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Abstract

Malaria is one of the most widespread and complex parasitic diseases in the world.
According to the World Health Organization’s records for the year 2013, there
were 207 million malaria cases with 627,000 deaths in 2012 globally. Although its
control and prevention has been pursued for a long time, however, because the
parasite developed resistance to many of the standard treatments, it is becoming
more difficult for researchers to stay ahead of the disease. In this dissertation, two
deterministic models for the transmission dynamics of malaria are presented. First
we comprehensively studied the dynamical interaction of sporozoites with humans,
production of merozoites, and the invasion of red blood cells during erythrocytic
stage of malaria infection. Then we construct a model, which takes the form of
an autonomous deterministic system of non-linear differential equations with stan-
dard incidence, consisting of seven mutually-exclusive compartments representing
the human and vector dynamics. The model is then extended to incorporate addi-

tional compartment of vaccinated individuals. Rigorous analysis of the two models
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(with and without vaccine) shows that, both the non-vaccinated and vaccinated
models have a locally asymptotically stable disease-free equilibrium (DFE) when-
ever their respective threshold parameters, known as the basic reproduction number
and the vaccinated reproduction number are respectively less than unity, and the
DFE is unstable when they are greater than unity. In addition, the models exhibit
the phenomenon of backward bifurcation, where the stable disease-free equilibrium
coexists with a stable endemic equilibrium when the associated reproduction num-
bers are less than unity. Furthermore, it was shown that, the backward bifurcation
phenomenon can be removed by substituting the associated standard incidence
function with the mass action incidence, this is achieved using Lyapunov functions
in conjunction with LaSalle invariance principle. We further presented numerical

simulations using parameter values for both low and high malaria incidence regions.
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Chapter

Introduction to Malaria

1.1 Introduction

This chapter is devoted to the study of some of the fundamental concepts of

malaria.

1.2 Malaria

Malaria is a complex parasitic disease, it is mostly confined to tropical and subtrop-
ical regions of Africa and Asia because of rainfall, warm temperatures, stagnant
waters, and poor sanitation that pave way for the provision of conducive environ-
ment for mosquito breeding [3, 52, 69]. Although there were tremendous progresses
in the fight against malaria, according to the World Health Organization's records
for the year 2013, there were 207 million malaria cases worldwide with 627,000
deaths in 2012 [73].

Malaria infection is characterized by high fever, chills, sweating, fatigue, headache,
and nausea which if left untreated can cause acute anemia, organ failure or brain

damage among other problems. It can be treated and cured but because the par-
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asite has developed resistance to many of the standard treatments, it is becoming
more difficult for researchers to stay ahead of the disease [24, 29, 72].

Malaria is common and life-threatening public health problem in many tropical
and subtropical areas of the world. It is currently endemic in over hundred coun-
tries. Each year, approximately three hundred million people fall ill with malaria and
one million deaths are recorded. It is transmitted by female Anopheles mosquitoes

which bite mainly between sunset and sunrise [5, 71].

1.2.1 Causes of Malaria

Human malaria is caused by five different species of the parasite belonging to
genus Plasmodium: Plasmodium falciparum (the most deadly), Plasmodium vivax,
Plasmodium knowlesi, Plasmodium malariae, and Plasmodium ovale, the last two
are fairly uncommon. Many animals can get malaria but human malaria does
not spread to animals, except for Plasmodium knowlesi, animal malaria does not
spread to humans [47]. A person gets malaria when bitten by a female mosquito
who is looking for a blood meal and is infected with the malaria parasite [24]. The
parasites enter the blood stream and travel to the liver where they multiply, when
they re-emerge into the blood, symptoms appear. By the time a patient shows
symptoms, the parasites have reproduced very rapidly, clogging blood vessels and
rupturing blood cells. Malaria cannot be casually transmitted directly from one
person to another, instead, a mosquito bites an infected person and then passes

the infection on to the next human it bites [27, 29].

1.2.2 Symptoms of Malaria

The amount of time between the mosquito bite and the appearance of symptoms

varies depending on the strain of parasite involved. The incubation period is usually

© University of Pretoria



(02$r~

Introduction to Malaria 3

between 8 to 12 days for falciparum malaria, but it can be as long as a month for
the other types. Symptoms from some strains of P. vivax may not appear until 8
to 10 months after the mosquito bite occurred. The primary symptom of all types
of malaria is the "malaria ague” (chills and fever), in most cases, the fever has
three stages, beginning with uncontrollable shivering for an hour or two, followed
by a rapid spike in temperature (as high as 41°C) which lasts three to six hours,
and suddenly the patient begins to sweat profusely which will bring down the fever.
Other symptoms may include fatigue, severe headache or nausea and vomiting, as
the sweating subsides, the patient typically feels exhausted and falls asleep. In
many cases, this cycle of chills, fever and sweating occurs every other day or every
third day and may last for between a week and a month. Those with the chronic
form of malaria may have a relapse as long as 50 years after the initial infection

[27, 29].

1.2.3 Treatment

Falciparum malaria is a medical emergency that should be treated in the hospital.
The type of drugs, method of administration and length of the treatment depend
on where the malaria was contracted and how sick the patient is. Except for
falciparum, the treatment for malaria is usually Chloroquine (Aralen) taken by
mouth for three days, strains of falciparum suspected to be resistant to chloroquine
are usually treated with a combination of quinine and tetracycline. In countries
where quinine resistance is developing, other treatments may include Clindamycin
(Cleocin), Mefloquin (Lariam) or Sulfadoxone/Pyrimethamine (Fansidar). Those
who are very ill may need intensive care and intravenous (IV) malaria treatment
for the first three days. Chloroquine is an early antimalarial drug first used in the
1940s, but it lost its effectiveness against Plasmodium falciparum, the deadliest of

the malaria parasites, however, it is still used in many African countries because
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of its affordability [27, 29].

1.2.4 Control

Malaria control requires an integrated approach, comprising of prevention (basically
vector control) and treatment with effective antimalarial drug [73]. The increase
in drug resistance to the antimalarial drugs has intensified the need for a malaria
vaccine, a new candidate for malaria vaccine with the potential to neutralise all
strains of the most deadly species of malaria parasite has been developed and the
Phase Il efficacy trials in Burkina-Faso, Gabon, Ghana, Kenya, Malawi, Mozam-
bique and Tanzania have shown that it offers protection of about 18 months, it
was particularly observed that it nearly reduced to half the total number of malaria
cases in young children (aged 5-17 months at first vaccination) and to around
a quarter of the malaria cases in infants (aged 6-12 weeks at first vaccination)
[29, 61].

Mathematical modeling plays some vital and important roles in quantifying the
effects of disease control strategies and helps in determining which strategies are

more effective in the control or even eradication process.

1.2.5 Prognosis and prevention

If treated in the early stages, malaria can be cured. Those who live in areas where
malaria is endemic can however, contract the disease repeatedly and may not fully
recover between bouts of acute infection. The complex life cycle of the parasite
makes it difficult to develop a vaccine for it. A parasite has much more genetic
material than a virus or bacterium, for that reason, it has been difficult to develop
a successful vaccine. Malaria is an especially difficult disease to prevent by vacci-

nation because the parasite goes through several separate stages [29].
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The World Health Organization (WHO) has been trying to eliminate malaria for
the past 30 years by controlling mosquitoes, their efforts were successful as long
as the pesticides dichlorodiphenyltrichloroethane (DDT) kills mosquitoes and an-
timalarial drugs cure those who were infected. However, the problem has returned
a hundredfold, especially in Africa, because the parasite is now extremely resistant
to the insecticides designed to kill it, governments are now trying to teach people
to take antimalarial drugs as a preventive medicine and avoid getting bitten by

mosquitoes [27, 71].
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Chapter 2

Mathematical and Epidemiological

Preliminaries

2.1 Mathematical Preliminaries

This section provides the basic mathematical theories and methodologies required,
in the analysis and understanding of the results presented in subsequent chapters.
Throughout this section, for any n € N, we denote by R" the Euclidean space of

dimension n.

2.1.1 Equilibria of linear and non-linear autonomous systems

Consider the system of differential equation below,
&= f(z,t) x(0) = x. (2.1)

Here f : U xR, - R"withz e U CR", t€R,, n €N, and U open in R",

d

The over dot in (2.1) represents the derivative with respect to time () and (2.1)

is referred to as a vector field on R™ or ordinary differential equation.
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Vector fields which explicitly depend on time are called non-autonomous, while
vector fields that are independent of time are called autonomous, we will be re-

stricted to the autonomous type in this work, hence, for x € U C R",

&= f(zx), z(0)=XeR" (2.2)

Definition 2.1.1. By a solution of (2.2), we mean a continuously differentiable

function = : I(X) — R™ such that x(t) satisfies (2.2) [66].

Definition 2.1.2. System (2.2) defines a dynamical system in a subset £ C R"™
if, for every X € FE, there exist a unique solution of (2.2) defined for all t € R,
[66].

Definition 2.1.3. Let U be an open subset of R". A function f : U — R" is

Lipschitz if for all z,y € U, there is a K called Lipschitz constant such that

1f (@) = FW)I < Kllz = yl].

Here ||.|| stands for the Euclidean norm in R™. If f is Lipschitz on every bounded

subset of R™, then f is said to be globally Lipschitz [51].

Theorem 2.1.1. Let f: R” — R" be globally Lipschitz on R™. Then there exist
a unique solution x(t) to (2.2) V t € R,. Therefore (2.2) defines a dynamical
system in R™ [66].
Definition 2.1.4. An equilibrium (fixed) point of (2.2) is a point Z € R such that
f(z)=0.

Clearly, the constant function z(¢) = 7 is a solution of (2.2) and by uniqueness
of solutions, no other solution curve can pass through 7.

If U is the state space of some biological systems described by (2.2), then Z is an

equilibrium state if when the system starts at z it will always be at z [70].
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Theorem 2.1.2. Consider (2.1) where f(z,t) € C",r > 1, on some open set
U C R" x Ry, and let (xg,ty) € U. Then there exist a local solution to the
equation through the point x at ¢t = t, denoted by x(¢, to, zo) with x(to, to, o) =
xq for | t —tg | sufficiently small. This solution is unique in the sense that any other
solution through xy at t = t; must be the same as xz(t, ¢y, zg) on their common

interval of existence. Moreover z(t,to, zo) is a C" function of ¢,¢y and z [70].

Theorem 2.1.3. Let C C U C R™ x R, be a compact set containing (x, to).
The solution z(¢, tg, z¢) can be uniquely extended forward in ¢ up to the boundary

of C [44, 70].

Theorem 2.1.4. Gronwall Lemma Let z(t) satisfy

dx
ES]”"’Q’ $(O):x0,

for p, q constants. Then for ¢t > 0
2(t) < eao + 2 (e~ 1), pA0
p

and

z(t) <zog+qt, p=0 [66]

2.1.2 Stability of solutions

Intuitively speaking, we say that an equilibrium point Z(¢) of the differential equa-
tion (2.2) is locally stable if all solutions starting near Z(¢) (meaning that the initial
condition is in the neighborhood of Z(ty)) at a given time remains near Z(t) for
all later times. It is locally asymptotically stable if it is locally stable and further-
more, all solutions starting near Z(t) tend to Z(t) as t — oco. These concepts are

formally defined as:
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Definition 2.1.5. Let # € R" be an equilibrium point of a dynamical system on

E defined by (2.2). Then Z is said to be:

. stable if for any € > 0, there exist § = §(¢) > 0 such that if ||z(0) —y(0)|| <
J, then, [|Z(t) — y(t)|| < e forall t >0,

. locally attractive if ||Z(t)—y(t)|| — 0 ast — oo for all ||z—y(0)|| sufficiently

small,

. locally asymptotically stable if Z is stable and locally attractive. For an
asymptotically stable equilibrium point Z of (2.2), the set of all initial data
z(0) such that

lim ®(t)z(0) =2

t—o00

is said to be the basin of attraction of Z,

. globally attractive if (2) holds for any z(0) € E, i.e. the basin of attraction
of T is I,

. globally asymptotically stable if (1) and (4) hold,

. unstable if (1) fails

2.1.3 Hartman-Grobman theorem

Definition 2.1.6. The Jacobian matrix of f at the equilibrium Z, denoted by

Df(z), is the matrix

© University of Pretoria
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Aft /-~ Aft /[~
Oh(z) . . . g
Ofn (= Ofn (=
a—il(m) S %(m)

of partial derivatives of f evaluated at z [51].

It is not generally easy to investigate the stability and asymptotic stability of
an equilibrium solution of (2.2) using Definition 2.1.5 and 2.1.6. The easiest way

is by considering the linearized form of (2.2) given by
U=JU (2.3)
near Z(t) where .J is the Jacobian of the function f at Z. It is assumed that f is

differentiable.

Definition 2.1.7. Let x = Z be an equilibrium solution of (2.2), Z is called a
hyperbolic equilibrium point if none of the eigenvalues of Df(Z) have zero real

part [70]. An equilibrium point that is not hyperbolic is called non hyperbolic.
Let X and Y be two topological spaces.

Definition 2.1.8. A function f : X — Y is a homeomorphism if it is continuous,

bijective with a continuous inverse [51].

Definition 2.1.9. A function b : X — Y is a C! diffeomorphism if it is invertible

and both & and it's inverse h~! are C' maps [51].
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Consider two functions f : R — R"™ and g : R™ — R™,

Definition 2.1.10. f and g are said to be conjugate if there exist a homeomor-

phism h : R™ — R™ such that, the composition goh = hof (sometimes written
as g(h(x)) = h(f(x)), = € R" [51]

Definition 2.1.11. A C"(r > 1) function ¢ : U x R — R", U C R" is called a
flow for (2.2) if it satisfies the following properties

L ¢(.T0, O) =Xy

b gb(l’o, 5+ t) = ¢(¢($078)7t)

Definition 2.1.12. The set of all points in a flow ¢(¢; z,) for (2.2) is called the
orbit or trajectory of f(x) with initial condition ¢, we write the orbit ¢(xg). When

we consider ¢ > 0, we say that, ¢(t;z,) is a forward orbit or forward trajectory.

Proposition 2.1.5. If f and g are C* conjugate, then the orbits of f maps to the

orbits of g under h, as f,g and h were defined in Definition 2.1.12.

Proposition 2.1.6. If f and g are C* conjugate, k > 1, and xz is a fixed point

of f, then the eigenvalues of D f(z) are equal to the eigenvalues of Dg(h(x)).

Theorem 2.1.7. (Hartman and Grobman) Assume that f : R" — R™ is of class
C' and consider a hyperbolic equilibrium point Z of the dynamical system defined
by (2.2). Then there exist § > 0, a neighborhood N/ C R"™ of the origin and a
homeomorphism / defined from the ball B = {x € R" : ||z — Z|| < ¢} onto

such that

u(t) = h(xz(t)) solves (2.3) if and only if z(t) solves (2.2).

The direct application of the Hartman-Grobman theorem is that an orbit struc-

ture near a hyperbolic equilibrium solution is qualitatively the same as the orbit
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structure given by the associated linearized (around the zero equilibrium) dynamical

system.

Theorem 2.1.8. Suppose all of the eigenvalues of D f(Z) have negative real
parts. Then the equilibrium solution x = Z of the non linear vector field (2.2) is

asymptotically stable [70].

2.1.4 Bifurcation Theory

Mathematical models of phenomena in applied sciences like medicine, biology,
physics or engineering typically lead to equations depending on one or more pa-

rameters, which are allowed to vary over specified set (the parameter space).

Definition 2.1.13. Bifurcation can be defined as a qualitative change in dynamics

of & = f(x, ) occurring upon a small change in the parameter ().

Bifurcation occurs at parameter values where the qualitative nature of the flow,
such as the number of stationary points or periodic orbits change. If the stationary
point (Z) is hyperbolic, a small perturbation of the system will not change the
stability characteristics of the stationary point, hyperbolic stationary points are
structurally stable, so local bifurcations occur at points in parameter space where

a stationary point is non hyperbolic [64].

Definition 2.1.14. Consider a one-parameter family of one-dimensional vector
field © = f(x,u), an equilibrium solution given by (z,u1) = (0,0) is said to
undergo bifurcation at u = 0 if the flow for x near zero is not qualitatively the

same as the flow near x = 0 at © = 0 [44].

There are several types of bifurcations but we are interested in only two in this
dissertation, they are: forward and backward bifurcations, their definitions follow

in the next section.
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2.1.5 Lyapunov functions and LaSalle’s invariance principle

Definition 2.1.5 and 2.1.6 are local, that is they describe the behavior of the system

near an equilibrium point.

Definition 2.1.15. A function V : R” — R is said to be positive definite if,
e V(x)>0, for all x # 0,
e V(x)=0, if and only if x =0,
o V(r) — 0o asx —» 0.

The function V' is locally positive definite if there exists U C R™ containing a fixed

point x = & such that
° V(f) =0,
e V(z) >0 forall z € U\{z}.

Definition 2.1.16. Assume that (2.2) defines a dynamical system on an open
subset U C R" and Z is an equilibrium point. A function V € C'(U,R) is called
a Lyapunov function of the system (2.2) for Z on a neighborhood B C U of z if

=vV(z).f(x) <0, VeeB, (24)

where V(z) is the directional derivative of V in the direction of f. If in addition,
V(z) = 0 and V(z) > 0 Vz € U\{Z}, then V is said to be a positive definite

Lyapunov function at Z.

Theorem 2.1.9. Let V be a positive definite Lyapunov function of the dynamical
system (2.2) on a neighbourhood U of an equilibrium point Z. Then Z is stable.
If, in addition, V(z) < 0 Yz € U\{Z}, then Z is asymptotically stable, and Z is
unstable if V(z) > 0, Vo € U\{z}.
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2.1.6 Limit sets and invariance principle

Since general epidemiology models deal with population of humans or animals, it
is important to consider non negative populations, thus, epidemiological models
should be considered in (feasible) regions where such property of non-negativity is

preserved.

Definition 2.1.17. Let x(¢) be a solution of (2.2). A point p is said to be a
positive limit of x(t), if there exists a sequence {t,} with t,, — o0 as n — o0,
such that x(t,,) — p as n — oco. The set of all positive limit points of z(t) is

called the positive limit set of x(t).

Definition 2.1.18. Let ¢ be the flow of (2.1). A point 2y € R" is called w-limit
point of x € R", denoted by w(z), if there exists a sequence {t,},t, — oo such
that,

O(tn, r) — .

Similarly, a point o € R™ is called a-limit point of x € R"™, denoted by «(z), if

there exists a sequence {t,},t, — —oo such that,

d(tn, r) — .

The set of all w-limit points of a flow is called the w-limit set, while the set of all

a-limit points of a flow is called the a-limit set [70].

Definition 2.1.19. A set M is said to be an invariant set with respect to the

autonomous ordinary differential equation (2.2) if,

x(0) € M = x(t) € M,Vt € R.

That is, if any trajectory starts in M, it will stay in M for all time [64].
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If we restrict £ > 0 in the above definition, then M is said to be positively
invariant set. In other words, solutions in a positively invariant set remain there

for all positive time.

Theorem 2.1.10. (LaSalle’s invariance principle)
Let Z be an equilibrium point of (2.2) defined on @ C R". Let V be a positive

definite Liapunov function for z on the set . Furthermore let Q, = {z € Q :

V(x) =0} and if
S = {the union of all trajectories that start and remain in €, for all ¢ > 0},

that is, .S is the largest positively invariant subset of €2, such that S C €2, then
7 is globally asymptotically stable on €2 if and only if it is globally asymptotically
stable on S [70].

2.1.7 Methods for local stability of equilibria

Here we will study two standard methods for analyzing the local stability of equi-

libria of disease transmission models.

2.1.8 Linearization

Determining the stability of an equilibrium (fixed) point Z(¢) requires the under-

standing of the nature of solutions near it. Let,

r=2(t) + e (2.5)
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If we substitute (2.5) in the general autonomous system (2.2) where f is at least

twice differentiable and apply Taylor's expansion at = we get,

& =& +é= f(z(t) + Df(E(t)e + O,

where |.| is the Euclidean norm on R". Hence,

¢ = Df(z(t))e + O(le]?). (2.6)

Equation (2.6) describes the evolution of orbits near z [64, 37]. The behavior of
the solutions arbitrarily close to & is obtained by studying the associated linear

system,

¢ = Df(z(t))e. (2.7)

However, if Z(t) is an equilibrium solution, i.e f(z) = 0, then Df(z) is a matrix
with constant entries, and the solution of (2.7) through the point ¢g € R" at ¢t =0
is given by,

€(t) = exp(Df(z(t)))eo. (2.8)

Theorem 2.1.11. Suppose all of the eigenvalues of Df(Z) have negative real
parts, then, the equilibrium solution = = Z of the non-linear system (2.2) is asymp-

totically stable [10, 37].
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2.2 Epidemiological preliminaries

This section discusses some of the basic principles and methods associated with
modeling in epidemiology. Epidemic models are used to describe rapid outbreaks
that occur in less than one year, while endemic models are used for studying
diseases over a longer periods, during which there is renewal of susceptibles by

birth or recovery from partial immunity [43].

2.2.1 Incidence function

In this subsection, we give short descriptions of some of the most commonly used
incidence functions, we refer to [43, 68] for more details on various incidence
functions in mathematical epidemiology.

Consider a community where the total population is denoted by N, the susceptibles
by S while the infectives by I. Disease incidence is defined as the infection rate
of susceptible individuals through their contact with infectives [28]. Incidence in
disease models is generally characterized by an incidence function (a function that
describes the mixing pattern within the community). Infections are transmitted
through contact. The number of times an infective individual comes into contact
with other members per unit time is defined as the contact rate, it often depends on
the total number N of individuals in the population, and it is denoted by a function
C(N). If the individuals contacted by an infected individual are susceptible, then
they may be infected, assuming that the probability of infection by every contact
is 5o, then the product SyC(NV) is called the effective contact rate, it shows the
ability of an infected individual infecting others (depending on the environment,
the toxicity of the virus or bacterium, etc). Since apart from the susceptibles, the
individuals in other compartments of the population can not be infected when they

make contact with the infectives, and the fraction of the susceptibles in the total
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population is % therefore, the mean adequate contact rate of an infective to the
susceptible individuals is 606’(]\7)%, which is called the infective rate. Further,
the total number of new infected individuals resulting per unit time at time ¢ is
BOC(N)%I(ZS), which is called the incidence of the disease.

When C(N) = kN, that is the contact rate is proportional to the size of the total
population, the incidence is SokS(t)I(t) = S(t)1(t) (where Sok = [3 is defined as
the transmission coefficient) is called the bilinear incidence or simple mass-action
incidence [68].

When C(N) = k, that is the contact rate is a constant, the incidence becomes

Bok%f(t) = B]f,((%[(t) (where ok = f3), this type of incidence function is

termed as the standard incidence [68].

Conventionally, it is assumed that new cases are generated through homoge-
neous mixing, yielding either the mass action incidence term (independent of the
total population as described above) or the standard incidence term (dependent
on the total population), this assumption may be inaccurate, particularly under
certain circumstances, examples where the incidence does not depend linearly on
the number of currently infected individuals include, situations where a larger den-
sity of infected individuals decrease their per capita infectivity (saturation effect)
and situations where multiple exposure to an infected individuals are required for
transmission to occur (threshold effect) [11].

Other forms of contact rates were also proposed, such as those with saturation
as introduced by Dietz in 1982 [68] and Heesterbeek and Metz in 1993 [10], with

contacts respectively given by

alN alN
4. C(N)=
an N = TN iy
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satisfying

C0)=0, C'(N)>0, (%) <0 lim C(N)=0C, [68].

N—o00

. . . PJq .
Moreover, other incidences for special cases such as 55719, 'BSTI were also intro-

duced [68].

2.2.2 Reproduction number

One of the fundamental results in mathematical epidemiology is that, mathematical
epidemic models, including those that have high degree of heterogeneity exhibit
a threshold behavior. In epidemiological terms, this can be stated as follows:
There is a difference in epidemic behavior when the average number of secondary
infections caused by an average infective individual during his or her period of
infectiousness, called the basic reproduction number, is less than one and when
this quantity exceeds one [23]. The basic reproduction number Ry is defined as the
number of secondary infections caused by a single infectious individual introduced
into a wholly susceptible population over the course of the infection of this single
infectious individual [10]. The famous threshold criterion states that:

The disease can invade the population if Ry > 1, whereas it cannot invade the
population if Ry < 1 [26, 28].
The course of the disease outbreak could be rapid enough that there are no sig-
nificant demographic effects in the population, or there is flow of individuals into
the population who may become infected, in either case, the disease will die out
if the basic reproduction number is less than one, and if it is greater than one,
there will be an epidemic. Mathematically, if Ry < 1, the disease-free equilibrium
is approached by solutions of the model describing the situation. If Ry > 1, the

disease-free equilibrium is unstable and solutions flow away from it. There is also
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an endemic equilibrium, with a positive number of infective individuals, therefore,
the disease remains in the population [23]. However, the situation may be more
complicated with more than one stable equilibrium when the basic reproduction

number is less than one.

2.2.3 Next generation method

Although the linearization is the standard method that is applied in the analysis
of the stability of equilibria in general, the next generation method, which is also
a linearization method is used to establish the local asymptotic stability of the
disease-free equilibrium (DFE). The method was first introduced by Diekmann
and Hesterbeek [26] and refined for epidemiological models by van den Driessche
and Watmough [28], we shall follow the description in [10].

Consider a heterogeneous population whose individuals are distinguishable by
their disease status and can be grouped into n homogeneous compartments. The
idea is based on computing a matrix whose (i, j) element represents the number
of secondary infections in compartment ¢ caused by an individual in compartment
j. We refer to disease compartment as the compartment where individuals are
infected. We should note that, we will consider the disease compartment in a
broader way compared to the clinical method hence it includes stages of infection
like exposed stages in which infected individuals are not necessarily infective.
Suppose there are n disease compartments and m non disease compartments, and
let x € R™ and y € R™ be the sub populations in each of these compartments.
Further, we denote by §; the rate at which secondary infections increase the ¢ —th
disease compartment and by V; the rate at which disease progression, death, and

recovery decrease the ¢ — th compartment. The compartmental model can then
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be written in the form

v = Bile.y) ~Viley), i=1,2,.n,
(2.9)

y; =gi(z,y), j7=12,..,m.
Note that the decomposition of the dynamics into § and ) and the designation of
compartments as infected or uninfected may not be unique; different decomposi-
tions correspond to different epidemiological interpretations of the model.

The derivation of the basic reproduction number is based on the linearization
of the ODE model about a disease-free equilibrium. For an epidemic model with
a line of equilibria, it is customary to use the equilibrium with all members of the

population susceptible. We assume:
e 5;(0,y) =0and V;(0,y) =0forally=0andi=1,....,n.

e The disease-free system 3" = g(0, ) has a unique equilibrium that is asymp-
totically stable, that is, all solutions with initial conditions of the form (0, y)
approach a point (0, o) as t — co. We refer to this point as the disease-free

equilibrium.

The first assumption says that all new infections are secondary infections arising
from infected hosts; there is no immigration of individuals into the disease com-
partments. It ensures that the disease-free set, which consists of all points of the
form (0,y), is invariant. That is, any solution with no infected individuals at some
point in time will be free of infection for all time. The second assumption ensures
that the disease-free equilibrium is also an equilibrium of the full system. The
uniqueness of the disease-free equilibrium in the second assumption is required for
models with demographics. Although it is not satisfied in epidemic models, the
specification of a particular disease-free equilibrium with all members of the pop-

ulation susceptible is sufficient to validate the results.
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Next, we assume:
e §;(x,y) > 0 for all nonnegative z and y and i = 1, ..., n.
e Vi(z,y) <0 whenever z; =0,i = 1,...,n.
e > " Vi(x,y) > 0 for all nonnegative x and y.

The reasons for these assumptions are that the function § represents new infec-
tions and cannot be negative, each component V; represents a net outflow from
compartment i and must be negative (inflow only) whenever the compartment is
empty, and the sum > 7" | V;(z,y) represents the total outflow from all infected
compartments. Terms in the model leading to increases in )., x; are assumed
to represent secondary infections and therefore belong to §.

Suppose that a single infected person is introduced into a population originally
in the absence of disease. The initial ability of the disease to spread through the
population is determined by an examination of the linearization of (2.9) about the
disease-free equilibrium (0, o). It is easy to see that the assumption §;(0,y) =
0,V:(0,y) = 0 implies

IFi 2z

8—%(0,%) = a—yj(oayo) =0

for every pair (i,7). This implies that the linearized equations for the disease
compartments x are decoupled from the remaining equations and can be written
as

= (F—V)z, (2.10)
where F' and V are the n X n matrices with entries

_ 08 and V = Wi.
ij (91:j

F
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Because of the assumption that the disease-free system y' = g(0,y) has a
unique asymptotically stable equilibrium, the linear stability of the system (2.9) is
completely determined by the linear stability of the matrix (£ — V') in (2.10).

The number of secondary infections produced by a single infected individual
can be expressed as the product of the expected duration of the infectious period

and the rate at which secondary infections occur [10].

Definition 2.2.1. The Matrix K = FV ! is referred to as the next generation

matrix for the system (2.9) at the disease-free equilibrium [10].

The (i,7) entry of K is the expected number of secondary infections in com-
partment ¢ produced by individuals initially in compartment 7, assuming, of course,
that the environment experienced by the individual remains homogeneous for the

duration of its infection [10].

Lemma 2.2.1. The basic reproduction number Ry = p(FV~!) and the disease-

free equilibrium is asymptotically-stable if Ry < 1 and unstable if Ry > 1 [10].

2.2.4 Backward Bifurcations

Bifurcation analysis is the mathematical study of changes in the solutions of the
system of differential equations when changing the parameters. These qualitative
changes in the dynamics of the system are called bifurcations. The parameter
values where they occur are called bifurcation points. By analyzing the existence
of behavior of the model in such points, one can derive much about the systems
properties. It is well known in disease transmission modeling that a disease can be
eradicated when the basic reproduction number Ry < 1.

However, when a backward bifurcation occurs, stable endemic equilibria may
also exist for Ry < 1, this means that the condition that Ry < 1 is only a

necessity but not sufficient to guarantee the elimination of the disease, indeed,
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the quantity Ry must be reduced further to avoid endemic states and guarantee
eradication. The scenario is qualitatively described as follows: in the neighborhood
of 1, for Ry < 1, a stable disease-free equilibrium coexists with stable endemic
equilibrium. The endemic equilibrium disappears by saddle-node bifurcation when

Ry is decreased below a critical value R, < 1 [14, 39].

Definition 2.2.2. A forward bifurcation occurs when R, crosses unity from be-
low; a small positive asymptotically-stable equilibrium appears and the disease-free
equilibrium losses its stability. Backward bifurcation happens when Ry is less than
unity; a small positive unstable equilibrium appears while the disease-free equi-
librium and a larger positive endemic equilibrium are locally-asymptotically stable

[16].
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Basic malaria model and analysis

3.1 Introduction

Malaria infection starts with a bite and injection of sporozoites by an infectious
mosquito, the sporozoites are taken to the liver cells where they asexually reproduce
uninucleate merozoites, they flow into and invade the red blood cells which result
to the disease. Some merozoites evolve to male and female gametocytes that
circulate the peripherals of the blood until they are taken by a female mosquito
[22, 30].

The gametocytes taken by mosquito develop into male and female gametes,
they fertilize and form zygotes within the lumen of the mosquitos gut, the zy-
gotes penetrate the guts wall and form oocytes, multiplication occurs within the
oocytes which results in the formation of sporozoites that move to the salivary

glands [24, 30]. Figure 3.1 summarizes the process.
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Figure 3.1: Life cycle of Plasmodium:-
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(1) Sporozoites in salivary glands of an

infected mosquito, (2) Sporozoites transported to liver cells, (3) Invasion of liver
cells and production of merozoites, (4) Flow and invasion of red blood cells by the
merozoites, (5) Merozoites that developed into male and female gametocytes and
circulate the peripherals of blood, (6) Taking up of gametocytes by a susceptible
mosquito which mature to male and female gametes, (7) Fertilized zygotes which
produce sporozoites, (8) Movement of sporozoites to salivary glands of a mosquito.
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Modeling the transmission dynamics of malaria can be dated back to 1911 when Sir
Ronald Ross, the 1902 Nobel prize winner in physiology constructed and analysed
a mathematical model that captures the transmission dynamics of malaria in the
second edition of his book, The Prevention of Malaria in 1911 [13, 60]. Kermack
and McKendrick collaborated and worked on different epidemic models including
Ross’s work on malaria [13].

Since then, there has been surge in the development of new models which attempt
to capture as much as possible, essential dynamical features in the transmission dy-
namics of malaria, some of which include: J.C. Aron [7], N. Chitnis et al. [20, 21],
J.C. Koella [48], S. Mandal [50], Ngwa and Shu [53], F.T. Oduro et al. [55]. In this
dissertation, following some recent facts on malaria pathogenesis [22, 24, 30, 54],
we attempted to improve on the afore mentioned work, for instance by incorporat-
ing additional compartment for the vaccinated individuals and allowing for malaria

transmission by the exposed individuals.

3.2 Model formulation

The model considered in this study consists of seven non intersecting compart-
ments describing the dynamics of the disease, the first four of the compartments
represent the human population while the remaining three represent the mosquito
population.

The state vector for the model is given by (Sy, Ewn, Iy, Ry, Sy, Ev, Iy),
where the various state variables respectively represent the populations of suscep-
tible humans, exposed humans, infected humans, recovered humans, susceptible
mosquitoes, exposed mosquitoes and infected mosquitoes. The total human pop-
ulation, denoted by Ny is given by Ny = Sy + Ey + Iy + Ry, while the total
mosquito population, also denoted by Ny is given by Ny = Sy + By + Iy.
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At any time ¢, the susceptible humans have either never had malaria or they have
recovered from it without having partial immunity at that time, hence they are
prone to infection, they can get the disease after receiving sufficient amount of
bites capable of transmission either from an infected or exposed mosquito. Human
infectivity increases with the increase in the amount of gametocytes in a typical
blood meal [30], so that the class of humans at an early stage of infection (do not
typically show physical sign of infection but they are clinically infectious) are con-
sidered exposed, they can probably transmit the disease to a susceptible mosquito,
though with a reduced probability compared with infected humans, for that reason
we introduce a parameter 7 (0 < ny < 1) to cater for the reduction in the trans-
missibility. Infected humans are at the stage where the amount of gametocytes
in the blood compelled physical signs of the disease, high fever, vomiting, etc.,
they are assumed to transmit the disease to mosquitoes whenever they bite them,
the disease is at its peak, because they have shown signs of infectivity, they may
undergo treatment.

Infectious gametocytes could be found in the blood for many days after a
malaria patient has been treated with the artemisinin-based combination therapy
and likely doing better, nonetheless, the artemisinin-based combination therapy is
the recommended and most widely used, this happens because it primarily tar-
gets the asexual stage of malaria parasite [8, 46, 57, 67], with this fact, recovered
humans may still be infectious and some of them may have partial immunity, we
similarly use the parameter nr (0 < nr < 1) to cater for the reduction in the
transmissibility of the recovered humans in comparison to the infected humans,
on receiving bites, fraction of individuals in the recovered class progress to the
exposed class, while the gametocytes completely dies out or their immunity wanes
without getting reinfection to move to the susceptible class.

The susceptible vectors consist of mosquitoes that have never had malaria but they
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can get infection either from an exposed, infected or recovered humans, afterwards,
they move to the exposed class, a class where they can infect a susceptible hu-
man, although with a reduction in transmissibility in comparison with the infected
mosquitoes, we again introduce a parameter 1y (0 < 7y < 1) to account for the
reduction, the increase in the amount of the parasite to a stage when each bite
is capable of disease transmission transfers the vector from the exposed to the
infected class, once a mosquito is infected, it lives with the infection to the end of

its life.

3.2.1 Incidence function

Here, we formulated the functional form of the standard incidence function used in
the transmission dynamics of malaria. Similar to those in [9, 34, 35], the formula-
tion was based on the fact that anopheles mosquitoes bite humans only, so that in
any community, the average number of bites by anopheles mosquitoes is equal to
the average number of bites received by humans. Furthermore, we assumed that,
each bite by an infectious (exposed or infected) mosquito has an equal probability
of transmitting the disease to a susceptible human in the population, or suscepti-
ble mosquito acquiring infection from infectious (exposed, infected or recovered)
human. The force of infection of the humans (the rate at which new infections

occur in human population) is therefore given by:

)\H = —(ﬁva—f—]v), (31)

while, the force of infection of the mosquito (the rate at which new infections

occur in the mosquito population) is also given by:

C
H
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As previously discussed, the parameters 0 < 7y, 7y, nr < 1 account for the reduc-
tion in the transmissibility of an exposed mosquito relative to an infected mosquito,
exposed and recovered humans relative to an infected humans, respectively. C'yy
represents the effective contact rate of mosquitoes (contact capable of leading to
infection from human to mosquito), it is the product of the transmission probabil-
ity from humans to mosquitoes (Pgy ) and the average biting rate of susceptible
mosquitoes (bs), that is,

Cnuy = Pgybs.

Similarly, Cy  represents the effective contact rate of humans (contact capable
of leading to infection from mosquito to human) defined as the product of the
transmission probability from mosquitoes to humans (P, ) and the average biting

rate of infectious (infected or exposed) mosquitoes (b;), such that,

C(VH = PVHbz

The fact that anopheles mosquitoes feed on human blood [54, 74], together with
the assumption that both humans and mosquitoes live in the same community, the
conservation of the total number of bites in the population implies that, the total
number of bites by the mosquito population should be equal to the total number
of bites received by humans, and since each mosquito bite has equal probability of

disease transmission we have,

CHVNV = CVH(NH7NV)NH (33)
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Assuming that, in any population with homogeneous mixing of humans and mosquitoes,

Chy # 0, therefore we have,

_ Cvy(Nu, Nv)Ng

Ny

which implies that,
Am = —~—(vEv + Iy). (3.5)

3.2.2 Model equation

The susceptible human population is generated either by birth or immigration at
a constant rate IIy, or from recovered humans at the rate (1 — 7)€y, where
0 < m < 1 with m = 0 representing the case when all recovered humans are
immune from mosquito bites and hence, either their partial immunity wanes out
or they totally recover without partial immunity and move to the susceptible class,
the population decreases due to infection at the rate Ay, or as a result of natural
death at the rate pup, thus, the rate at which the susceptible human population

changing is given by:

s
d_tH =1y + (1 —7m)éxRy — Su(Ag + pr).

The population of the exposed humans is generated either through the infection
of susceptible humans at the rate Ay, and by reinfection of recovered humans at
the rate m&y, it decreases due to disease progression at the rate 7y, and natural

death at the rate uy, such that:

dEy

7 = Syig +7T§HRH — EH(TH "‘MH)-
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Infected human population is generated from the exposed class at the rate 75, and
decreases as a result of the disease induced death at the rate dg, due to natural

death at piy, or progression to the recovered class at the rate 6y, so that:

dl
d_f = FEytg — Iu(0u + 6u + pm).

The population of recovered individuals is generated by the recovery of infected
humans at the rate 0. It decreases due to progression to susceptible and exposed
humans (because of immunity wanning and reinfection respectively), and due to

natural death, so that:

dRy

T IOy — Ru(Eu + 1)

In a similar way, the population of the mosquitoes changes, except for the fact
that once a mosquito is infected, it lives with the infection until it dies [24].
The following system of non-linear ordinary differential equations represents the

dynamics of the model.

dj_tH — Ty + (1 — 7)€ R — S + ),

ddE—tH = SuAn +7u Ry — En(Tu + pu),

% = Enti — Ip(0m + 6 + pnr),

% = Iy — Eu Ry — pu Ry, (36)
% = Iy — Ay Sv — v Sy,

% = SyAy — vEBy — py By,

dditv = FEyry —ovily — pyvly,
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The restriction on the initial population arises from the fact that, the variables
describe the dynamics of human and mosquito populations, therefore, for the model
to be biologically meaningful, all the initial conditions and parameters must be
non-negative. Thus Sy (0) > 0, E5(0) >0, I5(0) > 0, Ry (0) > 0, Sy (0) > 0,
Ev(0) > 0, Iy(0) > 0.

The model represented by (3.6) extends numerous malaria transmission models in

the literature, such as those in [20, 21, 50, 53, 55] by:
e Allowing for malaria transmission by the exposed humans and vectors.

Allowing the movement of a fraction of recovered individuals to the exposed

class.

Introducing modification parameters in the transmission of the recovered and

exposed individuals.

Analysing malaria model with mass action incidence function.

Incorporating additional compartment for the vaccinated individuals.

None of these extensions were considered in any of [20, 21, 50, 53, 55]. The model
is represented by the flow chart in Figure 3.2 and Table 3.1 gives the description

of the parameters used in the model for the human and mosquito populations:
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Human Population Mosquito Population

Figure 3.2: Model flow chart
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Table 3.1: Parameters descriptions in both human and mosquito populations

Parameter Interpretation Dimension

Iy Recruitment rate of humans Humansxday !
Ay Transmission rate of humans Day !

77 Natural death rate of humans Humansxday !
TH Progression rate from exposed to infected humans Day~!

oy Disease induced death rate of humans Day~!

O Progression rate from infected to recovered humans Day !

Ey Progression rate from recovered to exposed humans Day~!

T Modification parameters in humans population

Ni Reduction in infectiousness of exposed humans

R Reduction in infectiousness of recovered humans

Iy Recruitment rate of mosquitoes Mosquitoesx day !
Ay Transmission rate of mosquitoes Day !

Ly Natural death rate of mosquitoes Mosquitoesx day !
Ty Progression rate from exposed to infected mosquitoes Day~!

Oy Disease induced death rate of mosquitoes Day~!

e Modification parameter in mosquito population

oH Vaccination rate of susceptible humans Day~!

p Vaccination rate of newly recruited people Day~!

o Vaccine waning rate

Vaccine efficacy
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3.3 Basic properties of the model

Here we explore some of the basic dynamical properties of system (3.6).

3.3.1 Existence, positivity and boundedness of solutions

For the model represented by (3.6), with non-negative initial populations to be
biologically meaningful and consistent, then, at any time ¢, all the state variables

must remain non-negative and bounded.

Theorem 3.3.1. The solution (SH(t), EH(t), ]H(t), RH<t), S\/(t>, Ev(t), ]V(t))
of the system (3.6) with non-negative initial condition exist for all ¢ > 0 and is

unique. Furthermore, it is positive and bounded for all t > 0.

Proof. It easy to see that each of the right hand side of (3.6) and its partial
derivative with respect to the variables exist and continuous, by the existence and
uniqueness theorem, the solution to the initial value problem (3.6) exist and it is
unique locally [51, 70].

Observe that the system represented by (3.6) is monotone with positive initial
condition and a local unique solution, therefore by applying proposition B.7 of [63]
we can conclude that the solution is non-negative for all t > 0.

Furthermore, adding the first four and last three equations of system (3.6) we

have:
dN
=Ty = Nygpn = O, (3.7)
and,
dN
which implies,
dN dN
d_tH <Ilyg — pgNpy, and, d_tv <IIy — pyv Ny,
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therefore, applying Gronwall lemma we have,

IT
NH(t) S NH(O)G_WH + —H(l — €_t‘uH), (39)
2271
and,
II
Ny (t) < Ny (0)e v + M—V(1 —eth), (3.10)
1%
which are bounded. O

Theorem 3.3.2. The model (3.6) is a dynamical system in the biologically-feasible

region given by

11 11
Q= {(SHaEHa]HaRHy’SVaEV»IV) eRL: Ny < Ny < —V},
20z 123%

Proof. It is clear from (3.9) and (3.10) that Ny (t) < 2 if Ny (0) < 22 and

HH HH

Ny(t) < E—; if Ny(0) < % Consequently, all solutions of the model with initial

conditions in €2 remains in  for all ¢ > 0 (the w-limits set of the system are
contained in 2). Therefore the system represented by (3.6) is a dynamical system
in Q [66].

The implication of the theorem is that, model (3.6) is well-posed epidemiologi-
cally and mathematically in € [43], hence, it is sufficient to study qualitatively the
dynamics of (3.6) in €.

3.4 Existence and stability of equilibria

Well constructed epidemic models support at least two equilibria, the disease-free
equilibrium and the endemic equilibrium [17], though they may not explicitly be
determined, but their existence can be shown. The existence and stability of the

equilibria of system (3.6) are explored as follows.
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3.4.1 Disease-free equilibrium (DFE)

In the absence of the disease (i.e. Ay = Ay = 0= Eyg = Iy = Ry = Ey =
Iy = 0), we obtain an equilibrium point known as the disease-free equilibrium

(DFE) by setting the right hand side of (3.6) to be equal to zero, such that,

I1
HH—SHMH:()ﬁSH:—H, EHZO, IH:O, RH:07
;H (3.11)
My — Sypy =0= Sy = —, Ey=0, Iy=0,
0%
and therefore, from (3.11) the DFE is given by,
II 11
Py = (S5, Efy Iy Ry, Si B I3) = (—H,o,o,o,—v,o,o> . (3.12)
2% 2%

The local stability of Py can be established using the next generation operator
method on the system (3.6) [28]. For Py, the vector of appearance of new infec-

tions and that of the transfers out of and into the compartments are respectively

given by:
SHC;VL;(WVEV + Iy) En Ky —mén Ry
0 InKy; — Egty
5= 0 o V=1 RyK;—Iy0y
Sv S By + I + nrRu) Ey K4
0 Iy K5 — Eyty
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where,
Ky =pg+7a, Ko=pg+0g+0u, Kzs=pg+&s, Ki=py+7, and,
Ks = py + oy

The matrix of the partial derivatives of F and V with respect to the variables at

the disease-free equilibrium Fy, represented by F' and V' are respectively given by:

0 0 0 Cuvny  Cav
0 0 0 0 0
= 0 0 0 0 o |
cmjfng CIE/;; CH‘]/VS;I{‘,nR 0 0
0 0 0 0 0

-1 K 0 0 0

V=10 -6y Ky 0 0|

0 0 0 —-1v K

Following [28, 41], the basic reproduction number of the system (3.6), which is

the spectral radius of the next generation matrix (F'V 1) denoted by Ry is given by,
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Ry = p(FV~1) = Chy Iy pur (v Ks + v ) (Ko Kan + Kami + 0utanr)
0=27p g Ky K5 (K KoK — Opmpépm) )

Evaluating part of the denominator in Ry we have,

K\ KoKs — Optgénm = (g + ) (kg + 05 + 0n) (g + Ea) — OaTaéar,
= puKs(Ks + 1) 4+ maéu (pm + 0n) + € (1 — 7) > 0.

Observe that, if m = 0, then R, reduces to

0 ’ MVHHK1K2K3K4K5 )

Thus, we claim the following result (Theorem 2 of [28]):

Lemma 3.4.1. The disease-free equilibrium (F,) of the model (3.6) represented
by (3.12) is locally asymptotically stable (LAS) if Ry < 1, and unstable if Ry > 1.

The basic reproduction number (Ry) of the disease, is the expected number
of secondary cases produced, in a completely susceptible population, by a typical
infective individual [26, 28].

On average, if Ry < 1, an infected individual produces less than one new infection
over the course of it's infectious period, and the disease dies out with time. On
the contrary, if Ry > 1, then, each infected individual produces on average, more
than one new infection, and the disease can invade the population [4, 28].

The direct consequence of Lemma 3.4.1 is that, when the basic reproduction
number is less than one, introducing a small number of infected mosquitoes into
a community means there will be no disease outbreak, which means the disease
eventually dies out, however we will later see that, the disease may still persist

even when Ry < 1.
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3.4.2 Interpretation of R,

The basic reproduction number is interpreted as follows: Through an effective
contact with either an exposed human(Ey ), an infected human(1y), or a recovered
human(Ry), susceptible mosquito can acquire infection. The number of infection
by an exposed human (near the DFE) is given by the product of the infection rate
of exposed human (Crv nir ), the average duration spent in the exposed class

(I%) and the probability that an individual survives the infection through exposed,
K1 Ko K3

KlKQKngHQHfHﬂ') ’

The number of infections generated by an infected human (near the DFE) is given

infected, and recovered class (

by the product of its infection rate (CHV ﬁ—i) the probability that an individual

survives exposed class and move to the infected class ;(—’i the average duration

spent in that class KLQ and the probability that an individual survives the infection

K1 Ky K3
K1K2K3—TH9H§H7F)
The number of infections caused by a recovered human near DFE is given by

through exposed, infected, and recovered class (

the product of its infection rate (C’HV e ﬁ—’;) the probability that an individual

survives exposed class and move to the infected class %, the probability that

an individual survives the infected class and move to recovered class, the average

duration spent in recovered class Lg and the probability that an individual survives

K KoK
K1K2K3*TH9H£H7")
Therefore, the total average number of new vector infections (near the DFE) is

the infection through exposed, infected, and recovered class
the total average number of new vector infections caused by exposed, infected,
and recovered humans, which is given by:

Crv Sy htr
Mgy (K1 KKy — mp0péun)

[K2K377H + K3ty + QHTHUR] .
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At DFE, S}, = g—“j so that the above equation can be simplified to,

Cuvilypy
Mg py (K1 Ky Ky — m0p &)

T}HKQKg —|—THK3 +77R9HK1 . (313)

Similarly, susceptible humans acquire infection after receiving effective number of
bites from either exposed or infected mosquito. Therefore, the number of human
infections generated by an exposed and infected mosquitoes are respectively given

by,
Crv itany Cuvinty
— 57 d ——=57. .14
Mak, 0 2 TR, (3.14)

So that the average number of new human infections can be obtained by taking

the sum of (3.14) which we obtained,

Cuvpnnv | Cuvinty KsnV +1v , gy
Sy=C —_ Sy = — at DFE.
( g K,y * g K4Ks " v KyKs ) SNCEon 1234 °
(3.15)
The square root of the product of (3.13) and (3.15) gives the basic reproduction

number.

3.4.3 Endemic equilibrium and backward bifurcation

The endemic equilibrium occurs when at least one of the infected components of
(3.6) is non-zero, let P, be any arbitrary endemic equilibrium, it can be obtained by

setting the right hand side of (3.6) to be zero, considering the first four equations
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of (3.6) (human components) we have,

HH -+ (1 - W)fHRH

Iy + (1 —m)éuRy — Sy(Aw +pw) =0= 55 =

(Am + prr) ’
Sihi - wEu Ry — Eif (i + ) = 0= By = 2100 ol
(T + )
o - - TnEy
HTH—IH(QH—I—(SH—F,LLH) =0=I; = (9H+5H—|—MH)
Ouliy THOu By

[0y — R =0= Ry = =
gHYH H(£H+MH) H (§H+NH) (QH—F(;H—F/JJH)(gH"‘NH)

[)\HHH + )\H(l — W)éHR}kr; + ()\H -+ LLH)WgHR;}k THQH

R** _
i (T + pr)(On + 0 + por) (S + 1) (A + forr)
REK _ Al pTa0n

(e + pm)(On + 0m + pr) (€ + pu) Aw + por) — OaTaén (e + mpm)

and substituting the value of R}y in S}/, the value of S}/, R} in E}f and Ejf in

I3 we obtained,

Wy (i + por) O + O + por) (€ + pun) — O]

S** — :
B (i 4 ) On + O + ) Enr + o) (Nig + o) — O (N + o)
B — Ny (0 + 0 + pr ) (Em + )
" (T + pm) (O + 0p + porr) (§m + /LH)(A}}* + uH) — Oty ()\jj + umr) ’
e Nty my (§n + 1)
(e + 1) (On + 0 + o) (S + por) (N5 + pom) — Ol (Nj + pum)’

(T + pr) (O + 0 + pr) (€ + 1omr) (A*H* + ,MH) — QHTJLISH()\}"{(k + HHW) ‘
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Furthermore, equating the right hand side of the last three equations of (3.6) (the

vector components) to zero gives,

Iy
Hv—S** Av—FlLv):O:}S**:—**,
v v (v + AY)
S**)\ —E**T—l- :O:>E**: V>~V — 1% :
Vv = BV ) v+ (uv + A7) (v + py)
TvE;'}* TV)\#{/*HV

Eyry — IOy + py) = 0= I = = '
Vv = L7 8y + ) by v (v + N (v + ) Oy + )

Therefore the endemic equilibrium point P, = (S}}“,E}"j,[ﬁ‘,Rﬁ,S{;",E{}*,]{‘}*)

has coordinates given by,

o _ g (K1K2K3 - QHTHfHW)
T KKy K (Ng7 + ) — Ol (N + pum)’

e A g Ko Ky
EH = *x *% ’
KlKQKg()\H + ,LLH) — GHTHéH()\H + ,UH7T)
I = Af Wi Ky , (3.16)
KKy K3 (Ny + prr) — Oumaén (Nj7 + pam)
RH - *k Kk )
KlKgKg()\H + ,UH) — GHTHfH()\H + ,LLH7T)
*k HV Kk A;*HV *ok TV/\vHV
SV - - =

v N Y (e FAHKY Y (py N KK

Ky =1u+pm Ky =0ug+0p+pna, Ky =E&a+pu, Ka = 7v+py, K5 = dv+py.

The forces of infections are given by:

Cruv(nvEy + 1))

PR 17
and
e JEx *k

N** )
H
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with,
Ny =Sy + Ey + 17 + Ry .

Substituting the values of Ej, I}/, Rif, EVF, I from (3.16) in (3.17) and (3.18)

gives:

)\*H*AT/*K4K5NH + )\}}*MvKLLKg)NH — OHVHV)\t/* (’I]\/Kg, + Tv) = O, (319)

with
Crv il KyKs3 + ty K3 + nrb
N = HVAH H(77H 23 T THAZ T NR HTH) 7 (3.20)
Ny [K1K2K3 (/\E + MH) — OuTulH (A*ﬁk + NHW):|
and

HH{ (K1K2K3 — THé’Hégg) + /\}kr;(k (KgKg + THKg + THQH)}
Ny = . (3.21)
[K1K2K3 Nz + pm) — O (Vg + ,UHW):|

Therefore, substituting (3.20) and (3.21) in (3.19), it can be shown that \j;

satisfies the following polynomial:

Aix {CL(A*H*)2 + by + c} =0, (3.22)
where,
a :(K2K3 + 7K+ 9H7'H) (HH)2K4K5 |:OHV77HK2K3 + Crvta K3 + CavnrTh

On + pv Ko Ks + pvtrKs + NVTHGH:| ;
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b :(HH)2K4K5 (K1K2K3 - THerHW) |:OHV (77HK2K3 + 7 K3+ URTHHH) + 2uy
(K2K3 + THKg + THQH):| - [CJQLIVHVHH (77\/K5 + Tv) (KlKgKg — THerH)
(UHKQKg —+ THKg =+ nRTHeH)} and,

C = K4K5[1,\/(K1K2K3 - TH9H€H7T)2(HH)2 |:1 - R(2):| .

Notice that, A\;; = 0 corresponds to the DFE. Further, the coefficient a in the
polynomial is always positive, while b can either be positive or negative, and the
positivity or otherwise of ¢ depends on whether Ry is less than or greater than
unity. Suppose Aj; # 0, then the positive endemic equilibrium of the model can
be obtained by solving for the non-negative roots of A\}; in equation (3.22) and
substituting the result in (3.16). The values of A} depends on the nature of the

discriminant. The next theorem summarizes the different possibilities:

Theorem 3.4.2. The malaria model represented by (3.6) has;

(i) a unique endemic equilibrium if ¢ < 0;

(i) a unique endemic equilibrium if b < 0 and either of ¢ = 0 or b* — 4ac = 0;
(iii) two endemic equilibria if ¢ > 0,b < 0 and b* — 4ac > 0, else;
(

iv) no endemic equilibrium.

Proof. If ¢ <0 (Ry > 1), the model has a unique positive endemic equilibrium,
which corresponds to Case (i). Furthermore, the model has a unique positive
endemic equilibrium (A** = =) when ¢ =0 (Ro = 1) and b < 0, otherwise there
is no positive endemic equilibrium, hence Case (ii).

If c >0 (Ry < 1), then b? — 4ac = 0 corresponds to Case (ii), else if b* —4dac > 0,
¢ > 0 and b < 0, we have two positive roots of \jf, stable and unstable, this
indicates the possibility of backward bifurcation, that is, the phenomenon where

a stable endemic equilibrium co-exists with a stable disease-free equilibrium when
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the associated reproduction number is less than unity (R, < 1) [12, 16, 39] and
no endemic equilibrium otherwise. 0]
Assume that b < 0, a > 0, > — 4ac > 0, and c depending on Ry, \if =
%@ > 0, then the function f(\j) = a((Ajj + £)? — (bt%“)) has global

minimum A% = ;—Cl: > 0, which is attained when b*> —4ac = 0, that it is the critical

value of Ry = R, given by

2
R.= |1- . b . .
da(Ily)" (K1 Ko K3 — 0pénm)” KaKspy

Using the numerical values in Table 3.2 which were chosen for simulation purposes
and may be epidemiologically unrealistic, the simulation of the existence of back-

ward bifurcation for model (3.6) is depicted in Figure 3.3. below,

014+
01z 4 Stal:?I.e E.ndem|c
Equilibrium
X 010+
<
c
<)
T 008
9]
= \
— 1
O 006 H |
ot | \
g N\ |
0,04+ I Unstable Endemic
: \icluilibrium
|
0.02 - I ~
1 M, ~
0 ! Stable DFE ., Unstable DFE
07 0g 08 10
Rc Ro

Figure 3.3: Backward Bifurcation diagram
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Table 3.2: Parameters values used in illustrating the backward bifurcation

Parameter Value Parameter Value
Chy 0.9028 Iy 20

o 0.9994 Iy 30

oy 0.047167 puy 0.017
TH 0.455 5% 0.024599
On 0.07 TV 0.25

v 0.5 ny 0.209
971 0.99 N 0.9902
MR 0.6

Computation from values in Table 3.2 shows that Ry = 0.9309204015 < 1 and
R. = 0.8044563559 < 1 satisfying R. < Ry < 1. Similarly a = 0.5052161735,
b= —0.0740325169 and ¢ = 0.001025254966. Numerically, Figure 3.3 shows that
model (3.6) undergoes backward bifurcation when Case (iii) of Theorem 3.4.2
holds and R. < Ry < 1. The consequence of the phenomenon is that locally
asymptotically stable DFE co-exists with a locally asymptotically stable EE though
Ry < 1, epidemiologically, the basic requirement for the reproduction number to
be less than unity becomes only a necessity, but not sufficient enough to guaran-
tee the elimination of the disease (hence, the presence of this phenomenon in the

transmission dynamics of a disease makes its control more difficult) [14, 39].
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3.5 Numerical simulations

In [21], the authors determined the values of important parameters in areas of high

and low malaria incidences. Data from [21] in Table 3.3 was used for simulation.
140
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= = = Infected Humans
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Figure 3.4: Simulation of model (3.6) for the exposed, infected and recovered
humans converge to the DFE when Ry = 0.1923 in areas of low malaria incidence
using parameter values in Table 3.3 with Sy (0) = 5000, Fy(0) = 100, I5(0) =
10, Ry (0) = 0, Sy (0) = 500, £y (0) = 20, and Iy(0) = 10.
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— — — Exposed Humans
| nf ect ed Hurmans
400 — Recover ed Humans

100 -

2
Ti me(days) < 10°
Figure 3.5: Simulation of model (3.6) for the exposed, infected and recovered
humans converge to a non-zero solution(EE) when Ry = 2.4073 in areas of high
malaria incidence using parameter values in Table 3.3 with S5 (0) = 5000, E5(0) =

100, I;(0) = 10, Ry (0) = 0, Sy(0) = 500, Ey(0) = 20, and I1/(0) = 10.
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Figure 3.6: Zoomed section of Figure 3.5 showing the convergence of the Exposed
class to a non-zero solution.
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Figure 3.7: Simulation of the model (3.6) showing disease prevalence in areas of low
malaria infection using parameter values in Table 3.3 with Sy (0) = 5000, Ex(0) =
100, I5(0) = 10, Ry (0) = 0,Sy(0) = 500, Eyv(0) = 20,y (0) = 10 so that
Ry = 0.1923.
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Figure 3.8: Simulation of the model (3.6) showing disease prevalence in areas
of high malaria infection using parameter values in Table 3.3 with Sy (0) =
5000, Ex(0) = 100, I5(0) = 10, Ry (0) = 0, Sy (0) = 500, Ey(0) = 20, I,(0) =
10 so that Ry = 2.4073.
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Figure 3.9: Simulation of the model (3.6) showing the total infectives (Exposed +

Infected + Recovered) with different initial conditions converging to the DFE in

areas of low malaria infection using parameter values in Table 3.3 with Sy (0) =

5000, g (0) = 100,75(0) = 10, Ry (0) = 0,5y (0) = 500, Ey(0) = 20, and

Iy (0) = 10 so that Ry = 0.1923.
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Figure 3.10: Simulation of the model (3.6) showing the total infectives (Exposed
+ Infected + Recovered) with different initial conditions converging to the EE in
areas of high malaria infection using parameter values in Table 3.3 with Sy (0) =
5000, Ex(0) = 100, 15(0) = 10, Rg(0) = 0,5y (0) = 500, Ey(0) = 20, and
Iy (0) = 10 so that Ry = 2.4073.
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From the above simulation, Figure 3.4 shows that when Ry = 0.1923 < 1, solu-
tion of (Fy, Iy, Ry) approaches zero, while from Figure 3.5 and Figure 3.6, the
solution (Ey, Iy, Ry) does not approaches zero when Ry = 2.4073 > 1, this is
in line with Lemma 3.4.1. Similarly, Figure 3.7 (Ry = 0.1923) and Figure 3.8
(Ro = 2.4073) respectively show the disease prevalence dies and persists with
time. In Figure 3.9, for different initial conditions, infectives approach zero solu-
tion (DFE) while Figure 3.10 shows the convergence to non-zero solution (EE) of
infectives when the basic reproduction number is less than and greater than one

respectively, thus, the Lemma 3.4.1.
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Table 3.3: High and low incidence Parameters values used in numerical simulations

Parameter High Low Dimension

9% 0.03311 0.041055 Humanxday~!
1158 0.0000163 0.000009 Humanxday™*
TH 0.1 0.1 Day!

Buv 0.48 0.24 Day !

K 19 4.3 Day~!

oy 0.00009 0.000018 Day™!

O 0.0035 0.0035 Day™!

En 0.00055 0.0027 Day™!

T 0.7 0.1 -

Ne 0.2 0.05 -

NR 0.3 0.01 -

Iy, 0.13 0.13 Mosquitox day~*
Ly 0.03302 0.03304  Mosquitoxday~!
Ty 0.091 0.083 Day™!

oy 0.0005 0.0005 Day!

Ky 0.5 0.33 Day~!

ny 0.01 0.01 -
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3.6 Analysis of the mass action model

One of the causes of the backward bifurcation as highlighted by [39], is the use of
standard incidence function, it can be removed by substituting it with the associ-
ated mass action incidence function. The mass action incidence is obtained when
the effective contact rate per infectious human (exposed, infected or recovered),
or per infectious mosquito (exposed or infected), is proportional to the total pop-
ulation [43, 68], that is when the total population is assumed to be constant, such
assumption could be made in cases where a disease occurs within a short period
of time, the case of Dengue in some countries is an example. In the case of the
mass action incidence, the forces of infection for human and vector are respectively
given by,

N = Cruv(nyEy + Iy), (3.23)

and,

It can be shown that the disease-free equilibrium of the model with mass action
incidence is the same as (3.12), consequently, at the DFE, the vector of appear-
ance of new infections and that of the transfers out of and into the compartments

are respectively given by:
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SuCnv(nvEv + Iy) Eu K, — g Ry
0 IgKy — Enth
= 0 .+ V= RuyK;— Iyfy
SyCruv(u Ly + Iy + nrBRy) Eyv K,y
0 IyKs — Eyry

so that, the associated next generation matrices for the mass action incidence

are given by:

0 0 0 CrvivSy CuvSh
0 0 0 0 0
Py = 0 0 0 0 o |
CrvSing CuvSs CrySin, 0 0
0 0 0 0 0
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K. 0 —x&g 0 0

-1 Ky 0 0 0

The basic reproduction number for the model with the mass action incidence

formulation, denoted by R = p(F,,V,-!), is given by:

= Ry—.
MV,UHK4K5(K1K2K3 - 9H7H7T§H) 0 193; 4

R — \/C%IVHVHH("?VKE) + v ) (Ko Ksng + Ksty + 0utung) Iy
m—

Recall that, we have seen the positivity of K{KsK3 — OyTyméy in subsection

3.4.1. Next result follows from Theorem 2 of [28]:

Lemma 3.6.1. The disease-free equilibrium (Fp) of the mass action model (3.6)
with the forces of infections given by (3.23) and (3.24) is locally asymptotically

stable if R;' < 1, and unstable if Rj* > 1.

Theorem 3.6.2. The mass action model (3.6) with the forces of infections given
by (3.23) and (3.24) has no endemic equilibrium when R{* < 1 and has a unique

endemic equilibrium when Rj* > 1.

Proof. The endemic equilibrium occurs when at least one of the infected com-
partments is different from zero, it is the similar to the endemic equilibrium point

obtained in subsection 3.4.3, let J; = (S?}*, By Iy, Ry, Sy, By, I{}“‘) be
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an endemic equilibrium, where:

Iy (K1 Ky K3 — Oyrpméy)

Sm* — ,
T KKK (N + i) — Onaén (N5 + i)
e _ Ny Ko K
T KKK (N + ) — Ouma€r (NG + p )
me )\g*HHTHKg,
KK (N A+ i) — Onraln (N + )
K KKy + ) — O (N A+ pa)
me _ Ly me _ Ay T L
U AT T (e R AP (i AP EGKS

(3.25)
with the forces of infections given by (3.23) and (3.24). Substituting (3.25) in
(3.23) and (3.24), the forces of infections satisfy the following equations:

/\THn*A?}*KZLKg, + )\E*MvK4K5 — CHVHV)\?/I* (7’]\/K5 + Tv) = 0, (326)

and,

Cuv i Uy (nuKoKs + Ty K3+ 0HTH)

A = )
v (K1 K2 K3 — 0yl ) Ni* + (K1 Ko Ks — 0uTamén ) g

(3.27)

Substituting (3.26) in (3.27), it can be shown that the non-zero equilibria of the

model satisfies the following polynomial equation:

CovIlg N [ Ko Ksny + Tu K3 + nr7ufn]|

N K K,
AT (K1 Ky K3 — 0l ) Ny + (K1 Ko Ks — 0ymamép) pin

+ py—

CHyIpIly (nv Ks + 7v) (Ko Ksng + mu K3 + nrrabfu)
KyK5 [ (K1 K Ks — Ot ) Ni + (K1 Ko Ky — Opamén ) jun |

=0,
(3.28)
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but from the basic reproduction number,

Chy Iy (nv Ks + 7v) (Ko Ksng + tu Ks + nrmubn) = RyKyKspy o (K1 K2 Ks

- 7’H49H7T€H)

(3.29)

so that, substituting (3.29) in (3.28), and after simplification, \7}* satisfies:

N KK
(K1 Ky K3 — O0préum) Ny + (K1 Ko Ks — 0ymamép) |

[a)\rl_'}* + b} =0
where,

a = Cuvlly (Ko Ksng 4+ ma Ks + npmalu) + pyv (K1 Ko Ks — 0pTrén)
and,

b= pvpn K\ Ko Ks — Oyrpméy] {1 - (331)2} :

The case when A" = 0 corresponds to the DFE. Further, it is clear that, a > 0
and A7 = =, so that if b < 0 (Ry' > 1), then, A7* = =2 > 0. Thus, the mass

action model (3.6) has a unique endemic equilibrium whenever Rj* > 1. O

3.6.1 Global stability of the DFE

To show the global stability of the DFE, we use similar approach as that of [62].

The following set

11
Q :{(SHaEH>IH>RHaSV7EVaIV) ER":Sy+Ey+1Iy+ Ry < M—H>Sv+
H

I1
Ey +1Iy < —V}
1207
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was in Theorem 3.3.2 shown to be positively-invariant, hence we claim the follow-
ing:

Theorem 3.6.3. The DFE P, of the mass action model represented by (3.6) with
the forces of infection given by (3.23) and (3.24) is globally asymptotically stable
(GAS) in Q if RI' < 1.

Proof. Consider the following function,
V =H\FEy + Hyly + H3Ry + HyEy + Hsly,

where,

Hy = Covllypu Ry (v Ks + 7v) (Ko Ksny + Ksmir + nrbuti ),

Hy = CoyIlypup R (v Ks + 1v) (nubuéum + nrbu Ky + K1 K3),

Hy = Cpy Iy pu Ry (v Ks + 7v) (Kanuéam + tuéum + nrK1K2),  (3.30)
Hy = (R pv i (v Ks + 7)) (K1 Ko K — Oprén),

Hs = (RS”)quuHIQ (KiK2Ks — OpTuénm).

The derivative V in the direction of the right-hand side of (3.6) is given by
V = HiEy + Holy + HsRy + HyEy + Hs 1y,

and substituting the values of Ey, Iy, Ry, Ey, Iy from (3.6) and A%, A% from
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(3.23) and (3.24) we have:
V =H, [CHV (Evnyv + Iv) Sy + Rugmén — EHK1] + H, [EHTH — IHKQ] +
Hj [[HQH — RHK3:| + Hy |:CHV (Eunu + Iy + Rung) Sy — EVK4:| +
Hsy |:Ev7'v — IVK5] :
which is simplified to:
V= EH( — K1Hy + Hoty + H4OHVSV77H> + 1y (H39H + HiCrv Sy — H2K2)
+ Ry <§H7TH1 + H,CyvSvng — HgKg) + By (HlCHVSHnR + Hymy — H4K4)
+ Iy (HlCHVSH — H5K5> :

But at DFE S}, < llj—g, Sy < 2—5, so that substituting the inequality and the values

of H; in (3.30) in the above expression, after simplification we have:

V < Ey {CHVHVanHR’O”(KlKgKg — Ouramén) (v Ks + mv) (R — 1)] + Iy
[cHVnV,LHRgn(MQKg — Oyramen) (v Ks + 7)) (R — 1)] ¢ Ry [CHVHV
Ry pumnr (K1 Ko Ks — Ouamén) (nv Ks + v ) (Ry' — 1)] + By {(R{)R)Z,UH,UV[Q
Ksny (K Ky K3 — Oy ) (RY — 1)] + 1y {(Rg”)Q(KlKQKg — OuTaTEr)

uHuvK4(R6” - 1) )
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further simplification gives,
V < (R —1) {EH [CHVHVMHUHRBn (v Ks + 1v) (K1 K2 K5 — GHTHéH)} +

Iy [CHVHVNHRSn (v Ks + 1v) (K1 Ky K5 — 9HTH§H)1 + Ru {CHVHVRBnMH

nr(nv Ks + 1v) (K1 Ko K3 — QHTHgH):| + By {(RSn)2MHMVK4K577V (K1K>Ks
— 9HTH§H)] + Iy [(R(T)n>2MHMVK4 (K1 Ky K5 — QHTHfH)] }

It should be recalled from subsection 3.4.1 that K1 Ko K3 — O0g1ré,m > 0, so that
V <0if R <0.

Let M C Qsuch that, z € M = V(x) = 0 and S be a positively invariant subset
of M. If R <1and X(t) € Sthen V(X) =0= S = P,

On the other hand, suppose Rj* = 1 and )_((t) € S, then dv(i(t)) = 0 which

implies that
HlEH + HQIH + HgRH + H4EV + H5jV - O

which is equivalent to
H\Ey + Hyly + H3Ry + HyEy + Hslyy = K for all t, where K is a constant

but,

Hl,HQ,Hg,H4,H5 > 0 while Ey ZO,IH ZO,RHZO,EVZO,]V ZO,:>

Ey = Cy, Iy = Cy, Ry = Cs, By = Cy, Iy = Cs, Cy, Cy, Cs, Cy, Cs constants,
(3.31)
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therefore from (3.31) we have

dEH_d[H_dRH_dEV_dIV_ B B B B B
@ a - @ - a - a VT Eesln=he=Ey =1 =0,

so that, p "
Ny o
My — Ny = 28 11y — g S
di H — MHIVH i H— UHSH,
dNV dSV
hence,
11 II
SH—>—H, SV—>—Vast—>oo.
HH v
Claim:
= II I1
X(t) = {_H7070a 07 _Vyoyo} = P[) for a” t7
12924 My

Otherwise then,

_ 11y

II
X(t) —{—,0,0,0, —V,O,O} = Py even when Ry > 1.
HH 0%

Therefore

X(t)=P V ¢

Hence, V is a Lyapunov function on €2, in addition, the largest invariant set in 2
such that V() = 0 is the singleton set {P,}. Therefore, it follows by LaSalle’s
invariance principle [40] that every solution of (3.6) with mass action incidence
converges to [ as ¢ — 0o whenever Rj' < 1. O
The result shows that, for the mass action incidence function, the disease can be
eliminated from the community if the associated basic reproduction number R{’
is less than unity, unlike when we used the standard incidence function, where it
was established that, bringing the associated basic reproduction number R, below

unity was only a necessarily condition but was not sufficient to guarantee the
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elimination of malaria from a community. Data strongly suggest that, standard
incidence formulation is more suited for modeling human diseases [4, 68|, the
above result shows that, the backward bifurcation is an important property of the
transmission dynamics of malaria. It is worth mentioning that, similar approach
was used by Garba et al. [34] for dengue model and west nile virus model [35],
Gumel [39] in showing the causes of backward bifurcation and Sharomi et al. [62]

for HIV model.
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Chapter

Malaria model with vaccination

4.1 Introduction

Although vaccination is a common method for controlling diseases, there is yet
no vaccine for malaria, recently, there were breakthrough in the development of
malaria vaccine, the RTS,S/AS01 has been clinically effective, trials in Gabon,
Kenya, Malawi etc., have shown that it is safe, immunogenic, tolerated by human
system and produces some efficacy [2, 38, 58, 61]. Researches are ongoing to
improve and maximize it's efficacy. In this chapter we investigate the impact of a
malaria vaccine by adding to the model (3.6) a compartment consisting of people

vaccinated with an imperfect malaria vaccine.

4.2 Model formulation

The model (3.6) was further extended to include additional compartment of vac-
cinated individuals denoted by Vy, it is generated either by vaccinating some sus-
ceptible humans at the rate oy, or through vaccinating newly recruited members

of the population at the rate Il p, with p € [0,1]. The recruitment rate of the
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susceptibles will be reduced to I1y (1 — p), the fact that the vaccine is not perfect
implies that, vaccinated individuals may acquire infection at a reduced rate Ay (1-
€)Vi, where 0 < € < 1 accounts for the efficacy of the vaccine. Similarly, the
vaccine waning effect allows for the movement of individuals from the vaccinated
class back to the susceptible class at the rate ¢p. Thus the following system of
nonlinear equation represents the transmission dynamics of malaria in human (with

vaccination) and mosquito populations;

dS
i =T (1 = p) + (1= )R + 0uVir — (it + 011 + )i,
dV,
dEq
— = i (1= Vi + i) + EumRas — (1 + o) En,
dl
" (4.1)
_dtH = QHIH —fHRH _MHRH7
dSy
— =1y — A\ Sy — uy S
i Y VoV Hyvov,
dE
_dtv = A\vSy — vEBy — uvEy,
dly

— =7 Fy — oyl — I
dt Ty Loy viy — pvliy,

with the forces of infections given by (3.2) and (3.5), while the model (4.1) can

be represented by the following flow chart,
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Human Population Mosquito Population

Ma(1-0)] o

A A

iy

Figure 4.1: Flow chart of the Vaccinated Model (4.1)
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4.3 Basic properties of the model

Here we explore the basic dynamical properties of model (4.1). All parameters of
the model are assumed to be nonnegative. Furthermore, since the model monitors
human and mosquito populations, it is assumed that all the state variables are

nonnegative at time ¢ > 0.

4.3.1 Existence, positivity and boundedness of solutions

Theorem 4.3.1. The solution (Sk(t), Vu(t), En(t), Ru(t), Sv(t), Ev(t), Iv(t))
of the system (4.1) with non-negative initial condition exist for all £ € R, and it

is unique. Furthermore, the solution is positive and bounded.

Proof. The Theorem is proved using similar argument as in the proof of Theorem

3.3.1. 0

Theorem 4.3.2. Consider the biologically-feasible region:

II II
A= {(SH,VH,EHJmRH,SV,EV,JV) €RY: Ny < 2 Ny < —V},

HH 0%
The model represented by (4.1) is a dynamical system on A.

Proof. The proof follows from the proof of Theorem 3.3.2. The dynamics of the

vaccination model (4.1) will be studied in A defined above.

4.4 Stability analysis of the equilibria

In this section, as in the previous section, we will also analyse the stability of
the disease-free and the endemic equilibria of the malaria model with vaccination

represented by (4.1).
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4.4.1 Existence and stability of the DFE

The DFE of the vaccination model (4.1) is obtained by equating the right-hand

side of (4.1) to zero with the infected compartments (Ey, Iy, Ry, Ev, Iy) also

equal to zero, such that:

(1 —p) +YaVu

HH(l —p) +90HVH —SH(O'H—F/LH) =0= SH =
Oy + 1H

HHp—I— UHSH

Opp+onSy —Va (e +pm) =0=Vy = A

Eg=0, Ig=0, Ry=0,

1Ty

HV—SV(/\V—NV)=0=>SV=m7

E\/ZO, IV:O,

solving for Sy and Vy from the first two equations of (4.2) we obtained

Sy — Op(en + puy — pin) Vi = Hy(og + ppm)
’ pr(en +og + )’

(o +om + pm)

and hence, the DFE of (4.1) denoted by Z is given by

Zp = (S}}vVITDE;J’[IZ’R;%S;%E\*MI;) = (5;17‘/;]707070’ S‘*/,0,0),

with S}, V}; as defined in (4.3) and S} in (4.2).

(4.3)

The vectors of appearance of new infections and that of the transfers out of and

into the compartments are respectively given by:
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(S + V(1 —e)] C]\?—;(UVEV + Iv) EnK, — €y Ry
0 IyKs — Eyty
F = 0 and, V= RyKs — I505 |
Sv S (ng By + In + nrRu) Ev K,
0 IvKs — Eyty
where,

Ky = (tg +pn), Ko= 0w +6g+pu), Ks=Eu+pu), Ki=(pv+7v)

and K5 = (/Lv—Q—(Sv)

The next generation matrices of the model are given by:

0 0 0 CHV((1;I%V§+S;I) CHV((l;\;;}Vﬁ+S;{)
0 0 0 0 0
F = 0 0 0 . ;
CH‘;\;;;S‘*} c,jvvgsy, CHva? sz, 0 .
0 0 0 0 0
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Ki 0 -7 0 0

-1 Ky 0 0 0

0 0 0 Ky 0

0 0 0 —Tv K5

The vaccinated reproduction number of the model (4.1), which is the spectral

radius of (FV 1) [26, 28, 41, 42], denoted by Ry, is given by:

ROU =

CiIly pa(nu Ko Ks + K3 + npfuta) (v Ks 4+ 7v) [ + na(1 — ep) + op(1 — €)]
(KWKo K3 — tOpénm)(on + on + pon) Ko K51y

_p o |eH +pu(l—ep) +ou(l —¢
= Ry
$H+ oy + g

Recall that (K Ko K3—0g &) > 0 as shown in subsection 3.4.1. The following

result from Theorem 2 of [28] follows:

Lemma 4.4.1. The DFE of the model with vaccination (4.1), Z,, is LAS if

Ry, < 1 and unstable if Ry, > 1.

Ry, represents the average number of new infections that one infected indi-
vidual will generate in a population where fraction of susceptibles individuals are

vaccinated.
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4.4.2 Existence of the endemic equilibrium

The endemic equilibrium occurs when at least one of the infected compartments is
not zero, it is obtained by equating the right hand side of (4.1) to zero. Equating

the right hand side of (4.1) to zero and after simple evaluation we obtained

S _HH(1_0>+(1_7T)5HRH+SOHVH Ve — Mygp+oySy
H = ) H — s
Ag +og+ pg Aa(1 =€) + o+ piu
_ A (L= €)Vi + Sy) + EumRy B TuEn
By = S P L
Ol II Ay S E
RHzﬁ, SV:—V, EV:L, ]V:TV—V’
o+ pm Av + v Tv + pv oy + pv

after some simplifications, the endemic equilibrium of the vaccinated model (4.1)

denoted by J; = (S37, Vi*, Eif, Iif Ryp, Sy, By, 1) has,

grr g (M + M) Vi — My [p(Ms — Ma) + o (M + Ms)]
BT My =M, T Ms(M; — My) |
e Nt Ko Ks o + (1 — ep) + on(1 —€)]
H [KlKQKS_HHTHgHW} ((,OH+0-H+MH>’
Joe_ MK [pn 4+ (1~ €p) + (1~ o)) (4.6)
1 K Ky Ks — Ourulnm) (pn + on + pa)
e _ il on 4+ p(L— ep) + o (1~ o)
1 K KoK — O] (o + o + pur)
G¥F — HV Fx — A#‘;kHV *% TV)\#‘}*HV
T A T (e NS T (i ARG
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where,

My = [1 = p|{ (K1 Ko K3 — Ogruéum) (N (1 — €) + Y + pm) },

My = p{on[K1K:Ks — O0préum| + [1 — €](1 — m)EuTubu N },

My = (N[ — e + ¥u + pr) { (K1 Ko K5 — Opiém) [N + on + o] —
(1= m)enOutuli },

My = op{pn(Ki KoKy — Opruéum) + (1 — ) (1 — m) [Nif (1 — €) + ou + pun]
gHTHQH)‘g} and,

Ms = g (1 —¢€) + Yy + pu.

The endemic equilibrium can be explicitly obtained by solving for the positive values

of Aj; and A{F and substituting in (4.6) above.

4.4.3 Backward bifurcation analysis

Several factors could be responsible for a backward bifurcation in epidemiological
models, some of which include: the use of an imperfect vaccine [12, 31, 39, 62],
exogenous re-infection [1, 33|, treatment [39], acquired immunity [59] etc.. The
fact that, the model (3.6) possesses backward bifurcation is enough to investigate
its existence or otherwise in model (4.1). However, the complex nature of the
equilibrium points in (4.6) makes it difficult to apply the method used in subsection
3.4.2, its application will result to higher order polynomials, consequently, we opted
on applying the Center Manifold theory [16, 28]. The Center Manifold theory can
be used to describe not only the local stability of a non-hyperbolic equilibrium
point but in settling the existence of another equilibrium point (bifurcated from a

non hyperbolic equilibrium point). The theory follows:
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Consider a general system of ODEs with a parameter ¢:

dx_

E_f(x,gb),f:R”xR—ﬁ” and f € C*(R" x R) (4.7)

Without loss of generality, it is assumed that 0 is an equilibrium for system (4.7)

for all values of the parameter ¢, that is,

f(0,¢) =0 for all ¢ (4.8)

Theorem 4.4.2. (Castillo-Chavez and Song)[16].

Al: A = D,f(0,0) = <%(0,0)> is the linearization matrix of system (4.5)
around the equilibrium 0 with ¢ evaluated at 0. Zero is a simple eigenvalue

of A and all other eigenvalues of A have negative real parts;

A2: Matrix A has a nonnegative right eigenvector w and a left eigenvector v

corresponding to the zero eigenvalue.

Let fix be the kth component of f and,

a= En VW W O Ji (0,0) (4.9)
— R J@xﬁx] ’
ki, j=1
- D fr
= | 4.1
b 2 vsza%aqs((),O) (4.10)

The local dynamics of (4.7) around 0 are totally determined by a and b.

i a>0,b>0. When ¢ < 0with |¢| < 1, 0is locally asymptotically stable, and
there exists a positive unstable equilibrium; when 0 < ¢ < 1, 0 is unstable

and there exists a negative and locally asymptotically stable equilibrium;

ii a < 0,0 <0. When ¢ < 0 with |¢| < 1, 0 is unstable; when 0 < ¢ <
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1, 0 is locally asymptotically stable, and there exists a positive unstable

equilibrium;

iii @ > 0,0 <0. When ¢ < 0 with |¢| < 1, 0 is unstable, and there exists a
locally asymptotically stable negative equilibrium; when 0 < ¢ < 1, 0'is

stable, and a positive unstable equilibrium appears;

iv a < 0,b > 0. When ¢ changes from negative to positive, 0 changes its stability
from stable to unstable. Correspondingly a negative unstable equilibrium

becomes positive and locally asymptotically stable.

Remark 1 of [16] states that: The requirement that w is nonnegative in the
theorem is not necessary. When some components in w are negative, we still can
apply this theorem, but one has to compare w with the actual equilibrium because
the general parametrization of the Center Manifold before the coordinate change
is,

wWe = {xo + c(t)w + h(c, @) : v.h(c,¢) =0, |c| < ¢, c(0) = O},
provided that x( is a nonnegative equilibrium of interest (usually z; is the disease-
free equilibrium). Hence, zo — 22 > 0 requires that w; > 0 whenever z,(j) = 0.

If 2o(j) > 0, then w(j) need not be positive [16].

Corollary. When a > 0 and b > 0, then, the bifurcation at ¢ = 0 is backward.

4.4.4 Existence of backward bifurcation

From (4.1), we let,

(SH7 VHJ EH7 IH7 RH7 SV7 EVJ ]V> = <CU1, Lo, X3,T4,Ts5,Le, L7, Jfg) )
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and hence, the total human and mosquito populations are:

NH:$1+JZ2+$3+JZ4+I5 and NV:JZ6+I7+J/’8.

Using vector notation, we have,

T
dx
T = <$179€2,$3,$4,$5,$6,ZE7,$8> and % = (f1>f2,f3,f4»f5,f6>f7,f8) ,T
where,
dz, Cruv(nvar + xs)
— = f=Uyg(1—-p)+vgres+ (1 —m)égars — r1 — 11K,
g 1= (L= )+ puws + ( Jeits T+ T+ a3+ a4 +as !
dxy Cuv(nver + zs)
dt f2 HP H T1+ 2o+ a3+ x4+ 5 2( ) 202
dxs Cuv(nver + zs)
_ = = 1—€x+x +7T :L'—SL’K,
dt f3 SL’1+JJ2+SL’3+$4+SE5<< )2 1) §H5 3743
dz
d_t4 = fa = Tars — 14Ky,
(4.11)
dZL’5
— =fi=0 — oK
dt f5 HT4 — Ts\5,
%:f 1 _CHV<77H~T3+5L'4+77R$5)$ -
dt 6 [ T T T S e A
drz _ £ = Crv (s + 24 +77R175)x6 e
dt T1+ T2+ 23+ x4 + 25
d
%:fszﬂfﬂf?—l‘sfﬂ-
with,

Ky =opy+pu, Ky=¢g+pg, Ks=7y+pu, Ky=0g+0y+ pu,

Ks =&y +pa, Ke=py+1v and Ky = py +dy.
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It is not convenient using Ry directly as the bifurcation parameter [28], notwith-
standing, we can conveniently choose a different parameter. Let Cyy be our

bifurcation parameter, so that when Ry, = 1, we have:

C* — (KlKQKg — THQHSHW)K4K5H%{MV
HV My pdy (Ko Ks + maKs + O tr) (nv Ks + 7v)[Sh + Vi (1 — )]

The Jacobian of (4.1), evaluated at the disease-free equilibrium with Cryy = Cjyy/,

is given by

-Ki om0 0 (I-m&m 0  dir dig

oy —Ky 0 0 0 0 do7  dog
0 0 —-Ks O mEm 0 ds;  dss
0 0 T —Ky 0 0 0 0

Jr = ,

0 0 0 On — I 0 0 0
0 0 des3 de4 des % 0 0
0 0 drs  dpy drs 0 —-K¢ O
0 0 0 0 0 0 v —K7
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where,
_ TvIvSH o —ChvSir o —C}}vnv(l - G)S}k{
dy7 = T dig = P do7 = " " )
b —Ciy (1 —€)Sy b Crynv[(1 =€)V + Sy
28 S;I TV ) 37 S;I TV )
Ao — CI*{V[(l - 5)‘/;1 + S}k{] _ —Chynu Sy _ —ChviSy
58 St 4+ Vg A VTR Ve
~ —ChyvnrSy _ ChynuSy _ Ciy'Sy _ ChynrSy
d65_ﬁ’ d73_ﬁ’ 4T o | (/%0 T Taox | 1/

According to [15, 70], the jacobian matrix of the system (4.1) has simple zero
eigenvalues with all other eigenvalues having negative real parts. It can be shown

that, the associated left eigenvector denoted by V; are given by:

Vi=0, Vo=0, V3>0 (psoitive constatnt)

Vs |0n (WfHK6K7 + Krdysdsr + TVd75d38) + Ksdyy <K7d37 + Tud38)
Vi=— KyKs KKy ’
Va3 | K¢ K7mép + drs <K7d37 + Tvdss)}
Vs = — KKK, , Ve=0
v V%(K7d37+7'vd38) . Vidss
7 K6K7 ) 8 K7 )
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and the associated right eigenvector I¥/; are given by:

_ Waopn + Ws(1 — m)€y + Wadir + Wsdss

W,
1 X,
Wion + Wrdar + Wadas
W = |
K
iti T, OuT
W5 > 0 (positive constant), W, = W?’?Z’ Wy = Wi KZ[?;

W3 <K4K5d63 + KsTrdes + GHTHd65)

W - )
f K Kspy
W3 <K4K5d73 + KsTrdrg + QHTHd75)
W pr—
! K, K5 K ’
W3 <K4K57Vd73 + KsTuTydy + 9HTHTVd75)
Wg - )

Ky KsKsK7
with the positive constants V3 and W3 chosen in such a way that,

KiKGKGK?

Vi Wy =
ST RPK2K2K2 + My KsKgKr + MoK, KoKy + My K, K5 Ky + MyK Ks K
4535426527

in which case, it can be shown that V-W = 1 with,

M, = OyTy (7T§HK6K7 + Kqdysdsr + 7'Vd75d38) + KsTrds (K7d37 + Tvd38)

My =0Ty |:K6K77T£H + drs (Krdsr + Tvdss)}
M; = {K7d37 + Tvdz,g] (K4K5d73 + Kstpdqy + QHTHd75> and,

My = dsg (K4K57vd73 + Kstytydrg + HHTHTVd75) .
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Observe that, V; > 0 for all i € {1, 2, 3, 4, 5, 6, 7, 8}, while W; and W are
arbitrary and Wy < 0, the choice of V; strictly greater than zero follows from
condition A2 of Theorem 4.1 in [16] and Lemma 3 of [28].

We observe that, the second partial derivatives of f4, f5 and fg with respect to
any of the variables are zero, hence, to compute a and b, we only need to compute
the second partial derivatives of f3 and f7 with respect to the variables and the
bifurcation parameter.

Computation of a: By direct computation, at the disease-free equilibrium, for i
=1,2, 3,4, 5, 6 we have:

Pfs  Pfs  Pfs  9fy  Pfs  Pfy
Or10x;  Owydx;  Owsdx;  OryOx;  Orsdxr;  Oxgdr;
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where as,
Pf 0 L [Si+Vvia(i-o)]
prey el ey mll S L/ r<rerie v s )’
1027 701 gtV (S +Vi)
82f3 _ 82f3 _ CHV{ 1 _ [S;_I+Vﬁ(1 —6)] }
Ox10xs  Oxg0ry Sy + Vi (S}} + VITI)2 |
Py 2 L—e _ [SitVi(i=o)]
- = CHVT,V * * 2 ’
92,017 Oz 0z, Sy + V5 (Sy + Vi)
azfs _ 82f3 _c { 1—c¢ _[SH+VH1—€ }
012075 Ozsdrs U\ Sh+ Vi (Sp + Vi)
0 f3 0* f3 0 fs { (1- 6) ]
= = = —Crvnv
Ox30r7; 04017  Ow50x7 (Sy + sz)
9 fs P f3 e (-9 V;I
G Tl sl el —C'HV77V 2
T70x3 T70X4 T70Ts S* + VH)
0% f _ D fs _ D fs — _Cyy Sk + ( )VE’
Or30rg  Orsdrg  Oxs018 v (5* + V*)
P Pfs P (L= 9)Vs
DrsOrs  OrsOry  Oxgdzg 1V (S* +ve)t L
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In a similar way,

2 2
Gilgxi = aig; =0, for i=1,2,6,78
I
0x30r7;  Ox3018 ’
’h_ 0h
0x4,0x7  Ox4078 '
2f_ P

Ors0xrs  OrsOrs
P P Pf Pf  Pf

OrgOr,  Orgdre  Oxg0rs  Ore0rTr  Ox60Ts =9,
d f O fr
axlaxl axlaxl 7 Or 7 Y Y 37 9 57 67 77 87
while,
fr _ Pf _ OPfr _ Pfr _ CavSynm
0x10x3  O0190xs3  Ox30T7 013079 (SE + V§)27
fr _ Pf _ OPfr _ Pf _ CuvSy
0x10xys Ox901y O0x40x7 014075 (S}; + Vﬁ)Q’
*fr _ Pf _ Pfi _ Pfr _ CavSine
0x10xs  Or90xs  Ox50T1 015079 (Sy + V;I)Q’
82f7 _ 2CH[/S?/7]H
Orades (Sy+ Vi)
9 fr _ 9% f7 _ CuvSynn  CuvSy
0xs0xy  O0x4015 (Sji] + Vi)? (S;I + Vg{)2
0fr _ Pfi _ CuvSymm  CuvSynr
0r30xs  O0xs5073 (S;I + V)2 (S;I + V;})Q
0 fr fr  Cpvnu

D2301s  OrgdTs (S3 +V7)
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P 20uS;

0x401,4 (S}f{ + Vﬁ)Q’
fr _ Pfi _ CuvSy  CavSyne

0r40x5  Oxs501y4 (Sy + V§)2 (Sp + Vﬁ)z’
O fr _ 9’ f _ Cuv

0xs0xg  O0x60T4 (S}‘{ + VIi"I) ’
P fr fr Cuvig

Ors0xrg  Orgdrs (S}} + V;;)’
therefore, after computation, the value of a is given by:
D fi

a= VWi, -2 (0, 0) =
kg:l ! 00 (Sy + Vi

-2C
HV)2 {W7VE’>77V (Wg + Wi+ W5) |:S;I

+ Vg}} + Vi WeVs <W3 + Wy + W5> {1 — e] + S Vs <W2Wge + WsWs + Wy Wy
+ WsWs + W2W7nve> + Sy vz (W1 + Wy + W5+ W, + W5> [W37]H + Wy

+ W577R] — WsVz (W377H + Wi+ W577R> |:V;I + S}k{} — Vi Vse <W1W777v

+ WsWiny + WaWaeny + WsWeny + W1W8) }

Computation of b: To compute b, we need the second order partial derivatives
of f3 and f; with respect to x; and Cpyy as the second variable, but, at the

disease-free equilibrium,

ﬂ—o for i=1,2.3.4.5.6 while
8:6180]{‘/ — - ) ) b b ) )
Pfs nv[Sh+Vi(l—e)
= and,
0270C kv (Sy+ Vi)

82f3 . S}k{ + Vﬁ(l — 6)
81’880}1\/ (S;I + Vﬁ) ’
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similarly, at the disease-free equilibrium,

> fr
_— = f =1,2 I
82,007y 0 for ¢ ,2,6,7,8 also,
a2f7 _ S{k/"]H
6x380Hv (S}} + Vf}) ’
O fr = Sy and
0x40Chy  (Si +V3) ’
Ffr _ Sinm

9r;0Cuy (S +V§)

so that, the value of b is given by:

{S}k{ + Vi - e)} S Vs
Wany + W b 4 VYT
(S + V) { v+ 8} * (S + V7))

B 0 [
b= k;lvk aa¢00) Vs

X {WSWH + Wi+ WsﬁR] :

Theorem 4.4.3. The malaria model with vaccination (4.1) has backward bifur-

cation if a is positive.

Proof. Following Theorems in [16, 28], the direction of the bifurcation is forward
when ¢ < 0 and b > 0, while it is backward when ¢ > 0 and b > 0 as well.
From the expression of b above coupled with the fact that, W3, Wy, W5, Wy and
Wy are all positive implies that b > 0, therefore, the direction of the bifurcation
is governed by the sign of a, such that, if a > 0 then, it is backward, else it is

forward. 0
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4.5 Numerical simulation

Using data in Table 3.3 with oy = 0.4 and oy = 0.8 for low and high malaria

incidences respectively, e = 0.8, p = 0.3 and ¥y = 0.2 we have the following;

120 T
Exposed Humans
= = = Infected Humans
A
100 T Recovered Humans
i\
Q \
=80 1 —
8 \
=
= \
@©
E6Oo| \ —
= \
=
g N
k=] - —
g40 \
= S
N
~
20 ~ “ .
~
Se o -
o " —— = e — —
(o] 500 1000 1500 2000 2500 3000

Time (days)

Figure 4.2: Simulation of the model (4.1) for the exposed, infected and recovered
humans converge to the DFE when Ry, = 0.0938 in areas of low malaria incidence
using parameter values in Table 3.3 with Sy (0) = 5000, E5(0) = 100, I5(0) =
112(3, Ry (0) =0,Sy(0) =500, £y (0) = 20, I,(0) = 10.

100

80

60

I
a0

20

~N e
-
-~ -
e oy -

o L n . )
o 0.5 1 1.5 2 2.5 3 3.5 a 4.5 5

Figure 4.3: Simulation of the model liln.ﬁi)(d?cy)sr)the exposed, infected and recévidred
humans converge to the DFE when Ry, = 0.9054 in areas of high malaria incidence
using parameter values in Table 3.3 with Sz (0) = 5000, Fy(0) = 100, I5(0) =

10, Ry (0) = 0, Sy (0) = 500, Ey(0) = 20, Iy(0) = 10.
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Figure 4.4: Simulation of the model (4.1) showing the disease prevalence in ar-
eas of low malaria infection using parameter values in Table 3.3 with Sy (0) =
5000, Ex(0) = 100, I5(0) = 10, Rx(0) = 0, Sy (0) = 500, Ey(0) = 20, Iy (0) =
10 so that Ry, = 0.0938.
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Figure 4.5: Simulation of the model (4.1) showing the disease prevalence in" ar-

eas of high malaria infection using parameter values in Table 3.3 with Sy (0) =

5000, £y (0) = 100, I1;(0) = 10, Ry (0) = 0, Sy (0) = 500, Ey(0) = 20, I(0)

10 so that Ry, = 0.9054.
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Figure 4.6: Simulation of the model (4.1) showing the total infectives (Exposed +
Infected + Recovered) with different initial conditions converging to the DFE in
areas of low malaria infection using parameter values in Table 3.3 with Sy (0) =
5000, B (0) = 100, I;(0) = 10, Ry(0) = 0, Sy (0) = 500, Ey(0) = 20, and
Iy (0) = 10 so that Ry, = 0.0938.
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Figure 4.7: Simulation of the model (4.1) showing the total infectives (Expose)al?i-
Infected + Recovered) with different initial conditions converging to the DFE in
areas of high malaria infection using parameter values in Table 3.3 with Sy (0) =
5000, Ex(0) = 100, I5(0) = 10, Rg(0) = 0,Sy(0) = 500, £y (0) = 20, and
I/(0) = 10 so that Ry = 0.9054.
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Using the parameter values in [21] together with the above assumed values for
the vaccination parameters, the vaccinated reproduction number Ry, is less than
the basic reproduction number, the simulation in Figure 4.2 shows that, the con-
vergence to the DFE of the solution is faster with vaccination. In the model with
vaccination, the solution converges to DFE even in areas of high malaria incidences
as indicated in Figure 4.3, the prevalence dies in both high and low malaria inci-
dence areas as in Figure 4.4 and Figure 4.5. The infectives also converge to the
DFE in either cases, that shows numerically that, the use of an imperfect vaccine

will have a positive impact in a society as in Figure 4.6 and Figure 4.7.

4.6 Vaccination model with the mass action inci-

dence

Similar to model (3.6), we again replace the standard incidence function with the
mass action incidence, in which case the backward bifurcation was found to be
eliminated. Consider the system represented by (4.1) with the mass action in-
cidence functions, the vectors of appearance of new infections and that of the

transfers out of and into the compartments are respectively given by:

Sy + V(1 —€)]Chv(nvEy + Iv) EyK, — méuRy
0 IgyKy; — EgTy
F = 0 and, V= Ry Ks — Iyfy
SyCrv(u Ly + Iy +nrRy) Eyv K,
0 Iy K5 — Eyry
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where,

Ky = (tag +pn), Ko=Op+6g+pu), Ks=Eu+pn), Ki= (v +7v),

and7 K5 = (MV+5V)7

so that the next generation matrices denoted by F' and V' are as follows:

0 0 0 Cuv((1 =€)V +Sy) Cuv((1—e)Vy + Sg)
0 0 0 0 0
F= 0 0 0 0 0
CavnuSy CuvSy CuvnrSy 0 0
0 0 0 0 0
and
Kl 0 -y 0 0
—my K, 0 0 0
V=10 -6y Ky 0 0

The associated reproduction number of the vaccinated model (4.1) with the mass
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action is therefore given by,

mo__

v =

\/C%IVHV(UHKQKS + 7 K3 + nr0uTH) (v Ks + 1v) [SOH +pu(l—ep) +ou(l - 6)]

(K1 Ky K3 — ta0u&um) (pm + om + pn) KaKspy
II
- ROv _H
V 12974

Next lemma follows from Theorem 2 of [28]

(4.12)

Lemma 4.6.1. The DFE of the vaccinated model (4.1) with mass action is LAS

if R{ <1 and unstable if R{? > 1.

Theorem 4.6.2. The vaccination model (4.1) with mass action incidence function
has no endemic equilibrium when R{? < 1 and has a unique endemic equilibrium

otherwise.

Proof. The endemic equilibrium of model (4.1) denoted by .J; is obtained similar
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o (4.6) and given by:

HH(M1+M2) Iy [P(Ms —M4) +UH(M1+M2)
Sm* — , Vm* — ,
1 Mz — M, " Ms(Ms — My)
N Ko i + (1= )+ o(1 )
Em* — ,
" [K1K>2Ks — Oprpéun] (o + on + i)
ANy K3 |:QOH + (1l —ep)+op(l—e¢ }
Im* — ,
T K KoKy — Opmaénr| (or + o + pimr)
A TH9H|:Q0H+,M(1—€[) +opg 1—6:|
Rm* — ,
" (K1 KoKy — Oprpéun] (o + on + )
me _ Ay me _ AV Iy me _ TvAYTIly
v py + NP v (v + AP Ky Y (pv + AP ) Ky K5’
(4.13)
with,

M, = [1 - p] {(KlKgKg — Ourréam) (NG —€) +m + MH)} :

My =p [‘PH (K1 Ko K3 — Opraénm) + (1 —€e)(1 — 7T)£HTH0HA§€}*} ,

My = (X (1= €) + by + pnr ) {(K1K2K3 — OpTuéam) (NF 4 on + pn)
—(1- W)fHeHTH)‘g*} ,

My = oy {QDH(KIKQKP, —Ogmaéum) + (1 —e)(1 —m) [NF (1 =€) + ou + pul,
gHTHeH)\g*} and,

=g (=€) +vu + pu
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and the forces of infections given by (3.23) and (3.24), so that substituting E{**
and I from (4.13) in (3.23) we obtained,

/\THn*A?}*KleE, + )\E*MvK4K5 — )\?}*CHvﬂv(ijKg, + Tv) = 0, (414)

similarly, substituting from (4.13), the values of E7}*, If}* and R%* in (3.24) we

have,

A Cry [Vie(1 — €) + Su| [na KaKs + 7 K5 + nr0ur ]|
K3KyKs — Ogtaénm ’

AV = (4.15)
now, substituting A7?* from (4.15) in (4.14) and after simplifications we have,

NG (RYD? + Wy py [ Ks + 7] [ — (RG] } = 0. (4.16)

The case when \}; = 0 corresponds to the DFE, else, if A} # 0 we have,

_HV;LV [UvK5 + Tv] [1 — (Rgn)ﬂ
(Rg")? '

mx
Nyt =

(4.17)

From (4.17), it is clear that when 0 < R{* < 1, then A}}* < 0 which is biologically
meaningless, therefore, when R’ < 1, no endemic equilibrium exist. On the other
hand, if Ry* > 1, then A}* is a unique positive constant, so that, substituting its

value in (4.13) gives a unique endemic equilibrium, which completes the proof. [J

4.6.1 Global stability of the DFE

Just like in subsection 3.5.2, the dynamic of the mass action model (4.1), with

(3.23) and (3.24) will be considered in the positively invariant region A.

Theorem 4.6.3. The DFE of the of the vaccinated model (4.1) with the mass
action incidence functions (3.23) and (3.24) is globally asymptotically stable (GAS)
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in Aif Ry <1.
Proof. Consider the function defined by:

F — FlEH + FQIH + FgRH + F4EV + F5I\/,
where the constants are given by:

Fy = Cpylly (v Ks + 7v) (Ko Ksng + Ksi + nrbuaa ),
Fy = CyvIly (pv Ks + 7v) (MuOuéum + nrKi0y + K1 K3),
Fy = CyvIly (v Ks + 1v) (nuéumKa + Eumry + npki Ks)
Fy = Ry py (0w Ks + 1v) (K1 Ko K3 — OpTrépm),

Fs = Ri'pv Ky (KleKs - QHTHSHW)>
therefore [ in the direction of the right-hand side of (4.1) gives,
F = F\Ey + Fyly + FsRy + F\Ey + Fyly (4.18)

and substituting Ey, Iy, Ry, By, Iy from (4.1), (3.23) and (3.24) in (4.18) to-
gether with the fact that at DFE S}, < E—X we obtained,

F < Fy CHVHVnH(KlKQK?) - OHTHgHﬂ-) (UVK5 + TV) (RgL - 1):| + IH{
CanV (K1K2K3 — QHTH§H7T) (77\/K5 + Tv) (Rgl — 1):| + RH |:CHan’I’]R
(K1KsKs — Optuénm) (nv Ks + 7v) (R — 1)] + Ey [R()”(R()” — 1)Ky K5

vy (K1 Ky Ky — QHTHfHW)] + Iy lRS"Lva (KK K3 — Ogmaénm) (R — 1)},
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therefore the above expression is simplified to,
F<(Ry-1) {EH [CHVHVnH(nVK5 + 7)) (K Ky Ks — eHTHgHw)] + IH[
CouvIly (nv Ks + v ) (K1 Ko K5 — 9HTH§H7T)] + Ry [CHVHVUR (nvKs+1v)
(K1K2K3 — eHTHgHw)l + By {RgluvK4K5nV(K1K2K3 — eHngHw)}
+ Iy [RQ”LKWV (K1 KK — eHTHgHw)} }

The proof is completed using similar approach as in Theorem 3.6. 0

4.7 Analysis of Vaccine impact

The main aim of vaccination programmes is to reduce the prevalence of an in-
fectious disease and ultimately to eradicate it. Having seen that the two malaria
models with the mass action incidence function posses the property that when-
ever the basic reproduction number is less than one, the disease-free equilibrium
is globally asymptotically stable, we investigate the impact of the widespread use
of an imperfect malaria vaccine in a community with the mass action incidence

function and also analysed a threshold vaccine number.

4.7.1 Vaccine impact and critical coverage

Observe that the vaccinated reproduction number of the vaccinated model (4.1)
is a function of both the basic reproduction number of the system (3.6) and
the fraction of the vaccinated individuals, in fact, R]' = R{’ when Vg = 0,

furthermore, at DFE, S}, + V}; = Ny so that the fraction of the vaccinated
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Vi
Ng

individuals p = < 1, that is

Ni Ng Ni

Therefore to qualitatively determine the vaccine impact, we find the partial deriva-

tive of the vaccinated reproduction number of model (4.1) with respect to the

*

fraction of individuals that were vaccinated (p = ]‘\/,H ). Differentiating we obtain
H

oR Rie
L= — : 4.19
ap 2y/1 — pe (4.19)

Since 0 < e < 1and 0 < p < 1 then (4.19) is always negative, hence R} is a

decreasing function of p = X,H therefore we conclude that an imperfect vaccine
. o . , vy
for malaria will have positive impact in any community whenever 0 < p = N < 1

and € > 0, that is, so long as the vaccine is effective, vaccinating any fraction of
the susceptible population at the DFE reduces the rate of infection in comparison
to when vaccination is absent.
To compute the critical proportion needed to be vaccinated for the control of
the disease, we need the vaccinated reproduction number to be less than one, that
1

is equivalent to p > %(1 - (RT)Q), so that, the critical proportion needed to be
0

vaccinated for the control of the disease will be p. = %(1 — ﬁ)
0

Theorem 4.7.1. The DFE (Z;) of the model with vaccination (4.1) is GAS if

p > p. and unstable if p < p..

Proof. Simplifying R;" we have,

S ¥V =V,
R;“:Rg"\/ H*KZI HE _ Re /T pe, (4.20)

since at DFE Sy = 8§, Vir = Vi and Ny = N7, also 8§ + Vi = Njj, p = it
H

© University of Pretoria



Malaria model with vaccination 95

From (4.20) it implies that,

1 1
R'<1l <& R{yV1—-pe<l <:>p>—(1—(Rm)2):pc.
€

0

By Theorem 4.6.3, the DFE is GAS whenever R} < 1 which implies that p > p..

From Lemma 4.6.1 the DFE is unstable when R} > 1 which implies p < p.. [0
The theorem can be interpreted as follows; if the fraction of the vaccinated

individuals at the steady state exceeds the threshold level p., then the DFE is

globally asymptotically stable and unstable otherwise.

For disease to persist, we assume that R’ > 1, also, the requirement for disease

eradication (p > p.) is equivalent to

%(1‘%> >§(1—<R;>2)

which is the same as,
(Ri")? — (Ry)? = (Ry")? — (RG)*[L —ep] = (Ry)’ep > (RY')? —1>0

but then (Rp")? — (R™)? is

v

Coyllypu (v Ks + v ) (Ko Ksng + Ksty + Outang)[on + prule
vl Ky Kslpn + og + pa| (K Ko Ks — Optpépm)

>0

this also shows that the vaccine will always have positive impact so long as the
difference between the basic reproduction number and the vaccinated reproduction

number is positive.
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4.7.2 Vaccine efficacy and coverage

From the vaccinated reproduction number, we can clearly see that p = %(1 —

(Rgz)Q
(RE)?

, so that € — 0 then p grows larger, that is more people will need to be
vaccinated, while e — 1 implies p reduces, therefore, increasing the vaccine efficacy
will reduce the number of people that need to be vaccinated for the disease control.
In essence, the vaccination coverage depends on the efficacy of the vaccine.

Applying similar method with [31], we can determine the vaccine impact when the

entire population were vaccinated, that is V}; = Nj; and S}, = 0, such that,

R =

a

\/CIQ_IVHVM%[(WHK2K3 + 7—HI(ZS + TIHQHTH>(77VK5 + TV)(l B 6) (4 21)

(K1 K> K3 — t0p&pm) Ko K512y

we can therefore express R as follows,

(R = (R P(1 - 0) = (9= (g (= (g 1= (1= ()
2

the vaccine impact can be defined via [, where,

~(-5)

Consequently, we claim the following

Theorem 4.7.2. The use of imperfect malaria vaccine in a community will
(i) Reduce infection if F > 0;
(ii) Increase infection if F < 0;

(iii) Have no impact on infection rate if F = 0.
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Proof. From (4.22) and (4.23), we have,

ol _]_f. (4.24)

Obviously R]* < R{* implies reduction in infection and R]* > R{" means increase
in infection due to vaccinating the entire population, similarly R" = R’ means
vaccinating the entire population has no impact on the severity of infection. But
from (4.24), F = %
F=0= R =Ry

It is also clear from (4.12) and (4.21) that,

sothat F > 0= R' <R, F <0= R > R’ and

=0<(l—¢ <1,

which implies that R{* > R]", thus, the vaccine will always have positive impact.

OJ
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