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1 Introduction and preliminaries

Over the last 50 years or so the theory of fixed points has been revealed as a very pow-
erful and important tool in the study of nonlinear phenomena. In particular, fixed point
techniques have been applied in such diverse fields as biology, chemistry, economics, en-
gineering, game theory, and physics. In the past years, the extension of metric fixed point
theory to generalized structures such as cone metrics, partial metric spaces and quasi-
metric spaces has received much attention (see, for instance, [1-6] and the references
therein). A partial metric space is a generalized metric space in which each object does
not necessarily has to have a zero distance from itself [7]. One motivation for introducing
the concept of a partial metric was to obtain appropriate mathematical models in the the-
ory of computation and, in particular, to give a modified version of the Banach contraction
principle, more suitable in this context [7, 8]. Subsequently, several authors have studied
the problem of existence and uniqueness of a fixed point for mappings satisfying different
contractive conditions (see, e.g., [9-19]).

Recently, it was shown that, in some cases, fixed point results in partial metric spaces
can be obtained directly from their induced metric counterparts [20-22]. However, some
important conclusions in the application of partial metrics to information sciences cannot
be obtained in this way. For example, if x is a fixed point of a map f, then, by using the
method from [20], we cannot conclude that p(fx, fx) = 0 = p(x,x). For further details we
refer the reader to [23] and [24].

The aim of this paper is to study the existence of a common fixed point for two pairs
of mappings which satisfy the (E.A)-property in the framework of partial metric spaces.

Our results do not require the maps to be commuting or continuous. We will also give
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an example to show that the conclusion of our results cannot be derived by employing an
induced metric.

In the sequel, R, R*, and N denote the set of all real numbers, the set of all nonnegative
real numbers and the set of all positive integers, respectively. The usual order on R will be
indistinctly denoted by < or by >.

Consistent with [7] and [25], the following definitions and results will be needed in the
sequel.

Definition 1.1 Let X be a nonempty set. A function p: X x X — R* is said to be a partial
metric on X if, for any &, 7,z € X, the following conditions hold:

Py) p(x,x) = p(y,y) = p(x,y) if and only if x = y;
Py) plx,x) < p(x,y);

P3) p(x,y) = p(y, %);

Py) p(x,2) < p(x,9) + p(v,2) = p(3,9).

— o~ o~ o~

The pair (X, p) is then called a partial metric space.

If p(x,y) = 0, then (P1)-(P3) imply that x = y, but the converse does not always hold.
A trivial example of a partial metric space is the pair (R*, p), where p : R* x R* — R* is
defined by p(x, y) = max{x, y}.

Example 1.2 [7] If X = {[a,b] : a,b € R,a < b}, then p([a, b], [¢,d]) = max{b,d} — min{a, c}
defines a partial metric p on X.

For more examples of partial metric spaces, we refer the reader to [14, 16, 17, 25-28].

Each partial metric p on X generates a T, topology 7, on X which has as a base the
family open p-balls {B,(x, ¢) : x € X, & > 0}, where B, (x,¢) = {y € X : p(x,) < p(x,x) + £}, for
allx e X and ¢ > 0.

Definition 1.3 [7] A sequence {x,} in a partial metric space (X, p) is said to be a Cauchy
sequence if lim,, ,,,—, 00 p(x,,, %) exists and is finite.

It is well known that (see [7, p.187]) a sequence {x,} in a partial metric space (X, p) con-
verges to a point x € X, with respect to 17, if and only if p(x, x) = lim,,_, oo p(x, %,,).

If p is a partial metric on X then the function p° : X x X — R*, given by pS(x,y) =
2p(x,y) — p(x,x) — p(y,y), defines a metric on X.

A sequence {x,} converges in (X, p°) to a point x € X if and only if

lim p(x,,%,) = lim p(x,,x) = p(x,x). (1.1)
n,m—>00 n—>00

This will be denoted as x, — x as n — oo or lim,_,« %, = x. Clearly, the limit of a se-
quence in a partial metric space need not be unique. Moreover, contrary to the case of an
ordinary metric d, a partial metric p need not be continuous, in the sense that x, — x and
¥y, — y as n — oo does not imply that p(x,, y,) — p(x,y) as n — oo.

A partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in X
converges, with respect to 7,, to a point x € X such that lim,,_, o p(x,x,) = p(x,x). In this
case we say that the partial metric p is complete.
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The following example shows that a convergent sequence in a partial metric space may

not be Cauchy. In particular, it shows that the limit of a convergent sequence is not unique.

Example 1.4 [7] Let p: R* x R* — R* be a partial metric defined as p(x, y) = max{x, y}.

Define a sequence {x,} as

0 ifn=2k,
Xy =
1 ifn=2k+1.

Then {x,} is a convergent sequence but lim,,,;;—, oc (%41, %) does not exist.

Lemma 1.5 [25] Let (X, p) be a partial metric space.
(a) A sequence {x,} in X is a Cauchy sequence in (X, p) if and only if it is a Cauchy
sequence in the metric space (X, p°).
(b) A partial metric space (X, p) is complete if and only if the metric space (X, p%) is
complete.

If fx = gx for some x in X, then x is called the coincidence point of f and g. Furthermore,
if the mappings commute at each coincidence point, then such mappings are called weakly
compatible [29].

Sessa [30] introduced the notion of the weak commutativity of mappings in metric

spaces.

Definition 1.6 Let X be a partial metric space. Mappings f,g: X — X are called (i) com-
patible if, whenever a sequence {x,} in X is such that {fx,} and {gx,} are convergent to
some t € X, then lim,_,  p(fgx,, gfx,) = p(t,£), and (ii) noncompatible if there exists at
least one sequence {x,} in X such that {fx,} and {gx,} are convergent to some ¢ € X, but
lim,,_, o p(fgx,, gfx,) does not exist.

In 2002, Aamri and Moutaawakil [31] introduced the (E.A)-property and obtained com-
mon fixed points for two mappings. Recently, Babu and Negash [32] employed this con-

cept to obtain some new common fixed point results (see also [33] and [34]).

Definition 1.7 Let X be a partial metric space. Selfmaps f and g on X are said to satisfy the
(E.A)-property if there exists a sequence {x,} in X such that {fx,} and {gx,} are convergent
to some t € X and p(¢, ) = 0.

Example 1.8 Let X = [0,4] be a partial metric space with

|x_y| ifx)ye [0;2];

x,y) =
pix) max{x,y} otherwise.

Let f,g: X — X be defined by

2—x, x¢€][0,1],
fx= %, xe(1,2],
0, x € (2,4],
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and
5%, xe(0,1],
gx=1 4
27 X € (1, 4].
For a decreasing sequence {x,} in X such that x, — 1, gx,, — %,fxn — %,gfxn = 41’6” — %

3

and fox, = %1 — 3. So f and g are noncompatible. Note that there exists a sequence {x,
& 2 3 g p q

in X such that lim,,, o fx,, = lim,_, 5 gx, = 1 € X. Take x, = 1 for each n € N. Hence f and

g satisfy the (E.A)-property.

Let f,g,S, T : X — X be mappings. In our results, we assume that for every sequence
{y,.} in X, one of the following conditions holds:

(a) {gy.} is bounded in the case (f, S) satisfies the (E.A)-property,

(b) {fy.} is bounded in the case (g, T') satisfies (E.A)-property.
The following is an example where above assumption does not hold.

Example 1.9 Let X = R* be a partial metric space with p(x,y) = max{x,y} and f,g,S, T :
X — X be mappings defined by

_1+x

f)=0, gx)= 7

x 0 ifx=0,
S(x)=§, Tx) =1,

1 otherwise.

Note that we have fX € TX and gX C SX with only the pair (f,S) satisfying the (E.A)-
property. If y, = n, then the sequence {gy,} is unbounded. Also note that the pairs (f,S)
and (g, T) are weakly compatible. Here f, g, S and T do not have a common fixed point.

Definition 1.10 The control functions v and ¢ are defined as
(@) ¥, ¢ :[0,00) — [0, 00) are functions, where ¥ is a continuous nondecreasing and ¢
is a lower semicontinuous with ¥ (¢) = ¢(¢t) = 0 ifand only if £ = 0,

(b) ¢ and ¢ satisfy

Y(t) + o(s) < ¥ (s),
forall s,z € [0,00) with t <.

2 Common fixed point theorems

In this section some common fixed point results for two pairs of mappings satisfying cer-
tain contractive conditions in the framework of a partial metric space, are obtained. We
start with the following result.

Theorem 2.1 Let X be a partial metric space and f,g,S,T : X — X be mappings with
X CTX and gX C SX such that

¥ (p(fegy) < ¥ (M(x,9)) - (M(x,5)) @.1)
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is satisfied for all x,y € X, where  and ¢ are control functions and

M(x, y) = max{p(Sx, Ty), p(fx, Sx), p(Ty, gy), [p(fx, Ty) + p(Sx, gy)]/2}. (2.1A)

Suppose that one of the pairs (f,S) and (g, T) satisfies the (E.A)-property, and that one of
the subspaces f(X), g(X), S(X), T(X) is closed in X. If, for every sequence {y,} in X, one of
the following conditions holds:

(@) {gy.} is bounded in the case (f,S) satisfies the (E.A)-property, or

(b) {fyn} is bounded in the case (g, T) satisfies the (E.A)-property,
then the pairs (f,S) and (g, T) have a common point of coincidence in X. Moreover, if the
pairs (f,S) and (g, T) are weakly compatible, then f, g, S and T have a unique common
fixed point.

Proof If the pair (f,S) satisfies the (E.A)-property, then there exists a sequence {x,} in
X satisfying lim,,_, o f, = lim,_,o Sx, = q for some g € X. As fX C TX, there exists a
sequence {y,} in X such that fx, = Ty,. As {gy,} is bounded, limsup,,_, ., p(fx,,gy,) and
limsup,,_, ., p(Sx,,gy,) are finite numbers. Note that

P @) = P(S%s Yn) | < P(fons S).-

Since p(fx,, Sx,) — 0 as n — oo, limsup,,_, ., p(fx,,gy,) = limsup,,_, ., p(Sx,,,gyx). Indeed,
using the fact that limsup,,_, . p(fx,,gy,) = limsup,_, ., p(Sx,,,gy,) = [ > 0, we obtain sub-
sequences {x,, } and {y,, } such that p(Sx,,,gy,,) and p(fx,,,gy,,) are convergent to [. As-
sume that / > 0. Replacing x by x,, and y by y,, in (2.1A), we have

M(xnkrynk) = max{p(ank,fxnk),p(fxnk,ank),p(fxnk,gy,,k),
[P fm) + P(S%g@Vm) |12}

which, on taking the limit as k — oo, implies that

1im My, ) = max {plg, @) plg, @), L U2} = L (2:2)

From (2.1) we obtain

Y (Pfnr @Ym)) <V (M yn)) — O (M V) (2.3)

which, on taking the upper limit of both sides, gives

v() =y () - o) <y (D),

a contradiction. Therefore / = 0. Hence lim,,_, o p(fx,;, gv,,) = lim,,_, oo p(Sx,,, gy,) = 0 and so

lim,— 00 8Vn = 4.
If T(X) is a closed subspace of X, then there exists an r in X such that g = Tr. From (2.1)

we have

¥ (p(fen gr) < ¥ (M(xn, 7)) = ¢(M(x,,7)), (2.4)
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where

M(x,,r) = max{p(an, Tr), p(fxn, Sxn), p(Ir, gr), [p(fx,,, Tr) +p(Sx,,,gr)]/2}

= max{p(Sxy, @), p(ftn, Sx1),2(@,€7), [P(Fins @) + P(Sx, 1)) /2.

Using (P3), we obtain

limsup M(x,, ) = max{p(q,9),p(q,9), p(q.g7), [P(q,9) + p(q.gr)]/2}

n—o0

=p(q,gr). (2.5)

Hence

Vv (p(g.g7)) <V (p(q.g7)) - d(p(q.g7)),
and ¢(p(q,gr)) < 0 give gr = g, and r is a coincidence point of the pair (g, T'). As g(X) <

S(X), there exists a point # in X such that g = Su. We claim that Su = fu. Using (2.1), we
have

v (p(fun,gr)) < ¥ (M(u, 1)) — p(M(u,7)), (2.6)

where

M(u,r) = max{p(Su, Tr), p(fu, Su), p(Tr, gr), [ p(fu, Tr) + p(Su,gr)]/2}
= max{p(Su,Su),p(fu, Su), p(Su, Su), [p(fu, Su) + p(Su, Su)]/2}

= p(fu, Su). (2.7)

Hence

v (p(fu, Su)) < ¥ (p(fu, Suw)) — & (p(fus, Su))
implies that ¢(p(fu, Su)) < 0. Therefore fu = Su, u is a coincidence point of pair the (f, S).

Thus fu = Su = Tr = gr = q. Now, the weakly compatibility of the pairs (f, S) and (g, T) gives
fq =Sq and Tg = gq. From (2.1), we have

v (p(fa, q)) = ¥ (p(fg.gr)) < ¥ (M(q,r)) - p(M(q,7)), (2.8)

where

M(q, r) = max{p(Sq, Tr), p(fq, Sq), p(Tr, gr), [p\fg, Tr) + p(Sq, gr)]/2}

= max{p(fz,9), p(fa.f2), p(@ 0, [p(f1-9) + p(f1.9)] 12} = p(fa, 9). (2.9)

From (2.8), we obtain

v (plf1,9)) < v (p(fa, D) - ¢ (P2, 2),
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and so ¢(p(fg,q)) < 0. Therefore fg = Sq = q. Similarly, it can be shown that gg = g. There-
fore gg = Tg = q. To prove the uniqueness of ¢, suppose that fp = gp = Sp = Tp = p. From
(2.1), we have

v (p(q7)) = ¥ (p(fa.gr)) < ¥ (M(q,1)) — ¢(M(q, 7)), (2.10)

where

M(q,r) = max{p(Sq, Tr), p(f, Sq), p(Tp, gr),
[p(fa, Tr) + p(Sq,gr)]/2}
= max{p(q, ), p(q,9),p(0,9),

[p(q:7) + p(q:7)]/2} = p(g, 7).
Thus, from (2.10), we obtain
¥ (plgr)) < ¥ (plg,7)) - (p(q,7)),
which implies that ¢(p(q,7)) <0 andso g =r. O

Example 2.2 Let X = {0,1,2} be a set with partial metric defined by

(x,9) px,9)
(0,0), (1,1), (2,2) 0
(0,1), (1,0) 1
1,2), (2,1) 2
(0,2), (2,0) 3

Letf,g,S, T : X — X be defined by

f&) glx) Sk) T
o 0 0 0

0 0 2 2
0 1 1 2

N = O R

Clearly, f(X) € T(X) and g(X) C S(X) and the pairs (f, S) and (g, T') are weakly compatible.
Also the pair (f, S) satisfies the (E.A)-property; indeed, x,, = 0 for each n € N is the required
sequence. Note that the pair (g, T) does not commute at 2. The control functions v, ¢ :

[0,00) — [0, 00) are defined by

4, if 4],
b =3t and o=y Hrelod
€ ift>4.

2 )
To check the contractive condition (2.1) for all x,y € X, we consider the following cases.
Note that for cases () x=y=0, () x=0,y=1, (I x=1,y=0,(IV)x=1,y=1, (V)
x=2,y=0,and (VI) x = 2, y = 1, we have p(fx, gy) = 0, and hence (2.1) is obviously satisfied.
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(VI Ifx=0,y=2,then fx=0,gy =1, Sx =0, Ty = 2. We have

¥ (p(fr,g9)) = 3p(0,1) = 3
1 1
< 2(3) = Zp(O,Z)

= — Sx, 1 —M(x,

=¥ (M) - ¢(M(x.9)).
(VIII) If x =1,y =2, then fx =0, gy =1, Sx =2, Ty = 2. We have

v (p(fr.gy)) = 3p(0,1) =3

< %1(3 +2) = lzl[p(O,2) +p(2,1)]/2

11 11
= Z[p(fx, Ty) +p(Sx,gy)]/2 < ZM(x,y)

=¥ (M(x,9)) - ¢(M(x,9)).

(IX) Now whenx=2,y=2,thenfx=0,gy=1,Sx=1, Ty = 2.

¥ (p(fx,g9)) = 3p(0,1) =3
11 11
<5 @=,p12)
11 1
= 2 P5% Ty) = M%)

= ¥ (M(x,9)) - (M(x,y)).

Hence all of the conditions of Theorem 2.1 are satisfied. Moreover, 0 is the unique com-
mon fixed point of f, g, Sand 7.

The next example shows that one cannot derive the conclusion of Theorem 2.1 by using
a metric induced by a partial metric.

Example 2.3 Let X = R* be a partial metric space with p(x,y) = max{x,y} and f,g,S, T :
X — X be defined as f(x) = 0, g(x) = gx, Sx = %x and Tx = %x. Note that f(X) C T(X),
g(X) € S(X) with the pair (f,S) satisfies the (E.A)-property. The control functions v, ¢ :
[0,00) — [0, 00) are defined by

V() =4t and $(1) = g

To check the contractive condition (2.1) for all x,y € X, we consider the following cases.
If x <y, then we have

8 31/4 \ 31
¥ (p(fr.gy) = 4(§y) < §<§y) = 5202

< %M(x,y) = (M) - ¢(M(x,9)-

Page 8 of 12
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Also, for x > y,

0 0) - +(5)
1

< %<§x> = %p(fx»&c)
< %Mu,y) = (M(x,9) - p(Mx,5)-

Hence (2.1) is satisfied for all v,y € X. The pairs (f, S) and (g, T) are weakly compatible and
f,g Sand T have a unique common fixed point.

On the other hand, we have pS(x,7) = |x — y|. If we take x = 0.5 and y = 1, then we have
P(fegy) = 5, p5(Sx,T9) = &, (%) = 3, p(gy, Ty) = & and DL x0N _ 53 Ty

()

31/3\ 31
—(Z)== ) S,
8(4) Sp(fx x)

¥ (p(fx, gy))

A

%M(x,y) =Y (M(x,y) - ¢(M(x,)).

As any two compatible or noncompatible selfmappings on a partial metric space X sat-
isfy the (E.A)-property, the above result remains true if any one of the pair of mappings is
either compatible or noncompatible.

The above theorem is true for any choice of control functions. For example if we take
Y (t)=tand ¢(¢) = (1 — y)t for y € [0,1) in Theorem 2.1, we have the following corollary.

Corollary 2.4 Let X be a partial metric space and f,g,S, T : X — X be mappings with
f(X) C T(X) and g(X) C S(X), such that

p(fx,gy) <y max{p(Sx, Ty), p(fx, Sx), (17, gy),
[p(fx, Ty) + p(Sx,g9)]/2} (2.11)

holds for all x,y € X, where y € [0,1). Suppose that one of the pairs (f,S) and (g, T) satisfies
the (E.A)-property and one of the subspaces f(X), g(X), S(X), T(X) is closed in X. If, for
every sequence {y,} in X, one of the following conditions holds:

(@) {gy.} is bounded in the case (f,S) satisfies the (E.A)-property,

(b) {fyu} is bounded in the case (g, T) satisfies the (E.A)-property,
then the pairs (f,S) and (g, T) have a point of coincidence in X. Moreover, if the pairs (f, S)
and (g, T) are weakly compatible, then f, g, S and T have a unique common fixed point.

If we take f = g and S = T with ¥ (t) = ¢ for all £ € R in Theorem 2.1, we obtain the
following corollary which extends Theorem 3.1 of [32] to a partial metric space.

Corollary 2.5 Let X be a partial metric space and f,S : X — X be mappings with fX C SX
such that

p(fx.fy) < M(x,y) — p(M(x,y))
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holds for all x,y € X, where ¢ is a control function and
M(x,y) = max{p(Sx, Sy), p(fx, Sx), p(Sy, /¥), [p(fx, Sy) + p(Sx, fy)]/2}.

Suppose that the pair (f, S) satisfies the (E.A)-property and that one of the subspaces f(X),
S(X), is closed in X. Then the pair (f,S) has a common point of coincidence in X. Moreover,
if the pair (f,S) is weakly compatible, then f and S have a unique common fixed point.

3 Well-posedness
The notion of well-posedness of a fixed point problem has evoked much interest of several
mathematicians (see [35-37]).

Definition 3.1 Let X be a partial metric space and f : X — X be a mapping. The fixed
point problem of f is said to be well-posed if:
(a) f has a unique fixed point z in X,
(b) for any sequence {x,} of points in X such that lim,_, » p(fx,, x,) = 0, we have
lim,,—, o p(x,,2) = 0.

Definition 3.2 Let X be a partial metric space and X be a set of mappings on X. A com-
mon fixed point problem CF(X) is said to be well-posed if:
(a) z € X is the unique common fixed point of all mappings in X,
(b) for any sequence {x,} of points in X, such that lim,_, » p(fx,,x,) = 0 for each f € Z,
we have lim,,_, o, p(x,,2) = 0.

Theorem 3.3 Let X be a partial metric space and f,g,S, T : X — X be mappings such that

pfx,gy) < p(Sx, Ty) — ¥ (M(x,)) (3.1)
holds for all x,y € X, where r is a control function and
M(x,y) = max{p(Sx, Ty), p(fx, Sx), p(Ty,gy), [p(fx, Ty) + p(Sx, gy)]/2}.

Suppose that one of the pairs (f,S) and (g, T) satisfies the (E.A)-property and that one of
the subspace f(X), g(X), S(X), T(X) is closed in X. If, for every sequence {y,} in X, one of the
following conditions holds.

(@) {gy.} is bounded in the case (f,S) satisfies the (E.A)-property,

(b) {fyn} is bounded in the case (g, T) satisfies the (E.A)-property.

If the pairs (f,S) and (g, T) are weakly compatible, then CF({f,g,S, T}) is well-posed.

Proof From Theorem 2.1 the mappings f,g,S, T : X — X have a unique common fixed
point (say) z in X. Let {x,,} be a sequence in X such that

lim p(fx,,x,) = lim p(gx,,x,) = lim p(Sx,,x,) = lim p(Tx,,x,) = 0. (3.2)
n— 00 n—00 n— 00 n—00
Using (3.1) we have

p(z,%,) < p(fz, 8%n) + P(&%ns %) — P(&%1> 8%n)
< p(Sz, Tan) — ¥ (M(z, %)) + p(gxnin)
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< p(z,x,) + p(xn, Tx,,)
U ([pfz Ton) + pgxn, S2)]/2) + (s %),

which further implies that

w([p(z, Tx,) +p(x,,,z)]/2) < pxy, Txy) + p(gxy, %)

< 2p(Txp, %) + P(GXs %)

On taking the limit as # — oo we obtain
Tim ¥ ([p(z Txn) + p(x4,2)]/2) = 0,

and by the property of ¥, we have
nllrrgop(z, Tx,) = n]ir&p(xn,z) =0.

The result then follows. g
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