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The contributions of this thesis lie in the area of global finite-time observer design for a class of
nonlinear systems with bounded rational and mixed rational powers imposed on the incremental rate
of the nonlinear terms whose solutions exist and are unique for all positive time. In the thesis, two
different kinds of nonlinear global finite-time observers are designed by employing of finite-time
theory and homogeneity properties with different methods. The global finite-time stability of both

proposed observers is derived on the basis of Lyapunov theory.

For a class of nonlinear systems with rational and mixed rational powers imposed on the nonlinear-
ities, the first global finite-time observers are designed, where the global finite-time stability of the
observation systems is achieved from two parts by combining asymptotic stability and local finite-
time stability. The proposed observers can only be designed for the class of nonlinear systems with
dimensions greater than 3. The observers have a dynamic high gain and two homogenous terms, one
homogeneous of degree greater than 1 and the other of degree less than 1. In order to prove the global
finite-time stability of the proposed results, two homogeneous Lyapunov functions are provided, cor-
responding with the two homogeneous items. One is homogeneous of degree greater than 1, which
makes the observation error systems converging into a spherical area around the origin, and the other

is of degree less than 1, which ensures local finite-time stability.
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The second global finite-time observers are also proposed based on the high-gain technique, which
does not place any limitation on the dimension of the nonlinear systems. Compared with the first
global finite-time observers, the newly designed observers have only one homogeneous term and a
new gain update law where two new terms are introduced to dominate some terms in the nonlinearities
and ensure global finite-time stability as well. The global finite-time stability is obtained directly
based on a sufficient condition of finite-time stability and only one Lyapunov function is employed in

the proof.

The validity of the two kinds of global finite-time observers that have been designed is illustrated
through some simulation results. Both of them can make the observation error systems converge to
the origin in finite-time. The parameters, initial conditions as well as the high gain do have some
impact on the convergence time, where the high gain plays a stronger role. The bigger the high gain
is, the shorter the time it needs to converge. In order to show the performance of the two kinds of
observers more clearly, two examples are provided and some comparisons are made between them.
Through these, it can be seen that under the same parameters and initial conditions, although the
amplitude of the observation error curve is slightly greater, the global finite-time observers with a
new gain update law can make the observation error systems converge much more quickly than the
global finite-time observers with two homogeneous terms. In the simulation results, one can see that,
as a common drawback of high gain observers, they are noise-sensitive. Finding methods to improve

their robustness and adaptiveness will be quite interesting, useful and challenging.

© University of Pretoria
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OPSOMMING

GLOBALE EINDIGETYDWAARNEMERS VIR’N KLAS NIE-LINIERE STELSELS

deur
Yunyan Li
Promotor(s): Prof. Xiaohua Xia
Departement: Elektriese, Elektroniese en Rekenaar-Ingenieurswese
Universiteit: Universiteit van Pretoria
Graad: Philosophiae Doctor (Ingenieurswese)
Sleutelwoorde: Eindigetydwaarnemer, nie-liniére stelsel, toenemende tempo, rasionele

magte, ho¢ wins, homogeniteit, eindigetydstabiliteit, asimptotiese sta-

biliteit, homogene Lyapunov-funksie, Lyapunov-teorie

Die bydra van hierdie tesis 1€ op die gebied van die ontwerp van eindigetydwaarnemers vir’'n klas
nie-liniére stelsels met begrensde rasionele en gemengde rasionele magte opgelé aan die toenemende
tempo van die nie-liniére terme waarvan die oplossings bestaan en uniek is vir alle positiewe tyd.
In die tesis word twee verskillende soorte nie-liniéreglobale eindigetydwaarnemers ontwerp deur die
aanwending van eindigetydteorie en homegeniteiteienskappe, deur verskillende metodes. Die globale
eindigetydstabiliteit van albei voorgestelde waarnemers word afgelei op die basis van Lyapunov-

teorie.

Vir’n klas nie-liniére stelsels met rasionele en gemengde rasionele magteopgel€ op die nie-lineariteite,
word die eerste globale eindigetydwaarnemers ontwerp deurdat die globale eindigetydstabiliteit van
die waarnemingstelsels tweeledig bereik word deur’n kombinasie van asimptotiese stabliteit en lokale
eindigetydstabiliteit. Die voorgestelde waarnemers kan slegs bereik word vir die klas nie-linilZre
stelsels met’'n dimensie groter as 3. Die waarnemers het’'n ho€ dinamiese wins en twee homogene
terme, een homogeen met’n graad bo 1 en die ander met’n graad onder 1. Om die globale eindigetyd-
stabiliteit van die voorgestelde resultate te bewys, word twee homogene Lyapunov-funksies voorsien
wat ooreenstem met die twee homogene items. Een is homogeen met’n graad hoér as 1, wat die
waarnemingfoutstelsel laat konvergeer na’n sferiese gebied om die oorsprong en die ander met’'n

graad laer as 1, wat lokale eindigetydstabiliteit verseker.
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Die tweede globale eindigetydwaarnemers word ook voorgestel op die basis van die hoéwinstegniek,
wat nie enige beperking plaas op die dimensie van die nie-liniére stelsels nie. Vergeleke met die
eerste globale eindigetydwaarnemers het die nuut ontwerpte waarnemers een homogene term en’n
nuwe winsbywerkwet waardeur twee nuwe terme ingevoer word wat sowel sommige terme in die
nie-lineariteite oorheers as globale eindigetydstabiliteit verseker. Die globale eindigetydstabiliteit is
direk gebaseer op’n voldoende toestand van eindigetydstabileit en net een Lyapunov-funksie word in

die bewysgebruik.

Die geldigheid van die twee ontwerpte soorte eindigetydwaarnemers word geillustreer deur sommige
van die simulasieresultate. Albei kan die waarnemersfoutstelsels laat konvergeer tot die oorsprong
in eindige tyd. Die parameters, aanvanklike toestande en ho€ wins het wel’n invloed op die konver-
gensietyd; die ho€ wins speel’n meer belangrike rol. Hoe groter die hoé wins is, hoe korter is die
tyd wat nodig is vir konvergensie. Om die werkverrigting van die twee soorte waarnemers duide-
liker te illustreer, word twee voorbeelde gegee en’n aantal vergelykings tussen hulle word gemaak.
Daardeur is dit duidelik dat, alhoewel die amplitude van die waarnemingsfoutkurwe effens groter is,
onder dieselfde parameters en aanvanklike toestande die globale eindigetydwaarnemers met’n nuwe
winsbywerkwet die waarnemingsfoutstelsels baie vinniger kan laat konvergeer as die globale eindi-
getydwaarnemers met twee homogene terme. Uit die simulasieresultate is dit duidelik dat’n algemene
nadeel van hoéwinswaarnemers is dat hulle sensitief is vir geraas. Pogings om hulle robuustheid en

aanpassingsvermoé te verbeter mag heel interessant, nuttig en uitdagend wees.

© University of Pretoria
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CHAPTER 1

INTRODUCTION

This thesis contributes to the area of global finite-time observers for a class of nonlinear systems. In
this chapter, some recent works on nonlinear asymptotic observers in Section 1.1 and nonlinear finite-
time observers in Section 1.2 are presented. In Section 1.3, an introduction to nonlinear systems with
an incremental rate imposed on the nonlinear terms is given. Finally, the contributions of the thesis

are summarized and its outline is given in Section 1.4.

Observer design for nonlinear systems has received a great deal of attention since the formal intro-
duction of the concept and the Lyapunov-based approach of design as proposed in [1]. Unlike in
the case of linear systems, the observability of a nonlinear system depends on the inputs of the sys-
tem [2], [3]. Perhaps for this reason, quite a number of early works have been devoted to establishing
the link between nonlinear observability [4] and the existence of nonlinear observers [5], [6], [7] with
the development of the nonlinear observability theory in the differential geometric framework [8].
Thereafter, a lot of research has been done in an attempt to design nonlinear observers through the
linearization of nonlinear systems [9], [10], [11], [12]. Since the definition of uniform observabil-
ity or observability for any input was proposed by [13], a series of nonlinear observers by different
methods have been developed based on uniform observability. For example, an extended Luenberger
observer for nonlinear systems is proposed in [14]; [15] designs a nonlinear observer using Lya-
punov’s auxiliary theorem; high-gain nonlinear observers are designed in [16] for nonlinear sys-
tems with a triangular structure, while high-gain observers in the presence of measurement noise
in [17] are employed to the output feedback control problem through a switched-gain approach, then,
in [18], a method is presented for the design of observers for nonlinear systems based on backstep-
ping, where the method is broadly applicable and the observer error is exponentially convergent if

the initial error is not too large, among others. Among them the Lyapunov-based approach [19], [1],

© University of Pretoria
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Chapter 1 Introduction

the observer canonical form approach [20], the recursive design approach [21], [22], and the high-
gain approach [23], [16], [17] make great contributions to two major nonlinear observers: nonlinear

asymptotically convergent observers and nonlinear finite-time convergent observers.

1.1 NONLINEAR ASYMPTOTIC OBSERVERS AND NONLINEAR FINITE-TIME OB-
SERVERS

Over the years, nonlinear asymptotically stable observers have been investigated in a number of works
such as [13], [24], [25], [26], [27], [28], [23], where a lot of attention has been paid to Lipschitz
nonlinear systems [13], [29], [26], [30]. There are some results [13], [29], [31], [24], [32] dealing
with asymptotic observers for SISO Lipschitz nonlinear systems: A high-gain asymptotic observer
with exponential convergence has been designed by [13], [31] proposes a reduced-order observer and
anew observer in [24] is carried out using H., optimization. Then, a sufficient and necessary condition
on the stability matrix is derived in [29]. However, the approach in [29] can only be achieved when
the Lipschitz constant is small. Subsequently, [32] has made some improvements by proposing a
robust nonlinear observer that does not impose small-Lipschitz constant on the system nonlinearity.
Nonlinear asymptotic observers are also investigated for MIMO Lipschitz systems, as discussed in
the following works: Earlier, based on a block triangular observer normal form, exponential observers
were designed in [33] by using methods from the linear case, while [25] developed an observer design
through an injective map procedure. In [26], semi-global nonlinear observers were constructed based
on some saturation functions. Then a simple observer with an explicit gain was proposed by [30],

which can be applied to many physical systems.

Moreover, some progress was made on asymptotic observers for nonlinear systems with other struc-
tures [27], [34], [28], [23]: A high-gain observer was proposed for a class of MIMO non-triangular
nonlinear systems involving some uncertainties in [27]. Based on a time-scaled block observer
form [34], an observer was designed for uncontrolled nonlinear multi-output continuous-time sys-
tems. Then [28] presented a globally asymptotically stable observer for nonlinear systems with an
output-dependent incremental rate. Later, global high-gain-based observers were developed [23] for
nonlinear systems with generalized output-feedback canonical form including output-dependent up-

per diagonal terms.

The convergence of observation errors of asymptotic observers to zero is always asymptotic with

time. Finite-time observers can make the observation error systems converge to zero in finite time

Department of Electrical, Electronic and Computer Engineering 2
University of Pretoria
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Chapter 1 Introduction

with Lyapunov stability. There exist a series of observer design methods which can achieve finite-
time convergence. Among them, sliding mode observers are a typical family of observers which can
ensure the error systems converge robustly in finite time: for example, sliding mode observer-based
feedback control is studied for flexible joints manipulator in [35], and sliding mode observers are
constructed [36] for switched mechanical systems. Then, based on two-time-scale approach, adaptive
sliding mode observer [37] is proposed for induction motor and sliding mode high-gain observers
are developed for a class of uncertain nonlinear systems in [38], etc. However, the sliding mode
observers have some problems: such as discontinuity, chattering phenomenon and so on. Thus, it is

very important to seek for some new methods of designing continuous finite-time observers.

Recently, since systems with finite-settling-time dynamics possess better disturbance rejection and
robustness properties [39], finite-time convergent observers of nonlinear systems have become an ac-
tive subject with the advance in finite-time stability and stabilization theory [40], [41], [42], [43], [44].
Finite-time stability conditions are studied in [40] for non-autonomous continuous systems and in [43]
for a class of nonlinear quadratic systems. Furthermore, stochastically finite-time attractiveness is
defined [41] for a class of stochastic nonlinear systems, while in [41], the problem of finite-time
stabilization for nonlinear systems with a lower-triangular structure is investigated. [44] studies the
finite-time stability of nonlinear autonomous systems, where the finite-time stability of the origin of
the system is defined if it is finite-time convergent and Lyapunov stable. Based on finite-time stability
theory, in the past several years a number of nonlinear finite-time observers [45], [46], [47], [48] have
been proposed: Earlier, finite-time observers existed for partially observed deterministic control sys-
tems in [45] and for a class of second order nonlinear systems in [46]. Then, finite-time continuous
observers are designed for nonlinear systems that could be transformed into the observer canonical
form [47] and for a class of nonlinear systems with bounded trajectories, [48] presented a semi-global
finite-time observer. A more detailed overview of nonlinear finite-time observers will be given in the

appropriate chapters of the thesis.

In this thesis, based on finite-time stability and homogeneity theory, two kinds of global finite-time

observers will be designed for a class of nonlinear systems by different methods.

Department of Electrical, Electronic and Computer Engineering 3
University of Pretoria
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Chapter 1 Introduction

1.2 NONLINEAR SYSTEMS WITH INCREMENTAL RATE IN NONLINEAR
TERMS

It is well known that Lipschitz nonlinear systems, which are defined as those nonlinear terms satis-
fying Lipschitz conditions, are the most common nonlinear systems. Systems in many applications,
such as a flexible link robot in [49], mechanical oscillators in [50], etc., belong to Lipschitz nonlin-
ear systems. During the past decades, a great deal of research has been done on Lipschitz nonlinear
systems regarding the output feedback control problem [51], [52], [53] as well as the observer design
problem [29], [24], [54], [55].

Compared with Lipschitz nonlinear systems, both the output feedback control problem and the ob-
server design problem for nonlinear systems with nonlinear terms, including the incremental rate in
the nonlinearities, are much more difficult and challenging. For the output feedback control problem,
in the case of linear systems, stabilization by state feedback plus observability imply stabilization
by output feedback, which is the so-called separation principle. Unfortunately, the separation prin-
ciple does not hold for the problem of output feedback control of nonlinear systems. Earlier, output
feedback control for a family of nonlinear systems with nonlinear terms subject to the linear growth
condition was studied in [56] through a nonseparation principle. Then, for a class of uncertain nonlin-
ear systems where the nonlinear dynamics have higher order growing conditions in the unmeasurable
states, [57] dealt with the problem of semi-global stabilization by linear output feedback and the
global stabilization problem was solved via output feedback by a generalized homogeneous domi-
nation approach in [58]. Later, global output feedback stabilization was achieved [59] for nonlinear
systems with low-order and high-order nonlinearities based on a dual observer. Over the years, some
results were also obtained on the observer design for nonlinear systems with incremental rate. An
asymptotic observer is employed in the asymptotic stabilization via output feedback [28] for non-
linear systems where the nonlinear terms admit an output-dependant incremental rate. Then, for
the same kind of nonlinear systems, [60] proposes a global finite-time observer through a high-gain
approach. By exploiting homogeneity in the bi-limit [22], a class of global asymptotic high-gain
observers incorporating a gain update law and nonlinear output injection terms [61] is designed for
nonlinear systems with output incremental rate as well as bounded rational powers in the nonlineari-
ties through a recursive procedure. Motivated by this result, based on Lyapunov theory, semi-global
finite-time observers [62] are designed for nonlinear systems with rational and mixed rational pow-

ers in the nonlinearities, where the lower bounds of the rational and mixed powers depend on the

Department of Electrical, Electronic and Computer Engineering 4
University of Pretoria
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Chapter 1 Introduction

homogeneity degree of the homogeneous terms in the proposed observers.

This thesis deals with the problem of global finite-time observer design for a class of nonlinear sys-
tems where the nonlinear terms have bounded ration powers and mixed rational powers in the non-
linear terms. Compared with the systems in [62], the lower bounds of both the rational and mixed
rational powers of the nonlinearities of the nonlinear systems in this thesis are less than those in [62],

which are derived based on the best possible lower bound of the homogeneity degree [63].

1.3 OUTLINE AND CONTRIBUTION OF THE THESIS

The thesis deals with the problem of global finite-time observer design for a class of nonlinear sys-
tems. In the thesis, the attention is restricted to estimating the states only for those nonlinear systems
whose solutions exist globally and are unique for all positive time. The thesis is divided into five
chapters. Both Chapter 3 and Chapter 4 address the problem of global finite-time observers for the
same class of nonlinear systems, but with different methods. The outline and contributions of the

thesis are as follows:

Chapter 2 gives some basic definitions and useful lemmas, especially the definitions and properties
of finite-time stability and homogeneous systems. Moreover, for the same kind of nonlinear systems
where the nonlinearities are associated with a bigger lower bound of the rational and mixed rational

powers, the semi-global finite-time observers designed in [62] are reviewed.

In Chapter 3, global finite-time observers are designed for a class of nonlinear systems with in-
cremental rate on the nonlinearities. The design method can be for only nonlinear systems with

dimension n > 3.

* The global finite-time observers are designed for a class of nonlinear systems with both
bounded rational and bounded mixed rational powers imposed on the nonlinear terms. The
global finite-time stability of the two cases is derived from the combination of global asymp-

totic stability and local finite-time stability.

* The designed global finite-time observers have two homogeneous terms and an updated high
gain. Of the two homogeneous terms, one is of degree greater than 1, which results in the
trajectories of the observation error systems asymptotically converging into a spherical area

around the origin, and the other is of degree less than 1, which ensures local finite-time stability.

Department of Electrical, Electronic and Computer Engineering 5
University of Pretoria
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As for the updated high gain, besides the fact that it can dominate the incremental rate in the
nonlinearities, the proper selection of the parameters in the high gain also makes a contribution

to global finite-time stability.

Chapter 4 proposes global finite-time observers for the same class of nonlinear systems in Chapter 3,
with both bounded rational and bounded mixed rational powers imposed on the incremental rate of
the nonlinearities. The global finite-time stability is derived in only one step, which is based on the

result in [44].

* The proposed global finite-time observers have one homogeneous term and a new dynamic
high gain where two new homogeneous items are introduced, compared with the high gain in

Chapter 3.

* There is no restriction of the dimension of the nonlinear systems. The proposed result can be

applied to nonlinear systems with any dimension.

In Chapter 5, examples are provided to demonstrate the designed two different kinds of global finite-
time observers for the class of nonlinear systems with both bounded rational powers and bounded
mixed rational powers in the nonlinearities. In the simulation results, some comparisons are made be-
tween the two kinds of global finite-time observers, which show that the observers designed in Chap-

ter 4 can make the observation error systems converge more quickly than those in Chapter 3.

Finally, Chapter 6 summarizes the results of the thesis.

Appendix A includes the explicit proof of the useful lemma which proposes a new homogeneous
Lyapunov function and gives some key inequalities for a class of nonlinear homogeneous systems

based on this Lyapunov function.

Department of Electrical, Electronic and Computer Engineering 6
University of Pretoria
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CHAPTER 2

PRELIMINARIES

To deal with the problem of designing global finite-time observers, the idea of homogeneity and the
properties of finite-time stability and homogeneous systems (refer to [44], [64] and [65] for details)
will be employed. In this chapter, the corresponding definitions of finite-time stability, homogeneous
systems as well as some properties of these will be reviewed. Moreover, a lemma is given for a class
of nonlinear homogeneous systems where a new Lyapunov function is proposed and some useful

inequalities are obtained based on the new proposed Lyapunov function.

Moreover, with respect to the global finite-time observer design for a class of nonlinear systems in the
thesis, the semi-global finite-time observers designed in [62] for the same class of nonlinear systems

but with different conditions imposed on the linearities will be reviewed in this chapter.

2.1 FINITE-TIME STABILITY

In paper [44], finite-time stability is studied for a class of autonomous systems, in which it is shown
that finite-time stability can lead to better rejection of perturbations. Moreover, some useful results

for finite-time stability are given, based on Lyapunov theory.

In the following, the definition and a sufficient condition of finite-time stability will be re-

viewed.

Consider the following nonlinear system,
x(t) = f(x(r), £(0) =0, x € Z", x(0) = xo, 2.1

where f: 2 — %" is continuous on an open neighborhood & of the origin x = 0.
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Definition 1 ([44]). The zero solution of (2.1) is said to be finite-time convergent if there is an open
neighborhood % C 9 of the origin and a function T : % \ {0} — (0,0), called the settling-time
function, such that ¥xo € %, the solution Wy (t,xy) of system (2.1) is defined on [0,T (xo)], w(t,x0) €
w \{0} fort € [0,T (xo)] and lim,_, 7,y W(t,x0) = 0. If the zero solution of (2.1) is finite-time conver-
gent, the set of point xo such that y(t,xo) — 0 is called the domain of attraction of the solution. The
zero solution of (2.1) is said to be a finite-time stable equilibrium if it is Lyapunov stable and finite-
time convergent. Moreover, the zero solution is said to be a globally finite-time stable equilibrium if
it is a finite-time stable equilibrium with % = 9 = %".

Remark 2 ([65]). From the definition of global finite-time stability, it is obvious that global asymp-
totic stability and local finite-time stability imply global finite-time stability.

Lemma 3 ([44]). Suppose there exists a positive definite continuous function V:9 — % and open

neighborhood % C 9 of the origin, such that

V) +cV ()% <0,xe 2\ {0},

where ¢ > 0 is a real number, o € (0,1). Then, the origin is a finite-time stable equilibrium of system
(2.1). If in addition 9 = %", V is proper and V takes negative value on " \ {0}, then the origin is

a globally finite-time stable equilibrium of system (2.1).

The following lemma gives a useful inequality, which will be used in Chapter 5.
Lemma 4 ([66]). For any x, y € Z, if p < 1 is an odd integer or is a fraction number with the

numerator and denominator both being odd integers, then

e —y|P < 2PNl —yP|.

The objective of the thesis is to design global finite-time observers for a class of nonlinear systems.

The definition of global finite-time observers is given in the following.

Consider the following nonlinear system

X = X, U),
g(x,u) 2.2)
y = X1,
where u € #", x = (x1,...,x,)7 € %", y € Z are the input, state and output of the system.
The following high-gain observer is designed for nonlinear system (2.2):
£ = gk w,u),
g (% v,u) 2.3
V= h(Xy,u).
Department of Electrical, Electronic and Computer Engineering 8
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Definition 5. Denote the solutions of systems (2.2), (2.3) with respect to the corresponding input
functions and passing through xy (xo = x(tp)) and %o (X0 = £(t0)) as x(t) and X(t), respectively. Let
U = {(X(l‘),f(l),l//(l‘),u) L X0 = x(t())a Lo = )}C\(IO)a Vo = l//(tO)} c g, If the following two

conditions are satisfied:

o If there exists a function T (x,%,y,u) : % \ {0} —> (0,00) such that x(t) — £(t) — 0 when

r— T(XO,XA(), Yo, u).

e Moreover, for any open neighborhood . of 0, there exists an open subset %s containing 0

such that, for every x(tg) — £(t9) € Us \ 0, x(t) — £(t) € % for all t € [0, T (x0, %0, Yo, u)).

Then, system (2.3) with high gain  is called a global finite-time observer for nonlinear system (2.2).

2.2 HOMOGENEITY

The definitions and some properties of homogeneous systems are investigated in paper [64], where
the link between homogeneity and finite-time stability is studied: a homogeneous system is finite-
time stable if and only if it is asymptotically stable and is homogeneous of a negative degree. In what

follows, the definitions as well as some properties of homogeneous systems will be reviewed.

The definitions of the homogeneous function and homogeneous vector field are given in the follow-
ing:
Definition 6 ([64]). A function g(x) : Z#" — X is homogeneous of degree d with respect to the

weights {r;} (1 <i<n), r; >0, if for any AL > 0 one has
gA"xq, .. ATxy,) = Adg(xl,...,xn).

Definition 7 ([64]). A vector field h(x) : Z#" — X", x € Z", n > 2, is said to be homogeneous of
degree d with respect to the weights {r;} (1 <i<n), r; >0, if for any A > 0 the following equation

is established

Ri(ATI X1, AT x,) = AT (x L x).

The lemma below gives a comparison between two homogeneous functions.
Lemma 8 ([64]). Suppose V|(x), Va(x) : Z" — X are continuous functions on Z", homogeneous

with respect to the weights v = (v1,...,Vv,)T of degrees dy > 0 and d, > 0, respectively, and function

Department of Electrical, Electronic and Computer Engineering 9
University of Pretoria
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Vi (x) is positive definite. Then, for every x € %", one finds

dy d
min V; Vi(x)d <V; < max V; Vi(x).
|:{Z:V1 (z)=1} Z(Z):| ()" < Valx) < |:{Z:V1 (2)=1} 2<Z):| 1)

In this thesis, the goal is to study the global finite-time observers design problem for the following

nonlinear systems whose solutions exist globally and are unique for all positive time:

1= xn+fAibuw),
X2 = X3 +f2(y7x27u)7
(2.4)
xn — fn(yax27"‘;xnvu)v
y = X1,
where x e Z", ue #",y € X%.
The problem will be tried to solve, when the nonlinear terms fi(-) (i = 2,...,n) in systems (2.4)
satisfy the following two conditions:
» with bounded varying rational powers in the nonlinearities
n
‘fi(y,XZ, cee 7xi7u) _ﬁ(y’x,\27 e ,XA[,M)’ S F(u’y)(l + Z |xAj’U])
=2
i i
D IIEE TR D NETEE VIR (2.5)
=2 =2

where 6;; (2 < j <i < n) are called the rational powers, which are varying and bounded and

n—i
n—j+

satisfy 1 <6 < J%l (2<j<i<n),xj, £; (2 < j<i)are arbitrary, I'(-) is a continuous

function, [ >0, v, € [0,].%1) (j=2,...,n).

* with bounded varying mixed rational powers in the nonlinearities

n
|fi(y7x21 cee ,Xi,u) _fi(yvx\%' .. 7xAi7M)’ < r(u?y)(l + Z |xA]’U,)
Jj=2

i
Y lxj—251%, (2.6)
=2

i i
X Z |x; —%;|+ 1 Z |x; —)Ej|91‘i./ +1
~ = J

J

where 0, ;;, 6,;; are called the mixed rational powers, which are varying and bounded and

satisfy nf;'-f-l <O, <1,1<6,;< ]%1 (2<j<i<n), xj, £; (2 < j <) are arbitrary,

l1, I > 0 are two positive real numbers.

Department of Electrical, Electronic and Computer Engineering 10
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Note that research has been done on the observer design for nonlinear systems (2.4): in paper [62],
semi-global finite-time observers are studied for nonlinear systems (2.4) with the nonlinear terms

satisfying conditions (2.5) and (2.6) but with different rational and mixed rational powers.

2.3 SEMI-GLOBAL FINITE-TIME OBSERVERS

In this section, the semi-global finite-time observers designed in [62] for nonlinear systems (2.4) with

conditions (2.5) and (2.6) (where /1 = [; in [62]) will be reviewed, where the rational and mixed ratio-

nal powers in the nonlinearities satisfy qf;.jrl

<9u<,13nd <61,,<1 1<6, < (2<

]—H
Jj <i<n)(where g > nis a positive real number and will be given in Lemma 10), respectlvely. The

semi-global finite-time observers in [62] are shown in the following:

f1 = B+Caifer]®™ + fi(y,u),
H = H+Ca e+ fH(y,%,u),

2.7
| & = Canfer] + fulnda, .. Busu),
with the high gain { being dynamically updated by
§=—Clm(E"7 =) — us¥(u,y,2)], £(0) > p, (2.8)
where p1, tp > 1, u3 are three positive real numbers, 0 < ¢ < 1 is chosen such that 6;; <3 s + 5: Vj <

38 lds, W) = Tlay)(1+ Eg %), @ = iod — (1), (1= 0,1,..m), o € (1
g 1), € €(0, }2) and @; >0 (i = 1,...,n) are the coefficients of Hurwitz polynomial s" + a;s"~! +

.. t+ay—15+a,.

The observer gain L(¢) in (2.8) has the following property.
Lemma 9 ([62]). For the observer gain {(t) defined in (2.8), there exists an M > 0 such that {(t) <
M,t€[0,T], VT € (0,00).

For o; (0 <i < n) in the semi-global finite-time observer (2.7), one uses the following lemma:
Lemma 10 ([62]). Let7r= H'.’:ll o, 7= Z(% + o' —1). Then, there exists a § > n such that o' < L.
And i

ij (2<J <l<l’l) then m1n2<J<,<n{ (1+(9 1)06,'_]7')} > 27— 1 holds.

The main contribution of the thesis is reduce the g to g = n for the new class of nonlinear systems (2.4)
with conditions (2.5) and (2.6). The following remark illustrates the differences between the systems

studied in paper [62] and the nonlinear systems that will be researched in the thesis.

Department of Electrical, Electronic and Computer Engineering 11
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Remark 11. In paper [62], the semi-global finite-time observers are designed for nonlinear sys-
tems ( 2.4) with the rational powers and mixed rational powers in conditions (2.5) and (2.6) satisfying

<9,J< 1and -t <91,J<1 1 <6y <+ (2<j<i<n), where § > nis a posi-

q— j+1 J+1

tive real number related to o, o € (1 —¢,1), € € (0, %) Then, in paper [63], global asymptotic
stability and finite-time stability are studied for a class of homogeneous nonlinear systems where the
best lower bound 1 — % of o' is achieved and it is denoted by o* in the thesis, o* € (1 — %, 1). Mo-

tivated by this result, the thesis will relax the problem of finite-time observers design to a broader

class of nonlinear systems (2.4 ) with lower bounds of the rational and mixed rational powers in the

conditions (2.5) and (2.6): <9’J<J landn J+1<91U<1 1<6,; < (2<]<z<n)

n— ]+l

Department of Electrical, Electronic and Computer Engineering 12
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CHAPTER 3

GLOBAL FINITE-TIME OBSERVERS — WITH TWO
HOMOGENEOUS TERMS

In this chapter, for a class of nonlinear systems with both bounded rational and mixed powers in the

nonlinearities, global finite-time observers are designed.

3.1 INTRODUCTION

Recently, finite-time observer design has attracted a great deal of attention, resulting in progress in
finite-time stability theory [42], [43], [44]. In particular, [44] presents a necessary and sufficient con-
dition of finite-time stability for a class of nonlinear autonomous systems. Then, in [64], the link
between finite-time stability and homogeneity is investigated: a homogeneous system is finite-time
stable if and only if it is asymptotically stable and is homogeneous of a negative degree. Motivated
by this result, [71] designed a finite-time observer based on a new kind of homogeneous Lyapunov
function for nonlinear systems, which can be put into a linear canonical form by output injections.
A homogeneous dual-observer is also employed for global output feedback stabilization of nonlin-
ear systems with low-order and high-order nonlinearities in [59]. Then, based on the homogeneous
Lyapunov function proposed by [71], many results on finite-time observers have been obtained in the
past several years. Among others, [55], [72], [73] have made considerable progress in finite-time ob-
server design for Lipschitz nonlinear systems with a triangular structure. [55] proposes a semi-global
finite-time observer for single output nonlinear systems that are uniformly observable and globally
Lipschitz. Then for the same class of nonlinear systems, [72] and [73] propose designs of global
finite-time observers: [72] gives a global finite-time observer with an update gain which is an expo-

nential function with arbitrary growth rate, and [73] presents a global finite-time observer based on

© University of Pretoria
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a dedicated high-gain approach. Then, motivated by the proof method of [73]: global asymptotic
stability and local finite-time stability mean global finite-time stability, [54] extends global finite-time
observers to a class of Lipschitz nonlinear systems with a non-triangular structure where interconnec-

tions between all the states of the nonlinear terms are allowed.

However, in all these papers, the derivatives of the homogeneous Lyapunov function along the
observation error systems are not continuous. Then [62] gives correct proof of the convergence
of observation error. And semi-global finite-time observers are studied in [62] for nonlinear sys-
tems (2.4) under condition (2.5) and condition (2.6), with the varying incremental rational and

mixed rational powers in the nonlinearities satisfying % < ;< 1%1 2<j<i<n) and

qf;il <01 <1, 1<6< J%l (2 < j<i<n) (where g > n is a positive number which is

given in Lemma 10), respectively.

Subsequently, in [63] global asymptotic stability and finite-time stability were studied for a class of
homogeneous nonlinear systems and the best possible lower bound —% of the degree of the homo-

geneity was obtained. Motivated by the result in [63], for the rational and mixed rational powers with

. . n—i i n—i i .
smaller lower bound satisfying T < 6;; < =1 and 1 < 01;j<1,1<6;; < 1 2<j<

i < n) in conditions (2.5) and (2.6) of nonlinear systems (2.4) for n > 3, there have still not been any
related results on asymptotic and finite-time observer design. In this chapter, the aim is to solve the
problem of designing global finite-time observers. The attention in the thesis is restricted to estimat-
ing the states only for those nonlinear systems (2.4) whose solutions exist globally and are unique for

all positive time.

In order to solve the problem of designing a global finite-time observer, homogeneity properties [64]
and the argument method in [73] will be employed together. Under exactly the same gain update
law as that in semi-global finite-time results [62], the global finite-time observers that will be de-
signed have two homogeneous terms, one of degree smaller than 1, the other of degree greater than 1.
Moreover, the global finite-time convergence of the observation error system is derived based on two
different homogeneous Lyapunov functions. The derivatives of the Lyapunov functions are calculated
by splitting the whole space into three different sets to obtain the global asymptotic stability and local

finite-time stability.

This chapter is organized as follows: The global finite-time observers for nonlinear system (2.4)

for n > 3 with condition (2.5) with single rational powers nfj_il <6< ]%1 (2<j<i<n)are

Department of Electrical, Electronic and Computer Engineering 14
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presented in Section 3.3 and in Section 3.4 for nonlinear systems (2.4) for n > 3 under condition (2.6)

with mixed rational powers satisfying nf;il <0<l 1<6; < ]%1 (2 < j<i<n),respectively.

The chapter is concluded in Section 3.5.

3.2 A USEFUL LEMMA FOR A CLASS OF NONLINEAR HOMOGENOUS SYS-
TEMS

In order to solve the problem of global finite-time observers for nonlinear systems (2.4) with condi-
tions (2.5) and (2.6), in this section, some properties will be investigated for the following class of

nonlinear homogenous systems:

& = pg—phlotlg gt
&H = pg3fp(lz—l)0'+laz[gljlz’ A
& = —p(’l"_l)o+1an(eljk”,

where p >0, [e]% = |e[¥sign(e)), i =il —(i—1) (i=0,1,....n), A>1-1 0<o<la>

0 (1 <i < n) are the coefficients of Hurwitz polynomial

S"ars" VLt ay_ s+ ap. (3.2)

From papers [67], [68] and [69], a; (1 <i < n) in (3.1) are appropriately chosen such that there exists

a matrix P € 2", PT = P > 0 satisfying

ATP+PA< —I, I <D\P+PD; < hl, (3.3)
a1 ... 0]
where A = . ' S, D, = diag{o,1+o0,....n— 1+ 0}, hy, h, > 0 are two real
—a,—1 O 1
| —an 0 0 ]

constants.

The following lemma summarizes some results for the nonlinear system (3.1). It can be seen that
under a new homogeneous Lyapunov function, nonlinear system (3.1) is finite-time stable for A €
(1— %, 1) and asymptotically stable for A > 1.
Lemma 12. Construct the following function as in [70]
Iy vq%(x oV)(ver, Ve, ... Vvig,)dv, €e %"\ {0},

0, =0,

V(e)=

Department of Electrical, Electronic and Computer Engineering 15
University of Pretoria

© University of Pretoria



UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

&

&

“ UNIVERSITEIT VAN PRETORIA
A 4

Chapter 3 Global finite-time observers — with two homogeneous terms
(
0, s € (—oo,1]
2(.5‘—1)2, SG(L%) > 1
where X (s) = L 0< ¥/ (s) <2, V(e)=€"Pe, A > 1— 1, Psatisfies
1-2(s—2)2, se[3,2)
1, s € [2,00)

condition (3.3), ¢ > 0 is a positive integer. Let 'y = M%. Then

(i) V(€) is a positive definite function homogeneous of degree q with respect to the weights

{Ai—1}1<i<n- V(€) is called a q h-Lyapunov function of V(€) w.rt. X,p, (Ao, A1, -5 Au—1)-

(ii) If a; (1 < i < n) are chosen to satisfy condition (3.3), then there exist wi, wy > 0 such that

T
W1V(8) < a‘(;i‘é‘) De< WQV(S). (34)

(iii) For 1 — 1 < A <1, if ¢ > 1 +max{A; }o<i<n, a; (1 <i < n) and P satisfy condition (3.3), d‘;(ts) o)
is C' on %", then there exists a w3z > 0 such that

Ve plovey. (3.5)
dt |y

(iv) For A > 1, n >3, if g > 1 + max{A; }o<i<n, a; (1 <i<n)and P satisfy condition (3.3), a,Pi, >0

(where Py, is the element of P at the first line and nth column), then d‘;(f) ) is C' on %", and there

exists a wyg > 0 such that

dv ()

< —wyp' TV (e). (3.0)
dr |y

The proofs of (i) and (ii) are quite easy and the proofs of (iii) and (iv) are very similar. The main
idea of proofs (iii) and (iv) is to construct a compact set containing the origin on which the derivative
of the constructed homogeneous Lyapunov function satisfies some key inequalities. Then inequali-
ties (3.5) and (3.6) are derived by using the homogeneity properties of both the Lyapunov function

and system (3.1). The detailed proof is given in the Appendix A.

3.3 GLOBAL FINITE-TIME OBSERVERS FOR NONLINEAR SYSTEM WITH SINGLE
RATIONAL POWER IN THE NONLINEAR TERM

In this section, the global finite-time converging observers for a nonlinear system (2.4) for n > 3

with the condition (2.5) where the rational powers satisfy n_”]% <6< (2<j<i<n)will be

i
j_
designed.
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In what follows, it will be shown that under the same gain update law as that of semi-global finite-

time observers in paper [62], the global finite-time observers for a nonlinear system (2.4) for n > 3

with the rational powers satistying ﬁ <6;< J%l (2 < j <i<n) in the condition (2.5) can be

constructed as:

/

fio= S+Lafe | L PEDIM0G, [y |Brt £ (y,u),
B = H+Lafe ] +1>FrNUmmog, o) [Pt f(y,5,u), 37
% = Layfe)|®% +LBD0-M0g (o) Bt £ (v, 5, ..., Rp, ),
with the high gain
L=—L[gi(L'"° = ¢2) — 9:3¥(u,3,5)], L(0) > 2, (3.8)
where @1, @ > 1, @5 are three positive real numbers, 0 < ¢ < 1 is chosen such that 6;; < ﬁ, V; <

jljfc holds, W¥(u,y,£) = [(u,y)(1 4+ X, £,|%), 0 =i — (i—1) (i=0,1,...,n), a* € (1 -

L1, B=ip*—(i—1)(i=0,1,....,n), *>1E2 0<o<1,0<n<1—0a" <.

Note that in paper [59], two homogeneous observers with different degrees are constructed for the
global output feedback stabilization problem of a class of nonlinear systems. The following remark
summarizes the differences between the homogeneous observer (3.7) in the thesis and the homoge-
neous observers proposed in [59].

Remark 13. Note that in [59], a dual observer is employed to solve the problem of global output
feedback stabilization for a class of nonlinear systems whose nonlinearities are bounded by both low-
order and high-order terms. Comparing the results in [59] with the global finite-time observer (3.7)

in the thesis, results in the following statements.

e The dual observer [59] is comprised of two seperate homogeneous observers, one estimating
the low-order part of unmeasurable states and the other estimating the high-order components.
However, here, two homogeneous terms, one of degree less than 1 and the other greater than 1,

are introduced in the design of the global finite-time observer simultaneously.

* In [59], either the low-order or the high-order observer can only estimate those states in a
limited region either close to or far away from the origin, but not all the states in the space.

However, the observer (3.7) in the thesis can estimate the states in the whole space.

* Both the low-order observer and high-order observer, as well as the coefficients in the observers

are derived by a recursive method in [59]. Here, one will see that the global finite-time stability
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of the proposed observer in the thesis will be proved based on Lyapunov theory and all the

coefficients in the observer are given explicitly.

For o; (1 <i<n)and 6;; (2 < j<i<n)in(2.5), they satisfy the following properties:
Lemma 14. For 6;; (2 < j <i < n) being given by (2.5), if 77> 6 >~ erl’ one has — ;1 +

Ojjaj_1 —a*+1>0(2<j<i<n). Moreover, select 0 < o < 1 such that B* > HG , then one has

6iiBj-1—Bi1 <P —1(2<j<i<n).

Proof. To prove a* — 1 —a;j_16;; + o1 < 0 is equivalent to proving 6;;

i —(i—1)

For 1 — -+ < a* < 1, one finds = = which is strictly increasing w1th respect to o*.

a1 (-DHar—(j-2)
Because a* < 1, 6;; > _*~ Hl,there exists a € > 0 such that a* < = He and 6;; > % Then
= 1+€
o —(i-1) _ —i+i€ ..

one find & (jfl)”*’ll“f(j,z) = n—}l+ll+lje—€ < 6;.

. s Lo B B —(i-1) . . . . .
Similarly, for f* > o , it is clear that B = G-DF -2 I8 strictly increasing with respect to

" ; £ —(i-1) . .
B*. Then, % > ohEe—() = jﬁj‘rd > 0;; (2<j<i<n). Then one gets 6;;0;_1 — Bi_1 <
B —12<j<i<n).
Thus, the proof is completed. O

In the following, for n > 3, it will be proven that system (3.7) is a global finite-time observer for a

nonlinear system (2.4) with condition (2.5) where the rational powers satisfy < 6;; <73 (2 <

n— j+1
J <i<n). Itis in two steps. First the change of the coordinates of the observation error system will
be made. Then it will be shown that the observer (3.7) that is proposed can render the error system

globally finite-time stable for system (2.4) with condition (2.5) where the rational powers satisfy

nj+]<9,j< - (2<j<i<n).

The dynamics of the observation error e = x — X between system (2.4) and the global finite-time

observer (3.7) are given by

ér = ey—Lajfe|™ — L= (Bi=D){i-m)o 4, [eljﬁl,
e2 e e3 —L2a2 [eIJQZ _sz(ﬁ27l)(17n)0a2 [eljﬁz +f~2,
(3.9
L é, = —L"an[elJan _L”_(Bn_l)(l_n)oan(elJﬂn +f~n7
where f; = fi(y,x2,...,x;,u) — fi(y,%2,...,%,u) (2 <i<n).
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Consider the change of coordinates
&= Li—1+0"

Then, the observation error system (3.9) can be expressed as

& = Leg—Lla-Notlg [e | — %681 — LBi=Inotl gy, (glJﬁl’
& = L& _L(a271)0'+1a2 ’—81Ja2 — %(G-ﬁ- 1)82 —L(ﬁzil)n6+la2 fS]Jﬁz
+ite s
o (3.10)
én = _L(a”_1)0+1an [81Jaﬂ —%(n— 1+6)8n_L('Bn_l)no-+lan |’81Jﬁn
\ +Ln I+o0 *
By Lemma 12, for the following two systems with n > 3
& = Leg—LBi-motly, [,gIJBl7
& = L& —L(ﬁz_l)nG-HCQ (E]Jlﬁ,
(3.11)
é)’l — —L(anl)no-‘i'lan "elJB)”
and
& = Lg —L(al_l)c+la1 [81J & ,
& = L& —L(azfl)GJrlaz [Sljaz,
(3.12)
él _ _L(a,fl)6+1an [Elja",
there exist ¢, €1, ¢; > 0 and ¢,, €2, ¢ > 0 such that
8Vﬁ(8) dVﬁ(S) 1
Va(e) < D <& 1Vg(e < —ciL""%Vg(e)n 3.13
& ﬁ()_ o€ €=« ﬁ( ) dt (3.11) “ B() 7 ( .
and
V(e dVy(e
e Val(e) < al )Dlegézva(e), a(e) < =LV, (e), (3.14)
e dt a1

hold, where Vg(€) is a ¢; h-Lyapunov function of Vg(¢) w.r.t. x,L,(Bo,B1,-..,Bu-1), Va(€) is a g2
h-Lyapunov function of V(&) w.r.t. x,L, (0, 01,...,0,_1), q1, g2 > 0 are two positive real num-

bers, Vg (€) = Vo (g) = €7 Pe, P satisfies condition (3.3), 1 = %, g

q2

In the following, the global finite-time convergence of the error system (3.9) between the ob-

server (3.7) in the thesis and the nonlinear system (2.4) for n > 3 with condition (2.5) (where the

rational powers satisfy 277 < 6;; < 77 L (2< j<i<n))is proved.

+l

Department of Electrical, Electronic and Computer Engineering 19
University of Pretoria

© University of Pretoria



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

ey
e
<
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Theorem 15. ], nf;'jrl << j%] (2<j<i<n), thenforn>3, any a* € (1—1,1), there exist ¢; >
0(i=123),0<0<1,p*> H?G and 0 < n < 1 — a* such that the system (3.7) with the observer

gain (3.8) is a global finite-time observer for the nonlinear system (2.4) under the condition (2.5).

Proof. From [65] and [73], it is evident that global asymptotic stability and local finite-time stability
mean global finite-time stability. Here, this principle will be employed and the proof of the global
finite-time convergence of the observation error system will be divided into global asymptotic stability

and local finite-time stability.

First of all, for n > 3, by suitably choosing a; (1 < i < n) such that there exists PT = P > 0 satisfying

condition (3.3) and a, Py, > 0, which is always possible.

For & > 0, define %y, 5 = {& : Va(€) < 8}, By, 5 = {€: Vs(e) < 8}. As shown in the following

figure, one has «@Vﬁ,& C '%)Vﬁ,& C Pyg,1 by choosing 1 > 6 > 03 > 0 (where 6y, 03 will be

dVB (8)

i < 0 for

given in the proof). The proof is in three parts. First, one uses Vg(€) to derive
€ER"\ Py, and € € By, \%Vﬁﬁl, respectively. When € € By, 5, Vu(€) is employed to prove

the finite-time stability of the system (3.10). Finally, when € € %VB’SI \'@VB@’ for Ve > 0, there
dVyl(£) dVe(€)

exist ¢; > 0 (i = 1,2,3) such that §; — 83 < €, then by continuity of o> we obtain —7= < 0.
%)V/s.l
%)Vﬁﬁl
%)Vﬁ.63

Part I:

When € € & = %"\ e%’vlhl, consider the g h-Lyapunov function Vg (€). Based on (3.13), calculating

the derivative of Vg (¢) along the solution of the system (3.10), one has

dVg () dVg () 1_ ovg(e)” ovg(e)”
= +(p1(L G_(pz) Dlg_(P3lP(uay7xA)
dt |30 dt g e oe
avg(e)" . avg(e)” .
xDy€ + aﬁé ) 6+ 52 ) F < =1L 19V (€)" + 191 (L'° — g)Vp(€)
avg(e)T . avg(e)T .
oy V(o) + CB G ) a.15
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0
_L(a1—1)6+1a1 [e ] i
where G| = : , F = Lliﬂf
_ple—No+l, [£1 )% f
Ln—’llJrG
vs(e)T ~
For —5— G, by Lemma 8, one has
avs(e)” . e vl | IVE(E) . n a1 Piit
G < Ll—(l—OC )0' * € [04] <L1—(1—OC )O' *k V € a
e L e
< L 99% kng (e), (3.16)
d )
where ki = max .y, ;)1 ‘ V/3 ’ |z1]%, a* = maxj<;<p{a;}.
T
For avgég) F, one has
aV(e)" s [OVE(e) ] el n I 9Vg(e)
Je F g‘P(u,y,x)ZZ JE: Li—-1+o +lzz JE; Li—1+0°
i=2 j=2 t i=2j=2 t
Note that under the condition 6;; <73 , there exists a o7 > 0 such that 6;; <73 + o Vi < j:f'a] (2<

j<i<n),andlet0 < o < 0;. Because L(r) > ¢, > 1, one has

L(j*l#‘G)@ij*(i*lﬁ*G) <L'-°.

Then, similarly by Lemma 8, one has

aV(e)" n 0 19Vg(e ) i
F<W(u,yx +IL17°
oe = (”’y’x);; o€ 2522 ae,
=2 j= i=2j
no i 41 a1 —Bi—1+Bj—1 ‘11 Bi—1+6iBj—1
kW y, )Y, Y Vae) o Hlksl GZZVﬁ i
i=2j=2 i=2j=2
+B
< lor® W (1, y, )V (€) + lksn*L' Vg (€) 1, (3.17)
= d
where B = maxy<j<i<n {eijﬁj—l - B}, k= Max{z:vy (z)=1} ‘ ‘;ﬁzl ks =
IVp(2)

2%

maX{Z Vﬁ 1}‘ aZL

Then, by substituting (3.16) and (3.17) into (3.15), one finds

dvs(e) _ _ _ _
fh < =iV (e)" +a1oiL! OV (€) — 1o 2V (€) — ¢ 3P (1,7, £)Vp (€)
(3.10)
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q1+B

LI V() ko (. DV (€) + oL~V (€)1 (3.18)

From Lemma 10, it is known that y; > q'q—fﬁ. Then, for all € € &2, there existdy; >0, dr1 > 1, d3; >0

such that when 0 < @ < di1, ¢ > dz1, @3 > d31, one has

dvg(e
b(€) < —GeimVs(e), e€ 2, (3.19)
dt {310
« 1 1
where d]] = 3‘%1, d21 = maX{(LC‘{“") (I-a*-n)o , (73”2"2)(1*71)‘7}7 d31 = %

When & € Zy, 1, one again uses the ¢; h-Lyapunov function Vp (&). First, one has

IVg(e)" . 91 =Pa1tan
avg(e)” . a1-By 148 a+h
5; Vr o< ko (u,y, §)Vg(e) 1 +Iksn?L'Vg(e) 7 . (3.20)

Then from (3.15) and (3.20), one obtains

dVg(e
DO < el V() 4 (LT~ V(e 0y Vi o)
(3.10)

q1—PBp—1+om a1=By—1 +B*

L Vg () 0+ hon™P(u,y, H)Vg(e) @

q1+B

+lk3n®L' Vg (€) o,
where B = mino< <<, {6;;8;-1 — Bi-1}.

There exists a dy > 1 such that 0 < g11 < g3 <1, 0 < g2, g14 <1 when 0 < ¢ < di1, ¢ >
dyy, @3 > d31. Then one has
dvg(e)
dt .10

< —C (P]QDzvlg(S), LS %le \‘%Vﬁﬁl’ (3.21)

_ (I-n)oq; (1-n)oq;

36101\ 5o . — St 3lkan? \ —
where 8 = max{gi2, g13, g4}, g1 = ("L)F T F T g = () P lgy PR g3 =

. (1—a*-n)og YIS . | E
3a*kin 4 - — kon — B~ By—1-B
(T)ﬁ" %) Pn=an 7g14_(?)ﬁ" 1 ?3 .

Thus, from (3.19) and (3.21), one can derive
dVlg (8)
dr |40

< —El(plq)zVﬁ (8), £ c %n\@‘/ﬁ@ . (3.22)

Part I1:

In this part, the set € € %’Vﬁ_ﬁ] will be considered. Here, the ¢, h-Lyapunov function V(&) is used.
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Chapter 3 Global finite-time observers — with two homogeneous terms

Because Vg(€), Vq(€) are homogeneous of degrees g and ¢, respectively, one has Vg(g) <
2

k*Vg (e ),“ where k* = max.. Vs(o)=1} Vau (z). Then there exist do3 > 1, d3; > 0 such that £*8," <1,

i.e., Vu(€) <1 when @, > das, @3 > d3p.

Under the above condition, based on (3.14), calculating the derivative of V(&) along the solution of

system (3.10), using the same method as that in part I, one finds

dVy (€ _ _ _
wE] o L V() 4 B (L~ 92)Vale) — 20wy D Vale)
(3.10)
WVa(e)" »  Vale)! .
F 2
+ e Gy + Je ; (3.23)
where Gz = (—L(ﬁlfl)n(wrla] [Sljﬁl,.. .,—L(ﬁ’ﬁl)n(wrlan [Sljﬁ”)T.
For 2e®7 G and Y«©7 £ Gimilarl h
or =52~ Gz and =52~ F, similarly, one has
aVa(g)T~ (Bi—D)no+1
Je G, < L'Pr n ak4nVa(£),
V()T . ‘a
5e(£> Fo< ksn®W(u,y, 9)Val(e) + lhen’L'Va(e) o (3.24)
where o = min2<j<i<n{6ijaj1 — i1}, ke = maxgy,( 1}‘ az ks =

6ij

MaX {7V (z2) 1}\ azl HZ]| ke = maxg.y, ;) 1}’ aZ, ||Z|

Then by substituting (3.24) into (3.23), one has

dVy ()
dt (.10

< =L Vo ()2 + 0201 (L' — g2)Va(€) — 3% (1,7, %)Val€)

qz+0!

+ LB Ve (€) + ksn® W (u, y, £) Vi (€) + lken> L'~V (€) @

N+ O

o ¢ < L(t) < M. In addition, because 0 <

From Lemma 9 and Lemma 10, it is known 5 < &%
@1 < dy1, there exists a dp4 > 0 such that go» < g21, g22 < g23 when L(t) > ¢ > dp4. Moreover, there
exists a d33 > 0 such that when @3 > d33, ¢» > do4, one has
dVq(e)
dt |10

1
< ——e L'V, (e)?, € € By, 5\ {0},

“ o OB 0
o 2. _(_c 2 —a* 2 N\
where 6, = 82, d3z = o 821 = (4522(p1 ) -, 820 = (4a*i4n) ) * y 823 = (4[](;"2)& o,

Then, by Lemma 3, the system (3.10) is locally finite-time stable on Ay, s, .

2?2

From Vy(e) < k"Vg(e)®, one can obtain %y, 5 C HBy,s, where & = (5F)

bs
S
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_ o(+(Bn=1)1)qy

q
o, (L) o (gatm) & . Then, Py, s, is a domain of observer attraction, i.e.,
dVa (€ 1
a(8) < —Lal'"Va(e)?, & € By, 5\ {0}. (3.25)
dr |10 4
Part I11:

For any € > 0, there exist sufficiently large ¢, @3 and 0 < @; < dj1, @2 > dp; (1 <i<4), @3 >

d3j (1 < j<3)suchthat 0 < §; — &3 < €. Because dvgit(e) .10 is continuous on #", one has

dVy(€)
dt |10

<0, £ € By, 5,\ By, 5, (3.26)

Thus, from (3.22), (3.25) and (3.26), by combining global asymptotic stability and local finite-time
stability, one gets the result that the system (3.10) is globally finite-time stable, i.e., there exists a

Ti > 0 such that &(¢) =0 whent > T.

From Lemma 9, there exists an M* > 0 such that L'~1*® < M* (i=1,...,n). Then, one has el’éi) <

L,-ei(.i)a =¢g(t)=0(t>T)),ie,e(t)=0(t>T;) (i=1,...,n), which means system (3.7) is a global

finite-time observer for system (2.4) under the condition (2.5).

This completes the proof. O

3.4 GLOBAL FINITE-TIME OBSERVERS FOR NONLINEAR SYSTEM WITH MIXED
RATIONAL POWERS IN THE NONLINEAR TERM

In this section, it will be proven that system (3.7) with high gain (3.8) is also a global finite-time

observer for nonlinear system (2.4) under condition (2.6) with the mixed rational powers in the non-

linearities satisfying nf]fjrl <01,;j<1,1<6,; < 1%1 2<j<i<n).

Theorem 16. If <01, <1,1<6y;;< L (2<j<i<n), then for any a* € (1 —%, 1), there

n—i
n—j+1 Jj—1
exist0< o<1, f*> H'TG and 0 <1 < 1 —a* such that global finite-time observers in the form (3.7)

with the observer gain (3.8) can be designed for the nonlinear systems (2.4) with condition (2.6).

Similar to what is done in Section 3.3, through changing the coordinates & = L,-fﬁ, e = Xx; — X,

the observation error systems between the nonlinear system (2.4) and the designed global finite-time
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observers (3.7) are shown as follows:

& = L& 7L(oc1—l)o+la1 [e | — %Ggl fL(ﬁl—l)UCH'lal (glJﬁl,
& = L& _L(a271)0'+1a2 {81Ja2 — %(G-ﬁ- 1)82 —L(ﬁzil)n6+la2 fS]JﬁZ
+iites
a5 (3.27)
én = _L(a"_1)6+1an [glja" —%(n— 1+G)gn_L('Bn_l)nG+lan (EIJBn
+Ln I+0

where fN‘l = ﬁ(y)x27° . .,X,‘,M) _fl'(y7jc\27'° . 7xAi7u) (2 <i< I’l).

Before the global finite-time stability of the proposed result is proved, similarly to Lemma 14, the
following lemma is given to show some properties of ¢; (1 <i<n)and 6y, 6,;; (2<j<i<n)
in (2.5).

Lemma 17. For 6y ;j, 6,;; (2 < j<i<n)in(2.5), if 2 one has

— ,+1 <O1ij <1, 1 <65 < 719,
-1+ 001 —a*+1>0, —0i_1+ 601 —o*+1>0 (2 < j<i<n). Moreover, select

0 < o < 1 such that B* > 1+G , then one has 6, ;iB;j—1 —PBi-1 <B*—1(2<j<i<n).

In the following, the detailed proof of the global finite-time stability of the observation error sys-

tem (3.27) will be given.

Proof. The proof of Theorem 16 is similar to that of Theorem 15 and is also divided into three parts.

First, choose a; (1 <i <n), P to satisty (3.3) and a, Py, > 0.
Part I:

When € € & (& is the same as defined in Section 3.3), one uses the Lyapunov function Vg (€). Using
the same method as that in the proof of Theorem 15, one has
dVB (8 )
dt |32

< —ci L'V (&) + 2101 (L' — 92)V(€) — ¢, 93% (u,y,£) Vs (€)

—i—Ll_(l—a*)Ga*kanﬁ( )+k2n ‘I‘(u VX ) ﬁ( )+llk7n2Vﬁ(£)—|—lzk8n2L1_"Vﬁ(e) T

av,3

where By = maxocj<ica{62iiBj-1 — Bii}, ki = maxpy-ny | ll%, ks =

T8Iz,

max{z Vﬁ 1} ‘

Then, for all € € &, there exist 511 > 0, 531 > 1, s3; > 0 such that when 0 < @) < 511, @2 > s21, @3 >
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s31, one has

dVB (8)
dt |37

< - (Y] (PZVﬁ (8))

4a* klﬂ)m (4llk7n )

1
1 no’(412£‘18”)1 no‘} s31_d31_k27n

C]
where s1; = e 21 = max{( -

When € € '%7"1371’ one has

dvg(e
ﬁ( ) _ClLlfT]GVB(S)YI_i_El(pl(LlfG_(Pz)Vﬁ( )—Cl%l}l(u V£ )V'B( )
dt {327
1—(1—a* r—Bu_1tom r1=By_1+B*
AL 00 Vg (€) T kP (u,y, £)Ve(e) T 1
ri+8; ri+B,

+l1k7l’l2Vﬁ( ) o4 lzkgl’Lle GVﬁ( ) G
where B = mina<<i<,{61,;Bj-1 — Bi-1}, B, =mino<j<i<n{62:;Bj-1 — Bi-1}-

There exist sop > 1, 532 > 0 such that g4 > ga1, g43 > gaa When @ > 520, @3 > 532, then one can get

dVg(€) _
Z < —C19192Vp(€), € € By \ By, s,
I 1327
4cl(p1 - a *>Gr1 4a* k.n - (=etomory
where 04 = max{g42, g43, 845}, g41 = (~ )’3 T T g = (" )B” @y o gy3=

Alikyn? \ Tt - Alokgn® e liis k e
n-\ pr—i- I *717 —1- n —B* n—1—
(L) gy PR gy = ()R gy 7 9276’45—(*21 LER 3 :

Cl

Then, one has

dVlg (8)
dr |07

< —61<p1<p2V,3 (S), £ e %n\%Vg@w (3.28)

Part II:
For & € %y, s,, the Lyapunov function Vg (¢) is considered.

From the proof of Theorem 15, it is known that there exist sp3 > 1, s33 > 0 such that V(&) < 1 when
@ > s73, (3 > 533, where 523 = db3, $33 = d3;. Under this condition, calculating the derivative along

the system (3.27), one finds

dVy (€ _ _ -
O < L Va(e) e (L~ g1)Vale) - 03 (w09 Vale)
dr |;327)
(Bi—D)no+1 x 2 D
+LPn a*kgnVy (&) + ksn® ¥ (u, y,£)Vy (€) + L1kon® Vi (€) 7
ry+ao
—i—lzklonZLl_o-Va(S)z’iZz
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where @ = miny<j<i<p{01;j0j—1 — OGi—1}, Q) = Minp<jci<n{62;j0j—1 — CGi—1}, ko =

v, ) v, ’
max (i, (1) | 22 |27, Ko = max iy, (oo 1y | 282 |2

Because 0 < @ < 511, there exists an so4 > 0 such that gs; < gs; (2 <i<4) when ¢, > sp4. Moreover,

there exists an s34 > 0 such that when @3 > s34, @ > 524, One has

dV;t(s) . < —lchFGVa(S)YZ <0, € € By, 5 \ {0},
where 85 = gs1, s34 = d33 = % 851 = (Safﬁ)l%M_%, 852 = (5522(,,1)'*%, gs3 =
(s ) T g = )
Let 8 = (%! )%, then By, 5, C By, s;- Then,

Wele) oS Ll V(o) € € By, 5\ {0}, (3.29)

holds, i.e., %’Vﬁ’(;ﬁ is a domain of observer attraction.
Part III:

For any €* > 0, choose ¢,, @3 sufficiently large and 0 < ¢ < s11, @2 > s2;, @3 > s3; (1 <i<4) such

that 0 < 64 — d < €*. By continuity of dvgi[(s) 5 on %", one has
dv,
@) g e By 5.\ Buy 5, (3.30)
dt |7

Thus, from (3.28), (3.29) and (3.30), by combining global asymptotic stability and local finite-time
stability, the result is that the observation error system (3.27) is globally finite-time stable, i.e., the

system (3.7) is also a global finite-time observer for the system (2.4) with condition (2.6) where the

mixed rational powers in the nonlinearities satisfying - f;.fr] <01;;<1,1<6,;; < ]%1 2<j<i<
n).
The proof is completed. O

From what is stated in Chapter 2, it is known that the main results of the thesis is to extend the semi-
global finite-time observers designed in paper [62] to global finite-time observers for a broader class
of nonlinear systems (2.4) with lower bounds of 6;;, 0;;;, 6,;; (2 < j <i < n) in conditions (2.5)
and (2.6). The following remark will show that compared with the result in paper [62], how the global

finite-time observers (3.7) proposed in this chapter are obtained.
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Remark 18. Compared with the result in this chapter with that in paper [62], in both of the re-
sults, the same dynamic high gain is used and it is the term [e|%  [e1|%, ... [e1|* that makes
the observation error systems locally finite-time stable. In this chapter, based on the result from
Lemma 12, the result in paper [62] is able to be extended to nonlinear systems (2.4) with lower-
bound rational and mixed rational powers satisfying nfj_il <6 < ]%1 2<j<i<n) and

nfj_il <01;j<1,1<6 < J%l (2 < j <i<n)in condition (2.5) and condition (2.6). More-

over, the term [e1|P' ey |P>,... [e1|P" in the observers proposed in this chapter ensures that the
observation error systems converge into a spherical area of the origin and the proof is based on
two new different homogeneous Lyapunov functions. That is how the global finite-time observers are

achieved in this chapter.

3.5 SUMMARY

In this chapter, global finite-time observers are designed for a class of nonlinear systems with bounded
rational and mixed rational powers imposed on the nonlinear terms. The proposed global finite-time
observers have a dynamic high gain and two homogeneous terms, one ensuring the observation error
systems asymptotically converge to a spherical area around the origin, the other ensuring local finite-
time stability. Global finite-time stability is obtained through the combination of the global asymptotic

stability and local finite-time stability.
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CHAPTER 4

GLOBAL FINITE-TIME OBSERVERS — WITH A NEW
GAIN UPDATE LAW

In this chapter, a new kind of global finite-time observer is designed for the same class of nonlinear
systems as those in Chapter 3, which have bounded rational and mixed rational powers imposed on
the incremental nonlinearities. Compared with the results in Chapter 3, the newly designed observers
have a new high gain and can be applied to nonlinear systems with any dimension. Moreover, the
proposed observers in this chapter do not impose any condition for a, P}, (where a,, P}, are given in

Chapter 3).

4.1 INTRODUCTION

Nonlinear observer design is one of the most important problems in the field of nonlinear control.
Over the years, a great deal of work has been done and various nonlinear observer design meth-
ods [13], [12], [14], [16] have been developed, where the high gain method [73], [72], [17], [28]
plays a very important role. Asymptotic and finite-time observers exist for Lipschitz nonlinear sys-
tems based on dynamic high gain [72] and constant high gains [13], [55], [73], [54]. High-gain
observers in the presence of measurement noise are employed to the output feedback control prob-
lem for a class of nonlinear systems through a switched-gain approach in [17]. Then, for a class of
nonlinear systems with the nonlinear terms admitting an incremental rate of the measured output,
asymptotic high-gain observers are employed for a global output feedback design in [23] and [28]
through different methods. Motivated by the result in [28], for the same kind of nonlinear systems
with nonlinear terms admitting an incremental rate depending only on the output, [60] designed a

global high-gain finite-time observer.
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Then [61] and [62] made further extensions to a high-gain asymptotic and semi-global finite-time
observer design to two broader classes of nonlinear systems with bounded rational and mixed rational
powers imposed on the nonlinear incremental rate. Based on the result in [63] where asymptotic
stability and finite-time stability are studied for a class of nonlinear homogeneous systems and the
best possible lower bound of homogeneity of degree is obtained, [74] constructs global finite-time
observers for nonlinear systems (2.4) under conditions (2.5) and (2.6) with smaller lower bounds of

the rational and mixed rational powers than those in either [61] or [62].

The purpose of this chapter is to make an attempt to design global finite-time observers with a new
gain update law for the nonlinear system (2.4) with rational and mixed rational powers satisfying

nfj_il < Gij < ﬁ (2 <j<i< l’l) in condition (2.5) and nj]_'il < 91’,']‘ <Il, 1< 9211']‘ < ﬁ (2 <j<

i < n) in condition (2.6), respectively.

This chapter is organized as follows: In Section 4.2, global finite-time observers with a new gain
update law are designed for nonlinear systems (2.4) under condition (2.5) with rational powers in the
nonlinearities. Then, in Section 4.3, it will be shown that the designed observers in Section 4.2 can
also be applied to nonlinear systems (2.4) under condition (2.5) with mixed rational powers in the

nonlinearities. A summary is given in Section 4.4.

4.2 GLOBAL FINITE-TIME OBSERVERS FOR NONLINEAR SYSTEM WITH SINGLE
RATIONAL POWER IN THE NONLINEAR TERM

Before the result presented, a useful result is reviewed first.

For the rational powers nfj_il < ;< J%l (2 < j<i<n)in condition (2.5) and 1 — % <ot <1,

from Lemma 14 in Chapter 3, the resultis: a* —1—o0t;_16;; + i1 <O0.

In the following, it will be proven that the observer of the following form

X1 = K+Laifer|® + fi(yu),
);52 = )€3+L2a2 e az—l—fz v, X0, 1),
1] + Hlrr) )
\ 0 = L'ayfer])® + fu(y, X2, .., % 1),
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with the following dynamic gain
L = —Lgi(L"° @) — 3% (,,8) — L' [y — 2 |"
—@s¥(u,y,%) [y —%1|"], L(0) > ¢, 4.2)

is a global finite-time observer for a nonlinear system (2.4) with condition (2.5), where ¢, @, >

1, @3, @4, @s are five positive numbers, m is a positive number satisfying
m>max{a;_16;; — o1, 1}, 2< j<i<n, 4.3)
where W(u,y, %) = T'(u,y)(1+ X5 |£[").

For the gain update law L(¢) in (4.2), one has the following result:
Lemma 19. For the observer gain L(t) in (4.2), there exists M > 0 such that L(t) <M, t € [0,T], VT €
(0, 00).

Proof. The proof is simple and similar to the proof of the boundedness of the dynamic observer high

gain in [62], thus omitted here. ]

The dynamics of the observation error e = x — X are given by

/

él = €2—L611 [eljal,
¢ = es—Lar[e1]®+ f,

[e1] 4.4)
é, = —L'a, [elJa" +]Fna

where fo = fo(y,x2,u) — fo(3,82,u), s fo = fa(, X2, Xn,ut) — fu(3, %2, ..., %0,u). Consider the

change of coordinates
i
T Li—1+o?

&

where 0 < ¢ < 1 will be given later. Then (4.4) can be expressed as

(

& = L& —L(alfl)GJrlal [81Ja1 — %681,
& = Leg— L@ Dotlgy[g|® %(G‘i‘ e + L{%,
(4.5)
g = L@ a, g% — kn— 14+ 0)e+ .
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Before the global finite-time stability of the error system (4.5) is proven, some properties of the
following homogeneous nonlinear system are investigated:

(

él _ LEZ_L(alfl)chlal [&Ja',
éz = Le _L(ozz—l)cr-i-la2 [SlJaz,
(4.6)
| & = L@ Dotig,[g |,

By Lemma 12, for system (4.6), suitably choose a; (1 <i < n) such that there exists Pl =P>0

satisfying
ATP4+PA < —I, hiI <D\P+PD; < hyl, 4.7)
a1 ... 0
where A = ' ' "~ |, Dy =diag{o,1+0,....n—1+0}, hi,hy > 0 are real con-
—dn—1 0 ... 1
| —an 0O ... 0 ]
stants.

Then, there exists a homogeneous Lyapunov function

Iy V;ﬁ(xoV)(vsl,v“‘e‘z,...,vo‘”*lsn)dv, e 7"\ {0},

V(e)= (4.8)
0, =0,
0, § € (—oo, 1]
— . . 2(S—1)2, 56(17%)
where V(&) = €T Pe, ¢ > 0 is an integer, x(s) = . x(s) e C (R, %),
1-2(s—2)2, se[3,2)
1, § € [2,00)
under which the nonlinear homogeneous system (4.6) is finite-time stable.
Moreover, there exist ¢i, ¢y > 0 such that
av(e)"
C1V(8) < ai ) De< CQV(S). (4.9)
If ¢ > max{a; }o<i<n—1+1, d‘;(f) o is C! on %", then there exists a ¢3 > 0 such that
dv(e
(e) < —c;L'7%V(g)?, (4.10)
dt |6
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where y = “afq;l.

Based on Lemma 19 and the above preliminaries, the main result with explicit proof is given in the

following:

Theorem 20. If - ij < w47 (2 < j <i<n), then for any 1 —% < a* < 1, there exist ¢; >
0(1<i<5)and 0 <o<l1 such that the system (4.1) with dynamic high gain (4.2) is a global

finite-time observer for nonlinear system (2.4) with condition (2.5).

Proof. Under the condition that 1 —% <a* <1, a (1 <i<n) satisfying (4.7), 0 < 6 < 1 (which
will be given later), the homogeneous Lyapunov function V (€) defined in (4.8) will be used to derive

the global finite-time stability.

For all € € #", calculating the derivative of the Lyapunov function V(€) defined in (4.8) along the

solution of system (4.5), from inequalities (4.9) and (4.10), one has

dv ()
dt

< —a3L'7V(e) 01 (L% — )V (€) — c1 3% (u, y, %)V (€)
(4.5)

F, @.11)

—c1 L)% gy MY () — ¢ sL O (u, y, %) €1 "V (€) +

_ z T
where F = (07 Llfi67 7%) .

For ai) F, one has

V(e . ( ) 3 1 o T .
oe F ; 88 Li—1+o (lp(”’yax)jzzz|xj_xj|
i e no i . aV e n i

HY -5 < Y Y W) 20 e 111 Y
= i=2j=2 & i=2 j=2

v (e) [P 1+0)8~(i-1+0),
0€;

If 6;; < = -7, there exist a 67 > 0 such that 6;; < = 1+c| vj < jiﬁf’m, (2 < j<i<n). Choose

0 < 0 < o1, then one gets

L(j71+c)9ij7(i71+0) < L1726.
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Then, by Lemma 8, one has

V(E) | &y ( ) o
F| < Y(u,y,x) € €%
88 — ,:ZQFZZ ( Yy | J 55 881 | J’
no i g0 +o;_ 1—2 q % 1+‘XJ 16
<kPuyd)Y Y V(E) 0 kil "ZZV : (4.12)
i=2j=2 i=2j=2
d d .
where kj = max,.y(;)—1} )%lz)‘ |zj|, ko = maxy,.y(;=1} ’%,Z) |Zj‘9”-

Then, for § > 0, define % 2 {e:V(e) <o}, Ps={e:|e|<6}. LetQ={e:(0,&,...,&) € %"}

The proof is divided into two parts: € € Z"\ Q and € € Q, where part I consists of two small

parts € € 1\ Q and € € (%" \ %)\ Q, respectively. When € € %, d‘;(,g) @s) =
—%QL“"V( )7. Then one has d‘;(l ) “3) < —c3L'7%V(e)Y for € € (%" \ %)\ Q. Thus, one obtains
d‘;(t‘g) C3Ll OV (e)" for all € € #"\ Q. Then when € € Q, it can be verified that the non-

(4. 5)
trivial solution of system (4.5) can only pass through € finite times. Thus, from the combination of

these two parts, one obtains the global finite-time stability of the error system (4.5).
Part I:

(1). When € € %, \ Q, from (4.11) and (4.12), one has

dv (e
dt s

~—

< —aL7OV(E) + 01 (L0 — @)V (€) — c1 03 (u,y,8)V (€)

—c L 2% gy MY (€) — o1 osL" P (u, y, %) |&1 "V (€)
a+

2 27712 7&
+kin“Y (u,y,£)V (&) +kon“IL ~“°V (€) (4.13)

. . + .
where 8 = miny< j<j<,{@;—16;; — @;_1 }. From Lemma 14, one can derive y < %, then, there exist

di1, d»1, d3; > 0 such that when (0] <dii, ¢ > dr, 03 > d31 one has

dv ()
dt

1
—§C3L1_GV(8)Y — 2012V (&) — i a L' 2)% g |V (g)

(4.5)

1
—c1@sL" P (u,y,8)|&r|"V (€) < =LV (e), (4.14)

1
2 °
where dq| = 3%2’ dyy = (M) , d31 = M

c3 c1
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(2). When ¢ € (%" \ %) \ Q, from (4.11) and (4.12), one can derive

dv ()

IN

—c3 L7V (&) + 201 (L0 — o)V (€) — c1 3% (u, y,8)V (€)

—c1 L 2% gy MY (€) — ¢ s L (u, y, %) |&1 "V (€)

q—% 1 +! a+B
q

+hn® P (u,y,£)V(€) ¢ +hkon’lL'7V(e) 0, (4.15)

where E = mangjgign{aj,leij — 061;1}.

Let 4 = {z:V(z) = 1}. For any € € (#"\ %)\ Q, there exist § > 0 and A such that £ =
(A€l 2%l .. A% 1T = diag{A, A% ... A% 11e® &% = (el,....e2)T € 4\ P5. Then one

has
1"V () = A 4]e8 [V (69) = A a)el|m — v (e) "V €D,
Because |¢]|" > Mingcg\ o7, |€1]™ = 6™, then one can get the following inequality
e[V (g) > 8"V (e)"T", £ € (%" \ B))\ Q. (4.16)
Thus, from (4.15) and (4.16), one obtains

av
(€) < —C3L1_GV(8)7+ 201 (LI_G —@)V(e)—c103¥(u,y, %)V ()

+q

oL M2 §my ()5 s LMW (u,y, )"V (g) o

q—0y, _1+1

+h W (u,,2)V (€)@ +konIL'T2V (g)

a+B
q

4.17)

Because m > max{aj_16;; — 0;_1, 1} (2 < j <i<n), one can get L1+(m=2)6 > [1-6 Then, there

exist dy1, dsi > 0 such that @3 > 2% ¢; holds when @4 > da1, @5 > ds).

Thus, for € € (%" \ %) \ Q, one has

dv(e)

dt s —3L' V(€)= 212V (€) — c1 93P (1, y,£)V (€)
4.5

IN

< —aL'7oV(e)?, (4.18)

2kon®l  2c3 } ds; = kyn?
, -

where dy4; = max{ S e 3 ar

1
C](Sm .

Finally, from (4.14) and (4.18), by combining part (1) and (2), one can get that the following inequality

dv 1
@ Loy, (4.19)
dt |5 3
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holds for € € 2"\ Q.

Part I1:

When € € Q, let £(¢,1y, &) denote a non-trivial solution of system (4.5).

In the following, it will be verified that there does not exist such #, > #; > #, that (, 1y, &) stays on Q
in the interval (#,1,). It will be proven by using a contradiction argument. Suppose there exists such
interval that £(¢,79, &) can stay on Q. From the first equation of system (4.5), one can derive & = 0
on (t1,#,). Then, from the second equation, one can obtain €& = 0 on (¢1,7,). Then following the same
steps, one has & =0 (2 <i <n) on (t;,f;), which is a contradiction. Thus, €(¢,#), &) can only pass

through Q.

Let #;, denote the time when £(z, 1, &) passes through Q. From (4.19), one has

dv (e
dt

~—

1 1
V(ie)r< —§C3LH’ < —gcypg*“. (4.20)

(4.5)
Integrate both sides of (4.20), one has

” Tir1 1 1 Th+1
y / Viey Tav(e) < —~csol [ ar,
k=1"1% 3 Ik
i.e.,
V()T € V(1) — 230l s —11) 4.21)
1— y n+ = 1= y 3 2 n+ : .

Here, the contradiction argument will be still used to prove that {# } is a finite sequence. If {#} is not
a finite sequence, then one has f,, — +o0 as n — +o0. And it could happen that the left side of (4.21)
approaches zero while the right side of (4.21) approaches —eo, which is a contradiction. Thus, {7} is

a finite sequence.
Therefore, there exists a 7] such that (4.19) holds for all € € Z" (r > Tq).

Thus, from Lemma 3 and by combining part I and part II, one gets the global finite-time convergence

of the observation error & (i = 1,...,n). The settling time T (€°) is T (&") < WV(EO)I”’%— T,
0 0 )
where t is the initial time, £° = (¢, %, N #)T is the initial state.

Then from Lemma 19, one gets # < L,fﬁ =g =0whent>T(e°)+ T (1<i<n),ie., the sys-

tem (4.1) with update gain (4.2) is a global finite-time observer for system (2.4) with condition (2.5).

This completes the proof. O
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4.3 GLOBAL FINITE-TIME OBSERVERS FOR NONLINEAR SYSTEM WITH MIXED
RATIONAL POWERS IN THE NONLINEAR TERM

In this section, it will be shown that the system (4.1) with update gain (4.2) (where m >
max{o;_160,;; — i1, 1} (2 < j<i<n))is also global finite-time observers for the nonlinear

system (2.4) with condition (2.6) where the mixed rational powers in the nonlinearities satisfying

nf;-:-] <917,'j< 1, 1<927,'j< ‘]%1 (ZSJSZSI’I)

For system (2.4) with condition (2.6) where the mixed rational powers in the nonlinearities satisfy

nf;’—f-l <01;;<1,1<6;;< J%l (2 < j <i<n),one has the following result:

Theorem 21. If

nf]_.frl <6< J%l (2 < j <i<n), then for any 1—% < a* < 1, there exist @; >
0 (1<i<5)and0< o <1 such that the system (4.1) with dynamic high gain (4.2) is a global

[finite-time observer for nonlinear system (2.4) with condition (2.5).

Similar to what is done in Section 4.2, through changing coordinates, the observation error system

between system (2.4) with condition (2.6) and the global finite-time observers (4.1) is shown as fol-

lows:
¢ = Le—La~Dotg (g |4 —Log,
& = L€3_L(ocz—1)<r+1a2 g a _ L o+1 82+L20'7
[ J L( ) LI+ (422)
\ gn = _L(a’lil)6+lan [glj o — %(n - 1 + G)Sl’l + Lnf7+0'7

where f; (1 <i < n) are the same as that in Section 4.2.

The detailed proof of the global finite-time stability of the observation error system (4.22) is given in

the following:

Proof. Here, the homogeneous Lyapunov function V (&) defined in (4.8) will be used.

For all € € #", calculating the derivative of the Lyapunov function V(€) defined in (4.8) along the

solution of the observation error system (4.22), one has

dv (e
d() < —c3L'7OV(e) 4201 (L' — )V (€) — c1 93 (u, y,£)V ()
I 422
av(e)" _
L e Y (6) - sl Wy e "V (e) + T2 F,
_ . N
where F = <O,L{%,...,Lnfﬁ) .
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For 8(8) F, one has

v(e) (

|911ij

l

n i
SZZ (u,y,%
i=2 j=2

i=2j=2

L(] 1+6)91,j i— l+0' _|_l ZZ
i=2j=2

|92.ij(1'*1+0)92.ij*(i*1+6)‘

) 1-0;
vf < j—1407’ (2 S

If =L < 01;;j<1,1<6y;; < j%l, there exist a 61 > 0 such that 6, ;; <

i—0]
n—j+1 j—T+or”

j <i<n).Choose 0 < 6 < 0y, then one gets

L(j71+0')9|7,'_,'7(l'71+6) < l7 L(j71+6)92’ij7(i71+6) <L1720"

Then, by Lemma 8, one has

nooi g0 +a; q % 1+a, 101,ij

av(e)”

St Pl < k¥@xdY Y Vi) o +k31122\/
€ i—2 j=2 i—2 j=2
+k4lzL1 262 ZV q = lmj 192”,
i=2j=2

|2;|%4i, ky is given in Section 4.2.

[¢] ii _ aV(z
‘Zj| L kg = max v (z)=1} ‘ az(l.)

where k3 = maxy.v(z)=1} )957;_2)

The proof is also divided into two parts: € € 2"\ Q and € € Q, where part I consists of two small
parts € € #1 \Qand € € (%" \ %)\ Q , respectively (where %, Q are the same as those defined in
Section 4.2).

In part I, one can obtain d‘;(tg) “. 22) — 131179V (€)Y for all € € %"\ Q. Then when € € Q, it will

be proven that the non-trivial solution of system (4.22) can only pass through Q finite times. Then,

from these two parts, the global finite-time stability of the observation error system (4.22) is derived.
Part I:

(1). When € € %\ Q, one has

dv(e)
dt |42
—c1 L2008V (€) — 1 sL O (u,y,£) €1 |V (€)

< —c3L'OV(e) 401 (L0 — )V (€) — c1 3% (u, y, £)V (€)

kW . 2 gl 2 71207, ( o) T2
1" (u,y,X)V(€)+ksn“lLiV(e) @ +kan"LL " “°V(e) ¢

where El = minzgjgign{aj,lew — 061;1}, Ez = min2§j§i§n{aj,1627ij — 061'71}.
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g+,
q

From Lemma 14, one can have y < , then, there exist dy1, d3;, d5,, d31 > 0 such that when

@) <d1, ¢ > max{d;,, dj,}, ¢3 > dz one has

dv(e)
dt

1
< —zaLl' "oV (e),
(4.22)

1
2 2 o . .
where d, = Smh g — (kb ) O g gn are the same as that in Section 4.2.
21 ) Ao e , d11,

3

(2). When € € (%" \ %))\ Q, one can derive

dv(e)

” < —03L176V(8)7+cz(p1 (Llf" —@)V(e) —c193¥(u,y, %)V ()

(4.22)

—c1 L 2% gy MY (€) — ¢ s L (u, y, %) |€1 "V (€)

q—04,_1+1 ‘i+62

+h P (u,y, )V (€)1 +hksn® 1V (€) +kyn*LL' 72V (g) @,

where Bz = maXQSjgign{aj—l 92,ij — 01 }

Similarly, for any &€ € (%" \ %)\ Q, there exist § > 0 and A such that &€ =
(A€l A%l .. A% 1T = diag{A,A%,... A% 1}ed €% = (&,....e2)T € ¥\ P5 (where

¢, Ps are the same as that in Section 4.2).

Similar to what is done in Section 4.2, one can get
le1["V (e) > 8"V (e)"T", £ € (%" \ By) \ Q.

Thus, from the above steps, one can obtain

dav
(2) < —a3L'7OV(e) + 20 (L0 — )V (€) — c1 3% (u, y, )V (€)
dr |40
e L T2 5y () s LMW (u,y, £) MV (g) 4"
q—y_1+1 a+hy

+h P (u,y, )V (€)1 +hksn®1V(€) +kan’LL' 7V (g) 7 .

Because m > max{oj_160;; — 01, 1} (2 < j<i<n),itis clear L1+(m=2)6 > [1-6  Then, there

exist djy, dsi > 0 such that ¢4 > 22| holds when @y > dj;, @s > ds).

Thus, for € € (%" \ %) \ Q, one has

dv(e)
dt |42

< —c3L'7%V(g)?,

A3n?ly  Akgnl, 23
C](Sm ? C|5m ? 3C|6m

where dj; = max{ }, ds is the same as that in Section 4.2.
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Then, from part (1) and part (2), one finds that the following inequality
dv (e 1
avie) < ——a3L'7OV(g)?, (4.23)
dr |4m)

holds for € € 7"\ Q.
Part II:
When € € Q, similarly, let £(¢,%y, &) denote a non-trivial solution of system (4.22).

Similar to what is done in Section 4.2, it can be proved that £(z,7, &) can only pass through Q. Let

1 denote the time when £(¢,19, &) passes through Q. From (4.19), through integration, one can get

n tht1 _ 1 1— Th+1
Z/ V(e)Mdv(e) < —=c30, ° dt,
k=17 3 I

i.e.,

1 _ _ 1 _
GV(s(th))l yﬁmv(g(fl))l 7/*503‘!’21 P (tps1—11).

By using the contradiction argument, it can easily be proven that {#;} is a finite sequence.

Then, from part I and part II, the global finite-time convergence of the observation error system (4.22)
can be derived, i.e., the system (4.1) with the update gain (4.2) is also global finite-time observers
for system (2.4) with condition (2.5) where the mixed rational powers in the nonlinearities satisfy

nf;—:-l <01;<1,1<6;; < ﬁ 2<j<i<nm).

This completes the proof. O

Similarly to what is done in Chapter 3, in the following, a remark will be provided to show that how
the global finite-time observers are obtained in this chapter compared with the semi-global finite-time
observers in paper [62].

Remark 22. Based on the result in Lemma 12, the thesis successfully extends the problem of ob-
server design to a broader class of nonlinear systems (2.4) compared with paper [62]. In the thesis,

the nonlinear systems (2.4) are with lower bounds of the rational and mixed rational powers in condi-

tions (2.5) and (2.6): = < 6;; <

7 < - (2<j<i<n)and 2t <917jj<1,1<92,ij<ﬁ(2§

j% n—j+1
J <i<n). In both of the global finite-time observers designed in this chapter and the semi-global
finite-time observers in paper [62], the term [e1|* [e;|®,..., [e1]|™ ensures the local finite-time

stability. The global finite-time stability of the error systems in this chapter is obtained based on the

new high gain, where two items are introduced compared with that in paper [62].
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Chapter 4 Global finite-time observers — with a new gain update law

44 SUMMARY

In this chapter, a new kind of global finite-time observer is designed for the same class of nonlinear
systems as in Chapter 3, both with bounded rational and mixed rational powers imposed on the non-
linearities. Like those in Chapter 3, the proposed observers in this chapter are also constructed by
employment of the high-gain technique. Compared with the results in Chapter 3, the newly proposed
observers have one homogeneous term and a new dynamic high gain where two homogeneous terms
are introduced.The global finite-time stability is derived in one step, which is based on the finite-time
theory in [44]. Moreover, the designed global finite-time observers in this chapter do not place any

limitations on either the dimension of the nonlinear systems or a, P,.
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CHAPTER 5

EXAMPLES

In this chapter, some simulation results are provided to illustrate the performance of the designed two
kinds of nonlinear global finite-time observers as proposed in Chapter 3 and Chapter 4 for nonlin-
ear systems (2.4) with conditions (2.5) and (2.6) where the nonlinear terms are with certain bounded
rational and mixed rational powers, respectively. Moreover, through several examples, some com-
parisons are made between the two kinds of observers, which show the effectiveness of the proposed

results more clearly.

5.1 EXAMPLES OF GLOBAL FINITE-TIME OBSERVERS WITH TWO HOMOGE-
NEOUS TERMS DESIGNED IN CHAPTER 3

In the following, two simulation results under different conditions are given to show the validity of
the designed global finite-time observers for nonlinear systems (2.4) with conditions (2.5) and (2.6)

where the nonlinear terms are with bounded rational and mixed rational powers, respectively.
5.1.1 Example of nonlinear system with single rational power in the nonlinear term

In this subsection, an example is given to illustrate the effectiveness of the designed observers for
nonlinear systems (2.4) with condition (2.5) where the rational powers in the nonlinearities satisfy

n_”j% <6;< ]_#1 (2 < j <i<n) in Section 3.3, Chapter 3.
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Example 23. Consider the following nonlinear system

X = x,
xZ = X3,
3 5.1)
X3 = x32 — X3,
[y = x.

3 3
It can be verified that the nonlinear condition holds: |(x3 —x3) — (£3 —£3)| < (14 3 |%3] 2)|x3 — £3] +

A 3
|X3—X3|2.

Following the result in Section 3.3, Chapter 3, an observer can be designed as follows:

£ = RA3L[y—& )@ 3L FENAmme Ty g (B
$r = Ry E3L[y—& 2% 14302 2B -D0-moy g 2671
Fa- )?3%—)?3+L3(y—;?ljw*‘z+L3‘3(B*‘1)(1"7)"[y—ﬁljw*‘z,
| L = —L[(Pl(Llfc—(Pz)—%(l+%\f2’%)]-
5 -3 02 -3 10
Here, one choosesP= | -3 4 -3 | >0andaj=ax=3,a3=1,ie,A=| -3 0 1
02 -3 7 -1 0 0

It can be verified that A and P satisfy ATP+PA< —Iand azP;3 =0.2 > 0.

In order to highlight the performance of the proposed result, it will be illustrated under the following
four different conditions, which will show the finite-time convergence of the observation error system
under different parameters and different initial values, as well as the simulations under noise injection

in each case.
Condition I

Parameters: a* =0.95, B*=10°, 6 =0.01, n =0.01, ¢, =0.1, ¢, = 1.2, @3 = % The initial
values: x1(0) = 1.2, x2(0) = 0.1, x3(0) = 0.2, £;(0) = 0.2, £(0) = 0.4, £3(0) =0.1, L(0) = 1.5.

Condition I1

Parameters: o = 0.95, B* =10, 6 =0.01, 1 =0.01, ¢; =0.1, ¢» = 1.2, @3 = 1. The initial

values: x1(0) = 0.6, x2(0) = 0.1, x3(0) = 0.2, £,(0) = 0.2, £(0) = 0.4, £3(0) = 0.1, L(0) = 15.

Condition 111
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Parameters: o = 0.85, B* = 10* ¢ =0.001, 1 =0.002, ¢; =0.3, ¢ =1, 3 = %. The initial
values: x1(0) = 0.2, x2(0) = 0.3, x3(0) = 0.1, £,(0) = 0.5, £(0) = 0.1, £3(0) = 0.4, L(0) = 1.5.

Condition IV

Parameters: o =0.85, B* = 10* ¢ =0.001, n =0.002, ¢; =0.3, ¢ =1, @3 = %. The initial
values: x1(0) = 0.2, x2(0) = 0.3, x3(0) = 0.1, £,(0) = 0.5, £,(0) = 0.1, £3(0) = 0.4, L(0) = 15.

Observation error (condition 1) Observation error (condition I1)

0.5 1 15 2 25 3 3.5 0 0.2 0.4 0.6 0.8
Time (second) Time (second)
Observation error (condition 111) Observation error (condition V)
0.8
0.6 T
. ’ - —e

N 2

0.4f / . — %

1 . 0.1 0.2 0.3 0.4 0.5
Time (second) Time (second)

Figure 5.1: Trajectories of the observation error of system (5.1) under conditions I, II, III and IV

without noise

From the simulation results as shown in Figures 5.1 and 5.2, one can see that the proposed result can
make the observation error system converge in finite time. Different parameters and initial values do
have some impact on the convergent time where the high gain plays a much more important role, the
bigger the high gain, the more quickly the observation error system converges. Figure 5.2 shows the
trajectories of the observation error of system (5.1) under the four conditions with uniform random
number noise (where the magnitude of the noise is 1 in conditions (I) and (Ill), 0.1 in conditions
(1) and (1V)) imposed on the observer as well as the high gain. It can be seen that although the
observation error system converges faster with a bigger high gain, it is slightly more sensitive to the

noise.
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Observation error (condition 1) Observation error (condition I1)

_15 N L L . . -30 L L s
0 0.5 1 15 2 25 3 0 0.2 0.4 0.6 0.8
Time (second) Time (second)
Observation error (condition 111) Observation error (condition V)

. 0.1 0.2 03 0.4 0.5
Time (second) Time (second)

Figure 5.2: Trajectories of the observation error of system (5.1) under conditions I, II, III and IV with

noise added on the observer and the high gain

5.1.2 Example of nonlinear system with mixed rational powers in the nonlinear term

In the following, the proposed global finite-time observers in Section 3.4, Chapter 3 are illustrated
through an example.

Example 24. For the following nonlinear system

X = X2,
X2 = X3,
3s (5.2)
X3 = —X; +X§,
. y = X,

3
from Lemma A.4 in [59], one can find that nonlinear condition with mixed rational powers |(—x; +

5 30 ER 5005 2 . 2 o s
x3) = (=8 %) < (]x] — %3 |+ 1|3 —%3]) < %|x3\3]x3—X3]+25]x3—X3|5 + |x3 — %3]3 holds.
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From the result in Section 3.4, Chapter 3, the observer dynamics are designed as follows

(

£ = B +3L[y—% % 3L B -DU-mory 5 |8

$r = Ry b3L2[y—& 2% 14302 2B Dm0y g 2671

£ = _)23% —1—323%+L3(y—)?ljw**z+L3*3(ﬁ**1)(1*’7)6[y—;?lfﬁ**z,

L = —Ligi(L'"~ )= 3sl307])
5 -3 02

In this example, it is also chosen P = -3 4 =3 >0anday=a,=3,a3=1, i.e, A=
02 -3 7
-3 10

—3 0 1 |. The conditions A and P satisfy ATP+ PA < —I and azP;3 = 0.2 > 0 are satisfied.

-1 0 0

Similarly, the effectiveness of the proposed global finite-time observer will be illustrated from the

following four different conditions.
Condition 1

Parameters: o* =0.9, 6 =0.1, n =0.01, B*=10* ¢, =0.2, ¢ = 1.5, @3 = 2. The initial values:
x1(0) =1, x2(0) = 0.1, x3(0) = 0.2, £;(0) = 0.5, £2(0) = 0.2, #3(0) = 0.1, L(0) =2.

Condition I1

Parameters: o* =0.9, 6 =0.1, 1 =0.01, B*=10% ¢, =0.2, ¢» = 1.5, @3 = 2. The initial values:
x1(0) =1, x2(0) = 0.1, x3(0) = 0.2, £,(0) =0.5, £,(0) = 0.2, £3(0) = 0.1, L(0) = 20.

Condition 111

Parameters: o =0.8, 6 =0.2, N =0.1, B* =10, ¢; =0.1, ¢» = 1, @3 = 4. The initial values:
x1(0) = 0.5, x2(0) = 0.4, x3(0) = 0.3, £,(0) =0.6, £,(0) =0.1, £3(0) = 0.5, L(0) = 2.

Condition IV

Parameters: o =0.8, 6 =0.2, N =0.1, B* =10, ¢; =0.1, ¢» = 1, @3 = 4. The initial values:
x1(0) = 0.5, x2(0) = 0.4, x3(0) = 0.3, £,(0) =0.6, £2(0) =0.1, £3(0) = 0.5, L(0) = 20.
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Observation error (condition )

0.5 1 15 2
Time (second)
Observation error (condition 1)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Time (second)

Observation error (condition I1)
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Observation error (condition V)
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Figure 5.3: Trajectories of the observation error of system (5.2) under conditions I, II, III and IV

without noise

Observation error (condition 1)

-15 : : :
0 0.5 1 15 2
Time (second)
Observation error (condition I11)
1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Time (second)

Observation error (condition I1)

P
——e

— e

0.02 0.04 0.06 0.08

Time (second)
Observation error (condition V)
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-200
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0.05 0.1 0.15
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Figure 5.4: Trajectories of the observation error of system (5.2) under conditions I, II, III and IV with

noise added on the observer and the high gain
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The simulations without noise in Figure 5.3 and with uniform random number noise (where the mag-
nitude of the noise is 1 in conditions (I) and (Ill), 0.1 in conditions (II) and (IV)) imposed on the
observer and the high gain in Figure 5.4 show the dynamics of the observation errors, respectively,
which can make the error systems converge in finite time. Similarly, compared with other parameters,
the high gain has much more impact on the convergence time. It can be seen that the observation

errors converge much faster with a bigger high gain, but they are slightly more noise-sensitive.

5.2 EXAMPLES OF GLOBAL FINITE-TIME OBSERVERS WITH A NEW GAIN UPDATE
LAW DESIGNED IN CHAPTER 4

In this section, the performance of the proposed observers in Chapter 4 will be verified by two exam-

ples for a nonlinear system (2.4) with rational powers and mixed rational powers in conditions (2.5)

and (2.6) satisfying <9,]<] 1andnﬁr]<91”<1 1 <6y < (2<j<1<n) re-

n— ]+1

spectively.
5.2.1 Example of nonlinear system with single rational power in the nonlinear term

In the following, the effectiveness of the proposed results will be illustrated through an example that
shows the finite-time stability of the proposed observers.

Example 25. Consider the following nonlinear system

X1 = X,
Xz = —1.5)(2—)(%4,
y = X1

where the following nonlinear condition holds: |(—1.5xy — x}*) — (=1.5% — 1) < (1.5 +

|1.4

1.4]%|%) |xp — £a| + |2 — %2|'*. Here m is given as m =2 > max{a*6n — a*, 1} =1, 6 = 1.4.

Following the result in Section 4.2, Chapter 4, the global finite-time observer is designed as follows:

£ = H+4L[y—# %,

£ = BL2[y—% |21 —1.5% — x4,

.2 [y—%1] 2 — % (53)

L = —Llgi(L'"% @) = ¢3(1.5+ 1.4[2[*%) — L' |x; — %4 ?
—s5(1.5 4+ 1.4|%2|"4)|x; — £1]%].

In order to illustrate the proposed result more clearly, three simulation results are given under differ-

ent initial conditions and parameters.
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Condition 1

Parameters: o = 0.95, B* =10°, 6 =0.01, n =0.01, ¢, =0.1, ¢ =12, @3 =0.2, @4 =
500, @5 =400. The initial values: x;(0) = 0.2, x2(0) = 0.3, £;(0) = 0.1, £(0) =0.4, L(0) = 1.5.

Condition I1

Parameters: o* =0.8, B*=10* 6 =0.001, 1 =0.1, ¢; =0.01, ¢ =1, @3 =1, @4 =20, @5 = 30.
The initial values: x1(0) =2, x2(0) =5, £1(0) =3, £(0) =1, L(0) = 10.

Observation error (condition 1) Observation error (condition 1)
0.1 T T 0.1 T T
\
N it \ -8
0.05 \\ —e, 0.05 \\ —e,
\ - \
0 \L‘\/’\/ w//\¥\//4‘ ~ /»// e k
-0.05
-0.1
-0.15
-0.2
-0.25 -0.25
0 0.5 1 15 0 0.5 1 15
Time (second) Time (second)
Observation error (condition I1) Observation error (condition I1)
60 T T T 60 T T T
- - ,el - - 781
50 —e, 50 —e,
40 40
30 30
20 20
10 10
OF - - O — -
-10 -10
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2
Time (second) Time (second)

Figure 5.5: Observation errors of system (5.3) under conditions I and II, without noise and with

uniform random number noise

From the simulations in Figure 5.5 (where the magnitude of the noise is 1 in condition (I), 0.1 in
condition (11)), the finite-time stability of the proposed observers is shown. One can see that the faster
the observation error system converges, the more noise-sensitive it is. The change of parameters, the
initial values of the states and the high gain L do have some effect on the convergence time of the

error system, where the high gain plays a much more important role.
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5.2.2 Example of nonlinear system with mixed rational powers in the nonlinear term

Below, through an example, the effectiveness of the proposed global finite-time observers in Sec-
tion 4.3, Chapter 4 will be shown.

Example 26. For the following nonlinear system

X = x,

7 s
b o= x5 +x;, (5.4
y = X1,

105 105
from Lemma 4, one has the nonlinear condition with mixed rational powers | (x5 +x; ) — (X5 + %] )| <

% R % A% 7ia 2 n 2 N N
(Jes =23 [+ 1]x; —%5|) < 5l%a2]5 |xa — %2 | +27 [xa —%2|7 + |32 — %25,

From the result in Section 4.3, Chapter 4, the global finite-time observer is designed as follows:

£ = H42L[y—%]%,

. 7 S «

o= S8+ y—%H 2

. A 12 _ N A 12 N

L = —Llei(L'"%— @) — Lgs|ta|5 — L1720y — %1 > — Lops || 5 [y — £1 7],

where m =2 > max{a 6 »n—a*, 1} =1, 6, = % is chosen.
The simulations are made under the following two different conditions.
Condition 1

Parameters: o* =0.9, 6 =0.1, 1 =0.01, B*=10* ¢, =0.2, g2 = 1.5, 03 =2, ¢, = 12, @5 = 15.
The initial values: x,(0) =1, x,(0) = 0.1, £,(0) =2, £(0) =0.3, L(0) = 2.

Condition I1

Parameters: a* =0.8, 6 =02, 1=0.1, B*=10°, ¢ =1, ;2 =2, 03 =3, @4 =5, @5 =27. The
initial values: x1(0) = 0.5, x,(0) =2, £;(0) = 0.3, £,(0) = 0.6, L(0) = 20.

The trajectories (without noise and with uniform random number noise, where the magnitude of the
noise is 1 in condition (1), 0.1 in condition (II)) in Figure 5.6 show the effectiveness of the proposed
observers. It can be seen that the bigger the initial value of the high gain, the faster the observation

error system converges to the origin.
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Observation error (condition 1) Observation error (condition 1)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0 0.5 1 15
Time (second) Time (second)

Observation error (condition I1) Observation error (condition I1)

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0 0.2 0.4 0.6 0.8 1
Time (second) Time (second)

Figure 5.6: Observation errors of system (5.4) under conditions I and II (without noise and with

uniform random number noise)

5.3 COMPARISONS BETWEEN THE TWO KINDS OF GLOBAL FINITE-TIME OB-
SERVERS PROPOSED IN CHAPTER 3 AND CHAPTER 4

In this section, two examples will be given to show some comparisons between the two global finite-

time observers designed for nonlinear system (2.4) in Chapter 3 and Chapter 4 in the two cases: with

single rational powers and mixed rational powers in conditions (2.5) and (2.6) satisfying nf;frl <

6;j < J%l and nfj% <O <1, 1<6; < J%l (2 < j <i<n),respectively.

5.3.1 Example of nonlinear system with single rational power in the nonlinear term

Compared with the global finite-time observers designed in Section 3.3, Chapter 3, the proposed
result in Section 4.2, Chapter 4 neither has any limitation on the dimension of the nonlinear system
nor imposes any requirements on a,Py,. In order to illustrate the comparisons more clearly, in the

following, an example is given.
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Example 27. Consider the same nonlinear system as that in example 23:

X = x,
X2 = X3,
3
X3 = X; — X3,
y = X1,

3 3
with nonlinear condition |(x3 —x3) — (£; —%3)| < (1+ %|)23|%)|x3 — 3|+ |xz — X3 |% holds.

Following what is done in example 23, the global finite-time observer is designed.:

(&1 = m3Lly—#)” 43 0mo [y g B

b= %+3ﬂb~%dw“*+M%ﬂmfmkmaw—ﬁPWAv (5.5
£ = )eg_£3+L3[y_)elj3a*—2+L3—3(ﬁ*—1)(1—r1)0D_)GIJSIB*—Z’

L= —Lpi(L'0 —g2) = gs(1 43102

Here, the choice ism =2 > max{0p633 — 0, 1} =1, 633 = %

From the result in Section 4.2, Chapter 4, the global finite-time observer with a new high gain is as

follows:
21 = H+3L[y—%]%,
B o= HBA3L[y—£ 2,
X o= é—&+ﬁh—ﬂf“4, (5.6)
L= —L[@i(L'70 =) = p3(1+3[8a7) — L' 2| — 22
—s(14 3182y —1]2).
5 -3 02
As in example 23, P and A are given as P = -3 4 -3 >0anda; =a, =3, a3 =1, i.e,
02 -3 7
-3 10
A=| -3 0 1
-1 0 0

The comparisons between observers (5.5) and (5.6) will be made under the following two different

conditions:

Condition 1
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Parameters: o* =0.9, B* =10% 6 =0.002, 1 =0.001, ¢; =0.2, ¢ =1, @3 =0.7, @3 =30, @5 =
50. The initial values: x,(0) = 0.2, x2(0) = 0.3, x3(0) = 0.1, £,(0) = 0.7, £(0) = 0.1, £3(0) =
0.3, L(0) =2.

Condition I1

Parameters: o =0.8, B* =103, 6 =0.001, 1 =0.002, ¢; =0.5, ¢ =2, @3 =1, @4 = 10, @5 = 20.
The initial values: x1(0) =1, x,(0) = 0.5, x3(0) =0.1, £;(0) = 0.2, %,(0) =0.3, £3(0) = 0.6, L(0) =
10.

Observation error (condition I) Observation error (condition I)

1 . . 1
Time (second) Time (second)
Observation error (condition 1) Observation error (condition 1)

0.1 0.2 0.3 04 0.5 0 0.1 0.2 0.3 0.4 0.5
Time (second) Time (second)

Figure 5.7: Observation errors of system (5.5) under conditions I and II (without noise and with

uniform random number noise)

From the simulations (without noise and with uniform random number noise added to the observers,
where the magnitude of the noise is 1 in condition (I), 0.1 in condition (1)) as shown in Figure 5.7
and Figure 5.8, it is very clear that no matter under which condition, although it is slightly more
noise-sensitive, the observer (5.6) proposed in Section 4.2, Chapter 4 can make the error systems

converge more quickly than the observer (5.5) obtained from Section 3.3, Chapter 3.
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Observation error (condition 1) Observation error (condition 1)
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Figure 5.8: Observation errors of system (5.6) under conditions I and II (without noise and with

uniform random number noise)

5.3.2 Example of nonlinear system with mixed rational powers in the nonlinear term

Similar to what is done above, compared with the global finite-time observers designed in Section 3.4,
Chapter 3, the proposed result in Section 4.3, Chapter 4 also do not impose any condition on the
system dimension and a,P;,. The detailed differences will be shown through an example in the
following:

Example 28. Consider the same nonlinear system as that in example 24:

X1 = x,
Xy = X3,

3 5
X3 = —x;+x3,
y = X,

3

s 3 3 s
with mixed rational powers in the nonlinear terms |(—x3 +x3) — (=%; +£5)| < (|x3 — %3 |+ |x3 —

W i
I

A3 o2 " 2 .3 .3
5| < %|x3|3|x3—x3]—|—25|x3—x3]5+IX3—x3|3.
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The global finite-time observer designed in example 24 is as follows

(

£ = KA3L[y—%|* 43 - B -DU-n)oy g BT

£ = £3t3L25[y—)€1J2a*_1+3L2_2(ﬁ*_1)(1_n)°[y—)hJZﬁ*_la 57)
% = _)eéé —i—fg+L3(y—)?ljw**z+L3*3(ﬁ**1)(1*’7)6[y—;?lfﬁ**z,

L= —Lipi(L'% =) = 3355 7].

On the basis of the result in Section 4.3, Chapter 4, the global finite-time observer with a new high

gain is given as:

£ = RA+3L[y—& )@ +3LF Doy g B
% = B3 y—% 2%
B o= APy 2, (5.8)
L= —Lgi(L'"7—go) = 3oulisl i —@uL! 20y —2i
—3osktslily =P,

where m =2 > max{0*6r 2 —a*, 1} =1, 6r2 = % P, A, a; (1 <i<3) are the same as those in

example 24.

In what follows, the comparisons of the two kinds of global finite-time observers (5.7) and (5.8) will
be illustrated under two different conditions without noise and with uniform random number noise

imposed on both the observer and the high gain.
Condition |

Parameters: o =0.95, 6 =0.01, n=0.001, B*=10%, ¢; =1.2, ¢ =1, 3 =2.5, @3 =15, @5 =
20. The initial values: x1(0) = 1.2, x2(0) = 0.3, x3(0) = 0.1, £,(0) = 0.4, £(0) = 0.5, £3(0) =
0.6, L(0) =2.

Condition I1

Parameters: o* =0.83, 6 =0.002, 1 =0.01, B*=10% ¢, =0.8, ¢ =1.2, o3 =4, @3 =40, @5 =
50. The initial values: x,(0) = 0.4, x2(0) = 0.6, x3(0) = 0.1, £,(0) = 0.8, £(0) = 0.2, £3(0) =
0.3, L(0) = 11.

According to the simulation results in Figure 5.9 and Figure 5.10, (where the magnitude of the noise

is 1 in condition (1), 0.1 in condition (1l)) in both cases, compared with the observer (5.7) designed in
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Figure 5.9: Trajectories of the observation error of system (5.7) under conditions I, IT without noise

and with uniform random number noise

Observation error (condition 1) Observation error (condition 1)
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Figure 5.10: Trajectories of the observation error of system (5.8) under conditions I, II without noise

and with uniform random number noise
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Section 3.4, Chapter 3, although it is more noise-sensitive, the observer (5.8) proposed in Section 4.3,

Chapter 4 can really reduce the convergence time of the observation error systems.

5.4 SUMMARY

In this chapter, the validity of the proposed two kinds of global finite-time observers in Chapter 3
and Chapter 4 are illustrated through several examples, which show that the observers designed in
Chapter 3 and Chapter 4 can make the observation error systems converge in finite time. Moreover,
some comparisons are made between the two kinds of observers, through which it can be seen that
although the observation error system is slightly more sensitive to the noise, under the observers with
a new gain update law proposed in Chapter 4, the observation error system can converge much more

quickly than the observers with two homogeneous terms designed in Chapter 3.
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CHAPTER 6

CONCLUSIONS

This thesis contributes to the area of global finite-time observer design for a class of nonlinear systems
with certain bounded rational and mixed rational powers in the incremental rate of the nonlinear
terms. This chapter summarizes the main results of the thesis and indicates some directions for future

research.
6.1 MAIN RESULTS OF THE THESIS

In the thesis, for the same kind of nonlinear systems with both bounded rational and mixed rational
powers in the nonlinearities, by employment of the finite-time theory and homogeneity properties
that are reviewed in Chapter 2, two kinds of global finite-time observers are proposed with different
methods. Both of the observers are derived based on Lyapnov theory and the high-gain technique is

employed in the design of both the global finite-time observers.

The designed global finite-time observers in Chapter 3 have a high gain and two homogeneous terms,
one of degree greater than 1, and the other of degree less than 1. Besides some conditions regarding
the coefficients of the global finite-time observers, the designed observers in Chapter 3 can only be
designed to those nonlinear systems with a dimension greater than 3. The global finite-time stability
of the designed observers is derived by a combination of global asymptotic stability and local finite-
time stability, which is proved by employment of two different homogeneous Lyapunov functions in

accordance with the two homogeneous terms.

In Chapter 4, a new kind of global finite-time observer is proposed for the same kind of nonlinear
systems under the same two cases: with bounded rational and mixed rational powers in the nonlin-

earities. The observers have one homogeneous term and a new dynamic high gain where two new
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homogeneous terms are introduced. Compared with the observers designed in Chapter 3, in Chap-
ter 4, the global finite-time stability is obtained in only one step. The proposed observers do not have

any limitation on either the dimension of the nonlinear systems or a, Pj;,.

The performance of the proposed two kinds of nonlinear global finite-time observers is illustrated
through several examples in Chapter 5. For the observers designed in Chapter 3 and Chapter 4, two
examples are given for each chapter to show the effectiveness of the proposed results in two cases: for
nonlinear systems with bounded rational and mixed rational powers in the nonlinearities, respectively.
Moreover, examples are also provided for the comparisons between the results in Chapter 3 and
Chapter 4, through which it can be seen that the proposed observers in Chapter 4 can make the
observation error system converge more quickly to the origin although they are a little more noise-

sensitive.

6.2 FUTURE RESEARCH

With respect to future research, the following problems appear to be interesting:

* As shown from the simulation results in Chapter 3 and Chapter 4, both of the proposed global
finite-time observers are noise-sensitive. Thus, robust and adaptive observers can be interesting

topics.

* In the thesis, the high-gain method and homogeneity theory are employed to obtain the global
finite-time observers. The method can be extended to observer design of other kinds of nonlin-

ear systems with different conditions in the nonlinearities.

* Compared with finite-time nonlinear observer design, finite-time nonlinear controller design
can be more challenging and interesting. This is a largely open problem and research would be

worthwhile.

* According to the pseudo-global observers proposed in [18], the problem of observer design for

nonlinear systems can be possibly relaxed and studied to larger family of nonlinear systems.
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APPENDIX A

PROOF OF LEMMA 12

In this section, the detailed proof of Lemma 12 is included. Before giving the explicit proof of
Lemma 12, a useful result is introduced first.
Lemma 29 ([63]). Ifa; (1 <i<n)in(3.2) are chosen such that condition (3.3) holds, then, for any

x=(0,x2,...,%)7, y=(x2,...,%,,0)T € %", one has x" Py +y"Px < — Y ,x?.

The following is the detailed proof of Lemma 12.

Proof. First, some definitions are introduced. For # > 0, 0 < o < 1, de-
fine Fp £ {e : |a| = )}, Bin = {e : eTe < 1}, Bix & {e : e <
n},  Ban 2 {(e,p~ Mgy, p=Ca=DhiogT .oy g2 < g2y g A
{(e1,p"M%g,, .. p~Hda1og )T . Y1 2 < p2) By B {(g), p~hMOe, . phhiiog)T

— A — A _ _

lagf <), Pr={e:lal < n}, Bag = {(a1,p7M%,..,pH1%,)T D Y1, <
A _ _ A

7Y, Bug = {(e1,p %, p P19 )T o ¥ &2 < 7}, Pp = {e: |&| < n} and

Fn2leeTe=n).

It is not difficult to determine that V(&) is differentiable for any € € 2"\ {0}. And agg@) — 0 as

e —0,ie.,V(e)is C! at the origin.

The proofs of (i) and (ii) are quite easy. For (i), by change of integration, it is very easy to verify that
V(€) is homogeneous of degree g with respect to the weights {A, }o<;<,—1. From condition (3.3), it is

also not difficult to derive the inequality (3.4) in (ii).

The proofs of (iii) and (iv) are a bit complicated, but the main ideas are the same. Thus, in the

following, only the proof of (iv) is given, but the main difference between the proofs of (iii) and (iv)
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will also be stated.

First, it is not difficult to verify that for n = 2, there does not exist such a;, a; > 0 and P > 0 which
satisfy the condition (3.3) and a; P, > 0. For n > 3, it is always possible to find a; >0 (1 < i <n)

such that there exists PT =P > 0 satisfying the condition (3.3) and a, Py, > 0.

The proof is divided into two parts. The first part is to construct a compact set &7 (where </ will

be given later) encircling the origin where some inequalities are obtained. Actually, the compact set

dv(e)
dt

is constructed in four parts. In each part,

: and V (¢) satisfy some inequalities on a certain
1

set. Then, the compact set .27 is derived by combining the four sets. In the second part, for any

dv (e) av ()

€ € %"\ {0}, the relationship between —; = , & € 4 is established by use of

(3.1) di ‘(3.1)
the homogeneity theory. Then, one gets the inequality (3.6) in (iv).

PartI:

dv(g)

dt satis-

This part is divided into six parts. In the first four parts, the researcher will show that

fies some inequalities on the following sets .1 N %, (?(l+m)p—a \P(1—m)p-o) NPB3x ,(3;%,_/16 N
(B11\ Bsm) and (P -0 \ P10 ) N (B3.7, \ B3 my)» separately, where 1 >0, h > {h1,ha}, p >
{p1,p2} will be given later. Then in the fifth part, V(&) admits some inequalities for € belonging
to each of these four sets. Finally, in the sixth part, by combining these four sets, one derives the

compact set .27 .

(1) Let /; be the largest / > 0 such that

max max  V(vep,...,v"lg,) < 1.
{VSI} {86%12\%1 l}
2

Let [, be the smallest [ > 0 such that

/1”‘18”) >2

min  _min  V(vep,...,v
{v>1} {SEP%]Q\,%I l}
2

Then one has

L 1 _ 2 1 —
V(e):/ll Gt oV (et e g £ € P2\ A

And for € € B2\ %’17%, one can get

dv(e)
dt

Loy (V(vey,...,v1g,))

=2p K(v,€1,...,&)dv, (B.1)

(3.1) h
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where
_ -T - N - - 4T
V€] Ve V€|
. _alp(ll_l)o-lyvglJll
0 : 0
K(v,€1,...,&)= P + P
Vi, A1 A
_anp( n- )G(VS]J n
| 0 . 0] | 0
_ T - - _ T
0 Ve, 0
: —arpt= Vo g M
VMSZ : VMSQ
+ P + P : . (B.2)
. A1 .
yh-tg,
—a,p D vy |2
i Vln—lgn ] i 0 ] i vln—lgn ]

When € € .7 ﬂ@pfc, from Lemma 29, equations (B.1) and (B.2), there exists p; > 2 such that when
p > pi1, one has

dv ()
dt

p [k 1

n
vASely (V(ver, ... v te))dv, e € AN Py,
(3.1) i=2

* —
where a* = max{<j<,) @, p = maxy < j<n |Pijl-

And clearly, one has (.71 N 2)) C (S1NPp-c) C (#1N P3-q). Let I3 be the largest [ > 0 such that
max max_ V(ve,... v 1g,) < 1.
{v<i} {86,5”10?0}
Let /4 be the smallest [ > 0 such that
min  min_ V(ve,... v lg,) > 2.
{20} (ee NPy}
It is not difficult to get I3 > I, 4 < l,. Then one has

dv(e)
dt

< —pdi, €€ NPy, (B.3)

(3.1)

1 ls 1y 2kt p200(1 P
where di = 3ming,c 15y fit er Tia v & (V(ver,... i 1e,))dv.

(2) For € = (£1,0,...,0)7, from Lemma 29, (B.1) and (B.2), one has

dv(e)
dt

by (V(2v,..

3.1) h

.,0)) &
’ )) Zaiplip(li—l)c‘wl-i-lidv'
i=1

Because a;P1; > 0, a,Pi, >0, A, > A (1 <i<n)when A > 1, there exist m; € (0,1) and p, > 1

such that when p > p», one has

dv (e) g [2anPialv| T,
S|, < /ll X (7 (£,0,....,0))db
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f0r €€ (@14_7[1 \(@1—7{1) ﬂ@zﬂl.

Because d‘;(f) Y is homogeneous of degree ¢+ A — 1 with respect to the weights {A; }o<i<n—1, one
gets
dv(e —
d( ) < —d2p ~(ath)o ((@ (14m)p~° \ P (1-m)p ) N %2 T (B.4)
RIERY
where dy = [{2 &P ™ /(7 (41,0, ...,0))dv.

(3) Let I5 be the largest [ > 0 such that

max max V(ver,... vV 1g,) < 1.
{VSI} {86‘@(I+n1 )p—cﬂ(%1.1\533ﬂ1 )}

And let /g be the smallest / > 0 such that

min min V(ver,... v lg,) > 2.
{VZI} {8633(1_“[' )p—aﬂ(@“\e@lnl )}

Then for € € @(Hm)pw N (@1,1 \ %5z, ), one has

16 1 _ A 1
V(E):L W(XOV(V&,...,V” lgn))dv‘i‘ﬁ

and

lg 1
=2p X (V(ver,... V" 16)K(v,e1,...,€)dv.

And for any € € @(Hm)pm N (@1,1\%’3@), there exists Pp > 1 such that & =

(p°(p~°p°e1),pt1p"
ing the boundedness of the compact set € € 2 (1, z,)p-0 N (#1,1\ H3,z,), one can get that p is upper

Mhogy . pr1Op R0 e NT g | < 14y, Yi,e = n7. By us-

bounded with respect to p.

For any € € 7, 1o N (P11 \ $s.r,), there exists by > A, A,—1 such that when i > hy, one has

dv (e) p [y (Vivpho, .. W1 phiophbiiog,))
dt (31) 2 I5 Vq+l
n
~2),i,16 721,,%,;16 21,;1 2
XY p p vi-lesdy.
And for any & € F,-16 N ($1,1\ B3.z,), let I7(€) and I3(€) be such that 3 2 <V(ver,...v1g,) < T

when l;(€) <1 <Ig(€) (without loss of generality, it is assumed that 0 < l7(8) <lg(¢)).
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Note that from the definition of y(s), 1 < x'(s) <2 for % <s< %. Then, there exists 7o > A, A,_1

such that when & > h, one can have

dV(S) _B I3(€) ?:zﬁﬂi_lﬁp 220 2i-16 1,21 l "
dr |3y 2 Jne) va+h
. Splg(e)1A ! —iy(e)rh!

C16A(g+ A —1) L(e)rtAlg(g)atA-1
where A = Amax (P).

It is clear that {z: 7' Pz = %} N{z:'Pz= %} = (, thus, one can derive the following inequality

D)%

q+k 1

M1<Z 15 —z

where M; > 0 is a positive real number, z' = (z},...,2))" € {z: Z'Pz=1}and 2 = (,....25)T €

{z:2"Pz=2}.

Because (Ig(€)p°(p Cp %), lg(e)1propPhTe, . Ig(g)ntpl1opMbiog T € (7
d'Pz= 1}, and (L(e)p°(p0p~"e1), 1y ()1 pMop MMk, . ()1 ph o p I 1o, )T €
{z:2'Pz=2}, we can get
n Agth-) 1> n
M, Sﬁz(q+lfl)6p72ln(q+/lfl)6(18(8)q+7tfl I7(€) q+/l 1 1—|—Z£ Ai1 ’ Z 12:7.[12
i=2

Note that {z: 1 <z Pz <2} is a bounded compact set. Then, there exist M,, M3 > 0 such that

n 2(g+A-1)
A
My <Yz "' <Ms ze{z: 1< Pz <2},
i=2

It is clear to get that there exist & € P ) N (B11 \ B3z) such that

(Li(©)B°(pop"oel), li(e) phop Phoe], .. I (e phrop hiogl € {z: 1 < Pz <
2}, j=1,8,and

2(g+A-1)

n
i2
[‘43 >p~2(q+l—1)c7 p—Z), (q-i-)L I)Gl L]-’r)« 1 2 8/ A1 j:7,8, 2 8lJ :nIZ
i—

Thus, one gets

2(g+A-1)

pAati-No(yn g M1 41)

I3(e)T* 1 —1;(e)7*1 > min
{eXl, et=nl}

and
@
1 2(g+A-lo yn €, i1
e e\ Lo L j=1.8.
l](g)q+2’71 {8 Zn 28277[| } pzlll(q+)v 1)GM3
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Therefore, one has

dv(e _ o ~ _ —
d(t | < —p!hlatA=Noplati=Nog, e e F o N ( By \ B, (B.5)
(3.1)
2AgA=1)
5M n e i—1
where d3 = mm{é3 ¥, el=n? VMEL, & —
16?1(q+x1)M3\/):;?zs, Mg

(4) Fourthly, when & € (2o \ Py10) N (B3.1, \ B3., ), because for any €' = (¢],&;,...,¢,) €
(Po-o\ Ppic) (B3, \ Bsz,) and any €2 = (£p %,&},...,6)" € Fpo N (Bsn \ B3, one

’n

has [le! — €2[3 < 4p

d‘;(ﬁ on € € #", one has
(3.1)

dv(e d —
E)] o o 20, e (Pyo\ Py o) (Bym \ Bm). (B.6)
dt 3.1) 2

(5) From (B.3), one can select p > max;<;<3{2,p;} such that

V() ">d, ", e€ SN Py, (B.7)
where dy = maxy, 2, V(€).
When € € Z,-c N %3 z,, one can have

V(Ep % p M0y, p M%) = pV(kl,p WD hog, o Dho

&) < dsp9°,
where ds = MaXyn 272 V(£l,&,...,&,). Then, one has

V(e) " >dsp°Utr Y e € Fpo N Bz (B.8)

When € € Z,-1s N (#1.1\ H5z,), one has

V(ipoﬁfcrpfhojﬁllcpfln/llcgzj “713/1",161) A 10¢ ) pqcp Anqo
XV (£p Op =M% g, &) <depi®p M1°,
where de = max g, < o, et<n? Ve, &,...,&).
Then the following inequality holds:
V(e) " >dg TpMatAmo s atAmNe e e F o N(Bra\ Bam) (B.9)
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When € € (-0 \ Py-10) N (B3.7,\ PBs.x)- it can be obtained that

V(ip‘“*“"‘)“)",p"‘"’“"sz,...,p"lnaﬂflc’en) _ p—qov(ip—(h—l)so"p—(/l,,—l)/llcgz’

. 7p7(2’n*l)ln—168n) < d6p*‘](f’

where 0 < s < 1.

Therefore, one has

V(e) " >dsp0t N e e (Ppo\ Ppoio) N (Brm \ Bam,)- (B.10)

(6) Thus, selecting h > {h;,hi} and p > {p;,p>}, from the above inequalities
(B.3), (B.7); (B.4), (B.8); (B.5), (B.9) and (B.6), (B.10), one can obtain a compact set which

encircles the origin

TE (A ND yoio)U(Fp-o N B3 1) U(Fpto V(B11\ B3.1,)) V(P -0\ Pytia) (B3, \ B3 1))

pfho'
And
dv () V(e) "< —wyp' % ec o, (B.11)
dodg”

where wg = min{dldiy, dzd;y,dz»dgy, 1> 0.

Part I1:

It is clear that V(&) and d‘;(f) o) are homogeneous of degrees ¢ and ¢ + A — 1 with respect

to the weights {A;}o<i<,_1. For any & € %"\ {0}, there exist vp > 0 and € € &/ such that

.
e=(e1,....&)" = (voe),...,vg" 'eN)T.

Then one has

and

Finally, from (B.11), for € € %"\ {0}, one can obtain

dv dv (e°
e _ V(e)™” (£7) V(e < —wyp 7oV (e). (B.12)
dr |3y dr |3y
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As for the proof of (iii), it follows the same procedure as the proof of (iv). The main difference
compared with the proof (iv) is that in the proof of (iii), the compact set is constructed from the
following four parts:

S ﬁ?p—a, (@(1_,_”2)[)—0 \ 9(]_71-2);)—0) ﬂ@4,ﬂ2, yp_h*a N (@171 \(%4,7;;2) and (@p—o \ e@p—h*o') N

(Ba.g, \ Pan,), where my > 0, h* > 2 are two positive numbers.

This completes the proof.
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