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ABSTRACT 
Microchannel heat sinks have been widely used in the field 

of thermo-fluids due to the rapid growth in technological 
applications which require high rates of heat transfer in 
relatively small spaces and volumes. In this work, a micro 
plate-fin heat sink is optimized parametrically, to minimize the 
thermal resistance and to maximize the cost performance of the 
heat sink. The width and the height of the microchannels, and 
the fin thickness are analytically optimized at a wide range of 
pumping power. Using an effective numeric test, the generated 
equations also discuss the optimum parameters at three sizes of 
the substrate plat of the heat sink. Results show that, at any 
pumping power there are specific values of the channel width 
and fin thickness which produce minimum thermal resistance in 
the heat sink. The results also illustrate that, a larger channel 
width and a smaller fin thickness lead to a better cost 
performance, and the optimum channel height decreases when 
the pumping power increases. 

 
INTRODUCTION 

Microchannel heat sinks, which typically contain a large 
number of parallel micro plate-fins with a hydraulic diameter 
on the order of 10 to 1,000 μm, have been recently applied in 
the automotive, chemical, food, environmental technology, 
aviation, and space industries [1] and thermoelectric power 
generation systems [2]. A limiting factor in thermal systems 
with high heat dissipation rate is effective heat exchanger 
design, and for this reason, microscale single-phase heat 
transfer is widely used in industrial and scientific applications 
[3]. In recent years, many studies have been performed in the 
field of thermo-fluids to optimize the geometrical parameters of 
the heat sinks at the micro-scale level. The studies indicate that, 
the geometric configuration of the microchannel heat sink has a 
critical effect on the convective heat transfer of the laminar 
flow in the heat sink [4].  

NOMENCLATURE 
 ሾmଶሿ area ܣ

ܾ  ሾmሿ fin thickness 

.௉ ሾJ/kgଵܥ Kଵሿ specific heat of water 

 ௛ ሾmሿ hydraulic diameter of the channelܦ

 ሾmሿ channel  height ܪ

݄ ሾW/mଶ. Kଵሿ heat transfer coefficient 

݇  ሾW/mଵ. Kଵሿ thermal conductivity 

 ሾmሿ heat sink length ܮ

 ܯ ሾkgሿ heat sink mass 

ሶ݉  ሾkg/sଵሿ mass flow rate 

ܰ [-] number of channels in heat sink 

Nu [-] Nusselt number  

 ௖௛ ሾPaሿ pressure drop݌∆

Pr [-] Prandtl number 

ܲ ሾW/kgଵ. Kଵሿ cost performance 

Re [-] Reynolds number 

ܴ௧௛ ሾK/Wଵሿ heat sink thermal resistance 

 ݐ ሾmሿ substrate plate thickness 

 ሾm/sଵሿ fluid velocity ݑ

ܷ ሾW/Kଵሿ heat sink thermal conductance 

ܹ  ሾmሿ heat sink width 

 ሾWሿ pumping power ݓ

Greek symbols 
ߜ ሾmሿ channel width 

 ߟ [-] efficiency 

.ሾN ߤ s/mଶሿ dynamic viscosity 

 ሾkg/mଷሿ density ߩ

Subscripts 
ch  channel 

hs heat sink 

f fluid 

fin fin 

o overall 

pl plenum 

s substrate plate 

t  total 
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th thermal 

In case of power systems the greatest problem nowadays is 
not only the huge amount of heat dissipation, but mainly the 
density of the heat dissipation at the surface of the system 
structure. Therefore, the main challenge is to design an 
effective heat exchanger within typical microelectronic’s 
packaging sizes [5]. 

For achieving overall heat transfer enhancement rectangular 
microchannels are satisfactory and its heat transfer coefficient 
is the highest amongst trapezoidal and triangular shaped 
microchannels [6]. Furthermore, Kroeker et al. [7] found that, 
on the basis of equal hydraulic diameter and equal Reynolds 
number, a rectangular channel has less thermal resistance 
compared with heat sinks with circular cross section channel. 
The rectangular channel requires more pumping power than the 
circular channel. By investigating the effect of the channel 
width and height on the thermal resistance of the heat sink, and 
based on the theory of a fully developed flow, Kou et al. [8] 
derived an expression for the pressure drop in microchannels 
for required pumping power. Their results show that a larger 
flow area and pumping power can obtain lower thermal 
resistance. Furthermore, for a single microchannel, they found 
that, the optimum channel width strongly depends on the 

channel height when the pumping power is lower than 10‐3 W. 
For decreasing the convective resistance at a given substrate 

area, both of the convective heat transfer coefficient and the 
surface area of the channel walls in contact to the fluid should 
increase [9]. One way to increase the convective heat transfer 
coefficient is to reduce the hydraulic diameter of the 
microchannels. On the other hand, for a given pump power, 
when the hydraulic diameter decreases, the heat resistance of 
the heat sink increases due to rapidly decreasing of the 
volumetric flow rate. The optimum channel dimensions can be 
optimized at a practical limit on the available pumping power 
by minimizing sum of the convective resistance and the heat 
resistance ([10], [11]). At a constant pumping power, when the 
aspect ratio of the channel (the ratio of the channel height to the 
channel width) becomes larger, the heat transfer area increases 
but the volumetric flow rate and the fin efficiency decrease. 

In the power generation systems, a key factor is the 
optimization of the systems design, together with its heat 
source and heat sink. Full thermal optimization yields a simple 
analytical expression for optimum design [12]. Based on this 
model, the thermal resistance of the micro heat exchanger can 
be optimized to maximize the cost performance of systems. In 
addition, the thermal resistance of the microchannel heat sink 
can be minimized for a set of aspect ratio [13]. In this study, a 
micro plate-fin heat sink is optimized parametrically, to 
minimize the thermal resistance and to maximize the cost 
performance of the heat sink. The width and the height of the 
microchannels, and the fin thickness are analytically optimized 
at a wide range of pumping power. In addition, using an 
effective numeric test, the generated equations also discuss the 
optimum parameters at three sizes of the substrate plat of the 
heat sink. Figure 1 shows the schematic of the heat sink, where 
water is used for the coolant fluid and the fluid path is made of 
parallel aluminum channels. 

 
Figure 1 Schematic of the heat sink. 

MATHEMATICAL CORRELATIONS 
The optimum channel width and the fin thickness together 

with the heat sink width can define the optimal number of the 
channels. With the fixed heat sink width, the number of the 
channels is: 

ܰ ൌ
ܹ

ܾ ൅ ߜ
 

(1) 

where thickness of the heat sink side walls is neglected. The 
thermal resistance of the heat sink is independent of the level of 
the dissipated power in forced convection cooling, and is the 
sum of the conductive resistance (due to conduction through the 
substrate), heat resistance (due to heating of the coolant fluid as 
it absorbs energy passing through the heat sink) and convective 
resistance (due to convection from the heat sink to the coolant 
fluid) [9]. Temperature range of the working fluid, which is 
water, indicates that Pr ൐ 5  throughout this study. Prandtl 
number (Pr) is the ratio of momentum diffusivity to thermal 
diffusivity. Thus, assuming thermally fully developed flow is 
acceptable [9]. In addition, for a constant heat flux boundary 
condition, the temperature difference between the heat sink 
base and the bulk coolant fluid is the same at any plane in the 
flow direction [14]. Therefore, the thermal resistance of the 
heat sink is: 

݄ݐܴ ൌ
ݐ

ݏܣݏ݄݇
൅

1

ሶ݉ ݌ܥ
൅

1

݂݊݅ܣ݂݄݊݅݋ߟ
 

 (2) 

where the first, second and third terms on the right side are 
conductive resistance, the convective resistance and the heat 
resistance, respectively. The mass flow rate and the fin area can 
be defined based on number of microchannels as follows: 

ሶ݉ ൌ  (3) ݑܪߜ݂ܰߩ

݂݊݅ܣ ൌ 2ܰሺܪ ൅  (4) ܮሻߜ

and the convective heat transfer coefficient is: 

݄݂݅݊ ൌ
݂݇ݑܰ

݄ܦ
 

(5) 

Although the Nusselt number is constant in the fully 
developed laminar flow, it depends on the wall thermal 
boundary condition and aspect ratio of rectangular channel. For 
a constant heat flux boundary condition, the variation of the 
Nusselt number is expressed as follows [15]: 

Nu ൌ 8.235

ۉ

ۈ
ۇ 1 െ 2.0421 ൬

ߜ
ܪ
൰ ൅ 3.0853 ൬

ߜ
ܪ
൰
ଶ

െ

2.4765 ൬
ߜ
ܪ
൰
ଷ

൅ 1.0578 ൬
ߜ
ܪ
൰
ସ

െ 0.1861 ൬
ߜ
ܪ
൰
ହ

ی

ۋ
ۊ

 (6) 

In case that the heat sink is located very near to the heat 
source, the conductive resistance is very small. In this study, 
the thickness of the substrate plate is 100	μm with a high 
thermal conductivity (220	W m⁄ . K). With this thickness for the 
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aluminum substrate, that has a high thermal conductivity, the 
conductive resistance is %1 of the convective resistance for 
ݐ ൌ 200	μm, and can be neglected.  

For the modeling of the convective resistance, the heat 
conduction in the fins are assumed to be one dimensional only 
along the fin height, constant heat transfer coefficient, and 
uniform fluid temperature. The convective resistance can be 
divided to a correction factor (fin efficiency) to take into 
account the thermal resistance of the fins, which implies a non-
uniform temperature up the walls. The efficiency for straight 
rectangular low-thickness fin with an adiabatic tip is defined as 
follows [16]: 

݂݊݅ߟ ൌ
൫ඥ2݄݄݊ܽݐ ݂ܾ݇⁄ ൯ܪ

ඥ2݄ ݂ܾ݇⁄ ܪ
 

(7) 

and the overall surface efficiency of the heat sink is: 

݋ߟ ൌ 1 െ ሺ
݂݊݅ܣܰ

ݐܣ
ሻ ቀ1 െ 	ቁ݂݊݅ߟ

(8) 

Volumetric flow rate in the channels is found straight 
forward by the product of velocity and cross section area. 
Therefore, the pumping power to circulate the coolant fluid in 
the heat sink is: 

ݓ ൌ  ௖௛ (9)݌∆ݑܪߜܰ
where, in laminar flow regime, the pressure loss throughout the 
heat sink is given by Kays et al. [17]: 

௖௛݌∆ ൌ
ଶݑ௙ߩܭ

2
൅
ݑܮߤ48

௛ܦ
ଶ  

   (10) 

where ܭ is contraction and expansion loss coefficient for flow 
at heat exchanger entrance and exit, respectively. In this study 
the fin thickness is small compared to the channel width, 
where, the average ratio of the optimal channel width to the 
optimal fin thickness is 2.23 ൏ δ b ൏ 9.39⁄  at the considered 
substrate areas and in the studied range of pumping power. 
Therefore the first term in Eq.10 can be neglected. By this 
simplification the pressure loss relation to the velocity becomes 
linear. The mass of heat sink depends to the channel width, 
channel height and fin thickness. Based on these dimensions of 
the heat sink, the mass of the heat sink is: 

ݏ݄ܯ ൌ ሺ1ܮܹܪݏ݄ߩ െ
ߜ

ܾ ൅ ߜ
ሻ 

   (11) 

Note that, to calculate the mass of the heat sink, the 
substrates of the heat sink are neglected. In this study the cost 
performance of the heat sink is defined as follows: 

ܲ ൌ ሺܴ௧௛.ܯ௛௦ሻିଵ (12) 

PARAMETRIC CONCERNS 
The optimum dimensions of the channel and the fin are 

calculated for three heat sink substrate sizes (ݏܣ ൌ 1	cm ൈ
1	cm, 2	cm ൈ 2	cm, and 3	cm ൈ 3	cm). The range of the 
channel dimensions is in micro scale, so that the minimum and 
maximum values for the dimension are taken 1	μm and 1	mm, 
respectively. The range of the pumping power for optimizing 
the considered parameters is from 0.001	W to 20	W.  

For a fixed pumping power, different channel dimensions 
and fin thickness give different Reynolds numbers. For the 
optimum dimensions achieved in this work, the flow regime is 

laminar in the studied pumping power range. Li et al. [18] 
reported that transition to the turbulence regime flow began 
near Re ൌ 1535 in micro-scale channels, which is lower than 
predicted Reynolds number by classical theory. Therefore, the 
range of the Reynolds number guarantees that the produced 
flows in the microchannel are in laminar regime flow 
throughout this study. 

In this study, because of variation of the optimum 
dimensions of the heat sink, the thermal entry length, which 
sketches the boundary between the fully developed heat flow 
and the non-fully developed heat flow in the microchannel, 
varies slowly compared to variation of the pumping power. At 
the studied range of pumping power (from 10െ3	W to 20	W), 
and by considering the channel dimensions, number of the 
channels, the Prandtl number, and average fluid temperature, 
the thermal entry length varies from 7.5 ൈ 10െ4	m to 1.7 ൈ
10െ3	m in this study. Therefore, the flow in this study can be 
considered fully developed thermally, where the thermal entry 
length is less than 17% of the total channel length. As Morini 
[19] stated, the entrance effects on the average Nusselt number 
can be neglected if the Graetz number is less than 10 (Gz < 10) 
in the microchannels. Since the variation of the Graetz number 
in this work is 1.58 ൏ ݖܩ ൏ 7.86, the Nusselt number is 
considered independent of the channel entrance effect. Water is 
used as coolant fluid in the aluminum heat sink. The thermal 
properties of the water are taken constant at 305	K. Table 1 
presents the thermal properties of the coolant fluid and heat 
sink. 

 
Table 1 Thermal properties of the coolant fluid and heat 

sink. 
Parameter ܥ௣ ݇୤ ߩ୤ Pr 

Dimension ሺJ kg. K⁄ ሻ ሺW m⁄ . Kሻ ሺkg mଷ⁄ ሻ
Value 4178 0.62 999 5.2 
Parameter ߤ ୦ୱ ݇୦ୱߩ
Dimension ሺܰ. ଶሻ݉/ݏ   ሺkg mଷ⁄ ሻ ሺW m⁄ . Kሻ
Value 769 ൈ 10ି଺ 2702 220 

 RESULTS 
The thermal resistance of a single channel is compared with 

results of finite volume method and the computational fluid 
dynamic (CFD) solver, FLUENT. Figure 2 shows variation of 
the thermal resistance with the pumping power in a single 
channel. The dimensions of the fin thickness, channel width, 
and its height are 40 µm, 400 µm, and 800 µm, respectively. 
Percent error between two calculations is 1.51% and 12.19% in 
the studied range of the thermal resistance.  

In recent years the technological applications in thermo-
fluids require high rates of heat transfer in relatively small 
spaces and volumes. In this work, to design a compact and light 
heat sink and to consider the heat dissipation capability of the 
heat sink, the cost performance and the thermal resistance of 
the heat sink are discussed, respectively. For case of graphical 
visualization, the thermal conductance of the heat sink (ܷ), 
which is the reciprocal heat sink thermal resistance (ܷ ൌ
1 ܴ௧௛⁄ ) is presented. 

1759



    

 
Figure 2 Thermal resistance of the microchannel heat sink 

compared with results of the computational fluid dynamic 
solver (FLUENT). 

 
Thermal resistance 

Figure 3 and Figure 4 show the variation of the thermal 
conductance in logarithmic scale with the channel width, fin 
thickness and channel height at fixed pumping power. For the 
1	cm ൈ 1	cm heat sink, the higher thermal resistance happens at 
smaller values of the channel width and fin thickness. As the 
channel height increases, the optimum thermal resistance 
happens at lower channel width. As can be seen in Figure 4, at 
fixed channel height and fixed fin thickness the lower thermal 
resistance happens at the lower channel width as pumping 
power increases. This kind of dependency is shown by 
Hendricks [20], where dependency of the heat sinks overall 
heat transfer on the microchannel design specifics is studied. 
To check the size effect of substrate plate on the optimum value 
of the channel dimensions, two sizes of the substrate plate, 
where ܪ ൌ 100	μm, and ܾ ൌ 30	μm,  are evaluated. Figure 5 
reveals that a larger heat sink changes the optimum channel 
dimensions, which lead to minimum thermal resistance. 
Compared to the smaller heat sink, the minimum thermal 
resistance switches to a larger channel width at a fixed pumping 
power in a larger heat sink. 

 
Figure 3 Variation of the thermal conductance in 

logarithmic scale with the channel width and channel height. 
b ൌ 20	μm, w ൌ 0.01	W, Aݏ ൌ 1	cm ൈ 1	cm. 

 

 
Figure 4 Variation of the thermal conductance in 

logarithmic scale with the channel width and fin thickness. 
b ൌ 20	μm, w ൌ 0.01	W, Aݏ ൌ 1	cm ൈ 1	cm. 

 
Figure 6 illustrates optimum values of the wall thicknesses 

at studied range of the channel height that provide minimum 
thermal resistance. When the channel height becomes larger, 
the optimum thermal resistance occurs at a larger fin thickness. 
As a function of the channel width, there is not a global 
minimum value for the thermal resistance in a certain range of 
the fin thickness and the pumping power. For instance, at 
ܪ ൌ 30	μm, and 1	μm ൑ ߜ ൑ 1	mm, the thermal resistance 
decreases as the fin thickness becomes larger, however, it is 
observed that the cases where w ൒ 4	.5	W, the thermal 
resistance has global minimum value.  

 
Figure 5 Variation of the thermal conductance with the 

channel width at two pumping powers and two substrate plate 
areas. H ൌ 100	μm, b ൌ 30	μm. 
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Figure 6 Variation of the thermal conductance with the 

channel height and fin thickness. δ ൌ 70	μm, w ൌ 0.01	W. 
 
By using an effective numeric test, the heat sink can be 

optimized for various dimensional parameters in order to 
produce a minimum thermal resistance. Figure 7 shows the 
minimum thermal resistance at different pumping power and 
the variation of the cost performance in order to have the 
minimum thermal resistance. As is expected, the thermal 
resistance decreases when the pumping power increases. At any 
channel width and fin thickness, the larger channel height 
produces smaller thermal resistance due to increase in channel 
surface area. The channel height is taken 1	mm in the 
numerical test, where the maximum channel height in the 
studied domain. There are specific values of the channel width 
and fin thickness at any pumping power that produce minimum 
thermal resistance in the heat sink (Figure 8). The larger 
substrate plate of the heat sink results lower thermal resistance, 
due to effect of channel length and number of the channels in 
the heat sink. In addition, in studied range of the pumping 
power, the optimum channel width and fin thickness increases 
with the size of the substrate plate. 

 

 
Figure 7 Cost performance and the minimum values of the 

heat sink thermal resistance with variation of the pumping 
power at three sizes of the substrate plate. Aݏ ൌ 1	cm ൈ

1	cm, 2	cm ൈ 2	cm, and 3	cm ൈ 3	cm. 
 

 
Figure 8 Optimum channel width and fin thickness with 

variation of the pumping power at three sizes of the substrate 
plate in order to produce the minimum thermal resistance. 
Aݏ ൌ 1	cm ൈ 1	cm, 2	cm ൈ 2	cm, and 3	cm ൈ 3	cm. 

 
Cost performance 

It can be noted from Figure 9 that, as the channel height 
varies at a fixed channel width and pumping power, there is a 
maximum value of the cost performance. Furthermore, at a 
fixed pumping power, variation of the channel width does not 
affect the channel height value, where the maximum cost 
performance occurs. Although the larger channel width 
provides better cost performance of the heat sink, the fin 
thickness should be as small as possible. Therefore, the 
optimum cost performance happens at a constant fin thickness 
when the channel height varies at a fixed pumping power. In 
addition, when the fin thickness becomes smaller, the optimum 
cost performance happens at a smaller channel height. Figure 
10 shows that, the maximum cost performance occurs at a 
smaller channel height when the pumping power increases. 

 

 
Figure 9 Variations of the cost performance with the 

channel width and channel height. b ൌ 20	μm, w ൌ 0.01	W. 
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Figure 10 Variation of the cost performance with the 

channel height at four pumping powers. δ ൌ 70	μm, b ൌ
100	μm. 

 
According to the Eq. 11, at fixed heat sink substrate 

dimensions, the mass of the heat sink is defined based on the 
channel dimensions and the fin thickness. The maximum cost 
performance can be obtained by Eq. 12. This equation includes 
both the thermal resistance and mass of the heat sink. This 
equation reveals that, when the fin thickness goes to zero the 
cost performance tends to infinity. On the other hand, 
decreasing the fin thickness means that the channel width 
increases at fixed heat substrate width. Since the channel 
dimensions (δ, H and b) are limited in micro scale range, the 
channel width and the fin thickness are fixed at 1µm and 1mm, 
respectively. As is mentioned, larger channel height produces 
lower thermal resistance, but it increases the mass of the heat 
sink (Eq. 11). Therefore, there should be an optimum value of 
the channel height that provides the maximum cost 
performance at any pumping power. Figure 11 illustrate that, 
when the pumping power increases, the optimum channel 
height becomes smaller that generates a maximum cost 
performance. The size of the channel height affects the fin 
efficiency and the mass of the heat sink, where both of these 
parameters define the cost performance. Therefore, the cost 
performance is dependent on the channel height. Because a 
larger substrate plate leads to higher channel height in 
maximization of the cost performance of the heat sink (Figure 
12), the cost performance decreases, due to an increase in heat 
sink mass. 

As the maximum cost performance does not occur at the 
minimum thermal resistance and the dimensions of the channel 
and fin thickness are different at a fixed pumping power, the 
produced Reynolds numbers at maximum cost performance and 
minimum thermal resistance are also different. For optimizing 
of the thermal resistance, the number of the microchannels 
increases with the pumping power, due to the smaller channel 
width and smaller fin thickness, while the number of the 
microchannels is taken fixed in the cost performance 
optimization. Therefore, as can be seen in Figure 13, the 
Reynolds number increases slower with the pumping power at 
the minimum thermal resistance, compared with the Reynolds 
number at the maximum cost performance. In the studied range 
of the pumping power, the number of the microchannels varies 

from 45 to 453 for optimizing of the thermal resistance of the 
eat sink. 

 

 
Figure 11 Thermal resistance and the optimum cost 

performance of the heat sink with variation of the pumping 
power at three sizes of the substrate plate. ݏܣ ൌ 1	cm ൈ

1	cm, 2	cm ൈ 2	cm, and 3	cm ൈ 3	cm. 
 

 
Figure 12 Optimum channel height variations with the 

pumping power at three sizes of the substrate plate in order to 
produce the maximum cost performance. ݏܣ ൌ 1	cm ൈ

1	cm, 2	cm ൈ 2	cm, and 3	cm ൈ 3	cm. 
 

 
Figure 13 The Reynolds number variations with the 

pumping power at the minimum thermal resistance and the 
maximum cost performance. 
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CONCLUSIONS 
In order to minimize the thermal resistance and to maximize 

the cost performance of a micro plate-fin heat sink, the channel 
width, the channel height and the fin thickness are optimized at 
a wide range of pumping power. The analytical approach in this 
work generated some equations based on the flow and heat 
transfer characteristics in the laminar flow regime. The results 
discuss the effect of three sizes of the substrate plate on 
optimized size of the channel and fin thickness. To minimize 
the thermal resistance results show that the larger substrate 
plate switches the minimum thermal resistance to the larger 
channel width and the larger channel height produces a smaller 
thermal resistance. In addition, at any studied pumping power, 
there are specific values of the channel width and fin thickness 
which produce minimum thermal resistance in the heat sink. 
The results which are generated for the detailed description of 
the cost performance, illustrate that a larger channel width and 
a smaller fin thickness lead to a better cost performance. In 
addition, the optimum channel height decreases as the pumping 
power increases.  
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