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Abstract

We study the connection between the long-time dynamics of the 3D magnetohydrodynamic-
a model and the exact 3D magnetohydrodynamic system. We prove that the trajectory
attractor U, of the 3D magnetohydrodynamic-a model converges to the trajectory attractor
Up of the 3D magnetohydrodynamic system (in an appropriate topology) when « approaches
Zero.
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1 Introduction

In this paper, we study the relations between the global dynamics of the 3D magnetohydrodynamic-
a model (MHD-a model) and the 3D magnetohydrodynamic system (MHD system) with peri-
odic boundary conditions. The MHD-a model was introduced in [21] and was inspired by the
Navier-Stokes-a model (also known as the viscous Camassa-Holm system or Lagrangien averaged
Navier-Stokes-« equations) of turbulence (see [4, 5, 6, 7, 18, 19]). It was demonstrated analyti-
cally and computationally in many works that the Navier-Stokes-a model is a powerful tool in the
study of turbulence (see [4, 5, 6, 7, 18, 19]). It was proved analytically in [21] that the 3D MHD-«
model preserves some of the original properties of the 3D MHD system when alpha approaches
zero. Direct numerical simulations were performed in [25] with periodic boundary conditions.
This model is a regularized approximation of the 3D MHD system and depending on a small
parameter a. For @ = 0, the model is reduced to the 3D MHD system.

It is well known that the uniqueness theorem for the solution of the boundary value problem
still remains unproved for the 3D MHD system (see [28]). One cannot use the classical methods
based on the analysis of the global attractor of the corresponding semigroup to discuss the behavior
of solutions to this equation when the time approaches infinity.

The method of trajectory attractors for evolution partial differential equations was developed
n ([8]-[11]). This approach is highly fruitful in the study of the long-time behavior of solutions to
evolution equations for which the uniqueness theorem related to the corresponding initial-value
problem is not proved yet (e.g. the 3D Navier-Stokes system, the 3D MHD system) or fails. For
alternative approaches, the reader is referred to [2, 24, 20, 3, 30] and references therein.

In [21], the Cauchy problem for the 3D MHD-a model was studied, the global existence,
uniqueness and regularity of weak solutions were established. It was proved that there exists
a subsequence of solutions of the 3D MHD-a model that converges to one of the Leray-Hopf
weak solutions of the 3D MHD system with periodic boundary conditions. Similar studies were
investigated for the 3D Navier-Stokes-a model (see [19]). The stochastic version were also studied
in [15].

In the present paper, we study the approximation of the trajectory attractor of the 3D MHD
system by the trajectory attractor of the 3D MHD-a model. In the case of the 3D Navier-
Stokes system, it was proved in [12] that the trajectory attractor of the 3D Navier-Stokes-«
model converges to the trajectory attractor of the 3D Navier-Stokes system in an appropriate
topology when alpha approaches zero. Similar results were established in [13, 14] for the Leray-a
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model of turbulence. Our object here is to generalize the results in [12] from the Navier-Stokes
system to the MHD system. Our main result (see Theorem 6) states that bounded families of
solutions {(uq(t), Ba(t))} of the 3D MHD-a model converge to the trajectory attractor Uy of
the 3D MHD system when alpha approaches zero and t approaches infinity. In particular, the
trajectory attractor U, of the 3D MHD-a model converges to the trajectory attractor Uy of the
3D MHD system. The proof is inspired by the work in [12]. Let us point out that one of the
main difference between this work and that of [12] is the presence of magnetic field which makes
the analysis of the problem studied in this article more involved. One of the main difficulty lies
in obtaining needed a priori estimates in which the constants are independent of alpha and the
passage to the limit which turns out to be rather complicated in view of the nature of the nonlinear
terms involved in our 3D MHD-« model (see the proof of Theorem 5).

The article is structured as follows. In Section 2, we consider the 3D MHD system and we
construct its trajectory attractor Uy. For this purpose, we define spaces }"ﬂ’r and ffc which
contain weak solutions of the 3D MHD system. We then introduce the space of trajectory space
K of Leray-Hopf weak solutions of the 3D MHD system on the semiaxis 0 < ¢ < co. The space
]-"_lfc is equipped with the weak topology Ofc generated by the weak convergence of sequences
{(un(t), Bn(t))} C Flo¢. We prove that the trajectory space K is bounded in F2 and closed in
the topology O'?¢. We consider the time translation semigroup {T'(h)} := {T'(h),h > 0} acting
on the trajectory space Kt by the formula

T(h)(u(t), B(t)) = (u(t + h), B(t + h)).

It follows from the definition of the trajectory space that KT is invariant under {T'(h)}. Using
these facts and applying the theory of trajectory attractors, we prove that the translation semi-
group {T'(h)} acting on K has a global attractor Uy, which we call the trajectory attractor of the
3D MHD system. To describe the structure of the trajectory attractor Uy, we define the kernel
Ko of the 3D MHD system and prove that Uy = 11 Ky where 11 is the restriction operator on the
semiaxis RT. In Section 3, we consider the 3D MHD-a model. The corresponding initial value
problem is well-posed and we construct the trajectory attractor U, for this system. In Section 4,
we study the convergence of the solutions of the 3D MHD-«a model as o approaches zero. For this,
we study the system for which the couple (wq(t), By (t)) is satisfied where wq (t) = (1 —aQA)%ua (t)
and (uq(t), Ba(t)) is the solution of the 3D MHD-a model. The main result of this section states
that if a sequence of solutions (w,, (t), By, (t)) of the mentioned above system converges to the
limit (w(t), B(t)) in the space O as o, approaches zero and n tends to infinity, then (w(t), B(t))
is a Leray-Hopf weak solution of the 3D MHD system (see Theorem 5). In Section 5, using the
result of Section 4, we prove the convergence of trajectory attractors U, to the trajectory attractor

Up in the space Oﬂ?c when alpha approaches zero.

2 Trajectory attractor of the 3D MHD system

2.1 The 3D MHD system

Let © = [0,L]?, where L > 0. We consider the autonomous 3D MHD system with periodic
boundary conditions

?9:: + (uV)u —vAu+ Vi + %WBP = (B.V)B +g(x), (1)

8{5 + (u.V)B = (B.V)u —nAB =0, (2)

V=0, V.B=0, (3)

/ u(z,t)dr =0, / B(z,t)dz = 0, (4)
Q Q



where u(z,t) = (ui(z,t),us(z,t),us(z,t)), B(z,t) = (Bi(x,t), Ba(x,t), Bs(x,t)) and 7 are the
unknown, representing respectively the velocity of the fluid, the magnetic field and the scalar
pressure at each point of the fluid. In the system above, v is the kinematic viscosity of the fluid
, 1 the magnetic diffusivity and g is a given periodic field of external forces. We equip system
(1)-(4) with the initial conditions

u(z,0) = up(z), B(x,0) = By(z). (5)

We introduce some notations and background following the mathematical theory of Navier-
Stokes equations (NSE) (see [27]). LP(€Q2) and H™(2) denote the LP-Lebesgue space and Sobolev
space respectively. We denote by |.| the L?-norm, and by (.,.) the L?-inner product. Let X be a
linear subspace of integrable functions defined on the domain €2, we define

Xz{cpEX:/ggp(m)dx:O},
and

V = {¢ : ¢ is vector valued trigonometric polynomial defined in Q, V.o = 0 and / o(z) dx = 0}.
Q

The spaces H and V are the closures of V in L*(Q)? and H'(Q)? respectively. Let P : L2+ H
be the Helmholtz-Leray projection, and A = —PA be the Stokes operator with domain D(A) =
H?(Q)2NV. In the periodic boundary conditions A = —A| D(A) is a self-adjoint positive operator
with compact inverse. Hence the space H has an orthonormal basis {w; }]o‘;l of eigenfunctions of
A, Aw; = Ajwj, with 0 < Ay < Ay < ..., < A\j ~ jiL2 On can show that V = D(Az). We
denote ((u,v)) = (A%U,A%U) = (Vu, Vv) and ||u|| = |A%u| the scalar product and the norm on
V', respectively. For f € V', we denote by (f,v) the action of the functional f € V' on any v € V.
The operator A is an isomorphism from V to V' and ((u,v)) = (Au,v) for u,v € V. In the sequel,
we identify H with its dual and we have the following inclusions

DA CcV cH =HcV' cD(A), (6)

where each space is densely and compactly embedded in the next one. Following the notation of
the NSE, we denote

3
B(u,v) = P[(u.V)v] = PZuj(‘)xjv. (7)
j=1
For u satisfying V.u = 0, we have
3 .
B(u,v) = P a; (u'v). (8)
j=1
It follows that
(B(u,v),w) = —(B(u,w),v) and (B(u,v),v) =0 for all u,v,w € V. 9)

For all w € D(A) and u,v € V, we have the estimate

_1
|[(B(u, v), w)| < Clul[[ofllw]lzee < CrAy *full[v][[[w][peay,

and therefore )
[B(u,v)||pay < C1A; *lullv]l, (10)



where D(A) is the dual space of D(A).
The Pioncaré inequality implies that

Mul? < [Jul|® for ue Vv, (11)
M|Jul? < |Aul? for ue D(A). (12)

We recall the following inequality in three dimension

1 3
Hf”L‘l(Q) < CHfH?ﬁ(Q)va”éz(Q)a (13)

where f € V and C is a constant independent of Q ( see [27], [23]). It follows from inequality
(13) that

; Ly ondp Ly 3
[u'v| 2 (@) < Crlul#|Jul[3]olx][v]*, (14)
[utul2(q) < Cilul2[|ul|? (15)

for u,v € V. By virtue of (8), we also have
1, .3

B(w)[lvr < Crlul>[ul]2, (16)

1.8 1. 3
B, v)[lvr < Crlul#[Jul[v]3 o], (17)

for u,v € V.
We assume g € H. Using the above notations, we apply the Leray-Helmholtz projector P to the
system (1)-(4) to obtain as for the case of the NSE, the equivalent system of equations

Ou + vAu+ B(u,u) —B(B, B) =g, (18)
OB +nAB + B(u, B) —B(B,u) = 0. (19)

For a given M > 0, and for any couple of functions (u(.), B(.)) € L?(0, M;V x V)N L*>(0, M; H x
H), it follows that

Au e L*(0,M; V"), (20)
AB € L*(0, M; V"), (21)
and due to (10), we also have
B(u(.),u(.)) € L*(0, M; D(A)"), (22)
B(u(.), B(.)) € L*(0,M; D(A)'), (23)
B(B(.), u(.)) € L*(0,M; D(A)), (24)
B(B(.), B(.)) € L*(0, M; D(A)'). (25)

We can now find a couple of functions (u, B) of equations (18),(19) in the space of distributions
D'(0, M; D(A)") such that

dyu € L*(0, M; D(A)) and ;B € L*(0, M; D(A)").

A couple of vector functions (u(.), B(.)) is said to be a weak solution of system (18)-(19) if for
every M > 0,
(u, B) € L*(0, M;V x V)N L>®(0, M; H x H), (26)

the function u satisfies equation (18) in the distribution sense of the space D'(0, M; D(A)’) and
the function B satisfies equation (19) in the space of distribution D’(0, M; D(A)").



Since a weak solution (u,B) belongs to L*°(0,M;H x H), then using the well-known Lions-
Magenes lemma (see [22]), we have

u(.) € Cy([0, M]; H) and B(.) € C,([0, M]; H),

where Cy, ([0, M]; H) denotes the space of weakly continuous function from [0, M] to H. Conse-
quently for every ¢t > 0, the values u(t) and B(¢) make sense in the space H and, in particular,
the initial conditions

u(0) = ug(x) € H, (27)
B(0) = By(z) € H, (28)

are meaningful.
We now formulate the classical theorem on the existence of a weak solution of the Cauchy
problem for the 3D MHD system in the form we need in the sequel (see [17],[26]).

Theorem 1. Let g € H and (ug,By) € H x H. Then for every M > 0, there exists a weak
solution (u, B) of system (18)-(19) from the space L*(0, M;V x V)N L>(0, M; H x H) such that
u(0) = up, B(0) = By and (u, B) satisfies the energy inequality

——(lu@®)* + |B®)?) + v|u@)||® + 0| B®)||> < (g,u(t)), for almost all t € [0.M]. (29)

Remark 1. Inequality (29) means that for any ¢ € C§°(]0, M|),(t) > 0,

1 M

M M

—5 | (P +1BOR O+ [ @l B < [ g 6o

The proof of Theorem 1 uses the Galerkin approximation method. For every m € N, we
construct the Galerkin approximation (u,(x,t), By (z,t)) € CY([0,M]; H?> N V)? of order m,
that is a solution of the corresponding system of ordinary differential equations, and prove the
existence of a subsequence {m;} C {m} such that (um,(x,t), Bm,(x,t)) converges in a weak sense
to a weak solution (u(x,t), B(z,t)) of problem (18)-(19),(27)-(28). The Galerkin approximation
(um(z,t), By (z,t)) satisfies

1d

5 im0 & vl ()2 = (BB (0), B (0)), (1)) = (g, 0m(8), (31)
S B O + 0l Ba(D)> ~ (BB () (1), Bn(0)) = 0 (32

Summing up (31) and (32) and taking into account (9), we obtain the following energy equality

1d
5 77 [tm O + Bu@)?) + vllum @I + 0l B = (g, um ().t € [0, M]. (33)
Passing to a limit in (33) in a weak sense as m; — 0o, we obtain (29) in the form (30)( see
[17],[26]).

Remark 2. For the 3D MHD system, the question of the uniqueness of a weak solution of problem
(18)-(19),(27)-(28) remains open. It is also unknown, whether every weak solution satisfies the
energy inequality (29). Nevertheless, it is known that every weak solution resulting from the
Galerkin approzimation method satisfies the energy inequality (29). The class of weak solutions
which satisfy the energy inequality (29) is called Leray-Hopf weak solutions.

Now, we establish some estimates for a weak solution of the 3D MHD system.



Proposition 1. (A Priori estimates)
For any weak solution (u(t), B(t)) of problem (18)-(19),(27)-(28), the following inequalities hold:

i) Ju(®)? + [B(®)]* < (Ju(0)[* + [B(0)]*)e M + i?;a (34)
3 t+1 P Ul
i) u/t (lu(s)I? + 1 B(s)[1)ds < ([u(0)]* + |B(0)[*)e # M 4 32 + Y (35)

where p = min(v,n).

Proof. The proof uses the energy inequality (29), the Poincaré inequality and follows the same
line as in a case of the Navier-Stokes system (see [11]). O

2.2 Construction of the trajectory attractor of 3D MHD system

We now construct the trajectory attractor of the 3D MHD system. At first, we define the trajec-
tory space K of system (18),(19).

Definition 1. The trajectory space KT is the set of all Leray-Hopf weak solutions (u, B) of system
(18),(19) in the space LY°(Ry;V x V)N L2 (Ry; H x H) that satisfy the energy inequality (29)
fort >0, that is

o0

1

—5 | Guor + oo [
0 0

- @I+l BOPw@d < [ < g.u(t) > vy,
0

for all v € C§°(R4.), ¢ > 0.

We note that by Theorem 1, the trajectory space KT is nonempty that is for any (ug, By) €
H x H, there is a trajectory (u, B) such that u(0) = ug and B(0) = By.
Let us now define the spaces FL°, .7-"3 and the topology @lfc. Set

F¢={2=(u,B) / (u,B)(.) € L¥*(Ry;V x V)N LR y; H x H),
dru(.) € LE“(Ry; D(A)), :B(.) € L¥*(Ry; D(A))}.

In the space fﬂfc, we define the following local weak convergence topology. By definition, a
sequence of functions {(un(.), Bn(.)),n € N} C FP¢ converges to (u(.), B(.)) € F°¢ in ©%¢ as
n — oo if, for each M > 0, the following limit relations hold:

U, — u weakly star in L>(0, M; H) and weakly in L*(0,M;V),

Oy, — Opu weakly in L2(0,M; D(A)),

B, — B weakly star in L>®(0,M;H) and weakly in L?*(0,M;V),

1B, — 0B in L*(0, M; D(A)").

The space ffroc equipped with the topology @lﬁc is a Hausdorff Fréchet-Uryhson topological vector
space with a countable base (see [11]).

We consider a linear subspace ]-'j’_ - ]-'ffc consisting of vector functions (u, B) € F i"c with finite
norm

H(%B)Hfg ::‘|(uaB)HLg(R+;V><V) + [I(w, B)”L%(R+;HxH)+

10cull yry,p(ayy T 0Bl Lt w DAy (36)



where

t+1 t+1
1, B) 2 ey = SUP / lu(s) |12 ds + sup / 1B(s)||? ds,
sRVxV) e >0 Ji

1ty B oo 1) = €55 5up [u(®)] + ess sup | B(1)],
>0 t>0

t+1
2 _ 2
10ull Ly g, :pay) = igg/t 19ru()I[ay ds.
) t+1 5
1B e s =510 [ 1By s

Recall that the norm of a function ¢ in the space Lg(RJr; X)) where X is Banach space and p > 1,
. t+1

is defined by the formula ][¢\\22(R+;X) =sup;sg [, lo(s) |5 ds.

The space F¢ with the norm (36) is a Banach space.

Remark 3. Any ball B, = {(u, B) € F% / ||(u, B)Hfi < r} in the space F¥ is compact in the
topology @lfr’c. Moreover the corresponding topological subspace Brlezfc is metrisable (see [11]).

Note that the space ffﬂ@zﬁc s not metrisable.
Consider the translation semigroup {T'(h)} := {T'(h),h > 0} acting on F'°° by the formula
T(h)(u(t), B(t)) = (u(t + h), B(t + h)),t > 0. (37)

The semigroup {T'(h)} takes K to itself that is T'(h) : KT — KT for all A > 0.
We are going to construct the global attractor of the translation semigroup {T'(h)} on K*. We
call this attractor the trajectory attractor. The following key proposition is crucial for the proof.

Proposition 2. Let g € H, then
1. The space KT C ]:_l,’_.

2. For any couple of functions (u, B) € KT
IT(h)(u, B) | 7o < Coll(w, B)() oo 0,1,y "M + Re, (38)

where the constant Cy depends on u, A1 and Ry depends on u, A1, |g|.

For the proof of Proposition 2, we will need some additional estimates on weak solution of the
3D MHD system.

Proposition 3. If (u, B) € KT, then
1.
t+1 3
(/t Hatu(s)H%(A), ds) < Oy (Ju(0))? + |B(0)?) e PNt 4 R2, (39)

where Cy depends on A1, u; Ry depends on A1, pu and |g|.

1
t+1 2
(/t HatB(s)H%(A), ds) < Cs (Ju(0)]* + |B(0)[?) e PNt 4 B2 (40)

where C3 depends on A1, u; Ro depends on A1, pu and |g|.



Proof. For (u, B) € K*, we have

Ou = —vAu — B(u,u) + B(B, B) + ¢, (41)
0B = —nAB — B(u, B) + B(B, u). (42)

Using (41) and applying the Minkowski inequality, we have

([ !@u@)ﬂ%m)é <v(/ Aty ds)é o (It sy dsf

t+1 2
+</t HB(B(S)aB(S))H%(A)/dS) + llgllpcay- (43)

We now estimate each term on the right.

t+1 t+1 2
[ taiby = [ ) Pas
t

<

2
(u(0)2 + | BO)P)e Nt + ﬂ (44)

From the estimates (10), (34), (35), we have
t+1 5
/t IB(u(s), u(s) 3y ds
t+1
<a / () P () ds

t+1
< Cyess sup ]u(3)|2/ u(s)||* ds
t

t<s<t+1

1 2 2 At lg/? lg/” ’
< (P + 5O+ 5+ )
1

We then deduce that

t+1 3
</t HIB%(u(s),u(s))H%(A), d5> <Cs (\u(0)|2 +1B(0)]?) e MMt B2 (45)

h C C )\_i -1 d R2 \9|2 ‘9‘2
where C5 = C1 A, “p” 2 an 2—)\%“2+m.

We also have from the estimates (10), (34), (35),

t+1 3
(/t IB(B(s), B(s) I Day d8> < s (lu(0)? +[B(0)*) e + R3. (46)

Conbining (43), (44), (45) and (46), we arrive at

t41 ) 3
10su(s) || Day
t

< v (([u(0)2 + [BO)2)e 1 + B3)* + 205 ((u(0)* + [BO)P)e ™" + B ) + AT g
< Cy (Ju(0) 2 + | BO) ) ™ + RS,

2
where Cy = v+ 2C5 , R? = v(R2 + 1) + 2C5R2 + A g, B2 = ‘Q'AQ and R2 = A‘%LZ .
This completes the proof of (39). Using (42), we can also prove the estimate (40) in a similar
way. O



Proof. (Proof of Proposition 2)
The proof of (38) follows from Proposition 1 and Proposition 3. The proof of the inclusion
K+ c F follows from (38) by setting h = 0.
O

It follows from the definition of the topology @lfc that the translation semigroup {7'(h)} is
continuous in @lfr’c. Hence also on KT as well. The following assertion proves that the trajectory
space KT is closed in the space @lfc.

Proposition 4. The space KT is closed in ©%.

Proof. Consider an arbitrary sequence (uy(t), Bn(t)) € KT which converges as n — oo in ©%¢ to
an element (u(t), B(t)) € Fi°. We prove that (u(t), B(t)) € K*. By the definition of the topology
@lfc, for every segment [0, M], the following convergence hold as n — oo

u, — u weakly star in L*°(0, M; H) and weakly in L*(0,M;V), (
Opun — Opu weakly in L2(0, M; D(A)), (48
B, — B weakly star in L=(0, M; H) and weakly in L*(0,M;V), (
OB, — 0B in L*(0, M; D(A)"). (
In particular the sequence (uy,) is bounded in L>(0, M; H) and L?(0, M; V'), the sequence (B,,) is
bounded in L>(0, M; H) and L?(0, M; V), whereas the sequences (dyu,) and (0;B,,) are bounded
in L2(0, M; D(A)"). Hence , due to inequalities (16)— (17), the sequences (B(uy,uy)), (B(un, Bn)),

(B(Bn, By)) , (B(Bp,uy)) are bounded in the space Ls (0, M;V"). Then, passing to a subsequence
{n'} C {n} and keeping the notation {n}, we can assume that

B(tn, tn) — Bi(.) weakly in L3(0,M; V"), (51)
B(un, By) — Ba(.) weakly in L3(0,M;V"), (52)
( (53)
( (54)

&

By, By) — Bs(.) weakly in L3(0,M;V"),
nvun) — B4<) weakly in L% (O,M; V’),

B(B

where B; = Bj(z,t),i = 1,2,3,4 are some elements of the space Lg(O, M; V7).
Since (uy, By) is a weak solution of system (18), (19), we have

Opty, + VAu, + B(Um un) - B(Bny Bn) = g(w),
OBy, + nABy, + B(uy, By) — B(Bp, u,) = 0.

Using (47)-(50) and (51)-(54), we conclude that the couple (u, B) satisfies

ou + vAu + By(z,t) — Bs(z,t) = g(x),t >0,
OB +nAB + By(z,t) — By(z,t) =0,

in the distribution sense. By the Aubin compactness theorem (see [23],[1],[16]), we have

U, — u strongly in L?(0, M; H), (55)
B, — B strongly in L*(0, M; H). (56)

Passing to a subsequence gives

u, — u for ae. (xt) € Qx]0, M],
B, — u for ae. (x;t) € Qx]0,M].



Applying the known Lions lemma concerning the weak convergence (see [23],Chap.1,Lemma 1.3),
we have the following limit relations as n — oco:

B(un, un) = B(u,u) weakly in L%(O,M; V',
Un, Bn) — B(u,B) weakly in L3(0,M;V"), (57)
B, un) — B(B,u) weakly in L3 (0, M; V"),

B(B,, B,) — B(B,B) weakly in L3(0,M;V").

& &

(
(
(
(

Hence, due to (51)-(54), we conclude that Bj(z,t) = B(u,u), Ba(z,t) = B(u, B), B3(z,t) =
B(B, B), By(x,t) = B(B,u) for a.e. Q x (0,M). That is the couple (u, B) is a weak solution
of system (18),(19). It remains to prove that (u, B) satisfies the energy inequality (30):

1 M

M
2 2\, 1/
—5 | (uOF+ 15O @+ |

for all ¥ € C*(Ry), 9 > 0.
The couple (uy,, B,,) satisfies the energy inequality (30) that is

M
(VIIU(t)H2+77HB(1t)||2)¢(7f)dtS/0 (g, u(t))p(t)dt. (58)

1M 2 2\, M 2 2 M
5 [ ®F + BP0+ [ @)+l B Pt < [ g, un(®) o0
0 0 0
(59)
for all ¥ € C°(Ry), v > 0.
From (55) — (56) and the Lebesgue dominant convergence theorem, we have
/ | (1) |22 ( dt—>/ t)dt as n — oo, (60)
0
/ 1B ()20 (¢ dt—>/ Pt asn — oo. (61)
0

We note that wu,+/1(t) — uy/¥(t) weakly in L%(0, M;V) and B,/ (t) — B+/v(t) weakly in

L?(0,M;V). Consequently

M M
| Pt de < tim it [ fuolPo) ae (62)
0 0

M M
| 1B@Pe@d <t it [ B 0P de. (63
0 0

From (55), we also have

/0 (g, un (D)) (1) dE — / (g, u(E) (L) dt. (64)

Using (60)-(64), and passing to the limit in (59), we obtain (58).
Thus we have proved that the limit (u, B) is a weak solution of the 3D MHD system and satisfies
the energy inequality (30), that is (u, B) € K. This completes the proof of Proposition 4.

0

We have defined the trajectory space KT of system (18)-(19) on R,. We now extend this
definition on R. The kernel Iy of system (18)-(19) is the set of all weak solutions (u(t), B(t)),t € R
bounded in the space

={z=(u,B) / (u,B)(.) € L5(R; V x V)N L™(R; H x H),
dwu(.) € LY(R; D(A)'),0,B(.) € LY(R; D(A)")},
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that satisfies the following inequality:

“+o0o +oo +oo

—5 | QP+ 1BOP @+ [ @@+l OO < [ g,
(65)

for all v € C§°(R), v > 0.
The norm in F? is defined in a similar way that the norm in .7-__?_ replacing Ry by R. The same
definition also holds for F'¢ with the topology ©!°¢ where the intervals (0, M) are replaced by
(=M, M). We denote by Il the restriction operator onto R,. This operator takes a function
{¢(t),t € R} to the function {ILy¢(t),t > 0}, where I11¢(t) = ¢(t) for all ¢ > 0.
Let us now study the translation semigroup {T'(h)} acting on the trajectory K. We start with
the main definitions

Definition 2. A set P C KT is said to be absorbing for the semigroup {T(h)}if for every bounded
set B C Kt in F8, there is a hy = hi(B) such that

T(h)B C P for all h > hy.

Definition 3. A set P C K7 is said to be attracting for the semigroup {T'(h)} if any neighborhood
O(P) of the set P in the topology ©'% is an absorbing set for {T(h)}, i.e., for every bounded set
B C Kt in FY, there is a hy = h1(B,0) > 0 such that T(h)B C O(P) for all h > hy.

Definition 4. A set U C KT is called a trajectory attractor for the semigroup {T(h)} on KT if
U is bounded in .7-"_’;, compact with respect to @lfc, strictly invariant with respect to {T'(h)}, i.e.
T(hU =U, Yh >0, and U is an attracting set for {T(h)}.

Let us now construct a trajectory attractor for {T'(h)} on KT and describe its structure by
using the kernel of system (18)-(19). It is the main result of this section

Theorem 2. If g € H, then the translation semigroup {T(h)} acting on Kt has a trajectory
attractor Uy. The set Uy is bounded in fi and compact in @lfc. Moreover

U = H—‘:-ICOv
the set Ko is bounded in F° and compact in ©'°.

Proof. Tt is clear that T'(t)KT C K*,Vt > 0. Thanks to Proposition 2, the set P = {(u, B) €
F2/I(u, B)(.)|| z» < 2R3} is an absorbing set for K. The ball P is compact in ©%¢ and bounded
+

in .7-"3_. Thus the conditions of Theorem XII.2.1 and Theorem XII.2.2 in [11] are valid and Theorem
2 is proved. O

Remark 4. The trajectory attractor for the 8D Navier-Stokes system has been constructed [11,
29]. As far as we know , Theorem 2 is the first result dealing with the trajectory attractor for the
3D MHD system.
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3 The 3D MHD-a model and its trajectory attractor

3.1 The 3D MHD-a model and some properties

We consider the 3D MHD-a model with periodic boundary conditions. The model reads as follows:

ov > 1 9

n + (u.V)v + ; v;Vu; —vAv+ Vr' + §V]B| =(B.V)B+y, (66)

OB

Sp + (wY)B = (BV)u—5AB =0, (67)

v=(1-a’A)u, (68)

Va=Vao=V.B=0, (69)

/ u(z,t)dr =0, (70)
Q

/ B(z,t)dz = 0. (71)
Q

This is an approximation of the 3D MHD system (1)-(4) discussed in the previous section.
The unknown are u, B and 7" defined on €2 x [0, M], representing respectively the "filtered” fluid
velocity , the magnetic field and the pressure at each point of the fluid. We assume that the
functions wu(z,t), B(x,t) and the known external force g(x) are periodic in = € €2 and have zero
spatial mean i.e. [, g(z)dx = 0. We observe that for a = 0, the function v = u and we formally
obtain the system (1) —(4). Recall that « is a fixed positive parameter called ”the sub-grid (filter)
length scale” of the model (see the motivations in [21] and references therein).

Following the notation of the NSE, we denote

B(u,v) = =P ((V xv) x u)for any u,v €V,

the bilinear operator. We have

(B(’LL, U),’LU) = (B(U,U),UJ) - (B(wvv)7u)a (72)
for any u,v,w € V. In fact the equality (72) follows from the identity
3
(b-V)a+> a;jVbj=—bx (V xa)+ V(a.b), (73)
j=1
for a,b € R?. The symbol x represents the vector product in R3. We recall that

B(u,u) = B(u,u), (74)

where B(u,v) = P(u.V)v (see (7)).
We now rewrite the system (66) — (71) in the short form

dyv + vAv 4+ B(u,v) — B(B,B) = g, (75)
B +nAB +B(u, B) — B(B,u) = 0, (76)
v =u+a’Au. (77)

For ao = 0, system (75) — (77) coincides with the 3D MHD system (18) — (19).
We supplement (75) — (77) with initial conditions :

u(O) = U € V, (78)
B(0) = By € H. (79)
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We now formulate some properties of the bilinear operator B that are analogous to the properties
of the operator B. The operator B maps V x V to V' and the following inequalities hold (see
[21, 19] for the proof)

~ 1 3 1 3
[(B(u,v), w)| < Cluft|lul|1[jvf[|[w]1]jw]1,
~ 1 1
[(B(u,v), w)| < Clulz|ul[2[Jv]|[|w]],

for all u,v € V.
We also have

(B(u,v),u) =0, (81)
for all u,v € V. We also need the following inequality proved in [21, 19]:
[(B(u,v), w)| < Cllul|]v|[Aw], (82)

forallu € V, v € H and w € D(A).
This means that B maps V x H into D(A)" and

1B(u, 0) | peay < Cllulllol, (83)

forallue V,ve H.

3.2 The Cauchy problem for the 3D MHD-a model
We recall from [21] the definition of weak solution of the 3D MHD-a model.

Definition 5. Let M > 0, (ug,Bg) € V x H and g € H. A couple of functions (u, B) is weak
solution of system (75) — (77),(78) — (79) on [0, M] if:

i) u and B satisfy

u € C([0, M]; V)N L*(0, M; D(A)),
du
— e L*0,M:H

dt 6 (07 ) )7

B e C([0, M]; H) N L*(0, M; V),
dB

—— e L0, M V.
dte (0, M3 V')

it) (u,B) satisfies the system (75) — (77) in the sense of distributions, i.e.,

dv ~
<an>D(A)’ + <B(u>v)aw>D(A)’ + V(UaAw) = (B(BaB)7w>V’ + <g?w>V’>

dB
<E7§>V’ + (B(’U,, B)7£) - (B(Bau)7§) + U((Baf)) = 07
(84)
for every w € D(A),§ € V' and for almost every t € (0, M).
iii) w(0) = up and B(0) = By.

In the work [21], the following theorem on the existence and uniqueness of weak solution for
the 3D MHD-a model was proved.
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Theorem 3. Let g € H and (ug, By) € V x H. For every M > 0, the Cauchy problem (75) —
(77),(78) — (79) has a unique weak solution (u(t), B(t)) in the sense of Definition 5. Moreover
(u, B) satisfies the following energy equality :
1d
2 dt
for almost every t € (0, M).

{lu@®)* + o?[lu(®)* + [B@)*} + {v (lu®)]* + o[ Au(®)?) + 0| B@)*} = (g, u(t), (85)

The energy equality (85) implies the main a priori estimates of problem (75)— (77), (78) —(79).

Proposition 5. Let (u(t), B(t)) be a weak solution of system (75) — (77), (78) — (79). Then the
following inequalities hold:

lg|?

i) | + e [[u@®)]? + |BO) < (Ju(0)]® + o®[[u(0)]* + [B(0)[*) e #M" + N2 (86)
1
.. o 2 2 2 2 2 2 2 2\ _—pAit |9|2 |9|2
i) [ (O + 0 Au(@) + |BEIP) ds < (u(0) + a2 O + [BO)?) e + 18 + -
1
(87)
t+1 3 R
i) (/t 18xv(s) | Dy ds) < Cs ([u(0)2 + a2[|u(0)|2 + | B(0)[2) e M1 + RZ, (88)
1
t+1 )
iv) </ H@tu(s)HQD(A), ds) < Cq (|u(0)‘2 + oz2||u(0)”2 + |B(0)’2) emhMt Ré, (89)
t
t+1 3
v) </t HatB(s)H%(A), ds) < C1o ([w(0)]> + o®[|u(0)||* + | B(0)|?) e MMt L RZ (90)
where the constants Cg,C1o depend on A1 , u. Rg and Ry depend on A1, p and |g|.
Proof. i) The proof uses the energy equality (85) and the Poincaré inequality.
ii) The proof follows from 7).
iii) The function v satisfies (75) that is
dyv + vAv 4+ B(u,v) — B(B,B) = g. (91)

We apply to (91) the Minkowski inequality and obtain

t+1 ) 3 t+1 , 2 1 , 2
(/ uatv<s>uD<Ayds) s(/ HAv(s)HDM)/ds) +(/ HB(u(s)w(s))HD(Ayds)

41 3
(/t IB(B(s), B(5)) 1Dy d5> + ll9llpay- (92)

We now estimate each of the terms on the right.
From the estimate ||Av||pay = |v] < |u] + a?|Aul, we have

t+1 t+1 t+1
[ lbayas <2 ([ uoPasa? [ aauepas) o
t ¢ t
t+1
< 2/ (Ju(s)|? + o?|Au(s)|?) ds, since a® < 1. (94)
t

Using the Poincaré inequality and (87), we obtain

t+1
/t 1Av($) |y ds < Or (Ju(0)]* + a2 [[u(0)|* + |B(0)[?) e M + RS, (95)
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where the constant C7 depends on A\, and p,and R3 =
From the inequality (83), we have

1B(u(t), v(t)) | peay < Cllu®)lllo(®)] < CHu(t)H (lu(®)] + a?|Au(t)])
C (lu@®ll[u@®)]| + efu(®)llafAu(t)])
< C (Ju@®)P + o?[lu(®)]*)® (lu®)]® + o?|Au(?)|?)

N

where we have used the Cauchy inequality. Applying inequality (86), we have

~ - g
B oDy < € (O + O +BOR) e+ 25 (a2 + o auto)P).
Integrating this inequality over [t,¢ 4 1] , we find

1 ,
| 1B o)y
2 2 2 2 2\ _—pAit |9|2 o 2 2 2
< C% (Ju(0)* + ?[lu(0)[]* + [B(0)[*) e iz ) (lu(s)]I* + a®Au(s)[?) ds.
1

We now use (87) and obtain

tH1 3
([ 1B o by ds) < Ca (WO + @ u(O)]? + [BOR) e + R, (96

where R3 = )U s + ‘)\gl |# and Cg depends on A and pu.

Using mequahty (10), we have

t4+1 t+1
/t IB(B(s), B(s))l5ay ds < CQ/t 1B(s)[1*1B(s)[* ds

t+1
< (C%ess sup ]B(S)IQ/ HB(S)HQdS'
0<s<M ¢

Taking into account of (86) — (87), on obtain

t+1 2 2\ 2
— - g g
| IBGE.BE by s <t ((WOF + @O + BOF) e 81 )
1

This inequality implies that

t+1 2
</t IB(B(s), B(s))||2D(A), ds> < Cy (|u(0)‘2 + o?||u(0)]|? + |B(0),2) e MMt L R2(97)

where Cy depends on A1 and pu.
Putting (95), (96), (97) and (92) together , it follows that

t+1 3
</ ||3tv(5)||2D(A), ds) <v ((17 (|u(0)‘2 +?|[u(0)] + |B(0)?) e MMt L oR2 4 1)
t

+ Cs ([u(0)2 + 2[|u(0)|% + |B(0)[?) e #Mt + |g|AT,
< C (u(0) > + a2 [|u(0)||% + |B(0)|?) e Mt + RZ,

where Cg = vC7+Cs+Cy and RZ = Z/(R%+1)—|—2R%+]g])\1_1. This completes the proof of #i1).
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iv) The proof of iv) follows from 7i) since ||Oyul|pcay < [|0w| peay -

v) From (76), we have

(/t . 10:B(5) 1304y dS)% <n (/t . JAB(s) |3y d‘9>; " </tt+1 IB(u(s): By ds)

t+1 %
([ 1By ds) (08)

We will bound each of the terms on the right.

i 2 i 2 2 2 2 2 Art ‘9‘2
/t | AB(3) 34y = / B ds < (WO + o u(0)]> + BOJP) e+ 55
(99)

In view of (10), (86) — (87), we have

i % 1 2 2
(/ ”BW(S)’B(S»II%my) <Cp <(|u<o>|2+a2||u<o>||2+rB<o>|2)e-W+ 9! +'~'ﬂ>.

[NIES

+

A2 A

(100)

We also have the estimate

(/ttﬂ ||B(B(S),u(s))||2D(A)/) ’

Substituting (99)-(101) into (98), we obtain

(101)

t+1 2
(/ \IatB(S)H%(Ade) < Cuo (Ju(O) + a?[u(0)[* + [B(0)*) e ¥ + B3,
t

where C1g = (n + QCM_%) and RZ = n(igl; +1) + QC;F%R%. This completes the proof of
1

Proposition 5.
O

Remark 5. We note that the constants on the right of estimates (86), (87), (88),(89), (90) are
independent of o. This fact plays the crucial role in the proof of convergence of solutions of the
3D MHD-a model to the solutions of the 3D MHD system as « approaches 0.

3.3 Existence of the trajectory attractor of the 3D MHD-a model

To construct the trajectory attractor for the system (75)-(77), we have to pass to new function

variable w that occupies an intermed}ate position between the function v and v.

Following [12], we set w = (1 + a?A)2u. We have the following identities:
v=(1+a*A)u=(1+ aQA)%w,
wl* = |uf® + a?[Jul?, (102)
lwll® = [lul® + o] Aul?. (103)

The couple of functions (w, B) satisfies the following system:

L _ gl lg”
< cut (W) + a2[u(@)2 + [BO)P) et + 4 4 197
(O + @2 )P+ [BO)R) e+ 805+ O

dyw + vAw + (1 +a?A)"2 B ((1 +a2A) Bw, (1 + OPA)%w) (14 a2A) 3B(B,B) = (1 + a?A)" g,

(104)
2 4\—1 2 4n—1
OB +nAB + B <(1+a A) 2w,B> _B <B,(1+a A) 2w> = 0. (105)

Using the function w, we rewrite inequalities (86), (87), (88), (90).
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Corollary 1.

2

) )+ 1BOP < (lw©0) + |BO)P) et + A'QL (106)
t+1 2 2

i) [ (@ + IBEIP) ds < (wO)P + [BO)P) e““ﬂ?lwlﬂl- (107)
i+1 1

i41) </t Hatw(s)HQD(A),ds) < Cs (|w(0)|2+|B(O)|2) e PNt 4 R2. (108)
t+1 3

iv) ( JRRCECT ds) < Cro (lw(0) + |BO)]?) e "M + B2, (109)

Proof. The proof of i) and i) follow from (86) — (87) and (102) — (103).
From the inequality

t+1 t+1
/t 10 (s) 13y ds < / 1000(5) I3 4y s,

we obtain 7i).
iv) also follows from (90) and (102). O

Consider the Banach space F_l; in Section 2. Recall that
Fiy ={z=(w,B) / (w,B)() € LyRy;V x V) N L®(Ry; H x H),
dru(.) € Lh(Ry; D(AY), OB(.) € Ly(Ry; D(A))}.
Inequalities (106) — (109) of Corollary 1 provide the following

Proposition 6. If g € H, for any solution (u, B) of problem (75)—(79), the corresponding couple
(w(t), B(t)) being a solution of system (104)-(105) satisfies the inequality

IT(h)(w, B)()l 2, < Cu1 (Jw(0)* + [B(0)[?) e#M" + RE, (110)
where the constant C11 depends on p, A1 and Rg depends on u, A1, |g|.

Remark 6. We note that the constants C11 and Rg are independent of «.

Let us now construct the trajectory attractor for the 3D MHD-« model. The trajectory space
K for system (75) — (77) is defined as follows

Definition 6. The trajectory space K is the union of all couple (w(t), B(t)) where (u(t), B(t))
is a solution of system (75) — (77) with arbitrary (ug, Bp) € V x H.

Using Theorem 3, we prove that the trajectory space K7 is nonempty.
Proposition 6 implies that K C Fi for all @ > 0. We also consider the topological space @lfc
introduced in Section 2 in connection with the 3D MHD system. Recall that ]-'j‘r C @lfc.
We consider the topology @lfc on KI. We prove that the space K is closed in G)lfc.

Proposition 7. The space K is closed in @lfc.
Proof. The proof follows the similar argument as in the proof of Proposition 4. O
The translation semigroup {T'(h)} acts on KT by the formula:
T'(h) (wa(t), Ba(t)) = (wa(t + h), Ba(t + 1)),

for h > 0.
From the definition of K, it follows that T'(h)KE C K2 for all h > 0.
Our main result in this section is the following
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Theorem 4. (Existence of the trajectory attractor of the 3D MHD-«o model)
If g € H, then the translation semigroup {T'(h)} acting on KT has a trajectory attractor U,. The
set Uy is bounded in ]-"_’f_ and compact in @lfc. Moreover

Uy =TT, Ko,
where Ko, is the kernel of system (75) — (77).

Proof. We have T(t)Kt C K, for all t > 0. The set
P ={(w,B) € Fi/H(w,B)(.)Hfi < 2R2} is an absorbing set for KT (see Proposition 6). The

ball P’ is compact in @l_ﬁc and bounded in }"3_. This absorbing set does not depend on « since the
constants C1; and Rg in (110) are independent of «. Thus the conditions of Theorems XII.2.1
and XII.2.2 in [11] are valid. Thus there exists a trajectory attractor U, C K such that U, is
bounded in .7-"_1;, compact in @lfr’c. O

Remark 7. Since U, C P’, then the trajectory attractors U, are uniformly ( with respect to
a €]0,1] ) bounded in FY, that is

ol e < R Ve €]0,1], (111)

where R is a constant independent on «.

4 Convergence of the solutions of the 3D MHD-a model
We formulate and prove the main result of this section concerning the behavior of the solutions
of the 3D MHD-a model when « approaches 0.
Theorem 5. Let a sequence {(wn(t), Bn(t))} C Kf be given such that

1. {(wn(t),Bn(t)),n € N} is bounded in FC,

2. a, —= 0" as n — oo,

3. (wn(t), Bu(t)) — (w(t), B(t)) in ¢ as n — oo. (112)
Then (w(t), B(t)) is a weak solution of the 3D MHD system such that (w, B) satisfies the energy
nequality

1

M 2 2 / M 2 2 M
—QA ﬂwmr+uﬂm>wumvh£ @WMWI+MB@W)¢@M#<A (g, w(t)b(t)dt, (113)

for all ¢ € C§°(0,M),v > 0, that is (w,B) € KT, where K is the trajectory space of the 3D
MHD system.

For the proof of Theorem 5, we will need the following lemma

Lemma 1. Let two sequences (un(t), Bn(t)) € Fo and {an} CJ0,1] be given such that oy, — 0F

as n— 0o. We denote w,, = (1 +a%A)%un for n € N. We assume that the sequence (wp(t), Bn(t))
is bounded in F§ and (wn(t),Bn(t)) — (w(t), B(t)) in O as n— oo. Then the sequence
(un(t), Bn(t)) is bounded in F% and (un(t), Bn(t)) — (w(t), B(t)) in ©%¢ as n— oo.

Proof. (Proof of Lemma 1)
The proof follows the one given in [12]. For the reader’s convenience, we will the details of the
proof. From the inequalities

|un|2 < |un|2 ‘1'@2”“71”2 = |wn|2v

lunl® < unll® + 0| Aup|* = [Jwn]?,

t+1 5 t+1 5
[ H@w@ﬂmm@as[ 1040n(5) 3 4y
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we have
H(umBn)H]—‘i < H(wnuBn)H]-‘}p (114)

for all n € N.

From (114), we conclude that {(u,(t), Bn(t))} is bounded in F2. Since a ball in F¢ is weakly
compact set in ©%¢, we can extract from (u,(t), Bn(t)) a convergent subsequence and we denote
the limit of this subsequence by (u(t), B(t)). For simplicity, we denote this subsequence by
(un(t), Bn(t)). We also keep the corresponding subsequence of (wy(t), By(t)). Then we have

(un(t), Bu(t)) = (u(t), B(t)) in ©' as n — oo

(wn(t), Bp(t)) — (w(t), B(t)) in @lfc as n — oo.

We prove that u = w. In fact consider an arbitrary interval [0, M]. By the assumption w,,(t) —
w(t) weakly in L2(0, M; V) and dywy,(t) — Oyw(t) weakly in L?(0, M; D(A)"). Then by the Aubin
compactness theorem ( see [23, 1]), we obtain that wy, (t) — w(t) strongly in L2(0, M; H). Arguing
similarly, we also have u,(t) — u(t) strongly in L?(0, M; H).

We note that ||(1 4+ a%A)*% | z(ar,7ry < 1 and therefore

_1 _1
11+ g A) 2w, — (1+ ai A) 2w/ £20,0151)

< ||wn —wl| 20,0,y = 0 as n — oo. (115)
On the other hand, Lemma 3.2 in [12] implies that
H(l—i—oc,%A)_%w—wHLz(O’M;H) — 0 as n — oo. (116)
Combining (115) and (116), we obtain

l[un — wHL2(0,M;H)
_1
=(1+aZA) 2w, — wl| 20,3, H)
<1+ a2A) 2w, — (1+ a2 A) 3| 2+ (1 + a2A) 7w — w200y — 0 as n — oo.

Therefore u,(t) — w(t) strongly in L*(0, M; H). Consequently u(t) = w(t) and Lemma 1 is
proved. O

Proof. (Proof of Theorem 5)

The proof follows the one given in [12] but the presence here of the magnetic field makes the
analysis more involved.

Since

and (wy, Bp) — (w(t), B(t)) in ©%¢ as n — oo, then we have H(w,B)HFi < C. We set u, =

(1+ a%A)_%wn. The couple (un,By) is a solution of the original problem (75) — (77). The
estimates (117),(102) and (103) imply that

esssup (i) + 02 un ()17 + [ Ba(0)?) < €7, (115)
>0

t+1
sup [ (Jun (9 + a3ldun () + B (9)?) ds < €2 (119)
t>0 Jt

t+1 5 t+1 5 5
sup [ [0un(6)bay ds <sup [ [10n(5)ay ds < €, (120)
=z t t>0 Jt

t+1
sup/ 10 Bo(5)|3 4y ds < C*. (121)
t>0 Jt
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We now prove that (w(t), B(t)) is a weak solution of the 3D MHD system on any interval (0, M).

The couple (wy,(t), By(t)) satisfies the system

Opwn, +vAw, + (1 + 0‘2‘4)7% B(tn,vn) — (1 + a A)” %B(Bm Bn) = (1+ O‘ZA)7%97
OBy, + nABy, + B(uy, B,) — B(By, u,) =0,

in the sense of distributions. Here v, = u,, + o2 Au,.
From the assumption (112), we have

wn(t) =
Aywn(t) = dyw(t) weakly in L*(0,M;D(A)"),

(t) B(t) weakly in L*(0,M;V), weakly star in L>(0, M; H),

Bn(t) — 8;B(t) weakly in L?(0, M; D(A)").

w(t) weakly in L?(0, M;V), weakly star in L>(0, M;H),

It follows from (124), (126) that
Aw, (t) = Aw(t) weakly in L2(0, M; V"),
AB,(t) = AB(t) weakly in L?*(0,M;V"),

and hence in the topology D’(0, M; D(A)) as well.
Besides combining Lemma 1,(126),(127) and Aubin compactness theorem, we also have

Uy (t) — w(t) strongly in L*(0, M; H),
B, (t) — B(t) strongly in L?(0, M; H).

Arguing as in the proof of Proposition 4 (see (57)), we also have

4

B(up.By) — B(u, B) weakly in L3 (0, M;V’),
B(By,un) — B(B,u) weakly in L3(0, M; V"),
B(B,, B,) — B(B,B) weakly in L3 (0, M; V"),

and therefore in D'(0, M; D(A)).
From Lemma 3.3 in [12] and (134), we deduce that

(14 a2A) 2B(B,, B,) — B(B,B) weakly in L3 (0, M; D(A)).
Applying Lemma 3.2 in [12] , we have

(1—1—0472114)_%9 — g strongly in L?*(0,M; H).

(122)
(123)

(130)
(131)

(132)
(133)
(134)

(135)

(136)

Therefore having (124), (130), (131), (132), (133), (135), (136), to prove that (w, B) satisfies the

system

Ow + vAw + B(w,w) —B(B, B) = g,
0B+ nAB + B(u,B) —B(B,u) =0,

we must establish that
(1+ aiA)*%E(un,vn) — B(w,w) weakly in L%(O,M; V.
Following [12], we first prove that

B(up,vn) — B(w,w) weakly in the space LI(0,M; D(A))
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(137)
(138)

(139)

(140)



for some ¢, 1 < ¢ < 2.
We rewrite B(uy,v,) as follows:

B(up,vyp) = B(up, up + oz,%Aun)
E(un,un) + aié(un, Auy,)
B(tn, tn) + 02 B(tn, Auy,), (141)

where we have used the identity B(u,u) = B(u,u) (see (74)). Consider both terms of (141)
separately. We start with the second. By (82), we have

02 B tn, At gy < Colun||Au|. (142)
Fixing an arbitrary 8, 1 < 8 < 2, we obtain the following chain of inequalities
M 2 B
| 103 B0 Aun )y

M
< CPa / e (11| At (1) dlt
0

M
gc%?f( sup ||un(t)||”’>/ lun (&)1~ [ Aun (t)|” dt
0

te[0,M]

M o M 5
<o [ sup [un(®)] (/ Hunqu“—”dt) (/ \Aun@)\wdt) L)
t€]0,M] 0 0

where 7 is an arbitrary number such that 0 < v < 3, and in (143) we have applied the Hélder
inequality with % + % = 1 ( these numbers will be determined later on). Combining the chain of
inequalities after (143), we have

M
25 6
/0 [l B (un (£), Aun () 5 4y dt

<P [ sup [un()|? ( J uunwuq(ﬁﬂdt) ( / |Aun<t>|f’5dt) L ()
te[0,M] 0 0

We now set p = %,q = ﬁ, and find the number v from the equation ¢(8 — ) = 2, that is
v =2(8 —1). We see that such v satisfies the inequality v < f§ <= S < 2. Replacing such p, ¢
and 7 into (144), we obtain the following estimate

M
25 B
| 03B (0. A, )1

B-1 2-8 B
M 3 M 2
§05a35< sup aillun(t)ll2) </ !\un(t)!\2dt> </ ai!Aun(t)Pdt) . (145)
te[0,M)] 0 0

We now use estimates (118) — (119) and find that the right hand side of (145) is less than or equal
than Cla%_ﬁ :

M ~
/ 02 B (un (1), Aun(8) 13, 1, dt < Cra2 7,1 < B < 2. (146)
0

Therefore, the term

a2 B(un, Auy) — 0 strongly in L?(0,M; D(A)) (147)
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for any 5,1 < 8 < 2.
On the other hand, arguing as in the proof of Proposition 4(see (57)), we also have

B(un, up) = B(w,w) weakly in L%(O,M; V. (148)

Now combining (141), (147) and (148), we find that

B(up, vn) — B(w,w) weakly in L3 (0, M; D(A)). (149)
Finally using Lemma 3.3 in [12], we deduce that
(14 a2A)"2 B(up, va) — B(w,w) weakly in L3 (0, M; D(A)). (150)

We have then established that the couple (w(t), B(t)) satisfies the system (137)-(138).
It is left to prove that (w(t), B(t)) satisfies the energy inequality (113). The proof is similar to
the case of (58) since the couple (wy,(t), Bn(t)) satisfies the energy inequality

1 M 2 2 /! M 2 2 M
- /O (wn(t)[? + [Ba(t) )¢/ (t)dt + /0 Wllwn (I + ll Ba()|?(6)dt < /0 (g, wn (D)) 0(t)dt,
(151)
for all ¢ € C5°(0, M), > 0. This completes the proof of Theorem 5. O

5 Convergence of the trajectory attractor of the 3D MHD-«
model as o approaches zero

In Section 2, we have constructed the trajectory attractor Uy of the 3D MHD system:

o + vAv + B(v,v) —B(B,B) =g, t >0, (152)
OB +nAB + B(v, B) — B(B,v) = 0. (153)

Recall that the set Uy is bounded in F?, compact in @fﬁc and Uy C K. We have also proved that
Uy = 111K, (154)

where Ky is the kernel of system (152) — (153). Ky is the union of all bounded (in the norm
F?) complete weak solutions (v(t), B(t)), t€ R of the 3D MHD system that satisfy the energy
inequality (65).
We denote by

Bo = {(wa(t), Ba(t)),t > 0},0 < a <1,

a family of couple (wq(t), Ba(t)) where wq(t) = (1 4+ aQA)%ua(t) and (uq(t), Ba(t)) is a solution
of system (75) — (77). The norm of (wa(t), Ba(t)) in F¢ are uniformly bounded with respect to
«, that is

(e Bz, < B

where R is an arbitrary number independent of « (see (110)) and

H(waaBa)H]—'g = ||(wavBa)”Lg(]R+;va) + [ (wa, Ball Loy ;mx )+

HathVHLS(RJr;D(A)’) + HatBCYHLg(RJr;D(A)’)'
(155)
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Recall that (wq, By) satisfies the system

=

Oiwe + VAW + (14 a2A4) "2 B(ua,va) — (1+a?A)"2B(By, Ba) = (1 +a2A4)"2g,  (156)
0tBo +NABy + B(ug, Ba) — B(Bga, uq) =0, (157)
where v, = (14 a2)%wa(t) and uq = (1 + aQA)féwa(t). We also recall that
T(h)(wa(t), Ba(t)) = (wa(t + h), Ba(t + h)). (158)
The main result of this paper is the following theorem

Theorem 6. 1) The trajectory attractor U, of the system (75) — (77) converges in the topology
©%¢ as o — 0T to the trajectory attractor Uy of the 3D MHD system (152) — (153) :

Uy — Uy in % as a — 0. (159)

2) Let By, = {(wqa(t,x), Bo(t,x)),t > 0}, 0 < a < 1, be bounded sets of solutions of system
(156) — (157) that satisfy the inequality

| (wa, Bl < R, Yo, 0<a<1. (160)

Then the sets of shifted solutions {T'(h)Ba} converge to the trajectory attractor Uy of the
3D MHD system (152) — (153) in the topology ©%¢ as h — 0o and o — 07T :

T(h)Bo — Uy in O as a — 07, h — . (161)

Proof. it suffices to prove 2) which implies (159) if we take B, = Uy = T'(h)Uy, Vh > 0.
Assume that relation (161) fails to hold. Then there is a neighborhood ©(Uy) of Uy in ©°¢ and
two sequences o, — 0", h, — oo as n — oo such that

T(hn)Ba, ¢ OUy).
Hence, there are couple (wq,,(.), Ba,(.)) € Ba,, such that X, (.) := (wa,(.), Ba,(.)) € Ba,, and

the functions
Wa, (t) == T(hn)Xa, (t)
= (Wa,, (t + hn), Ba, (t + hy)) 1 >0
do not belong to ©(Up), that is
Wa, (t) & ©(Uo). (162)

The couple Wy, (t) = (Ua,(t), Va,(t)) is a solution of system (156) — (157) on the interval
[—hn, +00] with a = ay,, since (wq,, (t + hy,), Ba, (t + hy)) is a solution of the system for t+h,, > 0
and the system is autonomous. Moreover, it follows from (160) that

D=

t+1 t+1
Sup/ Un. ()] ds + Sup/ Vo ()[2ds | +ess sup |[Un. (£)]+

t>—h t>—hn t>—hp

t+1 3 t+1 3
ess sup Vo, 0+ | sw [ 100, () beayds | + (s [ Ve @)y ds) <R
tz_hn tz_hn t tz_hn t
(163)
This inequality implies that the sequence {(U,,,(.), Va, (.)),n € N} is weakly compact in the space
O _ym = L*(—M,M;V x V)N L*®(—M, M; H x H)N
{(v,b)/0w € L*(—M, M; D(A)),8:b € L*(—M, M; D(A))}
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for every M, if we consider «,, with indices n such that h,, > M. Therefore, for every fixed
M > 0, we can choose a subsequence {a,,/} C {ay} such that {W,, (.) = (Ua,(.), Vo, (.)),n € N}
converges in ©_jy py-. Thus using the well-known Cantor diagonal procedure, we can construct a
couple of functions W (.) = (U(t),V(t)),t € R and a subsequence {a,»} C {a,} such that

Wa,. = (Uayp s Va,») = W=(U,V) weakly in ©_ps s, (164)

as n” — oo for every M > 0.
From (163), we obtain the inequality for the limit function W(t) = (U(t),V (¢)),t e R:

t+1 t+1 %
<sup/ ||U(5)||2d5—|—sup/ HV(S)H2 ds) + esssup |U(t)|+
teR Jt teR Jt teR

t+1 3 t+1 2
esssup |V ()| + <Sup/ ||3tU(s)||2D(A), ds) + (sup/t ||(9tV(5)||2D(A), ds) <R. (165)

teR teR Jt teR

In particular, we have

W(t) = (U®),V(t) e Fo = L5(R; V x V)N L®(R; H x H)
N {(u,0)/0u € L5(R; D(A)), 0w € L(R; D(A))}.
(166)

We now apply Theorem 5, where we can assume that all the functions U,, ., V,,. are defined in
the semiaxis [—M;+oo[ instead of [0, +oo] ( equations are autonomous). Then from (164) and
(165), we conclude that W(t) = (U(t),V(t)) is a weak solution of the 3D MHD system for all
t € Rand W(t) = (U(t), V(t)) satisfies the energy inequality. Therefore W (t) = (U(t), V(1)) € Ko
where Ky is the kernel of the system (152) — (153).

Since 11Ky = Uy and W (t) € Ko, we have IILW € Uy. On the other hand, we have established
from (164) that

W, — I, W in 0/ as n” — 0. (167)

In particular for a large n”,
I W,,. € ©ILLW) C O(Up). (168)
This contradicts (162). Therefore (161) is true . This completes the proof of Theorem 6. O
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