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Abstract

This thesis is divided in three main chapters devoted to the study of finite element
approximations of fluid flows with special nonlinearities coming from boundary con-
ditions.

In Chapter 1, we consider the finite element approximations of steady Navier-Stokes
and Stokes equations driven by threshold slip boundary conditions. After re-writing
the problems in the form of variational inequalities, a fixed point strategy is used to
show existence of solutions. Next we prove that the finite element approximations
for the Stokes and Navier Stokes equations converge respectively to the solutions of
each continuous problem. Finally, Uzawa’s algorithm is formulated and convergence
of the procedure is shown, and numerical validation tests are achieved.

Chapter 2 is concerned with the finite element approximation for the stationary
power law Stokes equations driven by slip boundary conditions of “friction type”. It
is shown that by applying a variant of Babuska-Brezzi’s theory for mixed problems,
convergence of the finite element approximation formulated is achieved with classi-
cal assumptions on the regularity of the weak solution. Solution algorithm for the
mixed variational problem is presented and analyzed in details. Finally, numerical
simulations that validate the theoretical findings are exhibited.

In Chapter 3, we are dealing with the study of the stability for all positive time
of Crank-Nicolson scheme for the two-dimensional Navier-Stokes equation driven by
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slip boundary conditions of “friction type”. We discretize these equations in time
using the Crank-Nicolson scheme and in space using finite element approximation.
We prove that the numerical scheme is stable in L? and H'-norms with the aid of
different versions of discrete Grownwall lemmas, under a CFL-type condition.

x1
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Introduction

Significant progress has been achieved in the analysis of the motion of incom-
pressible fluid models of differential type using finite element methods. This work
is concerned with the finite element approximation of the boundary value prob-
lems for the motion of incompressible fluid governed by the Stokes/Navier-Stokes
equations, or by the non-Newtonian Stokes equation with certain nonlinear slip
boundary conditions. Since these classes of nonlinear slip boundary conditions
include the subdifferential property, the variational formulations are variational
inequality problems.

So far extensive study has been done for the motion of incompressible fluid
which is governed by the Stokes/Navier-Stokes equation, or by the non-Newtonian
Stokes/Navier-Stokes equation in hydrodynamics as well as in mathematics. As
to the boundary condition, almost all of these works have dealt with the adhe-
sive boundary condition to the surface of a rigid body, namely, with the Dirichlet
boundary condition (see, for instance, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]). This is
of course reasonable from or consistent with the nature of such fluids and walls.
However, there are phenomena, whose mathematical analysis seems to require in-
troduction of some non-routine boundary conditions which might allow non-trivial
motion of fluid on or across the boundary, for instance, slip or leak of fluid at the
boundary. As examples, we can refer to flow through a drain or canal with its
bottom covered by sherbet of mud and pebbles, flow of melted iron coming out
from a smelting furnace, avalanche of water and rocks, blood flow in a vein of an
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Introduction 2

arterial sclerosis patient, flow through a net or sieve, water flow in purification
plant, etc. This observation is consistent with the hypothesis that the velocity at
the wall is not zero. Several studies have been made and showed not only that
slip takes place when a threshold is reached [12] but also it’s the origin of many
defects and instabilities in the polymer injection process [13, 14].

The inadequacy of the adherence condition is also evident from experimental ob-
servations (e.g.[15, 16, 17]) which show that non-Newtonian fluids such as polymer
melts often exhibit macroscopic wall slip, and that in general this is governed by
a nonlinear and nonmonotone relation between the slip velocity and the traction.
This may be an important factor in sharkskin, spurt and hysteresis effects; see
[18, 19, 20] for a detailed discussion and additional references. Moreover, fluids
that exhibit boundary slip have important technological applications. For exam-
ple, the polishing of artificial heart valves and internal cavities in a variety of
manufactured parts is achieved by imbedding such fluids with abrasives [21].

A more important class of slip laws are those in which the magnitude of the
tangential stress must reach some critical value, here called the slip yield stress,
before slip occurs. These problems are especially interesting because the part of
the boundary where slip occurs is not known and may vary with time. In fact,
some experiments show that the onset of slip and the slip velocity may also depend
on the normal stress at the boundary [15, 17, 22]. Not surprisingly, the theory
and the numerical analysis for flow problems of this kind is equally limited. But
since the last two decades, a remarkable progress has been achieved in the field of
computational fluid dynamics with slip boundary conditions.

For a stationary Stokes problem, Fujita [23] introduced the following slip law.

[(on)r[ <y,
[(oen)r| <g = ur = wr, on S, (0.1)
(o)l =g = ur 2wr .~ (on)r =gt —oi”

where the notations will be explained later.
Fujita et al. [23, 24] have studied the existence of steady solution to the Stokes
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Introduction 3

problem with slip condition (0.1) which they call slip of the “friction type”, and
with an analogous leak condition and later on Li et al. [25] for Navier-Stokes
equations with the slip condition (0.1) . The regularity and the solvability of
the solution for Stokes and Navier-Stokes equations have been carried out in
[26, 27, 28, 29, 30] and for non-Newtonian Stokes equations by [31]. Regard-
ing the numerical analysis for Stokes and Navier-Stokes equations with this slip
conditions in terms of finite element method, [32] proposed an iterative algorithm
of Uzawa type and gave some numerical examples. Recently Kashiwabara [33]
presented the framework of finite element method including existence, unique-
ness, error analysis and implementation. Error estimates for the Stokes problem
with such slip are obtained in [34]. Based on the penalty method, in [35, 36|, Li
et al. proposed a finite element approximation combined with penalty method
and error estimates with strong regularity assumption on the velocity. Low-order
finite elements, such as the P1/P1 element with stabilized terms, are applied in
[37, 38, 39]. Another approach by the P1+ /P1 element, based on a saddle-point
formulation is found in [40]. In our knowledge, no work has been done in finite
element methods regarding the non-Newtonian Stokes equations with slip bound-
ary condition (0.1).

C. Leroux [41] introduced the following slip boundary condition in Stokes equa-
tions and later on in Navier-Stokes equations with A. Tani [42] where they have
studied the wellposedness of the steady solution.

(on)r| < g.
(an)r| < g = ur =wr, o
(en)rl =g = ur #wr, —(on)r = (g +h(l(u - w>T|>>—|EZ% Z;ﬁ

(0.2)

The threshold slip boundary condition (0.2) arise in the modeling of flows of poly-
mer melts during extrusion (where the slip threshold may depend on the normal
stress at the boundary) and flows of yield-stress fluids [43, 44, 45]. Regarding the
numerical analysis, in our knowledge, there is no work with this slip condition in
Stokes and Navier-Stokes equations or in Non-newtonian Stokes equations dealing
with finite element methods.
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Introduction 4

0.1 Thesis overview and our contributions

The thesis is divided into three main research chapters. Each of these chapters
represents scientific contributions (in form of published, accepted or submitted
journal papers). As such, each chapter is intended to be self-contained and can
be read independently of the other chapters. Note also that the notation in each
chapter is therefore slightly different.

Chapter 1 is devoted to the study of finite element analysis for Stokes and
Navier-Stokes equations driven by threshold slip boundary conditions of type (0.2)
defined in [41]. The principal goal is to analyze from the numerical analysis
viewpoint the solvability, stability and convergence of the resulting variational
inequalities of such problems. In this chapter, after re-writing the problems in the
form of variational inequalities, a fixed point strategy is used to show existence of
solutions. The finite element formulation for both Stokes and Navier-Stokes equa-
tions are derived and we establish the convergence of the finite element solutions
to the continuous solutions of each problems. For Stokes, we consider a scheme
related to the variational formulation of second kind and for Navier-Stokes, we
consider a scheme related to the Oseen problem and show that their solution re-
spectively converges to the finite element solution of the Stokes and Navier-Stokes
equations. We formulate and show the convergence of the Uzawa’s algorithm and
finally, present some numerical experiments to verify the feasibility of our algo-
rithm.

This chapter has been the object of the papers [46, 47] and is the first
work on finite element approximation dealing with slip boundary con-
dition of type (0.2).

Chapter 2 is dealing with finite element approximation of the stationary
power-law Stokes equations driven by boundary conditions of “friction type” (0.1).
The theoretical analysis of this chapter is based on the paper of Han and Reddy
[48], where sufficient conditions for existence and uniqueness are derived for the
kind of weak formulations we analyzed here. It is shown that by applying a variant
of Babuska-Brezzi’s theory for mixed problems, convergence of the finite element
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Introduction 5

approximation formulated is achieved with classical assumptions on the regularity
of the weak solution. We also present the implementation of the nonlinear saddle
point problem formulated by adopting a particular algorithm based on vanishing
viscosity approach and long time behavior of an initial value problem. Finally,
the predictions observed by the theory developed are validated by numerical ex-
periments presented.

This chapter has been the object of the paper [49] and is also the first
work on finite element approximation for power-law Stokes equations
with slip boundary conditions of “friction type”.

Chapter 3 reports on the long-time stability of the Crank-Nicolson scheme for
the 2D Navier-Stokes equations driven by the slip boundary conditions of “friction
type” (0.1). In the case of the Navier-Stokes equations with Dirichlet boundary
conditions, establishing the H!-stability for all time using Crank-Nicolson scheme
on time has be proven in [50]. Our object here is to extend the results to the
case of slip boundary condition. We discretize these equations using the Crank-
Nicholson scheme in time and in space the finite element approximation. We
establish its well-posedness and stability of the numerical scheme on L?-norm and
H'-norm for all positive time.

This chapter has been the object of the paper [51].

0.2 Generalities on variational inequality and fi-

nite element approximation

We will present preliminary material from functional analysis that will be used
subsequently. Most of these theorems are stated without proofs, since they are
standard and can be found in references. We start with a review of definitions of
several functional spaces (p-integrable functions, Sobolev spaces, etc.), this mate-
rial can be found in many books on functional analysis, e.g., [52, 53, 54, 55] among
others. We then recall some standard results on variational inequalities that will
be applied repeatedly in proving existence and uniqueness results for problems
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dealing with slip boundary conditions of type (0.1) or (0.2). A list of some books
and surveys on variational inequalities and nonlinear partial differential equations
include [56, 57, 58, 59, 60]. Finally, basic notions on finite element related to
variational inequalities are presented. More details on theoretical analysis of the
finite element methods can be found in [61, 62, 63, 64, 65].

0.2.1 Function spaces

The spatial domain 2 is assumed to be an open, bounded, and connected subset
of R? with boundary I'. A point in R? is denoted by = = (x1, - -, 24)7. A
multi-index a = (aq, - - -, g) is an ordered collection of d nonnegative integers «;.
Denote |a| = Zle a;. If v is an m-times differentiable real-value function defined
on €2, then for any a with |a| < m,

ololy(x)

- aq Qg
8:1;1 s 1t ',8Id

0%v(x)

denotes the ath partial derivative of v.
The space L"(2) with 1 < r < oo, is the Banach space of Lebesgue measurable

functions v : Q — R such that ||v||z» < 0o, where the norm || - ||.- is given by
1/r
</ |v(a:)|rdz> if rell,o00),
Q
[ollr =
ess sup |v(x)| if r=o0.
TeQ

In particular, the space L?*(f2) is a Hilbert space with the inner product
(u, v) = / w@o(@)dz forall u, v e L2(Q).
Q

|| - ||z is usually denoted by || - ||
We denote by
Lo(€) = {v € L"(Q), (v,1) = 0}.

We say that a subdomain €’ is compactly included in €2, and denote it by €' CC €,
if ' C Q.
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Definition 0.2.1 Let 1 <r < o0. A function v : Q — R is said to be locally r-

integrable, written asv € Lj, (), if for every & € Q) there is an open neighborhood

Y of © such that ¥ CC Q and v e L"(Y).
In Sobolev spaces, derivatives are understood to be in the following weak sense.

Definition 0.2.2 Let Q be a nonempty open set in RY, and v, w € L} (). Then

loc

w is called an ath weak derivative of v if

/v(w)@o‘qﬁ(a})dz = (—1)|a/w(a:)¢(ac)dx for all ¢ € C;°(2). (0.3)
Q Q
If v is m-times continuously differentiable on €, then for each o with |a| < m,
the classical partial derivative 0“v is also the ath weak derivative of v. Thus,
the usual derivative, when it exists, is also a weak derivative and so we use the
notation 0%v also for the ath weak derivative of v.

Let m be a nonnegative integer and let r € [1, 00]. The Sobolev space

Wmr(Q) = {v e L'(Q); 0°ve L'(Q) forall o| <m},

is equipped with the norm

( 1/r
> / 0% v|"dx if re[l,o0),
jaf <m 7 <2
[0l = (0.4)
max ||0%v|| e if r=o0,
\ [a|<m
and seminorm
( 1/r
Z / |0% v|"dx if rell, o00),
— Ja
(0] = ¢ N (0.5)
lrr‘lax |0%v|| oo if r=o0.
\ |a|=m
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When r = 2, W™ () is the Hilbert space H™(2) with the scalar product

(0, w)m = Y (0°v,0w).

laj<m

We denote the norm of H™(2) by || - ||,» and its seminorm by |- |,,. The closure of
the space C§°(€2) with respect to the norm || - ||, is a closed subspace of W™ (),
denoted by W™ (Q). When r = 2 we use the notation Hj*(Q) = Wy»*(Q). It
can be shown that the seminorm |- |, is a norm on Wi™"(€2) and is equivalent to
|-l on W5 (€2). For system of equations, we will use the product space and will
be indicated by boldface type letters (L"(Q) = [L"(Q)]4, W™ (Q) = [W™"(Q)]4,
etc.).

We need function spaces on the boundary or a part of it. The related Lebesgue
and Sobolev spaces can be defined through the use of a smooth partition of unity.
Details can be found in [66, chap 6]. In this context, we will restrict our attention
to the boundary of a polygonal or polyhedral domain. Then, it is quite straight-
forward to define the related Lebesgue and Sobolev spaces. Suppose I'y C T,
where Iy is a union of I with 1 < i < iy and each I'* is straight or planar. Then
v € L"(T) if and only if v € L"(T"), 1 < i < 4y and we use the norm

. 1/r
10

vl zr o) = (Z ||U||Lr(ri)> .
i=1

In a Sobolev space, it is possible to define the notion of generalized boundary
values, i.e., the notion of the trace of a function on the boundary. The trace of
a function that is continuous up to the boundary coincides with the value of the
function on the boundary.

Theorem 0.2.1 Assume that Q is an open, bounded, Lipschitz domain in R?
with boundary I' and 1 < r < oo. Then there exists a continuous linear operator
v WE(Q) — L'(T) such that yv = v|p if v € WH(Q) N C(Q). Moreover, the
mapping ¢ : WET(Q) — L7(T') is compact, i.e., for any bounded sequence {v,} in
WL (Q), there is a subsequence {v,} C {v,} such that {yv,} is convergent in
L"(T).
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The operator v is called the trace operator, and v is the trace or generalized
boundary value of v € W17 (Q). For the sake of simplicity, when no ambiguity
may occur, we write v instead of yv. It follows from the continuity of v that there
exists a constant ¢ > 0 such that

vl < cllvlli, forall v e W (Q). (0.6)

Generally, the trace operator is neither an injection nor a surjection from W17 (Q)
to L"(I") (the only exception is when r = 1: the trace operator is surjective from
W(Q) onto L™(T')). Let HY2(T") denote the range of the trace operator on the
space H'(Q); it can be shown to be a Hilbert space and we denote by (-, )12
its inner product. Assume that € is a bounded Lipschitz domain in RY with
boundary I'. Then the trace operator v : H'(Q) — H'Y2(I) is linear, continuous,
and surjective. The kernel of the trace operator on H'(Q) is Hj(2). We denote
by H~'/?(T") the dual space of H'/?(I') and by (-,-)p the duality pairing between
H=Y2(T") and HY2(I'). This duality pairing is an extension of the L?(I') inner
product and if ¢ € L?(T), then ¢ € H~Y2(T') and

(& &) = /F ¢'¢da for all € e HY*(T).

0.2.2 Elements of nonlinear analysis

In this subsection, we review some standard results on nonlinear operators de-
fined on Banach or Hilbert spaces, including the well-known Banach fixed point
theorem.

Definition 0.2.3 Let X be a normed space, X' its dual and (-,-) the duality
pairing between X' and X. Let A : X — X' be an operator. The operator A is
said to be monotone if

(Au— Av,u—v) >0 forall u,veX.
The operator A is strictly monotone if

(Au— Av,u—v) >0 forall u,ve X, u#w,
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and strongly monotone if there exists a constant m > 0 such that
(Au— Av,u—v) > mllu—v||% foral u,veX.

The operator A is coercive if

(Au, u)

11m
Jullx =00 ||ul|x

= 00.
The operator A is nonexpansive if
|Au — Av||x < |lu—v||x for all wu,ve X.
The operator A is Lipschitz continuous if there exists Lo > 0 such that

|Au — Av||x < Lallu —v||x  for all u, v e X.

The operator A is said to be hemicontinuous if the real function t — (A(u+tv), w)

is continuous on [0, 1] for all u, v, w € X.

Definition 0.2.4 Let f : X — R. The function f is said to be proper if
f(v) > — oo for allv e X and f(u) < oo for some u € X.
The function f is convex if

f((A=tu+tv) < (1 —1t)f(u)+tf(v) forevery wu,veX and te(0,1).
(0.7)
The function f is strictly convez if the inequality (0.7) is strict for u # v and all

te(0,1).

Definition 0.2.5 A function f : X — R is said to be lower-semicontinuous,

written l.s.c., at u € X if

liminf f(u,) > f(u) (0.8)

for each sequence {u,} C X converging to uw € X. The function f is l.s.c. on a
subset of X if it is l.s.c. at each point of the subset. We say that f is l.s.c. if it is
l.s.c. on X. When inequality (0.8) holds for every sequence {u,} C X converging
weakly to u, the function f is said to be weakly lower-semicontinuous written as

weakly l.s.c., at u; weakly l.s.c. on the subset; and weakly l.s.c., respectively.
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If f is a continuous function, then it is also l.s.c. However, the converse of this
statement is not true since lower semicontinuity does not imply continuity. Since
strong convergence in X implies weak convergence, it follows that a weakly lower
semicontinuous function is lower-semicontinuous. Moreover, it can be shown that
a proper convex function f : X — R is lower-semicontinuous if and only if it is
weakly lower-semicontinuous.

The notion of the subdifferential (e.g. [67]) is very useful in describing various
mechanical laws and constraints that arise in problems dealing with slip boundary
conditions, and other models as well.

Definition 0.2.6 Let X be a real normed space with dual X', and let f : X — R.
Assume that u € X is such that f(u) # +oo. Then, the subdifferential of f at u
is the set

Of(u) ={we X": f(v)— f(u) > (w,v—u) for allv e X}. (0.9)

Fach w € 0f(u) is called a subgradient of f at w. The function [ is said to be
subdifferentiable at u € X if Of (u) # 0.

In the case where X = R, Definition 0.2.6 is equivalent to

Definition 0.2.7 Let ¢ : R — (—o00, 00| be a given function possessing the prop-
erties of convexity and weak semi-continuity from below (v is not identical with
+00). Let a € R, the sub-differential set O (a) is the set;

OY(a) ={beR: Y(c) —(a) > blc—a) for all c € R}. (0.10)

Theorem 0.2.2 (Banach fixed-point theorem)/68]. Let K be a nonempty
and closed set in a Banach space X. Assume that A : K — K is a contraction
mapping, with contraction constant a € [0,1), i.e.,

|Au— Av||x < allu—vl|x forall u,veK. (0.11)

Then there exists a unique uw € K such that Au = u, i.e., A has a unique fized
point in K.
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0.2.3 Standard results on variational inequalities

In this subsection, we review some standard existence and uniqueness results for
elliptic variational inequalities.

Definition 0.2.8 Let X be a real Hilbert space with inner product (-,-)x and
norm || - ||x. Assume that a : X x X — R is a bilinear form. a(-,-) is said to be
continuous or bounded if there exists a number M > 0 such that

la(u,v)| < M||u||x|lvl|x forall u,veX. (0.12)

The form a(-,-) is said to be X -elliptic or coercive if there is a constant o > 0
such that
a(u,u) > allullx forall ue X. (0.13)

We have the following results. The proof of Theorem 0.2.3 can be found in [69, 63]
whereas Theorem 0.2.4 was proved by Reddy [70], and Han and Reddy [48].

Theorem 0.2.3 Let X be a Hilbert space. Assume that a : X x X — R is a
continuous and X -elliptic bilinear form, J : X — R U oo is convex, lower semi-
continuous and proper and | : X — R is a linear continuous functional. Then
there exists a unique solution to the elliptic variational inequality of second kind:

ve X, alu,v—u)+J(w)—J(u) >lu—v) foral veX.

Theorem 0.2.4 Let V and N be two Hilbert spaces, and A a nonlinear operator
from W toits dual W', b: U x N — R a bilinear form, and j : ¥ — R a functional.
The bilinear form b(-,-) is assumed to have the following properties:

(i) b(-,-) is continuous, so that there exists a bounded linear operator B defined
by B: V¥ — N*,
(B,m) = b(1p,m), for allyp € ¥ and m € N.

(i) b(-,-) is inf-sup stable, that is there exists a constant B > 0 such that

Bl Njkersr < Supiﬂé@ﬁ (0.14)

b(y, m)
1]
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The operator A is assumed to be coercive, monotone, hemi-continuous and bounded.
The functional j is assumed to be proper, convexr and l.s.c.
Then, for each f € V', the problem:

Find (¢,m) € W x N such that

(A, v = @) = b(¥ — ¢, m) + j(¥) = j(¢) = (f, b —¢)  forall h eV
b(¢,q) =0 forall ge N |
(0.15)
has a unique solution.

Note that since the bilinear form b(-, ) satisfies the inf-sup condition (0.14), prob-
lem (0.15) is equivalent to the following problem.

{Find ¢ € U such that (0.16)

(A9, — &) +5(¥) = j(9) = {f,9 — ¢) forall ¢ e V.

0.2.4 Preliminaries on finite element approximations

There are some basic steps in the construction of finite element functions. First, we
need a partition or a triangulation of the domain of the differential equation into
subdomains called the elements. To each partition we associate a finite element
space, and then we choose its basis functions. For practical considerations it is
desirable that the basis functions have small supports. For definiteness and for the
sake of simplicity, we assume that €2 is a polygonal domain which is partitioned
into a finite number of elements K € ¥, where the discretization parameter h is
defined as h = maxges, diam(K).

For an arbitrary element K, we denote

hx = diam(K) = mazx{||x — y| : =, y € K}

and
pr = diameter of the largest sphere inscribed in K.

(Th)n is a regular family of triangulation in the sense of Ciarlet [62] if the followings
are satisfied.
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e For all Ky, Ky € T), such that Ky # Ky, K1 N K, is a side, a vertex or the

empty set.
b UKETh K = ﬁ
e There exists a constant p > 1 such that
h
K <p forall K€%, foral h
PK

Denote by {z;}2 C Q the set of vertices of the elements in the partition Tj. For
each node «x;, a corresponding finite element basis function ¢; is such that

o ;| € Py for all K, where P} is a space of polynomials with degree less
than or equal to k,

° gbz(a:j) = 62']'7 for all 1 S] < Nh,

o let K be the patch of the elements K which contain x; as a node, then ¢;
is nonzero only on K.

The finite element interpolant of a continuous function v € C'(Q) is given by

Np

HhU = Z U(CCZ)QbZ

i=1
If the space H'(Q)) is to be approximated, then the corresponding piece-wise

function space is
Xy, = span{¢;, 1 <i < Np}.

Most boundary value problem involve essential boundary conditions and therefore
need special finite element spaces. As an example, suppose that I'y C T is a
relatively closed subset of the boundary I'. Consider the space

X" ={ve (H(Q)*: v, <0 on I},

where v,, is the normal component of v. We define the finite element space to be
X' = XN X" In other words,

Xgl :{UhG(Xh)dZ Upn <0 on Fl}
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Chapter 1

Finite element analysis on steady

Navier-Stokes and Stokes equations
driven by threshold slip boundary

conditions

1.1 Introduction

This chapter is devoted to the finite element analysis of the Stokes and Navier-
Stokes equations driven by threshold slip boundary conditions. The Stokes sys-
tems of equations for stationary flows of incompressible Newtonian fluids we con-
sidered satisfies

—vAu+Vp =f inQ, (1.1)
dive =0 inQ, (1.2)

we assume the homogeneous Dirichlet boundary condition on I', that is
u=0 onT, (1.3)
with the impermeability boundary condition

u,=u-n=0 ons, (1.4)
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and the slip boundary condition [41, 42]

[(on)r| < g,

[(on)r| <g=ur =0, on S. (1.5)
u

l(on)r| =g =ur #0, _(o-n)T:(g_'_k‘uTDﬁ
-

Here Q € R? (d=2,3) is a bounded domain, with boundary 9. It is assumed
that 0€) is made of two components S, and I' with Q0 = SUT, and SNT = 0.
v is a positive quantity representing the viscosity coefficient, k is the “friction”
coefficient assumed to be positive, and g : S — (0, 00) is the barrier or threshold
function. The velocity of the fluid is w and p stands for the pressure, while
f is the external force. Furthermore, n is the outward unit normal to the
boundary 0f2 of Q, ur = u — u,n is the tangential component of the veloc-
ity w, and (oen)r = on — (n-on)n is the tangential traction. Of course,
o = —pl + 2vD(u) is the Cauchy stress tensor, where I is the identity ma-
trix, and D(u) = 1(Vu + (Vu)”). It should quickly be mentioned that (1.5) is
equivalent to

(on)r - ur + (g + klur|)|ur| =0 on S, (1.6)

following [69] which is rewritten with the use of sub-differential as
—(on)r € (g + klur|)0lur| on S, (1.7)

where the symbol J].| is the sub-differential of the real value function [.|, with
luP=u-u .

The Stokes system can be considered as a simplification of the Navier-Stokes
equations when convection is negligible. That is (1.1) is replaced by

—vAu+ (u-Vu+Vp=f in Q (1.8)
with (1.2),(1.3), (1.4) and (1.5) unchanged, and the nonlinear term in (1.8) is the

convection term given as
d

ou
i1 03:,
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Over the past few years a remarkable progress has been achieved in the field of
computational contact mechanics. One of the key ingredients in this phenomenal
growth is attributed to the better mathematical understanding of problems. The
formulation by means of variational inequalities (see [69, 71, 57, 58, 72, 73, 74])
and the finite element method have contributed to the development of reliable
frameworks for the numerical treatment of such problems. Despite such advances
in the modeling and numerical treatment of contact problems with friction, it
should be mentioned that most works reported in the literature are still restricted
to solid mechanics. The numerical analysis works dealing with fluids flow are
concerned with the standard Amontons-Coulomb law of perfect friction [75, 76,
49, 35, 77, 37, 78, 40, 33], replacing (1.5) by

[(on)r[ <y,

[(on)r| <g = ur =0, on S. (1.9)
u

((on)r|=g=ur #0, —(on)r=g—
|ur|

As pointed out by C. Leroux [41], such a theory can represent only a limited range
of possible situations. The purpose of this chapter is to numerically analyze by
means of finite element approximation equations (1.1)—(1.5), and (1.2)—(1.5),(1.8).
At this juncture, it is important to recall that this type of nonlinear slip boundary
conditions as far as fluid flows are concerned was first introduced by Fujita in
[23, 24]. This is in continuation of a series of investigations aimed at the analysis of
Stokes and Navier-Stokes equations driven by nonlinear slip boundary conditions
of friction type (see [75, 76, 49]). In order to provide a background for a better
mathematical understanding of the problems, we shall introduce in Section 2.2
some needed tools, and quickly indicate how the problems are solvable. At this
step, we recall that in C. Leroux and Tani [41, 42] a fixed point argument is
used to establish the solvability of a class of problems similar to what we want
to study. It is re-introduced here because of its usefulness in the finite element
analysis. Hence one can see a sort of “continuum” between the continuous and
discrete analysis. The finite element formulations for both Stokes and Navier-
Stokes equations are derived in Section 1.3. The finite elements are defined on
conforming triangular mesh as introduced in [62], and in each triangle the velocity
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and pressure are taken so that the Babuska-Brezzi’s condition [79, 80] is satisfied.
Here, we do not use penalty method, or pressure stabilized method to enforce
the incompressibility condition. Instead we use a direct method and sufficient
conditions of existence of solutions are employed to derive a priori error estimates
in Section 1.3. In Section 1.4, Uzawa’s algorithm is formulated and analyzed for
solving the Stokes and Navier-Stokes finite element discretization. It is shown
that the Uzawa’s algorithm converges. In Section 1.5 numerical simulations that
confirm the predictions of the theory are exhibited.

1.2 Preliminaries and Variational Formulations

In this section, we introduce notation and some results that will be used through-
out this chapter. We also formulate various weak formulations and discuss (recall)
some existence results.

1.2.1 Notations and Preliminaries

For the analysis of (1.1)—(1.5) and (1.2)—(1.8), we introduce

V={vecH Q) vr=0, v-n|s=0}), Vy=HQ),
Vaiw={v eV, divv =0}, M=L3Q).

From Poincaré-Fredrichs’s inequality, there exists a positive constant C', such that

/\'U|2dx < C’/ |Vo|*’dx for all v €V, (1.10)
Q Q

which implies that on V', the semi-norm (0.5) defines a norm which is equivalent
to the norm in (0.4). Also, of importance in this work is the Korn’s inequality
which reads; there exists a positive constant C', such that

/ [Vo|dx < C’/ |D(v)|?dx forall veV, (1.11)
0 Q

which implies that we can equip V' with || - ||y = || D(-)|| which is equivalent to
| - |l We now recall classical operators associated with the formulation of the
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Stokes problem (1.1)—(1.5), and Navier-Stokes problem (1.2)—(1.8) (see [79, 80]).
We first introduce bilinear forms a(-, ) and b(+, ) defined as follows

a:VxV >R with a(u,v)= 2V/ D(u) : D(v)dx
Q

b:V xM—R with b(u,p):/pdivudx.
Q

Let d(-,-,-) be the trilinear form defined as follows

d:VxV xV =R with d(u,v,w):/(u-V)v-wd:):.
Q

The trilinear form d(-, -, -) is continuous on V' x V' x V' i.e., there exists a positive
constant C); such that

|d(u, v, w)| < Cyl|ullv|v]lv[wly forall w,v,weV
Moreover, for all u € Vg, and v, w € V

dlu,v,w) = —d(u,w,v), (1.12)
du,v,v) = 0. (1.13)

The bilinear form b(-, -) satisfies the inf-sup condition, i.e., there exists a positive
constant 3 such that

b
Bllpll < sup (u.p) for all p € L3(S). (1.14)
uev ullv

As a readily obtainable consequence of Korn’s inequality (1.11), a(-, ) is coercive
on V, that is
a(v,v) = 2v|v||} forall veV. (1.15)

The coercivity of a(+, -) will allow us to apply the classical existence and uniqueness
result (see Theorem 0.2.3) for elliptic variational inequalities of the second kind.
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1.2.1.1 Mixed Variational formulation of (1.1)—(1.5)

Suppose that f € H™'(Q) and g € L*(S) with ¢ > 0 on S. We multiply the
equation (1.1) by v — w for all v € V and integrate the resulting equation over
Q2. After application of Green’s formula, we obtain

w0 w) - Ho - up) - [

S

an-(v—u)ds:/gf-(v—u)dx. (1.16)
Next, we briefly recall that since
on=oyn+or, v—u=(vy—uy)n+(vr—ur),
then we have
/So"n (v—u)ds = /SO'T(’UT —ur)ds, since vy —uy|r=0.(1.17)

On the other hand, it follows from boundary conditions (1.5) which are equivalent
to (1.7) after using Definition 0.2.7 that

[+ Hurl)(orl = furl)ds > = [ orfor —unas. (113)
We now define the functional
J:HY(Q) x H'(Q) = [0,00) with J(u,v)= /S(g+k|u7-|)|'v7-|dx. (1.19)
Together with (1.16)-(1.19), the following weak formulation is obtained: Find
(u,p) € V x M such that

forall v,qe V x M,
a(u,v —u) —b(v —u,p) + J(u,v) — J(u,u) >
b(u,q) =

Note that since the bilinear form b(-,-) satisfies the inf-sup condition (1.14), then

,U—u) (1.20)

the variational inequality problem (1.20) is equivalent to

Find uw € Vg, such that
(1.21)

a(u,w—u)+ J(u,w) — J(u,u) > (f,w—u) foral weVy,.
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Proposition 1.2.1 The functional J satisfies:

(a) for all v € H' (), J(v,-) is convex, nonnegative and continuous on
H'(Q).

(b)  for all vy, vy, ¢, ¢y € HY(Y), there exists Cy such that

J(v1,¢y) — J(v1,¢y) + J(v2,¢) — J(v2,¢) < Cokllvr — va|lv[|¢ — Callv-
(1.22)

Proof (a) is readily obtained. For (b), note that:

J(v1,Cs) = J(v1,61) + J(v2,¢1) = J(02,() = /Sk(\’vll—\’U2\)(\Cz|—\Cl\)d8

[Skuvl —wal)(I€1 — Cal)ds
Cokl[o1 — valv ¢y — Cally-

IN

IN

The main result of this subsection is the following

Theorem 1.2.1 Suppose that

k
_ Cok

0
2v

<1. (1.23)

Then the mized variational problem (1.20) admits a unique solution (u,p) € V' x
M, which satisfies the following bound

lully < CU[Fll-1 + lgll2es)), (1.24)
Ipll < CUIfIl-1 + lgllzzcs))- (1.25)

It is clear from our condition (1.23), that we either need; a large enough viscosity
or a small friction coefficient.

The proof of Theorem 1.2.1 is based on fixed point arguments and established in
two steps.

First, let v € Vg5, and the functional Jy defined on H'(Q2) by Jy(w) = J(v, w).
By Proposition 1.2.1, Jp is convex, non negative and continuous. We consider
the following variational inequality.
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{Find Ny € Vaiv such that
a(Ny, w — Ny) + Jv(w) = Ju(ny) = (fw —1ny) forall we V.

(1.26)
It follows from Theorem 0.2.3 that
Lemma 1.2.1 there exists a unique solution 1y € V gy to the problem (1.26).

Next, let us consider an operator ® : Vg, — Vg, defined by

(v) = Ny,

where 1, is a unique solution of problem (1.26).

Cok

Lemma 1.2.2 Suppose that 0 < %2

point u € V g,

< 1, then the operator ® has a unique fized

Proof Let vy, vo € Vg, and set n; = ®(vy), ny, = P(v3). Then, we have
a(ny,w—mny) + Jui(w) — Jyi(ny) > fw —mn,) forall weVy,, (1.27)
and
a(ny, w —ny) + Jyz(w) — Jya(n,y) > (fw —n,) foral weVy, . (1.28)

Taking w = n, in (1.27) and w = n, in (1.28) and add the resultant equations,
we obtain

a(my — M, My — M) < J(vi,my) — J(vi,m) + J(v2,my) — J(v2,m,).
It follows from (3.15) and (1.22) that
2v||ln, — my|IT < Cokllve —villilmy — mull1,
we have

Cok
My — Ml < g“’vz — 1|1,
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that is
[®(v2) — @(v1) |1 < Ml[vy — vil]1,

with 0 < M := % < 1. Then @ is a contraction of the Hilbert space Vg, and
has a unique fixed point u € Vg;,. A unique fixed point u is a unique solution of
the variational problem (1.21).
To derive the a priori estimate (1.24), let w = 0 and w = 2w in (1.21), one
has
a(u,u) + J(u,u) = (f,u),

which from (3.15), and Theorem 0.2.1 gives

2 ully < [[£fll-1 + Cllgllzas)-

Next, we derive the a priori bound for the pressure. For that purpose, let w € Vy,
and replace v in (1.20) successively by uw + w and u — w, and observe that
J(u,v) = J(u,u+w) = J(u,u). Then one obtains

a(u,w) —b(lw,p) = (f,w) foral we V. (1.29)

Next, from the compatibility condition (1.14) and (1.29), one has

b Syt
BHPH S sup M = sup |a<u7w) < ,w>\
wev, lwllv wev, |w||v

< 2wlully +[[f]-1,

and the use of the bound on u leads to the desired estimate.

1.2.1.2 Mixed Variational formulation (1.2)—(1.5) and (1.8)

Suppose that f € H () and g € L*(S) with g > 0 on S. We multiply (1.8) by
v — u for all v € V, integrate the resulting equation over €2, and apply Green’s
formula to obtain

a(u,'v—u)—l—d(u,u,'v—u)—b('v—u,p)—/SO'-('U—u)ds: (f,v—u).
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According to the relations (1.17), (1.18) and (1.19), the weak formulation of (1.2)-
(1.8) can be written as follows: Find (u,p) € V' x M such that

for all (v,q) e VxM
a(u,v —u) +d(u,u,v —u) — b(v —u,p) + J(u,v) — J(u,u)
b(u,q)

<f,v—u)
0.

v

(1.30)
Since the bilinear form b(-, -) satisfies the inf-sup condition (1.14), then the vari-
ational inequality problem (1.30) is equivalent to

{Find u € Vg, such that for all w e Vg, (1.31)

a(u,w—u)+du,u,w—u)+ J(u,w) — J(u,u) > (f,w—u).

By the contraction mapping principle, we can prove the following existence and
uniqueness theorem.

Theorem 1.2.2 If the following conditions hold:

CqC - 2
_ CaGiIF N1 + llgllzzes) _

1/2
CyC _
o Cok _ | CaCulllfll-1 + ||9||L2(S))’
QU 212

then the mized variational problem (1.31) admits a unique solution (u,p) € K gy X M,

0 1, (1.32)

(1.33)

which satisfies the following bound

[ellv

]

CUIF -1+ llgllzas)), (1.34)

<
< CUIF -1+ llgllzzs) + NF120+ N9l Zeas)- (1.35)

where C satisfies

(.00~ [ alorlas| < LIl + lallo)loly— foralt veV

and o
1
Kow={veVug,, |v|v< ~ (111 =1+ llgllz2cs)) }-
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Proof. The proof of Theorem 1.2.2 follows the same lines as the proof of Theo-
rem 1.2.1, but it is more involved because of the additional nonlinear convection
term.

First, for a fixed v € K 4y, consider the following variational inequality prob-
lem:

{Find Ny € Ky such that for all w € Vg,

a(My, W — Ny) + d(Ny, Ny, W — Ny) + Jv(w) — Ju(ny) > (f, w —ny).
(1.36)

Lemma 1.2.3 Assume that the condition (1.32) holds, then there exists a unique
solution My € Kaiy to the problem (1.56).

The proof of this Lemma can be found in [78, Theorem 2.1, P553| where similar
condition is needed.
Next, let us consider the mapping ® : K4, — Ky, defined as follows

D(v) =ny

where 1), is a unique solution of problem (1.36). It is obvious that the fixed point
of ® if exists will be the solution of (1.31).

Lemma 1.2.4 Under the assumption of Theorem 1.2.2, the operator ® will be a
contraction on K g, .

Proof Let vy, vy € Ky, and set n;, = ®(v1), 1y, = ®(vy) then, we have

a(ny, w—n,)+d(n, ny, w—n,)+Jvi(w)—Jpi(n,) > (£, w-—m,) for all we Vg,
(1.37)

and

a(Ng, W—n3)+d(1y, Ny, W—3)+Jva(w)—Jp2(ny) > (£, w—m,) for all w e Vg, .
(1.38)

Taking w = 1, in (1.37) and w = n, in (1.38) and add the resultant equations,
we obtain

a(My —ny,Me — M) < dMy, My, My —M1) — ANy, My,Me —1m1) + J(v1,my)
— J(v,my) + J(v2,my) — J(v2,my)
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On the other hand, since from (1.13) d(n,,n, —1y,my — M) = 0,

d(N9; Mo My — M) —d(My, MM — M) = d(N9,M9 —N1,M5 —11) +d(My — M1, M1, M5 — 1y)
= d(772 — T, N7 — 771)7

then

a(ny=—m1,M—n,) < d(My—n1, 11, M)+ (v1,m5)—J(v1,m,)+J(v2, )= (V2,Ms).

It follows from (3.15), (1.22) and the continuity of d(-, -, -) that

2v|lny —m IV < Callmillvllng — milly + Cokllva = villvlln, —millv,

and due to the fact that 1, € K gy, [m[lv < S (1F]-1 + lglls):

we have
Cbk/QV
Ny —Milv < vy — vy,
|| 2 1HV L Cd01<||f||—1 ¥ ||9HL2(S)) H 2 1||V
202
that is
[®(v2) — ®(v1)[lv < Lflvz — villv,
Cok/2
with 0 < L := ok /2u <1
L GaCilfll=a + llgllzzes)
202
The derivation of the a priori estimates for the velocity and pressure are similar
to the one obtained for the Stokes equations and will not be repeated here.  [J
Remark 1.2.1

(a) It should be noted that (1.32) is only needed for (1.36), while (1.32) and
(1.33) are required for (1.31).

(b) It is manifest that in both conditions (1.32), and (1.33), we need small-
ness of the applied forces or large enough kinematic viscosity. In fact such
requirement are not new, and are similar to those needed for Navier-Stokes
equations with classical Dirichlet boundary conditions [79, 81, 82].
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1.3 Finite element approximations

We assume that 7, is a regular partition of {2 in the sense introduced by Ciarlet
[62]. The diameter of an element K € 7, is denoted by hg, and the mesh size h
is defined by h = maxge7, hi. Let introduce the following subspaces:

M, = {geMNCKY), qlx € P(K) for all K € Ty},
Vi = {v, e VNCQ)?, vk € Pu(K) for all K € T},
W, = {v,eVy, blun,q) =0 forall gq,¢€ M},
Voo = ViynVy,

Pi(K) the space of polynomial functions of two variables in K with degree less
than or equal to [. In fact the integers k, [ are such that the discrete counterpart
of the inf-sup condition (1.14) holds with its constant ), independent of h. For
instance, the choice of Py /Pj_1 elements with k£ > 2 satisfies this inf-sup condition
(see [83, Theorem 8.1,P77]). We can also cite [79, 80] for more discussions.

1.3.1 Finite element approximation of the variational in-
equality (1.20)

1.3.1.1 Existence and uniqueness of solution

With the finite dimensional spaces V', and M, introduced, the finite element
discretization of the variational inequality (1.20) reads: Find (wp,pn) € Vi, X M},
such that

for all (vp,qn) € Vi, X My,

a(uh, Vp — Uh) - b(’Uh - uh,ph) + J(Uh, ’Uh) - J(Uh, Uh) > <f7 Vp — uh>7
b(“’ha Qh) = 07
(1.39)
which is equivalent to
{Find uy, € W, such that for all w;, € Wy, (1.40)
a(wp, wi, —up) + J(wp, wp) — J(wn, wn) > (Fwn — up). '

© University of Pretoria



FEA Stokes & Navier-Stokes with slip boundary conditions 28

The existence of solutions of (1.40) follows the same procedure as the existence
result for (1.20), and thus it holds that

Cok
Theorem 1.3.1 Suppose that 0 < 2L < 1. Then the mized variational problem

v
(1.39) admits a unique solution (wup,pn) € Vi, X My, which satisfies the following
bound

[wnllv + [lpall < CUFN -+ Ngllzzes))- (1.41)

1.3.1.2 A priori error estimate
One of the main contributions of this chapter is the following result

Cok
Theorem 1.3.2 Suppose that 0 < 2L < 1. Let (u,p) be the unique solution

v
of (1.20), and (wy, pp) the unique solution of (1.39). Then there exists a generic
positive constant C' independent on h such that for all v, € V', and q;, € My,

1/2
lu—wnlly < C{llu—willy +lp—all + Ju—oiliEg},  (142)

1/2
lp—pull < C{Hu —onllv +1lp — anll + llu — ’UhHL/Z(S)} - (143)

Proof For w € V, we replace v in (1.20) by v+ w and u — w, and putting
together the resulting equations, one gets

a(u,w) — b(w,p) = (f,w) forall w e V. (1.44)
Likewise with (1.39) and wy, € Vi, one arrives at
a(up, wy) — b(wy, pr) = (f,wy) for all wy, € V. (1.45)
Let w = wy, then (1.44) and (1.45) give
a(lu — up, wp,) — b(wp,p—pp) =0 forall wy, € Vo,
which is re-written as

b(wp, pr — qn) = a(u — up, wy) + blwy, p — qn).
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Now, the equality together with the discrete version of the inf-sup condition (1.14)

and the continuity of a(-,-) and b(-,-) gives
b(wp, pn — qn a(u — wp, wp) + b(wy, p — qn

Blipn — anl < sup ownon =) _ sup lat )+ U )

’LUhGV()h HwhHV whEVOh HwhHV

Cvllu —wunllv + llp = anl),

IN

so that,

2= pull < llp = anll + llan — pull < C{llw —unllv + ||p — anll}- (1.46)

Next, let v, € V,, replacing successively v in (1.20); by v = uj, and v = 2u — vy,
and putting together the resulting inequalities, yields

a(w, up, —vp) —b(up —vp, p)+ J(u, 2u—vp) + J(w, up) —2J(u,w) > (f,u,—vy).
(1.47)
Note that the inequality (1.39); can be recast as

—a(wp, up —vp) +b(wp, —vp, pp) + J(up, v) — J(up, up) > —(f, up,—vp). (1.48)
Next, (1.47)4(1.48) yields

a(u — up, up —vy) — b(uy, —vp,p—pr) + J(u,2u —vy,) +
J(u,up) — 2J(uw,uw) + J(up, v) — J(up, up) > 0. (1.49)

By linearity of af(,-),
a(u — up, up —vy) = a(u — vy, up — V) — alu, — Vy, Uy — V). (1.50)
Using (1.20)2 and (1.39)9, one has

b(up, —vp,p—pn) = blup —u,p—qn) +b(up —w,q, — pn) + b — vy, p —pp)
= blup —u,p—qn) +b(u — vy, p— pa). (1.51)

Returning to (1.49) with (1.50) and (1.51), we obtain

21/||uh—'uh||%/ Sa(uh—vh,uh—vh) S ll—l—Ig, (152)
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where

I = alu—vp,up—vy) —blup, —u,p—qn) —blu—vy,p—pn), (1.53)
L, = J(u,2u—v) + J(u,up) — 2J(u,u) + J(upn, v,) — J(un, up) (1.54)

By simple algebra manipulation, we obtain

I = J(u,up) — J(u,vp) + J(up, vp) — J(up, up) + J(u, 2u — vy,)
—2J(u,u) + J(u,vy),

which from (1.22), and the application of the triangle’s inequality gives
Iy < Cokllu — wp|lv[lwn — wnllv + 2(llgllL2(s) + Cokllullv)llw — vpllL2es). (1.55)
Next, applying the continuity of both bilinear forms a(-, ) and b(-, ), we get
I < 2vfju — vplvllun — vnllv + [p = anllllw — wnllv + [lp — pallllw — villv,
together with (1.55) and (1.52) gives

2vfju — vullv|lun — vrllv + |lp — aullllu — unllv
2vilup, —vplly <9 +llp — pallllu — vallv + Cokllu — up||v||u, —villv ¢,
+2(/|gllz2(s) + Cokllullv)|lw — vallL2(s)

which together with Young’s inequality, the a priori estimate (1.34), (1.46), and
the triangle inequality

|u —upllv < [|u—vp|lv + [Jvn —wn|lv,

gives the desired bound (1.42), whereas (1.43) is a consequence of (1.42) and
(1.46). O
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1.3.2 Finite element approximation of the variational in-
equality (1.30)

1.3.2.1 Existence and uniqueness of solution

The finite element approximation of the variational inequality (1.30) reads:
Find (wp,pn) € Vi, X My, such that
(for all vp,qr € Vi x M,
a(wp, vp — wp) + d(wp, wp, vy — wp) — b(ph, Vi, — wp)
+J(up, vp) — J(up, up) > (f, v — up)
| b(wn, qn) =0,

(1.56)

which is equivalent to: Find u;, € W, such that

{for all v, € V,

a(wn, vp — wp) + d(Un, wp, vp — wp) + J (U, vn) = J (U, wp) = (f, 0 — up).
(1.57)
As far as the existence of solutions of (1.56) is concerned, we claim that

Theorem 1.3.3 If the following conditions hold:

C,C _ 2
_ Ca (£l 1;L gllz2(s)) _

0 1 (1.58)

14

Cok CaCr(llFll=1 + llgllz2cs))
— < 1-

2v 212

Then the mized finite variational problem (1.56) admits a unique solution (wp, p) €
K, x My, which satisfies the following bound

lunlly < CUFN-1 + llgllzzs) (1.60)
Il < CUFN=1 + Ngllzzs) + 1F1IZ1 + llgll7as))- (1.61)

0<

: (1.59)

where o
Ky ={vy e Wy, |lupfli < 71(||f||—1 +1lgllz2cs)) }-

The proof goes along the same lines as the proof of Theorem 1.2.2, and hence will
not be repeated here.
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1.3.2.2 A priori error estimate

Theorem 1.3.4 If conditions (1.58) and (1.59) are satisfied with f € H~ (),

g € L(S), and g > 0, then there exists a generic positive constant C independent
of h such that for all v, € V), and q, € My,

le—willy < C{luw—willv +llp— @il + lu-wilfig ), (162)

lp—pull < C{lw—villv +llp—aull + llu—wal g } . (163)

Proof Let w € V. Replacing v in (1.30) by w — w and w + w and adding
the resulting equations gives

a(u,w) + d(u, u,w) — b(w,p) = (f,w) forall we V.

Next, let w;, € Vi, and replace v, in (1.56) by u;, — w,, and u;, + wy, adding
the resulting equations, one gets

a('u,h, wh) + d('u,h, Uy, wh) — b(wh,ph) = <f, ’LUh) for all w;, € V.
Putting together the former and later equations for w = wy, gives

a(u—up, wy)+d(uw, w, wy)—d(up, wp, wp)—b(wp, p—pp) =0 for all w, € V.
(1.64)
From the linearity

b(’wh,ph - Qh) = b(’wmph - p) + b(’wmp - C_Ih),

d(u, u, wp) — d(up, up, wy,) = dlu,uw—up, wy) + du — upy, up, wy),

which together with the inf-sup on b(-,-) and (1.64) gives

Bllpn — aall < sup nPh = dn)
weVy, |wnl|v
— s la(w — wp, wy) + d(u, w — wp, wy) + d(w — wp, wp, wy) + b(wh, p — )|
w,eVy, ||wh||V
< ([ —wunllv + Callullvl|u — wnllv + Callunllv |lw — wnllv + llp — gnll)
< (2vflu —uplly + 2CuC, ([Fl-1 + [lgllz2(s)) lw — wnllv + [lp — gnll)

1%
since ue Ky, and wu,e€ Ky,
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Hence

1P = pall < llp = anll + llan — pall < C{llw = wnllv + [Ip — aall} - (1.65)
Next, we take v, € V7, replacing successively v in (1.30); by v = u; and

v = 2u — vy, one gets

a(w, up —u) +d(u, u, up, —u) —b(uy, —u,p) + J(u,up) — J(u,u) > (f,u, —u),
(1.66)
and

a(u, u—vp)+d(u, u,u—vy) —blu—v,, p)+J(u, 2u—v,)—J(u,u) > (f,u—v;).
(1.67)
(1.66)+(1.67) yields

a(uw, up —vy) + d(u, u, u, — vy) — b(uy, — vy, p) (1.68)
+J(u,2u — vp) + J(u, up) — 2J(u,w) > (f, up — vp).
Note that the inequality (1.56); can be written as

—a(up, wp, — vy) — d(un, wp, up — vy) + b(uy — vy, pp) + J(up, Vi)
—J(up,up) > —(f, u, —vp),
which together with (1.68) leads to
a(u —up, up — vy) + d(u, w, uy, — vy) — d(wp, wy, wp — vy) — b(up — Vi, P — pPp)
+ J(u,2u —vp) + J(u,up) — 2J(u, uw) + J(up, v) — J(up, up) > 0. (1.69)
Note that
d(u, w, up—vp)—d(up, up, up—vp) = d(w, u—upy, up—v,)+d(u—uy, wp, wp—vy).

(1.70)
Substituting equations (1.50), (1.51) and (1.70) into (1.69) yields

wllup — ol < alup —vn, up — vy)
< a(u —vp,up —vp) = bluy —u,p—qn) — b(uw —vn,p—pa
+d(u, u — up, up — vy) + d(u — wp, up, wp — V) (1.71)
+J(u,2u — vy) + J(u,up) — 2J(uw,uw) + J(up, v,) — J(up, up).
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Using standard inequalities and (1.55), (1.71) becomes

( 2v|lu — vp|lv|lun — vullv + llp — qnll[lw — unllv

+p = pullllw — villv + Callullv||w — wpllv||w, — vallv

2v u, — vy 2 S
| Iv Callunlv e = wnlly fun — onlly + Cokllw — wnlly een — va v
\ 228, + Cokllullv) [ — v lLzacs)
2v||lu — vpl|v]|un — villv + |lp — allllwe — unllv
N ST I P e o o R

+Cok||lu — up||v||un — villv + [|p — prll[lw — villv
L +2(l9llz2es) + (1 £l -1 + gl zzs)llw — vnll s
since uwe Ky, u,€ K,

Hence using the triangle inequalities, the Young’s inequality, and the relations
(1.58), (1.59) and (1.65), we obtain

lu —uplly, < C{llu—vplly + [Ip— all” + [l — villr2s) }

which automatically gives (1.62), while (1.63) is a consequence of (1.62) and (1.65).
U

Remark 1.3.1 [t should be mentioned that specific choice of Vi, and My, leads
deriwation of particular rate of convergence in Theorem 1.3.2 and Theorem 1.3.4.
(see [79, 80]).

1.4 Numerical Algorithm

In this section, we present and analyze the algorithms for the implementation of
(1.39) and (1.56). Next, we present some numerical computations related to the
algorithms described.
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1.4.1 Numerical algorithm for Stokes variational inequal-
ity (1.39)

Let us consider the following problem: Given u) € V', find (ul,p?) € Vi, x M,
such that

for all vy, q, € V), x M,

a(ug, vy, —up) — (v, —ug, pp) + J(wp ™ vp) = J(uphug) > (f o — up)
b(“% qh) - 07
(1.72)
which is also equivalent to; given ul) € W, find (u},p!) € W, such that
for all v, € W, (1.73)

a(uza Up — U'Z) + J(U’Z_la vh) - ‘](U’Z_:l’ U'Z) > <fa Up — U'Z>
About the convergence of the algorithm (1.72), one can claim the following

Cok
Theorem 1.4.1 Suppose that 0 < QL < 1, problem (1.72) admits a unique
v

solution (u}l,py) € Vi x My. Moreover let (wp,pn) € Vi, X My, be the solution
of problem (1.39). Then the iterative solution (uy,p}) converges to (up,pn) in
Vi x My as n — oo. More precisely,

Cok\"
i =l < (5F) -l (174)
[pr =l < Cllug, — v (1.75)

Proof. For the solvability of (1.72), note that knowing u}~' € V,, computing
(u}l,py) € Vi x My, in (1.72) is to solve the variational inequality of the second
kind with g replaced by g + k|ul,!|.

Next, let v, = u} in (1.40) and v, = uy, in (1.73), adding the resulting equations,
we obtain:

alup —up, up —uyp) < J(’u,Z_l,uh)—J(’u,z_l,uZ)—l—J(uh,uZ)—J(uh,uh). (1.76)

(3.59) is treated using the coercivity (3.15) on the left, whereas its right hand side
is bounded using the inequality (1.22). We then obtain

2vilup — wy |} < Cokllup™ — wplv]up — wllv,
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which gives

Cok,, .
o — il < <t =

By induction one has (1.74).

For the convergence of p}, let w;, € Vo, and replace vy, in (1.72); successively

by u} + wj, and u) — wy,. Observe that J(u;‘_l,vh) = J(uz_l,uz + wy) =

J(u}™ ul) | then
a(uy, wy) — b(wp, py) = (F,wy,) for all wy, € V. (1.77)
Likewise, one obtains
a(up, wy) — b(wp, pr) = (f,wy) for all w;, € Vi,
which together with (1.77) gives
a(uy, —up, wp) — b(wy, pr, — pr) = 0 for all wy, € V.
That relation together with the discrete inf-sup condition on b(+, -) leads to,

b — —u?
n_pll < su (Uh7ph ph) — a(uh uhvwh>
Blipk — pall p p

’UhEVh thHV 'UhGVh HwhHl

< 2v||uy — upllv,

and the proof is terminated using (1.74). O

Remark 1.4.1 Knowingu)~" € V,, computing (u},p?) € Vi x My, in (1.72) is
to solve the variational inequality of the second kind with g replaced by g+k|uf,‘.;1
which can be solved numerically using Uzawa iteration method (see [71, 77, 33,

79]).

Then we construct the following Uzawa iteration algorithm to solve (1.39) via
(1.72)
Algorithm 1:
u) € Vy,, A\ €A, arbitrary given (1.78)

where A = {\ € L*(S) : |\(z)] <1 ae. on S} and A, C A is the finite element
space.
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Step 1: knowing (u} ', A\?) € V', x Ay, compute (u},p}) € Vi, x My, by

a(u},vy) — b(vn, pi) = (f,vn) — fs At(g + k|uf,‘_;1 Jurpds for all v, € V),
b(up,qn) =0 forall ¢, € M, ,
(1.79)
Step 2: Renew A\ € A,

At = Pa, (A + plg + kluis, ' uy,) (1.80)
where Py, (1) = sup(—1,inf(1, 1)) for all u € L*(S) and p > 0.

Remark 1.4.2 The unique ezistence of (uj,py) € Vi, x My, satisfying (1.79) is
guaranteed by the discrete inf-sup condition on b(-,-).

1.4.2 Numerical algorithm for Navier-Stokes variational

inequality (1.56)

Let us consider the following problem: Given u) € V', find (ull,p}) € Vi, x M,
such that

for all vy, q, € Vi x My,
a(uy, v, —u}) + d(uz_l, up, vy — ul) — b(vy, — ull, py)

I (upon) = J(uy ) > (F v, —ug),
b(u;;aq}l) = Oa
(1.81)
which is equivalent to
Knowing u! € V;,, Find u} € W, such that
a(u}, vy, —ul) + d(u) ul, v, — ul) (1.82)

+J(u) o) = J(up ) > (f, v, — ul) for all vy, € W,
About the convergence of the algorithm (1.81), we claim that

Theorem 1.4.2 Assume (1.52), and (1.33). Then the problem (1.81) admits
a unique solution (u},py) € K x My. Moreover let (un,pn) € V5 X My, be
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the solution of problem (1.56). Then the iterative solution (u},p}) converges to
(wp,pr) in Vi, X M, as n — oo. More precisely,

" Cok  CaCy([[ Fll=1 + llgllz2es)) \ "
|lup —unlly < ( 5, + 5,7 () ) —uplly  (1.83)
Ipr — ol < Cllup —unlly + lup™" — unllv) - (1.84)

Proof.  We start by proving that ||ul|ly < (|| f]-1 + [lg]lr2cs)) Le, u} €
K, . Let wy, = 0 and wy, = 2u} in (1.82), since d(u} ', u}, u}) = 0, one has

2wy S/Sk\UZ?LlHU’T‘hIdSJra(UZMZ) = (fm?i)—/sg\u:h\ds

< |(foul) - / glully|ds

< ClIF N+ Nlgllzzes)llaad v
hence

Ch

n Cl
luillv < o (I l-1+llgllezis) < —=(1F -1+ 19l zs)-

<]

Next, setting v, = u} in (1.57) and v, = u;, in (1.82) and adding the resulting
equations, we obtain:
n—1

—a(up — up, up — up) + d(wp, wp, up —up) —d(uy ", up, up —up)

T (up ™ un) = J(up ™ uy) + T (s, ug) = J (g, ug) > 0,

Note that since d(up, u) — up, uj — uy) =0,

d(wp, wp, w) —up) — d(u) ™ ul, ul —uy) = —d(u) ™t =y, ul,ul — uy),
thus
2wy —willy < aluh —wn,up — up)
< —d(up Tt = up,ul, ul — up)
+ J(up ) = J(up ) + J(u, ) — J(un, )
< Callupllvlluy™ = unllvlluh — wnllv + Cokllup ™ — wnllv |y — unllv,
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which together with |[u}|lv < (|| £ll-1 + |9l r2(s)), yields

" Cok | CaCi(llfll=1 + llgllz2) |1, e
i~ il < (G + - o™ — v

and (1.83) follows by induction.

For the convergence of p}, let w;, € V, and replace vy, in (1.81); successively
by u} + wy, and ul! — wy. Observing that J(u) ' v,) = J(u) ' ul + wy) =
J(u)}~t ul), one has

a(uw), wy) +d(uy ™t up, wy) — b(wy, pft) = (Ff,w,) for all wy, € V. (1.85)
Likewise, one has
a(up, wy) + d(up, up, wy) — b(wp, pr) = (f,wy) for all wy, € Vi,
which when combined with (1.85) gives

n_

a(u) — up, wy) + d(u) ™ — wp, wll, wy) — d(wp, w)l — wp, wy,)

—b(wp, py — pr) = 0 for all wy, € V.
That relation together with the discrete inf-sup condition on b(-, -) gives

b(wp, pj — pn)

Bllpy —prll < sup

’wheVU;L ||wh||v
< sup ‘a(uz — Up, wh)| + d(uz_l — Up, ’U,Z, 'I.Uh) - d(“’hu ’U,Z — Up, wh)|
lwh[v
< 2wllup —upllv + Callupllv|lwy™ — wnlly + Callun|lv[[uf; — unllv,
therefore since uj, € Kj and u} € K}, we claim (1.84). O
Cok  CuC 1+ "
Remark 1.4.3 (a)  The convergence factor < 20 + 1<||fH21 5 Hg||L2(s)))
v v

is strictly less than one as one can see from (1.53).

(b) It should be observed that similar condition is obtained in [84] for Navier-
Stokes equations under Dirichlet boundary conditions.

© University of Pretoria



FEA Stokes & Navier-Stokes with slip boundary conditions 40

As in Stokes formulation (1.39), we construct the following Uzawa iteration algo-
rithm to solve (1.56) via (1.81) .
Algorithm 2:

u) € Vi, M\ €A, arbitrary given (1.86)

Step 1: knowing (u} ', A\}) € V', x Ay, compute (u},p}) € Vi, x My, by

a’(uha ’Uh) + d( uh7 vh) b(vhaph) f> vh fs g + k‘|’l,l, ),U’Thds
for all v, € Vy,

b(uj,qn) =0 forall g, € My,
(1.87)
Step 2: Renew A\ € A,

A= Py (N + plg + klugy uzy,) (1.88)
where Py, (1) = sup(—1,inf(1, x)) for all u € L*(S) and p > 0.

Remark 1.4.4 The unique existence of (u}l,py) € Vi, x My, satisfying (1.87) is
guaranteed by the inf-sup condition (1.14).

The iinitialization of the flow defined by (1.79) and (1.87) is important. Let us
observe that since one has well-posedness of (1.39) and (1.56), in order to con-
solidate the convergence of (1.39) and (1.56), we suggest the solution of Stokes
equations

{Z(uh,vh) —b(vn, pr) = (f,vn) Vo, € V), (1.89)

(wn, qn) =0, Vg, € M), ,
as initial condition for our algorithms (1.79) and (1.87).

1.5 Numerical experiments

Let us explain our numerical experiments. We assume 2 = (0, 1)?, the boundary
of which consists of two portions I and S given by:

F={0,9)/0<y<1}U{(z,0)/0 <x<1}U{(l,y)/0<y<1}  (1.90)
S={(z,1)/0<xz <1} (1.91)
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For the triangulation 7, of 2, we employ a uniform N x N mesh, where N denotes
the division number of each side of the domain. The implementation is done by
extending the Matlab code developed in [85, 86]. In all the examples presented,
the velocity and pressure will be approximated by P2 — P1 element.

We recall that the different steps of our algorithm are as follows: Choosing the
parameter p (here we choose p = 0.5),

(a)  Starting with w9, solution of (2.65) and \} = 1,
(b)  knowing (w)~', A\I), compute (u},py, A1) solution of (1.79) or (1.87).
The stopping criteria for iteration is
gy — wp < 1077
Let us consider

up(z,y) = 2022 (1 — 2)%y(1 — 2y)
us(z,y) = —20z(1 — z)(1 — 22)(1 — y)?y? (1.92)
p(z,y) = (2z —1)(2y — 1)

1.5.1 Numerical examples for Stokes problem (1.1)-(1.5)

(u,p) defined by (1.92) turns out to be the solution of the problem (1.1)-(1.5)
under the appropriate choice g where v =1 and f(= f,res) 1S given by

fa(z,y) = 20(122 — 6)y*(1 — y)? + 20z (1 — 22)(1 — 2)(2 + 12y — 12y) + 2(22 — 1)
(1.93)
It is easy to verify that the solution w satisfiesu =0on ', u-n =uy =0, u; #0

{fl(x,y) = 8022(1 — )% — 20(2 + 1222 — 122)y(1 — 2y) + 2(2y — 1);

on S. By direct computations, we have

or =—60z(1—2)> on S

1.94
ur =202%(1—2)> on S (1.94)

and
max lor| = 3.75. (1.95)
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On the other hand, from the slip boundary conditions (1.5), we have
lor| < g+ klur| on S (1.96)
then we find from (1.96) that with ¢ constant:

g+ klur| > 3.75 = (1.92) remains a solution.

g+ klur| < 3.75 = (1.92)is no longer a solution and a non-trivial slip occurs.

Indeed it is observable in Figures 1.1, slip and non-slip condition on the boundary.
In fact in Figure 1.1-a and Figure 1.1-b, g + k|ur| < 3.75 and we see the mani-
festation of the slip due to the adherence of the flow at the boundary, whereas in
Figure 1.1-¢, g + k|ur| > 3.75 and no slip occurs. In addition, we find that

(a) as the threshold g of tangential stress increases, the more difficult it becomes
for a non-trivial slip to occur,

(b) the smaller the threshold g of tangential stress becomes, the easier it becomes
for a non-trivial slip to occur,

which is in agreement with the predicted outcome.
For all the numerical results here, we set v = 1, k = 107!, p = 0.5 and g is
indicated on the pictures.
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Figure 1.1: Velocity field respectively for ¢ =0.5, g =1, g =14

1.5.2 Numerical examples for Navier-Stokes problem (1.2)—
(1.5),(1.8)

For Navier-Stokes problem, we consider the same solution (1.92) as in Stokes
problem with appropriate choice of g , and f given by

f - fstokes + (’U, ' V)’U,

We observe similar pattern as commented for Figure 1.1. In our computations
we did not observe a major difference between Stokes and Navier-Stokes as far as
the driven cavity is concerned. Of course as it was expected, the simulations with
Navier-Stokes system is more time involved than the one of Stokes equations.
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Figure 1.2: Velocity field respectively for ¢g =0.5, g =1, g =14
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1.5.3 Numerical accuracy check

We evaluate the error between approximate solutions and exact ones as the di-
vision number N increased. Since we do not know the explicit exact solution
when g = 1, we employ the approximate solutions with N = 60 as the reference
solutions (wyef, pres), and we compute the H'-norm and L?-norm respectively for
velocity and pressure of the difference of the reference solution and the approxi-
mate solution (wuy, py). The results are presented in Table 1.1 for Stokes problem
and Table 1.2 for Navier-Stokes problem.

Table 1.1: convergence results for Stokes problem

h | ||wpey —upll | rate H' | |lp —pnll | rate L?

1/6 1.150e-3 1.308e-2
1/10 7.814e-4 0.756 7.071e-3 1.204
1/12 6.863e-4 0.711 5.657e-3 1.223

1/15 D.783e-4 0.767 | 4.243e-3 | 1.289
1/20 4.790e-4 0.654 2.928e-3 | 1.289
1/30 6.185e-4 0.630 1.814e-3 | 1.180

Table 1.2: convergence results for Navier-Stokes problem

h | [ty —uplly | Tate H' | ||p—pull | rate L?
1/6 1.103e-2 1.208e-2
1/10 8.262e-3 0.566 7.171e-3 1.021
1/12 7.499e-3 0.531 5.957e-3 | 1.017
1/15 6.714e-3 0.495 4.743e-3 | 1.021
1/20 7.896e-3 0.563 3.528e-3 | 1.028
1/30 6.446e-3 0.500 2414e-3 | 0.935
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Chapter 2

Finite element analysis of the stationary

power-law Stokes equations driven by
friction boundary conditions

2.1 Introduction

We devote this chapter to the finite element approximation of the power law
Stokes flow governed by the partial differential equations

—v div(|D(u)["?D(u)) +Vp = f in Q,

2.1
divu = 0 in Q, (2.1)

where € is the flow region, a bounded domain in R?. The motion of our incom-
pressible fluid is described by the velocity w(x) = (u1,us) and pressure p(x), the
external force per unit volume is f, while the positive parameter v is the viscosity
of the fluid. Of course, D is the deformation tensor given as

D(u) = %(V'u, + (Vu)?).

The motion of the fluid at the boundary, say, 0€) is characterized by the presence
of the Tresca type conditions which is described below. First, we assume that 0f2
is made of two components, S (say the outer wall) and I' (the inner wall), and
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it is required that Q2 = SUT, with SN T = (). We assume the homogeneous
Dirichlet condition on I', that is

u=0 onl. (2.2)

We have chosen to work with homogeneous condition on the velocity in order
to avoid the technical arguments linked to the Hopf lemma (see [79], Chapter 4,
Lemma 2.3). In order to describe the motion of the fluid on S, we first assume
the impermeability condition, that is

uy=u-n=0onS, (2.3)

where m = (nq,ny) is the outward unit normal on the boundary 09, and wuy
is the normal component of the velocity, while ur = u — uyn is its tangential
component. In addition to (2.3) we also impose on S a threshold slip condition
[41, 23] which is the particularity of this work. The threshold slip condition can
be formulated with the knowledge of a positive function g : S — (0, 00) which is
called barrier or threshold function and the tangential part of the traction force
acting on S glue together in the following way

[(on)r| <y,

|(Un)7| <g=ur= 07 on S. (24)
u

[(on)r|=g=ur #0, —(on)r = g——
[ur|

Of course (on)r is the tangential component of the traction force on acting
on the boundary S, and o is the Cauchy stress tensor given by ¢ = —pI +
v|D(u)|""2D(u), where I is the identity matrix. It should quickly be mentioned
that (2.4) is equivalent to (see [69])

(on)r - ur +glur|=0o0n S,
which is re-written with the use of sub-differential as

—(on)r € golur| on S, (2.5)
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where |- | is the sub-differential of the real valued function |- | with |w|? = w - w.
It should be mentioned that different boundary conditions describe different phys-
ical phenomena. The slip boundary conditions of friction type (2.5) can be justi-
fied by the fact that frictional effects of the fluid at the pores of the solid can be
very important. The class of boundary condition (2.5) was introduced by Fujita
in [23], where he studied some hydrodynamics problems, such as the blood flow
in a vein of an arterial sclerosis patient and the avalanche of water and rocks.
Subsequently, many studies have focused on the properties of the solution of the
resulting boundary value problem, for example, existence, uniqueness, regularity,
and continuous dependence on data, for Stokes, Navier-Stokes and Brinkman-
Forchheimer equations under such boundaries condition. Details can be found
in [41, 23, 28, 40, 42, 87, 31, 27, 29, 88, 89, 24, 32, 90] among others. But the
combination of (2.5) with the p-Laplacian has not yet been considered in the
literature, and in this work we give a detailed mathematical analysis on the ex-
istence and uniqueness of weak solution. The aim of this study is to contribute
to the numerical analysis of flows problem driven by non-conventional boundary
conditions. Hence, our main focus is to analyze numerically (2.1)—(2.5) via finite
element approximations. That is to establish the convergence of the finite element
solution. It is manifest that (2.1)—(2.5) has many numerical challenges among
others; the nonlinear operator (p-Laplacian), the incompressible condition and
the related pressure, and the nontrivial boundary condition (2.5) which brings
a non-differentiable expression into the variational formulation of the problem.
Hence, our second contribution here is to formulate and analyze an algorithm
well adapted and easy to implement for the numerical challenges mentioned.

Even though many researches have been done for the approximations of varia-
tional inequalities [91, 63, 48, 72, 71] (just to mention a few), not much research
in theoretical numerical analysis has been done for the kind of problem described
by (2.1)—(2.5). Li and Li [35] proposed a penalty finite element approximation
method for the Stokes equation with nonlinear slip boundary conditions (2.5).
They proved the optimal order error estimate provided that the velocity is H? up
to the boundary, however, no numerical simulations are exhibited. An and Li [78]
proposed a penalty finite element method for the steady Navier-Stokes equations.
The Mathematical analysis of this chapter borrows heavily on the contribution of
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Reddy [70] and Han and Reddy [48], where sufficient conditions for existence and
uniqueness are derived for the kind of weak formulations we analyze here, while
the solution procedure we propose is divided in three steps. The first step is based
on some works of R. Glowinski [91] in that, we associated to a steady problem an
evolution problem in which only the long time effect is taken into consideration.
Next, because of the incompressibility condition, and the non differentiable term
appearing in the variational problem to solve, we approximated then the problem
by a sequence of penalized /regularized “better behaved” variational equations and
justify the approximations by some convergence results. Thirdly, to improve the
performance of our scheme, we add to the problem obtained in step 2 a viscos-
ity term and show that the new “perturbed” problem converges to the original
variational formulation. All these theoretical results are supported by numerical
simulations indicating the robustness of our algorithm. The rest of this chapter is
organized as follows. We give some notations, formulate the variational models in
section 2.2 and indicate how existence of weak solution is obtained. In section 2.3,
we formulate the finite element procedure, explain how existence and uniqueness
of solution is obtained and derive error estimates. Section 2.4 is concerned with
the algorithm, while section 2.5 deals with numerical simulations.

2.2  Variational Formulations

In this section, we formulate variational models associated to problem (2.1)-(2.5).
We also indicate how existence and uniqueness of solution is obtained.

2.2.1 Notation

We introduce the following spaces

V={veW'(Q), v[r=0, v-n|g =0}, Vy= Wé’T(Q),
Vi ={veV, divv=0}, M=L;(Q).
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We can equip V by || - ||v = ||D(:)|| - because | D(-)||z- is equivalent to || - ||1-
Next, we define the following operators A and b(-,-) as follows

AT WY(Q) > W Q) with  (Au,v) / ID(W)[2D(u) : D(v)dx
Q

b:VxM—R with b(u /pdlvudx
Q

2.2.2 Mixed variational formulation

Given f € W5(Q) and g € L”(S) with ¢ > 0 on S, we multiply the first
equation in (2.1) by v — u for all v € V| integrate the resulting equation over €2,
after application of Green’s formula, we obtain

<Au,v—u>—b(v—u,p)—/Sa~(v—u)ds:/ﬂf-(v—u)dx. (2.6)
Next, we briefly recall that
oc=oyxn+or, v—u=(vy—uyn+ (vr—us),
then we have
La-(v—u)ds = /So'q-('vT—uT)ds, since vy —un|r=0.

On the other hand, according to the definition (0.2.7),

/ 9(1vr] — [url)ds > - / o+ (vr — ur)ds,
S S

which together with (2.6) leads to the following weak formulation of (2.1)-(2.5):
Find (u,p) € V x M such that

(Au,v—u) —b(v—u,p)+j(vr) —jlur) > (ffv—u) foral veV,
b(u,q) = 0 forall g€ M ,
(2.7)
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where j(n) = [ g|nlds. Note that because the bilinear form b(-,-) satisfies the
inf-sup condition (1.14), the variational inequality problem (2.7) is equivalent to

Find u € Vy;, such that 2.8)
(Au,w —u) + j(wr) — j(ur) > (f,w —u) forall we Vg, , .
which is also equivalent to the following optimization problem
Find u € Vg, such that
(2.9)
Q(u) < Q(w) forall we Vg, ,

where
Qw) = = VW[5, + j(ws) = (£, w).

To show the existence and uniqueness of solution of (2.7) it suffices to show that
the assumptions of Theorem 0.2.4 (see [70, 48]) are satisfied. The coercivity,
monotonicity and boundedness of A are proved by Barrett and Liu [92], see also
Chow [93]. In fact one has; for all u, v in Wy" ()

lu—=vli7, < CAM) —AW),u—v) (Jull, + VIl

JA®) — AW < Cllu—v|i;!, 1<r<2 (2.10)
lu=vlli, < C(A(u) = A(v),u—v), (2.11)
1A) = AW)l|-1r < Cllu =l (fullir + [1VI)"™, 2 <7 < oo,

where C' > 0 denotes a generic constant independent of u and v.

The inf-sup condition (1.14) has been proved by Baranger and Najib [6], Amrouche
and Girault [94]. The functional j(-) is easily shown to be convex, nonnegative
continuous. However j is not differentiable.

We thus conclude this section with the following result.

Lemma 2.2.1 The mized variational problem (2.7) admits a unique solution
(u,p) € V x M, which satisfies the following bound

lully < CUAlLe + gl )Y, (2.12)
ol < CUAl - + gl s)) - (2.13)
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Proof Let w=0 and w = 2u in (2.8), one has
(Au, ) +j(ur) = (f,u),
then, we have by (2.11),

||u||711,7“ < C<Au7 u> = C(<f7 u> _.](’U’T))v
< Ol -volhallie + gl g llulliy),  for 2 <r <oo.

Similarly, by (2.10),

Jull?, < Cllullf,"(Au,u) = CllalF."((Fu) — j(ur))
< ClallF N = llallr e + Nl L sy Tl 1),
for 1<r<2.

Thus the two relations above give the same result (2.12).
Next, we derive the a priori bound for the pressure. For that purpose, let w € Vg,
and replace v in (2.7) successively by u+ w and u — w, and observe that

jvr) =jlur £ wr) = jur) .
We now obtain
(Au,w) — b(w,p) = (f,w) forall we V. (2.14)

Next, from the compatibility condition (1.14) and (2.14), one has

b(W,p) |<AU,W> B <fa W>|
Blpllpr < sup = = su
weVjy ||W||1,7’ weVy ||W||1,7’
< ||Aul|=1, + |[f]]=1 - (2.15)

Thirdly from (2.10) and (2.11), there holds that for all » > 1,

lAu]| 1 < Cllulli;!

1,7 >

which when combined with (2.15) and (2.12) leads to result announced in (2.13).
U
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2.3 Finite element approximation of the varia-

tional inequality (2.7)

2.3.1 Preliminaries and existence of solution

In this section, we analyze the finite element discretization of the variational
inequality (2.7). We assume that 7, is a regular partition of © in the sense
introduced in Cialert [62]. The diameter of an element K € 7}, is denoted by hg,
and the mesh size h is defined by h = maxge7, hi.

Let V, € V and M), C M be two conforming finite element spaces that will be
made precise later. Let introduce the following subspaces:

Vo ={vi € Vi, b(vi,qn) =0 forall g, € My},
Vo, =V,yNVy.
The mixed weak formulation for the finite element discretization of the variational
inequality (2.7) reads:
’Find (up, pr) € Vi X My, such that
(Aup, v, — up) — b(vy — wp, pp) + J(vn) = J(ur) = (f, v — up),

b(“’ha qh) = 07
\for all (vp,qn) € Vi, X My,

(2.16)

For the existence and uniqueness of solution of (2.16), we apply Theorem 0.2.4,
with the special requirement among others that the constant in the discrete coun-
terpart of the inf-sup condition (1.14) be independent of h. Indeed, the reader
can consult [95, 79, 80] where many examples of elements pair which satisfies the
discrete version of (1.14) are given. In summary, we have the following result.

Lemma 2.3.1 The finite element formulation (2.16) has a unique solution (wy,, py)
which moreover satisfies;

lwnlle < OOl + gl )Y, (2.17)
pallr < CUAl -1+ llgllr(s)) - (2.18)

where C' > 0 1s a generic constant independent of h .
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Proof The proof follows the same lines as the proof of Lemma 2.2.1 .
Let v;, = 0 and v, = 2uy, in (2.16);. Using (2.16)s, one has

<Auh, uh) + j(’U,hT) = <f, uh),

then, we conclude (2.17) by (2.11) and (2.10) .
To show the bound (2.18), for all w;, € Vyy, , let vj, = u, + wy, and v, = u;, — wy,
in (2.16) and since j(vpr) = j(upr £ wp,) = j(upr) , one has

<A11h, Wh> — b(Wh,ph) = <f, Wh> for all wy € Voi. (219)

Then from the inf-sup condition (1.14), we conclude (2.18) by using (2.17). O

2.3.2 A priori error estimate

To start with, we recall the following result which will be useful for this subsection

1> ail? <C(m,B)> ||’ forall ;>0 andforall >0, (220)
i=1 =1
where C(m, f3) is a positive constant depending on m and . The main result of
this paragraph can be stated as follows.

Theorem 2.3.1 Suppose that ) is a bounded convexr domain in R? and assume
that f € WL"(Q). Let (u,p) be the unique solution of (2.7) and (w,pp) the
unique solution of (2.16). Then there exists a generic positive constant C' inde-
pendent on h such that for all v, € V), and q, € My, there hold;

o Forl<r <2

1w — vp | r(s) + [lu— w13,
2(r—1
= wnllf + = ol

B—r 2
= onll557 + [l — w7y [

2
1)

+Hp=anll " +llp = anll3,

I — w3,

(2.21)
r—1
Ip=paller < C{lu—wlll" +llp =gl } -
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o for2<r< oo

_ ) - 2 _ T
T C{nu onllercs + u—wnlll, + u vhul,r}

Hlu = onll7, + o = a2 + lp = anll

(2.22)
I =pullr < C{llu—wnllir +[lp —anll}

Proof Subtracting (2.14) from (2.19) with w = w}, we obtain
(Au — Auy,, w) — b(p — pp,wyp) =0 for all wy € V.
From the relation above, we have
b(pr — qn, Wi) = (Au — Auy, wy,) + b(p — qn, Wi) ,
which together with the discrete version of the inf-sup condition (1.14), gives

Au — Auy, wy,) + b(Wp, p — qn

Blon—anlle < sup N ) + b )
wrEVon ||Wh||l,7’

< C(HAU - Auh“—l,r’ + ||p— qh”[ﬂ“’) ,

Y

so that,
1P = pull < llp = anllr + llan = pall - < CllAw — Aug|| 100 + Cllp = anl -
Note that by the property (2.10),
[Au — Aup -1, < Cllu — w1, for 1<r<2; (2.23)

and by (2.11)) together with (2.12) and (2.17) we have

|Au — Aupl|—1, < Cllu —up|i,, for 2<r < oco. (2.24)
Therefore
r—1
u— Uy, +|p—aqnl~ 1l<r <2
CHP _ph||L7“' < || ||1, || ||L (225>
lw = wnllir +llp = aull,r 2<7r <oo.
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Next, replacing successively v in (2.7); by v = u; and v = 2u — vy, one gets
(Au,uy —u) = b(up —u, p) + j(unr) — jlur) = (£ u, —u) (2.26)
and
(Au,u — vy) —b(u —vp,p) + J2ur — vpr) — j(ur) > (fu—vy).  (2.27)
Summing the inequalities (2.26) and (2.27) yields

(Au,up — vp) — b(uy, —vp,p) + j2ur —vpr) + junr) — 2j(ur) > (£, up — o).
(2.28)
Note that the inequality (2.16); can be written as

—(Aup,up, — vp) +b(up — v, pn) + j(vnr) — j(upr) > —(£u, —vy).  (2.29)
Summing the inequalities (2.28) and (2.29) yields
(Au—Auy, up,—vy) —b(wp,—vi, p—pn)+72ur —vps ) +j(vpr) =27 (ur) > 0. (2.30)
Note that
(Au — Auy,uy, — vy) = (Au— Avy,uy, — vy) — (Auy, — Avy,uy, — vy). (2.31)
Also using (2.7), and (2.16),, one has

b(wp, = vi,p —pn) = bup —u,p—qn) +b(u, —u, g — pr) +b(a— vy, p—pa)
= b(up —u,p—qn) + b1 —vp,p—pn). (2.32)

Substituting the equalities (2.31) and (2.32) into (2.30) yields
(Auy, — Avp,uy, —vy) < (Au — Avy,uy, — vy,) (2.33)

—b(up —u,p —qn) — b(w — Vi, p — pa)
+j(2u7 - 'UhT) + j('UhT) - 2j(u7)-

Using Holder inequality, we have

(Au — Avp,,up — vy) < ||Au — Avy||_1 o |an — Vi, (2.34)
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Jur —vnr) + j(vnr) — 2j(ur) < Cllu— VhHLT(S)’

and using the continuity of b(-, -),

—b(up—u, p=gp)=b(u—=vy, p—pp) < C{flu = wpllillp = gullpr + lfa = vallirllp = pall o}
Then (2.33) becomes
(Aup, — Avp,u, — vy < |JAu — Avy||—1 0 |up — Vi1
+ C{llu=willirllp = anllpr + lla = valliwllp = pall
+lu = villrs) } (2.35)
Therefore, using (2.10); to the left hand side of (2.35), we get

forl<r<2

Ja, — vall7,

_ u— vl 2y, — v + |Ip — ~la—u
< C (lupllre + vl I I Tan = vl 4l — aull o |l alhr 1
+{[p = pull gl = Vil + [[u = villzrs)

(2.36
Similarly using (2.11); to the left hand side of (2.35), we get
for2<7r< o0

[up = vally,

Cllanller + Ivallea) 2 la = vallellan = Vallie + [lp = gull o [l0 = sl
+llp = prll g e = il + (o= vallzrs)

<

(2.37)
Using the triangle inequalities, the relation (2.20), the bounded relations (2.12)
and (2.17) and (2.25); to (2.36), we obtain for 1 <r <2

Cla—wlf, < fla=val?, +la=vali, +lu—=vali; o -,
+ = valullp = aull + lu = wnlhllp = anll
+ u = valllu = walli e = valles)
+ = vallilu = il + p = aall o lle = valE
= vill2 e = anll e o — w), (2.38)
o= valF = vallzrs) + o= val o= il
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which with Young’s inequality, leads to the following inequalities

la = Vallres) + llw = valli, + llu = valli,

2r—1 2 )
e B 27 vl

i
2
(r—1)

+lp = anll " +llp = anll?,

Likewise, when 2 < r < 0o, using the triangle inequalities, the relation (2.20), the
bounded relations (2.12) and (2.17) and (2.25) to (2.37), we obtain
Clu—wllf, < Jla=villf, +llu=valli, +[[u—valls)
+ [l = vl e = sl + = vallullp = aull e (2.39)
+ e —unllillp = aull o + o = vallello = sl
which again with the help of Young’s inequality yields for 2 < r < oo

_ ” _ 2 _ r
||u _ uhHg’r < C ||ll VhHL (5) + ||u Vh||21,r + ||ll VhU/LT ]
= valls + Ip = el + 1o — gl

2.3.3 Rate of convergence

In this paragraph, we derive rate of convergence by considering classical assump-
tions on regularity of the solution (u,p), and adopting well known finite element
spaces V', and M.

We first consider finite element approximations defined in [92]. We state the fol-
lowing assumptions for an integer m > 1 and any « € [1, o0].

(H1): Approximation property of V,
There is a continuous linear operator 7y, : VVO1 *(Q)? — Vj, such that for & =
0,--,m

W — T Wl1a < Ch¥|Wlhita Yw € (WHLe(Q) n Wy ()% (2.40)

(H2): Approximation property of M)
There is a continuous linear operator p,, : L*(2) — M, such that forallk = 0,---, m

lg — pralle < CR¥||gllea Vg € WH(Q). (2.41)
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(H3): The spaces M), and V), satisfy the inf-sup condition (1.14) .
Then the following result hold.

Theorem 2.3.2 Let (u,p) be the unique solution of (2.7) and (uy, pr) the unique
solution of (2.16). Then if (H1), (H2) and (H3) hold for k =0,--- ,m we have:
Forl<r <2

min{, (r—
lu— |1,y < Cllal e ys 1Pl gy JHE ™01

min{ =L (r—1)2 (242)
||p _thT’ S C(||U||Wk+1,r(9), HpHWk,T/(Q))hk { T 7( 1) }
For2<r<oo
k
lw— w1+ 2 = pallr < CUlull iy, 12l ) o7 (2.43)

where O(||U||Wk+1,r(ﬂ)7 ||P||Wk,rz(ﬂ)) is generic constant depending on ||'u,||Wk+1,r(Q),
||pHWk,T-/(Q) and independent on h.

Proof Let w, = myu and g, = ppu in (2.21),(2.22), and applying the usual
trace theorem, (2.40) and (2.41), we obtain:

For1<r <2
fu—wil?, < Cllulwior o, Dollyroe) {3+ B2 + 12
4 h2k(r—1) + h2k‘/(3—7") + h2k‘/(r—1) _'_h2k/7“}
r— %
min{L,(r—
S C(||u||wk+1,r(ﬂ), ||p||Wk,'r/(Q))h2k {r7( 1)} ,

where Young’s inequality has been used.
For 2 <r < o0

lu—willf, < Cllullwreirqy, [Pllwer @) {85+ 0% +B¥ 4+ B4
< C(lallwerir gy, Iplwer )"
where the last expression is obtained by the same technique as above. O]
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2.4 Numerical Algorithm

In this section, we formulate and analyze the algorithm for the implementation
of (2.16). We first regularize the formulation (2.16) by replacing the non differ-
entiable functional j by a “better behaved” approximation j. where € is a small
positive parameter (see B.D. Reddy [70]) . It should be mentioned that the in-
troduction of the new functional j. transforms the variational inequality problem
into a variational equation. The next step in our strategy consists of eliminating
the incompressibility constraint by penalizing the regularized problem by adding
a coercive-like term in the form 7(p, ¢), of course 7 is a small positive parameter.
We recall that the transformed problem is very close to the original one in the
sense that when ¢, 7 tend to zero, one recovers the original problem. Finally, the
perturbed problem with parameters is solved by considering the numerical solu-
tion of the long time behavior of an appropriate initial value problem in Vj x M.
One of the advantages of using this approach is that a linear scheme can be for-
mulated for a nonlinear problem. We next present the details of our approach.

The non-differentiable functional j is replaced in (2.16) by the regularized func-

Je(v) :/Sg\/|'v|2+€2ds. (2.44)

Note that j. satisfies the following properties:

tional j. defined by

(i) je is convex and differentiable, with Gateaux derivative and

v-w
j(v),w) = [ g————ds, 9.45
e = [t (2.45)
(ii)
0 <je(w) —j(w) < Cie forall w, (2.46)
(i)
e ()]l < Callgll sy forall w . (2.47)
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The constants C7 and Cy are both independent of ¢, and furthermore Cj is inde-

pendent of .
With the introduction of the smoother functional j., the regularized problem reads

[ Find (uj,, pf) € Vi x My, such that
<A’u’2> Uh — ui> - b(vh - uiapi) + ja(vh) - ]E(ui) > <f’ Uh — ’u"}i>a
b(u‘}gn Qh) = O>

\for all (vp,qn) € Vi, X My,

(2.48)

The solution of (2.48) is related to the one of (2.16) by the following result.

Lemma 2.4.1 Let (uy,py) be the solution of (2.16), and (u5, pj) the solution of
(2.48), then there is positive constant C, independent of € such that

2 Gf 1<r<2

wn — . < C
lwn — wpl1r < {El/r if r<r<oo.

Proof. For v, = uf in (2.16), vy, = u;, in (2.48) and ¢, = p; — pn, one obtains
Je(uy) — j(u®) + (Aujy — Awp, wj, — up) < Jje(un) — j(un).

Now using (2.46), and the properties of the operator A (see (2.10) and (2.11), one
obtains the desired results.

Remark 2.4.1 The convergence result in Lemma 2.4.1 as ¢ — 0 ensures that
one can approximate the solution of (2.16) by the one of (2.48). Moreover since
Je is differentiable, it can be shown (see [69]) that (2.48) is equivalent to

( Find (w,p5) € Vi x My such that
(Auz, on) — bon, 57) + (7L(u5), 1) = (£, o),
b(uia Qh) = Oa

kfor all (v, qn) € Vi, X My,

(2.49)
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Next, to eliminate the incompressibility condition, we introduce a penalization
term by considering

b(uy”, qn) +nc(py”, an) =0,
where ¢(p, q) = [, pgdz. Then we “approximate” the problem (2.49) by

(Find (u; ", ") € Vi, x My, such that
(AU, i) — BB, Vi) + (D), onr) = (£, Vi)
b(w,”, qn) +ne(py” an) =0

\for all (vp,qn) € My, x Vi, .

(2.50)

Remark 2.4.2 Following [48, 70], (2.50) admits a unique solution (w,", p;") € Vi x
My, which converges to (un, pp) € Vi X My, solution of (2.16), as (g,7m) goes to 0.

The numerical resolution of (2.50) remains quite challenging because of the pres-
ence of the nonlinear expressions (Aw;", v,,), and (J.(u} "), v,) among other. We
next introduce a solution strategy of (2.50) by adopting a suitable time evolution
in which the long term behavior of the solution of the later problem will be “close
enough in some sense” to solution of the former problem (see the pioneering work
[63]). Hence the following steps will be adopted to solve (2.50)

Step 1 associate to the weak formulation (2.50) an initial value problem in V', x
Mj,.

Step 2 time discretize the initial value problem formulated in step 1.

Applying the above methodology, we obtain step 1 by associating to (2.50) the
following initial value problem: Given uo € L*(€2), and assuming that f € V* is
independent of time, we consider the following problem:
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(Find (uS"(t), p5"(t)) € Vi, x My such that
d

(7 Ov0n) + (4070, 00) = 06770000
(), 00) = (£, 0), 2.5)
b(w,"(t), qn) +nc(py"(t), gn) = 0,

w(0) = 0,

kal" all (qh,’uh) e M, xVy,.

Following J.L. Lions [96] and Theorem 0.2.4, it can be shown that the initial
value problem (2.51) admits a unique solution (w;"(t),p;"(t)) € V, x M, which
is bounded independently on time.

The next result tells us why it is important to consider only the long time behavior
of the solution (u;"(t),p;"(t)) of (2.51).

Theorem 2.4.1 The evolution problem (2.51) admits a unique solution
(w,"(t),p;"(t)) € Vi x M, which is bounded independently on time. Further-
more w,"(t) converges to u;" solution of (2.50) exponentially as t goes to infinity.
More precisely, we have:

ly (1) — " |17 < llwo — |13, for all £ >0 (2.52)
where C' is a generic positive constant independent of € and 7).
Proof.  Note that the equation (2.51); is equivalent to
(O (1), Vi, — W) + (AW (), Vi — i () — BB (8), vi — w3 (1) (253)

+je(vnr) — Je(up 2 (t) > (£, vy, —u)"(t)) Vv, € V.

Note also that (2.48); and (2.50); are equivalent. Let v, = u;"(¢) in (2.48); and
v, =u;" in (2.53) and adding the resulting inequalities, it follows that

(O, (), w1 () — (Aw " (1) — Awy ", w " () —w, ") +-b(py " (8) —p ", g, (1) —w, ™) > 0.

(2.54)
Subtracting (2.50), from (2.51), and taking g, = p;"(t) — p;" ones obtains:

b(uy,” () — w,” p," (1) — p") = = c(p"(t) — P, 9" (1) — p,") < 0.

© University of Pretoria



FEA stationary power-law with slip boundary condition 64

Let us set wy(t) = u;"(t) —u}”, using the fact that

—b(w,"(t) — w, ", py " (t) — p") = 0

and the monotonicity (2.10) and (2.11), then we have from (2.54) that:
forl<r<2

d .
@Hwh(t)llf +2Cv(Jlug" ()l + 0" 2 wa(@®)]1F, <0,
for2<r <o

d T
ZIwa @17 +20v[wa()]11, < 0

Note that |Ju;,"||;,, < C and ||u;"(¢)||1, < C when t goes to infinity, then
forl<r<2

d
w7 + 20V wi ()], < 0.

We obtain the result via Gronwall’s lemma. O
Finally, concerning Step 2, we first consider the following discrete linear scheme:

Let N € N* and set k = T/N. Given (u"°,p;"") which is a suitable ap-

87n7m

>ph

. . . 1 1
proximation of (ug,pp). Knowing (u;”™ ", pi™™ "), compute (u;"™

V, x M, solution of:

) in

("™ — ™™ ) + v (Vg ) Vg, Vvy,)
—b(py™™ vi) = (F,vi) — GL(us ™), vpr) Vv € Vi, (2.55)
b(w,™™, qn) +ncpy™™, qn) =0, Vg, € M, .

But in order to obtain better numerical results, we instead adopted the following
scheme

L™ — ™™ vy) 4 v (VM T Vg, Vvy) 4
(k) (V™™ vy = b(py ™ v) = (£va) — GL(uiE ™) o) YV €V,

b(u;mm? qh) + nc(p;:;n’ma Qh) = Oa VQh S Mh>
(2.56)
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where (k) should be regarded as artificial viscosity, and given as follows
0<pu(k)<1 such that }Cirrtl),u(k) =0. (2.57)
—

Remark 2.4.3 (i) Since (2.56) is a linear system of equations, by rearranging
terms, one sees that it is a square linear system in finite dimension; hence

uniqueness implies existence of solution. Uniqueness of w;™™ follows from

the energy estimate (2.58), while uniqueness of p;™™ is the consequence of

the discrete version of the inf-sup condition (1.14).

(ii) The introduction of a coercive term p(k)(Vu, ™™, Vvy) has the effect of
bringing more stability/smoothness to the system. The results of our nu-
merical computations support that intuition.

Theorem 2.4.2 Suppose that u‘;’"’o s chosen to satisfy

1,0
[, ™1 < Clluoll,

where C' denote a constant independent of k and h. Let (u;",pi") be the so-
lution of (2.51), then the iterative solution (w,™,p™™) of (2.56) converges to
(w,", p)") as m tends to infinity.

Proof. For that, we follow Girault and Gonzalez [97]. The proof is obtained
in two steps. First, one obtains some energy estimates, next we use compactness
results and pass to the limit.

Step 1: energy estimates

Lemma 2.4.2 There exists C > 0 and & which verify 0 < 6% < u(k) < 1 such
that:

N
sup [lup™™|? < C, E(u(k) = 6%) > luy™™ |13, < C, (2.58)
0<m<N —

N

> i - < (2.59)
m=1
N

> / V2 Vs 2 < O (2.60)

m=1 Q
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Proof Take vy, = u;"™, ¢, = p;;™"™" in (2.56), use (2.47) and the fact

—b(uy,™™, p"™) = ne(py™™, p™") >0,

and 2(a — b,a) = |a|* — [b]> + |a — b|? we have:

n, nm—1 ., nm—1
e e ([ PR Vel
+ 2vk /Q Va2 Vg P+ 2kp(k) w1,
< 2k(f,uy™™) — 2k (L (uy ™™ 1) u; ")
< 2K( -l ™ N+ 2K gl s 1™ ™ [l
2
£, H9|| o
< b b 2k
Then we obtain
., nm—1 n, nm—1
T e 7 e L P /S

2wk [ |Vus " 2V e+ 20((k) — 62) g,
k
= (12 + Mgl -

IN +

(2.61)
Summing (2.61) for m = 1,..., N and using the fact that Z%Zl k=T yields

N N
™2+ Dl ™™ = ™ 20k Y / |V, VM P
= m=1 Q

N
m T
+ 20(uk) =6 Y2 " < 55 (12 + Nl s)) + s I,
m=1

therefore we obtain the second relation in (2.58), (2.59) and (2.60). The first
inequality in (2.58) is readily obtained by summing (2.61) for m = 1,...,n and
using the fact that " _ k<N k=T.

Step 2: weak convergence/passage to the limit

Let u;,' € C°([0, 7], V) be affine in each subinterval [t,,_1, t,,] with
u (b)) = ul™™ for 1 < m < N. Let uS!", uS" be the piecewise constant

function such that

7777,,

g,m,m 577777”_1
Uy, .

_ enl _
|[tm717tm[ - uh ) uhk |]tm717tm] - uh
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Using a prior: estimate obtained in Lemma 2.4.2,

usl, w)”, wy remain in a bounded set of L*°(L*(Q)) and, (2.62)
w7 remains in a bounded set of L2(W " (Q)). '
Furthermore, from (2.59), we have
||’U,Z’I?T — u;ﬂlHLz(Lz(Q» < CkY? and H’U,Z’Ig — ’LLZ’,:’T||L2(L2(Q)) < CkY?.
(2.63)
Then we can extract a subsequence k' C k still denoted k such that
wl — us"" weakly® in L®(L*(9)),
uslt = ul weakly* in - L(L*(Q)),
uyy — up" weakly* in - L°(L*(2)),
us]" = us"" weakly in - L2(Wy"(Q)),
and from (2.63), one obtains u;"" = u"" = u".
Note that wS7"", w7 and u? verify:
d € enlipr— enr enr
(i on ) + (a2 =) Vi, Vo) + u(A) (V2" Tou)
(2.64)

(T ) o0V - 0n)) = (F) = (L) o) Yo € Vi

where pj, is the orthogonal projection of L?(€) onto Mj,. The weak convergence
above allows us to pass to the limit in all bilinear terms in (2.64). But as far as
the nonlinear term is concerned, we advice the reader to see the results in [96],
where similar expression has been analyzed.

Remark 2.4.4 Note that establishing convergence of the pressure is more delicate
because it involves convergence of the time derivative of the velocity whose proof
is fairly long and intricate; cf. Lions [96] and Temam [4].

The initialization of the flow defined by (2.51) and of its time discrete counterpart
defined by (2.56) is important. Let us observe that since one has well-posedness
of (2.50) for all values of r in [1,00), in order to consolidate the convergence of
(2.50), we suggest the solution of Stokes equations

{V(V’uh, Vo) — b(pn,vn) = (F,v) Yo, € Vi,

(2.65)
b(un, qn) +nc(pn, qn) =0, Vg, € My,
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as initial condition for our algorithm.

2.5 Numerical experiments

In this section our goal is to test numerically the convergence and rate of conver-
gence obtained in Section 2.3, and to illustrate the performance of our algorithm
via benchmark examples. The implementation is done by extending the Matlab
code developed in [85]. In all the examples presented, the velocity and pressure
will be approximated by the continuous P2 — P1 element.

We recall that the different steps of our algorithm are as follows:

(a)  compute the initial flow by solving (2.65).

e,mm—1 s,n,m—l)

(b)  knowing (uj; Dy, , compute (u,™", p,"™) solution of (2.56).

2.5.1 Numerical accuracy check

We consider v = 0.4, k = 1/100, pu(k) = 1/500, n = € = 1/1000, the exterior force
to be unity and g = 0.1.
The convergence result obtained in Section 2.3, is tested by computing the rate

of convergence using (2.56). In this first example, we take @ = (0,1)%, with
002 =T"U S where

' = {(z,0), 0<z<1}U{(0,y), 0 <y <1}
S = {(l,y), 0<y<1}Uu{(z,1), 0<ax<1}.

Since we do not know the exact solution, we employ the approximate solutions
with N = 60 as the reference solutions (W.f, pres), and we compute the L"-norm
and W ,-norm of the difference of the reference solution and the approximate
solution (uy,pp). The results are presented in Tables 2.1, 2.2 and 2.3. The
predicted convergence rate O(h'/") for W' is noted.
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Table 2.1: Velocity convergence results for r = 3

h |wrer — wnllrr | ||®rer — wnll1, | convergence rate L™ | convergence rate Wy,
1/6 1.6696E-5 4.4945E-4
1/10 7.9862E-6 3.6173E-4 1.4437 0.4351
1/12 6.1507E-6 3.3163E-4 1.4324 0.4765
1/15 4.5180E-6 2.9887E-4 1.3825 0.4661
1/20 2.9500E-6 2.4827E-4 1.4368 0.5430

Table 2.2: Velocity convergence results for r = 7/2

h |trer — wnllrr | ||®rer — wnll1, | convergence rate L™ | convergence rate Wi,
1/6 1.7653E-5 4.8807E-4
1/10 8.6259E-6 4.0641E-4 1.4019 0.3584
1/12 6.6953E-6 3.7694E-4 1.3897 0.4129
1/15 4.9884E-6 3.4468E-4 1.3188 0.4010
1/20 3.3116E-6 2.9126E-4 1.4241 0.4854

Table 2.3: Velocity convergence results for r = 4

h |trer — wnllr | ||®rer — wnll1, | convergence rate L" | convergence rate Wi,
1/6 1.8528E-5 5.2119E-4
1/10 9.2218E-6 4.4538E-4 1.3659 0.3077
1/12 7.2046E-6 4.1679E-4 1.3542 0.3639
1/15 5.4342E-6 3.8538E-4 1.2636 0.3511
1/20 3.6620E-6 3.4006E-4 1.3720 0.4349
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Next, to see the effect of the “stabilizing term” added, we repeat the same
exercise with (k) = 0. The contribution of the added term is made visible (see
Table 2.4). Indeed, the convergence is much faster when (k) is not zero.

Table 2.4: Velocity convergence results for r = 3 and p(k) =0

h |trer — wnllrr | ||®rer — wnll1, | convergence rate L™ | convergence rate Wi,
1/6 1.8428E-5 5.2009E-4
1/10 9.3218E-6 4.4538E-4 1.3341 0.3036
1/12 7.4046E-6 4.2080E-4 1.2629 0.3114
1/15 5.534E-6 3.9438E-4 1.3049 0.2906
1/20 3.7620E-6 3.6120E-4 1.3417 0.3151

2.5.2 Driven cavity

Driven cavity is a benchmark test problem that has been considered by many
researchers [98, 99, 5] among others. We assume = (0,1)?, the boundary of
which consists of two portions I" and S is given by

'={0,y)/0<y<1}U{(x,0)/0 <z <1} (2.66)
Si={(z,)/0<z <1}, Sy={(1,y)/0<y<1},
S =51US,. (2.67)

For the triangulation 7, of 2, we employ a uniform N x N mesh, where N denotes
the division number of each side of the domain.
Let us consider

uy(z,y) = —2*y(z — 1)(3y — 2)
us(w,y) = wy*(y — 1)(3z — 2) (2.68)
p(z,y) = 2z —1)(2y — 1),
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which turns out to be the exact solution of the problem (2.1)-(2.5) under the
appropriate choice of f and g. It is easy to verify that the exact solution u
satisfiesu=0on ', u-n=wu; =0, us #0on Sy, and u; #0, u-n =wuy, =0 on
S1. Thus

or = —2uz’(x — 1)[2(2? — 22)? + 82 (z — 1)H=2/2 on S

2.69
or = 2wy~ VRGP — 2P + 8y~ D02 on sy 0

On the other hand, from the slip boundary conditions (2.5), we have
lor| <g on S=5US;
then we find that with ¢ constant,

g > max |o+| = (2.68) remains a solution.

g < max |o+| = (2.68)is no longer a solution and a non-trivial slip occurs.

We indeed observe some of the above mentioned phenomena in our numerical
computation, as indicated in the plots of the velocity field shown in Figures 2.1-
2.5.

In addition, we find that

(a) the bigger the threshold g of tangential stress becomes, the more difficult it
becomes for a non-trivial slip to occur,

(b) the smaller the threshold g of tangential stress becomes, the more easier it
becomes for a non-trivial slip to occur,

which is in agreement with the predicted outcome.

For all the numerical results which follow, v = 0.4, k& = 1/100, u(k) = 1/500,
n =¢e = 1/1000, and g is indicated on the pictures.

To be more precise, one observes in Figure 2.1, that in some region of the bound-
aries, the fluid slips (see the right and top part of the boundary for right picture),
where as in the left hand side, the fluid adheres at the boundaries. Similar pattern
are observed in Figures 2.2—2.5 below.
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Figure 2.4: Velocity field for r = 7/2
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Lastly, the role of the “stabilizing term” is also justified in this test problem.

Indeed, when p(k)(Vul =™, Vvy) is neglected, that is u(k)

pronounced in Figure 2.3 than Figure 2.6.
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Figure 2.6: Velocity field for r = 3 with u(k) =0
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Chapter 3

On the long-time stability of the
Crank-Nicolson scheme for the 2D
Navier-Stokes equations driven by

threshold slip boundary conditions

3.1 Introduction

We consider the Navier-Stokes equations of viscous incompressible fluids:

w+ (u-Vu—vAu+Vp= f in Q=QxR" (3.1)
divu =0 in Q, (3.2)

with the impermeability boundary condition
up=u-n=0 onS xR (3.3)

and the slip boundary condition [23, 28]

[(on)r| <y,

[(on)r| <g=ur =0, on S x (0,00). (3.4)
u

(on)r| =g = ur #0, —(on)r = g—
[ur|
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On the remaining part of the boundary, I', we assume Dirichlet boundary condi-
tion, i.e,
u=0 onl xR" (3.5)

Finally, the initial condition is given by
u(z,0) = ug(x) on Q. (3.6)

Here Q C R? is a bounded domain, with boundary 9€. It is assumed that 05 is
made of two components S, and I' with 9Q = SUT, and SNI" = . v is a positive
quantity representing the viscosity coefficient, ug : 2 — R? is the initial velocity,
and g : S x (0,00) — (0,00) is the barrier or threshold function. The velocity of
the fluid is w and p stands for the pressure, while f is the external force. Fur-
thermore, m is the outward unit normal to the boundary 0f2 of Q, ur = u — u,n
is the tangential component of the velocity u, and (en)r = on — (n-on)n is
the tangential traction. Of course, & = —pI +2ve(u) is the Cauchy stress tensor,
where I is the identity matrix, and e(u) = 1(Vu + (Vu)?).

There are numerous works devoted to the development of efficient schemes for the
nonstationary Navier-Stokes problem dealing with Dirichlet or periodic boundary
conditions, some works can be found in [100, 50, 101, 102, 103, 104]. A few work
has been done with the slip boundary conditions of friction type (3.4), we can
mention the work of Djoko [75] on the Stokes equation with slip boundary condi-
tions of friction type (3.4).

The subject of the present chapter is to approximate the two-dimensional prob-
lem (3.1)-(3.4) using the Crank-Nicholson scheme in time and the finite element
approximation in space. We also establish its well-posedness and stability of the
numerical scheme on L?-norm and H'-norm for all positive time. This follows
the study done by Tone [50], in which the same question is answered for fluid
flows governed by Dirichlet boundary condition. It is immediate that our work
differs from that of Tone, in the sense that the resulting variational structure we
are dealing with is in the form of inequality, and obtaining H'-estimate is more
involved because of the presence of the non-differentiable term appearing on the
boundary where slip occurs.
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The chapter is organized as follows. In Section 3.2, We give some notations,
formulate the variational models and indicate how existence of weak solution is
obtained. Section 3.3 is concerned with numerical scheme while in Section 3.4, is
devoted for the well-posedness and L2-stability of the scheme. Finally, in Section
3.5 we present the H!-stability.

3.2 Preliminaries and Variational formulation

In this section, we introduce notations and some results that will be used through-
out our work. We also derive various weak formulations and discuss (recall) some
existence results. For the mathematical setting of the problem, we need to intro-
duce the following spaces:

V ={veH(Q)? vlpr=0, v-n|g =0} (3.7)
V,={veV, divv=0} (3.8)

= {v € L*(Q)?, dive =0, v|sq = 0}, (3.9)
M = L3(S). (3.10)

The space H is endowed with the scalar product and the norm of L?(£2)?, denoted
by (+,-) and || - || respectively and V is endowed with the scalar product

8u2 8uj
Z/axj oy (z)dz, (3.11)

i,j=1

and the corresponding norm
el = ((w,w))"2.
We will use the following bilinear and trilinear forms (see [79, 80, 1})
b:VxM—R with b(u,p)=(divu,p).

a:VxV =R with a(u,v)=r((u),e(v)) =2v((u,v))
d:VxVxV =R with du,v,w)=((u-V)v,w).
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We introduce the linear continuous operator A from V into V' defined by
(Au,v) = ((u,v)) foral w,veV

where (-, ) denotes the duality product between V' and V'. We denote by B a
bilinear operator from V' x V into V' such that

(B(u,v),w) =d(u,v,w) forall wu,v,weV.

Note that we introduce the Stokes operator A by following the approach adopted
in [105, 106]. We denote by P : L?*(Q)? — H the Helmholtz projection operator,
which is bounded projection associated to the Helmholtz decomposition of L?()?2.
We define the Stokes operator as follows A : V' — V' such that A = —PA, with
domain given as follows, D(A) = {v € V, such that Av € H}. Now, assuming
that T is C? and S is C®, then D(A) C H?*(Q2)? since ||w||, < C||Aw||

From Poincaré-Fredrichs’s inequality, we obtain

% /Q lv|?dx < /Q |Vo|?dx forall ve V. (3.12)
Also, of importance in this work is the Korn’s inequality which reads;
A /Q |Vo|?dx < /Q le(v)|?dx for all v € D(A). (3.13)
where )\ is the first eigenvalue of the Stokes operator A.
The bilinear form b(+, -) satisfies the inf-sup conditions, i.e., there exists a positive

constant 3 such that

b
Bllpll < sup (u. p) for all p € L3 (). (3.14)
wev llulh

As a readily obtainable consequence of Korn’s inequality (3.13), there exists a
positive constant « such that

a(v,v) > allv|]? forall veV. (3.15)
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The trilinear form d(-, -, ) is continuous on H'(2)? and enjoys the following prop-
erties:

[d(w, v, w)| < callul 2 Au]?|Jo]|w]

forallu e D(A),veV,we H, (3.16)
d(u,v,w)| < eqllwlull? vl o] w]y? for allu, v, w € Y3.17)
du,v,v) = 0 forall u,veV,, (3.18)
dlu,v,w) = —d(u,w,v) foral wu,v,weV,. (3.19)
We will make reference to the following:

2(u — v, u) = |[ull® = |Jv|* + lu —v|* forall wu,ve L*(), (3.20)

1 1
ab< SaP+ ——0 forall a,be>0 and -+-=1.  (3.21)

p qerr p g

We assume that f € L>(0,00; L*(Q)?), uy € L*(2)? and we set ||f|e :=
| £l 0,00:22()2)-  With these notations, we introduce the following variational
formulation for (3.1)-(3.6): Find (u(t),p(t)) € V' x M such that

u(0) =up in Q, (3.22)
and for a.e. t, with t > 0

(forall (v,q) eV x M
(W(t),v —u(t)) + a(ul), v —u(t) + d(u(t), u?), v — u(l))
—b(v —wu(t),p(t)) + J(v) = J(u(t)) = (f(t),v —u(t)),
bu(t),q) =0,

where J(v) = (g, |vr])s.

Note that since the bilinear form b(-, -) satisfies the inf-sup condition (3.14), the
variational inequality problem (3.23) is equivalent to the following:

Find u(t) € V, such that

(3.23)

u(0) =uy in Q, (3.24)
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and for a.e. t, with t > 0

forall v eV,
(u'(t),v —u(t)) + a(u(t),v —u(t)) + d(u(t), u(t), v — u(t)) (3.25)
+J(v) = J(u(t)) = (f(t),v —u(t)),

The problem of existence and uniqueness of (3.24)-(3.25) can be stated as follows
and has been proved in Kashiwabara [30].

Theorem 3.2.1 Assume:

f e H' (R, L*(Q)?),

g€ H'(RT, L*(S)?) with ¢(0) € H'(S),

ug € H*(Q) NV,, and slip boundary condition (5.4) is satisfied at t =10, i.c.,
lor(ug)| < g(0) and or(wo)uor + glupr| =0 ae. on S

Then there exists a unique solution w of problem (3.24)-(3.25) such that
w€ LR, V,), and u' € LR, L*(Q)?*)NL*R",V,). O

In this chapter, we consider a time discretization of (3.24)-(3.25) using the Crank-
Nicolson scheme, Find u™ € V such that

u’=wuy in Q (3.26)
and for all n > 1

forall veV,

(7“’”_,}"”71 v —u") + sa(u” +uth v —ut) + d(ut +ut et ut v — un)
+J(v) = J(u") = (f*, v —u"),

(3.27)
where f" = %ft:fl f(t)dt. We want to show that the solution u” of (3.26)-(3.27)
is uniformly bounded for all n > 0, both in the L?- and H}-norms. In what
follows, we discretize in space and derive such a result assuming some kind of

stability condition.
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3.3 Numerical scheme

For the spatial discretization, we introduce the general framework as in, e.g.,[1,
107, 108]. We consider a family of finite element spaces V,;, C L*(Q)?, each of
which is endowed with two scalar products, (-,-), and ((+,-))s, with the corre-
sponding norms, || - ||, and || - ||1 4 which mimic the L*— and Hj—norms. These
norms are related as follows:

||uh]|h < KlHuhHl,h for all up € Vgh, (328)
||'u,h||17h S S(h)||’u,h||h for all up € Vgh, (329)

where K is independent of h and S(h) is such that
S(h) — o0 as h—0. (3.30)

We assume that the operator A satisfies the same properties on V4, as on V' that
is:

(Aup, vp)n = ((up,vp))p, forall wy, vy, € V. (3.31)
We also assume that a trilinear continuous form d(+, -, -) enjoys the same properties
on Vg, x Vi x Vi, with the constant ¢; independent of h.

We introduce the so-called restriction operators r, : V, — V,;, and assume that,
if ug € V, N CYQ)?, then

Hrhulo < K2Hu0||cl(§)2, (332)

with the constant K being independent of h (see, e.g.,[1, 108]).
As for the temporal discretization, we consider the following scheme, a discrete
version of (3.24)-(3.25): Find u}} € V,, such that

u) = ryuyg, (3.33)
and for alln > 1
for all v, € V,
(7’“2_[3271 , U — U )y + %a(uz + uz_l, vy, —u}) + id(’u,z + uz_l, up + uﬁ_l, vy,

+J(vn) — J(up) > (1, vn — up)n-
(3.34)
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Remark 3.3.1 For existence and uniqueness of the solution of (3.33)-(3.34), one
observes that the variational inequality (3.33)-(3.34) can be seen as a case of
following modified variational formulation associated to the stationary Navier-
Stokes equations with slip boundary conditions type.

Find v, € Vg
T(vp, wy, — vy) + D(vg, v, wy — vy) + j(wy) — j(vn) > (F,wy, —vy)

for all wy € V4,
(3.35)

where T(u,v) = (u,v) + 5a(u,v), D(u,v,w) = Sd(u, v, w), j(v) = kJ(v) and
F = kf}. Following [42, 36, 109], (3.35) admits a unique solution v, € V,. O

3.4 The (V| -|ln)— stability

We start this section by performing the stability analysis of the scheme (3.33)-
(3.34) in (V,p, || - ||n) and show that the solution is uniformly bounded, provided
that a stability CFL-type condition is satisfied.

Lemma 3.4.1 Let
M > KiV2| flloo/v

be arbitrarily fived and assume that
luol| < M

d
an 4

< .
— 15(c3M? + 1?)

kS2(h) (3.36)
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Then, for any integer n > 1, we have

lui i < (14 Ck) " [luo|* + CIFIL[L — (1 +CR)™],  (3.37)
[uhlln < M, (3.38)

s < Kpe. (330
h) =9y o0’ '
EY ludllf, < COM* + (n—i+ k|| fI2) forall i=1,---n, (3.40)
j=i
S g, — w7 E < OO+ k| £]%). (3.41)
=1

Proof We first establish the relation (3.48) below and next use it to handle the
proof by induction. First, let v;, = 0 and v, = 2u} in (3.34), one has

1 1 1
_E(UZ - UZ_Iv 'U’Z)h - §a(uﬁ + U’Z_lv ’U,Z) - Zd(uz + U’Z_lv UZ + UZ_Iv 'U’Z)
— Jup) = = (Fr ),
and
1 n n—1 n 1 n n—1 n 1 n n—1 n n—1 n
E(uh —upy o, uy), + ia(uh +uy L up) + Zd(uh +up L up +up o, uy)
+ J(up) = (fp,up)n
Then
1 n n—1 n 1 n n—1 n 1 n n—1 n n—1 n
E(uh —uy L up), + ia(uh +up L uy) + Zd(uh +up L uy +uy o, uy)
+ J(uy) = (frup)n,
which is

k
2w, — i~ )+ k(g g ) S g )
+ 2kJ(up) =2k(f1,up)n.  (3.42)
Using the relation (3.20), we have

2(uwpy — )y = (gl — [y 15 + [y — wy 15 (3.43)
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Using Cauchy-Schwarz inequality, (3.29) and (3.21), we write

ka(uh + ™ ) 2vk|[ug [, + ka(uy ™" — up, up)

> 2wkl 3, — vkl — g,

> 2wkl — RS () fufll g - (3.44)
1 _ 3

> kgl — <l — i - SRS g,

and the right hand side of (3.42) is bounded as follows

2k(F7 widn < 2K0K|| R llnllwhllon < vEllupl3, + — k£ (3.45)
To bound the nonlinear term d(-, -, -) in (3.42), we write it as

k k
§d(’u’z+uz—17 UZ+UZ_1, U’Z) = ]{Zd(’U,Z_l, UZ"‘UZ_la uZ>+§d(uz_uz_17 uZ—i_uz_la ’U,Z)

Using properties (3.17)-(3.19), (3.21) and recalling (3.29), we obtain the following
bounds:

n—1 n n n—1
kd(uh y Up, Up — WUy, )

cakS(h)uh Inllwy l[nllwy —wp ™l (3.46)

n—1 n n—1 n
kd(uy ™ up +up uy)

IA

IN

1 n n— 3 n— n
glluis = w7l + S eak™S () g~ Rl 1,

n n—1 n n—1 n
§d(uh —uy L uy tuy o uy)

k
n n—1 n n—1
—§d(’u,h —uy o up,uy )

cakS(h)llwh — wp ™ nlubllnllug e (3.47)

IN

IN

1 n n— 3 n— n
6||uh —up i+ gC?zsz(h)QHuh gl -
Gathering (3.42)-(3.47), we obtain

ni|2 n—1(12 ]' n n—1(2 15 27 .2 n—112 2 ni|2
wplln — Nl [l + iHuh —uy |l + vkql- S_Vks(h) (callwy ™Ml +v7) ¢ lluylli s

n K12 2
+ 2kJ(up) < 7k||f||oo. (3.48)
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Note that according to CFL-condition (3.36), if
[ublln < M

then e )
0< {1 — 5, B (el I + u2)} <5 (3.49)
We now use the induction. It is clear that (3.37) and (3.38) hold for n = 0.
Then assuming that (3.37) holds for n = 0,...,m — 1, for m > 2, we see under
the assumption of the Lemma 3.4.1 that (3.38) holds for n = 0,...,m — 1. Then
(3.48), together with (3.38) and (3.36), imply:
|2 ne1)2 , Lyom n—112 . Yo n2 n K? 2
wplln — llwy ™ [l + §||’U'h i P §k||“h||1,h + 2kJ(up) < 7k||f||oo

forall n=1,...,m.(3.50)

If we drop the last term on the left hand side and rewrite the remaining equation
with n replaced by j and take the sum with j =i, ...,n, for some 1 <1 < n, we
obtain

T A AT VA K
gl +5 D e+ Sk D ead 12 < M2+ =L (n—i+ DR £, (3.51)
j=i G=i

and, hence, (3.40) and (3.41) hold for all n =1,...,m — 1.
Now using (3.28), relation (3.50) implies

1 K?
ul)? < ——||u Y|P + —————FK||f|A, forall n=1,.. m.
(3.52)
Using recursively (3.52), we obtain
1 K} - 1
lup'llh < s lwallh + —EIFI% D =
hedlh (1“‘@)7” hilh v ;(14—@/{/‘)2
v v
< (T4 k) u’|? 1=+ ==k .
< (ot ) P+ A 1= 0 gk (553)
Thus, (3.37) holds for n = m. O
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3.5 The (Vy,| - ||1n)- stability

For proving the uniform bound of u} in (V' || - ||1,4) for all n > 1, we first show
that it is bounded on any finite interval of time. Then we extend the result to the
infinite time using the discrete uniform Gronwall lemma.

Lemma 3.5.1 Assume that besides the assumptions of Lemma 3.4.1, k also sat-
isfies

4K?
v
Assume also that for some n the following is true:

k< = k1. (3.54)

_ 2K 1
Ks M2 k(L™ |+ == £1%) < 5 (3.55)
where L; = 2 + 3055‘2/[2 and K3 will be defined later. Then
il < Nl I35 [T+ Eak((luy T + 1 FI20] + Kskl FII%, (3.56)

where Ky and K5 are positive constants independent of h and n.
Proof  Let us define the operator A as follows (see [109])
A ifin Q
A =
0 ifin S.

Let v, = u + A(u} +u} ') and v;, = u} — A(u +u}~") in (3.34), using the
fact that
(g, £ Auy + g ) = J(ug) =0,

one obtains

n n— n n— I/ n n—
k(uh —up Ay +up ), + 5“14('“% +up [+

1 n n— n n— n n— n n n—
Zd(uh"‘uh Ly up Aluy +up ) = (L Al + ul ),

that is
n n— V n n—
wpllf, — Nlup=3, + §k‘||A(Uh +up Y7
1
—l—de(uZ +up ) up Al Ful ) = k(L A(u) +ul ). (3.57)
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Using relations (3.16), (3.21) and the uniform bound (3.38), we bound the non-
linear term as:

1
k(Y A+ )

—_

< kel g I g g sl A+ g
< ke {wﬂmwu%+uhﬂﬁﬁwmfwmwmm+uhnﬁﬂ
< ngA(uh +up I+ KMk lug g+ KM |ug 1, (3.58)
where K3 = . Using Cauchy-Schwarz inequality and relation (3.21), we have
that

kI lloo | A(uh, +uh ™) [ln
v e 2
< gkllACu, +uy 1)Iliﬂt;kllfllfm- (3.59)

k(5 Aluy +up ™)

IN

Gathering relations (3.57)-(3.59), we find

n n n— n— n 2
Jupll p—llup~ 1||1h+ kIIA(uh+Uh Dlli < KsMPk||uj, 1||11,h+K3M2k||uh||11,h+;k||f||io’
(3.60)
from which we obtain
_ . 2
Ko MR~ K M2kl o SR >0 forall 0> 1
(3.61)

Loyai (3.62)

n||2

From (3.61) we obtain either

or
,  Lry/Ar
[wplly, = TOE (3.63)
where

2
A = 1 AR MR Mg 4+ 2+ SRIFIZ) > 5 by (3.54) and (3.55)

Wl =
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Let us show that with our assumption, (3.63) is impossible. Taking v;, = w}~" in
(3.34), we find

Jup — w7+ §k||’u'h||%,h - §k||uh 1”%,}1 + de(uh +uphup up up -y
+ k(I (uh) = J(up 7)) < R(Fh uh —uh . (3.64)
Using (3.28) and (3.21), we bound the right hand side of (3.64) by

TK?

2
Lkl 2

(3.65)

Since d(+, -, -) is a trilinear form, we can rewrite the nonlinear term in (3.64) as

Kokl f Il + Bkl Iy o < Elugl, + Skl 1+

1 1 1
hd(u g g g =) = S, w ) - Skd () ),

and using property (3.17), we obtain the following bounds:

_ 1 _
(g ) < Lokl

v 3 _

< ﬁkll’uﬁ”f,mLEC%H“ZH%H“Z Wi o (3.66)

_ _ 1 _ _
k(™ ™) < okl o g

v 3 _ _

< Lkl + Ml g e (367

Employing (3.39), we bound the last term of the left hand side of (3.64) by

BV 12 < k) — s < Kgppe. (3.68)
2u = h h - Qu ©

Gathering (3.64)-(3.68) and recalling (3.38), we obtain

n e 172, 3 e 8K}
= w2+ bl — (v+ ) bl < SR,

and hence

16K2
1/2

kIFI%,

3
bl <2 (24 S5 ) 17 +
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from which we find, using (3.55):

2
2K M2 |lup]li, < 5 < 1. (3.69)

(3.69) contradicts (3.63) and therefore we obtain
e - 1— /AT
||Uh||1,h > W
2K3M2k||u§§_l||‘ih + [l I+ 2RI
1+V1—-uw ’

where & = AKsM2k(KsM?k|luy 11, + lup 13, + 2k[ F1|2,)- Since 2 < 4/5 (by
(3.55)) and

(3.70)

2
S <1+42/2 if 0<z<4/5,
i ST i 0sesd/

we obtain, using (3.54), (3.55) and the fact that M > K2v/2| f|ls/v,
n n— n— 2
il < (Kadku 1o+ g 1+ 2HA1 )
2
<L 2P L+ I+ 2RI

n— n— 2
< KMkl s + ey i + —FIFIS
_ K
2K M2 k(L ||y I3 + 71Hf||§o)2
< i s L+ Kak(lluy 7 5+ IFIR)] + K5kl FIS,  (3.71)

with appropriate choice of constants K and K. O
To prove that the scheme (3.34) is conditionally stable on a finite interval of time,
we need the following discrete Gronwall lemma [110].

Lemma 3.5.2 (Discrete Gronwall Lemma).
Given k > 0, an integer n, > 0 and positive sequences ov,, B, and vy, such that

an < ap 1 (L+kBp1) + kv, forall n=1,..n,, (3.72)
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we have
n—1 n—1 n—1
a, < apexp (l{;ZBZ> + Z k; exp (l{;ZBj) + kv, forall n=2, .. n,.
i=0 i=1 j=i
(3.73)
Proof  Using recursively (3.72), we derive
n—1 n—1 n—1
a, < ap H(l + kp;) + Z ky; H(l + kB;) + kyn,
i=0 i=1 j=i
and since 1 + x < expz, for all x € R, the conclusion of the lemma follows. [
Proposition 3.5.1 (estimates on a finite interval of time).
Let T >0 and
M > K{V2| flloo /v
be fized and let
[[uol| < M.
Assume that, besides the CFL-condition (3.36), k also satisfies
k< min {1, mo (M, [| £lloo)s w3(M, g llins [ Flloe, T} (3.74)
where 1
M o) = , 3.75
1
ks (M, ||ud|| 10, 0oy ') = . 3.76
(M, [[wpl1n, [ Fllo, T) 12K 3 M2 Ly Ly (M, a1, | fllos, T) (3.76)
Lo(+,+, -, ) is a monotonically increasing function in all its arguments and is given
2
in (3.83) below and K = 5.
Then

(a) relation (3.56) holds for alln =1,.... N = |T/k]| (integer part of T/k), and
(b)

luplls p < Lo(M, [Jupllup, | fllo nk),  forall n=1,..,N = |T/k]
(3.77)
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Proof Let T > 0 and let h, k be such that (3.36) and (3.74) are satisfied.
We will use induction on n. If n = 1, assumption (3.74) implies

2/'{1 1
KsMPk(Lalup |1+ == FII%) < 5

thus conclusion (3.56) of lemma 3.5.1 holds for n = 1. Now assume that (3.55)
holds for n =1, ..., m, for some m < N. Hence (3.56) holds for n = 1,...,m. If we
rewrite (3.56) as (3.72) with

an = lluplliy, B = KM (Juplliy + 1F1%) and v = K| £

and noting that, using (3.40), we have

m—1 m—1
EY B = KPR (w3, + 1£11%)
i—i j=i
< K MP[M? + (m —a)k| fI12], (3.78)
and therefore

m—1 m—1 m—1
> kyiexp (kZﬁg) < Kk 12 exp(Br M [M? + (m — i)k|| £]|%.])
i=1 j=i i=1

< Ks||flIA exp(K;M*Ymk exp (K, M*mk| £||%.Y3.79)

Similarly for ¢ = 0, we have

m—1 m—1
EY B = KMk (lullf s+ 1 £1%)
j=0 j=0
< Ko MP(M? + mk||f%) + KaMPE|up |17 .- (3.80)

Using (3.74) and recalling that L; > 2, the last term of (3.80) can be bounded as

K4||Uh||1h K,

KM k(w3 ), < < : 3.81
A < R Lo AT S R O

Then Lemma 3.5.2 and relations (3.78)-(3.81) imply
i 15, < La(M, [yl 1.0 | Fllooy mE), (3.82)
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where

K
La(M. [l 1 Focnmk) = [ exp(o 0+ 52 exp(KAL mk] £

+ 2K5exp(KrM*)mk| £ |12 exp (K7 M*mk| £[£3)83)

Using (3.82) and recalling assumption (3.74), it is easily check that condition
(3.55) holds for n — 1 = m, and by the same Lemma 3.5.2, we have (3.56) holds
forn =m + 1. O

To prove the uniform bound of ||u} ||, for all n > 1, we will repeatedly apply
Proposition 3.5.1 on different intervals of time, considering different initial values.
To do that, we need the following discrete uniform Gronwall lemma, a generalized
version of the discrete uniform Gronwall lemma of Shen [110], whose proof can be
found in [100].

Lemma 3.5.3 (Discrete Uniform Gronwall lemma).
Given k > 0, positive integers ny, ng, n, such that ny < ny, ny+ns+1 < n,, and
positive sequences oy, B, and v, such that

an < ap 1 (L+kBn1) + kv, forall n=1,..n,, (3.84)

Assume also that for any n' satisfying ny < n’ <mn, —ng

n/+no n'4+no n'+no
Y kBy < Ci(niny), Y ko < Co(niny), > kv < Ca(ng,ma),
n=n/' n=n' n=n/'

(3.85)
then we have

o, < (W + C'g(nl,n*)) exp(Ci(ny1,ny))  for any nyi+na+1<n<n,,
2
(3.86)

Theorem 3.5.1 (Uniform bound of |u}||;, for all n > 1).
Let ug € V,NCY Q)% f € L*(R*; H) and assume that

[woll < M,
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where

M > KiV2|flls/v.

Also let r > 4Ky be arbitrarily fixed and assume that, besides the CFL-condition
(3.30), k also satisfies

k < min {’%17 H2(M7 HfHOO)v ’KL3(M7 K2HU9L||C’1(§)27 ||f’|007r)7 H3(M7 P1, ||f’|007r)} )
(3.87)

where K1, Ko, K3 are defined above and py is given in (3.92) below.

Then we have

[l n < La(llupllcr@pe: 1Flle), forall n>1, (3.88)

where L(-,-) is a continuous function defined on R3, increasing in both argu-

ments.
Moreover, there exists an N > 0 such that

lui iy < La(l flle),  for all n > N. (3.89)

Proof In order to derive uniform bounds ||u} |1, for all n > 1, we apply
Proposition 3.5.1 on successive intervals of time, with different initial values. On
each interval considered, we obtain a bound Lsy(-, -, -, -) which depends on the norm
|u?|]1, and on the length of the interval. Using the discrete uniform Gronwall
lemma, we bound the norm of the initial values ||uf||;, by a constant p; and
recalling the fact that Lo is an increasing function of its arguments, we obtain a
bound independent on the initial value considered.

First using (3.32), (3.87) and since k3 is a decreasing function of its arguments,
we can apply Proposition 3.5.1 with 7" = r to obtain

el < b 155 [1+ Kad2R(lluy 7 15 + 1 FI12)] + KskFIS,  (3.90)

||uZ||fh < Lo(M, | udllin, | flloo,7), forall n=1,..N,:=|r/k]. (3.91)

To extend the bound (3.91) to n = N, + 1,...,2N,, we apply again Proposition
3.5.1, namely, Ly(M, ||w)" |14, || flloe, ) depends on the discrete initial value, we
want to bound ||u; ||, independently of h and k.
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Let us rewrite (3.90) in the form of (3.84) with ay,, = [Ju}l||3,,, B0 = Kak(|lu) "3 4+ || £]|%
and v, = Ksk|f||%. Then we apply Lemma 3.5.3 with n; = 1, ny = N, — 2,
n, = N, to obtain the bound of ||u)"||; 4. For n’ = 1,2, using (3.40), we have

n'+ng n'+no
B Bo= Kk S (Jufl, + 1 £1%) < KM + ] £12),
n/+ng n/+ng
B = Ksk > IFIE < Korl I,
n’+no n’+ng
B an—k S Il < Ko(M2 + ) £2).

Then Lemma 3.5.3, together with the assumption r > 4k, yields

lup 1T < [2Ko(M?/r + || £11%) + Ksrl| £II5] exp(KsM*(M? + || £|[2.))
= p1(M, [ flloe; 7). (3.92)
Taking into account the assumption (3.87) on the time step k, relation (3.92)
and the fact that Ly(-,-,-) is an increasing function of its arguments, we apply

Proposition 3.5.1 with 7" = r and initial data u, . We obtain that the relation
(3.56) holds for all n = N, + 1, ...,2N,, and

[l < La(M, [[wy s | Flloos ) < La(M, pr, || Flloos )
forall n=N,+1,...2N,. (3.93)

Applying again Lemma 3.5.3 with n; = N, + 1, ny = N, — 2 and n, = 2N,, we

obtain

[z |15 < p1. (3.94)

Iterating the above procedure, we find

[l < Lo(M, p1, | Flloos ) = La([| fll),  forall n > N, (3.95)
and recalling (3.91), we conclude
max{ La(M, [wp |1, | £lloos 7), L[l Flloc) }

max{ Ly(M, Ksl|luollcr@yes [[Flloos ), La(l[ Flloo) ) Dy (3.32)
= L4(K2||’U,0||C1(§)2, ||f||oo) forall n 2 1. (396)

luplli, <
<
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As for the N beyond which ||u}||1 5 is bounded independent of g, we can evidently
take N = N, (see (3.95)). This completes the proof of the Theorem. O
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Conclusion

The main focus of this work was to develop both theoretically and numerically
the finite element approximation for the fluid flows governed by nonlinear slip
boundary conditions.

In Chapter 1, introducing a threshold slip boundary conditions (0.2) to the Stokes
and Navier Stokes equations, the resulting variational inequalities obtained are an-
alyzed by the means of fixed approach, and a priori error estimates are derived
using sufficient conditions for existence of solutions. We next formulated and
established the convergence of the Uzawa’s algorithm associated to the finite el-
ement equations for both the Stokes and Navier-Stokes equations. Finally, some
numerical simulations which confirm the predictions of the theory was presented.

In Chapter 2, we formulated and analyzed the finite element approximation for the
power law Stokes flow driven by slip boundary condition (0.1). Next, we proceeded
to implement a particular algorithm combining vanishing viscosity method and
stationary solution of an initial value problem (flow in the dynamical system ter-
minology). The well posedness of the finite element approximation was obtained
by using the generalized version of Babuska-Brezzi’s theory of mixed formulation
introduced in [70, 48]. As far as the implementation of the finite element presented
is considered, we adapted the well known methodology consisting to associate to
a stationary problem, an initial value problem in which the focus was on the be-
havior of the solution of the later problem when the time was big enough. But in
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order to improve the rate of convergence, we added a stabilizing term to the initial
value problem (numerical computations confirm the predictions). This approach
led naturally to a solution method based on time discretization; it has also an
advantage of being easily implementable, but much progress has to be made for
a systematic way of choosing the initial flow.

In Chapter 3, we studied the stability for all positive time of Crank-Nicolson
scheme for the two-dimensional Navier-Stokes equation driven by slip boundary
conditions of friction type (0.1). We discretized these equations in time using
the Crank-Nicolson scheme and in space using finite element approximation. We
proved that the numerical scheme is stable in L? and H'-norms with the aid of
different versions of discrete Grownwall lemmas, under a CFL-type condition.

In our future works, we would like to extend our results on:

e The study of finite element of viscosity-splitting scheme for the Navier-
Stokes equations in 2D and 3D. Similar works have been done for instance
in [111, 112, 113] with Dirichlet boundary conditions.

e The study of finite element approximation for the power law Stokes flow
driven by slip boundary conditions (0.2) formulated by C. Le Roux and A.
Tani in [41, 42].

e It will be interesting to see how the works of F. Tone and co-workers [100,
50, 114] are incorporated in our research direction.
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