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ABSTRACT The solidification of a pure liquid phase-
change material in the presence of natural convection is a
commonly recurring problem in natural science and tech-
nology. The numerical solution of this Stefan problem
is made difficult by the fact that there is initially no solid
phase; hence, the classical 1D Neumann similarity solution
is often used for the purposes of initiating a computation.
However, if the solid and liquid phases have different den-
sities at the solidification temperature, this solution is not
valid. This paper considers the limit of the coupled heat
and momentum equations for small times, and finds that
it is not possible to solve the corresponding problem, when
the densities are different, without introducing a singular-
ity into the liquid velocity and pressure. The solution to
a non-classical Stefan problem, where cooling is due to a
constant heat flux, is also considered, and is found to be
free from such singularities.

INTRODUCTION

Buoyancy-driven flows with coupled solid-liquid phase
change occur in a broad range of scientific and engineering
fields; often cited examples are those in the solidification
and melting phenomena encountered in metallurgical pro-
cesses, latent heat thermal energy storage, oceanography,
food processing and nuclear reactor safety. Consequently,
there is also a focus on the development of numerical meth-
ods to solve such problems.

A particular difficulty is the fact that initially only one
phase is present; in this paper, we will only consider solid-
ification, so that it is only the liquid phase that is initially
present. Often, when applying a front-tracking numer-
ical method, a small amount of solid phase of uniform
thickness is assumed to be present in order to initiate a
numerical computation [1-3]; in tandem, it is necessary
to prescribe appropriate initial velocity and temperature
fields. For the velocity field, it is convenient just to as-

sume that the liquid is stationary. For the temperature,
the simplest approach is, having already assumed a solid
layer of uniform thickness, to use the Neumann solution
to the classical 1D Stefan problem. This approach is ad-
equate if, at the melting temperature, the density of the
liquid phase is equal to the density of the solid phase.
Otherwise, the density difference will induce a velocity in
the liquid, rendering the assumptions on the initial veloc-
ity and temperature fields incompatible with each other;
indeed, it is only very recently that any progress has been
made with this scenario [4], although in the context of heat
transfer alone. The purpose of this paper is to derive ap-
propriate starting conditions for a computation in which
solid and liquid densities are different. The idea is similar
to that used in several recent solidification problems [5,6],
albeit now with the added complexity of a non-zero veloc-
ity field in the liquid phase. It is also worth noting that
although using another numerical method, such as the en-
thalpy formulation on a fixed grid, would not require such
attention to detail as regards the start of solidification, it
is also likely that such methods would not have the ac-
curacy required to resolve the motion of the solidification
front correctly, and to reproduce the interfacial patterns
that are observed experimentally [7-9].

The layout of the paper is as follows. First, model equa-
tions are formulated, and then nondimensionalized. Their
behaviour is then considered in the limit of small time; this
leads to a system of similarity ordinary equations that are
solved semi-analytically. The mathematical singularities
associated with these solutions are discussed, and an al-
ternative formulation is proposed, which is then shown to
remove these singularities.

1178



NOMENCLATURE
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Tcold [K]
Thot [K]
Tmelt [K]
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[u]  [m/s]
v [m/s]
U [
4 [l
Vo [
x [(m]
X -
y [m]
Y -

Special characters

b

«
AH;

Ui
0

[W/m?K]

Biot number, hoh/k;

liquid specific heat capacity
solid specific heat capacity
function defined in equation (64)
function given by equation (62)
function given by equation (58)
gravitational acceleration
location of the liquid surface
initial liquid height
dimensionless liquid height
liquid thermal conductivity

solid thermal conductivity

unit vector normal to y = h (z,t)
unit vector normal to y = s (z,t)
pressure

pressure scale, pk;/ h%plocpl
dimensionless pressure

Prandtl number

Rayleigh number

location of the solidification front
dimensionless location of the
solidification front

Stefan number

time

time scale, pyocpihi/ ki

unit vector tangential to

y=h(x,1)
unit vector tangential to
y=s(z,t)

liquid temperature

solid temperature

cooling temperature

initial liquid temperature
solidification temperature
reference temperature

velocity in z-direction

velocity scale, ki /hopiocp
velocity in y-direction
dimensionless velocity in
X-direction

dimensionless velocity in

Y -direction

dimensionless constant given in
equation (57)

horizontal coordinate
dimensionless horizontal coordinate
vertical coordinate

dimensionless vertical coordinate

heat transfer coefficient

thermal expansion coefficient
latent heat of fusion
dimensionless similarity variable
dimensionless temperature

dimensionless cooling temperature

Hcold [‘]

K - dimensionless constant, x;/ks

K1 [m?/s]  liquid thermal diffusivity,
ki/cpipr (Tmeit)

Ks [m?/s]  solid thermal diffusivity,
ks/cpsps (Tmelt)

A [] dimensionless variable in
equation (64)

i [kg/ms]  liquid dynamic viscosity

v [] dimensionless constant given in
equation (57)

I [] dimensionless function of n and 7

P [-] ps (Tmett) / pt (Tmeit)

01 [kg/m3]  density of liquid phase

P10 [kg/m3]  reference liquid density

Ps [kg/m3]  density of solid phase

T [] dimensionless time

Tm [] dimensionless time until the

start of solidification

MATHEMATICAL FORMULATION

To fix ideas, this paper considers the freezing from below
of a fluid with freezing temperature T+, initial height hg
and initial temperature Tho, where Thor > Tperr- Fig. 1

shows the model geometry.

n, |

y=h (X,D/J—'t/‘

h
A
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n
I y=s(xt -
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= \

Figure 1: Schematic illustration of the solidification of a

fluid from below

Governing equations
For the solid region, we have

or
Pocr gr
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i.e. the equation for transient heat conduction, where
Ps, Cps, ks are the density, specific heat capacity and ther-
mal conductivity of the solid phase, respectively. For the
liquid phase, we have

op 0 B B
EJF%(PW)Jra—y(Plv)—O, (2)
ou_ 0w ow\_ op (Pu o
P\t "oz T8y ) T Tax M\ a2 T 82 )

(3)
Ov  ov . Ov _
P\t " Ty ) T
dp v 0%
o A 4
ay+“<ax2+ay2> g, (4)
or, 9T . T\ _, (9T | 0°Ti

For the liquid density, we use
pr=pwo (1 — o (T —T));

In addition, g, ¢y, ki, a are the viscosity, specific heat ca-
pacity, thermal conductivity and thermal expansion coef-
ficient of the liquid phase, respectively.

Boundary and initial conditions

Aty =0,
T = Tcold; (6)
aty = h(z,t),

VT -n;, =0, (7)

Oh
ot = (u,v) - np, (8)

ou  Ov

th-(a—y+%)-nh—07 (9)
p=0, (10)

where nj, and tj, are, respectively, the unit vectors normal
and perpendicular to the curves y = h (z,t) and are given
by

= (—he 1)/ (L4 12)2 0 6= (k) /(14 02)7
Aty =s(z,1),
T = Theut, (11
ksVT -ng — VT -ng = ps (AHf)%, (12)
(u,v) - ts =0, (13)
o (G- o) en) =p 5, (1)
where
1/2 1/2

ng = (—$g,1)/ (1 + sz) , o ts=(1,8.)/ (1 + sz) ,

Tonetr is the melting/freezing temperature and AHy is the
latent heat of fusion.
The initial conditions at ¢ = 0 are, for 0 < y < hy,

T=Thy, u=0, v=0, (15)

and
s(z,0) =0, (16)
h(z,0) = ho (17)

NONDIMENSIONALIZATION

To nondimensionalize, we set

x Y S h t
X=—, vY=2, §=_2, H=—, 7=—,
ho ho hO hO [t]
T—Tm It (7 v p
f=— """  U=—, V=—, = .
Thot _Tmelt [u] ['LL] [P]

Suitable choices for the time, velocity and pressure scales
- [t], [u] and [p] respectively - are

ky ok

h2
[t = 2020 [y] = =
hopiocpt hgpiocpl

ke

Governing equations
Equations (1)-(5) become, on applying the Boussinesq
approximation,

00 920 9%

“ar = axz T ave (18)
ou oV
8_X + 8_Y =0, (19)
1 /oU oU oUu oP 09U 0%U
Pr (E HUsx +Va—y> = “ox Taxz Tave 0
Pr \ Or 0X oy ]
OP  9*V 9V
_8_Y+W+W+Ra0, (21)
00 00 o0 %6 %6
aw VaxtVaoy "o T @

where the Rayleigh number, Ra, and the Prandtl number,
Pr, are given, respectively, by

Ra — Picplg (Thot = Tmeir) hgy pp — Hepl ’
pki ky
and k = K;/Ks, with
ky ks
R = s Ks =
Cpl P10 CpsPs
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Boundary and initial conditions

AtY =0,
0= Hcolda (23)
where gcold - (Tcold - Tmelt) / (Thot - Tmelt) ; at Y =
H(X,T),
Vo -n;, =0, (24)
8H
,V 2
ou oV
P = (27)
AtY =5(X,7),
0 =0, (28)
Kk 0S
0 - s _Ks 9'5_:__7 2
(V) — Kis (V0 m,)_ = =5 (29)
oS
(-5 =WUV)n, (1)
T
where the Stefan number, St, is given by
o Cps (Thot - Tmelt)
St= AH; ’
Kls = kl/ks and P = Ps ( melt) /Pl ( melt)
The initial conditions at 7 =0 are, for 0 <Y <1,
=1, U=0 V=0, (32)
and
S(X,0) =0, (33)
H(X,0) = (34)

THE LIMIT AS 7 — 0
If p = 1, there will be an analytical (similarity) solution
asT—0:

U=0, V=0 S=xr'2 H=1,
erf(x'/?n/2) :
) 0cord <1 erf()xf-cl/Z/Q) ifY < S(r) (35)
- = Y >5()

where 7 = Y/7'/2 and ) is a positive constant that is the
solution to

KATL/2

o P (—rA?/4) exp (—A?/4)
et (\e1/2/2) T erc(A2) 25t
(36)
equations (35) and (36) consitute the classical Neumann
solution to the Stefan problem [10]. On the other hand, if
p # 1, then (31), which becomes
oS

(1=p) 5 =V

1/2

—K

(37)

in the limit as 7 — 0, indicates that V' # 0. Now, if
S ~ 712 we would need V ~ 771/2. Note that (19) then
leads to V/9Y = 0, giving at V = Vo7~ /2, where Vj is
a constant to be determined. Setting

U=0, P=P(¥,7),
equations (18)-(22) give
20 %0
“or ~ ove (38)
1 fov ov 8P 0%V
80 a0 0%
o Vay ~ oy (40)

note that equation (20) drops out, since the assumptions
on U and P mean that it is satisfied exactly. The remain-
ing boundary conditions are

0=0.04 atY =0, (41)
0=0 atY =S5(r), (42)
00 00 Kk 0S
<8_Y)_Kls <8—Y)+—§§ atY—S(T), (43)
Vz(l—p)a—s atY =5 (7),
or
(44)
00
5y 0 at (1), (45)
H
V:8_ atY =5 (7); (46)
or
the initial conditions are
=1, V=0, 0<Y <1, (47)
S (0) =0, (48)
H(0)=1. (49)
Now, we try
0=F, (n7), V=Vor 2 P=7r"'(n1),
S:)\Tl/2, H=1+vr/? pn=Y/7'/2
So, (38)-(40) become, in the limit as 7 — 0,
H dF dQFS
Vo d1l
== 1
2Pr dp’ (51)
1\ dF, d*F
Vo—=n)]—= 2
(- 31) S0 = G- (52)
subject to
Fy =0.,4 at n =20, (53)
;=0 atn=)A\, (54)
OF, oF, XN/ k
—Ks—==(—= t A,
an : an 2 (St) an (55)
F,—1 asn— oo (56)
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Parameter Value

Cpl 4180 J kg=! K1
Cps 2217 J kg=! K71
k; 0.578 W m~1K~!
ks 1.918 W m—'K—!
Trnert 273 K

AHy 3.33x10° J kg™ !

P10 1000 kg m ™

Ps 918 kg m—3

Parameter Value

Cpl 495 J kg=t K1
Cps 485 J kg=t K1
ki 165 W m—'1K~!
ks 334 W m~'K~!
Toneit 1356 K

AH; 2.05x10° J kg™!
PLo 8000 kg m™®

Ps 8900 kg m~3

Table 1: Parameters for water

note that equations (44) and (46) give

1
v=A(l=p), Vo=5A(l-p). (57)
There is an analytical solution to Fj,
erf (nk'/?/2)
Fs=0c01a|1————F75=%; 58
i < erf (As1/2/2) (58)
hence, Fj satisfies (52), subject to
F,=0 atn=A\, (59)
Ocotar/? exp (—kA? /4
Klsﬁz_ cold v exp( K /)_)\_/{ at'f]:)\’
dn /2 erf (Ak1/2/2) 2S5t
(60)
Fi—1 asn— oo (61)
So, we arrive at
P erf (%n—%) —erf (%)\—VO). (62)

erfc (%)\— Vb) ’

on using equation (60), we obtain a transcendental equa-
tion for A,

kY20 exp (—rA2/4)  Kjgexp (—A\2p%/4)  Awr!/?
erf (Ax1/2/2) erfc (3Ap) 28t
(63)
Once A has been determined, dIT/dn will also be fully de-
termined.

There are several observations to make here. First of all,
Fy, Fs, A depend neither on Ra, nor on Pr, although IT does
depend on Pr; furthermore, since the buoyancy term has
dropped out of the system of equations, it means that the
same equations will apply even for the case of freezing from
above. Most alarmingly, we have found that P ~ 773/2,

RESULTS
We demonstrate these ideas for water and copper, for
which p < 1 and p > 1, respectively. Defining

fA) =
K'Y 20coigexp (—rA2/4)  Kigexp (—A%p%/4) Ak
/2 erf (As1/2/2) w1/ 2erfc ($Ap) 25t’
(64

Table 2: Parameters for copper

- == p=0912
p=1

0.2 p=1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
St

Figure 3: A vs. St for water (0coiq = —2/3,—1/3)

Fig. 2 shows f (A) vs. A using the parameters for ice and
water, as given in Table 1; a comparison is made between
p = 1 and the true value of p = 0.912. For this plot, we
take O.01a = —1/3 and St = 0.4; in both cases, we would
expect a unique positive solution for \. Fig. 3 shows A as
a function of St for 0.,,q = —2/3, —1/3 and the two values
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of p; this indicates that neglecting the density difference at
T = T,e1; would underestimate the location of the front,
although by considerably less than the 10% difference that
there actually is in the densities.

Fig. 4 shows f (A) vs. A using the parameters for solid
and molten copper, as given in Table 2; a comparison is
made between p = 1 and the true value of p = 1.113. For
this plot, we also take 0.0 = —1/3 and St = 0.4. Fig. 5
shows A as a function of St for 0.,g = —2/3,—1/3 and the
two values of p; this indicates that neglecting the density
difference at T' = T,,,.;: would overestimate the location of
the front, although once again by considerably less than
the 10% difference that there actually is in the densities.

Figure 4: f(\) vs. A for copper

Gcold = _2/3 _____
ecold = _1/3
p=1
0.2 -— = p=1113
0 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 3.5
St

Figure 5: A vs. St for copper (Ocoiq = —2/3,—1/3)

DISCUSSION

In addition to the singularity in the pressure as 7 — 0,
a further difficulty with the solution given above is that
the solution obtained for V' does not satisfy the initial
condition (47). Consequently, the above analysis suggests

that, inspite of the fact that Figs. 3 and 5 indicate that
accounting for the solid/liquid density difference does not
result in a particularly great difference in the prediction for
the location of the solidification front, there are neverthe-
less considerable difficulties in obtaining a self-consistent
description for initial heat and momentum transfer when
considering cooling by means of an imposed temperature.
An alternative approach would then be to consider cool-
ing by means of a different type of boundary condition. An
obvious candidate is a heat-flux boundary condition; from
an experimental point of view, this is also more realistic
than a constant temperature condition. With this type of
boundary condition, solidification will not begin immedi-
ately; instead, there will be a delay before phase change
occurs. Some details of this case were given in [6], although
the initial liquid region was assumed to be semi-infinite in
extent and only a Neumann boundary condition was con-
sidered; here, the analysis is extended to a liquid of finite
height and with cooling by means of a Robin boundary
condition.
We replace (6) by
klg_z =bh(T —Teota),
where b is a heat transfer coefficient and T,.;q is a cool-
ing temperature; for simplicity, both are assumed to be
constant. Nondimensionalizing as before gives

o

Y

where Bi (= hoh/k;) denotes the Biot number. Assuming

the effects of natural convection to be weak to begin with,

so that U,V = 0, we reduce (22) to
90 020

or oy’

which we solve subject to (24), (32) and (66); this gives

(65)

= Bi (0 — Oo1a) , (66)

(67)
0(Y,7)=0(Y,7) + Ocota, (68)

where
N = Xn . 2
321 77 CoS X +sinx exp (—x77), (69)

with, for n =1,2, ...,
Xn tan Xn = Bi (70)
and
2900ld

Bn = Xz X3 X
(3 +1)xn— (3 -%-

1) (1 —cos2xn) .

(71)
Equation (68) solution holds until solidification starts; this
will occur when # =0 at Y =0, i.e. when 7 = 7,,, where
T satisfies

Bifcota + Z By xn exp (_XELTm) =0.

n=1

(72)
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Now, we use the corresponding result from [6], which in-
dicates that, when solidification starts,

S () ~ A (T — )2, (73)

where \ = 4St0yy (0,7,,) /37%/%; hence, (68) gives

8510014

A= — o2 Weold
3Birl/2

B3 cos xnY exp (—x2T)

) (1 — cos2xn)
(74)

An interesting point here is that A will not depend on p;

as for V (1), we will now have, from equation (44),

xz(z

X X7 :
n=1 B;lz +1) Xn_(B;E _%_

3
V(1) ~ 5 (L= p)A(r = 7m) 2. (75)
Furthermore, setting P = II(n,7), where n =
Y/ (- Tm)1/2 , we obtain, from (51),
dIl 3
—=—(1=p)X\ 76
LRl (76)

hence, the key points are that there is now no singularity
in V, nor in P, when solidification starts, and equation
(75) is consistent with the assumption that the liquid is
initially stagnant.

It remains to speculate on what will happen if U,V are
not negligible by the time solidification starts. In this case,
it is unlikely that 6 will be a function of Y alone, which
suggests a particular point on Y = 0 will reach the freez-
ing temperature before any other point. Consequently, it
would be necessary to perform a two-dimensional analysis
in order to determine the growth of the solidification front
just after phase change begins; this is beyond the scope
here, as it is a significantly more difficult task than the
derivation of the one-dimensional analysis presented here.

CONCLUSIONS

This paper has considered the initial stages of solidifi-
cation in the presence of natural convection when there is
a difference in the solid and liquid densities at the freezing
temperature. It was found the classical one-dimensional
Stefan solution for the temperature fields in the solid
and liquid phases results in a singularity in both the lig-
uid pressure and velocity fields; this singularity is not
present when the two densities are equal. Singularities can
be avoided by not using a constant cooling-temperature
boundary condition, but rather a heat flux condition. In
this case, solidification does not begin instantaneously, but
only after some finite time interval, t,,; thereafter, the so-
lidification front moves as (¢ — tm)3/ 2 and the normal ve-
locity of the liquid phase at the solidification front behaves
as (t — tm)l/2 . Although this appears to be an appealing
resolution of the problem, a further difficulty will occur
if convection has become significant before solidification

starts; in this case, the advancing front will not be planar,
but must originate from a point at the cooled boundary.
Although this paper has considered only the case of
cooling and solidification from below, the analysis may
also be of use in a corresponding analysis for solidification
from above, as well as for problems involving melting.
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