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ABSTRACT 
In practical applications, monolithic catalytic converters are 

operated at non-isothermal conditions. In this case, the active 
metal distribution along the length of the converter may 
influence its performance. Indeed, better conversions can be 
achieved by controlling the distribution of the same quantity of 
active material. In this study, we used a one-dimensional 
catalyst model to predict the transient thermal and conversion 
characteristics of a dual monolithic catalytic converter with 
Platinum/Rhodium (Pt/Rh) catalysts. The optimal design of a 
longitudinal noble metal distribution of a fixed amount of 
catalyst is investigated to obtain the best performance of a dual 
monolithic catalytic converter by using a micro genetic 
algorithm with consideration of heat transfer, mass transfer, and 
chemical reaction in the monolith during FTP-75 cycle. The 
optimal design for the optimal axial distribution of the catalyst 
is determined by solving the multi-objective optimization 
problems which are to minimize both the CO cumulative 
emissions during FTP-75 cycle, and the difference between the 
integral value of a catalyst distribution function over the 
monolith volume and catalytic surface area per unit monolith 
volume. 

 
INTRODUCTION 

Nowadays, controlling emissions is not simply a case of 
engine design and engine management. Exhaust gas after-
treatment systems play an important role, as current and future 
automobile emission regulations become more stringent. The 
achievement of tighter emission standards for gasoline vehicles 
is based on reduction of cold-start emissions by attaining faster 
light-off of the catalytic converter. Because automotive 
catalysts operate inefficiently until they reach their light-off 
temperature at typically 600K or higher, about 60-80% of total 
HC emissions over the NEDC and the FTP-75 cycle are emitted 
within the first 200 sec of the cold start phase. Therefore, many 

NOMENCLATURE 
 
A [m2] Open frontal area of the monolith 
a(x) [m2/m3] Catalyst distribution function 
a0 [m2/m3] Catalytic surface area per unit monolith volume 
ci [mole fraction] Concentration of species i 
cp [J/kgK] Specific heat capacity 
Di [m2/s] Binary diffusion coefficient of species i in the mixture 
Ea,k [J/kmol] Activation energy of reaction k 
F(X) [-] Objective function 
G [-] Inhibition factor 
GSA [m2/ m3] Geometrical surface area per unit reactor volume 
ht [W/m2K] Heat transfer coefficient 
∆Ha,j [J/kmol] Adsorption heat 
∆Hk [J/kmol] Enthalpy of reaction k 
ka,j [-] Pre-exponential factor of adsorption equilibrium constant
km,i [m/s] Mass transfer coefficient of species i in the mixture 
k0,k [molK/m2s] Pre-exponential factor of rate constant k 
Kj [-] Adsorption equilibrium constant 
Kp [-] Chemical equilibrium constant 
L [m] Channel length 
m [kg/s] Mass flow rate 
Mi [kg/kmol] Molecular weight of species i 
NR [-] Number of reactions 
rk [mol/m2s] Rate of reaction k 
Rg [J/molK] Universal gas constant 
t [s] Time 
T [K] Temperature 
νik [-] Stoichiometric coefficient of species i in the reaction k 
Vm [m3] Monolith volume 
wi [mass fraction] Concentration of species i 
x [m] Axial coordinate 
X [-] Vector of the design variables 
 
Greek symbols 
α [-] Coefficient included in the catalyst distribution function
β [-] Coefficient included in the catalyst distribution function
ε [-] Void fraction of the monolith 
λ [W/mK] Thermal conductivity 
ρ [kg/m3] Density 
 
Subscripts and superscripts 



   

g  gas 
i  Species index 
in  Inlet (superscript) 
k  Reaction index 
L  Channel length 
s  Solid 
x  Axial coordinate 
 
attempts have been performed to reduce the time needed for 
catalysts to reach their light-off temperature. 

To improve the light-off performance and conversion effici-
ency of catalytic converters, parametric investigations on the 
effect of various design factors (cell density, wall thickness, 
length and diameter of the monolith, channel geometry, and 
composition of catalyst and washcoat, axial catalyst distribution 
etc.) on the performance of the monolith have been performed 
in a number of numerical and experimental studies. In particul-
ar, the effect of non-uniform axial distribution with a simple 
chemical reaction and operating conditions on the performance 
of the catalytic converter has been examined [1-8]. Oh and 
Cavendish [1] examined the light-off behavior of three Pt distri-
bution profiles along the reactor length, and showed that the 
light-off performance is improved substantially when the noble 
metal is concentrated in the upstream section of the monolith. It 
is also well known that non-uniform catalyst distribution within 
a pellet can provide better performance as compared to uniform 
catalysts [2]. Psyllos and Philippopoulos [3] showed that the 
performance of catalysts with parabolic axial catalyst distributi-
on for CO oxidation is better than monoliths with uniform axial 
catalyst distribution. It was shown for the reaction of methane 
oxidation that non-uniform catalyst distributions have the pote-
ntial to achieve lower thermal stresses [4]. Melis et al. [5] 
examined the effect of axial distribution of a fixed amount of 
catalyst on the performance of an isothermal reactor, in which 
both heterogeneous and homogeneous reactions occur. They 
showed that the optimal distribution depends on strongly whet-
her or not interactions exist between the heterogeneous and ho-
mogeneous reactions.  

The aforementioned studies indicated that non-uniform 
catalyst distribution can improve the performance of the cataly-
tic converter. However, an optimal catalyst distribution was not 
identified. Khanaev et al. [6] showed that in the adiabatic 
reactor the optimal profile is the one that monotonically 
decreases along the bed length in the case of an exothermal 
reaction and monotonically increases in the case of an endothe-
rmal reaction, while the uniform active component distribution 
profile is optimal for a first-order reaction in an isothermal 
reactor. The optimization of the loading pattern for improving 
warm-up catalyst performance with an optimization algorithm 
has been performed by Tronci et al. [7] and Kim and Kim [8]. 
They showed that the high noble metal surface area in the 
upstream section of the monolith significantly minimizes the 
cold start pollutant emissions. 

In the present work, while keeping the catalytic surface area 
per unit monolith volume constant, the optimal design of a lon-
gitudinal noble metal distribution to obtain the best performan-
ce of a dual monolithic catalytic converter is performed by 
using a micro genetic algorithm with consideration of heat 
transfer, mass transfer, and chemical reaction in the monolith 

during FTP-75 cycle. Prior to the optimization of the dual-
catalyst converter, the pre-exponential factor and activation 
energy of each reaction for catalyst are modified to achieve the 
reasonable agreement with experimental data under typical 
FTP-75 cycle of automobile application. The optimal design for 
the optimal axial distribution of the catalyst is determined by 
solving the multi-objective optimization problems to minimize 
both the CO cumulative emissions during FTP-75 cycle, and 
the difference between the integral value of a catalyst distributi-
on function over the monolith volume and catalytic surface area 
per unit monolith volume. 

MODEL DESCRIPTION 
 

Catalyst Model 
The structure of monolithic catalytic converters used in 

automotive exhaust after-treatment systems consists of a numb-
er of small parallel channels, inducing a laminar flow field 
inside. The catalytic material is impregnated on a porous high 
surface area material, called a washcoat, which covers the chan-
nels of the substrate along their wetted perimeter. The diffusion 
of reactants through the gas phase and the porous washcoat is 
followed by catalytic reactions, occurring on precious metal 
surface sites at the gas-solid interface inside the porous washco-
at. The physical and chemical processes in a monolithic reactor 
are depicted in Figure 1. 

The transient one-dimensional equations for the gas phase 
heat and mass transfer are: 
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where Di denotes the binary diffusion coefficient of species i in 
the mixture j [9] and the heat transfer coefficient ht and the 
mass transfer coefficient km in equations (1) and (2) are depen-
dent on the length of the substrate [10]. 
 

 
Figure 1 Relevant physical and chemical phenomena in the gas 
phase, washcoat, and substrate. 



   

Table 1 Input data for dual-catalyst simulation. 

Input data 
Precious metal ratio 5/1 Pt/Rh
Precious metal loading 26.9 g/ft3 
Substrate frontal area 99.87 m2 
Substrate cell density 400 cpsi 
Substrate length 0.0903 m 
Substrate thickness 1.65×10−4 m 
Substrate density 1.71×103 kg/m3

Catalytic surface area per 
unit monolith volume 18,930 m2/m3

Substrate heat capacity 1071+0.156⋅Ts−3.435×107/Ts
2 J/kgK

Substrate thermal conductivity 1.675 W/mK
Gas heat capacity 1009.1248+0.2182⋅Tg J/kgK
Gas thermal conductivity 2.269×10-4⋅Tg

0.832 W/mK
 

The transient energy conservation equation in the solid 
phase accounts for the convective heat transfer with the exhaust 
gas, axial heat conduction, and reaction exothermy. The corres-
ponding equation is described as: 
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The reaction rate on the surface for each species is linked to 
the local species mass transfer to/from the exhaust gas by the 
following equation 
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The Danckwerts boundary conditions at the inlet and outlet 
for a dual monolithic catalytic converter with the space between 
monoliths, i.e., with the air-gap of 0.0162 m, for solving the 
aforementioned governing equations are: 
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The governing equations (1), (2), and (4) are discretized 
with the finite volume method and solved in conjunction with 
the Danckwerts boundary conditions given by equations (6)-(8) 
for dual monolithic catalytic converters. Equations (1), (2), and 
(4) are discretized by using a dense uniform grid and employin-
g the control volume approach and the backward difference 
scheme in time and the central implicit difference scheme in the 
spatial direction. The equations are solved by using a standard 
tri-diagonal matrix algorithm (TDMA) with a successive line 
under-relaxation scheme. Broyden's method [11], which is a 
quasi-Newtonian method for numerical solution of nonlinear 
equations, is used to solve the nonlinear systems of equation (5) 
for the chemical species concentrations on the monolith surface. 
The input data for the catalyst model are listed in Table 1. 

Table 2 Reaction scheme and rate expressions. 

Reaction Rate expression 

1 CO+0.5O2 CO2 a,1 g s

2

-E R T
1 0,1 CO O 1r =k e c c /G/  

2 C3H6+4.5O2 3CO2+3H2O a,2 g s

3 6 2

-E R T
2 0,2 C H O 1r =k e c c / G/  

3 CH4+2O2 CO2+2H2O a,3 g s

4 2

-E R T
3 0,3 CH O 1r =k e c c / G/  

4 H2+0.5O2 H2O a,4 g s

2 2

-E R T
4 0,4 H O 1r =k e c c / G/  

5 CO+H2O CO2+H2 a,5 g s

2

-E R T
5 0,5 CO H O 5 1r =k e c c Eq / G/

6 C3H6+3H2O 3CO+6H2 a,6 g s

3 6 2

-E R T
6 0,6 C H H O 6 1r =k e c c Eq / G/

7 CH4+H2O CO+3H2 a,7 g s

4 2

-E R T
7 0,7 CH H O 7 1r =k e c c Eq / G/

8 CO+NO CO2+0.5N2 a,8 g s-E R T m 0.5
8 0,8 CO NO 2r =k e c c / G/  

9 C3H6+9NO 3H2O+3CO2+4.5N2 a,9 g s

3 6

-E R T
9 0,9 C H NO 1r =k e c c / G/  

10 H2+NO H2O+0.5N2 a,10 g s

2

-E R T
10 0,10 H NO 1r =k e c c / G/  
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Chemical Reaction Kinetics Model 

The main oxidation reactions occurring in three-way cataly-
sts involve carbon monoxide (CO) and unburned hydrocarbons 
(HC). Methane (14%) and Propylene (86%) are used to model 
“slow” and “fast” oxidizing hydrocarbons, respectively. Hydro-
gen (H2) oxidation is taken into account, due to the substantial 
heat production associated with it, while its reaction kinetics 
are simple to treat, since they are closely related to CO oxidati-
on kinetics. Here, H2 concentration is assumed to be 36% of 
CO concentration. In the present model, the oxidation reaction 
rates of CO, H2, and HC are based on the expressions by Voltz 
et al. [12]. 

Water-gas shift reaction and the steam reforming reactions 
are incorporated into the reaction scheme [13]. To account for 
the chemical equilibrium of the steam reforming and water-gas 
shift reactions, an additional factors (Eq5, Eq6, and Eq7) are co-
nsidered in the respective reaction rate expressions. Obviously, 
negative values for the additional factors imply that the water-
gas shift and steam reforming reactions are thermodynamically 
not possible and the reaction rates are zero.  

The simultaneous reduction of NO is considered by three 
different reaction pathways. Among those reactions, the one 
involving CO is considered to be the main path. The NO 
reduction by CO is modeled using an empirical reaction rate 
expression [14], which predicts a variable order of reaction for 
the CO oxidation from NO, depending on CO concentration. 
The chemical reaction scheme and kinetics rate expressions of 
the three-way catalyst used in this study are listed in Table 2. 



   

Optimization Procedure and Problem Formulation 
A flow chart of the optimal design process is depicted in 

Figure 2. The optimal design variables of the catalytic convert-
er are obtained through three modules: analysis, optimization, 
and control. The analysis module is used to calculate the object-
ive functions with a one-dimensional single channel model and 
the Romberg integration method [15]. This module obtains new 
design variables from the control module, produces the CO 
cumulative emissions and the integral value of a catalyst distri-
bution function a(x) over the monolith volume, and provides 
objective function values to the control module. The optimal 
design variables for minimizing the objective functions are 
determined by the optimization module with µGA. The control 
module manages the optimal design process that takes place 
mainly in the analysis and optimization modules. The optimiza-
tion procedures are discussed in more detail by Kim and Kim 
[8]. The mathematical formulation of the nonlinear optimizati-
on problem is as follows: 
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As mentioned above, two objective functions are considered 
in this study and described as follows: 
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with 
a(x) exp(α β x)= ⋅-                                                                  (14) 
where CE, CCE, and CSA are the CO emissions per unit time, 
objective functions F1(X) and F2(X). F1(X) represents the CO 
cumulative emissions during FTP-75 test cycle. F2(X) indicates 
the difference between the integral value of a catalyst distribut-
ion function a(x) over the monolith volume and catalytic 
surface area per unit monolith volume ao. For the baseline 
catalytic converter with the uniform axial catalyst distribution, 
the coefficients α and β included in the catalyst distribution 
function a(x) are 5.243 and 0, respectively. 
 

 
Figure 2 Flow chart of the optimal design process and micro 
genetic algorithm. 

RESULTS AND DISCUSSION 
 

Model Validation 
A series of experiments on a 1.5 L four cylinder engine are 

performed to validate the reaction mechanism on real engine 
exhaust gas over the first 200 s of the FTP-75 cycle. As shown 
in Table 2, the kinetic parameters, activation energy Ea,k, and 
the pre-exponential factor k0,k, of the global reaction mechanis-
m are tuned to find a compromise in agreement between comp-
uted and measured data. The under-floor catalyst system is tan-
dem comprised of 0.895 L front and rear catalysts with the 
space between monoliths of 0.0162 m, as listed in Table 1. A 
5:1 Pt/Rh catalyst at 26.9 g/ft3 loading is supported on each 
substrate with cell geometry of 400 cpsi and 6.5 mil wall. 

Figure 3 presents the computed and measured gas and wall 
temperatures at the inlet and exit of the front and rear monoliths 
during the first 200 s of FTP-75. Apparently, the mathematical 
model shows a remarkable ability in matching the behavior of 
the converter. As shown in Figure 3(a), just after the decelerati-
on (about 115 sec) the outlet gas temperature of front monolith 
becomes substantially higher than inlet gas temperature because 
of exothermic reaction and axial heat conduction through the 
wall. With respect to wall temperature at the inlet of monoliths 
depicted in Figure 3(b), the inlet wall temperature of rear 
monolith achieved higher temperature than the front monolith 
due to the faster convective heat transfer of chemical exotherms 
in the front monolith towards downstream. 
 

 
(a) 

 
(b) 

Figure 3 Transient profiles of mass flow rate, gas and wall 
temperatures during the first 200 s of FTP-75 drive cycle: (a) 
mass flow rate and gas temperature; (b) wall temperature. 



   

 
(a)                                                                                                  (b) 

 
(c)                                                                                                  (d) 

Figure 4 Computed and measured species emissions and cumulative species emissions at the exit of the converter during the first 200 
s of FTP-75 cycle: (a) CO emissions; (b) HC emissions; (c) NO emissions; (d) cumulative species emissions. 
 

The computed instantaneous CO, HC, and NO emissions 
are plotted in Figure 4(a), (b), and (c), respectively, and compa-
red to experimental data. And the cumulated pollutant mass of 
CO, HC, and NO is compared to measured data during the first 
200 s of FTP-75 in Figure 4(d), showing good agreement for all 
species. According to the experimental results, catalyst-out em-
issions over the FTP-75 drive cycle were 12.49, 6.11, and 0.44 
g for CO, HC, and NO emissions, respectively. In comparison, 
the computed cumulative emissions for CO, HC, and NO are 
12.53, 6.57, and 0.45 g, respectively. 
 

Optimal Axial Distribution of Catalyst 
The optimal design for the optimal axial distribution of the 

catalyst is performed by solving the multi-objective optimizati-
on problems which are aimed at minimizing the CCE and CSA. 
The optimal catalyst distributions, cumulative CO emissions for 
the optimal profiles of axial catalyst distribution, and wall tem-
perature at the inlet of monoliths are demonstrated in Figure 5. 
Here the optimal coefficients α and β are 7.986 and 1.72 for 
optimal A, 9.013 and 4.8 for optimal B, and 9.443 and 7.38 for 
optimal C, respectively. 

As illustrated in Figure 5(a), the catalyst surface area of the 
optimal distributions is significantly higher in the upstream 
section of the monolith. The catalyst surface area in the downst-
ream section is lower than that of the uniform distribution. It 
can be seen that the concentration degree of the catalyst surface 
area in the upstream section for optimal A is lowest in the three 
optimal profiles. The cumulative CO, HC, and NO emissions 
during the first 140 s of the FTP-75 test cycle for three optimal 
catalyst distributions are reduced by approximately 21%, 12%, 
and 49%, respectively, compared to those of the uniform catal-
yst distribution shown in Figure 5(b). Figure 5(c) represents the 

 
CO cumulative emissions and the concentrated amount of the 
catalyst in the upstream section for several axial catalyst distri-
butions. For all catalyst distributions shown in Figure 5(c), the 
integral value of a catalyst distribution function a(x) over the 
monolith volume is almost the same as the value of a0 with a 
maximum difference of 0.03%, i.e., |CSA/a0|max×100%. As α 
increases from 5.243 (uniform catalyst distribution) to 7.986 
(optimal A), the cumulative CO emissions are greatly reduced, 
while the dimensionless catalyst surface area in the upstream 
section of the converter (that is, a(0)/a0) increases gradually. 
However, a(0)/a0 increases dramatically with increasing α abo-
ve 5.243 (saturation point), while the variations in the cumulati-
ve CO emissions are negligibly small due to the mass transport 
limitations. Also, the temporal evolution of inlet wall temperat-
ure in the front and rear monoliths for the optimal axial catalyst 
distribution is illustrated in Figure 5(d), and compared to that of 
uniform distribution. It can be seen that the light-off performan-
ce of the converter with optimal profile is significantly better 
than that of uniform distribution. 

CONCLUSION  
In this study, the optimal design of a longitudinal noble 

metal distribution for a fixed amount of catalyst was investigat-
ed to obtain the best performance of a dual monolithic catalytic 
converter by using a micro genetic algorithm. With a one-
dimensional transient catalyst model, the optimal design analy-
sis was performed by solving the transient thermal and convers-
ion characteristics of a dual monolithic catalytic converter with 
Pt/Rh catalysts during FTP-75 cycle. 

The catalyst surface area of the optimal distribution is 
greatly higher in the upstream section of the monolith, while in  



   

 
(a)                                                                                                  (b) 

 
(c)                                                                                                  (d) 

Figure 5 Optimal profiles of axial catalyst distribution, and cumulative species emissions and solid temperature during the first 200 s 
of FTP-75 cycle: (a) optimal catalyst distributions; (b) cumulated pollutant mass; (c) CO cumulative emissions and concentration 
degree of the catalyst in the upstream section with respect to axial catalyst distribution; (d) wall temperature at the inlet of monoliths. 
 
the downstream section it is lower than that of the uniform 
distribution. However, it is noted that in the upstream section of 
the converter the catalyst surface area greater than saturation 
point (optimal A) has little effect on the cumulative CO emissi-
ons due to the mass transport limitations. The optimal coefficie-
nts α and β included in the catalyst distribution function a(x) 
are 7.986 and 1.72, respectively. Here, the cumulative CO, HC, 
and NO emissions during the first 140 s of the FTP-75 cycle are 
reduced by approximately 21%, 12%, and 49%, respectively, as 
compared to those obtained with the uniform catalyst distribut-
ion. 
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