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ABSTRACT

The effects of a forced flow on dendritic growth rate in
binary systems are studied theoretically. By using the Oseen
approximation of the Navier-Stokes equation, the linear
stability analysis and the solvability criterion, one determines a
scaling factor & = 2d,D, /p?v asa function of the velocity of

the forced flow and the impurity concentration in the melt in
the three-dimensional model. The criterion obtained rallies
analytic results for dendrite growth under forced convection in
a pure system [1] and dendrite growth in a stagnant binary
system [2].

INTRODUCTION

It is well-known that the mechanisms of dendrite growth
determine the microstructure evolution during solidification of
melts and solutions [3-5]. These mechanisms are dependent, in
particular, on the tip kinetics during free dendritic growth into
undercooled liquid [6-8] as well as on effects of liquid
convection [9] and diffusion of impurities partially rejected by
the moving interface [2]. One of the theoretically and
practically important problems consists in obtaining stable
crystallization mode of the growing dendrite. The problem of
finding a stability criterion for the growing dendrite comes
from the linear and nonlinear stability theories [10-18]. After
establishing robust stable conditions for the dendritic tip
growing into a one-component stagnant liquid [19,20], these
were extended to the one-component dendritic growth under
forced flow [1,21,22] as well as to the binary dendritic growth
in a stagnant media [2]. However, in many cases, knowledge of
stable dendritic growth in binary system mode is a crucial
question in evaluation and verification of the dendritic theory
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predictions in comparison with experimental data [23].
Therefore, the present analytical investigation extending the
boundaries of the two-dimensional analysis of ref. [24] is
devoted to the problem of a selection criterion for the
crystalline dendritic tip growing into a binary liquid under
forced convective flow within the framework of the three-
dimensional model.

NOMENCLATURE

Cp [/m*K]  Heat capacity

Ci [at%)] Concentration at the solid-liquid interface

Ci [at%)] Concentration of impurity

C, [at%)] Concentration in the liquid far from the solid-
liquid interface

d [m] Capillary length

do [m] Capillary constant

Dc [m?s] Diffusive coefficient for concentration

D [m?/s] Diffusive coefficient for temperature

i [-] Imaginary unit

k [1/m] Wave-number of the perturbations

Ko [-] Equilibrium partition coefficient

m [K/at%] Liquidus slope

fi [-] Unit normal at the interface pointing into the
liquid

p [kg/ms?]  Pressure

P, =pu/2D, [ Peclet number associated to the flow

P, =pV /2D, [-] Peclet number associated to the crystal growth

Q [/m?] Latent heat per unit volume of solid

1/ R [1/m] Local curvature

R=pU/v [-] Reynolds number

t [s] Time

Ti [K] Temperature at the solid-liquid interface

T [K] Temperature in the liquid phase

Ts [K] Temperature in the solid phase
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T, [K] Crystallization temperature of the pure liquid

T [K] Temperature in the liquid far from the solid-
? liquid interface

u,,u,,u, [m/s] Parabolic components of the fluid velocity

u [m/s] External flow velocity far ahead of the crystal

\Y, [m/s] Growth velocity

v [m/s] Solidification velocity directed along the normal
vector to the interface

W [m/s] Fluid velocity

Xy [m] Spatial coordinates directed perpendicular to the
crystal growth

z [m] Spatial coordinate directed along the crystal

growth

Special characters

B [-] Anisotropic factor

e [-] Parabolic coordinates

v [m?s] Kinematic viscosity of the liquid

P [m] Tip radius

P [kg/m?] Density of the liquid phase

o [3/m?] Effective anisotropic liquid-solid surface tension

o [ Scaling factor

2 [1/m] Frequency of the perturbations

Subscripts

i Designates the physical parameters at the solid-
liquid interface

| Designates the physical parameters in the liquid
phase

s Designates the physical parameters in the solid
phase

THE MODEL OF DENDRITE GROWTH

We consider a forced convection heat and momentum
transfer problem when the crystal interface is assumed to be
rough so that the Gibbs-Thomson relation determines the
interface temperature as a function of the local curvature 1/R of
the solid-liquid interface:

-
T =T, -2

QR

(1)

The temperature field satisfies the diffusion equation in the
solid and liquid phases:

aT, T

= DrAT, atl +(W- VT, = DAT, )
and the concentration of impurity satisfies:

& +(W-V)C, = D,AC, @)

in the liquid only. Here the advection of heat and mass by the
fluid velocity field w is taken into account.

At the interface, the temperature continuity holds. Also, the
conservation of heat and mass must be satisfied, i.e.:

T, =T,-mC,. T, =T, QW-fi)=Dyc,(VT,-VT)-n (4

C,(1-k, XV-A)+D,(A-V)C, =0 ()
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The velocity field w in the case of the small Reynolds
number limit can be described by the so-called Oseen and mass
conservation equations:

Lo _ VP (6)

oz Py

+vAWy V-W=0

The three-dimensional solid-liquid interface of the growing
dendrite is assumed parabolic, of tip radius p, and moves at

the velocity vV along the z-direction. The external flow at
infinity is parallel to the Oz axis and is directed to the crystal.
Consequently, we consider a case of the so-called “up-stream
branch forced flow”. The Cartesian coordinates are connected
with the parabolic coordinates as:

x=pyJEncosp. y=pEnsing, 2= p(

where the crystal surface ; =1 has a tip radius p . Solution for

the velocity field can be found in the Oseen approximation
under consideration. Omitting tedious and combersome
mathematical manipulations (for detailes, see ref. [25]), one
can find the following expressions for the parabolic
components of the fluid velocity:

pln=¢y2 ()

where:
f(7)=(U +V )y —20g(y), ©)
o(n)= exp(=9t/2)—exp(-%7/2) | JnE(R7/2) (10)

RE,(%/2) E,(%/2)

Here El(r) is the exponential integral and is given by:

T exp(—
£ie)- [ 22y
Using Egs. (7) and (8), one can integrate the Eqgs. (2) and (3) of
heat and mass transport in the liquid in their steady-state
approximation. Seeking for a simple solution depending on 5
only and rewriting Egs. (2) and (3) supplemented by the

boundary conditions (4) and (5) in parabolic coordinates (see
ref. [21]), we arrive at:

o _ 2b, d ( 6T) (11)
Yon pyn(& +n)dn
oC, (12)

2D, d(acj
Y on P\ (§+77 ) dn

[aﬂJ :_QP,(ac.] -
877 n=1 Cp ? 677 n=1

From Egs. (11) and (12), solutions for temperature and
concentration fields are:




I1(’7)__7,19Xp|:zpf &T g(\y%dn _(Pf +P )BTOH:|dO_O-l
T.=Tw+%exp( P )i(0)

_ C, 14
C‘_1—(1—|< Jexp|(P, + ) D, /D¢ P, 1,(:0)D; /D, 49

It is noteworthy that the lvantsov parabolas are no longer
solutions of the free-boundary problem when surface tension
effects are taken into account. However, in the case of weak
surface tension effects, steady solutions can be found close to
an Ivantsov parabola if a solvability condition is satisfied
[1,26]. We use here the solvability condition previously derived
by Pelce and Bensimon [26] as the vanishing of an oscillating

integral in the form:
|
= eXp|:i_[km (Il)dll:|
0

folx, 0, 001~

The main interest of this formulation is that it is adaptable
to other kinds of fronts, e.g. to the Saffman-Taylor finger [22].
One needs the curvature operator G and a continuum of
solutions X (I) from which the function k_(1) of the local non-

zero marginal mode of the conjugate dispersion equation for the
perturbations is deduced. The condition of application of the
solvability criterion is that k (I) is large compared to the

inverse of the scale of the unperturbed solution. It is obtained
using Wentzel-Kramers-Brillouin approximation which has
been applied to the flame propagation [27] and dendritic growth
[28]. In other related problems, e.g., in description of the
Saffman-Taylor fingers [29,30], it has been shown that one can
get non-trivial solvability condition by considering elements
Y, () (they vary on a wavelength scale A, which is small

compared to the tip radius of the parabola).

(15)

LINEAR STABILITY ANALYSIS

We use the linear stability theory provided by Bouissou
and Pelce [1] in which the growth rate of a perturbation has a
wavelength small compared to the characteristic spatial scale of
the unperturbed solution. We consider that a perturbation
disturbs the fluid on a distance of the order of A. The latter
enables us to expand the stationary velocity components (8) in
a series in -1 around the parabola 7, =1. Taking into account

only the main contributions, we arrive at:

_ s g Ny -V 16

ué_ 1+§[V+a(ﬁp(77 l)] ur]_ m ( )
where:

a(ot) = EXPCR/2) (17)

E,(%/2)
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Hence, from Egs. (16) and (17) it follows that only the tangent
fluid velocity u, is dependent of the forced flow close to the tip

of the growing dendrite.
For the following analysis, we introduce new local Cartesian
coordinates (x_,y,) fixed to the crystal, where x_and y_ are,

respectively the tangent and normal axes to the solid-liquid
interface at a point where the normal to the interface has an
angle @ with the growing axis. These coordinates enable us to
rewrite the velocity components (16) in the form of a shear
flow whose magnitude is a function of @ as:
U:—Vsine—ﬁsinecosayci V=-Vcosd
Y2,
where U and vV designate the tangent and normal velocity
components to the interface. Let us express temperature and
concentration derivatives from (4) and (5) as:
dT_ Qv dC_ Cl-k) 4ty —g
dy, D;c, dy, D
A similar expansion in series for the temperature and
concentration fields in the liquid is obtained as follows:
T, =T,- Qv coséy,' C, =C, - G-k )\/coséy
TCp C
Let us now pay our attention to the linear stability theory of
the aforementioned problem. Let u’, v/ and T’ designate the
perturbations of the stationary field, & corresponds to the
perturbation of the steady solid-liquid interface with a
wavelength A4 assumed very small compared to p. The
solutions of the perturbed temperature conductivity Eg. (2) in
the solid and hydrodynamic Eq. (6) within the framework of the
Oseen approximation can be written in the form:
U’ = —igwzexp(at +ikx, — &ky, ), V' = —wZexp(at + ikx, — eky, )
& =3exp(at +ikx, — &ky, ), T, =T, exp(at +ikx, — &y, ) (21)
where a relation v =-¢&'/at at the solid-liquid interface
between perturbations is taken into consideration. Here
parameter ¢ has the same sign as real part of k since all

(18)

(19)

(20)

(22)

perturbations cannot diverge as y_ goes to +o, Xand T are
the perturbation amplitudes of the interface and temperature
field in the solid.

Consider the perturbed form of nonlinear equation for the
temperature in the liquid. Keeping in mind only linear terms in
perturbations, one obtains:

ot _oT’ _oT dT, [62T|’ 62T,’]

U +V—"+V—L=D;| —5 +—
ot OX, oy, dy, ox;  Oy;
If the forced flow is negligible, the solution has the similar
formto T, at large k consistent with the well-knownMullins-
Sekerka criterion [11] for k within the framework of the
thermal problem of solidification of a pure melt (see, among
others, [1]). Substituting:

T'= g(y. Jexp(at + ikx, — eky,) (23)
into Eq. (22) and taking into account Eq. (20), one can get the
following equation for the new amplitude function g(yc)i



d?g dg 24
2489 _ L (g(y)) (24)
o X (9(y.).)
where:

L= {m kVeexp(—iz0)— 20KsinOcosd yc} oly),  (25)

P D,
N oQV cgs&
c,Dr

We search for a solution of Eq. (24) around the Mullins-

Sekerka solution [11] with a constant amplitude

g(y,)=T,, =const. Substitution T, in the right-hand side of
(24) gives the first order approximation for g(yc). The result is:

o V . ausin@cosé . \T,
=T —|| —+—exp(-igf)-——i | ->
9(ye)=To HM+2 p(~is0) oo ]DT+
+0)QVZCOSQZ yc+aU smecosé?i_l_my02 (26)
2D;c &k 4gpD;

where the strong inequality V /D, <<k is taken into account
(we estimate k from the Mullins-Sekerka theory as 10" m™
[11]and V/D, as 10> m™ for metallic binary alloys).
Eq. (3) written for the concentration perturbations C/ in the
liquid can be solved in the same manner. The result is:
=h(y, Jexp(at +ikx, — &Ky, )
h(y,)=Cy - aUksindcosd
¢ 20D (V cosd/D,, — 25k

+ {a) +Vekexp(-igd)+

a)Ci(l—ko)\/cosé'Z Y,
DZ V c0s8/ D, —2&k
Now, expanding the boundary conditions (4) and (5) in
series, we arrive at the following set of conditions at the solid-
liquid interface y_=0:

(27)

)iCmyC2 +

aUksin@cosé i Cio
V cos8/D, —2&k p | D,

_ 2 g1

T chosezj/—mCH mC,(1—k, M coseg,_gda gz

Drc, D C, Oy,
T —mCi - mCi(l—ko)\/(:osé’ég Qd a

D C,
Qo o, ot QVZ?cos?d ,,
——=D; P
C, oy, ay Dre,
2
LK (v -V cosec)) = 6C+Ck(l sz/ cos’ 0 (28)
C c
where d=OCpTo/Q2 stands for the capillary length.

Substitution of perturbations (21), (23) and (27) into the
boundary conditions (28) gives four linear relations for the
perturbation amplitudes X, T,,, T,,, and C,, .

Let us consider a frame with the normal axis and tangent
axis to the interface whose origtin moves normally to the solid-
liquid boundary at the velocity V cosd. Because of the
rotational symmetry of the system, a perturbation of wave
number k grows with the rate a)(k) If now the origin of the
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frame moves in the z-direction with the constant velocity V ,
the growth rate of the same perturbation is w(k)+iVksing due
to the tangential velocity of the new frame Vsingd [2].
Therefore, replacing a)(k) by —iVksin@ at the neutral stability
curve and eleminating the perturbation amplitudes from

expressions (28), we arrive at the following equation for the
wave number k :

WIS (exp(le) Ndlj mC\V (1-k )Ncose (29)
2dD, 4y 4dD? Q/c,
N _ausingcosg 2mC; (1 -k, )D;
P D, Q/Cp
where, in accordance with our estimates k~10" m?,

V/D, ~10? m*, V/D, ~10° m*, U~V, d~10" m, p~107°
m. Here we write down only the terms corresponding to the
solution in the absence of a forced flow and terms describing
the influence of this flow for pure thermal and impurity
problems. The first term in the right-hand side of Eq. (29)
represents the solution of the thermal problem without
impurities and external flow [1,22,26], the first two summands
give the solution of the thermal problem complicated by
impurity transport in the liquid without external flow [2], the
first and third summands describe the solution with a forced
flow in the absence of the solute transport [1]. As a result,
solution of the complete Eq. (29) gives the critical wave
number with which perturbations neither grow or decay at the
dendrite tip growing into the binary system under convective
flow.

Let us consider the case of a fourfold symmetry of the
crystal. Then, the capillary length can be written as
d(0)=d,(1- Bcos4d), where f=15¢ <<1 is the anisotropic
factor, ¢, is the strength of anisotropy of the surface energy at

the solid-liquid interface.

Expanding the solution of equation (29) in series in U , we
can get an approximate expression for the wave-number in the
form:

- \/exp(i 0)+ia,Z(0)1- Bcos4d)sindcosd
—RTC

1- pcos4d
(30)
where:
VP aud
ch = — 2d D 1 a0:4P 0 ) (31)
oDr oV

41-k,)mC,D?

PDé Q/cp

Let us compare expressions (30) and (31) with known
theories. Setting U =0 and C, =0, we arrive at the Mullins -
Sekerka solution [11,22,26]. If U = 0, we have the Ben Amar —
Pelce solution [2]. In the case of C, =0, we come to the

Bouissou — Pelce solution [1].
Taking into account that:

|:—p{ta”‘9+|n(t
cosé

Z(0)=1-a,cos0exp(~i0), 7(9)=a, =




(see, among others, ref. [26]), let us rewrite the solvability
condition (15) by analogy with Bouissou and Pelce [1] in the
form:

f G(x)explNC¥, (1)l = 0> 7 =tand

where:

(32)

(33)

if[lﬂ;{ 1+;(’2)5 +|a;('B }/d;(

0 JB(Y
l+iy

and constant C is normalized by a factor VPp?/(2d,D; ).

Let us evaluate this integral in the limit of small anisotropy
by means of the method developed by Bouissou and Pelce [1].
The numerator of the integrand vanishes for y close to y =i

(stationary phase point) and the denominator for = i(1_\/ﬁ)

(point of singularity). As the dominant contribution to the
integral is determined by the neighborhood of =i, function

¥ () can be approximated by:

)= 2% 78 _T [¢/7/2 - “DW)((”/Z —1)]1/20'40'

]/m [¢r2_l

a

I\)

(34)

¥, (p
with
—ill-y2Bp) =2 p Ve, oI
N 289’

The integral (34) can be approximately calculated by
analogy with the similar integral met in the problem of
dendritic growth in a pure (one-component) system [1].
Following the result of this analysis, only two dominant
contributions to the integral (34) exist: the contribution from
the loop and the contribution from the stationary phase points.
The first of them should be calculated between a distance ~ 7%’
(a splitting distance of the stationary phase points) at the
intersection of the steepest descent path and the real axis and
@=1. It gives an oscillating factor to the exponentially small

value of the integral which  behaves as
COS[Ai\/Eﬂ7/8(1+ Blrll/lO)J. Each stationary phase point

contributes by a term with oscillating part of the form
cos[Az\/Eﬂ7/8(l+Bzr“/1°)J, where A, A, B and B, are
constants. The cancelation of the sum of these contributions in
Eq. (30) gives the following selected values of C :

;72/4 b + b( B, )11/14]

where n is an arbitrary interger and b a numerical constant.
Substitution of the normalization requirement into Eq. (34)
leads to the expression for the scaling factor " in the form:
._2d4Dr o™ [1 2D, (1—k0)mCiJ (36)
PNV 14b(p e, D. Q/c,
where o, stands for a numerical constant which can be found

from the asymptotic analysis [20] or from the fitting of the
model predictions to experimental data.

c= (35)
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Eq. (36) gives a criterion for the stable mode of a dendritic
tip in the presence of anisotropy of surface energy and for the
non-isothermal binary systems under forced flow in the liquid
phase. This criterion joins results obtained from the dendritic
model of Boiissou and Pelce [1] and Ben Amar and Pelce [2].

With infinite solute diffusion, D, — 0, the parameters P

and ¢, in Egs. (30) and (31) are equal to P=1 and
a, =aud, /(4pV), respectively. In this case criterion (36)
transforms into the result extracted from analysis of Bouissou
and Pelce (Eg. (45) in ref. [1]). Note that with U =0 and
a, =0, Eq. (36) further transforms to the case of dendritic

growth in a pure stagnant system [20,22].
In Egs. (30) and (31), the wave-number k. . being

consistent with those one given by Ben Amar and Pelce (see
Eg. (50) in ref. [2]). With the absence of convection, i.e., at
U=0 and ¢, =0, the system of Egs. (30) and (31) completely

merges with the results of ref. [2].
The complete stability criterion (36) can be rewritten in the
following form:

*

o _ 1 (37)
w0 1+b(B Ve,
where:

o' uo =ou 7| 14 2D; (1-k,)mC,
D, Q/cp
Figure 1 shows the influence of Peclet numbers on stability

criterion. As is seen, with the increasing the flow Peclet number
P, and decreasing of the growth Peclet number P, the

contribution of the convection into the stability of the dendrite
tip gradually increases.

1.0

oa

:U]

oo (o,

as

107 10° 10%

)

Figure 1 Ratio g*/g*%:o as a function of the growth Peclet
number  for different values of the flow Peclet number P, in

accordance with criterion (37). Physical parameters used in
calculations are closely related to parameters for metallic

binary systems: p, /=10, d,/p =10, #=0.195,
D, /D, =5-10°, k, =05, c, =1 at%, m=10 K/at%,
Q/c, =300, P, =10° (1), 5:107 (2), p, =10 (3)-



CONCLUDING REMARKS

The three-dimensional problem of a steady-state dendritic
growth with forced convective flow was taken up in a binary
system. For the axi-symmetric crystal shape with anisotropy of
surface energy, the analysis of a stable mode for tip of
parabolic dendrite is performed. The critical wave-number is
found as a marginal state at which perturbations neither grow or
decay. The solvability condition gives a stability criterion (36)
for a binary system under convective flow.

As a final note, the criterion (36) is not valid for large
Reynolds numbers and, as a result, for large growth and flow
Peclet numbers. This is connected with the Oseen
approximation of the Navier-Stokes equation used in the
aforementioned theory.

This work was made possible in part by the Federal Target
Program “Scientific and Academic - Teaching Staff of
Innovative Russia” in 2009 — 2013 and Russian Foundation for
Basic Research (project No 11-01-00137).
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