||(wper(Y))/-
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Chapter 4

Method of Asymptotic

Expansions

4.1 Introduction

The method of asymptotic expansion also known as the multiple-scale method is
a method of homogenization widely used in physics, mechanics and mathematics.
It was initially introduced by mechanical scientists and engineers for mechanical
problems; see for instance [Bog61]. Later, it was used in the study of problems with
periodic structures in [BLP78]. The basic idea behind this method is to postulate

that the solution u¢ to the classical homogenization problem (2.1.1) is of the form
x x x
ut = UO({E, E) + euq (.1', Z) -+ 62’&2((]3, E) + ...

where the terms in the expansion depends on both r and y = %, with z repre-
senting the macroscopic scale while # represents the microscopic scale. Since the
coefficients of the problem of which u° is the presumed solution, is Y-periodic,
then one assumes that the terms in the expansion are also Y-periodic; i.e. each
u; is Y-periodic in the second variable y = £. Using this method, we obtain both

the homogenized problem and the homogenized solution. However, the results are
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heuristically obtained and the calculations involved in this method are long and
cumbersome which makes it prone to errors. This makes it necessary to justify the

results, like we do in Section 4.3; see for instance [Cio99], [Ole92].

Over the years, more mathematically rigorous methods have been introduced to
obtain the limit problem. One of the first is Tartar’s method of oscillating test
functions [Tar77], this we shall see in Chapter 5. But the two-scale convergence by
Nguetseng [Ngu89b] is so far one of the most powerful approaches and has been
developed to go beyond periodic homogenization.

The object of the present section is to elaborate on the method of asymptotic

expansions.

4.2 Derivation of the Homogenized problem and

solution

Let us consider a linear second-order partial differential equation with the Dirichlet

boundary condition: Let u® be the solution of the problem

Au=f in Q,
(4.2.1)
u®*=0 on 09,

where f = f(z) is a smooth function in € independent of €.

oy = N2 (e O
A = —div(AV) = z::l P (aij(x)azj)’

27‘7
with af;(z) = aj; (%) a.ein R, Vi,j=14,..,n.
The functions a;; are assumed to be Y-Periodic, Vi,j =4,...,n. Y is known as the
periodicity cell defined by (0,1;)", where [; (i = 1,...,n) are positive numbers, and
A = (aij)1<ij<n € M(a, 5,Y) is such that for o, f € R, 0 < o < 3, and
i) (Al A) = alAP

it) |A(z)Al < BIAl,
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for any A € R” and a.e. in Y.

Suppose uf(z) = u(z, %). By the chain rule, with y =

Ouf gy = 0w, ) 2 o1 2+10u z
8@-1; Oy o O o € Oy; “e)

So
v va) = = 3 (s ()2
A m oA = 232:1 O; <ai‘<x)5’xj <x>>
_ Z ou E
INES 1a i 830] €
. 0 ., Ou T T 0 Ou x
— _mzl {5’%@2](6) oz, (% ) azy( ) ang_xj( Z)]
8:ci%(€) - Pt aykaj c axz Z ayk 6 P ayiazj(y).
Thus
€ __ = 1 a ('?ue 1 aue 8 aue 1 aue
ot =3 [t (Gt ) vtz (G0 o)
(9 € 1 0 ous 0 ous
N _”ZI L ayz 8x]( ) + ga_%azj(y)ﬁ_y](x) + a—xiai]’(y)a—xj(x)
10 ous
+ e gos) )]
K Ao + A1+A2) Kx f)
where

"0 0
Ay = — Z a_%(aij(y)a_yj>7

ij=1
"0 0 "0 0
A= g () - g () e
"0 0
Ay = — Z %(aij(y)a_:cj)'
1,j=1
Plugging the asymptotic expansion
u(x) = uo(z, %) + eu (x, %) + uy (x, %) +o (4.2.3)
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vvvvvvvvvvvvvvvvvvvvv

in Problem (4.2.1), one has

At = (elQAO + %Al + A2> (uo + euy + €2U2> (x, %) =f in €.
Thus
1 1 1 ,
G—QAOUO + E.Aoul + Agug + E.Aluo + Ajuy + eAjug + Asug + eAsug + € Asus = f.
Sorting and equating by the powers of the microscale parameter e give
Aoug = 0,
Aoui + Ajug = 0 = Aguy = —Ajuy,
Aotz + Ayuy + Asug = f = Aous = f — Arug — Asuy, (4.2.4)
Ajug + Aoty = 0 = Ajus = —Asuyq,
Asus = 0.

with the u;(x,y) Y-periodic in the second variable.

We notice that in (4.2.4), the three equations are given in terms of u; (i = 0,1, 2).
This suggests that the problems can be solved in succession. The problems are
similar to problem (3.3.8), so we either write its weak formulation in the form of
(3.3.9), where its solution using Lax-Milgram theorem is a class of equivalence, or

in the form (3.3.11), where its solution is a function with a zero mean value.

We start with the first problem,

AoUO =0 nY

U Y -Periodic in y.

Its weak formulation is

Find dg € W, (Y') such that
ay (g, 0) =0 Y0 € Wper (V).

where

ay (i, v) = / AVuVo dy, Yu € 4,Yv € 0,Yu, 0 € Wye (V).
Y
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Wier(Y) = H,,.(Y)/R is the space of classes of equivalence. So 1y is a class of

equivalence. Since
ay (g, v) = /YAVUOVU dy =0, Yug € .
Then by the definition of A and the Lax-Milgram theorem, the unique solution is
g = 0 in Whe (Y).

But by definition, ug = ug(z,y), this implies that the solutions are constant in y,
SO

up(z,y) = up(x) Yug € Up.

In the asymptotic expansion, we see ugy as an oscillating function depending on
the second variable £ but this computation shows that uy only depends on z.
For this reason, we expect ug to be the homogenized solution (a function without
oscillations). If we are able to find a problem which has wug as its solution, then we
have found the homogenized problem.
Next,

Aou; = —Ajuy inY,

Uy Y -Periodic,

then from equation (4.2.2),
. ~ 0 8%0 & 0 8u0
N % 1 () o (a5 o)

ij=1
L Z 8@1] 8u0 (2).
B 0yz ax]

3,j=1

So

_ aaz] auO . T
Aouy = Z 9, —(y )81']( x), with u;  Y-Periodic. (4.2.5)

ij=1

and the weak formulation is

Find 4 € W, (Y') such that
(4.2.6)

ay (U1, 9) = (F, @) Woer (V) Wer(v) VP € Wher(Y),
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vvvvvvvvvvvvvvvvvvvvv

where
ay(ul,@) = / AVUqV(p dy, Vul - dl,VQD c Qb, V@,Vul - Wper(Y)7
Y
and
. aUo
(F, @) Wper (V) Woer (V) = 83: dy Vo € 9, Vi € Wy (Y).
1,J=1 J

By the definition of A and the Lax-Milgram theorem, the problem (4.2.6) has a
unique solution u; € W, (Y).

From equation (4.2.2), Ay involves only the y variable, so let us separate the
variables. We choose a function X; € Wer(Y') and propose that u, is of the form

_ Zxxy)g—;‘jm it W (V).

j=1

So

.Aoulz.Ao( Z J(y)au0 ) ZA(]X] 0“0 (2).

j=1
By equation (4.2.5),

. = 8@1-]- 8u0 . - 8@13 8u0
Ar == 3 oy a; -2 (Z Dys )5_%(33)'

1,j=1 j=1

Thus

AOX] Z

So x; satisfies

Ay ==Y, 52 inY

=1 Jy;

X; Y-Periodic.
Since X, is an equivalence class, we can choose a representative x; € x; so that
we can have the weak formulation of the form (3.3.11). Then by the Lax-Milgram

theorem, there exists a unique solution x; € W, (Y') to the problem

;

Find x; € Wper(Y) such that

8“2 n

\ p e Wper(y)v

o4
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where

Woer (V) = { € H,,,.(Y); My (@) = 0}.

Now if x; is a solution for (4.2.7), then x; + ¢; is also a solution where ¢; is a

function of z alone so

ug -

o) ==Y G )
j—
where 1, denotes an arbitrary function of = alone, i.e.,
iy (z) €0 in Wye (V).
We now deal with the problem

A0u2 = f — A1u1 — .AQUO n Y,
(4.2.8)

uy Y — periodic in y.

From equation (4.2.2), it follows that

i - 8 aul - 8 8U1 8u0
f= A — Agug = f +¢jzla_%(aw(y)6_%) + a—xj<%(y)<a—y + 8_%)>’

thus the weak formulation of (4.2.8) is

Find ts € W, (Y') such that
ay (ta, 1) = (M, D) Wyper (V) Wier(v) VO € Wier(Y),

where
ay (u,0) = / AVuVody Yu € 4,Yv € 0, Vi, 0 € Wy, (Y),
Y
and

This problem will be well-posed (See definition 3.62 and proposition 3.56)
if M€ Wper(Y))', 1e. if

(M, 1), (vyy a3, (v) = 0,
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SO
aU1 Jug
For
- 8160
u(2,y) = _ZXk(y)— x),
k=1 Lk
ouy, 0 ( n 8uO ) A Oug
Oy;  Oy; ;Xk(y)&ck Z Dy; O
SO
an auO aUO
= / (‘“ (— + ))dy
zjzk:l ! ayj (9xk axj
_ axk auo aUO
: Z / 6:1:,( 89 Oy, T au(y) Oa:k)dy
i,7,k=1
8Xk 0ug dug
@;1/ 83/] 0x;0%}, a k(y)axiaxk Y
> [ (antn - a5 ) e
- zk i —_
1,7,k=1 ’ ayj 31‘18%
Thus
aQUO
_zkzl [Z/ ( a” Ay >dy} 10 Yf. (4.2.9)

Let us introduce a¥ and assume that

0
z [ (o= a5 Yo = [ o= avyuay = [ abedy=vie,

where we set a — aV,x; = aj). From problem (4.2.7), x; is the solution to the

following problem

/ aVxpVu dy = / aVudy = / aerVody Yv € Wy (Y). (4.2.10)
Y Y Y
This implies that

/ a(Vxi —er)Vody = 0. (4.2.11)

Y
Then equation (4.2.9) becomes

" 0 0 8u0
— ) — ) = 4.2.12
i,k=1
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where @), is a constant matrix. Next we check that it is elliptic. For this we use

the lemma and the proposition below

Lemma 4.1. [Pav08],/Ci099] Let the matriz A° = (a%,) be defined as

n
0o _ Z Oxk
aik = Qi — aijT'
j=1 Yi

Then

1

a%, = ay(Xi — Vi, X — Yk) = maY(Xi — Ui, Xi — Yk)-

(a1(¢, @) is the bilinear form corresponding to A;)

Proof.
1 1
maY(Xi = Yis Xk — Yk) = m /Y aV(xi —yi)V(xy — Yi) dy
= % /Y a(Vxi — €)(Vxr — ex) dy
= ﬁ /y aVxi-Vxr —aVyx;-e,—ae; - Vxi + ae; - epdy
= ﬁ /Y aVxi-Vxir —ae; - Vxi —aVyx;- e, + ae; - epdy
= L/ a(Vxi —e)Vxr +ae;- e, —aVy; - ep dy
Y1 Jy
using equation (4.2.11), we deduce that

1 / 1
o7 [ av(Xi — Yi Xk — ) dy:/_aei'ek_ain'ek dy
|Y| Y ’ Y |Y|

1
:m /y(aei —aVx;)e dy

_ .0

O

Proposition 4.2. [Ci099],[Pav08] The matriz A° defined in the above lemma is
positive definite and there exists o > 0 such that (A€, €) > alé|?, V& € R™.

Proof. let £ € R™, af), = a1(xi — i, X — Yx). Then

<a?k£7 €> = <w7 U)),

o7
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where w = &(x; — v;). So by the ellipticity of «,

ap Vwl|? dy > 0
S AL
Suppose
(a9, 6) =0, VEER", €£0.

Then |Vw| =0 <= w = &(x; — y;) = ¢, a constant. So
§-y=&x—c

But the right hand side is periodic which implies that the left hand side should be
periodic as well. This is only possible if ¢ = 0 which is a contradiction. Hence,

the matrix is positive definite. n

We have verified that aY, is elliptic, so by the Lax-Milgram theorem, there exists
a unique solution uy € Hy () to problem (4.2.12). The solution ug is the

homogenized solution and problem (4.2.12) is the homogenized problem.

Observe that w;(z,y) can be determined successively. To obtain ug, we use the

equations of u; and wug. So solving for uy as we did for uy, we get

k=1
where 1y(x) € g is independent of y.
Consequently the expansion (4.2.3) takes the form

1= S e S -

k=1

4.3 Error estimate

We have obtained the homogenized equation and the homogenized solution. But

for the accuracy of the asymptotic expansion, it is important to estimate the

o8
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difference between the solution u¢ and the asymptotic expansion in appropriate
norm. This gives the error estimate. The smaller the norm, the more accurate the
expansion is. We prove the following estimate.

¢ lcl 9?ug
u(x)—( —eZXk + € ZC 8xk8xl>

k=1

< Cez, (4.3.1)
HL(©)

where C' is a constant independent of e.

Let
Zu(a) = () — o + et + ) (D),
with
(z,y) = uo(z)
- 8u0
(x,y) = — ;Xl(y)a_xl’
" 9%u
. Kl 0
k=1
where y =
Take
"9 0
- _ A€ — c——
A div(A“V) ”221 o, (a” ax])
Then

i

AcZ(z) = Aus — Ac(ug + euy + €up) (z, E)
= [Acu — (e 2 Ag + ¢ " Ay + Ar)(up + eure’us)] (z, %)
= Aeue — E_ZAQUO — 6_1(AQU1 + A1U0) — (.A()UQ + A1u1 + .AQU())

— 6(./41’&2 + Agul) — €2A2u2.

Using relation (4.2.4), we get

AZ(x) = ( — e(Auy + Ajug) — 62A2u2> (:1:, %)

29
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From (4.2.2), we have

B "9 Ous - 0 Ouy
Ajug = — Z_ a—xi(aij(y)a_yj) - 221 83/@( i(y )&E )

1,7=1 2]
&) 0 (<~ . D
i )y (ZC (v >8xk8xk)]

n kl 3u0
= Y ay) X ()2

A dy; 0x,;0x;,0x; .
- i;;_l 6%2 (az‘j(y)Ck’l(y)) %@)
== 3 (05) = 5 (w0 (B wwe)
3 (k Z Xy aikgisl )>
i,k=1
- 2;1 air(y)xi 8xgxk8xl( )
Aoty = — ”i:l 8%:1 (&ij(y)g_;bj>
_ ;1 a% (aij(y)a%j ( g:l ¢ ’“’(y)g;—:;o) )
-3 (o (3 )
_ —Z 4l >axaa%<f>
Ajus = — ”%nl: 1 @ij (yc) 3;; <::) axg);:axl (@
- 3 () o
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X X 8
Since %(—) %a%i(;), % = eaxi (z) Then
= O (et PN Oy ety )
Z ayz (a'w(&)g (6))336]3%8951(:6) E(Z axz (a'l](g)g (6) axjaxkaxl(z)
4,9,k l=1 1,7,k,l=1
e S O (Byen(Ey P
a 61‘];:1 ox; (%;(6)( (e)axjf)xkaxl (x))
SN, TN T Otug
_6. Zﬁ a_xi%(e)c ( )8:70 8x]6xk8xl( 7)
,5,k,l=1
_ N O (o By ety Do
N ij%l::1 0x; (a” ( € )C (e ) 0x ;01,07 (x))
+ eAsus
Thus
B " x x Pug " x, OCF x Py
AZ. = —em%l aik(g)Xl(z)—gxiaxkaxl (:U)+em%law( )6y (e>8xi8xk8xl T
> N i kl 0*ug 2 TY o T
te ”;:laxl ( )C ( )8%6%&”( 7) | + e Ayuy c 6"42“2(6)
e S By ()P L w0 m BPug
- ei];ZIsz(E)Xl(E)axiaxkaxl(m)+€i];:1a”( )ay] (E)axlaxkaxl(‘r)
2 - i = ki P ug
T 13;1 ox; a”(e)g ( )8x]8xk@xl( )

Given that u¢ and ug vanish on 9Q, then Z, = (eu; — €%uy) (x, f) on 00 and Z,

satisfies
AGZE = - Zgj:l 81% (afjg_f;) =¢eF° in Q’
Z. = eG  on 0f).
where
R x x r, 0" x Py
b ”; 1 {_ (a0 + “ij(_)ﬁ_yg( } Srmdm
- 0 kl 83UO
z]kl 1
CU 8u0 kl x 0? 0o
k=1
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The above problem is a non-homogeneous Dirichlet problem.

To be able to use Theorem 3.66, we check that F* € H'(Q) (see proposition
3.45), i.e., that there exists n + 1 functions in L?(Q2) such that

7

" OF¢
F¢=F;
0+€i21 axz

and G € Hz(09). Then estimate (3.3.7) can be used and we have
HZGHHl(Q) S ClﬁHFEHH—I(Q) + CZEHGGHH%(Q)7 (432)

where

n

Fs= > {—am(g)Xz(x)Jraij(%)

. €
,5,k,0=1

oMz D3uy

y; (E 0x;0xp 01y 1

Let us estimate the components of F€ and G¢. Since A € L*(Y), f € H () and
ug is the solution of an elliptic equation with constant coefficient, the regularity
theory of second order elliptic equations ensures that the derivatives of ug belong
to L(Q); see [Gil01]. Furthermore, x;,¢M € W,e,(Y) C H,,,.(Y) C H'(Y) by
definition. Then

n

> [~ v )

i7j7k7l:1

155 llz2) < [10%uollz (o)

with C independent of e.
Also
" x x ou
e = E (2R 2y ——
’ a”(e)C (e) Ox;0x,01, (z),

Jkl=1

with

1FS |20 < 110%uolleoy|] D “z‘j(é)Cklé)Hm(m =G,
=1

where C' is independent of e.
Combining these facts we deduce that F' belongs to H () and

I Bys oy = inf 3 (1 EE By < e (433)
=0
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with the constant ¢; independent of e.
For G¢, let show that

16T gy < 262 (43.4)

H3 (09
following an argument from [Ole92](Chapter 2, proof of Theorem 1.2 ).
Let us define a function x, as follows, let k. be such that 0 < k. <1,
Re(z) = 1if p(z,00) <,
Ke(z) = 0 if p(z,00) > 2,
e[ o) < coe '
Set
v, =k G".

Then by definition of k.,
supp ¥, = {x : p(x,09) < 2¢}, which we will denote by U..

Now, we show that ¥, € H'(Q) and ||V ||g1(v.) < 3¢ 2 with ¢; independent of e.

Using the H'-norm, we have

el = [¥ell2@wy + IVYel|L2w,)-
From the definition of k. and the regularity on uq,

Wellr2@wy = [|KG | 2w, < ca,
- . (4.3.5)
V|| 2wy = [[V(£G) 2wy < € es||uol|mw.) + cs,

with ¢5, ¢g independent of e.

At this stage we use the following lemma.

Lemma 4.3. [0le92] Suppose 0X2 is Lipschitz continuous and Bs = {x € Q, p(z,0Q) <
0}, 0 > 0. Then there is a &g > 0 such that for every § € (0,dy) and every
v € HY(Q) one has

1
ollL2(8s) < €02 |v][ a0,

where ¢ is a constant independent of & and v.
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We then get
1
HUOHHI(UE) < C7€2||Uo||H1(Q)-

Therefore by (4.3.5) we have;

Wellmrwy < s + € esluollmwy

_ 1
<cgt+e 105(0762 |[uol|m1(a))

N[

< cg€~

On 090, ¥, = G, so one has

H? (99) < Co(Q|[Wel[m @) = CL Vel < coe™2.

el V|

H3(0Q) |

This proves (4.3.4).
Using the estimate (4.3.2), we conclude that

1 1
||Z€HH1(Q) S C]_EHF€||H1(Q) + CQEHGEH ) S 60161 + 650202 S Cce?.

HZ (99

which is the claimed estimate.

The method of asymptotic expansion is very powerful but formal. It can be used
without prior knowledge about specific properties of the solution to the micro
structured problem. Thus, it is used only to 'guess’ the form of the homogenized
equation. Although we can get the desired result, the derivation does not contain
a strict proof. Some methods have been developed to rigorously provide a proof
of the convergence. A more general and powerful approach is Tartar’s method of
oscillating test functions developed by Luc Tartar [Tar77]. This we shall discuss in
the next chapter for a linear periodic homogenization problem. Another drawback
is the rigorous justification of the asymptotic expansion of a solution to a problem,
this is usually very difficult. Despite the shortcomings, the method of asymptotic
expansions remains commonly used in mathematics literature e.g. [Roh10] and en-
gineering literature e.g. [Marll]. Furthermore, the multiscale expansion method

can also handle problems involving more than two scales.
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Chapter 5

Tartar’s method of Oscillating

Test functions

When looking for solutions to asymptotic problems, one may encounter the product
of two converging sequences. If this product consists of a strongly convergent
sequence and a weakly convergent sequence, then Proposition (3.12) can be used
to find the limit. But the case where this product consists of two weakly convergent
sequences, passing to the limit is rather difficult. Tartar’s method of oscillating
test functions enables one to find the limit by canceling out any products of two

weakly converging sequences.

We consider the same problem as in Chapter 4, i.e.,

—div(AVu) =f inQ,
(5.0.1)
u® =0 on 0JN.

Under the assumption that the condition on the data still hold here, by Theorem
3.65, there exists a unique weak solution u¢ belonging to Hj () for a fixed €, with

f € HY(Q) such that
/ AVuNvdr = (f,v)g-1 ) uiq, YvE H;(Q). (5.0.2)
0
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and the estimate
|2y < [ f[l-1), (5.0.3)

holds.
Using Theorem 3.11, there is a weakly converging subsequence of {u‘} which we

still denote by {u‘} and an element u° € H} () such that

ut = u’ weakly in Hj(Q). (5.0.4)
By Sobolev embedding theorem,

u¢ — u” strongly in L*(Q). (5.0.5)

Let us introduce the vector function

€ € € - € Ou’ - € du’ € €
é = (517-..7571) = (Zalja_xj’“.’zanjg_xj) = A vu .

j=1 j=1

Then (5.0.2) implies that
/S;é—EV'U dr = <f, U)Hfl(Q),Hé(Q)' (506)
Since A € M(a, 3,€2), we have

/ Vo do = / AV Vo dr < BV | oo Vol |z
Q Q

= Bllul gy @llvl 5 )
But
. 1
[ g ) < 5|\fHH—1(Q),
SO
; B
1€ 2y < I fllir-1c-

n

Thus (£°) is a uniformly bounded sequence in (L?*(£2))™.
Again by Theorem 3.11, there exists a subsequence of {£¢} which we still denote
by {£°} and €° € L?(Q) such that

¢ — €% weakly in (L*(Q))" (5.0.7)
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Hence passing to the limit in (5.0.6) gives
/EOVU dx = (f,v) g @.HI(Q), U E Hy(Q). (5.0.8)
And this is a weak formulation of the equation
—divé’ = f  in Q. (5.0.9)

The main goal of this chapter is to identify £°.

5.1 The convergence theorem

The results in the previous chapter are based on the multiple scale expansions
which is heuristic in essence. Here we consider the following convergence theorem
which we prove using Tartar’s method of oscillating test functions. We show the

proof for when the operator A is symmetric.

Theorem 5.1. Let u® be the weak solution of problem (5.0.1), with f € L*(Q)) and
A¢ € M(a, B,Q) is Y -periodic.
Then

o ut — u® weakly in H}(Q),

o AVus — A'Vu® weakly in (L*(Q2))".

Furthermore, u® € H}(Q) is the weak solution to the homogenized problem:

—div(A°Vu®) = f  in Q,

(5.1.1)
w =0 on 09,
and
AO = (a?] 1<i,j<n — i/ azk(y)% dya (512)
wil, T2 )y Wy,
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where x; is the weak solution to the cell problem:

—div (A(y)Vx;) = —div(A(y)e;) inY,
’ ! (5.1.3)
X; Y -periodic.
Remark. The identification of £ in (5.0.9) is provided by equation (5.1.1); &% =

AVuO.

5.2 Proof by Tartar’s method of oscillating test

functions

From the computation above,
AVue =€ — " weakly in (L*(Q))".

The aim here is to show that £° in (5.0.7) is equal to A°Vu°. Hence the claim of
Theorem 5.1 will be proved. From (5.0.4), we have that u¢ — u° weakly in HJ ().
This implies that Vu¢ is bounded in L?*(Q)", which further implies that up to
a subsequence, Vu¢ — Vu® weakly in (L*(Q2))". If A converges strongly to A°,
then we can pass to the limit using Proposition 3.12. But dealing with composite
materials, one cannot have a strong convergence of the matrix A°€.

From the membership of A¢ to M («, f3,£2), one has weakly™ convergence of A€ to
A% in L*>°(2)™*" which implies weak convergence in L?(2)"*" to A°.

That leaves us to finding the limit of the product of two weakly convergent se-
quences A°Vu‘. As mentioned earlier, this is not straightforward and generally,
the product of two weakly convergences does not converge to the product of their
limit, hence we employ the method of oscillating test functions introduced by Luc

Tartar [Tar77].

Proof. This method involves periodizing the solution of a cell problem. So we
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consider the cell problem in the convergence theorem, i.e.,

—div (A(y)Vx;) = —div (A(y)e, inY,
(AW)Vx;) (A(y)e;) (5.2.1)
X; Y-Periodic.

Remark. Strictly speaking, we get this cell problem from the asymptotic expansions

method.

Its corresponding weak formulation reads
Find x; € Wper(Y) such that

/ A(y)Vyx;Vudy = / A(y) e;Vudy, Yv e Wy (Y).
Y Y

We shall need the following results.

Lemma 5.2. [Ci099] Let u be a function in H', (V). Then its extension by

per

periodicity belongs to H'(w) for any bounded open subset w of R™.
Lemma 5.3. [Ci099] Let A € M(a,3,Y) and h € (L*(Y))". Suppose u €
Woer (Y') is the solution to the following problem:

/ AVuVv dy = / hVvdy, Yv e Wy (Y).
Y Y

Then the extension of u denoted by u' is the unique solution to the following prob-

lem:
—div (AVW}) = —divh  in D'(R"),

ut Y -periodic,
My(uﬂ) = 0.
If one extends the solution x; of problem (5.2.1) by periodicity to R™ and

still denote it by x;, then by Lemma 5.3, this extension is the unique solution to

the following problem:
—div (AVy;) = =div (A(y) e;)  in D'(R"),
X; Y-periodic,

My (x;) =0,
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where

/n A(%) V.Y (%) Vo(z) dz = / A(§>ejw<x) dz, Yv e D(RM).

This implies that

Let

and set

. x x ,
wi(r) = ew, (E) = T; — €X; (E)’ for j=1,...,n.

Then from equations (5.2.2) and (5.2.4),
/ A (z)Vw(z)Vu(z)dex =0, Vv e DR"),

where A(%) = A%(z).

(5.2.2)

(5.2.3)

(5.2.4)

By definition of H}(Q), i.e., H}(2) = D(Q), with respect to the H'-norm, one has

/ A(z)Vws(z)Vu(x) de =0, Vv € Hy(Q).
Q

Since Xj(g) is Y-periodic, then by Theorem 3.50,

wi(r) = My (w;) weakly in L*(Q),
and by (5.2.3),
My (wy) = My (z; = x;) = 2 — My (x;),

but My(Xj) = 0, SO

wi — x;  weakly in L*(Q),

and

auf)(o) = (Vo) () = (1o ) (£) = (T (£).

Moreover, V,w; is Y-periodic so by Theorem 3.50,
Vow§ = My (Vyw;) weakly in L*(9),
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where

My (Vyw;) = M(ej = Vyx;) = e; = My (Vyx;)- (5.2.6)

By Green’s formula,

My (Vyx;) = |71|</Yvy><j(y)dy) = %(/}/Xj(y)vyldy'f'/&/ xj(y)-ndsy) =0.

Thus (5.2.6) implies that

V,ws —e; weakly in (L*(Q))". (5.2.7)

J

Consequently,

w§ = z; weakly in (H'(Q))", (5.2.8)
and by Sobolev embedding theorem,
w§ — x; strongly in (L*(€2))". (5.2.9)

For ¢ € D(R"), let us choose v = pw$ in equation (5.0.2) and v = @u® in equation
(5.2.5) to get

/ AVuV (pwj) de = / AVu Vo w; dr + / ANVuNVw; ¢ dx
0 0 0 (5.2.10)

=(/, ¢w§>H—1(Q),H5(Q)>

and

/ ANVwiV (puf) dx = / ANVw;Vpus dr + / AVw;Vusp de
0 0 0 (5.2.11)
= 0.

By the symmetry of A,
/ AVuNVw; p dr = / AVw;Vupdr.
Q Q
So subtracting equation (5.2.11) from equation (5.2.10) gives

/ ANVu Vo w; dr — / AV Vo u' dr = (f, ow§) g1 (a).H1 @) (5.2.12)
Q 0
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Now we pass to the limit as e — 0.

For the first term in equation (5.2.12), equations (5.0.7)and (5.2.9) give

lim [ AVu'Vow§de = / Vo z; da. (5.2.13)
Q

e—0 Q

For the second term,

. ;c 3w
(A ( k — Z a'zk 0$Z

Thus we have the following convergence in (L?(Q2))";

n

(A*(z) Vwj(x))r = My (ap) — My ( Z ik ng>

%

Now using equation (5.0.5),
lim [ A*VwiVpu®dr = / AV dx. (5.2.14)
Q

e—0 Q

Lastly we deal with the right hand side of (5.2.12)

From equation (5.2.8), we have,

11_{% (f, <Pw§>H—1(Q),H3(Q) = <f7§0(xj)>H—1(Q),H§(Q)a Vo € D().

Having obtained the limits of all the terms in equation (5.2.12), we finally get

/Qﬁovsf? xjdr — /Q AV u dr = (f, () m1),m1 ) Ve € D(Q).
72

© University of Pretoria



This can be rewritten as

/fOV(gpmj) dx — / % pdr — / AV dr
0 Q 0

(5.2.15)
= <f7 Qp(xj»H*l(Q),Hé(Qy Vo € D(Q)~
But equation (5.0.8), i.e.,
/QQ“OVU dzr = (f, U)Hfl(Q),Hé(Qy
implies that
/Qﬁov(wj) dr = (f, 0z} p1@)m1@)y ¢ € D).
Hence, it follows from (5.2.15) that
/ Eejpdr = —/ AV dx.
Q Q
But
—/AOVgo u’ dr = / AVl dx.
Q Q
So
/ (foej — AOVuO)go dr = 0.
Q
Hence we conclude that
€0 = AV,
]

Remark. The symmetric structure of the operator A was crucial in ensuring the
cancellation of troubling terms. That restriction may be done away with. Indeed
tartar’s method works for non-symmetric operators. The adjoint operator then

plays a crucial role in the derivation of the homogenized problem.

5.3 Correctors

As can be seen in Theorem 5.1, the convergence of u¢ to u° is weak in H}(2). This
means that

Vu — Vu® — 0 weakly in (L*(2))"
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In general, the above convergence cannot be improved. However, the term Vu® can
be adjusted with the introduction of a corrector matrix to get a strong convergence.
In this section, we address that issue.

Let us denote by C¢, the corrector matrix whose entries are defined by

Ci(x) = C’l(%) a.e. on )

ow; O (5.3.1)
Cij(y) = 03; (y) = 6ij — 8—>;(y) a.e. on Y.

where w; and x; are given by (5.1.3) and (5.2.3). We have the following

Proposition 5.4. Let C¢ be defined by 5.3.1 and A° be given as in Theorem 5.1.

Then
C® — T weakly in (L*(Q))"

ACe — A° weakly in (L?(Q))™.

where I is the unit n X n matrix.
Proof. See [Ci099]. O

Based on the above proposition and the convergence:
Vu¢ — Vu® — 0 weakly in (L*(Q))",
we have that

Vu — CVu’ — 0 weakly in (L'(Q))". (5.3.2)

Indeed, since C°Vu® € L'(Q), one has

/CEVuOgodx—>/Vu0<pd:c, Vo € L>(§).
Q Q

As stated earlier, the introduction of the corrector matrix is to obtain a strong

convergence in (5.3.2).

Theorem 5.5. Let u¢,u® and A° be given by Theorem 5.1. Then
Vut — CVu’ — 0 strongly in (L*(Q))".
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To prove this theorem, we need the following proposition.

Proposition 5.6. Let uf,u® and A° be given by Theorem 5.1. Then there is a

constant C', independent of €, such that

limsup [[Vu* — C6l|2(@) < CI[V — @lliz@) Vo € (D(Q))"

e—0

Proof of Theorem 5.5. Recall that D(Q) is dense in L*(Q), so there exists ¢s5 €
(D(£2))™ and an arbitrary § > 0 such that

IVu® = 5| 2(0) < 0. (5.3.3)
By triangular inequality, Proposition 5.6 and (5.3.3), we have

limsup ||Vu© — C°Vu’||11(q)
e—0

< limsupl||Vus — C¢sll11() + [|C0s — CVU°|| 1))

e—0

< lim sup || Vu — C¢sl|r2 () + 2l [VU® — ¢s1|r2(@)
€—
< ||V’ — ¢5]| 120
S 635.
O
Example 5.7. Let us give the corrector matrix for the one-dimensional case stud-
ied in [Spa67].
Let (dy,dz) be an interval in R™. Consider the following problem;

d du®
—_— CLE = f n (dl,dg),
&) (5.3.4)

u(dy) = u(dy) = 0.

Suppose a is a positive function in L>(2) such that

a is [1-periodic,

(5.3.5)
0<a<a(zr) <f < +oo,
where «, 5 are constants and
a“(z) = a(2). (5.3.6)
€

Then the following result holds.
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Theorem 5.8. [Ci099] Suppose f € L*(dy,dy) and a° is defined by equations
(5.3.5) and (5.5.6). Let u® € H}(dy,ds) be the solution of problem (5.5.4). Then

u¢ — u’ weakly in Hy(dy,dy),
where u® is the unique solution of the following problem
d 1 du®
e ) = 1.
dr \ Mo, (%) dr
u (dl) = 'Lbo(d2> =0.

Proposition 5.9. [Ci099] With the same assumptions as Theorem 5.8,

X [l1-periodic,

M(O,h) (X) = Oa

\

and is given by

(0,11)( %

where ¢ is the constant for which Moy,)(x) = 0.

Using (5.3.1), the corrector for this one-dimensional case is given by

dw d

Cly) = W

—(y—x()),

where using proposition 5.9 and Theorem 5.8 give

1 1 ao(y)

R IR RT

Remark. The corrector C*Vu® appears also in the asymptotic expansion of .

Indeed using the expansion in Chapter 4, we see that

et =smi e () - (82
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From the definition of C¢,

Vus(z) = C(x)Vug(x —erk() (gzi)( )+

which makes C(z)Vug(z), the first term in the asymptotic expansion of Vu¢.

Even though we considered an elliptic problem with periodic coefficient, Tartar’s
method can be applied to parabolic homogenization problems. Tartar’s method
of oscillating test functions may be used for nonlinear monotone problems. But
the process of constructing test functions to cancel out problems is not applicable.
This created the need for another tool. To this end, the theory of compensated
compactness was introduced by L. Tartar [Tar79] and F. Murat [Mur78]. This we

shall discuss in the next chapter.
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Chapter 6

Homogenization of Nonlinear

Partial Differential Equations

We discussed in previous chapters the method of asymptotic expansions and Tar-
tar’s method of oscillating test functions for linear homogenization problems; the
asymptotic expansions method is a heuristic method and Tartar’s method was
one of the first mathematically rigorous methods that placed the asymptotic ex-
pansion method on firm theoretical grounds. Due to the nature of the problems,
constructing test functions to cancel out troubling terms in nonlinear homogeniza-
tion problems may lead to insurmountable challenges. In view of the prevalence of
nonlinear partial differential equations in the modeling of most natural processes,

it became imperative to develop new tools in Homogenization.

In the 1970s, L. Tartar and F. Murat introduced the theory of compensated Com-
pactness to handle nonlinear homogenization problems involving the product of
two weakly converging fields. Here, certain conditions on the derivatives of the
weakly converging fields compensate for the lack of strong convergence. Due to
the restrictions on the compensated compactness method, another mathematical

tool was introduced in the 1980s by L. Tartar under the name H-measures. But
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this tool was also introduced independently by P. Gérard under the name Microlo-

cal defect measures.

Following the works of L. Tartar and F. Murat on nonlinear homogenization, we
discuss in Section 6.1, the compensated compactness results and in Section 6.2,

the H-measures.

6.1 The Compensated Compactness Theory

In this Section, we briefly discuss the development of the compensated compactness

theory.

6.1.1 Div-Curl Lemma

As shown in Section 3.2.3, the product of two weakly convergent sequences does
not generally converge to the product of their limits. For elliptic equations involv-
ing scalar-valued solutions, we saw in Chapter 5 how Tartar’s method of oscillating
test functions can be used to pass to the limit of such a product. For vector-valued
functions, the lemma below known as the div-curl lemma introduced by F. Murat
[Mur79], [Mur78] and L. Tartar [Tar79] enables one to pass to the limit of the
product of two weakly convergent sequences of vector fields provided that the se-

quences satisfy certain conditions.

Definition 6.1. Given a vector w € (L?(2))" such that w = (wy,...,w,) = (w; :

i =1,...,n). The matrix (curl w);; is defined by

(curl w);; = g;U; — 861;}5 fori,j=1,...,n.
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Theorem 6.2 (Div-Curl Lemma). Let  C R™ be a bounded open set, let {u*}
and {w*} be vector-valued bounded sequences on Q such that {u*} — u weakly in
(L2(2)" and {w*} — w weakly in (L*(Q))". If

H(1) div u¥ lies in a compact subset of H'(Q),

H(?2)  (curl w®);; lies in a compact subset of H™'(Q)™*",

then

uF - wh = w-w in the sense of distributions
i.e

/Q(u’g cwM)p dr /Q(u ~w)pdr, Ve e D(Q),
where

n
u.w:Zuiwi, foru = (uy,...,up), w= (wy,...,wy,)
=1

Proof. (We show the proof following Evans [Eva90])
Let us consider the vector field v* € (H?(2))" weakly solving

—Avf =w*  inQ,
(6.1.1)

v* =0 on 09,
{wk} is bounded in (L?(Q2))" implies that {v*} is bounded in (H?(2))". This
follows from Theorem 3.65, by differentiating with respect to x; in (6.1.1) then

% € (H71(Q))" and subsequently %’: € (HY(Q))" thus, v* € (H?(Q))".

Set

2F = —div o,

Y =wh — Vk
Then

2¥ is bounded in H'(§2). Furthermore, if 1 <4 < n,

i =wf —Vo©

= wf — 2,
(6.1.2)
k k

= _Ul:vj:pj + Uj:piwj
_ [k k
- (v]:l?z - zlxj)xj'
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From H(2) and (6.1.1), (curl v*) lies in a compact subset of (H~1(£2))"*"™. Thus
from (6.1.2), it follows that y* is bounded in (L?(£2))".

Using Theorem 3.11, there is a subsequence of {z¥} which we will still denote by
{2*} and z € H(Q) such that

2F — 2 weakly in H'(Q). (6.1.3)

Also, there is a subsequence of y* which we still denote by y* and y € (L*(Q))"
such that
y" — y strongly in (L*(Q2))". (6.1.4)
Here, we take z = div v and y = w — Vz, where u € (H?*(Q2))" is the solution of
—Av=w in
v=20 on Jf.
Now take ¢ € D(2), we have

/uk-wkgpdx:/uk-(yk—l—Vzk)godx
Q )
:/uk~ykg0d:c+/uk‘v,zkg0d:v.
Q Q

From relation (6.1.4),

/uk-ykgodx—>/u-ygpdx,
Q Q

and from relation (6.1.3) and H(1), we have

/ uf - VFpde = / uf - V(2P de — / uf - 2V dx
Q Q Q
= —(div uk,zk@H_l(Q)’Hé(Q) - / uf - 2PV da
Q
— —(div u, 20) g1 () m1 () — / u-2zVpdr
Q

:/u-V(zgo)dx—/u-ngodx
Q

Q
:/u~Vzg0dx.
Q

This implies that

/uk-(yk+Vzk)g0dx—>/u-(y—l—Vz)godac:/(ww)godx.
Q 0 0

And this proves the Lemma. n
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As an illustration of the application of the div-curl lemma, we state a
prototype of the div-curl lemma and apply it to an example based on Maxwell’s

equations.

Theorem 6.3. Let Q C R" be a bounded open set, let {u*} and {vF} be vector-
valued sequences in Q such that {ufF} — u weakly in (L?(Q))" and {v*} — w weakly
in (L2(Q))". If div u* is bounded in L*(Q) and curl v* is bounded in (L?(Q))",
then

uF - oF —~w-v  in the sense of distributions.

Example 6.4. Let 2 C R" be occupied by a non-homogeneous body, with electric

field F and electrostatic potential u such that
E=—Vu. (6.1.5)
Suppose
u(e) = uo(e) + eur (%),
where ug and u; are smooth functions such that u; is periodic with period Y and

€ is a small parameter representing the microscale.

Let £ = g. Then
€
E = —-Vu=—Vuy(x) — Vyul(g).
Now if u; € L?(2), then by applying Theorem 3.50, one has
ul(z) — Mq(u;) (a constant) weakly in L*(Q) as e — 0.
€

This implies that
Vyul(z) — 0 weakly in LQ(Q).
€

So u can be weakly approximated by ug € L*().
On the other hand, if F € L*(Q), then from relation (6.1.5), one has

—Vu € L*(Q),

which implies that
u € HY Q).
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The constitutive equations in electrodynamics are given by the Maxwell’s equations

E=—-Vu, D=aFE, divD=p, cwlk = —%—f,
where a is a constant (permittivity of free state), D is the electric induction field,
p is the charge density, and B is the magnetic field.

Assume that measurements can be taken in terms of convergences, i.e. for p, £, D
and u,

pe — po weakly in L*(Q),

E. — Ey weakly in L*(Q),

D, — Dy weakly in L*(Q),

ue — ug weakly in H'(Q).

We have the electrostatic density e given by E - D. Now the question we try to
answer is;

Does e, = E. - D, converge to eg = Ey - Dy in any sense?

First let us assume that the magnetic field of the non homogeneous body is constant

and the medium is such that the perturbation of the Maxwell’s equations give
curl £, = F,
div D, = p.,

where F, is bounded in L?(Q).
We can see that the conditions for the div-curl lemma is satisfied i.e the curl E, =
F. is bounded in L*(Q2) and div D, = p, is bounded in L?(2).

Using the lemma, we have
E.-D.— Ey- Dy in the sense of distributions,

which gives the question a positive answer.

There are different variants of the div-curl lemma that can be applied to
various problems (see for instance [Ball0], [Daf05] and [Chr05]). In the study of

elliptic equations with divergent forms, the div-curl lemma has proven successful,
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since the requirements/conditions on the derivatives of the weakly converging fields
”compensate” for the lack of strong convergence. However, the div-curl lemma
cannot be used on any quadratic product, because of its specific requirements on

the derivatives of the weakly converging sequences.

Suppose one encounters the composition of a real valued function F' de-
fined on R™, and a sequence {u,} which converges weakly to u. One would want
to know if there is a relation between the limit of F(u,) and w. In general, F'(u,)
does not converge to F'(u) except if F' is an affine function. A powerful tool to
overcome this challenge is provided by the theory of Young measures described in

the next subsection.

6.1.2 Parametrized Measures (Young Measures)

Young measures were developed by L.C Young [You37]. They were initially used
for treating problems of calculus of variations, until L. Tartar [Tar79] developed it
as a tool for the analysis of nonlinear partial differential equations. Young mea-
sures can be used to compute the weak limit of any function of weakly converging
fields. Additional information on Young measures can be found in [Bal89], [Ped00],

[Gia98], just to cite a few.

Definition 6.5. Let K be a bounded open set in R™ and let u : Q — R™ be a

measurable function such that u(x) € K a.e. We define a measure p on {2 x R™ by

(1, 8, X)) = / ol u(z)) da.

for all continuous function ¢ with compact support contained in 2 x R™. pu is

known as the Radon measure or the generalized measure associated to u.
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Proposition 6.6. The Radon measure p has the following properties.
(i) n=0ie (1,0)20if >0,
(13)  supp p C graph u i.e. if ¢ =0 on graph u, then (u,$) = 0.

(1ii)  The projection on S of = projo, u = dx,
i if (o, 0) = ¥la) then (1.¢) = [ v(a)do,

Theorem 6.7. [Tar79],[Tar95] Let K be a bounded set in R™ and €2, a bounded
open set in R™. Let u; : Q — R™ be a sequence such that u;(x) € K a.e.. Then
there exists a subsequence {u;, } and a family of probability measures {v,}zeq (i-e.,
vy > 0, v,(R") = 1) with supp v, C K, such that for F, a continuous function on
R,
F(uj) = f weakly* in L™(Q), as k — oo,

where
f(x) = (v, F(N)) = / V(AN F(X) dX a.e. .

The family {v;}seq is called the Young measure associated to the subsequence

{ujk}'

Proof. Let us associate to u; the measure p; in the following way

(3000, ) = [ dlaui(e)) da, Vo € O xR,

Since €2 is bounded, one may extract a subsequence p;, and a nonnegative measure
4 such that
p, = g weakly*, ie. (u;,,0) — (u,¢), Vo€ C(QxR™).
then we check the properties of u,
() Forall 620, (1.6 = im (¢} = 0.0 51 = [ ola,,(0)) do > .
(i) If ¢ =0 on Q x K, then (i, ¢) = 0 which implies that supp p C Q x K.
(i) Suppose o(a, A) = ¥(z). Then (1,6 = lim (1;.0)
= lim [ ¢(x)der= /QQ/}(SC) dz. Hence, Projou = dx

Jj—0o0 Q
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These properties imply that p is absolutely continuous with respect to the Lebesgue
measure dx, so by the Radon-Nikodym theorem, there exists a family of probability

measures {v,} such that

= /ﬂyx de, ie. {(u, ¢z, \) = /ﬂ(l/m,gb(x,)\» dx.

Now suppose F(uj,) — f. Then for all ¢ € C(Q), one has

(b D) F(N)) —> (1, (@) F(N)) = / (v PO 0(2) da

But
(3 02 FO) = [ 0@ Pl 0) dr = [ (o) @) do
Therefore,
F@) = (o FOO) = [ maOOF(3)
This proves the theorem. 0

Example 6.8. Let u(x) be a sequence defined by
up(z) = sin(kx), x€][0,1]

According to Theorem 6.7, the associated Young measure v, is such that, for any

function F' € C([-1,1)),

Flug) / ) dagy in I(0.1), (6.1.6)

Since sin(x) is a periodic function with period 27, F(sin(z)) is also periodic with

period 27. Thus by Theorem 3.50, we have

F(uy) = F, in L*>(]0,1]), (6.1.7)
where )
Fe % [ Psin) dz. (6.1.8)

We need to express F as the right hand side of (6.1.6). The idea is to use an

appropriate substitution of the type y = sin(z). However, sin(z) is not invertible
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on [0, 27|, but on [—7, 7]. Fortunately, by splitting the integral in (6.1.8) suitably,

we can succeed. We have

/0% F(sin(z)) dz = /Og F(sin(z)) dz + /Fﬂ F(sin(z)) dz + /:T F(sin(z)) dz.
(6.1.9)

2

s

Using the substitution y = sin(z) for z € [0, 5

dz:i
2

I—y

|, we get z = arcsin(y). Thus since
and y € [0,1],

we have that

/0 * Fsin(2)) dz = /O F(y)\/%. (6.1.10)

For the second integral in the right hand side of (6.1.9), we first use the translation

z — z —m. Then

3m

/W " F(sin(z)) dz = / :

2

F(sin(z + 7)) dz = / F(—sin(z))dz  (6.1.11)

Jus
2

(VB

Next using the substitution y = —sin(z), we have
d
z = —arcsin(y), dz=— Y ,
1—9?
T T
Csin(—S)y =1, —sin(~) = —1.
sin( 2) : sin( 2)
Thus

[ rcsinena= [ pw 2 [ )Y
—sin(z)) dz = Y)—F—— = Y) —F——.
_z 1 Vv1—y? -1 Vv1—y?
Hence it follows from (6.1.11) that

3m 1

dy

/f F(sin(2)) dz — [1F(y)ﬁ. (6.1.12)

For the last term in the right hand side of (6.1.9), we again use a translation

z — z — 27 which gives

0

/Qﬂ F(sin(z)) dz = /0 F(sin(z +2m)) dz = / F(sin(z)) dz.

3r

s
2 2

[ME]

Setting y = sin(z) and noting that sin(—75) = —1,sin(0) = 0, we get

/0 F(sin(z))dz = /0 F(y)L

[NIE]
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Thus

/B:F(sin(z)) dz — /_ 1F(y)\/% (6.1.13)

Combining (6.1.8), (6.1.9) (6 1. 10) (6.1.12) and (6.1.13), we get
BTN

Z/_IF(?J)\/l—y_iy

This shows that the measure v, in (6.1.6) is equal to the measure v given by
dy

/1 — 12

v(dy) =

That is

_E/L
™ [1/1—3/2

for any measurable set I C [0, 1].

Parametrized measures or Young measures provide the weak*® limit of
sequences after extracting a subsequence, but only for relations that may be non-
linear but pointwise. Unfortunately, they are not suitable for relations with dif-
ferential structures as they are unable to capture the differential structure of the
equation, except for certain classes of conservation laws; see for instance [Tar79],

[Eva90] and [DiP83].

6.1.3 Compensated Compactness

The inability of Young Measures to handle convergence problems involving differ-
ential structures motivated the need for the development of another mathematical
tool. This led to the theory of compensated compactness introduced by L. Tartar
and F. Murat as an extension of the div-curl lemma. But it is only suitable for
problems involving linear balance equations which are partial differential equations

with constant coefficients.
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Definition 6.9. The set T is defined by

T={(\&: AeR" (R such that » Y A& =0 fori=1,..q}.

j=1 k=1

Definition 6.10. The set A is defined by
A = {(X\ € R™ such that there exists £ € R™\0, (\,§) € T}. (6.1.14)

Theorem 6.11 (Quadratic Theorem). Let Q be a bounded open set in R™ and let

Q be a real quadratic form on R™ such that
Q\) >0 VA€EA. (6.1.15)

Let {u} be a sequence such that

A(1) ut — u weakly in L*(S),

A(2) 37553 Aijkg%i is compact in the strong topology of H;}(Q)  fori =
1,...,q.

If Q(u®) — p in the sense of distributions (1 may be a measure), then

1> Q(u) in the sense of measures .

Proof. See [Tar79]. O

Corollary. Suppose Q) is a real quadratic form on R™ such that
QN) =0 VYIeA.

If u® is a sequence such that u§ — u; weakly in L*(Q) and

zm:f:A-‘ e Q) fori=1
A ”kﬁxk o ori=1,..q.

then

Q(u) = Q(u) weakly in the sense of measures.
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Example 6.12. Let v" = (E",D") and u® = (E*, D) be such that v" —
u™ in (L?(92))?*" and

dEr  OE! oD”
£ — bel to (H1(Q))*"

where FE is the electric field and D is the electric induction of a given non-
homogeneous body covering 2 C R™.

The set A is given by
A={(E,D):£#0,§E—&E; =0Vi,j and Y &D; =0}
J

Then we have that
is quadratic and

So using Corollary 6.1.3, we deduce that

Q(u™) = E"- D" = Q(u™®) = E* - D* weakly* in M(Q).

The fact that the theory of compensated compactness is restricted to
partial differential equations with constant coefficients, made room for another
mathematical tool that can handle partial differential equations with variable co-

efficients, the H-Measures.

6.2 H-Measures

While Compensated compactness is only used in the case of partial differential
equations with constant variables. Young measures computes the weak limit of
any nonlinear function of weakly converging sequences. But it does not capture

the differential structure of the equation satisfied by the sequence. This drawback

90

© University of Pretoria



lead to the creation of another powerful tool, the H-measures.

H-Measures were introduced independently by Luc Tartar [Tar90], as an exten-
sion of Compensated compactness, and by P. Gérard [Gé91], under the name
"Microlocal defect measures” to compute the weak limit of quadratic products
of oscillating fields. H-measures can be looked at as a middle ground between
Young measures which computes limits but fails to capture differential structure,
and compensated compactness which only handles differential equations with con-
stant coefficients. H-measures however, computes the limits of partial differential

equations with variable coefficients.

6.2.1 Introduction

H-Measures only apply to sequences of functions that converge weakly to zero. Let
ue : 2 — RP be a sequence of vector-valued functions defined on €2, an open subset
of R, such that u, — 0 weakly in (L?(Q2))?. The main idea behind H-measure
is to extract subsequences (u;)t_;. So that for all i,j = 1,...,p, we can define a

family of complex Radon measures u on 0 x S"~! by

618200 =ty [ P00 Tl ©) vl e

where F is the Fourier transform, ¢(§) € C'(S"!) is a test function used to local-
ize in the direction of £ and ¢q, ¢y € Cy(2) are test functions used to localize the
oscillations in the space variable z. The sequence u, is extended by zero outside 2
so that any concentration effects on the boundary 02 will not be missed. But this

does not affect the convergence of the sequence as the sequence u, still converges

weakly to zero in (L*(R™))? and ¢y, ¢ now belong to Cy(R™).

A class of Pseudo-differential operators is needed to define the H-measures, but
because the classical pseudo-differential operators are not sufficient, a new class

of pseudo-differential operators is needed. They are known as pseudo-differential
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operators of order zero. The next subsection contains some pseudo-differential

calculus needed in the study, followed by some definitions and basic properties of

H-measures.

6.2.2 Pseudo-Differential Operators

Let a € C(S™ 1), the space of continuous functions on S™~! the unit sphere and

b € Cy(R™), the space of continuous functions converging to zero at infinity. Let

P, and M, be bounded linear continuous operators in L?(R") associated to a and

b in the following way:

F(Pou)(€) = a<m>}"u(£) ae. €€RY,

(Myu)(x) = b(x)u(z) ae xR

(6.2.1)

Lemma 6.13. If P, and M, are given as above, then C = P,M, — M,P, is a

compact operator from L*(R™) to L?(R").
Definition 6.14. A continuous function P on R™ x S"~! written as
P.6) = 3 bu()an(e),
n=1
is known as an admissible symbol, and
5 anllmiss oIl < .
n=1

where a,, € C(S"!) and b, € Co(R™).

Definition 6.15. The operator Q =Y -~ A, B, is defined by

F(Qu)(§) = a, <|§—|>}"(bnu)(§) ae. £ e R" if u e LA(R"),

and

F(Qu)(©) = i(é) [ bty

Ve ER" if ue LA (R™) N LY(R™).
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Using the symbol P,

FQu©) = [ (o utore e i

VEER" ifue L*(R™) N L'(R).

Q is called the standard operator with symbol P.

6.2.3 Existences and Properties of H-Measures

Let €2 be an open set in R™ and U, be a vector-valued sequence of functions
converging weakly to 0 in L?(Q;R"). Let us extend the sequence U, by zero

outside €2 so that the sequence still converges weakly to zero.

Theorem 6.16 (Existence of H-Measures). There exists a subsequence of {U}

(which we still denote by {U.}) and a family of complex-valued Radon measures

u on R™ x S" such that for all ¢1, s € Co(R™) and ¢ € C(S™'), one has

o T : = § .
b i) = i [ FU)O F@OIO () de id=1.n
€E—00 R
w = (u9) is a matriz valued measure called the H-measure associated with the

subsequence.

Proof. Show that the limit of the right hand side depends on the product ¢,

and defines a Radon measure. From (6.2.1),

§

¢1Uie = Mzz)l Uie7 ¢2Uje = M¢2Uje: F(¢1Uze)<€) ¢(|£T

) = F(PyMy, Use).
So

Flow© Fa,©) () de = [ FRMa)© FOLTIE d

Rn

By Plancherel’s identity,

F(PyMgy,Usc) (&) F(My,Uje)(§) d§ = [ (PyMy,Usc) () (My,Uje) () d.

R™ Rn
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If one commutes P, and My, using Lemma 6.13, one gets,
PyMy, — My, Py, = C, a compact operator, which transforms the weakly convergent
sequence U, into a strongly convergent sequence while keeping the limit zero.

Therefore, what we are looking for is

hm/ M¢1M¢‘)2P¢Ui€Uje dx
Rn

e—0

But

hgg/ My, Mz, PyUcUse dx < Bl|g1¢||co@m)| |UseUjel | 2@ [|19]| osm-1)
€ R"

<C,

where B > 0, C > 0 are constants. By a diagonal argument, there exist a
subsequence for a countable dense set of functions ¢, ¢ and 1) that converges.
The limit is linear and depends on ¢ ¢s.

This defines a bilinear continuous form on Cy(R"™) x C(S™~1) written

(17, P12 @ 1)).
Next we show that u¥/ is a measure using the Lemma below.

Lemma 6.17. Let X andY be two locally compact manifold and let B be a contin-
wous bilinear form on C(X) x C(Y). If f > 0 and g > 0 implies that B(f,g) > 0,

then there exists a Radon measure m on X XY such that

B(f.9) = (m,f®yg), VfeC(X),gecC).
Proof. See [Tar90] O

Using the extracted sequence, let

iy [ Fonti) ) FGT0(6) v ) de = B 01,00,

=0 Jrn €]
where BY is a continuous bilinear form on Cy(R") x C'(S™1).

If for every choice of complex numbers A;, the bilinear form B is such that B =
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>k MALB* we have

B\ ik 2 =i j j ’ i
SNl ) = iy / N2 AF U o(1g) %

This implies that for ¢ > 0 and ¢ > 0, B(¢, %) > 0. So by Lemma 6.17, there is a

Radon measure m on R™ x S™! such that

B(¢1§g27¢) = <m7¢1§z_52 ®¢>a

where B defines the Radon measure m which in turn defines the measures p/* that

we can identify by writing m = ij Mk,
]

Theorem 6.18 (Localization of H-measures). Suppose U, is a sequence converging

weakly to zero in L?(R™;RP) and define an H-measure . If U, is such that
p n a
DY (Au(x)Uje) = 0 strongly in H,,} (),
— k

then )
Z ZAjk(x)gkujm =0 mQxS" Vm.

j=1 k=1
where Ajj, are continuous in €.
Example 6.19. Let z be a point in R™. Consider the sequence {u.} obtained by
a translation of the function f € L*(R") followed by a scaling;

n ., —Z

uc(x) =€ 2 f(

—). €>0. (6.2.2)

These functions characterize a concentration effect at the point z. We shall con-
struct the H-measure associated to {u.}. We start by showing that u. converges

to zero weakly in L?(R"). We have,

r—z

/ wr(z)de =" [ 3 ) dx.
n R €
Using the change of variables
y=""", s=eytz dr=cdy, (6.2.3)
€
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we get
||Ue|’%2(Rn) =€ "e" fAy) dy = fy) dy.
RX RX
Thus {uc} is uniformly bounded in L?*(R"). Let us extract a subsequence which

we denote again by {u.}, we have that there exists u € L?(R") such that
ue —u in L*(R™),

we also have

uc —u in L'(R™). (6.2.4)

But thanks to (6.2.3),

][22y = / £

| do =€ | [f(y)ldy.

Thus
lli% HueHLl(Rn) = 0.

This implies that U, — 0 strongly in L'(R").
But then u, — 0 weakly in L'(R"). By the uniqueness of weak limits, we deduce

from (6.2.4) that u = 0. Hence
uc — 0 weakly in  L*(R™).
Let ¢ € C3°(R™). We show that
due — ¢(2)uc — 0 strongly in L*(R™). (6.2.5)

By (6.2.3), we have

r—Zz

[ o@uaPde= [ emewl

n €

) de = e . *(ey+2)|f ()| dy.

Since ¢ € C§°, by continuity, we deduce that
A |6(2)ue(2)|* dv — : ()P f(y)]” dy.
By (6.2.3) again we have

xr —

) o= [ Joulo) d.

[ ol a =) [ el
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thus

lim (|¢( Jue(z)[* = [p(2)uc()|* dz) = 0.

e—0

hence (6.2.5) follows.
By Parseval’s identity, (6.2.5) implies that

F(pue)(€) — F(p(2)ue)(§) — 0 in L*(R").
Thus for ¢ € C(S™ 1), we get

lim (|.7:(<bu€)( )!2 — |}"(¢(2)u6)(£)|2)¢(

e—0

¢
Sya
GL

< c( [ (Feu)@F + 170 ) &)

< O F(pue) — F(p(2)ue) || r2mn);

this converges to zero.

1 1
2 2

([ ireuo - Former )

Thus

iny [ 1Fu)©F () de = timloa) [ [(Fu(©) P (6.26)

e—0 R

)

Let us use the change of variables (6.2.3) to rewrite (Fu.)(£). We have

Fud) =t [ () da

n

= e_zen/ e VT F (y) dy
ehemiz / e f(y) dy

n

eze " (F f)(e€).
Thus |Fu(2)]? = €"|Ff(e€)[?, since |e=%¢| = 1. The right hand side of (6.2.6)

becomes

§

i o) | VFFe) o

Let us denote it by J.

)&

Using the change of variables ¢ = €&, d§ = e "d¢’. J can be rewritten as
e’
J:hm¢22/ e'e "|Ff (0
limo(:)f* | eI FHOU(g
= [o(2)|? A I FFEPw(

) d¢’

|§|)
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Next we use spherical coordinates with &€ = tw, w € S" !, w = é—|, dé = t" tdtdw.
Then -
T=lo@IP [ [ e iE ) P de o
sn-1Jo

0GP [ ) do

where v(w) = [;7t" | (Ff)(tw)? dt. By (6.2.6), we have shown that

lim [ 1 Foud)o(S) de = (|0 © ¥),
e—0 Rn |£|

where p = 6, ® v. This is the H-measure associated with u.. Using the definition

(6.2.7)

of the Dirac-delta function §, we check indeed, that

poamiePan) = [ [ jewP( [T e im a) o) des, di
0GR [ v do
This corresponds to (6.2.7).
Example 6.20. let u, be a scalar sequence defined by

x n
ue(x) = v(x,z), x eR",

with v(z,y) periodic in the y variable and € > 0 takes values in a sequence that
converges to zero.

Let us assume that v is continuous in x with values in L*(Y") and
/ vdy =0,
Y

We consider the Fourier transform expansion of v in the y variable

0 u(r) — 0 weakly in L2 (R").

loc

v(z,y) = Y v,

meZ™
where vy = 0 by hypothesis so that u, — 0 weakly in L*(R™). Under these
assumptions, it can be shown that the H-measure p associated with u,. is defined

by

o= X[ foaaio(n ) ds

meZn\{0}
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for all continuous function ¢ on R"™ x S"~! with compact support in z. p then

takes the form

_ 2% Sm
= Z |Um|®5m.

meZ™\{0}
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Conclusion and Further research

In this dissertation, we endeavour to cover the theory of periodic homogeniza-
tion from its genesis characterized by the multiple scale expansions method to the
cutting edge and deep theory of Tartar’s H-measures. Although the multiscale
expansion is widely used, it only handles problems with periodic coefficients. The

method is heuristic in nature and involves lots of calculations making it error-prone.

Tartar’s method of oscillating test functions, a mathematically rigorous method
was introduced later and it placed the multiscale expansions on firm theoretical
grounds. But its success was mainly limited to scalar problems (equations). For
the study of homogenization problems relevant to systems of partial differential
equations, a new tool was needed. This led to the invention of the div-curl lemma
by L. Tartar and F. Murat. The div-curl lemma is however not applicable to
convergences of composition of weakly converging sequences and general nonlinear

functions so Tartar adapted Young measures to that case.

With the div curl lemma, one is able to find the weak limit of the product of
two weakly converging sequences of vector-valued functions, but with appropriate
conditions on the sequences. The compensated compactness method was later in-
troduced as an extension of the div-curl lemma but unfortunately, it is restricted
to problems with constant coefficients. Then the H-measures was introduced to ac-

commodate problems with variable coefficients. So far H-measures has been used
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for hyperbolic equations and in the study of oscillations. There is also a variant

of H-measures for parabolic equations.

As future research, we intend to develop H-measures for randomly perturbed par-
tial differential equations with rapidly oscillating coefficients. The recently devel-
oped notion of multi-scale H-measures by L. Tartar [Tar15] opens new avenues for
potential applications. The relation between Wigner measures and H-measures
remains a controversial issue. We do seriously also consider potential research on
Wigner measures in a stochastic framework. For background on Wigner measures
we refer to [Lio93] and to [Zha08]. Homogenization of stochastic partial differen-
tial equations is still at its infancy. Crucial pioneering work in that direction have
been undertaken by M. Sango and his coworkers; see for instance [San15], [San12],

[San14], [San02].
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