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The monotonicity properties of all the zeros with respect to a parameter of orthogonal poly-
nomials associated with an even weight function are studied. The results we obtain extend the
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1. Introduction

In 1886, an important result about the monotonicity properties of zeros of orthogonal
polynomials with respect to a parameter was obtained by A. Markoff (cf. [1], [14, Thm.
6.12.1]). Since then, related problems have been studied extensively.

The monotonicity of all the zeros as well as the extreme zeros of polynomials satisfying
recursion formulas, referred to as birth and death processes, were considered in [2-4]
using a finite dimensional version of the Hellman-Feynman Theorem. Refer to [5] for
a summary of these results and [6] together with the list of references in [6] for more
applications. The result obtained in [2, Thm. 4] by making use of the Hellman-Feynman
Theorem can be stated as follows.

Lemma 1.1. /5, Thm. 7.3.6] If {pn};> is a sequence of polynomials satisfying the
recurrence relation

2 (T)Pn(2) = Prt1(z) + pn-1(x), (1)

with po(x) = 1, p1(x) = z, then the positive zeros of py(x) are decreasing (increasing)
function of T when ay,(7) is an increasing (decreasing) function of T.
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The problem of finding the extremal function f(s) that forces the product f(s)z} .,
k =1,2,...,n to reverse the monotonicity with respect to the parameter s for the ze-
ros Iy of an n-th degree polynomial dependant on parameter s, was investigated in
[7—13] using various techniques involving, amongst others, Sturm Liouville differential
equations, Sturm’s theorem (cf. [14, Thm. 1.82.1] and the Routh-Hurwitz criterion. The
monotonicity of all the zeros of polynomials satisfying second order ordinary linear dif-
ferential equations is discussed in [15, 16].

The manner in which the zeros of a polynomial change as the parameter changes can
be used to study comparison and interlacing properties of the zeros [17-21]. Markoff’s
theorem can be used to show that the zeros of classical orthogonal polynomials like La-
guerre and Jacobi polynomials are monotone functions of the parameter(s) involved by
using the derivative of the weight function with respect to the parameter(s). A slightly
generalised version of Markoff’s theorem, stated as an exercise in [22, Chap. 3, ex. 15]
and proved in [5, Thm. 7.1.1] (see also [23, Thm. 1]) can be applied to discrete orthog-
onal polynomials such as Meixner and Hahn polynomials as well as orthogonal Laurent
polynomials. However, weight functions of orthogonal polynomials are not always easy
to compute and even when they are known, they do not necessarily satisfy the conditions
of Markoff’s theorem and its generalisations, especially if the weight function changes
monotonicity on the interval of orthogonality or, as in the examples in [24-26], the mea-
sure of orthogonality has discrete parts where the location of the masses depends on the
parameter.

In this paper, we extend the result of Markoff, to cases where the weight function is even.
It is well-known in this case that the zeros of the corresponding orthogonal polynomials
are symmetric about the origin which implies that the positive and the negative zeros have
opposing monotonicity and the result of Markoff and its generalisation no longer apply.
As a result of this symmetry, it suffices to study only the monotonicity and interlacing of
the positive zeros. A classical example is Gegenbauer polynomials which have the weight
function w(z;a) = (1 — 22)* Y2, > 1, z € (—1,1) that changes monotonicity at the
origin. If {z, = z,(a)} denote the zeros of the Ultraspherical polynomial in decreasing
order, then

ox,
=1,2,... 2. 2
aa<07 v » = 7[”/] ()

The proof of Szeg6 [14, Thm. 6.21.1] was based on the relation between Ultraspherical
polynomials and Jacobi polynomials (cf. [14, (6.21.2)]) whereas Stieltjes proved it from
the differential equation (cf. [27, p. 77]).

The structure of our paper is as follows. In Section 2 we state and prove the main results.
Section 3 provides various applications of the results. These include the monotonicity
properties of zeros of, for example, Freud-type orthogonal polynomials and Al-Salam-
Chihara polynomials. Furthermore, interlacing properties of zeros of symmetric Meixner-
Pollaczek polynomials are considered which yield a proof of a special case of a conjecture
pointed out by Jordaan and Todkos in [28].

2. Main results
Theorem 2.1 is analogous to [5, Thm. 7.1.1] and utilises some specific properties of
orthogonal polynomials whose weight function is even.

Theorem 2.1. Let {py(z,7)}5%, be orthogonal with respect to do(z, ) = w(z, T)do(z)
where w(x, T) is an even function on the interval [—a, al,a > 0 depending on a parameter
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T such that w(z, T) is positive and continuous for —a < x < a, 11 < T < T9. Also, suppose
that the partial derivative w.(x,7) for —a < x < a, 71 < T < Ty exists and is continuous,
and the integrals

a
/ ’ws(z,7)da(z), v=0,1,2,...,2n — 1,

—a

converge uniformly in every closed interval [t',7"] C (11,m2). If the positive zeros of
pu(x,7) are denoted by x1(T) > x2(T) > +++ > T}y 9 (7) > 0, where [x] denotes the largest
integer smaller than x, then the vth zero x, () (for a fixed value of v) is an increasing
(decreasing) function of T provided that w,/w is an increasing (decreasing) function of
z, 0<z <a.

Proof. The mechanical quadrature formula (cf. [5, (2.4.1)])

/a o(z)do(z, 7) Z)\ ), (3)

—a

holds for polynomials p(z) of degree at most 2n — 1. Differentiating (3) with respect to
T, we obtain

| plyunar)data ZA 2)2,(r) + 3N (r)p(a)
v=1

—a
Now we choose

o) = {pn(x. 7))

T — T,

then, since z,, is a removable singularity, p' (z,,) = {p,,(z,,7)}? while p' (z,) = 0 if u # v
and hence

da() = A (T){pn (20, 7) Y, (7). (4)

Wr\T,T
5 (@, 7) p—

/“ {pn(@, 7)}°

In view of the orthogonality the integral

a T. T 2
pn(z, 1)} w(z, 7)da(x) =0,

e T Xy

so (4) can be rewritten as

@ Wr(xy, T n(x, 7)}2 , ,
[ fntom) = 2 Do P2 DE g0 — o ) s P 0). 9

—a w(xy, T) T — T,

In addition, since the weight function w(z,7) is even, the corresponding orthogonal
polynomials satisfy pon—1(—2,7) = —pan—1(z,7) while po,(—z,7) = pan(—2,7) for n =
1,2,... and therefore {p,(—z,7)}?> = {pn(x,7)}?. This, together with the fact that
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wy(x,7) is also an even functions of x, yields

R R e S

—a w(wy,T) T — Ty
_ /O“ {wT(:c,T) - mw(&?,T)}Wda(x). (6)

Substituting (6) into (5), we obtain

“fwr(r,7)  wr(Ty,T) -2 2x,w(z, T) () = AV (2 N2
/0 {w(a:,T) w(xy, T) }{pn( T (]J—xy)($+$y)d (@) = A (T){pn (20, 7)} ,,((7))

The integrand in (7) has a constant sign, so the positivity of the so-called Christoffel
numbers A, (7) [14, p. 48] establishes the result. O

The following result is a straightforward consequence of Theorem 2.1.

Theorem 2.2. Let w(z) and W(x) be two weight functions on [—a,al], both positive,
even and continuous for x € [—a,a]. Let W(x)/w(z) be increasing on [0,a). Then, if x,
and X, v =1,2,...,[n/2] denote the positive zeros in decreasing order of the orthogonal
polynomials of degree n associated with w(x) and W (x) respectively, we have

x, < X,, v=12,...,[n/2].

Proof. The proof follows along the same lines of the proof of Theorem 6.12.2. in [14]. O

3. Application of results

3.1 Ultraspherical polynomials

The weight function of Ultraspherical polynomials is w(z, a) = (1 —22)“. Since the ratio

La —Jog(1 — 2?) is decreasing for = € [0,1), (2) can be obtained directly from Theorem

2.1.

3.2 Freud-type polynomials

The advantage of our approach can also be illustrated by considering the family {p,(x)},
n € N, of polynomials which are orthonormal with respect to the Freud-type weight

]2 1 4,9 12
w(a:,t)—\/;Kl/4(t2/2) exp(—z” + tx 4),:1:6( 00, 400),t > 0, (8)

where K, (z) denotes the Bessel function of the second kind. The polynomials p,(x)
satisfy the recurrence relation (cf. [29])

l‘pn(l‘) = Gp+1Pn+1 (l‘) + anpn—l(x)a
where the coefficients a,, are recursively defined by the so-called string equation

n=4a’(a2 , +a>+a2_, —t),neN.
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The explicit expression of a,(7) in (1) cannot be obtained in an obvious way and therefore
it seems difficult to make use of Lemma 1.1 to obtain the monotonicity of the zeros of
pn(x). However, using Theorem 2.1 we have the following theorem.

Theorem 3.1. Let {x, = x,(t)} be the zeros of the Freud-type polynomials, orthonormal
with respect to the weight (8), in decreasing order, then

oz,
ot

> 0, v=1,2,...,[n/2].

Proof. Tt is easy to check that

2

Inw(z;t) = %(1112 —Int) — ln(K1/4(t2/2)) —zt 4 ta? — tz (9)

Differentiating (9) with respect to ¢, we have

Oln w(x;t) 1 tK1/4(t2/2) 9

o2 Ka@p) t T

which is an increasing function of z for € (0,400). Hence, we can conclude from
Theorem 2.1 that the positive zeros of p,(z) increase as a function of ¢, for t € (0, +00).
This completes the proof. O

3.3 Symmetric Meixner-Pollaczek polynomials

For the sake of brevity, we denote the symmetric Meixner-Pollaczek polynomials in the
present paper by P)(x) instead of the standard notation P (z,7/2). P)(x) are defined

by (cf. [14])
?)

and are orthogonal on R for A > 0 with respect to the weight function
w(z,\) = |[T(\ +ix)|?. Substituting the expression (cf. [30, p.72])

— (n+b+1)(1—2)oF <_”’£+1 ‘z) +(c—1-1b) 21 <_2’b ’Z>

2A nmwi - 7>\+
PA(J/‘):( )n62 2F1( AT

n!

2

into (cf. [31, eqn. (7)])

c —n.,b
e (T
<b+n+1 Z)21< c Z)

c —n—1,0b+1 (b — c)nz? -n+1,b+1
-t () (g
(b+n+1)° 1( c Z)* cle+1) > c+2 ‘

and then applying [30, p. 71, eqn. (1)], we obtain
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b(c+n)(b—c)z? 2 —n—i—l,b—i—l‘z
clc+1) 2 c+2

— (cz—c—b2) oF) <_7Z’b ‘z) —e(z—1) oF) <_”Jg1’b | z). (10)

Replacing b = A + iz, ¢ = 2\ and z = 2 in (10), we obtain

A+ )(2/\+n)P)\+1

A2A+1) (z) = imPTf‘(:c)—i—)\P?i‘fl(x)’ n=20,1,2,--- (11)

Using equation (11) and Theorem 2.2, we derive the following important theorem,
which will be used to prove a special case of a conjecture mentioned in [28].

Theorem 3.2. Let A >0, t € (0,1) and
0< T2 < Tpyo)-1 < - <22 < T3 be the positive zeros of Pg‘(aﬁ);
0 < Yin-1)/2] < Y[(n—1)/2]-1 < *** < Y2 < Y1 be the positive zeros of Pﬁ\fl(a:);
0 < Ln-1)/2 < n-1)/21-1 <+ < la <11 be the positive zeros of Pé‘ff(a;),
0 < 2i(n-1)/2] < Z[(n-1)/2]-1 << 22<21 be the positive zeros of Pri‘fll (x).

If n is even, then

O ST S V) <) <] <

2

]1 ...<22<,§L‘2<y1<t1<zl<xl; (12)

w3

and if n is odd, then
O<y[n;1] <t[n771] <Z[L1] <33[£] <y[n771]_1 << <z <y <ty <z <7y
(13)
Proof. The gamma function may be defined by an infinite product (cf. [33, (6.1.3)])

I
A AN ) -

where + is the Euler-Mascheroni constant. Since I'(2) = I'(z) (cf. [33, (6.1.23)]), it follows
from (14) that

1 > e
. 2 o i o
FOF IR = L0 = F O i) = oo L e
which implies that
|F()‘+ 1 +Zl‘)‘2 27(15—1) ( T+)\+t 2(1—t)
= o 15
T\ + ¢t +ix)|? ¢ (A + —1—1132 H (r+A+1)2 —l—x2 He (15)

From (15), by using the product rule, it can be seen that the ratio w(z, A+1)/w(z, )\—i-t)

t € (0,1) is an increasing function of x for z € (0,00), since the function 22:[;2 is

positive and increasing for z € (0,00) when 0 < a < b. Similarly we can show that
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w(z, A+ t)/w(z, N) is increasing for x € (0,00). Theorem 2.2 then implies that y, < t,
and t, < z, for each v =1,2,3,--- ,[(n — 1)/2], that is

Yy <ty <z, v=1,23-- [(n—1)/2 (16)

On the other hand, it is well-known from the classic orthogonal polynomial theory that
the zeros of P)(x) and P} | are interlacing, that is, when n is even,

0 < Zf9) < Ypn—1/2] < Tppjo—1 < -+ < T2 <y1 < 1. (17)

Next, we prove that the zeros of P)\(z) interlace with those of Pﬁ\fll Evaluating (11) at
r =z and = x4y, k=1,2,--- ,[(n — 1)/2], we obtain

22+ n 2
(N2 + 27) (N + 2741) <)\)> Pt (k) Pot (zsn) = NPy () Po_y (z41) < O,

A+ 1
for each k = 1,2,--- , [n—1]/2 since the zeros of P (z) and P} () interlace. So there is
at least one zero of P)(z) lying in the interval (zy, 24 1) for each k = 1,2,--- , [n —1]/2

which implies that
T2 < Z[(n-1)/2] < Tn/2-1 < F[(n—-1)/2]-1 < -+ < 22 < T2 < z1 < 21, (18)

Now (18), (16) and (17) yield (12). The proof of (13) follows along the same lines. [J

Considering that when the weight function is even, the zeros of p,(x) are symmetric
about the origin with a zero at the origin when n is odd, we have the following corollary.

Corollary 3.3. With the same symbols as Theorem 3.2, we have for n odd that

Ty < Ynel <tpe1 < 2p1 < Tpo1 < <2< T2 <y <1 <z1 <21
while for n even
Ty < Yn—1 <lp—1 < 2po1 < Tp—1 < -+ < Z[%]JFQ < w[g]Jrl <0
and

0<x[%]<y[%]<t[%1]<z[%l]<x[ ]71<"'<21<1’1

with
Ypgtan] = g = 2 =0

In [28], the authors guess that the zeros of P (x; ¢) and P2 (z; ¢), t € (0,1) interlace.
Their conjecture is confirmed by Corollary 3.3 when ¢ = 7, except for the multiple zeros
at the origin when n is even due to the symmetry, but the general case where
0 < ¢ < m remains an open problem. The monotonicity of the zeros of general Meixner-

Pollaczek polynomials with respect to ¢ was proved in a recent paper by Dimitrov and
Sri Ranga (cf. [34]).
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3.4 Al-Salam-Chihara polynomials

The Al-Salam-Chihara polynomials (cf. [35, (14.8.1)]) which we will denote by @, (x; a,b)

are orthogonal on (—1, 1) with respect to the weight function

h(z, Dh(z, ~1)h(z,¢"/*)h(z, —¢'7?)
h(z,a)h(z,b)

w(z) =

when a, b € R or a = b and max{|al, |b|} < 1 where 0 < ¢ < 1 and

o0

h(z,a) = H(l —2zaq® + o?¢?).
k=0

When a = —b,

h(z, Dh(z, ~1)h(z,¢"/*)h(z, —¢'7?)
h(z,a)h(z,—a)

w(z,a) =

is an even function and we can apply Theorem 2.1. We will consider 0 < a < 1 without

loss of generality due to the symmetry of w(x,a) with respect to a.

Theorem 3.4. Let0<g<1,0<a<1,0<t<1—a and denote by x, and X,, v =
1,2,...,[n/2] the positive zeros in decreasing order of Qn(x;a, —a) and Qn(z;a+t, —a—t)

respectively. Then

r, <X, for v=1,2,...,[n/2].

Proof. The ratio of the weight functions of Q,(x;a, —a) and Q(x;a +t, —a —t) is

w(x7a + t) B ﬁ (1 + a2q2k)2 _ 4a2q2kx2

w(z,a) o (14 (a+t)2g%*)2 — 4(a + t)2q%k 22

9 oo 2 _ 1+a2q2k 2
< a ) H z 2aq*

a—+t 9 1+(a+t)2q2* 2
k=0 T — ( 2(att)gr )
B < a >2 ﬁ x? — ci
= 2 2
a-+t e dg

Assume that 0 < g < 1,0 <a < 1land 0 <t <1—a. Then, for each k =0,1,2,...

have that 0 < (a 4 t)¢* < 1 which yields
0<(1—(a+t)g")? <(1—-ad®)? <1, k=0,1,2,...

and, since we also know that

1 1
0< < ,
2(a+t)g*  2aq*

k=0,1,2,...,

, wWe

(19)

(20)

we deduce from (19) and (20) that di < ¢ for each £ = 0,1,2,.... This implies that for

each k =0,1,2,..., the function T i positive and increasing for x € (—dy, dy). Since

2__ ]2
x2—d3
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dr > 1, the ratio %‘13) will be positive and increasing for z € (0,1) and the result

immediately follows from Theorem 2.2. O

Remark 3.5.(1) The limiting relation as ¢ — 1 for Al-Salam-Chihara polynomials that
yields Meixner-Pollaczek polynomials (cf. [35, 14.8.19]) cannot be used in conjunction
with Theorem 3.4 to obtain any monotonicity or interlacing results for zeros of Meixner-
Pollaczek polynomials since the condition a = —b in Theorem 3.4 is not satisfied by
the substitutions a = ¢*e~* and b = ¢*¢’®, even for the special case where ¢ = 5

(ii) Theorem 2.2 can also be applied, if not in general, at least to special cases of other

g-orthogonal polynomials. Examples include Askey-Wilson, g-Meixner-Pollaczek, Con-
tinuous ¢-Jacobi, Continuous g-Ultraspherical and Continuous g-Legendre polynomi-
als.

4. Concluding remark

Although Theorem 2.1 allows application to polynomials that are orthogonal with respect
to a discrete weight, the well-known discrete orthogonal polynomials in the Askey and
q-Askey scheme (cf. [35]) are not orthogonal on intervals that are symmetric about the
origin, while other examples of discrete orthogonal polynomials such as Gram polynomi-
als [36], Lommel polynomials [5, section 6.5] and Tricomi-Carlitz orthogonal polynomials
[37] also do not satisfy the specific conditions of Theorem 2.1.
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