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Abstract  

Nanofluids consist of liquid and solid (nanoparticles), therefore, they can be classified as 

two-component flow, which brings up different approaches for simulation purposes. In this 

study, heat transfer and hydro-dynamic features of nanoparticles in a laminar nanofluid flow 

in a vertical tube are investigated numerically via Lagrangian and Eulerian approaches. 

Discrete Phase Model (DPM) in Lagrangian approach simulates the motion of particles 

through base flow with force balance equation, therefore, no needs empirical correlations at 

least for the thermo-physical properties (which they are not universal and change for different 

fluids and/or nanoparticles). Although, general empirical or analytical correlations are needed 

for some interactions between solid and liquid such as Thermophoresis, Brownian and 

clustering effects, but they are not that extensive and can be employed in most of the cases. 

Mixture model in Eulerian approach provides more reliable results, but it highly depends on 

the accuracy of the correlations for the thermo-physical properties of the nanofluid. In present 

study, three common types of nanofluids consist of Alumina, Zirconia and Silica 

nanoparticles (up to 2.76% of volume fraction) are studied and the results are compared with 

experimental works. Numerical simulations indicate that the findings are in good agreement 

with the measured heat transfer coefficient for DPM. Consequently, DPM can be highly 

recommended for simulation study due to the strength and simplicity. It has been also 

observed that the effects of nanoparticles in each computational cell need to be distributed to 

the other neighbourhood cells. Pressure losses results predicted by DPM were found reliable 

for volume fraction less than 3%, no matter the types of nanoparticles or diameter. DPM 

velocity profiles show that the slip velocity between nanoparticles and base flow is not 

negligible.  
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1 Introduction  

Nanofluids have shown higher heat transfer performance in comparison with conventional 

heat transfer fluids, therefore, they have interested by many researchers in recent years. 

Nanoparticles are easily suspended in conventional heat transfer fluids (as base fluids) to 

produce stable nanofluids in comparison with micro-particles. On the other hand, the 

advantage of nanoparticles comparing to other particles is higher surface area per volume 

which clearly enhance heat transfer rate. In addition, random movement of ultrafine particles 

can be the other main reason of the heat transfer enhancement. Experimental findings explain 

that the heat transfer improvement by nanofluids can vary from small percentage [1] to a few 

times bigger than the base fluid (without particles) [2]. Some reviews of experimental work 

in convective laminar nanofluid flow are available in literature [3, 4]. 

 Wen and Ding [5] showed that nanoparticles influence heat transfer enhancement 

extensively in laminar flow in a tube, especially in entrance regain. They also mentioned that 

particle movement can be one of the main reasons for higher heat exchange. 

Liu and Yu [6] found that non-uniform radial distribution of particles is mostly affected by 

particle migration, especially in the boundary layer region. They explained that the 

interaction between nanoparticles and fluid is remarkable and as a result heat transfer can be 

sensibly enhanced in higher Reynolds number, even in laminar flow.  

Utomo et al. [7] explained that particles migration mainly caused by Brownian effects and 

thermophoresis has negligible impacts on increase of heat transfer characteristics. 

Nanoparticles originally aim to enhance heat transfer rate by increasing the effective thermal 

conductivity, while the negative impacts of adding particles to fluid flow on pressure drops 

cannot be neglected. It has been observed that pressure drop in SiO2 nanofluid with 5% 

volume fraction can exceed 10 times [8], although small changes in friction factor have been 

reported for Alumina nanofluid in lower particle loading [9].  

Because of the existence of solid and liquid phases in the nanofluid flow, it can be classified 

as two-component flow, which brings up different approaches of multiphase flow for study 

purposes. Considering nanoparticles as a secondary phase in flow has been investigated by 

some researchers [10, 11]. The multiphase model employed in most nanofluid studies is 

Mixture model from Eulerian-Eulerian approach which is relied more on nanofluid thermo-

physical properties gained by empirical correlations. The interaction between nanoparticles 
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and liquid phases is simulated with capturing the slip velocity between particles and base 

flow. It is believed that Mixture model may be able to include the effects of slip velocity [12]. 

Also, Hwang et al. [1] explained slip velocity between fluid and nanoparticles as the strong 

mechanism for particle migration and flattened velocity at the centre of tube. They used 

mixture thermo-physical properties with considering Brownian and Thermophoresis diffusion 

terms. Kalteh et al. [13] employed Eulerian two-phase model to simulate laminar nanofluid in 

a micro-channel. They argued that the slip velocity and temperature difference between 

nanoparticles and base fluid is not noticeable and uniform distribution of nanoparticles in 

flow field is expected. Their results for heat transfer enhancement showed more than single 

phase model and pressure drops were barely influenced by nanoparticle loading. Lotfi et al. 

[14] compared Mixture model and two-phase Eulerian model with single phase model for 

convective water-Al2O3 nanofluid in horizontal tubes and concluded that Mixture model has 

better Nusselt number predictions. 

Lagrangian with Discrete Phase Model (DPM) which is an approach of multi-phase 

modelling, simulates motion equation of each particle in flow field. In the DPM the 

interaction between particle and fluid occurs by the forces acting on particles. The main 

important phenomena in heat transfer and hydrodynamic behaviour of nanoparticles in a 

nanofluid flow can be Brownian motion, thermophoresis force, forming a liquid layer around 

a particle, clustering and interaction forces [12, 15, 16, 17, 18, 19]. Jang and Chio [15] 

proposed a theoretical model to capture the impacts of nanoparticles on effective thermal 

conductivity. They stated that Brownian motion is the significant mechanism on heat transfer 

characteristic of nanofluid. The induced collision between nanoparticles was also found 

negligible in comparison with other modes of collision in nanofluid. They concluded that 

effective thermal conductivity caused by thin liquid layer around particle play a key role in 

increase of heat transfer rate, especially in smaller size of nanoparticles, shown by Yu and 

Choi [20] as well.  

Schio et al. [18] concluded that the thermal influences of Brownian and thermophoresis 

diffusion on nanofluid may not be imperceptible and there is a distinct non-homogeneity in 

the flow.  

A few studies have been done in the field of laminar nanofluid flow by DPM. He et al. [21] 

and Bianco et al. [22] were pioneer in modelling nanoparticles as discrete phase. The former 

employed the particles interaction source term only in momentum equation, but the latter 
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used both momentum and energy source terms in equations. He et al. stated that heat transfer 

enhancement is mainly affected by thermal conductivity and other forces like Brownian and 

thermophoresis have small impacts. They indicated that the heat transfer results by DPM are 

in good agreement with experiments. Tahir and Mital [23] carried out a numerical simulation 

of nanofluids in a laminar tube flow by DPM and found good results comparing to 

experimental data. They considered both particle momentum and energy source terms in 

equations and discussed only the results of heat transfer characteristics.  

In this research, the abilities and weaknesses of Mixture and DPM models are discussed and 

compared with some experimental studies. The main advantage of DPM comparing to 

Mixture model is the thermo-physical properties of nanofluid which no needs to be obtained 

experimentally. On the other hand, lack of universal properties for nanofluids is an unsolved 

problem for Mixture model. Due to lack of information on dynamic behaviour of 

nanoparticles in flow field, it seems important to investigate the power of DPM in modelling 

nanofluids, as a few studies have been done in this area. Both Mixture model and DPM 

results are assessed with available experiments by Rea et al. [24] and Zhang [25] for three 

types of nanofluids consist of Alumina, Zirconia and Silica nanoparticles. Then, the results 

predicted by two models are compared and discussed.  

2 Numerical simulations 

Based on experimental works from literature, two different diameter sizes of vertical tubes 

are simulated in this study, with the same length of 1m. Rea et al. [24] used stainless steel 

tube with ID 4.5 mm, and Zhang [25] with 5.537 mm. Both the tubes are encountered 

constant heat flux on the outside of the tubes. Three types of nanoparticles as nanofluids are 

injected through the tubes consist of Al2O3 and ZrO2 by [24] and SiO2 by [25]. In all the tests, 

Reynolds number is below 2000 and therefore flow is laminar. Two multiphase models for 

simulation, namely Mixture model and DPM are described as follows.  

A simple curve fitting were carried out to choose proper polynomial thermo-physical 

properties of water as the base fluid in this research which are available in heat transfer books 

and literature [26]. They are described in Table 1 with thermo-physical properties of 

nanoparticles.  
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Table 1. Thermo-physical properties of water and the nanoparticles 
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Al2O3 3920 880 36 - 50 

ZrO2 5600 418 2 - 50 

SiO2 2200 745 1.38 - 20 

Temperature is in terms of kelvin.  

 

2.1 Mixture model 

Slip velocity between nanoparticles and base fluid is assumed small in this model and at the 

same time, there is a strong coupling between them. Only one momentum and one energy 

equation are solved for entire nanofluid mixture and each phase has its own velocity and 

fraction in each computational cell. More details about the governing equations of this model 

can be found in previous works [14, 27]. In the absence of mass exchange in the steady state 

flow, governing equations consist of mass, momentum and energy are derived for each phase 

and eventually the linear summation of these presents the final equations for Mixture model: 

Mixture continuity: 

 ).( mmV


  (1) 

Mixture conversation of momentum:  
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where mV


, m  and   are mixture velocity, shear stress tensor and volume fraction, 

respectively. The drift velocity, kmV


, is defined as:  
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For two components flow field, the connection between drift and slip or relative velocity is:  
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c  and c  are continues phase (here is water) volume fraction and density, respectively. A 

constitutive equation is needed here to complete the Mixture model. Hence, the slip velocity 

can be obtained from the following algebraic equation from Manninen et al. [28]: 
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The drag function df  can be calculated from drag coefficient, DC , as [29]: 

1000ReRe15.01
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Mixture conservation of energy: 
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(9) 

mH  and mq  are mixture enthalpy and heat flux due to conduction. Distribution of particle 

phase through continues phase is determined from volume fraction equation, simply derived 

from particle phase continuity with constant density: 

).().( pmpmp VV


     

(10) 
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The particle Reynolds number is defined based on relative velocity between particle and fluid 

phases, 
c

relativecp

p

Vd




Re  where dp, ρp and µm are particle diameter, particle density and 

mixture viscosity, respectively. The key parameters in Mixture model are nanofluid thermo-

physical properties which are mostly employed from experimental correlations. Since the 

nanofluid thermo-physical properties were available [24, 25], they are borrowed to 

implement in mixture properties.  

2.2 Discrete Phase Model 

In this model, nanoparticles are tracked as a large number of particles and all the energy or 

force interactions are introduced as momentum or energy source terms in the governing 

equations. The rest of the Navier Stokes equations are treated as usual for the base fluid. 

Differential form of force balance equation is applied for a particle suspended in the flow to 

calculate the trajectory of the particle.  

Interaction forces acting between particles and base fluid are presented as: drag force, 

Brownian Force by the random motion of particles through the base fluid, gravity force, 

Thermophoretic force due to a temperature gradient and especially close to the wall. These 

interaction forces are presented as a momentum source term in momentum equation. The 

motion equation of single nanoparticle is simply defined as: 
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(11) 

where pt  and otherF


 are particle motion time from one cell to the next one in Lagrangian 

reference frame, and the other forces acting on a particle per unit mass of the particle. Since 

the tube used in this study is vertical, gravity force may play a key role in particle motion, 

although Rea [30] noted that no sedimentation was observed in laminar force flow. 

Nonetheless, nanoparticles are still able to cause pressure drops in base fluid duo to gravity 

without sedimentation.  

Drag coefficient for smooth spherical particle is introduced as: 

2
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1
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D
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The constant values 
ia  are available for a wide range of Reynolds number [31]. Because of 

the nanoparticles are ultrafine, Rep<<1 and a1=a3=0 and a2=24 gives 
p

DC
Re

24
 . Rep 

(particle Reynolds number) was defined in the previous section. Thermophoretic velocity is 

presented as the following: 
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Thermophoretic force was derived from Stokes’s drag force law. VT, FT and DT are 

thermophoretic velocity, force and coefficient, respectively. p  is particle thermal 

conductivity and 
c , 

c  and 
c  are fluid density, viscosity and thermal conductivity. 

Brownian force is presented as [33]: 

cpp
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where 
iBF , i  , cC  and t  are random Brownian force, Gaussian noise function with zero 

mean value, Cunningham correction (to modify the possibility of slip condition at particle 

surface duo to non-continuum condition) and Lagrangian time step, respectively.  

Amount of heat transfer exchange is easily calculated from energy balance for each particle at 

the inlet to the outlet of a cell. This exchange will be implemented as an energy source term 

in continues phase energy equation. This source term is simply calculated from energy 

balance inside a computational cell as: 

)(
celloutcellinp pppps TTcmQ


 
 (18) 
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Since there is no mass exchange, particle flow rate pm  in each cell will be conserved. 
ppc , 

inpT  and 
outpT  are particle specific heat, particle temperature at the inlet and outlet of a cell, 

respectively. The exchanged heat at the surface of a particle is calculated as following to find 

inpT  and 
outpT .  

)( pcp

p

pp TThA
dt

dT
cm

p


 (19) 

With definition of Biot number for a particle as 
p

phd
Bi

6
 , it can be expected to have 

uniform temperature inside a particle in each Lagrangian time step duo to very small amount 

of Biot number. Heat transfer coefficient around a spherical particle can be estimated from 

the following correlation [32]:  

3/15.0 PrRe6.02 p

c

phd



  (20) 

3. Numerical method and geometry model 

Both 2D axisymmetric and 3D models have been employed in this study and the results 

showed that it is crucial to use 3D model in laminar nanofluid flow, especially with the 

presence of gravity in Lagrangian approach. It can be discussed that 2D axisymmetric is only 

able to capture radial migration of nanoparticles inside the fluid, while the difference between 

3D model and 2D axisymmetric simulation results prove that nanoparticles migrate from the 

wall both radially and tangentially. Also, simulations have shown that gravity cannot be 

neglected when DPM is used and absence of gravity force underestimates pressure drops in 

vertical tubes. The CFD software employed in this research was FLUENT 15 [33] to solve 

the governing equations, using control volume approach. SIMPLE method was employed to 

couple pressure and velocity in equations, QUICK scheme for volume fraction and Second 

Order Upwind for interpolating other parameters. Both the pressure interpolation schemes, 

i.e. Standard and Linear have shown the same results for pressure drops in DPM. It is noted 

that PRESTO! interpolation scheme is not recommended for pressure discretization in DPM. 

Since pressure values are needed on the faces of each control volume to discretise in 

momentum equation, Standard and Linear schemes evaluate pressure on the face based on 

cell values at neighbourhoods, with the assumption of zero pressure gradient at the wall. 
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While the PRESTO! scheme estimates pressure on the face via continuity balance based on 

staggered control volume with non-zero pressure gradient at the wall [33, 34]. Using 

PRESTO! scheme provides unreal pressure distribution results at the tube entrance with 

DPM. It may come from the solution method of DPM, especially with high number of 

particles in each computational cell (order of 10
10

). Also, nanoparticles are injected in the 

flow at entrance uniformly, while boundary layer starts forming in base flow and produce slip 

velocity between base flow and nanoparticles at the vicinity of the wall. The number of 

particles in each computational cell, named parcel, is order of 10
10 

. It can probably produce a 

considerable amount of source term in momentum equation and pressure drops predicted by 

PRESTO! scheme, because of the solution method of this scheme at the vicinity of the wall. 

On the other hand, it can be explained also with the source term added to the momentum 

equation as:  

tmFVV
C

d
F pothercp

pD

pp

c
s  


))(

24

Re18
(

2


  (21) 

pm  and t  are particle flow rate in each computational cell and integral time step, 

respectively. Therefore, the source term can produce huge value due to incorporate of 
2/1 pd  

in the equation. On the other hand there is a noticeable difference between particle and flow 

velocities at the entrance, because of undeveloped particle and flow boundary layer. In spite 

of Standard or linear interpolation schemes, PRESTO! scheme interpolates pressure at the 

face centre of a cell (it can be called face pressure instead of cell pressure) where particles are 

interred the cell. Large difference between particle and flow velocities (based on the above 

source term) at the entrance produces a large body force at the face of a cell (staggered grid) 

which make unreal large amount of pressure interpolated by PRESTO! scheme. From the 

momentum source term, the only way to overcome this problem seems to provide very small 

time step. Particle Lagrangian time step depends on the size of the cell that a parcel passes, 

smaller the size means shorter in time step. Simulation showed some improvement with very 

fine mesh at the entrance with PRESTO! Scheme, but the geometry requires grids with the 

size similar to DNS to overcome this issue completely, which is not the main goal of this 

study.  

A nanoparticle in each parcel is representative of the entire nanoparticles on that parcel and 

heat transfer and motion equations are solved only for this nanoparticle and extended to 
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others. Therefore, the distribution effects of these nanoparticles on parcels in neighbourhood 

are not usually applied in the equations, which can be called point-particle approach. For this 

aim, Node based averaging method is employed to consider those influences from 

Lagrangian frame onto Eulerian field. Gaussian distribution function is used to interpolate the 

neighbouring parcel’s impacts on the centroid parcel, as the following [33, 35]:  

 particlewparticleparcel GN    (22) 










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

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
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2
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exp
x

xx
a

a
G

particleparcel

w


  (23) 

where parcel , particleN , wG , particle , x , parcelx  and particlex  are particle variable affected by 

nodes in neighbourhood (which are 26 cells for structured quad mesh in this research), 

number of particles in the parcel, Gaussian weight function, particle variable in the node, 

characteristic length of the cell, parcel location in neighbourhood and particle location, 

respectively. a  is a constant which changes the width of Gaussian function. The number of 

particles in each parcel can be calculated as: 

p

pparticle
m

t
mN


    (24) 

Particle variables particle  are achieved from DPM equations and then the new amount of 

variables parcel  affected by neighbouring cells will be calculated through equation (22). This 

new value corporates in the source terms of the base fluid equations. The simulations show 

that the results by DPM with Node based averaging are in better agreement with experiments 

and the residuals has indicated improved convergence than without Node based averaging 

method. It is believed that existence of interpolation operators like Gaussian kernel function 

can improve and accelerate the numerical solution [35, 36], especially in the case of dense 

number of nanoparticles in each computational cell. Grid study proves that a structured mesh 

with higher uniformity can provides more precise results by DPM than other meshes. 

However, higher number of cells is needed in modelling nanofluid by DPM comparing to 

other laminar single phase flow in the same geometry. The final number of grids for this 

study was chosen as 16 radially, 58 tangentially and 600 longitudinally (16×58×600), which 

shown in Figure 1. The closets node to the wall is almost 1×10
-4

m which is less than 5% of 
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tube radius. It is noted that the simulation results achieved by this mesh and even many times 

more than this without Node based averaging method are not in agreement with 

experimentations. Boundary conditions for DPM consist of: similar uniform velocity and 

temperature at the inlet for both particles and base flow, particle mass flow rate at the inlet 

based on particle volume fraction (it is important to make sure particles are uniformly 

distributed at the inlet), constant heat flux over the external surface of the tube, fully 

developed condition at the outlet and no-slip condition at the wall of tube. It is noted that inlet 

conditions for particles are equivalent boundary and initial conditions for particles in 

Lagrangian frame. Also, wall boundary conditions differ for the particles than base flow. Two 

main possibilities are that they can either rebound off the wall or stick to the wall. Simulation 

results showed that none of the mentioned conditions happen for particles. It means that 

particles never reach the wall or meet the wall conditions. Mixture model B.C. is similar to 

base flow conditions in DPM. For particle phase with the same velocity as primary phase, the 

proper amount of volume fraction is assigned.  

 

Figure 1. Generated mesh for CFD study with Y as vertical direction 

4 Results and discussion  

At the first step, the amount of parameter a in Gaussian distribution function needs to be 

chosen. Kaufmann et al. [37] successfully used a=6 in their study. Simulation results have 

proved that any changes in a influences mostly particles concentration field and it has small 

impacts on pressure drops and heat transfer coefficient. The effects of a on Alumina 

nanofluid with volume fraction 2.76% at the outlet of the tube can be seen in Figure 2. It is 

true that the larger amount of a=6 provides higher uniformity than smaller one, but still the 
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presence of concentration gradient is obvious in all of them. Also, the same pattern of 

distribution can be observed for different ranges of a. More visual observations of 

concentration distribution for nanofluid are needed to find the optimum amount of a. 

However, a=6 was chosen for all the simulations here similar to Kaufmann et al. [37]. 

The importance of gravity can be seen in figure 3. When gravity is excluded from DPM, the 

pressure drops predicted by simulations are close to pressure drops with pure water, while 

DPM predicts more than twice as pressure loss with pure water. Hence, considering no 

gravity in DPM may produce errors up to 200% in vertical laminar flow.  

Dispersion of Alumina and Zirconia nanoparticles at the outlet section of the tube are 

illustrated in Figure 4.  

 

 

a)a=0.5 

 

b)a=3.0 

 

c)a=6.0 

Figure 2. Effects of parameter a in Gaussian function on concentration distribution of Alumina nanofluid 

with α=2.76% at the outlet of the tube at Re=1131, Tin=22.9 and q=18629 W/m
2
. 
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Figure 3. Effects of presence of gravity in DPM simulations for Alumina and Zirconia nanofluids. 

The pictures show the similar pattern of distribution for both Alumina and Zirconia 

nanofluids in different volume fractions. The percentage range of volume fraction in both 

nanoparticles with various particle loadings demonstrates that nanoparticles follow almost 

uniformly the base flow in lower volume fractions than higher concentration, no matter the 

type of the nanoparticles. Concentration of nanoparticles rises in cells with increase in 

particle loading, especially in an area slightly far from the wall and centroid region of tube, 

clearly seen in Figure 4d. Again, the types of the nanoparticles have shown no impacts on 

dispersion of particles on the tube.  

Figure 4d also proves that the possibility of clustering may accelerate with growth in 

nanoparticles volume fraction. One of the reasons for no symmetry in particle distribution can 

be considering Brownian motion and Thermophoresis at the same time. Brownian motion 

happens everywhere in cross section and Thermophoresis is strong close to the wall. The 

combination of both may disturb the cross sectional concentration distribution. On the other 

hand, Mixture model results have provided more uniform distribution of concentration than 

DPM for any types of nanoparticles and particle loadings. It can be pointed out that Mixture 

model treats nanofluid as a homogenous mixture with no relative velocity between solid and 

liquid parts. 
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a) 0.65% Alumina nanofluid, Re=1797, 

Tin=21.7 and q=18633 W/m
2
  

 

b) 2.76% Alumina nanofluid, Re=1666, 

Tin=23.1 and q=25306 W/m
2
 

 

c) 0.32% Zirconia nanofluid, Re=356, Tin=22 

and q=19359 W/m
2
 

 

d) 1.32% Zirconia nanofluid, Re=293, Tin=22 

and q=16308 W/m
2
 

Figure 4. Distribution of nanoparticles volume fraction at the outlet for Alumina and Zirconia nanofluids. 

Heat transfer and hydrodynamic characteristics of laminar nanofluid in two vertical tubes are 

presented in this section. Figure 5 shows the good agreement between experiments and 

numerical solutions for heat transfer coefficient in base flow without nanoparticles for 

different Reynolds number. Heat transfer coefficient is simply calculated from 

)/( bw TTq  . The important parameter is Tb which can be defined as: 
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pc  is the fluid specific heat capacity.  

 

Figure 5. Heat transfer coefficient predicted by numerical solution and experimentally measured for 

laminar flow in vertical tubes 

Heat transfer coefficient and Nu number estimated by Mixture model and DPM comparing to 

experimental results for three types of nanofluid are illustrated in Figure 6 and 7. A wide 

range of Reynolds number from 290 to 1800 and particle volume fraction from 0.2% to 

2.76% has been simulated for three common nanofluids, i.e. Alumina, Zirconia and Silica 

nanofluid, with different diameter of nanoparticles.  
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Figure 6. Comparison of experimental data and numerical predictions for heat transfer coefficient by 

Mixture model and DPM for a) Alumina b) Zirconia nanofluid.  

It is clear that both models have provided findings in good agreement with experimental 

measurements. This conclusion is of importance, because empirical or theoretical correlations 

for thermo-physical properties of nanofluid are needed to simulate this sort of fluid in tubes. 

While DPM treats each component in nanofluid as it is, and only some general correlations 

like interaction or diffusion forces are required. As a result, DPM can be highly 

recommended for laminar nanofluid flow in vertical tubes to characterize thermal features of 

nanofluids.  
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Figure 7. Nu number estimated by Mixture model and DPM in comparison with measured values for 

Silica nanofluid 

As more explanation, the results in figures 6 and 7 are stated in terms of nondimensional 

length in vertical direction in figure 8. Graetz number is defined as: 

PrRe
y

D
Gz   (26) 

 

Figure 8. Local Nusselt number in terms of Graetz number in vertical direction 
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Figure 9. Prediction of pressure drops for Alumina nanofluid by Mixture model and DPM in comparison 

with the correlation 

Pressure drops estimated by Mixture model and DPM are compared with the Darcy-

Weisbach correlation  in the error range of 20% in Figures 9-11, presented as: 

Dg

VL
P

2Re

64 2
  (27) 

All the properties for Darcy-Weisbach correlation are borrowed from mixture properties 

presented in literatures. It has been explained that this correlation calculates pressure drops 

with maximum 20% error from measured data [24, 38]. Whole the simulations were carried 

out for volume fraction below 3% and a good agreement is observed between modelling and 

the correlation. DPM has shown better trend for pressure losses prediction comparing to 

Mixture model. The simulations were also performed for higher 3% volume fractions. The 

DPM results were sometimes 100% different from the correlation, especially in the case of 

higher velocity shown and no matter the type of nanofluid. The main differences between 

lower and higher volume fraction can be introduced as: first, rising the number of 

nanoparticles in each computational cell. The major problem here can concern to the 

weakness of the weight or Gaussian function to distribute the effects of particle variables to 

neighbouring cells. Second, the possibility of clustering and collision among nanoparticles 

will expand with increase in volume fraction.  
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Figure 10. Prediction of pressure drops for Zirconia nanofluid by Mixture model and DPM in 

comparison with the correlation 
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Due to higher number of Silica nanoparticles in each parcel comparing to other two 

nanoparticles with the same conditions, as shown in Figure 12, the percentage of difference 

for pressure drops in higher volume fraction were found much appreciable. 

 

 

Figure 11. Prediction of pressure drops for Silica nanofluid by Mixture model and DPM in comparison 

with the correlation 

It is noted that the number of particles are conserved in entire domain when they are solved in 

Lagrangian frame. It means that it is important to assign proper amount of the number of time 

step for nanoparticles to make sure all of the injected particles will leave the geometry model. 
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Moreover, the average difference in total between simulations and Darcy equation for 

pressure drops was found near 12% by Mixture model and 10% by DPM.  

 

Figure 12. Changes in number of nanoparticle in each parcel from inlet to outlet at the center of the tube 

Nondimensional temperature distribution of fluid and nanoparticles at the outlet is illustrated 

in Figures 13 and 14 for three nanofluids. With heat transfer parameters in this study consist 

of heat flux, temperature, thermal conductivity and characteristic length, non-dimensional 

temperature can easily be defined as: 

Dq

TT
T in






)(2*  (28) 

D  is the inside diameter of the tube. 

Smooth parabolic profile of temperature for base fluid is observed in all the simulations. It 

can be explained that nanoparticles are not able to distort the parabolic shape of temperature 

profile and energy is mostly transported via nanoparticle migration. This can be more sensed 

when fluid temperature is compared to distribution of nanoparticle temperature in Figures 13 

and 14. The nanoparticle temperature profiles is distorted at the vicinity of the wall because 

of the higher temperature gradient. The trend is almost similar for lower and higher 

concentration. Although, the distribution of temperature seems more uniform in the case of 

Silica nanofluid with 0.2%.  

Variations of wall temperature by Alumina and Zirconia nanofluids achieved via two models 

are compared to a situation that fluid is not affected by nanoparticles in Figure 15. The 
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impacts of Zirconia nanoparticles on wall temperature seem small in the figure and the 

predictions of two models are close to the absence of nanoparticles. The gap will be more 

visible with increase in volume fraction from 1.32% in Zirconia to 2.76% in Alumina 

nanofluids. As can be expected, due to rise in transport of energy by nanoparticles, the wall 

temperature has reduced comparing to the fluid without particles as estimated well via both 

DPM and Mixture model. Also, Mixture model predicts more drops in wall temperature than 

DPM.  

 

a) Alumina nanoparticle (α=0.65%, 

Re=1797) 

 

b) Base flow (Re=1797) 

 

c) Alumina nanoparticle (α=2.76%, 

Re=1666) 

 

d) Base flow (Re=1666) 

Figure 13. Non-dimensional temperature distribution of base fluid and Alumina nanofluid predicted by 

DPM a and b) Tin=21.7 , q=18633 W/m
2
 , c and d) Tin=23.1 , q=25306 W/m

2
 

Figure 16 presents velocity profile at the outlet of tubes on symmetry line predicted by two 

multiphase models. The model findings are indicated in comparison with the fluid velocity 

affected by nanoparticles. 
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a) Zirconia nanoparticle (α=1.32%, Re=293) 

 

b) Base flow (Re=293) 

 

c) Silica nanoparticle (α=0.2%, Re=843) 

 

d) Base flow (Re=843) 

Figure 14. Non-dimensional temperature distribution of base fluid and nanofluid predicted by DPM a 

and b) Tin=22 , q=16308 W/m
2
 , c and d) Tin=15 , q=15765 W/m

2
  

The gap between particles and models velocity is largely seen close to the wall. The flow 

velocity profiles predicted by Mixture model and DPM are similar, while nanoparticles 

velocity profile shows small slip velocity with base flow. It is noted that due to high number 

of particles in the flow domain, this small amount of slip velocity is able to somehow produce 

noticeable pressure drops. From the figures, it seems that there is velocity for particles on the 

wall. As previously mentioned, boundary conditions for particles differs from fluid. No-slip 

condition holds only for fluid due to continuum which means zero velocity for fluid at the 

wall. The condition for particle is associated to collision between nanoparticles and wall 

(continuum is not held for dispersed particles). It means that if the nanoparticles do not reach 

the wall, the wall boundary conditions for particles are meaningless. On the other hand, since 

the nanoparticles are carried properly with fluid, simulations have revealed nanoparticles 

never hit the wall in this study. Hence, the unreal velocity is chosen for nanoparticles at the 
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wall, which is equal to the cell velocity at the vicinity of the wall. However, this unreal 

velocity has no effects on modelling.  

 

Figure 15. Longitudinal variations of non-dimensional wall temperature influenced by Alumina and 

Zirconia nanofluids. 

Conclusion  

Numerical simulation of heat transfer and pressure drops of nanoparticles inside water 

through a vertical tube in laminar flow was investigated and compared with experimental 

data available in the literature. Three types of nanoparticles with different diameters were 

considered as Alumina, Zirconia and Silica nanoparticles. Both Mixture model from Eulerian 

and Discrete Phase Model from Lagrangian approach were used to estimate the thermal and 

hydro-dynamic behaviours of nanofluids. It has been observed that using a proper weight 

function seems crucial to distribute the influences of particle variables to neighbouring’s cells 

in DPM. For this aim, Gaussian kernel function was used. Heat transfer results showed that 

there is a good agreement between experiments and simulations for all the nanofluids in this 

study and various ranges of volume fraction from 0.2% to 2.76%. Therefore, DPM can be 

highly recommended to model heat transfer in vertical tubes with laminar nanofluid flow. 

Furthermore, DPM deals with only thermo-physical properties of base fluid as opposed to 

Mixture model which requires thermal-fluid properties of nanofluids from empirical 

correlations. Pressure drops findings have revealed different trend than heat transfer 

simulations. They can be reliable only for volume fraction less than 3% for all of three types 
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of nanofluids. Changes of volume fraction in outlet cross section are small and DPM could 

not report clustering of nanoparticles.  

 

 

Figure 16. Velocity profile on the symmetry line at the outlet of tubes for Alumina, Zirconia and Silica 

nanofluids.  

Mixture model presents the same velocity and temperature profile for both phases, while 

DPM has shown the ability of capturing slip velocity and temperature difference between 

particles and liquid. The smooth parabolic profiles of fluid temperature and velocity highlight 

that nanoparticle migration is one of the most significant phenomena in rise of heat transfer 

and energy transportation.  
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Here are some comments about the benefit of DPM in laminar vertical pipe flow: 

1. Mixture model results highly depend on transport properties coming from experimentation. 

There is no need the mixture properties for DPM and it only needs appropriate interaction or 

diffusion forces, empirical or analytical. 

2. Mixture considers nanofluid as two phases. DPM behaves the nanofluid as fluid and solid, 

as it is in the reality.  

3. Thermo-physical properties correlations for nanofluid are not universal and changes by 

fluid and nanoparticles. Empirical correlations for DPM interaction forces are not that 

extensive and can be employed in most the cases.  

4. Effects of slip mechanism like Thermophoresis and Brownian can be seen as diffusion 

terms in Mixture equations and need to be implemented in program. In DPM, velocity is 

calculated for fluid and solid separately and eventually the relative velocity between them has 

the key role.  

DPM is weak to simulate higher nanoparticle loading due to inclusion other phenomena such 

as clustering and aggregating.  

Nomenclature 

Ap particle surface area Qs energy source term 

Bi Biot number Rep Reynolds number 

Cc Cunningham correction t  Lagrangian time step 

DC  drag coefficient  T temperature 

pc  liquid specific heat *T  Non-dimensional temperature 

ppc  particle specific heat   

pd  particle diameter  Greek symbols  

D tube diameter   volume fraction 

df  drag function   viscosity 

iBF  Brownian force   density 

Fs momentum source term 
i  Gaussian random noise function 

wG  Gaussian function 
m  mixture shear stress tensor 

Gz Graetz number   particle or parcel variable 

H enthalpy   

h heat transfer coefficient Subscripts  

  thermal conductivity b bulk 

KB Boltzmann constant c continues or liquid phase 
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mp particle mass in tube inlet 

m  mass flow rate in-cell inlet of a cell 

N number of particles k phase k 

pmkm VV ,  drift velocity m mixture 

relativeV  relative or slip velocity out tube outlet 

Pr Prandtl number  out-cell Outlet of a cell 

qq ,  heat flux p particle 
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