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Summary

The focus of this study is the development of a group of bimatrix variate beta distributions with bounded
domain for the central and noncentral cases. They are constructed from different dependent Wishart ratios.
Exact expressions are derived for the density functions by using symmetrisation. The role of the parameters
of these new distributions is also highlighted. These new bimatrix variate beta distributions add value to
multivariate statistical analysis and an application in this field is the link to statistics that are functions of the
product of determinants of bimatrix beta variates. Exact expressions are derived for the density functions of

the product of determinants of these bimatrix beta variates.
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1 Introduction

In this thesis a bimatrix group of beta distributions is derived in explicit form from different Wishart ratios
such that the bimatrix beta variates (Y71,Y3) are defined on the region 0 < Y; <I,, ¢=1,2, thatis Y;
and I, —Y;,i=1,2, are positive definite matrices. Exact expressions are derived for the density functions of

the product of determinants of these bimatrix beta variates.

1.1 Wishart ratios

Abbreviations and Notation

S,S1, Sy and B are p X p positive definite matrices.

W, (n,3) : Wishart distribution with parameters n and X.

W, (n,%;0) : Noncentral Wishart distribution with parameters n, 3 and ©.

Bzf (n,m) :  Matrix beta type I distribution with parameters n and m.

Bé (n,m;®) : Noncentral matrix beta type I distribution with parameters n, m and ©.

(U1, Uy), (W1, Ws), (X1,X2) and (Q,Q,) are bimatrix variates where U,, I, —U,;, W;, I, — W;, X,

2 2 2
I,-X,,Q,I,-Q,,i=121,-> U;,;I,—> W, andI,— > Q; are pxp positive definite matrices.
i=1 i=1 i=1
BB; (n1,ng, m) :  Bimatrix beta type I distribution with parameters ny, ny and m.
BBI{ (n1,n2,m; O) :  Noncentral bimatrix beta type I distribution with parameters ni, ns, m
and ©.
BB} (ny,n3,m, c) :  Bimatrix beta type III distribution with parameters ni, ny, m and c.
BB (ny,n5,m, ¢; ©) : Noncentral bimatrix beta type III distribution with parameters ni, no,
m, ¢ and O.
BBI{V (n1,ng,m) :  Bimatrix beta type IV distribution with parameters ny, no and m.
BB}{V (n1,n9,m; O) : Noncentral bimatrix beta type IV distribution with parameters ni, no,
m and ©.
BBI‘,/ (n1,n2,m, a1, as,c) :  Bimatrix beta type V distribution with parameters ny, no, m, ai, as
and c.
BB;/ (n1,n2,m,a1,a2,¢;0®) :  Noncentral bimatrix beta type V distribution with parameters ni, na, m,

ai, ag, ¢ and ©.

The different Wishart ratios that are focused on in this study, each with its own characteristic and associated
distribution, are described here in short. A detailed discussion of these ratios together with the necessary
derivations are given in the chapters that follow. The first Wishart ratio is defined analogous to the chi-square

ratio in the univariate case and follows as
U=(S+B)*S(S+B)? (1.1)

where S ~ W, (n,X), independent of B ~ W, (m,X) and C?C? = C is a reasonable nonsingular
factorization of C. The distribution of this ratio (1.1) was derived by Khatri (1959) and is denoted by U ~

© University of Pretoria
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BII) (n,m) with the probability density function (pdf) given in Chapter 3. In the noncentral case where
S ~ Wy(n,I,) and B ~ W, (m,I,;®) the corresponding matrix variate distribution of U, denoted by
Bl (n,m;®), was derived by de Waal (1968) in a non-explicit form and an exact expression for the pdf was
derived by Diaz-Garcia and Gutiérrez-Jaimez (2006a). The pdf is given in Chapter 8 and also derived for
>

The bimatrix beta distributions in this study are all constructed from ratios of three independent Wishart matrix
variates S; ~ W), (n;,X), 1 =1,2, and B ~ W, (m,3). The noncentral bimatrix variate beta distributions in

this study are considered for the case where B ~ W), (m,X;@®).

The bimatriz variate beta type I distribution is obtained from the Wishart ratios
Ui=(S1+S2+B)28;(S1+8S,+B) %, i=12 (1.2)

denoted by (Ui, Us) ~ BB}{ (n1,n2,m) and the pdf is given in Chapter 4. The corresponding Dirichlet
distribution, that is for ¢« = 1,...,r, was derived by Olkin and Rubin (1964). For the noncentral case where
(U1, Uz) ~ BB (n1,m3,m;®), the pdf is derived in Chapter 9.

The bimatriz variate beta type III distribution is obtained from the Wishart ratios
Wi =(S1+S2+cB)28,(S1+ S +cB) %, i=12, (1.3)

denoted by (Wi, W3) ~ BBI{H (n1,n2,m,c). The pdf is derived in Chapter 5 (see also Ehlers, Bekker and
Roux, 2009). The role of the parameter ¢ in (1.3) will be demonstrated in Chapter 5. In the noncentral case
where (Wi, Wy) ~ BB} (n1,n2,m,¢; ), the pdf is derived in Chapter 10.

The bimatriz variate beta type IV distribution is obtained from the Wishart ratios

_1
2

B iS,B? (Ip+B_%SiB_%) L i=1,2, (1.4)

_1
Xi=(1,+B7#5,B7)
denoted by (X1,X2) ~ BB}{V (n1,n2,m), and the pdf is derived in Chapter 6 (see also Bekker, Roux, Ehlers
and Arashi, 2010). For the noncentral case where (X1, X3) ~ BBéV (n1,n2,m; ®), the pdf is derived in

Chapter 11. The latter was derived by Diaz-Garcia and Gutiérrez-Jdimez (2009) for X =1I,.

The bimatriz variate beta type V distribution is obtained from the Wishart ratios

[SI

Q’i = (OZ1S1+042S2+CB)_% (aiSi) (011S1+OZQSQ+CB)_ 1=1,2, (15)

denoted by (Qq,Qy) ~ BB;/ (n1,n2,m,a1,az,¢) and the pdf is derived in Chapter 7. The effect of
the parameters a; and «y will be illustrated in Chapter 7. In the noncentral case where (Qp,Qy) ~
BB) (n1,n3,m, a1, as,¢;©) the pdf is derived in Chapter 12.

1.2 Application of Wishart ratios

In this Section 1.2 we link the exact expressions for the pdfs of the determinants of the Wishart ratios defined
in Section 1.1 to the pdfs of Wilks’ statistics. From (1.1) the determinant of U is

_ 18]
|S + B

1 (1.6)

© University of Pretoria
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which is known as the Wilks’ statistic proposed by Wilks (1932) testing the population mean equal to zero.
The distribution of the Wilks’ statistic is of importance in multivariate analysis of variance and covariance since
several test statistics are functions of the beta matrix (Troskie, 1972). The exact expression for the pdf of A;
for ® =0 in terms of the G-function (see Chapter 2) is given in Chapter 3. The exact pdf of A; for ® #0
is given in Chapter 8. The latter gives the exact expression for the pdf of the Wilks’ statistic under the nonnull

hypothesis and is important because it is used to calculate the power function.

From (1.2) the determinant
Ay = UL [Z™ |U[2™ (1.7)

is the test statistic given by Anderson (1984, page 410) for testing whether two multivariate normal distributions
are identical. As a generalisation of (1.7) consider the following statistics from (1.3) and (1.5):

As = |Wi |27 W[ (1.8)

and
As =[Qu*™ |Qy2™ (1.9)

respectively. The use of (1.8) and (1.9) as test statistics in multivariate analysis involving multivariate normal
distributions with different covariance structures will be studied in future research. For ©® = 0 the exact
expressions for the pdfs of As, Az and As are derived in Chapter 4, Chapter 5 and Chapter 7 respectively.
Further, for ©® # 0 the exact expressions for the pdfs of A, A3 and As are derived in Chapters 9, 10 and
12 respectively.

From (1.4) the determinant is

|84l |S2]
4

= 1.10
|Sl+B||Sz+B| ( )

which is the product of factors of Wilks’ statistics. The exact expression for the pdf of Ay for ® = 0 is
derived in Chapter 6 and for ® # 0 in Chapter 11.

Firstly, a collection of some fundamental mathematical results are given in Chapter 2 for use in later chapters.
As a background to this study the well known matrix variate beta type I distribution is discussed in Chapters 3
and 8 for the central and noncentral cases respectively. This distribution plays an important role in multivariate
analysis because of its link to the Wilks’ statistic (see (1.6)). The development of the bimatrix group of beta

distributions is presented in Chapters 4 to 7 and 9 to 12. Some concluding remarks are given at the end.

© University of Pretoria
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2 Special functions and theory

2.1 Jacobians of matrix transformations

In this study new distributions of matrix variates are derived by making transformations on known matrix
variates. The transformation technique is explained in this section and the Jacobians are given of transformations

used.

[2.1.1] (Greenacre, 1972, Definition 2.1.1, page 4; Gupta and Nagar, 2000b, page 12)
Let X4,..., X be matrix variates with n independent elements (z1,...,z,) and joint pdf f(Xq,...,Xg).
Also, let Yi,...,Y, be matrix variates with n independent elements (yi,...,yn). Consider the matrix

transformations
Yi :ti(Xl,...,Xk), izl,...,m

where the inverse set of transformations exists, that is
Xj :Sj(Yl,...,Ym), j:].,...,k.
Then the pdf of (Y7,...,Y,,) is

g(Yl,...,Ym):f($1(Yl,...,Ym),...,Sk(Yl,...,Ym))'J((Xl,...,Xk)H(Yl,...,Ym)),

y1 yYn
where the Jacobian of the transformation is J ((X1,...,X%) — (Y1,...,Y,,)) = moddet : :

Ozy .. Dzy

oy1 OYn

The following results for Jacobians are used in this study (see Deemer and Olkin, 1951; Olkin and Rubin, 1964;
Perlman, 1977; Gupta and Nagar, 2000b).

[2.1.2] If J(X —Y)#0, then
JY-X)={J(X->Y)} "

[2.1.3] If Y=F(Z) and Z = G (X), then

JX->Y)=JX—-2)J(Z—-Y).

[2.1.4] If Y =F(X) and Z =G (W), then

JX,W—-Y,Z)=J(X—->Y)J (W= Z).

[2.1.5] If Y (pxp) and X (p X p) are symmetric matrices and Y = X where « is a constant scalar # 0,
then
J(Y = X) = a3Peth),

© University of Pretoria
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[2.1.6] If Y (pxp) and X (px p) are symmetric matrices, A (p x p) and Y = AX A’, then

J(Y = X) =det (AP = |APT.

[2.1.7] If Y (pxp) and X (p xp) are nonsingular symmetric matrices and Y = X1 then
J(Y = X) = X7,

[2.1.8] If Y(pxp),X (pxp),U(pxp) and V (p x p) are symmetric positive definite matrices, U= X+Y
/

1

!
and V:UféY( 75) where U = U? (Ué) , then
— g3+
J(X,Y—-U,V)=|U]? .

I
[2.1.9] If Y (pxp) and X (p X p) are symmetric positive definite matrices and Y = (I, + X)fé X ((Ip + X)7%>

1 1\’
where (I, +X)=I,+X)> ((Ip—i—X)E) , then

J(Y = X) = I, + x|~V

2.2 Liouville distribution and integration

In this section the definition of the Liouville distribution of the first and second kind is given. Some results for

integrals with matrix arguments are also given.

[2.2.1] (Gupta and Richards, 1987, Fquations 1.5 and 2.1)
The pxp symmetric positive definite random matrices X,..., X, are said to have the Liouville distribution

of the first kind if their joint pdf exists and is proportional to
- 5 a;—4(p+1)
FAZ X ) TTIX[" :
i=1 i=1

X;>0,a;,>%(p—1),i=1,...,r.Here f(:) is positive, continuous, supported on S = {X (p x p) : X > 0}
such that
[ mt e pmar < o,
T>0

T T
where a = Y a;. The matrix Liouville distributions of the second kind are those for which I, — Y X, is also
i=1 =1
positive definite. The properties of this family of distributions are discussed by Gupta and Richards (1987).

[2.2.2] (Diaz-Garcta, 2009, Equation 2.3)
The multivariate gamma function is defined as

r,(a) — / otr (—S)|S[*" ¥V g
S>0 »
= qie=D) ] T [a—3(i—1)]
i=1
) P
= ﬂ-ZP(P—l) H T [a — % (p — Z)J ,
i=1
5

© University of Pretoria
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where Re(a) > % (p— 1), and the integral is over the space of p x p symmetric positive definite matrices.

For p = 1 the gamma function is defined by

[2.2.3] (Herz, 1955, Equation 1.1)
For Re(Z) >0 and Re(a)>1(p—1), then

/ etr (~SZ)[S|* 2PV dS =T, (a) | 2],
S>0

where T', () is the multivariate gamma function given in [2.2.2].

[2.2.4] (Gupta and Nagar, 20000, Equation 1.4.7 and 1.4.8, page 20)
The multivariate beta function, denoted by 3, (a,b), is defined by

Goat) = [ ISP, - sl as
0<S<I,

_ D@y (b

I'p(a+b)

= 6;9 (b,a),

where Re(a) >3 (p—1),Re(b) >4 (p—1) and TI,(-) is the multivariate gamma function given in [2.2.2].

For p = 1 the beta function is given by

1
B(a,b) = /0 $71 (1 - 5)" ! ds = SN

[2.2.5] (Gupta and Nagar, 2000b, Equation 1.4.10 and 1.4.11, page 21)
The multivariate Dirichlet function, denoted by 3, (a1, ..., a,;b), is defined by

b_%(p""l) T
1142,

i=1

By (a1, ..., ar;0b) :/ / 11 |Zi|ai—é(p+1)
i=1

0<> . Z:<I,
Z;>0

I,-Y 2

][ Tha)
- T'p(a+b)

where Re(a;) >21(p—1),i=1,...,r,Re(b)>1(p—1) and a= 3 a,.
i=1

For p = 1 the Dirichlet function is given by

) [T, I(a)
B(ay,...,ar;b) = ga;b) .

© University of Pretoria
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[2.2.6] (Olkin, 1959, Equation 5.2; Gupta and Nagar, 20000, Theorem 1.4.4, page 22)
Let f(V) be a continuous scalar function of the symmetric matrix V' (p x p). Then for
B(pxp)>A((pxp)>0,Re(a;)>3(p—1), i=1,...,r, and a=>;_;aj,

/ / l:Il |Zi|a¢—%(p+1) f <Zl Zi) 1:{1 dz,;

A<Zi:1 Z;<B
Z;>0

= Bylar o) [ |27 f(2)az

A<Z<B

where 3, (a1,...ar—1;a,) is given in [2.2.5].

2.3 Zonal polynomials

A brief description of zonal polynomials and results involving zonal polynomials are given in this section. For
a more detailed discussion see James (1960, 1961, 1964), Constantine (1963) and Khatri (1966).

[2.3.1] (James, 1964)
Let S bea (pxp) symmetric matrix and let Vi be the vector space of homogeneous polynomials ¢ (S)
of degree k in the %p (p+1) distinct elements of S. The dimension of Vj is (%p (P :1)71), the number of
monomials

P P

> sis, of degree > kij.

1<j 1<j

Let L (p x p) be a nonsingular matrix. Corresponding to any congruence transformation § — LSL’, a linear
transformation of the space Vj, of polynomials ¢ (S) can be defined, that is

o — Lo :(Ly)(S)=¢p (Lilstl) .

A subspace V' C V} is called invariant if LV' C V' for all L and is called an irreducible invariant subspace
if it has no proper invariant subspace. The space V) decomposes into a direct sum of irreducible invariant
subspaces V,; corresponding to each partition x of k into not more than p parts

Vk‘ = @Vrm

where &k = (k1,...,kp), k1 > - >k, >0, k1 +--- + k, = k. The polynomial (trS)k € Vi has a unique
decomposition
(trS)" = ¥ C (S)

into polynomials, Cy, (S) € Vi, belonging to the respective invariant subspaces.

The zonal polynomial Cj (S) is defined as the component of (trS )k in the subspace Vj. It is a symmetric
homogeneous polynomial of degree k in the latent roots of S and holds for all p. If the partition x has

more than p parts, the corresponding zonal polynomial will be identically zero.

© University of Pretoria
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[2.3.2] (Diaz-Garcia, 2009)

Let &= (ki,...,kp), k1 > --- >k, >0, k1 +--- + kp, = k. The generalised hypergeometric coefficient (a),,
also known as the generalised Pochhammer symbol of weight &, is defined as

P
(@), = 1:[1 (a—3(- 1))k
B a3p(-1) szl r‘[a+k-j—%(j—1)]
o I'p(a) ’

where Re(a) > 3 (p—1) — kp, I' () is the gamma function defined in [2.2.2].

For p =1,

(@), =ala+1)..(a+k—1) =5 (a),=1, a#0,

is the standard Pochhammer symbol.
[2.3.3] (Diaz-Garcia, 2009, Equations 2.4 and 2.6)

Let &= (k1,...,kp), k1 >--- >k, >0, ky +---+k, = k. The generalised gamma function of weight x 1is
defined by

Ty (a,k) /S Oetr(fS)|S|“_%(p+1)q,€(S)dS
>

1 p
=giP-D ] T [a+kj— % (G —1)]

j=1
1 p
= 740D [ Tat b — 4 (= )]
j=1
= (a‘)n PP (a) i

where the integral is over the space of p X p symmetric positive definite matrices, ¢, is a homogeneous
polynomial of degree k, (a), is given in [2.3.2], Re(a) > 3 (p—1) —k, and I',(a,0) =T, (a).

Also,

K

OG—n) = [ etr(=8)[s1H0 g (57)as
S>0

L p
= gaP=D [T [a —ki—1( _j)]
j=1
L p
=atP®P D [T [a—k;j — 3 (j—1)]
j=1
(=1)"Tp(a)
[Fat 3D+,

where Re(a) > 2 (p—1)+ k.

[2.3.4] (James, 1961, Equation 29; Muirhead, 1982, Theorem 7.2.5, page 243)
If S (px p) is a symmetric matrix and R (p x p) > 0, then

| (RESH')aH — S04
O(p) A

where O (p)={H (pxp)|[HH'=H'H =1,} and dH denotes the normalised Haar invariant measure on
the orthogonal group O (p) (see Muirhead, 1982, page 72).

© University of Pretoria
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[2.3.5] (Gupta and Nagar, 2000b, Equation 1.5.3, page 30)
If S (pxp) isa symmetric matrix and R (p x p) >0 then

C. (RS) = O, (R%SR%) :

[2.3.6]
If S (pxp) isasymmetric matrix, R (p xp) >0 and T (p x p) > 0, then

/O(p)cﬁ (R% TR%HSH’) dH — /O(p)cﬁ (T%RT%HSH’> dH.

Proof:
From [2.3.4] and [2.3.5] it follows that

1
/ Ci(RITREHSH')dH = ——
O(p)

[2.3.7] (In analogy to Khatri, 1966, Equation 13)
If R (pxp) isasymmetric matrix, then

a—1 —(a+b I'y(a,k)(b,—k
/S>0|S| HOHD |1, 4 5| 0, (RS)AS = Dlellon o (R,

where Re (a) > 3 (p— 1) — kp, Re(b) > 3 (p— 1) + k1 and where I' (a,x) and T, (b, —k) are given in [2.3.3].

[2.3.8] (Davis, 1979, Equation 3.2)
If S (pxp) isasymmetric matrix, then

a=3(p+1) Co(S) ;o _ Dp(@d)lp(25)
oy 18T s = SR

2.4 Invariant polynomials

Davis (1979, 1980, 1981), Chikuse (1980) and Chikuse and Davis (1986) introduced a class of homogeneous
invariant polynomials with two or more matrix arguments. The definition as well as some properties of invariant

polynomials are given in this section.

[2.4.1] (Davis, 1979, 1980, 1981)
A class of invariant polynomials C’(’;’T (X,Y) in the elements of the p X p symmetric matrices X and Y

is defined when having the property of invariance under the simultaneous transformations

X >HXH', Y-HYH', HeO(p),
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where O (p) is the group of p X p orthogonal matrices. The following relationship is satisfied:
/0( O (AH'XH) C. (BH'YH)dH = 53 CJ7 (A.B) 057 (X, ¥) /0o (I,),
P KT

where Cy, C; and Cy4 are zonal polynomials indexed by the ordered partitions &, 7 and ¢ of the nonnegative
integers k,t and f =k 4+t respectively into < p parts. Furthermore ¢ € k-7 signifies that the irreducible
representation of the group of p x p real nonsingular matrices, indexed by 2¢ occurs in the decomposition of

the Kronecker product 2x ® 27 of the irreducible representations indexed by 2x and 27.

Some properties of invariant polynomials are given in [2.4.2] to [2.4.5].

[2.4.2] (Davis, 1979, Equation 2.8)
If X (pxp) and Y (p x p) are symmetric matrices, then

Cr (X)C7 (Y) = ¢Z 057 Cy T (X,Y),
€R-T

T (I,,I
where 92’7 = M

C¢(Ip)

[2.4.3] (Davis, 1979, Equation 2.10)

If X (pxp) is asymmetric matrix, then

* * R,T 2
CoX)Cr(X) = ¥ g Co(X),  gi= ¥ (057),
¢*ERT P=9¢*

where > implies that we sum over the inequivalent representations 2¢* occurring in 25 ® 27, and >
P*ER-T P=¢*
denotes summation over the representations equivalent to 2¢* in 2k ® 27.

[2.4.4] (Diaz-Garcia, 2009, FEquation 5.13)
If A(pxp)and B (p x p) are symmetric matrices and Re(Z) > 0, then

afé(p%»l) K,T o —a ~K,T —1 —1
/X>0etr(XZ) X| C5(AX,BX)dX =T, (a,9) |Z| " C5"(AZ" . BZY),
where Re(a) >3 (p—1)+ (k+t),.

[2.4.5] (Diaz-Garcia, 2009, Equation 5.21)
If A(pxp)and B (pxp) are symmetric matrices, then

_l( +1) b—l( +1) ~k,T _ Ty(a,$)Tp(b) ~r,7
/0<X<I X" 2L, - X PR ORT(AX, BX)dX = e O (A, B),

where Re(a) >3 (p—1)— (k+1t),.

10
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2.5 Hypergeometric function

In this section the definitions of the hypergeometric and Appell functions are given.

[2.5.1] (Mathai, 1993, Definition 2.2, page 96)

The hypergeometric series with m upper parameters and n lower parameters is defined as

S~ (a1)y(am)y 2
mEn (a1, ... Qmib1, ... by 2) = kgo (©1)p(bn),, KT
where (a), is the standard Pochhammer symbol given in [2.3.2], that is (a), = ﬂlg(%)kl

The following holds for the series in [2.5.1]:

(i) if any a;, i =1,...m, is a negative integer or zero the series terminates and ,,, F;, becomes a polynomial

in z provided none of b;, j =1,...,n, is zero or a negative integer;

(ii) if any b, j = 1,...n, is zero or a negative integer then the series is not defined unless there is an a;,
i =1,...m, such that (a;), becomes zero first. That is, suppose a; and b; are two negative integers
such that (a;), =0 for k>r and (bj), =0 for k >t. Then in order for ,,F, to be defined r must
be less than t;

(iii) the series converges for all z if m <n andfor |z| <1 if m=n+1;
(iv) the series diverges for all z, z #0 for m >n+1;

(v) if m=n+1 and |z| =1, the series is absolutely convergent if Re(8) <0 where = Zl a; — Zlbj;
i= i=
divergent if Re(8) > 1; andif m=n+1 and |z| =1, z # 1, the series is conditionally convergent if

0<Re(p) <1.

[2.5.2] (Mathai, 1993, page 97)

1Fo(e52) = (1—-2)7".

where |z| < 1.

[2.5.3] (Mathai, 1993, page 97)

2 (CV?BW?Z):%%/ Y1 —2)"™ o=l (1—zx)_6dx,

where |z| < 1, Re (y) > Re(a) > 0. This is known as the Gauss hypergeometric function.

[2.5.4] (Gradshteyn and Ryzhik, 2000, Equation 9.131(1), page 998)

2Fy (o, Bi752) = (1—2) 7" o (7 —a, B;7; fﬁ> :

11
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[2.5.5] (Gradshteyn and Ryzhik, 2000, Equation 7.512(12), page 807)

1
/ o1 = x)571 mEn (@1, Qm; b1, .. by za) do
0
= % 7n+1Fn+1 (a17~ .. 7am7a;b17- --b7L7a+B;Z) .
[2.5.6] (Gradshteyn and Ryzhik, 2000, Equation 9.180(1), page 1008)

The Appell function of the first kind is defined by

)ain B (B
Fi (o, 8,87 m,y) = Z Z G m,(n,) zmy",

m=0n=0

where (f),,=f(f+1)---(f+m—1) denotes the ascending factorial, |z| < 1, |y| < 1.

[2.5.7] (Gradshteyn and Ryzhik, 2000, Equation 9.184(1), page 1011)

I — I— —B-p'—1 —a
R (07575/77;55734) = F(ﬁ)r(ﬁ/)gj()yfﬁfﬁ’)/ / uf~1of 1(1*1‘*1’)7 =r (1 —uxr —vy) "~ dudv,
u>0,0>0
u+v<1

Re(3) >0, Re(8') >0, Re(y—8—-4")>0

[2.5.8] (Gradshteyn and Ryzhik, 2000 Equation 9.182 (11), page 1010)

Fi(a,8,8,v2,0) = oF (o, B+ 857 2)

2.6 Hypergeometric function of matrix argument

The definition of the hypergeometric function of matrix argument is given in this section as well as some results
involving this function (see Herz, 1955; Constantine, 1963; Gupta and Nagar, 2000Db).

[2.6.1] (Constantine, 1963; Gupta and Nagar, 2000b, Definition 1.6.1, page 34)

The hypergeometric function of matrix argument is defined by

'an (al,...,am;bl,...,bm ) Z Z (((211) (a:zn %C}Q (S)v

where a;, i = 1,...,m; b;, j = 1,...,n are arbitrary numbers, S (p x p) is a real symmetric matrix, )"
denotes summation over all partitions k and Cj, (S) is the zonal polynomial of S (see [2.3.1]). The generalised

hypergeometric coefficient (a),, is given in [2.3.2] and from [2.3.3] it can be written as (a), = El%
The following are conditions for the convergence of the series in [2.6.1]:

(i) the series converges for all S (p x p) if m < n+ 1, otherwise the series may only converge for S = 0;

(ii) for m =n+1 the series converges for [|S|| < 1 (where ||S]|| denotes the maximum of the absolute

values of the characteristic roots of S);

12
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(iii) for m < n the series converges for all S;
(iv) for m > n+1 the series diverges for all S # 0 unless the series terminates;

v) none of the b; is zero, an integer or half integer < % (p — 1) (otherwise some of the denominators in
j 2
[2.6.1] will vanish);

(vi) if a; is a negative integer, say —r, then for k > pr + 1, all coefficients in [2.6.1] vanish and the function

reduces to a finite polynomial of degree pr.

The results in [2.6.2] to [2.6.5] are some special cases of [2.6.1].

[2.6.2] (Constantine, 1963, Equation 30)

oFo (S) Cn .S
0

trS)*

I
8
=[]
o

k

k=0
= etr(S).

\_/?y

[2.6.3] (Herz, 1955)
If Z (pxp) isasymmetric matrix where Re(Z) < I,, then

a1
1Fo(a;Z) = Fia)/s Oetr[—S(Ip—Z)]|S| 2Pt g8
>
= |IP7Z|_a7

where Re(a) >3 (p—1).

[2.6.4] (Gupta and Nagar, 2000b, Equation 1.6.7, page 36)

If R (pxp) isasymmetric matrix, then

1Fy (05 35 R) = Tﬁ%/ [S|* 2P |1, — 817772 etr (RS) dS,
<S<I,

where Re(a) >3 (p—1),Re(8) >3 (p—1) and Re(B8— ) > 5 (p—1). This s the confluent hypergeometric

function of matrix argument.

[2.6.5] (Gupta and Nagar, 2000b, Equation 1.6.8, page 36)
If R (pxp) isasymmetric matrix where Re(R) < I, then

a— —a—1 —
o (a’ﬁ;%R)F_(F%/[KSG |S| S (p+1) |I S|7 3 (p+1) |Ip*RS| BdS,

where Re(7) > 3 (p—1) and Re(y—a) > 3 (p—1). This is known as the Gauss hypergeometric function of

matrix argument.

13
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Further results involving hypergeometric functions of matrix argument are given in [2.6.6] to [2.6.8].

[2.6.6] (In analogy to Gupta and Nagar, 2000b, Equation 1.6.4, page 35)
If R(pxp)>0 and T (p xp) is a symmetric matrix, then

/ etr (~RS)[S[*"2P*Y | F (a1,...,am;by,...by; ST)dS
S>0

= I, (a)|RI™" mp1Fn (a1, .. am, a;b1,.. . by TR,
where Re(a) >3 (p—1).

[2.6.7] (Gupta and Nagar, 2000b, Equation 1.6.10, page 37)
-8 1
2F1 (a, 8,7 8) = [I, = 8|77 21y (v—aﬁ;v;—S(Ip—S) )

[2.6.8] (Gupta and Nagar, 2000b, Equation 1.6.6, page 36)

If R (pxp) isasymmetric matrix, then

/ S22t 1 §1P~F D B (a1 amiby,.. . by RS)dS
o<S<I

%é;)ﬁ) mi1Fnt1 (@1, .. am, b1, .. by, a4+ 55 R).
[2.6.9] (Gupta and Nagar, 2000b, Definition 1.6.2, page 34)
The hypergeometric function of two symmetric matrices, S (p x p) and T (p X p) is defined by

mF® (a1, am;bi,. .. by S, T) = 22&‘;11)) pmde 1, GBI

Conditions of convergence are similar to those given in [2.6.1] with the exception that for m = n + 1 the series
converges for ||S]| <1 or | T|| < 1.

2.7 Laguerre polynomials

Herz (1955) introduced Laguerre polynomials of matrix argument and Constantine (1966) gave integral repre-

sentations.

[2.7.1] (Constantine, 1966)
The Laguerre polynomial LY (S) of a symmetric matrix S (p X p) corresponding to the partition x of k is
defined as

L (S) :etr(S)/ etr (—R) |R" C,. (R) A, (RS) dR

S>0

where A, (RS) = ﬁ oF1 (y+ 21 —RS) and Re(y) > —1.

2
14
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[2.7.2] (Muirhead, 1982, Theorem 7.6.3, page 283)
If S(pxp)>0,then

1 (pt1 —1 & L)(8)C.(Z
|Ip—Z| v—3(p+1) OF()(p) <_S7Z(Ip—Z) >:kzoz% (Cn)(Ip)( )7

where | Z] < 1.

[2.7.3] (Gupta and Nagar, 2000b, Equation 1.7.4, page 41)

If S(pxp) is asymmetric matrix, then

k

_ +1 KY___ C(=8)
Ly(8) = (v +55),,C (Tp) 22 % ) (1+5),6- (1)

2.8 Mellin transform, Meijer’s G-function and Fox’s H-function

In this section the definitions of the Mellin transform and inverse Mellin transform are given as well as the

definitions for Meijer’s G-function and Fox’s H-function. Some properties of Meijer’s G-function are also given.

[2.8.1] (Mathai, 1993, Definition 1.8, page 23)
If f(x) is areal function which is single valued almost everywhere for x > 0 and if the integral

o0

Ja T f ()] da
0
converges for some value of & then the Mellin transform of f (z) is defined as follows:
My (s) = [2°7 f (z)da
0

where My (s) is the Mellin transform of f with respect to the parameter s and s is a complex number.
The inverse Mellin transform is given by the inverse integral
" w100
f@)=55 | Mp(s)a="ds
w—100

where i =+/—1 and w is a real number in the strip of analyticity of My (s).

[2.8.2] (Mathai, 1993, Definition 2.1, page 60)
Meijer’s G-function with the parameters ai,...,a, and bi,...,b, is defined as follows:

, ai,...,a 1 _s
Grd' (Z|b11,...,bqp) = ﬁ/Lg (s) z7°ds
where ¢ =+/—1, L is a suitable contour, z # 0,

(S) _ H;nzl I'(bj+s) 1—[::1 I'(l1—a;—s)
e 1T r(-b;-s) [} [(aj+s)

j=m-+1 j=n+1

where m, n, p and ¢ are integers with 0 <n <p and 0 <m <gq.

15

© University of Pretoria



P
o} UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Qe YUNIBESITHI YA PRETORIA

The parameters ai,...,a, and by,...,by are complex numbers such that no pole of I'(b; +s),j=1,...,m
coincides with any pole of I'(1 —ax —s), k=1,...,n
The empty product is interpreted as 0.

[2.8.3] (Springer, 1979, page 195; Mathai, 1993, Definition 3.1, page 140)

Fox’s H-function is defined as follows:
m,n (a1,a1),...,(ap,ap) _ 1 —s
Hp’q (Z|(b1731)7---7(bq75q)> 2‘n—i/cg (S)Z ds

o H] 1 b +ﬁ H I(l1—aj—ays)
9(s) = 1 ( 5,9) T(a;+ay9)

j=m+1

where

j=n+1
and where 0 <m <q,0<n<p,a; >0 for j= 1,2,...,p,ﬁj >0 for j=1,2,...,¢q,and a; (j =1,2,...,p)
and b; (j=1,2,...,q) are complex numbers such that no pole of T (bj + ﬁjs) for j=1,2,...,m coincides
with any pole of T'(1 —a; —ajs) for j =1,2,...,n. Furthermore, C' is a contour in the complex s-plane

running from w —ico to w+ 0o for some real number w

[2.8.4] (Mathai, 1993, Equation 2.2.1, page 69)
ZGGQZ}” < |le: 7)ap> — nglén <Z|a1+a,.,_,ap+a> '

bi+a,....bg+a

[2.8.5] (Mathai, 1993, Equation 3, page 151)

-1 B1+B2—-1
G20 (z|a1+61—1,a2+62—1) I Chk) s

2 (Flai—1,a5—1 T (G, + By) 2Fy (2 + By — a1, By 81 + B 1 — 2), 2| < L.

2.9 Symmetrised density function

[2.9.1]
Given a density function f(X), X : p x p, X > 0, the symmetrised density function is defined by Greenacre
(1973) as

fS(X):/O()f(HXH’)dH, H<O(p)

where O (p)={H (pxp)|[HH'=H'H =1,} and dH denotes the normalised Haar invariant measure on
the orthogonal group O (p) (Muirhead, 1982, page 72).

[2.9.2]
Diaz-Garcia and Gutiérrez-Jaimez (2006b) propose to apply this idea from Greenacre (1973) in an inverse way.
That is from [2.9.1] the pdf f(X) can be identified from f(HXH').

[2.9.3]
Note that f, (X)=f(X) if f(HXH')=f(X).

16
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2.10 Wishart distribution

The definitions for the central and noncentral Wishart distributions are given in this section. The relationship

between a random sample from a multivariate normal distribution and the Wishart distribution is also given.

[2.10.1] (Gupta and Nagar, 2000b, Definition 3.2.1, page 87)
A pxp random symmetric positive definite matrix S is said to have a Wishart distribution with parameters

p, n, and 3 (p x p) > 0, written as S ~ W, (n, X), if its pdf is given by

-1
{27, (1) 13"} ISP Vetr (<42718), §>0, n2p.

[2.10.2] (Gupta and Nagar, 2000b, Definition 3.5.1, page 113)
A pxp random symmetric positive definite matrix S 1is said to have a noncentral Wishart distribution with
parameters p, n, 3 >0 and O, written as S ~ W, (n, X; ), if its pdf is given by

{227, (3) |E|én}7letr (—30)S|F" P Vet (—15718) (Fy (2;2027'S), S>0, n>p

where ¢F} (-) is the hypergeometric function of matrix argument given in [2.6.1].

[2.10.3] (Gupta and Nagar, 2000b, Theorems 3.8.1 and 8.2.2, page 88)

If x,...,2, areindependent N, (0,%), X = (x1,...,%,) ~ Npn(0,2®1I,). Further, if n > p, then
n

X X' >0 with probability one and S = 3" z;z} = XX' ~ W, (n, ).
i=1

[2.10.4] (Gupta and Nagar, 2000b, Theorem 3.5.1, page 114)

If X~Npn(M,E®I,),n>p,then S=XX"~W,(n,X;0), where © = > ‘MM

2.11 Wilks’ statistic

The Wilks’ statistic in (1.6) was proposed by Wilks (1932) and a definition is given in this section.

[2.11.1] Definition of Wilks’ statistic (Kshirsagar, 1972, page 291)
If a matrix S has the W, (n,3X) distribution and is independent of «;, ¢ = 1,...,m, which themselves are
independently distributed as N, (0,X) then Wilks’ A criterion, defined by Wilks (1932), is

S|

A =
'S+ B]

where B = Y ;). Furthermore B = X X' ~ W, (m,¥) where X = (z1,...,Zm) ~ Np.m (0,2 ®1,,).
i=1
The Wilks’ A is used to test any hypothesis which is equivalent to

HO:E(mi):O, z:l,,m

In [2.11.1] S is the matrix of sums of squares and sums of products due to the error and B is the matrix
of sums of squares and sums of products due to the hypothesis. The parameters of the Wilks’ A; statistic are

n—+m (the degrees of freedom of S + B), p (the order of S and B) and m (the degrees of freedom of B).

17
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3 Matrix variate beta type I distribution

In the literature there are three definitions of Wishart ratios to find the matrix variate beta type I distribution
(Srivastava and Khatri, 1979; Muirhead, 1982; Gupta and Nagar, 2000b). The pdf of the first ratio in (1.1) is
given in Theorem 3.1. The other two definitions of the Wishart ratios are given in Theorem 3.2 and Theorem
3.3 respectively. The determinant of these Wishart ratios is the same and is named the Wilks’ statistic in
multivariate analysis (see [2.11.1]). Further, in this section the moment of the determinant and the pdf of the
Wilks’ statistic are given.

3.1 Probability density function

The covariance matrices of the Wishart distributions in Theorems 3.1 to 3.3 are X. In Theorem 3.4 the
covariance matrices of the Wishart distributions differ with constant factors, and in Theorem 3.5 the covariance

matrices are Y1 and Xs.

Theorem 3.1 (Hsu, 1939; Khatri, 1959; Olkin and Rubin, 1964)
Let S ~W,(n,%) and B~ W, (m,X) be independently distributed. Define

U=(S+B) ?S(S+B)7,
where S+ B = (S +B)% (S +B)% (see (1.1)). The pdf of U~ Bl (n,m) is given by
n m)1 ! i(n—p— Lim—p—
{ﬁp(T?)} |U|2( P 1)|IP_U|2( g 1)7 0< U<, (3.1)

where (3, (%, %) is the multivariate beta function given in [2.2.4],n > (p—1) and m > (p—1).

Theorem 3.2 (Srivastava and Khatri, 1979)
Let S ~W,(n,%) and B~ W,(m,X) be independently distributed. Define

U=S:(S+B) 'Sz, (3.2)
The pdf of U is given by (3.1).

Theorem 3.3 (Gupta and Nagar, 20000, Theorem 5.3.7(ii), page 173)
Let 8 ~W,(n,X) and B ~W,(m,X) be independently distributed. Define

1
2

_1 _
U= (1,+B7#sB™?) "B7isB7} (1,+ B isB7}) . (3.3)
The pdf of U is given by (3.1).
Remark 3.1
Let Y~N,,(0,X®1I,) and B ~ W, (m,X) be independent, S = YY' and Z = (S +B)7% Y, where
(S + B)_% is a nonsingular square root of (S + B). Then ZZ' = (S + B)_% S(S+ B)_% ~ Bl (n,m) and

Z'Z=Y (S+ B)_1 Y ~ Bl (p,n+m —p) (see [2.10.3], Khatri, 1959, Corollary 2; Gupta and Nagar, 2000b,
Theorem 5.2.3, page 167 and Theorem 5.2.4, page 168).
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Theorem 3.4
Let 8" ~ W, (n,aX) and B* ~ W, (m,cX) be independently distributed. Define

U=(S"+B*) 8" (S*+B*) %, (3.4)

where S*+ B* = (S* +B*)% (S*+ B*)2. The pdf of U is given by

{5 (%7 %)}*1 (ﬂ%"? |U|%n*%(p+1) I, — U|%m*%(p+1) }Ip 4 %Ur%(nm), 0<U<I,, (3.5)

where (3, (%, %) is the multivariate beta function given in [2.2.4], n> (p—1) and m > (p—1). This is said

to have the matriz variate beta type V distribution and is denoted by U ~ BI‘,/ (n,m,a,c).

Proof:
The pdf of (S*,B*) is given by

Ketr (—£2718%) %277 etr (~ L' B¥) |B* 2™ 7PV (3.6)

where K=' =T, (%)T, (&) 282 ™) g3 cdme (e [2.10.1]) and where T, () is the multivariate gamma

function given in [2.2.2].

Making the transformation (3.4) (see [2.1.1]) and letting Y = S* + B* gives S* = Y?UY? and B* =
Y? (I,—-1U) Y? with Jacobian J (S*,B* - U,Y) = |Y|%(p+1) (see [2.1.8]). Substituting in (3.6) gives

in—3(p+1) Im—1(p+1)
f(UYy) = K)Y%UY% o )Y% (I, - U)ys|*" 2y ety

etr[ -4 = YEUYE - Le7vi(r, - U) Y

K|U|%7L—%(P+1) I, — U|%7"—%(P+1) |Y|%(n+m)—%(p+1)

etr[~£T7Y? (I, + 52U) Y.
(3.7)

We consider the symmetrised density function of (U,Y) (see [2.9.1]), that is

fs(UY) = / f (H UH', HYH’)dH where H (p x p) is orthogonal, dH is the normalised Haar invariant
O(p
measure on O (p) and from (3.7)
f(HUH' HYH')

- K }H UH'}%n_%(p—H) |I _ HUH/|%7H—%(?+1) }HYH/|%(7L+M)—%(P+1)
= P

etr[-£27 (HYH')? (I, + S*HUH') (HYH')?|

(0%

K|UE" =30+ |, - g3 s ) |y s (m =3 () o, [—%2‘1HY% (I, + =2U) Y%H’} .
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Hence, from (3.8) and [2.3.6] we get

£, (U, Y) _ K|U|%n—%(p+l) |1—p . U|%m—%(p+1) |Y|%(n+m)—%(p+l)

/ etr[ L H'S™H (I, + 52 U)* Y (I, + <2 U)* |dH. (3.9)
O(p)

Integrating fs (U,Y) in (3.9) with respect to Y by using [2.2.3] gives

fs (U)
= K|U| in—3(p+1) | —- U Fm—%(p+1)

1Y|? L(nt+m)—3(p+1) etr{fi (I, + <= )% HX'H (I, + <~ )% Y}deH
O(p) Y >0 e AP “ g “

_ |:Pp (E) (%) |22| (n+m) a3 npc27np:| lrp (nizm) |U|%n—%(;0+l) |Ip _ Uﬁm—%(?-ﬁ-l)

1 1|—%(n+m)
L ser)t s a1 o)

{8(3,2)} 7 (&)U 20 |1, - g ED |1, 4 e O /O aH.

(3.10)
The result follows from (3.10) and [2.9.3]. N
Remark 3.2
If S~W,(n,%) and B ~W,(m,%) independent and
U= (aS +cB) ?aS (aS +cB)"? (3.11)

then the pdf of U is the same as (3.5), that is U ~ BX (n,m, a, c). Therefore, further in this study we build
the constant factors of the covariance matrices of the Wishart distributions (see Theorem 3.4) into the Wishart
ratio(s) (see (3.11)).

Theorem 3.5
Let S ~W,(n,%1) and B ~ W, (m,X2) be independently distributed. Define

U=(S+B)*S(S+B) %,
where S+ B = (S +B)% (S +B)% (see (1.1)). The pdf of U is given by

(B(2, )} = 2" By 2 U P 1, - g (3.12)

—3(n+m)

1
2

, 0<U<I,,

where (3, (%, %) is the multivariate beta function given in [2.2.4], n > (p—1) and m > (p—1). This is the

matriz variate beta type V distribution and is denoted by U ~ Bz‘,/ (n,m,Xq,3).
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Proof:
Let Y =S + B. From De Waal (1970, Equation 3.1) the pdf of U is given by

-1
FO) = [Ty (5) Ty (5) 222" (25 F7] U200 r, — i)
/ Y3 n+m)7%(p+l)etr[f%22_1Yf%(21_1 5 )Y2UY2}dY (3.13)
Y >0

0<UI,.

We consider the symmetrised density function of U (see [2.9.1]), that is fs (U) = / f(HUH')dH where
O(p)

H (p x p) is orthogonal and dH is the normalised Haar invariant measure on O (p) . From (3.13) and [2.6.2]

FHUH') = 1, (3)T, (2) 225 23 F7] (om0 |1, - gus e

/ [Y[EE 0 e (<1351 Y) o R (3YE (37 - 7)) YIHUR')AY,  (3.14)
Y >0

where oFp (-) is the hypergeometric function of matrix argument given in [2.6.2]. Hence, from (3.14), [2.3.6]
and [2.6.2] we get

fs (U)
-1
= [rp (%) r, (%) |2§;1|%" |222|é7" |U|%n—%(p+1) I, — U|%m—%(p+1)

/Y i |Y|%("+m)7é(pﬂ)etr(—%ﬁlz_lY)
>

. F(l —1_ s-1\3 /=1 =1\
ofo (4 (32" - B7)* HUH' (23" - 77)° Y)dHAY
O(p)

|:Pp (%) (%) |221|2n |22 |2'm:| -1 |U|%n—%(p+l) |Ip . Uﬁm—%(?-ﬁ-l)

1 1
/ / Y[Rt e e {1 w5yt — (37" - B7Y) HUH' (3" - 7)°| Y}dYdH.
O(p)/Y>0
(3.15)
Integrating fs (U) in (3.15) with respect to Y by using [2.2.3] gives
fs (U)

1
= [Fp (3)0y (%) |221|%n |222|ém] I, (25m) |U|2”“(”+1 I, U|2m*—(p+1)

7%(n+m)
dH

i - m EuE (2 - =)
O(p)

1

)} IS S| U R |, - g Y

Il
—~
=
—~
|3
NIE!

—1(n+m)
dH.

1
2

/ = - (5 ~ ) HUH' (57 - 7))
O(p)

(3.16)
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Since fs (U) = / f(HUH')dH it follows from (3.16) that
O(p)

f(HUH')

= {B(%2)} Bl }HUH’}%”—%(PH) I, - HUH' 3m—3(p+1)

—3(n+m)

From [2.9.2] the pdf of U, given by (3.12), is identified. MW

3.2 Moments of the determinant

The h** moment of the determinant of U where U is distributed as Bzf (n,m), BX (n,m,a,c) and

BY (n,m,X1,%;) are respectively given in Theorem 3.6 (i), (ii) and (iii).

Theorem 3.6

(i) If U~ Bl (n,m) as given by (3.1) then

(o) - 2R S, (3.17)

where Re (% + h) > % (p—1) (Gupta and Nagar, 2000b, Theorem 5.3.15(i), page 176).

(ii) If U~ BY (n,m,a,c) as given by (3.5) then

Wy T(a3m) r(34h)
B(juf) = 3) T, (252 +h)
1
2

ntm. ntm
2

=<1, (3.18)

where Re (% + h) > % (p—1) and where oF (-) is the Gauss hypergeometric function of matriz argument
given in [2.6.5].

(ili) If U~ B) (n,m,%1,35) as given by (3.12) then

E(IUIh): Fpr(pnéf) (f ))

o A R LTS e 5 i B (3.19)

where Re (% + h) > % (p—1) (De Waal, 1970, Equation 3.2; Gupta and Nagar, 2000b, Theorem 5.4.5,
page 186).
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Proof:
Only result (3.18) is proven.

From (3.5)
£ ()

_ Dy (25 (L)%np/ |U|%n+h—%(;v+1) |I . Uﬁm—%(p-&-l) }I + ﬂU|—%(n+m)dU-
nene & g, ’ P

Using [2.6.5] to solve the integral over U gives the result (3.18). Alternatively the result follows from (3.19)
with 31 =aX3 and ¥y =cX. N

3.3 Probability density function of the Wilks’ statistic

The Wilks’ statistic, (1.6) proposed by Wilks (1932), plays the same role in multivariate analysis that the
F-statistic plays in univariate analysis. Wilks (1932) derived an expression for the pdf of (1.6) in a non-explicit
form under the null hypothesis (a correction was made by Diaz-Garcia and Caro-Lopera, 2007). Anderson
(1984, pages 298-301) showed that the Wilks’ A; is distributed as the product of independent beta type I
random variables. Exact expressions for the pdfs of Wilks’ A1 under the null hypothesis if U ~ B}{ (n,m),
U ~ BI‘,/ (n,m,a,c) and U ~ BI‘,/ (n,m,X1,39) are given in Theorems 3.7, 3.8 and 3.9 respectively in terms
of Meijer’s G-function (see [2.8.2]).

Theorem 3.7 (Pham-Gia, 2008, Equation 14)
Let U~ BI{ (n,m) with pdf given by (3.1) and Ay = |U|, then the pdf of A1 is given by

T, (ntm
Bldans (upi). o<n <,

b1 yeesbp
where G () denotes Meijer’s G-function (see [2.8.2]) and
a; = % f%(jJrl) for j=1,2,...,p,

bi=3-%3(+1) for j=1.2,....p.

Theorem 3.8
Let U~ B;/ (n,m,a,c) with pdf given by (3.5) and A, = |U]|, then the pdf of Ay is given by

=n >
i (Y S S (e C ) e (W) 0<h<n (320

where Cy (+) 1is the zonal polynomial defined in [2.3.1], G (-) denotes Meijer’s G-function (see [2.8.2]) and
aj:ESﬁJrkjf%(jJrl) for j=1,2,....p,

bj=2+4+ki—3G+1) for j=1,2,....p.
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Proof:
From (3.18) and [2.6.1] the Mellin transform (see [2.8.1]) of f (A1) is

My (h)

M1l
—
-
>
—
~

e
- E |U|h—1>
_ FP(%) Iy %+h71)rp(%) c NP n nt+m. ntm . a—c
- FP(%)FZD(% Fp("ém-irh—l) (E ’ 27 (5 +h— L, 2 72 +h '« P)
(=) Dp(3+h-1) (2)%@ ) ZLFP(%MA,K) Lo (252 ,5) Tp(252+h-1) (Q,CI )
- Tp(%) Tp(25m+h—1) \e = Tp(2+h-1) Tp(252) Tp(252+h-1,k) "\ a 7P
c np > T'p(Z+h—1,k _c
- Fp(lg) (£)” go;k%'rp (252, k) T, pr(tfmw l)n) W (9541,)
(3.21)
From [2.3.3] the generalised gamma functions of weight x in (3.21) can be written as
Fp (nj:2m + h — 17 Ii)
L p
=7maP®=Y 1T (aj +h),
j=1
(3.22)
where a; =25 +k; — 2 (j+1) for j=1,2,...,p,
and
Ty (%+h—1k)
ﬂ%p1>nra>+m
J_
(3.23)
where b; = 3 +k; —%(j—i—l) for j=1,2,3,...,p
Substituting (3.22) and (3.23) in (3.21) gives
M (h) — 1 (c)%”P i Z 1F ( )C (a—cI ) Hpile(bj—i-h) (3 24)
f B FP(%) @ k=0 K k=P 7’{ " « p Hj:l F(ajJrh). '

The pdf of A; in (3.20) is uniquely obtained from the inverse Mellin transform (see [2.8.1]) of (3.24) and the
definition of the G-function (see [2.8.2]) and is given by

w100
F) =g [ Mp(m)AT"dR
w—i—zooH - I'(b;+h)
w—100 Hp F( +h

:Fp(l )( )wpi;%FP( ,H)C’R(%Ip)

27r

S

Alhdh]

= oty O S S, (45 G (L) G (M) . m
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Theorem 3.9
Let U~ B;/ (n,m,X1,X5) with pdf given by (3.12) and Ay = |U], then the pdf of A1 is given by

in & 1 _1
gy B0l L DA, (5528 G, (L -z sz ) @l (M), 0<a<l,  (3.25)

where aj:E2iﬂ+kj*%(j+1) for j=1,2,....p,

bi=%4+k—tG+1) for j=12...p.

Proof:
The Mellin transform (see [2.8.1]) of f (A1) is obtained from (3.19) and [2.6.1] as
My(h) = E(A}TY
= £(u)

in _1 _1
}21 122}2 2F1 (% +h _ 1’ niQm; nj:Qm +h _ 1;Ip _ El 22221 2)

_ 1 1y 37— L ntm Up(2+h—1k) < e ,;)
T T(%) }21 22} kg{);k!rp( 5%, k) r‘p(%_;rh_lﬁ)cﬁ I,-3,%3:%,%).

The proof of (3.25) is similar to the proof given in Theorem 3.8. ]
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4 Bimatrix variate beta type I distribution

The pdf of the ratios (1.2) is given in Theorem 4.1. The marginal and conditional pdfs are given in Theorem
4.2 and the product moment of the determinants in Theorem 4.3. The latter result is used in Theorem 4.4 to
derive an exact expression for the pdf of the product of the determinants of matrix variates having a bimatrix

beta type I distribution. Finally, in Section 4.5 the role of the parameters is studied.

4.1 Probability density function

The bimatrix variate beta type I distribution is constructed from ratios of three independent Wishart variates,
Si1~W,(n,%), Sy~ W,(ng,X) and B ~ W, (m,X) (see Olkin and Rubin, 1964).

Theorem 4.1 (Olkin and Rubin, 1964)
Let 81 ~ W, (n1,X%), Sy ~ W, (ne2,X) and B ~ W, (m,X) be independently distributed. Consider the
definition given by (1.2), that is

U, =S28,8%, i=1,2, (4.1)
where S =81 +Sy+B, §=8%8%.
The pdf of (Ui, Us) ~ BB (n1,n3,m) is given by

+m—3%(p+1)

2
{8, (3 558)) " I U3y , (4.2)

I,-YU;

2
0<U;<I, i=12 0< Zl U; < I,, where 3, (%L, R %) is the multivariate Dirichlet function given in
i=

[2.2.5], n;>(p—1),i=1,2, and m > (p—1).

Remark 4.1
Similar to the matrix variate beta type I distribution (see (3.2) and (3.3)) the following definitions of Wishart

ratios will give matrix variates having the bimatrix variate beta type I distribution with pdf given by (4.2):

U, =S?(S1+8,+B)'S2, i=12,
and
2 N\ 2 2 N\ 2
U,; = (Ip—i—ZBWSlB_?) B 2S8,B™ 2 (Ip—i—ZBWSlB_?) 1=1,2 (4.3)
i=1 =1
Remark 4.2

The matrix variate Dirichlet I distribution (Olkin and Rubin, 1964), denoted by
(Uy,...,U;) ~ DII) (n1,...,my,m), results by extending (4.1) to r independent Wishart matrix variates,
S; ~ Wy (n;,X),i=1,...,r, all independent of B ~ W, (m,X). The pdf of (Uy,...,U,) is given by

Fm—%(p+1)

{8, (%, % : (4.4)

wl3

N e, - S
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.
0<U <I,i=1,...,r,0<> U <I,.

=1

Remark 4.3
The pdfs of the bimatrix variate beta type I distribution (4.2) and the matrix variate Dirichlet type I distribution
(4.4) are members of the Liouville family of distributions of the second kind (see [2.2.1]).

4.2 Marginal property and conditional density

In this section the marginal and conditional pdfs of the bimatrix variate beta type I distribution are given.

Theorem 4.2 (In analogy to Gupta and Nagar, 2000b, Theorem 6.3.2, page 204 and Corollary 6.3.2.1, page
205)
If (Uy,Usy) ~ BB; (n1,n2,m), then the pdf of Uy is given by

{ﬁp (L;L’ nzg-m)}—l |Ul|%m—é(p+1) I, — Ul|%(n2+m)—%(p+1)’ 0< U <1, (4.5)

that is, Uy ~ B}{ (n1,m2 +m).

Furthermore the pdf of Us|Uy is

3m—3(p+1)

2
{6}) (%2,%)}71 |U2|%”2*%(P+1) Ip _ Z U, |Ip _ Ul|*%(n2+m)+%(19+1)7 (4.6)
=1
0<U; < Ip - U,.
Remark 4.4
If (Uy,...,U,)~ DII, (n1,...,np,m), then (Uy,...,Us)~ DII, (n1,y...,ngy,Nsp1 + -+ n.-+m), s <r and

-

U; ~B£ (ni, > ni+m> ,i=1,...,r. The pdf of (Usyy,...,U,)|(Uy,...,Us) is given by
i=10#)

im—3%(p+1) —3(nsy14-+n.+m)+3 (p+1)

(8, (55} T UEie
1=s+1

I,-YU;

?

(4.7)

0<U;<I,—>U,;, i=s+1,....,r, > U;<I,—> U, (see Gupta and Nagar, 2000b, Theorem 6.3.2
i=1 i=st1 i=1
and Corollary 6.3.2.1, pages 204 and 205).

Remark 4.5
The marginal and conditional pdfs of the matrix variate Dirichlet I distribution (see Remark 4.4 and equation

(4.7)) are members of the Liouville family of distributions of the second and first kind respectively (see [2.2.1]).
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4.3 Product moment of the determinants

The (hy,h2)™ product moment, E (|U1|h1 |U2|h2) , where (U, Uy) ~ BB] (n1,n3,m), is given in Theorem
4.3.

Theorem 4.3 (In analogy to Gupta and Nagar, 2000b, Theorem 6.5.3, page 220)
If (U1, Uy) ~ BB} (n1,n2,m) as given by (4.2) then

I (2 1 (5 )Ty (2 4ha)
Fp(%l‘)rp(%z) Fp(n +r§ +mJFhlJFh?) ’

B (o |[Uf") =

where Re (3n; + h;) >+ (p—1),i=1,2.

4.4 Distribution of the product of determinants

De Waal (1970) derived an asymptotic distribution of a suitable function of the product of determinants of the
Ln,
rjgm‘z in (1.7) where (Uy, Us) ~ BB} (n1,n,m),

S~ W, (n1,%1), Sg ~ W, (n2,%:1) and B ~ W, (m,X). An exact expression for the pdf of Ay in (1.7) is
derived in Theorem 4.4.

2 1 2
bimatrix beta type I variates, Ao = [ |U;|2™ = []
i=1 i=1

Theorem 4.4
Let S1~W,(ni,%), So ~Wp(ne, %) and B ~ W, (m,X). The ratios given by (4.1),

Ui=(S1+S2+B) 28;(S,+8,+B) %, i=1,2,
give (U1, Us) ~ BBL (n1,n5,m). Let Ay = |U,|>™ |U,|?™.
The pdf of Ao is given by

Trip(p71>Fp(_]—2_n +Z +m) 2p,0 (a1,a1),...,(ap,0p)
LRI (R) (AQ|<b1,al>,...,(b2p,52p>) Ol (1.9)

where H (-) denotes Fox’s H-function (see [2.8.3]) and

=% -5 -1 for j=1.2,....p,

aj:ﬁ%z for j=1,2,...,p,
, —2(G-1)  for j=1,3,5,....,2p—1
;=
_%L(j_z) fO’f’ j:274767"'72p7
= for j=1,3,5,...,2p—1
61':

2 for j=2,4,6,...,2p.
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Proof:
From (4.8) the Mellin transform (see [2.8.1]) of f(A2) is
My (h) = E(ASY)

= 2| (Ui

) Do[F+75 (h—1)[Lp [+ (h—1)]
rp(%L)rp(ﬂzZ) FP[M+M(h 1)]

)

)

n (B (), ()
Tp(5)0s (%) Tp(%+5"2h)
(4.10)
Using [2.2.2] the multivariate gamma function in (4.10) can be written as
I, (3 + 240)
= rir(—1) H I' (a; + ajh),
j=
(4.11)
where a; = f%(jfl) for 7=1,2,...,p,
and o = 31%2 for 7=1,2,...,p.
Also, from [2.2.2] and (4.10),
Tp (5h) Ty (55:h)
p
=iPe=D [T [%h—4(—1)]7i?@D [[ T [Zh—1(—1)]
j=1 j=1
1 2p
=qzPe-D [ T (bj + 5Jh)
j=1
(4.12)
—1(G—-1) for j=1,3,5,...,2p—1
where b; =
—1(—2) for j=2,4,6,...,2p,
o for 5=1,3,5...,2p—1
and f3; =
% for j=2,4,6,...,2p.
Substituting (4.11) and (4.12) in (4.10) gives
aIP@—1) nitnotm 2r b8,
Mf (h) = 4 F:D( 2 ) H]:l F( +51h) (413)

Dp()(2) [0, Tlas+asn)”
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The pdf of Ay is uniquely obtained from the inverse Mellin transform (see [2.8.1]) of (4.13) and is given in
terms of Fox’s H-function (see [2.8.3]) as

w100
FQo) =g [ Mp(m)Ay"dh

w—100

 qir-lp (nitnatm) L,WTOO 2 T(bs+8,h) ~hgp
T, (30 (%) 2mi J T T(aj+a;n) 2

1 (p—1) ni+no+m
) e et )

= T (%) (%) P,2p b1,81)5-,(b2p,B2, )

2 2

4.5 Role of the parameters

In this section we study the effect of the parameters ni, no and m.

Firstly, we consider the bivariate case, p = 1, to illustrate the effect of the parameters ni, no and m on

i) the form of the pdf of (Uy,Us);
ii) the correlation between U; and Us;

) the graphs of F (Us|uy) and war (Us|u;) plotted against wq;
iv) the form of the pdf of As.

From (4.2) the joint pdf of U; and U, simplifies to

r(fadnetm Ini—1 1np—1 Im—
f(ul,uz)zmﬁ T3 (L —ug)? (4.14)

O<wu;<1,i=1,2, 0 <wu; +uz <1 (Balakrishnan and Lai, 2009).

Figures 4.1a and 4.1b show graphs of the pdfs of BB{ (10,7n4,10) and BB{ (10,10,m) distributions respectively
(see (4.14)). In Figure 4.1a, as ny increases with all the other parameters constant, the pdf shifts towards smaller
values of U; and larger values of Us. The opposite will be observed for increasing values of n;. Increasing the
value of the parameter m in Figure 4.1b with all other parameters constant, causes the pdf f (u1,u2) to shift

towards smaller values of both U; and Us.
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Figure 4.1a Effect of np onf(ug,up), (U1,Uz) ~ BB} (10,n3,10)
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From (4.8) the (hy, hy)™ product moment, E (U{“Ué”) , associated with (4.14) is given by

E (Ulhl 2h2) _ F(E%Zﬂ) F(%L+h1)F(%2+h2)
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The correlation coefficient, corr (Uy, Us), was calculated by using (4.15) . Figure 4.2 shows graphs of corr (Uy, Us)
for increasing values of ns and m. The correlation is negative and as mo increases or m decreases the
negative relationship shifts towards —1. The effect of n; on corr (Uy,Us) will be the same as that of ns.

Figure4.2: Effect of n, and mon corr(U,U5)
(i) (U1,Uz) ~ BB!(10,ny,10) -
(i) (U, Up) ~BBY(10,10m) —-—---

0 T T T T T T T T T
2 4 10 14 16 18 20
no/m

§
2 051
~
AN
S
Q

-1

From (4.5), the marginal pdf of U; for p =1 is given by

r(ratnatm lp,—1 1 _
f (ul) = F(E)F(Q_TLerm_)ufnl (1 - ul)z(n2+m) 17 0< uy < 17
2 2

and the conditional pdf of (Uz|U; = uy) given by (4.6) simplifies to

$no— -3 Y sm—
f(“2|u1):mu§ 21— y) TEOR AL (] )BT 0 < < 1 — (4.16)

The variables U; and U; are dependent and the nature of the relationship between these two variables is

studied by drawing graphs of E (Us|u1) and wvar (Us|ui) against wug.
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Theorem 4.5
If (Uy,Us) ~ BB} (n1,ne,m) then

D(#25) L(2+h)

P(2) T(*5%+h)

E (U0 = wm) = (1—up)". (4.17)
Proof:
From (4.16) it follows that

FE (U2h|U1 = Ul)
p(2an

1—uy 3
—L(no+m)+1 sn2+h—1
= rpmyiy @) T e

0

1m—1
1—wu —1@)2 dus
3 2

. ]."122;_7”) (1 7u1)7%(n2+m)+1

1
(1 —ug)F T (1 )T (1 — ) {z%”ﬁh*l (1—2)3""1dz, where 2= T

(4.18)

The integral in (4.18) is solved by using the well known beta function and from this (4.17) follows. B

Figures 4.3a and 4.3b show graphs of E (Us|u;) given by (4.17) plotted against uy for different values of the
parameters ny and m where (Uy,Us) ~ BB (10,m5,10) and (Uy,Us) ~ BB{ (10,10,m) respectively. From
(4.17) it can be seen that for given values of the parameters the relationship between E (Uz|u;) and u; is a
straight line with a slope equal to _n_:fﬁ' As ns increases or m decreases the slope becomes more negative.
This can also be seen from Figure 4.2 where the correlation between U; and Us shifts towards —1 as mnq
increases or m decreases. The value of the parameter n; has no effect on the relationship between E (Uz|u1)
and uy. For a given value uy of Uy, E (Usz]uy) increases as ng increases or m decreases. This also corresponds

to what is observed in Figures 4.1a and 4.1b.

Figure4.3a Effect of np on E(Us|up), (Ug,U2) ~ BB'l(lo,ng,lo)

0.8

3 2
ny = 10

067 n, = 18

0.5 7

0.4

E(Usluy)

031

0.2 4

0.1

0 : : : : : : : : e
0 01 02 03 04 05 06 07 08 0.9 1
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Figure 4.3b: Effect of mon E(U>Ju1), (U1,U2) ~ BB'1(10, 10,m)

0.8
07 +..
0.6 1

— m=18
0.5 1

0.4
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0.1
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ui

Figure 4.4 shows graphs of wvar (Usz|u;) plotted against u; for different values of ng where (Uy,Us) ~

BB (10,n2,10). Since wvar (Us|uy) = (n2+—m)22’22n';+7—%2) (1 —uy)?, the effect of m on the form of the graph is
exactly the same as that of no and the parameter n; does not play a role. For given values of the parameters

var (Usz|uy) decreases as up increases. For a given value uy of Uy, var (Us|uy) decreases as ny (or m) increases.

Figure 4.4: Effect of n, onvar(Usz|up), (U1,Uz) ~ BB'l(lo,nz,lo)

0.03

np, =10
np, =18

var(Usluy)
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Finally, for the bivariate case, the effect of the parameters ni, ns and m on the pdf of As = UI% nleé "2 was
studied where (Uy,Us) ~ BBf (ny,n2,m). The result (4.9) simplifies to

nitno

r n]+n2+m, , :
F (o) = F(ﬂ);(%z) ) ()\2|(07%l)7(0l22)) , 0< A <1 (4.19)

2

o

Figures 4.5a and 4.5b show the effect of ny and m on f ()\2) given by (4.19) where (Uy,Us) ~ BB{ (2,n2,2)
and (Uy,Usz) ~ BB (2,2,m) respectively. The parameters ny and m have the same effect on the form of
the pdf. That is, at smaller values of Ay the pdf increases as ny or m increases. The effect of ny will be the

same as that of ns.

Figure 4.5a Effect of np onf(12), Ao = Uluzénz, (Ug,Up) ~ BB'1(2,n2,2)

20

16

0 T T T T

0 0.05 01 0.15 0.2 0.25
A2

Figure 4.5b: Effect of mon f(12), Az = UUz, (Ug,Uz) ~ BB (2,2,m)
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Secondly, we consider the bimatrix case, p = 2, to illustrate the effect of the parameters ni, ny and m on the

pdf of As. From (4.9), the pdf of As for p =2 simplifies to

_ Dp(mEREm) 140 (a1,a1),(az,az2)
F ) = 5y ™ Haa (elisninn,) . 0<x <L,
where 01:%702:%7%7041:&2:—;271 J2rn ,bl:bzio,b3:b4:7%,B1:63:% and B2:64:ﬂ22.

Figures 4.6a and 4.6b illustrate the shape of the pdf, f (\z2), for increasing values of ns and m. We note that

as ny or m increases the pdf shifts towards smaller values of As. The same will be observed as n; increases.

Figure 4.6a Effect of np onf(1,), Ao = |U1||U2|%”2, (Ug,Up) ~ BB'2(2, ny,2)
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37

© University of Pretoria



P
o} UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Qe YUNIBESITHI YA PRETORIA

5 Bimatrix variate beta type III distribution

By introducing the additional parameter ¢ in the ratios (1.2) we derive the pdf of (1.3) in Theorem 5.1 and
call it the bimatrix variate beta type III distribution that can be used as an alternative to the bimatrix variate
beta type I distribution (Ehlers, Bekker and Roux, 2009). In Theorem 5.2 the marginal and conditional pdfs
are given. Theorem 5.3 derives the product moment of the determinants and the latter is used in Theorem 5.4
to derive an exact expression for the pdf of Az = |W1|%”1 |W2|%n1 (see (1.8)). The role of the additional
parameter c¢ is studied in Section 5.5.

5.1 Probability density function

The pdf of the bimatrix variate beta type III distribution is derived from Wishart ratios in Theorem 5.1.

Theorem 5.1
Let S1~ Wy(n1,%), Sy~ W,(n2,X) and B ~ W, (m,X) be independently distributed. Consider the
definition in (1.3), that is

W, =S87328,8"7, i=1,2, (5.1)

where S =81+ Ss+c¢cB, ¢>0 and S —S283.

The pdf of (W1, Wy) ~ BBII)” (n1,n9,m,c) is given by

f (Wi, Wy)
1
2 2 3 (p+1)
(5 () T W [ S
i=1 i=1

—1(ni+nz+m)

= g(Wy, Wy)ca(mtn2)p , (5.2)

2
I+(c-1)> W
=1

2

0<W;<I, i=12 0<> W, <I, where n; >(p—1),i=1,2,m>(p—1) and g(-) is the pdf of
i=1

BB; (n1,ne,m) gwen by (4.2).

Proof:

The pdf of (S1,S2,B) is given by

K] [etr (-ix=7's)) |si|%<"i—p—1>} [etr(—nglB) B[z (P D) (5.3)
i=1

where K1 =T, ()T, (%2)T, (2) 2524 (see [2.10.1]).

The ratios glven by (5.1) give S; =S*W;S? for i=1,2, and

. 2
B = (S - Z S Wi.5'5> =182 ( Z )S? From [2.1.3], [2.1.5] and [2.1.8] the Jacobian of the
i=1

transformations is J (S, S2, B — Wy, Wg, ) = |S|(p+1) ¢~ 2P+ Now, substituting in (5.3) we get
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[ (Wi, W, S)

2 1 1 1 1
K] [etr (-i=7'stwist) |siwist
i=1

9 sm—%(p+1)

i=1

2
I,-> W,
i=1

2
Kc—3mp 11 |Wi|%ni*%(z9+1)
i=1

2
| gzt =R ED gy {—%z-ls% {I,, +le-1)) Wi] s%} .
i=1
(5.4)
We consider the symmetrised density function of (W7, Wy) (see [2.9.1]), that is

fs (Wi, Wy) = / / f(HWH' HW,H' HSH')dHdS where H (p x p) is orthogonal and dH is
S>0J0(p)

the normalised Haar invariant measure on O (p) . Note that dS = dHSH’ (Dfaz-Garcfa and Gutiérrez-Jdimez,
2006b). From (5.4)

f(HW,H',HW,H' HSH')

%m—%(p—&-l)

Kc3mp 12[ |HWZ-H’}%"¢—%<p+1>
1=1

2
I,- > HW,H'
i=1

2
JEHSH! P o {izl (HSH')? [Ip F(e—1) ZIHWiH’} (HSH’)%}

%m—%(p—i—l)

Kc—%m;u 12[ | Wzﬁm_% (p+1)
=1

K3

2
I,-> W,
i=1

2
. |S|%(n1+n2+m)—%(1}+1) etr{_z_lcleS%H/ |:Ip + (C— 1) ZIHWlH/] HS%H/} )

(5.5)
Then, from (5.5)
fS (le WQ)
1 1
2 2 sm—3(p+1)
= Ke3mp [T |Wip 2D 1 S W,
=1 i=1
2
/ |S|%<”1+”2+m>*%<’““>/ etr{iH'E_lHS% [I,,+ (-1 Wl} s%}deS.
5>0 o(p) i=1 (5.6)
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Using [2.3.6] and integrating (5.6) with respect to S by using [2.2.3] gives the symmetrised density as
fs (W1, W)

2 3m—3(p+1)
I,-> W,

2
= Kcamr ] |Wi|%"i*%(p+1)
i=1 i=1

1
: g =i oo ) ey s w| meH= - )y Wi
0(r) /530 LT =S ' Z

.
|

%m—%(p—&-l)

= KT, (ﬂl‘*‘_gzﬂ) Tmp H |W |2m 1(p+1) I, 22: W,
i=1
3 5 1 —5(n14+na+m)
/ {1+012W} HElH{I+c12 ] dH
O(p) =
= {pr (LLsz SR %)}_1 3 (nitn2)p
3ni—3(p+1) 2 3m=3(P+1) 2 —3(n1+n24m)
/ [T [HW;H'|*" =T, - 5 HW;H' I,+(c—1) HW;H' dH.
O(p) i=1 i=1 =

(5.7)
The result follows from (5.7) and [2.9.3]. W
Remark 5.1

Independent of this study, Gupta and Nagar (2009a) derived the pdf of (W1, W3) ~ BB (ny,n5,m,2) in
(5.2) from the ratios in (5.1) when S1 ~ W, (n1,1,), So ~ W, (n2,I,) and B ~ W, (m,I,) are independent.

Remark 5.2
The following definitions of Wishart ratios will also give matrix variates having the bimatrix variate beta type
IIT distribution with pdf given by (5.2):

Wi =87 (S1+8s+cB)'S?, i=12
and 1 1
2 1 1\ 2 1 1 2 1 1\ 2
Wi: (CIP+ZB_§SiB_§) B_ESZ‘B_E <CIP+ZB_§SiB_§> 5 Z:1,2 (58)

i=1

Remark 5.3
The ratio (1.3) (or (5.1)) can also be written as

1

Q =(S1+S,+B*) *8,(S,+S,+B*) ¥, i=12

where B* = c¢B ~ W, (m,cX), all independent (see Theorem 3.4 and Remark 3.2).
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Remark 5.4
Consider the ratio in (3.11) with a =1,

W=
—~
A
=)
=

W= (S+cB) *S(S+cB)*,

From (3.5) the pdf of W is

FOW) = {8, (5,5)) edmw W30 |1, - WL, 4 (o 1) wTR

— g (W)3™ I, + (c— 1) W| 2™ 0« W<, (5.10)

where n > (p—1), m> (p—1) and g(-) is the pdf of BJ(n,m) given by (3.1). This is the matrix variate
beta type III distribution and is denoted by W ~ B}!T(n,m,c). This distribution was defined by Gupta
and Nagar (2000a) for ¢ = 2. They derived the pdf of the ratio (5.9) where S ~ W, (n,I,) independent of
B ~ W, (m,I,) and obtained (5.10) for ¢=2 (Gupta and Nagar, 2009a).

Remark 5.5

The matrix variate Dirichlet type III distribution, denoted by (W7,..., W) ~ Dé” (n1,...,mp,m,c), results
by extending (5.1) to r independent Wishart matrix variates, S; ~ W), (n;,3), i = 1,...,r, all independent of
B ~ W, (m,X). The pdf of (Wy,..., W,) is given by

{ﬁp (7_L2L7 ceey 7—L2£7 %)}_1 C%("“"‘“"’""r)p

sm—3%(p+1) —3(n1+-+n,+m)

W, : (5.11)

R

I,+(c—1)

I,—> W,
i=1

i=1

O<W,;<I,,i=1,....,r, 0< > W; <I,.
i=1

Remark 5.6
The pdfs of the bimatrix variate beta type III distribution in (5.2) and the matrix variate Dirichlet type III
distribution in (5.11) are members of the Liouville family of distributions of the second kind (see [2.2.1]).

5.2 Marginal property and conditional density

In this section the marginal and conditional pdfs of the bimatrix variate beta type III distribution are derived.

Theorem 5.2
If (W1, W3) ~ BBJ!T (ny,n2,m,c), then the pdf of W1 is given by

fwy) = {5, (%L’ﬂzzm)}flc,%mp|W1|§nlf%(p+1) |Ip—W1|%(”2+m)’5(pﬂ)

) (%’ m—i—gg—i—'m; ng—zi-m; c;l (Ip _ Wl))

= g(Wi)ebmroF (g, megetm s el (1, — W),

(5.12)

0 < Wy <I,, where g(-) is the pdf of B} (%, 22™) given by (3.1).
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Furthermore the pdf of Wa|W7 s

11 Tny—1(pt1) 2 zm—3%(p+1) —L(natm)+ L (p+1)
{8, (22, 2)) " chlmtnatmr | w3040 [T _ 5wy, L, — Wy 30t
i=1
2 -3 (n1+n2+m) L
o+ e-n g w oF (3, metgptm; g, 21 (1, - W] 519

O<W2<IP—W1.

Proof:

The pdf of (W7, W), given by (5.2) can be rewritten as
f (W1, W3)

_ K|W1|%n1*%(l7+1) |W2|%n2*%(P+1)

im—1(p+1) _1 _1|3m—3(p+1)
'|Ip_VVl|2 2 Ip_(Ip_Wl) 2W2(Ip_wl) 2

I, + (e — 1) Wy + (c— 1) Wy T3mtnatm) (5.14)

where K = {Bp (%l, 8 %)}71 c3(nitna)p.

=

Consider the transformation Zo = (I, — Wl)_% Wy (I, — Wq)~
(see [2.1.6]) substituted in (5.14), then

with Jacobian J (W3 — Z3) = |I,, — Wl|%(p+1)

[ (Wi, Z5)

3n2—3(p

K|Wl|%"1—%(11+1) I, - Wl)% Zy(I, - Wl)% +) I, — Wl|%m I, - Z2|%m—%(11+1)

—3(n1+na+m)

A1, = Wi+ eWy + (c— 1) (I, - W12 Zo (I, — Wy)?

_ K|Wl|%n1—%(:n+1) |Ip _ Wl|%(n2+m)—%(:ﬂ+1) |Z2|%n2—%(p+1) |Ip _ Z2|%m—%(p+1)

—1(n1+nz+m)

L, = WA L (1, - W) T WL, - W) (- 1) 2o
_ K|Wl|%n1—%(p+l) |1—p . Wl|%(n2+m)—%(p+l) |Z2|%n2—%(p+1) |Ip _ Z2|%m—%(p+l)

—1(n1+na+m)

: |Ip - W1|7%(n1+n2+m) )Ip + C(Ip - Wl)il Wi+ (C - 1) Zy
_ K|Wl|%n1—%(:ﬂ+1) I, — Wl|%(n2+m)—%(:ﬂ+1) |Z2|%n2—%(p+1) I, — Z2|%m—%(p+1)

NI, + (c—1) Wi+ (c— 1) (I, — W) Z2|—%(n1+n2+m)
_ K|Wl|%n1—%(p+l) |1—p . Wl|%(n2+m —1(p+1) |Z2|%n2—%(p+1) |Ip . Z2|%m—%(p+l)

—1(n1+n2+m _ —1(ni+na+m)
L+ (= 1) Wy 30dmedm e I, 4 (c— 1) Wi (I, — W) Zo| &

(5.15)
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The marginal pdf of W is obtained by integrating f (W71, Z3) with respect to Z,. For this we consider the
following integral and use [2.6.5],

<Z2<I,

- % (n1+n2+m)

L+ = DI+ (= 1) Wil (0, — W) 23 a2,
_ Fp 222' FP % F ng nitnotm. nat+m. 1 I 1 W -1 I W
- Fp('n.z;»m) 2 1<27 2 ) 2 7*(67 )[p+(ci ) 1] (Pi 1)>
(5.16)
From (5.15) and (5.16) we get
f(Wy)
FP(EJLZZH) C%(n1+n2)prpgﬂ222rp(%2

Lo (55-)0s (55T (%) Ty (#257)

. |W1|%"1—%(P+1) I, — W1|%(n2+m)—%(p+1) I, +(c—1) W1|—%("1+"2+m)

o (g, e (e 1) [T, 4 (e ) W] (I, - W) (5.17)

Letting § = — (c—1)[I, 4 (¢ —1) W1] "' (I, — W) and using [2.6.7],

2F1 (%, n1+7;2+m; nggm; S) _ |Ip . S|*%(n1+n2+m) 2F1 <%7 n1+7;2+m; n2;rm; -S (Ip — S)71> . (518)

In (5.18),

-S(I,-8)""

(e DI+ - )W (T - W) {L 4+ e~ DT+ (e~ ) Wi (@, - W)

=(c— 1[I, +(c—1) W] 1 (I, - Wy) {[Ip =) Wi I+ (c— 1) Wi+ (c— 1) (I, — Wl)]}_l

= I+ (e =) Wil (I, = W) [T, + (¢ — 1) W]

c

and

|Ip _S|

=L+ =D+ -y Wl T, - W)
=[5, + (=D WA T+ (= ) Wil + (e~ 1) (T, - W)

- ‘c[1p+(c—1) wi Y.
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Thus, it follows from (5.17) and (5.18) that

f (W)
_ FP(W_L c%(nlJrnz)P |W1|%"1*%(1’+1) |Ip _ W1|%("2+m)7§(1’+1)

D (F)n("H)

1 =3 (n1tnat+m)
AL e )y WA e, ey

oF (g, g e s (1 4 (- 1) WAl (T, - W)L, 4 (e~ 1) W)

C

= (9 (g} e WA o

oF (g, 2 i, el (T, - W),

The conditional pdf of Wy| Wy, given by (5.13), follows from (5.2) and (5.12). W

Remark 5.7

Gupta and Nagar (2009a) derived the marginal pdf of W; where (W1, Wy) ~ BB} (n1,n2,m,2) and
obtained (5.17) for ¢ = 2.

Remark 5.8

If (Wy,...,W,)~ DIIJU (n1,...,np,m,c) given by (5.11), then for s < r the marginal pdf of (W1,..., Wy)
is

f(Wy,..., W)

3 (nsp1+-+n.+m)—3 (p+1)

—1 s s
P R e (L 2 o]
S
. 2F1 (%7 n1+~~-;nr+m; ns+1+~é+nr+m; C;(,l <Ip o Zl Wl)>,
1=
(5.19)
0<W;<I,,i=1,...,50< ;Wl <I,.
The pdf of (Wgi1,..., W) | (Wry,..., W) is given by
1 1
n m -1 14+ AFn,.+m r in,—1 " §m—§(p+1)
(B (25 i)} bttt [ Wi 3L, - S W
r 3 (it tnetm) s =3 (st tnetm)+3(p+1)
Mp+(c—1) 3 W; I,-> W,
i=1 i=1

s —1
Y ——— A -

0< W, <I,-> W, i=s+1,...,r,0< > W;<I,—> W,
1=1 1=s+1 1=1

44

© University of Pretoria



P
o} UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Qe YUNIBESITHI YA PRETORIA

Remark 5.9

In the case of the bimatrix variate beta type I distribution the marginal pdf is matrix variate beta type I (see
(4.5)) and for the matrix variate Dirichlet type I distribution the marginal pdf of any subset of matrix variates
is again matrix variate Dirichlet type I (see Remark 4.4). From (5.12) and (5.19) this property does not hold
for the bimatrix variate beta type III and matrix variate Dirichlet type III distributions.

Remark 5.10
The marginal and conditional pdfs of the matrix variate Dirichlet IIT distribution given by (5.19) and (5.20) are
members of the Liouville family of distributions of the second and first kind respectively (see [2.2.1]).

5.3 Product moment of the determinants

The (hl,hg)th product moment, E (|W1|hl |W2|h2) , where (W7, Wy) ~ BB}{U (n1,n2,m,c) is derived in
Theorem 5.3.

Theorem 5.3
If (W1, W3) ~ BBl (ny,n2,m,c) as given by (5.2) then

) Lo (f5+ha )Ty (52 +ha)
p(%)rp(%) Fp(n +Z +m+h1+h2)

B (Wi wyl") =

m nitnotm. njtnotm .c—1
lotm mradm 4 py o hy; <=1 )

+h +h
= 1wy wil™)

,C—%m;u o F) (%7 n1+g2+m; n1+’r§2+m + hy + ho; c;cl_l-p) , (521)

where Re (41 + hi) > 3 (p—1),i=1,2, (W}, W3) ~ BB/ (n1,n2,m) and E (|VV’1‘|h1 |W§|h2) is given by
(4.8).

Proof:

From (5.2),

E (W] |wy|")

= {8, (3. 555)} iy

2 o 2 |Emeirn) 2 [~Amtmatm)
/ / 1:[1|WZ-|5’“+ EREICAR ) ; w; I,+(c—1) ; w; AW, dWs.
0<Wv1V+i‘;V(')2<1p = = =

(5.22)
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(N1

sm—3(p+1) —3(ni1+n2+m)

2 2
I,+(c-1)Y W, and use [2.2.6] to rewrite (5.22)

I,-> W,

i=1

Let f (i Wz) =
i=1

as

E<|W1|h1 |W2|h2>
= {8, (359} AS, (3 b B 4 ha)

I

/ |Z|%(n1+n2)+h1+h2f%(p+l) |Ip _ Z|%m*%(P+1) |Ip + (C _ 1) Z|7%(n1+n2+m)dz'
0<z<I,
(5.23)

Now, using [2.6.5] to solve the integral in (5.23) and [2.6.7] to rewrite the expression gives

E (Wi |Wa|")

B D, (ftgetm) o, ﬂ+h1)1“p(%2+h2)C%(nﬁm)prp(ﬂ%uhﬁm)rp( L)

m
2 2
T L) () O )

oy (M2 4 by 4 by, Mtz Ao 4y 4 o (1 — ) )

2

T (5 )Tp(522) Tp (™2 by +hs)

I, (2t (B4 py )Ty, (B2 +hy) o imp

<o F (%7 n1+gz+m; n1+gz+m +h + h2; clep) . [

Remark 5.11
Gupta and Nagar (2009a) derived the (hi,hs)™ product moment, E (|VVl|h1 |W2|h2) , where (W1, Wy) ~
BB} (ny,m,m,2) and obtained the result (5.21) for ¢ = 2.

Remark 5.12
The A" moment associated with (5.10) where W ~ BIT (n,m,c) is obtained from (3.18) with o =1 as

B(W) = Sareid

€3 o Fy (B 4 b, BEm nEm 4 p(1 o) 1)

- E (|W*|h) c3np o F, (% +h, nizm; nj:2m + h; (1 - c) Ip) 7

where Re(%2+h) >1(p—1), W'~ Bl (n,m) and E (|W*|h) is given by (3.17) (see Gupta and Nagar,
2000a and 2009a for the case where ¢ = 2).
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5.4 Distribution of the product of determinants

An exact expression for the pdf of As in (1.8) is derived in Theorem 5.4.

Theorem 5.4
Let 81 ~ W, (n,%), So ~W,(ne,3) and B ~ W, (m,X). The ratios in (5.1),

=

W, =(S1+S2+cB) $8,(S1+8S:+cB)"%, i=12,
give (W1, W) ~ BB (ny,ny,m,c). Let Ag = |Wy|2"™ |[W,|2"2

The pdf of Az 1is given by

1 o0
gaP®—1 —<mp 1 m nit+no+m c—1 2p,0 (a1,a1),
TR " S AT (3.0) T (55552,0) O () 150 (30

0 < A3 <1, where

aj:%Jrkj*%(j*l) for j=1,2,3,....p,

aj:ﬁ%z for j=1,2,3,...,p,
—2(G-1)  for j=1,3,5,...,2p—1
b = 1 )
_1(3_2) fO’f’ ]:274767"'721)7
o for j=1,3,5,...,2p—1
bi = 2 for j=2,4,6,...,2p.
Proof:

From (5.21) the Mellin transform (see [2.8.1]) of f(A3) is

- oFy (%7 n1+r§2+m; n1+7;2+m + nlJZrnz (h—1); c—le)

Fp(ﬁ]ﬂzﬂ) l"p(ﬂh)l"p(ﬂh)
T

_1 -
T T e o (3, mepen gy w21,
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From [2.6.1] and [2.3.3] the Gauss hypergeometric function of matrix argument in (5.25) can be written as

2F1 (m 7L1+7§2+7n m + 7L1+7L2h c— 1I )

(2), ()
A2/p\ 2 kg
p) %+"]+n2h)

= YT AC.(5U
k=0 K

K

)1" (11+_7;2ﬁ7,€) Fp(%_}_i]%zh)

> Yl (I
k=0 Kk

K)lp
o(B) Tp(F=5) Tp(B+55"2hn)

This gives
_ Fp(%lh)l“p(%zh) L 0o irp(%,n)pp(mﬁzﬁ ,Q) 1
Mf (h) B F:D(%L)FP(%Z)FP(%)C ’ k=0 11: k! T ( +_]_2” 2 p n) CR( c Ip) : (526)

Using [2.3.3] the generalised gamma function of weight « in (5.26) can be written as
Ty (5 + M572h, k)
p
— b= f] D[+ mugsan by — 4 - 1)
1

wape=1) H I'(a; + ajh),
=1

(5.27)
where a; =% +k; — % (j—1) for 7=1,2,3,...,p,
and a; =252 for j=1,2,3,...,p
From [2.2.2] the multivariate gamma functions in (5.26) can be written as
Ty (5h) Ty (1)
p p
=m0 [[ P[50 = § G- D] 1T [5h =3 ( - 1]
j= i=
1 2p
= 2p(p—1) le (b; + th)
J:
(5.28)
where
—1(G—-1) for j=1,3,5...,2p—1
bj = . .
-5 —2) for 7=2,46,...,2p
and
o for j=1,3,5,...,2p—1
Bi=19 .

% for j=2,4,6,...,2p.
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Substituting (5.27) and (5.28) in (5.26) gives

1p(—1)

My 00 = e, T T i T () T (2552 6) 6 (7

1) [[7, r(bs+6,h)

e (529

The pdf of As is obtained from the inverse Mellin transform of (5.29) (see [2.8.1]) and from the definition of
Fox’s H-function (see [2.8.3]) as

f(A3)
1 w100 _n
= g [ Mp(h)Ag"tdh
w—100
_ 7‘-%{?(?71) Cfémp = ZLF (ﬂ H)F (n nao+m )C (c— ) wj}oo (b +8; h))\ hdh
= Fp(%l)Fp(%z)Fp(%) =5 k=P \2> P 2 yR) b (T 4p 27mw zooH a;j+oh)
Wi‘p(ﬁfl) —1lm R 1 ni4+no+m 2p,0 ay,on J(ap,ap)
SR T o, D AT (5) Ty (555 0) O (2L iy (NG 5 ) -
Remark 5.13

In (3.20), substituting a = 1 gives the pdf of A; = [W]| where W ~ BT (n,m,c) as

e Z S 0 (1= ) Tp) Ty (257, 1) G5 (Mlser)s 0<a <1,

where ajz%—i-kj—%(j—i-l) for j=1,2,...,p,

bi=%+k—5(+1) for j=12....p

5.5 Role of the parameters

In this section we study the effect of the parameter c. The effect of the parameters ni, no and m was studied

in Section 4.5.

Firstly, we consider the bivariate case, p = 1, to illustrate the effect of the parameter ¢ on

(i) the form of the pdf of (W7, Ws);

(i) the correlation between W; and Wpy;

(iii) the graphs of E (Ws|wy) and wvar (Wa|wy) plotted against wq;

(iv) the form of the pdf of As.
From the result in (5.2) the joint pdf of W; and W, simplifies to

o F(E%Zﬁ) 3ni—1 Zna—1 im—1
f(wl,wz) = Wwf U)22 (1 — w1 —w2)2
.z (mtn2) L+ (c—1wi+(c—1) w2]7%(n1+n2+m) ) (5.30)
O<w; <1,:=1,2, 0<w; +wy < 1.
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For ¢ =2, (5.30) simplifies to the pdf given by Cardeno et al. (2005). They also derived expressions for the
marginal pdf and the (hy, h)"™ product moment associated with (5.30).

Figure 5.1 shows graphs of the pdf of the BB{!f(10,10,10,c) distribution. An increase in the value of the
parameter ¢ with all the other parameters held constant, causes f (wy,ws) to shift towards smaller values of
both W; and Ws. Note that when ¢ =1, (Wy, Ws) ~ BB (10,10, 10) as discussed in Section 4.5.

Figure 5.1: Effect of ¢ on f(wy, w2), (W1, W,) ~ BBY'(10,10,10,c)

o

LR T
T
S

1
o

m 2F1 (%7 nﬁ-gg—&-m; 7L1+72LQ+77L + hl 4 hz; cfl) . (531)

C

The result in (5.31) was used to calculate the correlation coefficient, corr (W7, W5) . Figure 5.2 shows the graph
of corr (Wi, Wy) for increasing values of c¢. For small values of ¢ the correlation coefficient between the variables
is negative and increases as ¢ increases. For c¢ large enough, in this case ¢ > 3, corr (Wy, Ws) is positive. The
bivariate beta type I distribution is used in Bayesian analysis as the natural conjugate prior for the multinomial
distribution when the variables are negatively correlated. In some practical cases random variables may be
positively correlated, hence the bivariate beta type I distribution will not be a reasonable choice to be a prior
distribution. However, the bivariate beta type III accommodates positive correlation for specific choices of
the parameter c¢. Bodvin (2010) illustrated the use of the bivariate beta type III distribution in the Bayes
context. She proposed the use of Shannon entropy when determining the parameters of prior bivariate beta
distributions as part of a Bayesian calibration methodology and illustrated the appropriateness of this bivariate
beta distribution on Moody’s default rate data because of its ability to deal with positive correlation in the

underlying data.
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Figure 5.2: Effect of ¢ on corr(Wy, Wa), (W1, W») ~ BBY'(10,10,10,c)

05
g 0 ‘ :
= ) 2 4 c 6 8 10
S
N
3
05 -
-1

From (5.12), the marginal pdf of W3 for p=1 simplifies to
| r(mps

Flo) = werE

AP (3 B g 2 (1)) 0 <y <L

1 1 (n2+m)—1
m 2
2 1) 2

1
sn1—1
¢ 2w (1-w

Also, for the bivariate case, the conditional density of (Ws|W; =w1) given by (5.13) simplifies to

ngtm 1o — 1 _1
o ) ¢ (mtnatm) 32—t () gy —wp) T 14 (c—1)wi + (c—1)ws] 3(matnastm)

~(natm)+l [oFy (%, tadtatm, nadm e (7 wl))rl ;, 0<wy <1 —ws.

The h'" moment, E (W4 |W; = w1 ), associated with (5.32) is derived in the next theorem.

Theorem 5.5
If (Wi, W3) ~ BB (ny,na,m,c) then

E (W2h|W1 = wl)

r(f2tm) p(224p 1 —L(ni4no+m h
— S e L (= D] HO (1)

14+(c—1)wy

c—1 (1 . wl))] -1 Ly (LLQZ + h, +7§2+m

C

m nit+ns+m., not+m.
: [2F1 (77 P} y T

o1
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Proof:
Using (5.32) and setting z = %2~ it follows that

E (W2h|W1 = wl)
(ﬁzﬁ

- T(F)r(3)

Cz(n1+n2+m) (1 _ wl)_%(nz-‘rm)-‘rl [2F1 (%7 ni +7§2+m; nz;rm; c—1 (1 _ wl))] -1
c

Tl - 2™Mm= —L(n1+na+m
w1 g —w) BT L 4 (e — D)wy + (e — 1) wy] "2 gy,
0

— Fﬁ: ;mn)l C%(n1+n2+m) (1 _ wl)*%("2+m)+1 [2F1 (%7 W; n2;m; c—‘l (1 B wl))]*l
r(#)r(%) c
'(17w1)%n2+h 1(1*'[[11)1 m—1 [1+(C*1)W1]7%(n1+n2+m) (1711.)1)

> 3 (n1+nz+m)
z.

L ino+h—1 tm—1 (c=1)(1—wq)
'f22 (1 — Z) (1 + W

(5.34)

Now, using [2.5.3] to solve the integral in (5.34) gives (5.33). N

Figure 5.3 shows graphs of E (Ws|w;) given by (5.33) plotted against wy for different values of ¢ where
(W1, Wa) ~ BB¥11(10,10,10,¢) . Consider the graph E (Wa|w;) against w; where ¢ =1 as a base, that is
where (Wi, Ws) ~ BBY(10,10,10). For ¢ < 1 the graph of E (Ws|w;) against w; lies above the base. For
¢ > 1 the graph lies below the base and as ¢ increases the graph becomes more curved. For a given value w; of
W1, E (Ws|wy) decreases as c¢ increases. This corresponds to what is observed in Figure 5.1. Figure 5.4 shows
graphs of wvar (Wa|w;) against wy where (Wi, Ws) ~ BB#11(10,10,10,c). Again consider the case where
¢ =1 as the base. For both ¢ < 1 and ¢ > 1 the graph of var (W2|w;) against w; lies below the base and is

curved. For ¢ < 1 the graph is strictly decreasing and for ¢ > 1 the graph first increases and then decreases.

Figure 5.3: Effect of c on E(Wajwy), (W1, W,) ~ BB}'(10,10,10,¢)

0.8
077~
067 T c=
0.5 1 T

0.4 .

E(Waw1)

0.3 1 s
0.2 4 ~.

0.1 e
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(@

Figure 5.4: Effect of ¢ on var(Wajwy), (W1, W,) ~ BB}'(10,10,10,c¢)
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Finally, for the bivariate case, the effect of the additional parameter ¢ on f (A3), the pdf of Az = Wlénle2 ,
was studied in Figure 5.5 where (Wi, Wy) ~ BB{!1(2,2,2, ¢). Considering the result in (5.24) for p = 1, it
follows from [2.3.3] that ', (%, k) = I (22t 4 ) | T, (Rfetm o) = T (22245 4 k) and from [2.3.1] it

follows that - C, (<21),) = (Cfl)k. Therefore

c c

_ 1 —1im = 1 m ni+no+m c—1\Fk 72,0 (%J"k’l%z)
100 = e+ S AT (8 T (e ) (2 2 (T OR) 6

0< A3 <1

At smaller values of Az the pdf, f (A3) (see (5.35)), increases as ¢ increases.

Figure 5.5: Effect of conf(13), Az = WiWa, (W1, W) ~ BBY(2,2,2,¢)

20
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Secondly, we consider the bimatrix case, p = 2, to illustrate the effect of the parameter ¢ on the pdf of As.
From (5.24), the pdf of As for p =2 simplifies to

(b1761))"‘7(b4)/64)
(5.36)

_ VT 7moo m ni+no+m c— 4,0 (a1,01),(az,a2)
00) = rm g, AT (30 T2 (2555, O (1) 1 (Ol )
0 < A3 < 1, where
aj:%-|-k;j—%(j—l) for j=1,2,
a; = tnz for 5=12
7 2 J HE)
—2(-1) for j=1,3

1
4
—1(—2) for j=2.4,

o for j=1,3
B for j=24.
Figure 5.6 illustrates the shape of f(\3) (see (5.36)) for increasing values of ¢ where (Wy, Wy) ~

BB (2,2,2,¢). We note that as ¢ increases the pdf shifts towards smaller values of Aj.

Figure 5.6: Effect of con f(13), Az = [W1Wa|, (W1,W3) ~ BBY'(2,2,2,¢)
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6 Bimatrix variate beta type IV distribution

In this section we derive the joint pdf of two dependent matrix variate beta type I variates (see (3.3)) given by
the Wishart ratios (1.4) and call it the bimatrix variate beta type IV distribution. The marginal and conditional
pdfs are derived in Theorem 6.2 and the product moment of the determinants is derived in Theorem 6.3. The
latter is used in Theorem 6.4 to derive an exact expression for the pdf of Ay = |X1X 2| (see (1.10)), the product
of two dependent Wilks’ statistics (see Bekker, Roux, Ehlers and Arashi, 2010). The role of the parameters are
studied in Section 6.5. This distribution is also known in the literature as the bimatrix variate generalised beta

type I distribution and its pdf and some properties were derived independently from this study by Gupta and

Nagar (2009b) and Diaz-Garcfa and Gutiérrez-Jaimez (2010).

6.1 Probability density function

The pdf of the bimatrix variate beta type IV distribution is derived from Wishart ratios in Theorem 6.1.

Theorem 6.1

Let S1~W,(n1,%), Sg ~W,(n2, %) and B ~ W, (m,X) be independently distributed. Define

_1
2

X, = <1p+B*%SiB*%)
where B*B? = B (see (1.4)).

The pdf of (X1,X32)~ BB," (n1,n2,m) is

FXLXa) = (B, (%, mm)) I IX)
2
1
=1

or alternatively

f(leXQ)
N Ini—1(pt1
= {8 (5 5%)} TT1X5[7 2

B %S,B~* (Ip + B*%SiB*%)

ni—%(p+1)

2
|Ip - Xir%niié(zﬂrl) IP + ZIXZ (Ip - Xi)il

s 1=12,

—3(n1+na+m)

STAED ST A M STEAEA R AT AP ¢b SIREi

0<X;<I, i=12 where n; >(p—1),i=12 and m> (p—1).

Proof:
The pdf of (S1,S2,B) is given by

K

y

i=1

where K—1 =T, ()T, (2)T, (2) 252"+ (see [2.10.1]).

%)
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Considering the ratios given by (6.1) and letting Z; = B 2S,B"% we get S; = B*Z;B? and
X, = I,+ Zi)7% Z,I,+ Zi)7% . Since Z; commutes with any rational function of Z;, it follows that
X, =I,+2Z) " Z;,i=1,2 Thus, Z; = X; (I, — X;)~", i = 1,2. From [2.1.3], [2.1.4], [2.1.6] and [2.1.9]

the Jacobian of the transformations in (6.1) is
J(S1,S2 — X1,X2)
= J(Sl — Xl)J(S2 — XQ)

—

Il
—

J(Sl — Zi) J(Zi — Xl)

7

2
1 — 1
:|B|(p+)l:[1|1p_Xi| (P+)'

(6.4)
Substituting S; = B* X; I, - X)) ! B? and (6.4) in (6.3) gives the pdf of (X1,X9,B) as
f(X17X27B)
2 1pd 1 5l 1 1 51 3(ni—p=1)
= Kn{etr[;z BiX,(I,- X, BY| |BiX,(I, - X, B? }
i=1
2
.etr(f%g—lB) |B|%(m*p*1) |B|(p+1) I111,- Xi|f(p+1)
i=1
2 2 L
= KX [ g, - X e
i=1 i=1
2
: |B|%<"1+"2+m>%@“)etr{—%z—lB% [I,, + 3 X (I, - Xi)l} B%} :
i=1
(6.5)

We consider the symmetrised density function of (X1, X5) (see [2.9.1]), that is

fs (X1,X9) = / / f (HXlH',HXgH',HBH')deB where H (p x p) is orthogonal and dH is the
B>0

normalised Haar invariant measure on O (p). Note that dB = dHBH' (Dfaz-Garcia and Gutiérrez-Jdimez,
2006b). From (6.5)

f(HX,H'HX,H',HBH')

K11 |HX,H|2 0 i I, - HX H'| 2" 30
=1 1=1

2
JHBH|P 0D o {—521 (HBH')* {Ip + S HXH' (I, - HXiH’)_l] (HBH’)%}
=1

K I3 000 T, = 430

Bt =R D) o {—%21 (HBH) [Ip + S HX (I, - X))~ H’] (HB%H’>} .

(6.6)

o6
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Then, from (6.6) and [2.3.6],
fs (X1, XQ)

= KT [, - x e

i=

/ |B|%(n1+n2+m)*é(17+1)
B>0

2
/ otr {%H’EIHB% [Ip + 3 X, (I, - Xi)l} %}deB
O(p) i=1

2 2
- K H |Xi|%m 3 (p+1) H |I X, |—§7Li—§ (p+1)
=1 i=1
1

/ |B | 3 (n1+na+m)—3(p+1)
B>0

1
2 2 2 2
/ etr{%H’ElH [Ip + 3 X (I, - Xi)l] B [Ip + 3 X (I, - Xi)l} }deB.
O(p) i=1 i=1

Interchanging the order of integration in (6.7) and integrating with respect to B by using [2.2.3] gives
fs (X1, X 2)

KT i “1ﬁmfxm%ﬁW”
/ / (n14n2+m)—3 (p+1)
O(p)J B>0

2 2 2 %
~etr{% {Ip +Y X, (I, Xi)l} H'S"'H {Ip +Y X (I, Xi)l} B}dBdH
i=1 ]

nit+ns+m 2 in;—2 1) 2 nZ 1
KT (geton) T X F0 72000 ] 1, — X 7m0
= i

2 —1 % / 1 2 —1 2 72(n1+n2+m)

/O() [ Z (I, — X5) } HEH[Ip-l-Z:lXi(Ip—Xi) ] dH
P i=1 i=
2 1.1 2 11
_ {Bp (%L?%Z;%)}—l 1—[ |HXZ~H/|5“Z 3 (p+1) H }Ip —HXiH/ zni—3 (p+1)
O(p) i=1 i=1

9 —1(ni+na+m)

I,+HY. X,(I,-X,) "H’ dH.
=1

(6.8)
From (6.8) and [2.9.3] follows that
-1 2 ni—1(p+1) P 3ni—3(p+1)
F(X1Xa)= {8, (% %)} I IX,2m 2 HI - X[

i=1 i=1

9 —3(ni+nz+m)
Tp+ 2 Xi (I, - X))~ (6.9)

i=
o7
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In (6.9) rewrite
)Ip FX (I, - X)) Xy (I, - Xz)*l‘
= |, = X0) + X1+ Xo (I, = Xo) ™ (L, = X0)| 11, - X!
= |(I) = Xo) + X = Xo (I, = X2) ™' X1 (I, = X2)| I, = X I, = Xl ™!
= X2 (I, - X2) 7 (X3! = X0) (I, Xo)| 1T, = Xa| 7 T, = X

=1, - X1 X,| I, - X1 7' I, - Xo| "

(6.10)

From (6.10), the pdf of (X1, X3) given by (6.9) can be written as
f (X1, X2)
—1 2 ln.,l( +1)
— 6 ﬂ].)ﬂz;ﬂ Xz 2Mi—3 P
(5, (5.2:5)) " 11

T = X [t 0T X[t X Rt .

Remark 6.1
The following definition of Wishart ratios will also give matrix variates having the bimatrix variate beta type
IV distribution with pdf given by (6.2) (see Diaz-Garcia and Gutiérrez-Jaimez, 2010):

=

X, =(S;+B) %S,;(S;+B) %, i=12

Remark 6.2

The matrix variate Dirichlet IV distribution, denoted by (X1,...,X,) ~ DII,V (n1,...,n.,m), results by ex-
tending (6.1) to r independent Wishart matrix variates, S; ~ W, (n;,X), ¢« = 1,...,r, all independent of
B ~W,(m,X). The pdf of (X4,...,X,) is given by

n n -1 £ in;—1 1
(6, (3, ) L300
1=
r —1(ni+-+nr+m)
LT, = X730 L S X (1, - X)) ,

r
i=1 i=1

(6.11)

O<X1‘<Ip,i:1,...,7".

Remark 6.3
The pdfs of the bimatrix variate beta type IV distribution in (6.2) and the matrix variate Dirichlet type IV

distribution in (6.11) are not members of the Liouville family of distributions (see [2.2.1]).

o8

© University of Pretoria



P
o} UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Qe YUNIBESITHI YA PRETORIA

6.2 Marginal property and conditional density

In this section the marginal and conditional pdfs of the bimatrix variate beta type IV distribution are derived.

Theorem 6.2
If (Xq1,X9)~ BBII)V (n1,n9,m), then X,;~ BII) (ni,m), i=1,2, and the pdf of X|X is given by

{Bp (2227 “ ;m)}il Iy — X1|%n2 |X2|%n27%(p+1) "I, — X2|%(nl+m)7%(p+1) I, — X1X2|7%(m+n2+m) , (6.12)

O<X2<Ip.

Proof:
The marginal pdf of X is the matrix variate beta type I given by (3.1). That is

F(X0) = {8, (&, m)H X P2, - X2t 0 < X < T, (6.13)

From (6.2) and (6.13) the pdf of Xo|X is given as

f(X2[X1)

(B, (&, m)1 7! ﬁ |X[Bm 3D | x| Be)m3hD)  p x 3Ot =3 ()
i=1

. |Ip _ X1X2|*%(n1+n2+m) {6;; (%]_, %)} |X1|7%n1+%(p+1) |Ip . X1|7%m+%(P+1)

|X2|%n2—%(p+1)

Ly = X [F7 T, = X PO TR L, X X[ e

{/Bp (7_L227 ’IL]-Z"-’HL)}_]‘ |X2|%n2—%(;0+1) I, — X1|%n2 I, — X2|%(n1+m)—%(p+l) I, — X1X2|—%(n1+n2+m) .

Remark 6.4
If (Xl,...,X,«)~D£V(n1,...,nmm) given by (6.11), then for s <r the marginal pdfis (Xq,...,X;) ~
D[V (ni,...,ns,m) and the pdf of (X,y1,...,X,)[(X1,...,X,) is given by

el ne . mitbectnatm) 1=l Ini—i(p+1) T —ini—i(p+1
{61)(“21,_,_,—271; o )} H |X ;|2 2(P+)4H I, — X,|°® 5 (p+1)
1=s+1 i=s+1
—1(n1++ne+m) s Z(n1+-4ns+m)
I,+ > Xi(I,- X))~ . (6.14)
i=1

’ Ip + Z X (Ip - Xz')_l
i=1

0<X;<I,,t=s+1,...,7

Remark 6.5

In the case of the bimatrix variate beta type I distribution the marginal pdf is that of the matrix variate beta
type I (see (4.5)) and for the matrix variate Dirichlet type I distribution the marginal pdf of any subset of
matrix variates is again matrix variate Dirichlet type I (see Remark 4.4). From Theorem 6.2 the marginal pdf
of the bimatrix variate beta type IV distribution is the matrix variate beta type I and from Remark 6.4 the
marginal pdf of the matrix variate Dirichlet type IV distribution is again matrix variate Dirichlet type IV.
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Remark 6.6
The marginal and conditional pdfs of the matrix variate Dirichlet IV distribution (see Remark 6.4 and (6.14))
are not members of the Liouville family of distributions (see [2.2.1]).

6.3 Product moment of the determinants

The (hy, ko)™ product moment, E (|X1|h1 |X2|h2> , where (X1, X3) ~ BBV (n1,n2,m) is derived in Theo-
rem 6.3.

Theorem 6.3
If (X1,X2)~ BB]}Y (n1,n3,m) as given by (6.2) then

B[] = ToCEEEER) r (S ha)n, (B £ ) (242)
(X Xa0") = E ) () 6 (AR,

]

By 28 (%2 + hg, Qﬁ_—gZﬂa %L + h1§ 7L1+7§2+7n + hz, n1+752+m + hl;Ip) , (6.15)

where 3F5 (-) is the hypergeometric function of matriz argument given in [2.6.1].

Proof:
From (6.2) and by using [2.6.5] and [2.6.8] we get

B (X" 1X2")

C G E [ e oo
) )
P 2 2 0<)(1<Ip

. l/ |X2|%"2+h2*%(17+1) |Ip _ X2|%(”l+m)*é(l’*1) |Ip —X1X, —3 (ni+nz+m) dX,|dX,
0<Xao<I

+h2) (m

_ . my1~1 T ) Inithi—3(p+1) 3 (na+m)—3$(p+1)
- {Bp(%72227%)} pFPEM+h22) /0<X1<I |X1|2 e |Ip_Xl|2 ’ 2

o By (ﬂz + ha, 7L1+n2+m. n1+n2+m + h2;X1)dX1

1T, —2+h2) (n +m) p( 5 +h 1) (ﬂ;_m)

= {8, (5 5:%5)
p\N27 272 ﬂﬁzﬁ+h2) pp(m_ml)
. 3F2 (7_L22_ + h27 n]—&-gz—i-m? ’I_L2]_ + hl; n1+752+m + hg, 7L1+7§2+7n + hl;Ip) . .

6.4 Distribution of the product of determinants

An exact expression for the pdf of A4 in (1.10) is derived in Theorem 6.4.

Theorem 6.4
Let 81 ~ W, (n,%), So ~W,(n2,X) and B ~ W, (m,X). The ratios in (6.1),

1 1
1 2

X;=(I,+B¥sB7%) "B isB 7 (I,+BisB ) ", =12

give (Xl,Xg) NBBI{V (’I’Ll,ng, ) Let A4 = |X1X2|

’SH-B Sz-‘rB’ :
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The pdf of A4, the product of two dependent Wilks’ statistics, is given by

Fp('n.] +m)l"p( n22+m
r

2
»(5)r

]
—~
K
,1
k]
—~
M|3

) kZOZ klr (n nitnotm Ii) Cy ( )ng gp ()\4|le::::;122:) 7 (6.16)

0 < A\ <1, where
MM ] 4 oy —5 (1) for j=1,3,5....2p—1

aj; =
w71+kj/2— (j—2) for j=2,4,6,...,2p,

B =1tk —10-1)  for j=135...2—1
and b; =

L _14+kjpn-33G-2) for j=2,4,6,...,2p.
Proof:
From (6.15) the Mellin transform (see [2.8.1]) of f (\4) is

Mg (h) = E(A7T)
- E (|X1X2|’H)

Ly (M52m)  Dp(+h=1)0, (23 Dy (- +h—1)T, (225

2 2
S G Y O R e T S Y

R N I e B R e e e B R S 1T

(6.17)
From [2.6.1] and [2.3.3] the hypergeometric function of matrix argument in (6.17) can be written as
3Py (% + h— 1, mubtm Ly mbiadm g p ] mdnadmoy )T
_ Z ZLC (1 )Fp(%z+h 1K) Tp(BE2™ ) T (B +h—1,k) Tp(ME2Em4p—1) 1, (224 p 1)
T A RYTRATRS T (B2 bh—1) T, (MR Ty (Bh4h-1) Ty (MERER 4 h 1 k) Ty (BER2ER 1 k)
Substituting this in (6.17) gives
T (M), () X lFp(%ZJrhfl,n)Fp(EJJF—T;zﬁ,n)Fp(%LJrhfl,n)
My (h) = T, (2, (20, (%) k;(); BT, (2 )T, (P22 1) (Ip). (6.18)
From [2.3.3] the generalised gamma functions of weight x in (6.18) can be written as
I, (Ritnatm +h—1 K) T, (mtmtm | p )
p
= rir(—1) H [ [mtnedm 4k — 3 (j — 1)] wap(e—D le[ﬂﬁ—gzﬂ +h—1+k —1(G-1)]
j= j=
1 2p
=3P~ Y [ T (a; +h),
j=1
(6.19)
MAdm ] 4 ki —3(G—1)  for j=1,3,5,...,2p—1
where a; =
Mt ] s — 2 (5 —2) for j=2,4,6,...,2p.
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Also from [2.3.3],
I, (’—;1- +h—1,K)T, (7—;2 +h—1,/£)

1 P 1 P
=atPP D T[S +h—14k—3(G—)]aPC D [T [2+h—1+k—3(G—1)]
j=1 j=1

j=1
(6.20)
2o 1+kGynp—30G—1) for j=1,35...2p—-1
where b; =
2 1+kjp—1(—-2) for j=2,4,6,...,2p
Substituting (6.19) and (6.20) in (6.18) gives
M () = Ly (57 )y (223 § S, (mrtmam [T, rb;+h) (6.21)
P =, (B ()0.(2) o ™ Ly R | KT '
The pdf of A4 is obtained from the inverse Mellin transform of (6.21) (see [2.8.1]) as
w100
FO0) =gm | Mj(h)r"dh
Fp(nlgm)FP(TLQ;m) s 1 nit+notm wi oo L'(bj+h) h
- n n _F 5 CK, )\ dh
(5 )T (532 )Tp (%) kgo; k1P ( 2 if) p 27mw fwo ] T(ay+h) 4
(6.22)

From the definition of Meijer’s G-function (see [2.8.2]), (6.22) can be written as

I, (B2, (2252

£ = ST ) 2 5 AT (50 G 65, ()

2 k=0 K

6.5 Role of the parameters

In this section we study the effect of the parameters ni, ny and m.

Firstly, we consider the bivariate case, p = 1, to illustrate the effect of the parameters ni, no and m on

(i) the form of the pdf of (X7, X5);

(i) the correlation between X; and Xo;

(iii) the graphs of F (Xs|x;) and wvar (Xs|zy) plotted against xq;
(iv) the form of the pdf of Ay4.

From the result in (6.2) the joint pdf of X; and X, is

_ F(er_r;gﬁ) lnl 1 %n2,1
Floves) = wEpeara ™

(1= )BTl () gy Bt () g gy 3Ot g g 1 (6.23)

Libby and Novick (1982) and Chen and Novick (1984) proposed the multivariate case of the distribution given
by (6.23) and called it the multivariate generalised beta distribution. They also presented applications in utility
modelling and Bayesian analysis respectively. Libby and Novick (1982) considered ratios of r 4+ 1 independent

62

© University of Pretoria



gamma random variates with parameters o; and 3;, ¢ = 0,...,r, respectively. The bivariate distribution given
by (6.23) is obtained from ratios of three independent chi-square or standard gamma random variates (see (6.1)
for p = 1) and was also derived and studied by Jones (2001), Olkin and Liu (2003) and Nagar et al. (2009).

Figures 6.1a and 6.1b show graphs of the pdfs of BB{Y (8,n,,8) and BB{Y (8,8,m) distributions respectively
(see (6.23)). As mq increases, f (z1,x2) shifts towards larger values of X3. The effect of the parameter nq will

be similar to that of ny but with f (z1, z2) shifting towards larger values of X as n; increases. As m increases
(see Figure 6.1b) the joint pdf shifts towards smaller values of both X; and Xo.

Figure 6.1a: Effect of np onf(x1,x2), (X1,X2) ~ BBYY(8,n2,8)

.
SR 0y i,
S |
S

Ve,

2T

LA T /
LA AT

= e !’ :}.‘1’:3:.:4;.',.
o T G o iy NS S5 1 LT P AT
e a...w' W}'\ M\‘\\‘; 7
BT LT O . SN S | N ORI
LTI N By S OQNNES ANeNsE e
AE AT 0 &5 LA AT NSRS
S N &.’ LR
P S, Z 0 ZIATATA S iy LA X
LA AL AT AT LA A A TS IS ATATAS
LA LA LA T 72
X ST LT LT
e = 2
=0 k(] 0
1 1 1
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From (6.15) the (hy, he)"™ product moment, E (X{“Xé”) , associated with (6.23) is given by

D(2E2tm) D52 ho )T( 2™ ) T(5h+h )T (2257

P()P(5)0(8) T(H524he)  D(S224h)

B(x'xy?) =

- 3Fy (% + ho, Mtatm nL 4 py Aot 4 pyy MAREm 4 pyy i) (6.24)

The result in (6.24) was used to calculate the correlation between X; and X5 and Figure 6.2 shows graphs of
corr (X1, X2) for increasing values of ny and m. The correlation is positive and increases for increasing values

of n9 or decreasing values of m.

Figure 6.2; Effect of n, and mon corr(X1,X2)
(i) (X1, X2) ~BBY(8,n,8  ——
(i) (X1,X2) ~BBY(8,8m)  —-----

1

08 -
06
><n
>
L 041
3
Q

0.2

0 T T T T T T T T T
0 2 4 6 8pyml® 12 14 16 18 20

From (6.13), the marginal pdf of X; for p=1 is

nitm 1. _ Lo
f(xl):Lsznl 1(171,1)% 1 0<z <1,

r(g)r(g)! ’

o

that is X; ~ B{ (ny,m).

For the bivariate case, the conditional pdf of (X3|X; = z1) given by (6.12) simplifies to

T nj +n2+m
2

[ (@aly) = D(5)r(*5) (1= 20)¥™ 23" (1= @) ™7 (1 ) TH 0 <y < 1. (6.25)
2 2

The A" moment, F (X2h|X1 = xl) , associated with (6.25) is derived in the next theorem.
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Theorem 6.5
If (Xl,XQ) ~ BB{V (nl,ng,m) then

p(mm)  p(son)

1-— T1T2

_ 1 )
) 2(n1+n2+m)dx2

h
E (X2 |X1 = xl) = F(%Z) F(n]+r;2+m+h) (1 — xl) 2F1 (
Proof:
From (6.25) and by using [2.5.3] it follows that
(Xél|X1 = 1’1)
p(atpn) e fodmathet () _ g doutm
= L —~ (1 — 1) 1—m9)2
e { ? (
_ o _b(mmm) r(R4n)r(mee)
TR r(mEE)

1,
1—=1x ) n2 2F1 (7_L22 4 h, 7L1+7§2+7”; n1+7£2+m + h;iL‘l) .

h, n1+7;2+m; n1+7;2+m + h7x1) . (626)

In Figures 6.3a and 6.3b graphs of F (Xs3|z1) (see (6.26)) show the underlying structure of (6.25) for increasing

values of ny and m respectively. For given values of the parameters, the relationship between F (Xs|z1) and

is curved and increases as x7 increases. For a given value 21 of X7, E' (X2|z1) increases as ne increases or as m
decreases. This corresponds to what is observed in Figures 6.1a and 6.1b. From (6.26) the parameters n; and

m have the same effect on E (Xs|z1).

Figure 6.3a: Effect of np on E(Xa[x1), (X1,X2) ~ BBYY(8,n,,8)

0.9 1
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Figure 6.3b: Effect of mon E(Xa[x1), (X1,X2) ~ BBY(8,8,m)

0.9 1
0.8
0.7
0.6
0.5 1

0.4 1
034 e m=4

E(Xax1)

0.2 4

0.1

X1

Figures 6.4a and 6.4b show graphs of wvar (Xa|z1) plotted against 1 for different values of ny and m. At

larger values of x1, var (Xs|x1) increases as ny decreases. This is also observed at smaller values of 1 as m

decreases.

Figure 6.4a: Effect of ny on var(Xalx1), (X1,X2) ~ BBYY(8,n2,8)

0.04
------- np=4
np=8
0.03 -
ny =16
“i_ 0.02 -
)
§
-
0.01
0 T T T T T T T T T
0 01 0.2 03 04 05 06 07 058 0.9 1
X1
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Figure 6.4b: Effect of mon var(Xalx1), (X1,X2) ~ BBYY(8,8,m)

0.03
0.02 4
~~ -~
=
[9\}
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S
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_______ m=4
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X1

Finally, for the bivariate case, the effect of the parameters mni, no and m on the pdf of Ay = X1 X5 was
studied where (X1, Xs) ~ BB{"V (ny,n2,m). Considering the result in (6.16) for p = 1, it follows from [2.3.3]
that T, (MF224m ) = T (2H224m 4 k) and from [2.3.1] that Y Cy (I,) = 1. Therefore

r ni+m r no4+m o0 n1+n2+m 1+k n1+n2+m, 1+k
F) = F((_J—%f)r()%z()_z_rzg)) k;o AT (mtmatm 1) G2 <>\4|_L ET2 ik ) : (6.27)

0< <1

From [2.8.4] and [2.8.5] the G-function in (6.27) can be written as,

n1+n2+m_1+k mtngtm 4 2.0 mitngtm ) mitngtm
G <)\4| :)\4G’ )\4|_L 1,721

—1+k, "2 —1+k

1
k;)\2 "2 - )\4)2(n1+n2+2m> ! not+m notm. nitno+2m.
—)\4 F(n]+n2+2m) 2F1( 2; La 2; L7 o 22+ L71_)\4)

Substituting this in (6.27) and using [2.5.2] gives

f(A4)
Lﬁzﬂ 1 1 om)—1 X Ak D(ratnadm g
_ (_21‘7%27% )\2n2 1 Y )2(n1+n2+ m) kioﬁ g(” zg +m)) 2F1 (nQ;,-m’ n2;-m; n1+n22+2m; 1— )\4)

1 L(ni4ns+2m)—1 2
(1= Ag)2(mtmat2m =l py (Rafm notm, midneddm.q _ )\,) o Fp (geEm )

1n,—1 1 _ _1
))\2”2 (1 _ )\4)2(n1+n2+2m) 1 oF, (nQ;-'rn? nz—zi-m; 7L1+7L22+277L; 1— )\4) (1 _ )\4) 3 (n1+nz+m)

m 1
gna—1 im—1 na4+m mnotm. nj4no+42m.
)\Z (1—)\4)2 2F1( 22 , 22 ;= 22 ,1—)\4).

This is the pdf of A4 written in terms of the Gauss hypergeometric function (see Nagar et al., 2009).
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Figures 6.5a and 6.5b show the effect of ny and m on f (\4) given by (6.27) where (X, X2) ~ BB{" (8,n2,8)
and (X1, X») ~ BB} (8,8,m) respectively. As ny increases the pdf shifts towards larger values of A4. The

opposite is observed as m increases.

Figure 6.5a: Effect of np onf(14), Ag = X1X2, (X1,%X2) ~ BBY(8,n,,8)

5
——————— np=4
4 A ny =
f(Aa) n, = 16

1
8
m=4
——— m=38
m= 16
0.8 1

Secondly, we consider the bimatrix case where p = 2 to illustrate the effect of n1, no and m on the form of
the pdf of A4. From (6.16), the pdf of A4 for p =2 simplifies to
(B (225) 2

n n m 470 al,a2,a3,a
) = S () & S AT (B 9) C (1) G (M), o< A<,

where

a1:—1—2—” +Z+m*1+k1702:—1—2—n +15+7n71+k17a3:_]_2_n +g+7n+k27% and a4:—1—2—n +g+7n+k2*%;

b1:n2 —1—|—k1,b2:n2 —1+k1,b3:%+k2—% and b4:%2+k2—%.
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(@

Figures 6.6a and Figure 6.6b illustrate the shape of the pdf, f (\4), for increasing values of ns and m. We note

that as ne increases the pdf shifts towards larger values of A4. The opposite is observed as m increases.

Figure 6.6a: Effect of np onf(14), Ag = [X1X2], (X1,X2) ~ BBY(8,n,,8)

20
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Figure 6.6b: Effect of mon f(14), A4 = [X1X2|, (X1,X2) ~ BBY(8,8,m)
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7 Bimatrix variate beta type V distribution

By introducing the additional parameters a; and s in the ratios (1.3) we derive the pdf of (1.5) and call
it the bimatrix variate beta type V distribution. The marginal and conditional pdfs are derived in Theorem
7.2. Theorem 7.3 derives the product moment of the determinants and the latter is then used in Theorem
7.4 to derive an exact expression for the pdf of As = |Ql|én1 |QQ|%H2 (see (1.9)). The role of the additional

parameters «; and «s is studied in Section 7.5.

7.1 Probability density function

The pdf of the bimatrix variate beta type V distribution is derived from Wishart ratios in Theorem 7.1.

Theorem 7.1
Let 81 ~ W, (n1,%), Sy~ W,(n2,X) and B ~ W, (m,X) be independently distributed. Consider the
definition in (1.5), that is

Q,=S"7?(S;)S™ 2, i=1,2, (7.1)
where S = o181 +a3Sa+cB,a; >0,¢c>0 and S = S%S%.

The pdf Of (leQZ) NBB;[‘J/ (n17n27m7a17a27c) is

f(Ql?QQ)
o me =1 Ini—1(pt1) 9 zm—3(P+1) o \dnap 2 -3 (n1+na+m)
= B0} Q=L - 2 Q 1 (a—) I+ 3 5,
1= 1= 1= 1=
2 nip 2 —1(ni+na+m)
= 9@ () L+ E5ma ,
1= 1=

(7.2)
2

0<Q;<I, i=12 0<5> Q;<I, where n; > (p—1),1=1,2, m>(p—1) and g(-) is the pdf of
i=1

7
BBl (n1,n3,m) given by (4.2).

Proof:
The pdf of (S1,S2,B) is given by

K] [etr (-i='s)) |si|%<"i‘p‘1>} [etr(—%E_lB) |B|z(mPY) (7.3)
=1

where K1 =T, (Z)T, (22)T, (&) 252" +m4™) (see [2.10.1]).

Making the transformations Y; = «;S;, i =1,2, and Z =B with Jacobian J(S1,S2,B — Y1,Ys,Z) =
1
2 2 —3p(p+1)
[1TJ(S:i—Y;)J(B—Z)= (H a; - c> (see [2.1.4] and [2.1.5]) and substituting in (7.3) gives the
i=1 i=1
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pdf of (Y1,Y2,Z) as

f(Y1,Y2,Z)
1
2 2 Ln,—1(p+1) 1,1 2 —3p(p+1)
_ Ketr< e )H Ly [T (Lt (g e (cHai>
i=1 i=11"" i=1
- KH ""”’HIYIQ"””“’IZIQW et {‘%E_l(iwﬁlz ]
= = (7.4)
Next, consider the transformations S = Y1 + Y + Z and Q;, = Sz Yisfé, 1 = 1,2, which give
2

Y, =S?Q,8%, i=12and Z =28 — ZYlfS zs Q,S* = S (Ipqu)s% with Jacobian
=1

1=

J(Y1,Y2,Z — Q,Q,,S) = |S|(p+1) (see [2 1.4] and [2.1. 8]) Substituting in (7.4) gives
f (Q17 Q27 S)

sm—%(p+1)

1, $ni—3(p+1) 2
- K Ulal 3P~ Lmp 1:[1 S%Q15% BRI gl (Ip — Z1Ql> Sz
151 2 1q3 1, 1qi 2 3 p+1
-etr —52 ;(X—ISQQ182+ES2 IP_;Qz Sz |S|
2 _ingp —im ni—4(p+1) | 2 33 ()
S D TRl A oy}

=

1 1 2
| gtz P oty { Ix-ig [Z Qi+t <Ip— ;Qi)] S }
_ —3nip c—3m ni—3(p+1) R
= K H a; Y H Q2™

2
I, ;Q

1 1 : ; -
SRt M= (P ) o [—2—16552_155 (Ip ! %QZ)] '
(7.5)

We consider the symmetrised density function of (Q;, Q,) (see [2.9.1]), that is

f(Q1,Qy) = / / f(HQH' HQ,H' HSH')dHdS where H (p x p) is orthogonal and dH is the
S>0J0(p)

normalised Haar invariant measure on O (p). Note that dS = dHSH' (Dfaz-Garcfa and Gutiérrez-Jdimez,
2006b). From (7.5)

f (HQlHlvHQ2H17HSHI)
3m—3(p+1)

_ KHa 2w *EmPH|HQH| s fZHQH’

"\ 2 7 1 2
. |HSH/}%(n1+n2+m)*%(P+1)etr |:% (HSH )2 -1 (HSH )2 <1p+ zjl%LHQlHI)]
=

2 3m—3(p+1)

I,-> Q

= K] 2P~ Emp H |Q,[2i P+
L 1=1

’ ’ 2
. |S|%(n1+n2+m)%(l7+l)etr|:%HS%H 2—1HS%H H <Ip + Zl%Q’L> H/:| )
1=
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Then from (7.6)

fs (Q17 QZ)
1 1
2 2 2 zm—3(p+1)
= K[e i Qe - 5 @
/ |S|%(7L1+7L2+7n)—%(1}+1)/ etr [_%H,E—lHS% (Ip + i ﬂLQz) S%]deS
) O(p) c =1 )
From [2.3.6] it follows that the integral in (7.7) over the orthogonal group can be written as
1 1
, 2 2 2 2
/ etr |—=H X 'H (I,,+Z%"‘Qi) S(IerZ%iQi) dH. (7.8)
O(p) i=1 i=1 '

Using (7.8) in (7.7), changing the order of integration and integrating with respect to S using [2.2.3] gives
fs (Q17 QZ)

Tm—3%(p+1)

= kit faiiel, S
i=1 i=1 i=1
1 1
. Lnatnatm)=3(p+1) | 1 N 2 i)
S| etr| =5z (I, + > <4Q,) HY "H (I, + ) <*Q,;| S|dSdH
O(p)J §>0 i=1 " =1
1 1
2 _ 2 2 3m—3(p+1)
_ KTP (n 7; m) H ai_%"lpcf%mp H |Qi|%"i*%(P+1) Ip _ Z Q;
i=1 i=1 i=1
9 1 ) 1 =3 (n+nz+m)
/ % (Ip + Qi) HX'H (Ip + 2 %Qz) dH
O(p) i=1 i=1
= {5, (5,5 9)) 7 Lo ey
2 Jini—L(p+1) 2 , zm—3(p+1) 2 ) —3(n1+na+m)
/ [T |HQH[*"***V |1 S HQH I+ ““HQH dH.
O(p) i=1 i=1 i=1 "
(7.9)

The result follows from (7.9) and [2.9.3]. W
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Remark 7.1
The following definition of Wishart ratios will also give matrix variates having the bimatrix variate beta type
V distribution with pdf given by (7.2):

1 1
Qi = Oéle (a151 + oSy + CB)_1 Sf, 1 =1,2,

and

(SIS
[SIE

2 1 1 N
Q= <c1p+ > OéiBESiBE)

, _
a;B"78,B 2 (dp +3 aiB%SiB%) i=1,2. (7.10)
=1 —

=1

Remark 7.2
The ratios (1.5) (or (7.1)) can also be written as

Q =(SI+S,+B*) 281 (ST+8,+B) %, i=1,2,

where ST = a1S ~ W, (n1,qX), 85 = @S ~ W), (n2,e¥) and B* = ¢B ~ W, (m,cX), all independent
(see Theorem 3.4 and Remark 3.2).

Remark 7.3
The pdf of Q ~ BY (n,m,a,c) is given by (3.5) (sec also Remark 3.2).

Remark 7.4

The matrix variate Dirichlet type V distribution, denoted as (Qy, ..., Q,) ~ DX (N1, e oy My My @y ooy Oy )
results by extending (7.1) to r independent Wishart matrix variates, §; ~ W, (n;, %), ¢ =1,...,r, all indepen-
dent of B ~ W, (m,3). The pdf of (Q,...,Q,) is given by

{8, (%L,...,%n;%)}*l 11[ <a%>%mp

i=1

Tm—1(p+1) -3 (1t +nrt+m)

r ln.-1 —or
ITlQil=™ 2 (o) I, -2 Q I+ > SH Qi ;
=1 =1 i=1
(7.11)
0<Q,<I,i=1,....,r,0<> Q,<I,.
i=1

Remark 7.5
If oy = a2 =--- = a, = a the pdfs of the bimatrix variate beta type V distribution in (7.2) and the matrix

variate Dirichlet type V distribution in (7.11) are members of the Liouville family of distributions of the second
kind (see [2.2.1]).

7.2 Marginal property and conditional density

In this section the marginal and conditional pdfs of the bimatrix variate beta type V distribution are derived.
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Theorem 7.2
If (Q,Qy) ~ BBX (n1,n2,m,a1,a9,c¢), then the pdf of Qp is given by

FQ) = {8, (3 mgm) ()7 ()P

1, _1 1 (mo o) — —3(n1+n2+m)
|Q1|§n1 é(P+1)|Ip_Q1|§( 2+m)—3 (p+1) ‘Ip_i_gzﬁl_@l‘ A

-1
nijt+no+m. not+m. c—a as—o
'2F1<%7 L =2 ,°62(IP—Q1)(I,,+—2?1-Q1) >

N3P L I —1(n1+na+m)
= g(Q) (_2> (72)2 p)Ier 2a1 IQI‘

(o5}

c

o <%, n1+r£2+m; n22+m; =2 (I,- Q) <Ip + ﬂzleJ_l) ,
(7.12)
0<Q <I,, where g(-) is the pdf of Bj (%, 22 given by (3.1).
Furthermore the pdf of (Q4|Qy) is

3m—3(p+1)

1
) 2(7L1+7L2+77L)p |Ip B Q1|*%(n2+m)+%(P+l)

2
Ip*ZQi

|Q2|%”2*%(P+1)
=1

~1
{8, (527" (5
—3(n1+na+m)

%(nl +na+m)

1+ =z,

2
I+ <HQ;
i=1

C

—1\1¢
. |:2F1 <%7 nl+7§2+m§ n2;rm; c—ag (Ip _ Ql) (Ip + QzﬁLQl) >:| , (7.13)

0<Q,<I,—- Q.

Proof:
The pdf of (@, Q,) given by (7.2) can be rewritten as

F(Q, Q) = KI[Q 2t gy amema D) (7.14)

11 _1 _1
L - QL — (1, - Q) @1, - Q)

)f% (n1+na+m)

)

')Ip"‘ %]‘Q1 + %Zcb

1
3NiPp

2
where K:{Bp (22]'72227%)} 111;[1 (c%)

=

Consider the transformation where Z, = (I, — Q1)7% Q, (I, — Q1)7% .Then Q, = (I, — Ql)% Zy(I,- Q)
and from [2.1.6] the Jacobian is J(Qy — Z3) = |I, — Q1|é(p+1) .
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Substituting this in (7.14) gives

vz
M2 3m—3(p+1) 3 (n24m) =5 (p+1) 3n2—3(p+1) 3m—73(p+1)
= K@ L, - QPR Zy L, — Zo 2R

c —a 1 1 *%(nl‘i”ﬂz‘l’m)
Mp = Qi+ Qi+ 52T, — Q) Z2 (I, — Q)
_ K|Q1|%n17%(1?+1) |Ip _ Q1|é(n2+m)*§(zﬂr1) |Z2|%n27%(29+1) |Ip . Z2|%m*%(P+1)

_1 _1 1 o —3 (ni+n24m)
L= QML e (1, - Q)2 Qu (I, — Q)72 + 522,

Im—1(p+1)
2|2 2

= KIQuF RO L, - Qe g, B g

-1
L, — Q) b tnatm
p

L+ (I, - Q)7 Qu+ 5222
= K|QFTRUIL, - QuE T TAW |z, BRI |, g, B0y

o o -1 (n14+na+m)
. ‘Ip +ENQ) 02 (1, - Q) Zz)

= K|Q [T |L, - )Rtz a0 | g a0

—3(n14n2+m) —3(n1+n2+m)

—1
|1, + =52, L+ (I,+52Q) (I,-Q)Z

(7.15)
Integrating (7.15) with respect to Zo by using [2.6.5] gives
£(Qy)
_ K|Q1|%n1—%(p+l) |1— Q |2 (n2+m)—3(p+1) ‘I 4o Q ’*— (n1+n2+m)
3n2—3(p+1) sm—1(p+1) c—o c—a -1 ~a(mtnatm)
./0<Z V2R, o s (1 4 Q) (1, - Q) 2 a2,
2
T (EL’;Zﬁ) 2 ( )2”1;01'* 122) %) %nlfé(lH’l) l(n +m)71( +1)
= - 2 < _p\2 /) P\2) I — PAU) 2 (P
nE e L) Tl Hp = il
L —1(n14na+m) o _ -1
: ‘Ip + %Ql‘ i 2 F1 (%2‘7 ratiadn nadm_e=a (Ip + &= Q1) (I, — Ql)) :
(7.16)
~1
Letting S = —<522 <I »+ %QJ (I, — Q) and using [2.6.7], the hypergeometric function of matrix
argument in (7.16) can be written as
F (Qz nitn +m’ n +m S) _ |Ip . S|—%(n1+n2+m) o F <%’ nﬁ-gz—i-m; nz—zi-m; _S (Ip _ S)_1> ) (717)

(6]
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I,-S
~1
=1I,+ % (Ip + %Ql) (I, — Q1)
= (Ip + %QJJ [Ip +SQ+ I, - Ql)}
- (+52Q) [et s d,-Q)
— e (452Q) (1 +252q)
it follows from (7.16) and (7.17) that

f(Qy) 1
n n m -1 2 2" n lin m)—1
— {6}, (_2]‘; 2—; )} .Hl <C%>2 |Q |2 1—%(p+1) |Ip*Q1|2( 2+m)—3(p+1)
=

3 (n1+na+m) —1(n1+n2+m)

-1
|+ =2q) = (L+s2a) (L+e2aq)

—1 -1

(Ip— Q)< (Ip + 22%Ql) (Ip + %Ql))

m ni4no+m. not+m. c—ag c—Qy
'2F1(27 2 3 2 ) as (Ip+ a1 Ql)

2
_ {6;) (%L, nggm)}*l H a;%nipazé(n1+n2+m)pcfémp |Q1|%n1—%(p+l) |Ip . Q1|%(n2+m —1(p+1)

a2 —Q —2(n1+n2+'m) m nitnotm.n +m c—« a2 —Q -1
|1, + 222 oy (1, bt cmo (1, — Q) (I, + 2252.Q,) ).

This is the result in (7.12).

The conditional pdf of (Q,|Q) in (7.13) follows from f(Q;,Q,) and f(Q;) given by (7.2) and (7.12)
respectively. |

Remark 7.6
f (Q,...,Q,) ~ (nl, ey My, ML, . ., Qi €) 4 as given by (7.11), then the pdf of (Ql,...,QPl) , is
f(Ql?"'?Qr—l)

1
3NiPp 1

= (8 () T (2) T ()

3 (npt+m)—3 (p+1) —3(ni+-+n,+m)

= 3ni—3 (p+1) = = ar—a;
-5 q 1+ % 25,
1= 1= 1=

—1
r—1
. 2F1 (737,7 ni+-- —5nr+m’ nré&-m c— ar (I _ Z Qz) < + Z aza—ia. Qz) ) ,
i=1

r—1
0<Q;<I,i=1,...,r—1,0<3 Q;<I,.
i=1
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In the case where a; =a,i=1,...,r, the pdf of (Qq,...,Q,), s <r is

f(Ql?"'?Qs)
1 N s . L s 3 (nsg1+-+nr+m)—1 (p+1)
o (3 mgmn)) ie fg et |1, S
i=1 i=1
o F) (%7 n1+~~~—5nr+m; ns+1+";rnr+m; c;a <Ip _ Zl Qz)) 7
(7.18)
0< Qi<1p7i:17~-~7$70< Z Q,L <Ip
=1
The pdf of (QSH, e QT) [(Qq,-..,Q,) is given by
3m—3(p+1)
n. 1 1 et r 1p,—1 r sm—3
{8, (52 )} (7T L QUL - S,
s =% (Nsp14Anr+m)+3 (p+1) ” L (n1+-+ne+m)
IpizQz IP+%ZQ1’
i=1 i=1
-1
s
. |:2F1 <%7 n1+~~~;nr+m; ns+1+..;-nr+m; % <Ip o Zl Qz)>:| , (7'19)
=

0<Q,<I,—>Q; i=s+1,...,r,0< > Q,<I,—> Q,.
=1 i=s+1 =1

Remark 7.7

In the case of the bimatrix variate beta type I distribution the marginal density is that of the matrix variate beta
type I (see (4.5)) and for the matrix variate Dirichlet type I distribution the marginal density of any subset of
matrix variates is again matrix variate Dirichlet type I (see Remark 4.4). From (7.12) and (7.18) this property
does not hold for the bimatrix variate beta type V and matrix variate Dirichlet type V distributions.

Remark 7.8
The marginal and conditional pdfs of the matrix variate Dirichlet type V distribution given by (7.18) and (7.19)

are members of the Liouville family of distributions of the second and first kind respectively (see [2.2.1]).

7.3 Product moment of the determinants, (a; = ay = «a)

The (hy,h2)™ product moment, E <|Ql|h1 |Q2|h2> , where (Qy, Qy) ~ BB) (n1,n2,m,a, v, ¢) is derived in
Theorem 7.3.

7
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Theorem 7.3
If (Q,Qy) ~ BBX (n1,n2,m,a,,c), then the (hq, hg)th product moment is

Fp(n +7; +m) Fp(lz]‘""hl)rp(%z""h?)

E(|Q1|hl |Q2|h2> = Fp(ﬂ)pp(ﬁz) FP(EJ%Z_;'_}LI_HLQ)

2 2

1
(e 2mP m ni4notm. ni4not+m L c—a
(a) 2F1(27 2 ) 2 +h+ha 5 IP)

SN—

*h1 * 1 ho
- £(lei" Qi

S .
(2) 2 o (%,"1+Z2+m;"1+752+m+h1+h2;° C'Ip),

[0 c

(7.20)
where Re (4ni+hi) > 3 (p—1), i = 1,2, (Qf, @) ~ BBS (n,na,m) and B (1Qi]"|Q3[") s given by

(4.8).

Proof:
From the pdf of (Qq, Q,) given by (7.2), with a3 = as = a, we have

E(1Q," Q")

= B )@

AR

0<¥?_,Q;<I,
0<Q;<I,

im—3%(p+1) —3(ni+na+m) o

[1dQ;.

i=1

|QA|%m+hi*%(P+1) I.— i Q, I, 4 &=« 22: Q,
7 p ) p « = 7

i=1

=

(7.21)
tm—1(p+1) -3 (n1+na+m)

in (7.21), using [2.2.6], [2.6.5] and

2
Ip 4 c;a ;Qz

2 2
Letting f (Zl Qi> =1, — ;Qz

then [2.6.7] gives
B (1Qu" Q")

= B, ()} T ()T S (e, )

[0

|Z|%(”1+n2)+h1+h2—%(iﬂ+1) |Ip _ Z|%"”_%(P+1) |Ip + ﬂz}_%(”l"‘”ﬁ"’”)dz
[e%

0<z<I,
_ FP(W) Fp(%"‘hl)rp(n_;""h?) FP(M—;W+h1+h2)FP(%) (g)%("ﬁ’"ﬂp
R R e T e

S oy (B2 Py o g, PRI RS - fy gy @2€T )

[0

p (PR ) Ty (53 +ha )Ty (R +ha)

Iy
E(F)0, () T, (2 i)

—Lmp _
. (£) 3 o Fy (%7 n1+752+m; n1+752+m + hy + he; ccaIp) ] ]

[e%

Remark 7.9
The A" moment associated with Q ~ B} (n,m,a,c) is given by (3.18).
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7.4 Distribution of the product of determinants, (o; = a; = «)

An exact expression for the pdf of As in (1.9) is derived in Theorem 7.4.

Theorem 7.4
Let 81~ W, (n,%), So ~W,(ne,X) and B ~ W, (m,X). The ratios in (7.1),

=

Q, = (@S, +aSs +cB) % aS; (aS, +aSs+cB)" %, i=1,2,

in 1,
gZ"UC (Q17Q2) ~ BB;I‘J/ (n17n27m7a7avc)' Let A5 = |C21|2 ' |Q2|2 ’.

The pdf of As 1is given by

a1P(-1) < —LImp X 1 m nitngtm c—a 2p,0 (a1,21),...,(ap,ap)
T, (50T, ()T (2) (£) k:OZ’; iy (B, 8) Tp (B2 k) O (521,) Hyl, )‘5|(b1,51),-~7(b2p752p) ’
(7.22)
0 < A5 <1, where
aj=2+ki—1(G—-1), for j=1,2,3,....,p,
o =1t for §j=1,2,3,...,p,
-10G-1)  for j=1,3,5,...,2p—1
bj = 1 .
72(]72) fOT .]*274767"'72])7
B for j=1,3,5,....2p—1
by = m2 o for j=2,4,6,...,2p.
Proof:
Using (7.20) the Mellin transform (see [2.8.1]) of f(X5) is
Mp(h) = E(AFY
1n, 1n, h—1
S [CTRRC S
| D) o ool R eR o] o-dm
LR (F) | LA ]
Cofny (%, mbptm, e e () — 1) o)
Dy (EEEER) 1, (S R)E,("Rh) (g)*%mp
D)0 (F) Tp(3+m52h) e
o F <% n1+7§2+m. % 4 nl;n& h: ﬂIp) .
(7.23)
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From [2.6.1] and [2.3.3] the Gauss hypergeometric function of matrix argument in (7.23) can be written as

m nijtnst+m. m nitns . c—«
2F1(27 2 g Ry CIP)

00
_ 1 c—« Ac/w\N 2 Ik
= kzo; k.!Cn ( c IP) (%+ﬂﬁ2h)

§ Zic (c—aI ) FP(%’R) Fp(
i TN e TR () (R Th(2452he)

Substituting in (7.23) gives

2

Cy (&21,) . (7.24)

Using [2.3.3] the generalised gamma function of weight « in (7.24) can be written as
Ly (5 + 5" h, r)

| P
= 7P T F[%+ﬂl:2f_"2h+kjf%(jfl)j|

j=1
p
= 7iP@=Y ] T'(a; + oyh)
j=1
(7.25)
where a; =2 +k;—3(j—1),for j=1,2,3,....,p,
and o = ﬂl%z for 7=1,2,3,....,p.
Similarly, using [2.2.2] the multivariate gamma functions in (7.24) can be written as
Ty (55h) Tp (1)
p p
=m0 [T [5h =3 G- D] LT [h = 3G = 1)
j=1 j=1
3p(p—1) o
J:
(7.26)

~1(j—=1) for j=1,3,5...,2p—1
where b; = L .
—1(i—2) for j=2,4,6,...,2p,

o for 5=1,3,5...,2p—1

) %= for j=2,4,6,...,2p.
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Now, substituting (7.25) and (7.26) in (7.24) gives

— rdr(—1) c —3mp - 1 ni+no+m c—a Hz'il F(bf+ﬁjh)
M= e () T B Rl (50T (S5 e) O SR I - (720

The inverse Mellin transform (see [2.8.1]) of (7.27) is given by

w100

FOs) = o [ Mp()AT"dh
'n'%p(pfl) c\ 37 = ni+no+m c—a
- rp(%)rp(ﬂzz)rp(%) (E) > kgogﬁrp( )FP (‘%ﬁ_’“) Ci (TIP)
w100 (b +5 h 7h
lZTrzw {oo H aJJra]h) 5 dh

. 2p,0 (alval)v”'v(apvap)
Hp, 5 <)‘5|(b1,51),...,(b2p,62p)> )

The last step follows from the definition of Fox’s H-function (see [2.8.3]). W

Remark 7.10
The pdf of Ay = |Q| where Q ~ B} (n,m,a,c) is given by (3.20).

7.5 Role of the parameters

In this section we study the effect of the parameters oy and ay. The effect of the parameters ni, ny and m was
studied in Section 4.5 and the effect of the parameter ¢ was studied in Section 5.5.

Firstly, we consider the bivariate case, p = 1, to illustrate the effect of the additional parameters a1 and ais on

(i) the form of the pdf of (Q1,@2);
(ii) the correlation between @1 and Qo;
(iii) the graphs of F (Q2]|q1) and wvar (Q2|q1) plotted against ¢i;

(iv) the form of the pdf of As.

The effect of the parameter ¢ is discussed in Section 5.5.

From the result in (7.2) the joint pdf of @1 and Q2 is given by

m—1

wl»—A

. r(matnetm sn1—1 dna—1 1 —ar —
[, 2) = F(%L)F(%Z)F(%)ql D ( @ —q2)
c %nl c %n2 c—o c—a 7é(n1+n2+m)
(&) (@) (e se) , (7.25)

0<gqg<1l,i=1,2 0<q+q < 1.
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The pdf in (7.28) is a special case of the generalised Dirichlet distribution derived by Craiu and Craiu (1969).
It is also a special case of the Fj-beta distribution defined and studied by Nadarajah and Kotz (2005).

Figure 7.1 shows graphs of the pdf of the BB} (10,10,10,1,as,1) distribution (see (7.28)). As az increases,
with all the other parameters constant, the pdf shifts towards smaller values of @ and larger values of Q.
The opposite will be observed for increasing values of ;. Note that when a3 = as = ¢ = 1, (Q1,Q2) ~
BB{ (10,10,10) as discussed in Section 4.5 and when «a; = as = 1, (Q1,Q2) ~ BB{1(10,10,10,c) as

discussed in Section 5.5.

Figure 7.1: Effect of a2 onf(q1,92), (Q1,Q2) ~ BB\1’(10, 10,10,1,a2,1)
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The (hq, h2)th product moment, F ( M §2> , associated with (7.28) is derived in Theorem 7.5.

Theorem 7.5
If (Q1,Q2) ~ BBY (ny,n2,m,ay,as,¢) with pdf given by (7.28) then

b(orer)

T (5 +hy )D(22 +h2) r(2itnedm)

I O € I Gy
1 1
N1 SN2 _ _
() ()" R (e g oy, mt gy oy e mame) (729)

where Fy is the Appell function of the first kind (see [2.5.6]).
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Proof:

From (7.28) and [2.5.7] it follows that

E hi ks B F(E%Zﬁ) c %nl c %"2 %n1+h171 %nzﬁ*hz*l
PeE) T TEEeER) () e u E

0<g1+g2<1
0<qi<1, i=1,2

11 —a —a —3 (n14n2+m)
(I—q1—q2)? (1-1-711‘(11 +T22Q2) dg1dge
(=) Do +h )P (2 +ha) (i)%m (L)%m

Qg

(
T TN T )\

'Fl<W:%+h17%+h27w+h1+h2§aa—;cyw>- ]

a2

Remark 7.11
If a3 =as =« it follows from [2.5.8] and [2.5.4] that (7.29) simplifies to

I (th h2> _ Ot p(2 4 py )0 (42 +ha)
1 w2 D(S)0(42) T(2E2E™ L hy thy)

+ _
(’n1 7L2) 2F1 (m—gng + hl + h27 n1+7§2+m; n1+7§2+m + hl + hz; a c)

[e3%

—~

Qo

S—
W=

(™52 ) D% +ha )T ("2 +ha)
D(5)r(52) T(2E2 by +ho)

1
(e 2™ m nitnotm. nitnot+m . c—a
(a) 2F1(27 2 ) 2 Rt c)'

The result also follows from (7.20) with p = 1.

The result in (7.29) was used to calculate the correlation coefficient, corr (Q1,Q2), and Figure 7.2 shows graphs
of the correlation between ()1 and (o for increasing values of as and c. The correlation shifts towards
—1 as a9 increases or ¢ decreases. The effect of ay on corr (Q1,Q2) will be the same as that of ay. The
bivariate beta type I distribution is used in Bayesian analysis as the natural conjugate prior for the multinomial
distribution when the variables are negatively correlated. In some practical cases random variables may be
positively correlated, hence the bivariate beta type I distribution will not be a reasonable choice to be a prior
distribution. However, the bivariate beta type V accommodates positive correlation for specific choices of the

parameters aj, as and c¢. See Bodvin (2010) (also Section 5.5).
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Figure 7.2: Effect of a and c oncorr(Q1,Q2)
(i) (Q1.Q2) ~ BBV(10 10,10,1,a5,1) ——
(i) (Q1.Q2) ~ BBY(10,10,10,1,1,¢) ------
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From (7.12), the marginal pdf of @y for the bivariate case simplifies to

Fn+n+m

flg) = ]."J("—QW’”L) (E?) 2 (%)am qu—l (1 7q1)§(n2+m)71

1
(1 + ”_—‘“‘th) 2(mtnetm) 2F1 (m nitnot+m. notm. c—a 1—q1 ) ,

27 2 ) 2 0 ¢ 1+22§qu

O0<q <1

Also, for the bivariate case, the conditional pdf of (Q2|Q1 = ¢1) given by (7.13) simplifies to

f(q2lq1)
3 1
d (n1+n2+m) 3n2—1 11— c— _ —3(n1+n2+m)
(ﬂ) (m) ( ) ¢ (- g )t (1+T‘5Lq1+—ua? fh) 2
2 2

1 —1
3 (n1+nz+m) —L(ng4m)+1
2 [e51 +not+m. notm. c— 1—
(1+ QI) (I—q) > oFy | g, R A SR e ;
ay
(7.30)

0<qg<1—q.

The h*" moment associated with (7.30) is derived in Theorem 7.6.
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Theorem 7.6
If (Q1,Q2) ~ BBY (n1,n2,m,a1,as,c) then

E(Q41Q1 = q1)

p(22im) p(224p) . 3 (n1+n2+m)
r(%2) r(2z=4n) <a_z>

14 &g

2 (n1+n2+m)
e L

o —3(n14n24m)
(125 )

1 c—an
. |:2F1 <m nitns+m. notm. c—ao 1—f]1 >:| 2F1 (ﬂz_ +h, n]+r§2j:m_ nzzim +h as (1— QI)> '

2 2 »2 ) ¢ 1_;,_22(%1.,11 2 ’ 1+%1_q1
(7.31)
Proof:
Let z = 2-. From (7.30)
q1
E(Q4Q1 = q)
F(n2+m} ) L(ni4+na+m) _ 2 (n1+no+m) Linodm
T TG )() (1 e ) (1= g) 2=t
2
—1
m n1+n2+m natm. c—ag 1—q:
2 e ey
1 B 1 —a —1(ni+na+m)
(L—q)? T (g2 (1+—1‘111> ’ (1—-q)
b ino+h—1 Fm— oot (l—a1) ~(natnatm)
-gw (1-2) 1+ —2—+ ot dz. (7.32)

Using [2.5.3] to solve the integral in (7.32) gives (7.31). W

Figure 7.3 shows graphs of F (Q2|q1) given by (7.31) plotted against g; for different values of the parameters
a; and az where (Q1,Q2) ~ BBY (10,10,10, a1, a2,1). Note from (7.31) that when as = ¢, the graph of
E (Q2]q1) against q; is a straight line and is the same as the case where (Q1,Q2) ~ BB{ (10,10,10) discussed
in Section 4.5. Consider the graph of F (Q2]|q1) against ¢; where as = ¢ = 1 as a base line. If as < ¢ the
graph lies below the base and as «; increases (with ap and ¢ constant) the graph shifts downwards, further
away from the base. If as > ¢ the graph is above the base and as ay increases (with ag and ¢ constant) the
graph shifts upwards, also further away from the base. For fixed oy and ¢ the graph of F (Q2]|q1) against ¢;
shifts upwards as g increases. This corresponds to what is observed in Figure 7.1. Figure 7.4 shows graphs of
var (Q2]q1) plotted against ¢; for different values of oy and ap where (Q1,Q2) ~ BBY (10,10,10, aq, az, 1).
As a; increases (with ag and ¢ constant), var (Q2]q1) decreases. The opposite is observed for increasing values

of Q9.
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(@

Figure 7.3: Effect of a1 and a2 on E(Q2[q1), (Q1,Q2) ~ BB\l’(lo, 10,10,a1,a2,1)
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Figure 7.4: Effect of @y and a» onvar(Q2lq1), (Q1,Q2) ~ BB\l’(lo, 10,10,a1,a2,1)
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Finally, for the bivariate case, the effect of the parameter a; on the pdf of As = Qlé leZ% " was studied where
(Q1,Q2) ~ BBY (n1,n2,m,a1,as,¢) and As is given by (1.9). The pdf of A5 is derived in Theorem 7.7 for
any o and as (the result in (7.22) gives the pdf when a; = as = a). Rogers and Young (1973) derived the pdf

of A5 for oy = ag = c.
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Theorem 7.7
Let S1~x%(n1), So~x%(n2) and B~ x?(m). The ratios

_ a1 S a2 Sy
(@1, Q2) = <a151+a252+cB’ (Xlsl+a2s2+CB> ’

1 1
give (Q1,Q2) ~ BBY (n1,ma,m,a1,as,¢). Let As = Q37" Q3™.

The pdf of As is given by

%nl C%nzoooo nit+ns+m a—cka—cl al,l
e () (&) 5 5 mnr (o ) (500) (o2) 22 (W50 )
(7.33)
0<Xs <1, where a1 =2 +k+1, v =232 b =k by=1, 5, =%, 8, =2 and where H () is Fox’s

H-function (see [2.8.3]).

Proof:

Using (7.29) the Mellin transform (see [2.8.1]) of f (A5) is
My (h)
= F (A’g*l)

-~ eflatar)]
)

\
3
I~
3
b=
+
o[ 3
o
+
3
N
!
I~
|:
-~
>
=]
I~
m|s
>
—
/N
|~
N——
b
3
=
/N
|~
N——
L=

n2
Fl (n]iZZim,%h,ﬂf‘h,%+nl+n2h ] —C Qg— c> .

a; 7 ag

(7.34)

From [2.5.6] and [2.3.2] the Appell function of the first kind in (7.34) can be written as

Fl <n]+'r£2im7 %]‘h, ﬂzzhv % n1+n2h Q] —C Qo— c)

ar 7 oo

(E%Zﬁ)lﬁ,l(%]-h)k(%zhal «]—C k Qo —C !
(i) ) e

I
18
118
=

x>
Il
=)
=
Il
=)

k41
D(2t2 ™ g ) D( B btk )D( 42 ht1)D( 2+ 21Em2 1)
(22t P (2L )P ( 52 h) (8 + 2152 htk+1)

I
18
118
=S

>
Il
o
—
Il
o

Substituting in (7.34) gives

ww= (£)" ()" wrhm

2 2

Z Z 1 DO D5 b)) (al—c)k (aw‘)l. (7.35)

D(Z+2502 bt ket 1) a as

The gamma functions in (7.35) can be written as
1
[Lim1 T (ai +7;h)

(7.36)
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where a1 =2 +k+1 and ~, = 2dn2

and

:]w

L' (bi 4 B;h)
i=1
(7.37)
where by =k, by =1 and B, =%, By =
Substituting (7.36) and (7.37) in (7.35) gives
. 1 . N1 . N2
M) = s (5) (%)
= = n mn m &1 —C « C t : b +/B h
; ;% (_1+_22+_+k+l)< - ) ( 2= ) 11:[[1 s (7.38)

The inverse Mellin transform (see [2.8.1]) of (7.38) gives the pdf of A5 as
f(As)
w100

= 2 Myp(h)"dh

w—100
B 1 . N1 c\2m2 oo 00 L st . e k S l ) (a1.71)
= mrm (&) (&) 5 n et (e k) (o) (52) A2 (W13 )
where H (-) is Fox’s H-function (see [2.8.3]). W

Figure 7.5 shows the effect of a; on f()\s5) (see (7.33)) where (Q1,Q2) ~ BBY (2,2,2,a1,1,1). At smaller

values of Aj the pdf, f ()5), increases as «; decreases.

Figure 7.5: Effect of a3 onf(15), As = Q1Q2, (Q1,Q2) ~ BBY(2,2,2,¢1,1,1)
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Secondly, we consider the bimatrix case, p = 2, to illustrate the effect of the parameter a; = as = a on As.
From (7.22), the pdf of A5 for p =2 simplifies to

B

_ c\y—™m = m ni+no+m c—a 4,0 (a1,a1),(az,a2)
£ 08) = ety () L AT (58) T (25552, 0) Cu (52 1) 30 (15050 0075,)
(7.39)
0 < A5 < 1, where

aj:%-|-k;j—%(j—l),forj:1,2,
aj:m%z for j=1,2,
—z(-1) for j=1,3

1
4

b =

/ ~1(G—2) for j=24,

o for j=1,3

B for j=24.

Figure 7.6 illustrates the shape of the pdf f (A5) given by (7.39), for increasing values of o where (Qq, Q,) ~
BBY (2,2,2,a,,1). We note that as « increases the pdf shifts towards larger values of As.

Figure 7.6: Effect of @ on f(4s), As = [Q;Q,) (Q1,Q,) ~ BBY(2,2,2,2,0,1)
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11

Noncentral distributions
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8 Noncentral matrix variate beta type I distribution

In this section the pdf of the noncentral matrix variate beta type I distribution with U defined as in (3.3),
where B has a noncentral Wishart distribution, is derived and the corresponding moment of the determinant
and the pdf of the Wilks’ statistic A; are also given.

8.1 Probability density function

De Waal (1968) derived the pdf of U ~ Bl (n,m;®) defined as in (1.1) when B is noncentral, with the

result given in integral form as

-1
[0 (3) 15 () 28] etr (—4@) [UpE" 20 |1, — g 204D

/ SRt e (—43718) oF (5403 71SH (1, - U) 8% ) s,
S>0

0 < U < I,. Kshirsagar (1961) derived the pdf of U for the linear case, that is when B ~ W, (m,3; ®)
and O = diag(0,0,...,0). In this section the pdf of U (see (3.3)) is derived when the covariance matrices of
the Wishart distributions are 3.

Theorem 8.1
Let S ~W,(n,%) and B ~ W, (m,3;0) be independently distributed. Consider the definition of U given
by (3.3),

=

B iSB} (Ip +B—%SB—%) . (8.1)

Nl

U= (I,+B SB7})

The pdf of U ~ B] (n,m;®) is given by

f(U)

{8, (2, m)) etr (—@) (U AR
(5, (3.2)) " e (-30) U o

1y—1
I, — U2 Ry (ndmm L1, - U) ©)
= g(U)etr (-30) Fy (42,2, 1(I,-U)O), 0<U<I,,
where 3, (%,%) is the multivariate beta function given in [2.2.4], n > (p—1), m > (p—1), 1F1(-) is the

confluent hypergeometric function of matriz argument given in [2.6.4] and g (-) s the pdf of BII) (n,m) given
by (3.1).

Proof:
The pdf of (S,B) is given by

Ketr (12718 [S|2" P Vetr (~1@) etr (1=7'B) B>~V (F, (2;1@x'B) (8.3)

where K1 =T, (2) T, (%) |22|%("+m) (see [2.10.2]) and ¢ F} () is the hypergeometric function of the matrix
[

P
argument given in [2.6.1].
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1
Making the transformation V = B"?SB~? with Jacobian J(S,B—V,B) = |B|2(p+1) (see [2.1.6]),

substituting in (8.3) and integrating with respect to B gives the pdf of V as

Ketr (—%@) |V|%"_%(p+l)

f(V) =
/ etr [—%2—13% (I, + V) B%} Bzt =20t g (m 1@ B)dB.
B>0 (8.4)

We consider the symmetrised density function of V' (see [2.9.1]), that is f, (V) = / f(HVH')dH where
O(p)
H (p x p) is orthogonal and dH is the normalised Haar invariant measure on O (p). From (8.4)

f(HVH) = Ketr(—%@)) }HVH'}%"_%@'H)

/ B0t 0t e [ 157 BY (1, + HVH') B | oFy (%:4037'B)dB.
B>0

2074
(8.5)

Hence, from (8.5), [2.3.6] and [2.6.6], we get

fs (V)
= Ketr(—%@) |V|%"_%(p+l)

/ Bzt =30 (%;iezle)/ etr[—%zle%H(IerV) H’B%}deB
B>0 O(p)

—  Ketr(-1@)|V]zn 20t

/S ) BFH 0 o py (2,402 7'B) | etr -3 TIBETIH (I, + V) H'|dHdB
>

O(p)

= Ketr(—%@) |V|%"_%(p+l)

/ / |B|2tm =) by (%;%@E’IB)etr[—%E’%H(Ip—i-V)H’E’%B}dBdH
O(p)J B>0

Ketr(_%@) |V|%n*%(l7+l) Pp (nizm)
—1(n+m) 1 -1 1 -
1F1 (n+m7%7%E2H(1p+V) lezez 1)dH

1

/ ‘%2’%H (I, +V)H'S™
O(p)

3n—3(p+1) I, + V|f%(n+m)

2

= {5 (3:3)} Ten(-30) VI
b

./O( R (2525347 0x P H (I, + V) H')dH.
p

92

© University of Pretoria



P

o} UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Qe YUNIBESITHI YA PRETORIA

Since ® = X'MM’ (see [2.10.4]) it follows from [2.6.1] and [2.3.4] that the integral in (8.6) over the
orthogonal group can be rewritten as

n+m

Z Z / o (%E%E’IMM’E’%H (I,+ V)™ H’)dH
(% )~ O(p)

k=
0 (25m) | Ce(3RTEMMIETE)Cu((T,+V) )
LT, o)

I

18
=[]
~F
w3 it
Tl

o
S
S

Ce(40H (1, + V)" H')dH

k=0 )
:/ Py (s 1eH (I, + V)‘1H’>dH.
O(p)
(8.7)
Substituting (8.7) in (8.6) gives
(V)= {5, (5,8)} etr(—30) [V 30|, 4 30
-/O(p) 1By (%;% 10H (I, —|—V)_1H’)dH. (8.8)
Since f5 (V) = / f(HVH')dH it follows from (8.8) and [2.9.2] that
O(p)
f(HVH')
= {ﬁp (%,%)}71%1‘(—%@) }HVH/|%"*%(P+1) }Ip +HVH/}*%(ner)
(252800 (1, + HVE') ).
From [2.9.2] the pdf of V is identified as
18, (2.2)} Letr (—1@) [V|F"30H) |, 4 vTR0em) Ry (%m? LI, + V)" e) (8.9)

Next, consider the transformation in (8.1) written in terms of V, that is

_1
2

=

= (I,+V) IV, + V)=,
The Jacobian of the transformationis J(V — U) = |I,, — U|7(p+1) (see [2.1.9]). Since V commutes with any

rational function, U = (I, + V) 3 V(I,+ V) % = (I, + V) 'V, thatis V = U(I, — U)"'. Substituting
n (8.9) gives

f(U)

_ o L 13n—3(p+1)
- (5,E3) w(-0) 1L~ U [ue, - v

—3(n+m)

.‘IﬁU(Ipr)*l‘ R (—:;— 1 [1 YU, - U)” 1}_1@>

(8, (2,2)} "etr (~4©) [UF 2P |,y Ry (2mom L, - U)©). W
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Remark 8.1
The result in (8.2) is the same as obtained by Diaz-Garcia and Gutiérrez-Jdimez (2006a) when using the ratio
given by (1.1) where S ~ W, (n,I,) and B ~ W, (m,1,;0).

Remark 8.2
The ratio in (8.1) was used to correspond with the rest of the study (see (9.1), (10.1), (11.1) and (12.1)). The
following definition of Wishart ratio (see (1.1)) will also give a matrix variate having the noncentral matrix

variate beta type I distribution with pdf given by (8.2):

U=(S+B) *S(S+B)%.

8.2 Moment of the determinant

The h** moment of the determinant of U where U ~ B! (n,m;®) is given in Theorem 8.2.

Theorem 8.2 (De Waal, 1968, Equation 2.2)
If U~ Bl (n,m;®) then

where Re (% +h) >3 (p—1), U ~Bl(n,m) and E <|U*|h> is given by (3.17).

Remark 8.3
Note that the product moment of U is invariant with respect to symmetrisation of the pdf of U (see Greenacre,
1972, Proposition 3.1.1, page 20).

8.3 Probability density function of the Wilks’ statistic

De Waal (1968) derived an asymptotic distribution of a suitable function of the Wilks’ statistic A; in (1.6)
where U ~ Bé (n,m;®). He also considered the linear case, that is when © is of rank one. This is the
distribution under some nonnull hypothesis and can be used to calculate the power of the test based on Aj.
Gupta and Javier (1986) derived the exact distribution of this function of A; in terms of incomplete gamma
functions and then used the distribution to do power computations of the test statistic in the linear case. An
exact expression for the pdf of A; was derived by Bekker, Roux and Arashi (2010) and the result is given in
this section.
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Theorem 8.3 (Bekker, Roux and Arashi, 2010)
Let U~ B; (n,m; ®) with pdf given by (8.2) and Ay = |U], then the pdf of A1 is given by

F ) = pmyetr (—20) 3 Sl (457, %) Ox (3©) O3} (Mbir) . 0<x<t,
where

a; =" 4k~ 3G +1) for j=12...p,

BJ:%_%(]—F:[) fO’f’ ]:17277])
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9 Noncentral bimatrix variate beta type I distribution

In this section an exact expression for the pdf of the noncentral bimatrix variate beta type I distribution with
(U1, Usy) defined as in (4.3) is derived, as well as the corresponding product moment of the determinants and
the pdf of Ay = |Uy[2™ |Us|2™ (see (1.7)).

9.1 Probability density function

De Waal (1972) derived the pdf of (Uy, Us) ~ BB} (n1,m,m;©) defined as in (1.2) when B is noncentral,
with the result given in integral form as

Llni4+ns+m -1
0o (3T (3) Ty () RS et (~10)

2 Lm— (1) Fm—3 (p+1)
LU - s
i=1 =1

S

2
g2ttt ot (L3187 (7 loxls: <1p - Ui) s%> ds,
S>0 i=1

2

0< U, <I, i=12 0< > U, <I, Troskie (1967) derived the pdf of (U;, Usz) for the linear case,
i=1

that is when B ~ W, (m,X,®) and © = diag(d,0,...,0). In Theorem 9.1 an exact expression for the pdf of

(U1, Uz) ~ BBL (n1,m2,m;©) is derived.

Theorem 9.1
Let S ~ Wy (ni,%), Sy~ W,(n2, %) and B ~ W, (m,%,0) be independently distributed. As in (4.3)
define

2 1 1 _% 1 1 2 1 1 _%
U, = (Ip + ZIBTSiB_i) B :S,B 2 (Ip + ZIBTSiB_5> , 1=1,2. (9.1)
The pdf of (U, Us) ~ BB}, (n1,n2,m;©) s
f (U1, Uz)
. . 3m—3(p+1)
= {6, (3. %:%)} IO 201, - S U
1= =1
-etr (*%@) 1F1 <_]_2_n +Z +m; %,% <Ip — Zl Uz> @)
1=
2
= g(Uy, Uy)etr (—30) 1F <7nl+g2+m; mo (I, - Zl Ui) @> , (9.2)
1=

2
0<U;<I,i=12 0<> U, <I, where n;, >(p—1),i=1,2, m>(p—1) and g(-) is the pdf of
i=1

BBZI, (n1,ne,m) gwen by (4.2).

Proof:
The pdf of (S1,S2,B) is given by

-y

KT [etr (~337180) 1S 27770 [etr (—3@©) etr (~4=7'B) B 77) 4 Fi (3:4027'B)|  (9.3)

i=1

96

© University of Pretoria



P
o} UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Qe YUNIBESITHI YA PRETORIA

where K1 =T, ()T, (%2)T, (2) 2524 (see [2.10.2]).

Making the transformations V; = B_%SiB_%7 i = 1,2, with Jacobian J(S1,S2,B — V1, V3, B) = |B|p'|r1
(see [2.1.4] and [2.1.6]) substituted in (9.3) and integrated with respect to B gives the pdf of (V7, V3) as

(V1 Vy)
—  Ketr (—1@) |V, |2 720D |y anama (4

/ ctr[ 4371 BY (I, + Vi + V) B |BE et 0y (21037 B)dB.
B>0 (9.4)

We consider the symmetrised density function of (V1, Va) (see [2.9.1]), that is

fs (V1, Vo) = / f(HViH'  HV,;H')dH where H (p x p) is orthogonal and dH is the normalised Haar
O(p)

invariant measure on O (p) . From (9.4)
f(HV,H' HV,H')

2
—  Ketr(—1©) [[ |HV;H'|?"2¢*)
i=1

2
/ B3 (At = (4D oy [%213% <1p+ ) HViH’> B%} oFi (Z2;1e=7'B)dB.  (9.5)
B>0

i=1

Hence, from (9.5), [2.3.6] and [2.6.6], we get

fs (V1,Va)

2
= Ketr(—3 )1:“ v, [z 3D

2
/ |B|zmtnatm =34l b (m 1@ 1B)/ etr {%2‘%B2‘%H <1p+ > Vi) H’]deB
B>0 O(p) i=1
2
= Ketr(-30) [T |V[2re 2 (4D
2
F T SES A O S
O(p)/ B>0 i=1

2 1 1 —3(n1+na+m)
- Kewn(—40) [T Vi[O iy [
p

2
%E—%H (I > V1> H'S ?

i=1
1 2 L L 2 —3(n14+nz+m
= {8, (%% %)} etr(=30) T |Vi[*" 20 VL, 4+ 3 v
i=1 i=1
1 1 2 !
[, (e iston i (1 vi) o an
O(p) i=1
(9.6)
97

© University of Pretoria



&

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Qe YUNIBESITHI YA PRETORIA

Since ® = X MM’ (see [2.10.4]) it follows from [2.6.1], [2.3.4] and [2.3.5] that the integral in (9.6) over the
orthogonal group can be rewritten as

oo (n1+n2+m) i 1 2 -1
> X %/ C.| 322 '"MM'S"?H (Ip +¥ Vi> H' |dH
k=0 x (2). “JO(p) =1

oo . (matmatmy Cﬁ(22*2MM/E*J2‘)CN<(IP+Z;1Vi)71>
R oty
~1
R () 1 . /
- ZZ m k! CH 2@H IP+ZVZ H' |dH
k=0 Kk (7)n O(p) i=1
5 ~1
:/ Py | et m L@ (I,, +3 V1> H'|dH
O(p) i=1
(9.7)
Substituting (9.7) in (9.6) gives
) 9 . . 9 —3(n1+na+m)
F (Vi Vo) = {8, (3. %:%)} enr(—30) [T Vil 27"V I1, 4+ 3V
i=1 i=1
5 ~1
/ By | mebpam S OH <1p+z Vi) H' |dH. (9.8)
O(p) i=1
Since fs(V1, V) = / f (H VlH/,HVgH’)dH it follows from [2.9.2] that the pdf of (V7, V3) is
O(p)
. 2 . . ) 2 —%(n1+n2+m)
F(V, Vo) = {B, (%, 2;2)} etr(-10) 1:[1|Vi|§m—§(p+) I,+ ;Vz
5 ~1
- (migzﬂ;%;%([x,—i-%w) @), V;>0,:1=1,2. (9.9)
Next, consider the transformations in (9.1) written in terms of V7 and Vs, that is
1 1
2 1 1 2 1 1 2 1 1 2
U, = (Ip + > B_§SZB_5) B :8,B™® (Ip + > B_§SZB_5)
i=1 i=1
_1 _1
2 2 2 2
= (Ip + > Vz> Vi <Ip +> Vl> , 1=1,2 (9.10)
i=1 i=1
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2 2 -1
Let Z=1I,+5 Vi then Uy =Z :V,Z 2 Uy=1,-Z ' ~U; and Z=(I,-3 Ui>
2 ,

[2.1.2], [2.1.3], [2.1.7] and [2.1.8] the Jacobian of the transformations in (9.10) is
J(V1, V2 — Uy, Us)

= J(Vl, V2 — Ul,Z) . J(Ul,Z — U17 Uz)

— |Z|%(p+1) |Z|p+1

2 —3(p+1)
=L,-> U
i=1

and (9.10) can be written as

1 1 2 N
V,=Z3U,Z% = (Ip -3 Ui)
1=1

Substituting (9.11) and (9.12) in (9.9) gives
f (U1, U2)

-3(p+1)

2 -3 2 —-3
(Ip -% Ui> U, (Ip =S Ui)

—3%(n14+n2+m)

2
i=1

et (n-50) u(n-fu)
(

1 19 —1
2 2 -2 2 )
I+ IPZUi> Ui<1pZUi> 1 )

—3(ni+n2)—3(p+1)

= ny no.m)\ ! Lo 2 U tni—3(p+1) I 2 U
= {519(272’?)} etr(fi )ll;[1| il p*Z; g
2 3 (n1tnatm) 2 2 —3 (ni+nz+m)
I, -3 Ui IL,-YU+YU
i=1 = =
1 2 2 2 2 -1 2 3
2 3m—3(p+1)

I,-> U

(2

2
= {5, (3. %)) e (-30) [T [UiFre2 0ty
=1

2
. 1F1 (7L1+7§2+7n; %7% (Ip _ ; Uz) @) ) ]
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Remark 9.1

The ratio in (9.1) was used to derive the exact expression for the pdf of (U, Us) given by (9.2). Using the
ratio in (4.1) to derive the pdf of (Uj, Us) gives an expression for f(Uj, Us) in integral form (de Waal,
1972).

Remark 9.2

The noncentral matrix variate Dirichlet I distribution, denoted by (Uy,..., U,) ~ DII) (n1,...,n., m; O), results
by extending (9.1) to r independent Wishart matrix variates, S; ~ W, (n;, %), i =1,...,r, all independent of
B ~ W, (m,%;0). The pdf of (Uy,...,U,) is given by

T r 2 p+1)
Lp.—1
{8, (&,...., %2} etr (—10) ]-:[1|Uz|2 3o+ |7 ;Uz
-
R <n ...2n +m;%;% (Iani> @)7 (9.13)
1=

.
0<U <I,i=1,...,r,0< Y U <I,.

=1

Séanchez and Nagar (2002, 2003) extended (1.2) to r independent Wishart matrix variates, S; ~ W), (n;, 2;0;),

i =1,...,r, all independent of B ~ W), (m,%;0,41), where ©; = diag(67,0,...,0) and derived the pdf of
(Uy,....U,).
Remark 9.3

The pdfs of the noncentral bimatrix variate beta type I distribution in (9.2) and the noncentral matrix variate
Dirichlet type I distribution in (9.13) are members of the Liouville family of distributions of the second kind
(see [2.2.1]).

9.2 Product moment of the determinants

The (hy, he)™ product moment, E (| U™ |U2|h2) , where (Uy, Uy) ~ BB/ (n1,n2,m;®), is given in Theorem
9.2.

Theorem 9.2 (In analogy to de Waal, 1972)
If (U, Uy) ~ BB} (n1,n2,m;0) as given by (9.2) then

h |7 the Tp (52 ) Ty (%5 +ha )Ty (2 +ha)
E<|U1| |Us| ) T (2T, () Tp (B2 41y 1)

-etr(—lG) lF (7L1+n2+m 7L1+n2+m +h1 +h2, 2@)

2
<|UT| Uzl 2)6“(*%@) | Fy (kdm mbnadbm 4y by 1@),
(9.14)

where Re (% +h;) > 3 (p—1), i = 1,2, (U}, Us) ~ BBl (n1,ny,m) and E<|Uf|h1 |U§|h2> is given by
(4.8).
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9.3 Distribution of the product of determinants

De Waal (1972) derived an asymptotic distribution of a suitable function of the product of determinants of the
bimatrix beta type I variates, Ay in (1.7) where (Uy, Uz) ~ BB} (n1,n2,m;©) . Gupta and Nagar (1987) also
derived asymptotic and exact distributions of this function of As. They also considered the linear case, that is
when O is of rank one. In Theorem 9.3 an exact expression is derived for the pdf of Ay = |U1|%"1 |U2|%"2
where (U, Us) ~ BB} (n1,m2,m;©) as given by (9.2).

Theorem 9.3
Let (Uy, Uy) ~ BB (n1,n3,m; ©) with pdf given by (9.2) and let Ay = |U1|%n1 |U2|%”2 , then the pdf of Ao
s given by

s

s p(p—1) 1 = 1 1 2 70 (a s & )7"'7(0‘1370‘13)
o, (@) o (720) X X aly (5 k) O (3©) Byl (’\2|<b11,511>,--.,(b2p,62p)> ’ (9.15)

0< Ao <1, where H(-) denotes Fox’s H-function (see [2.8.3]) and

=4k~ -1 Jor j=12....p,

aj:ﬁ%z for j=1,2,...,p,
, —2(G-1)  for j=1,3,5,...,2p—1
;=
_411(]_2) fO’f’ j:274767"'72p7
= for j=1,3,5,...,2p—1
6.:
! 22 for j=24,6,...,2.
Proof:

Using (9.14), [2.6.1] and [2.3.3] the Mellin transform (see [2.8.1]) of f(\2) can be written as
Mp(h) = E(A37Y)

h—1
I

—

_ (a2t I [5L+ 5L (h—1)]T, "—22+"—22(h—1)]rp(%)etr(il@)
Ty (55T (2 )00 (%) T [P 102 (1)) 2

2
(+55"2h)

(n] +n2+m)

(9.16)
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From [2.3.3] the generalised gamma function of weight x in (9.16) can be written as

( m ni+ns +n2 h K))

W% p=1) HF (aj + ajh),

Jj=1
(9.17)
where aj =2 +k;—2(—1) for j=1,2,3,....,p
and o =M% for j=1,2,3,...,p.
Also, from [2.2.2], the multivariate gamma functions in (9.16) can be written as
Tp (5h) Ty (1)
p p
=m0 [[ P[50 = 4G~ D] T T[54 (- 1]
j= j=
= 3P~V T] T (b; + B;h)
=1
(9.18)
where
-1(G-1) for j=1,35...,2p—1
b; = ) o
—3(—2) for j=2,4,6,...,2p
and
o for j=1,3,5,...,2p—1
by = 2 for j=2,4,6,...,2p.
Now, substituting (9.17) and (9.18) in (9.16) gives
M (h) = 'n'% (-1 etr( ) i ZLP (m-‘rnz-i-m H) C (l(_)) H2~11 F(bi+ﬁjh) (9 19)
! r ()T (F) = H P P2 T ey tah) '

Using (9.19) the inverse Mellin transform (see [2.8.1]) is given by

w100
FOo) = g5 [ Mp(h)A"dh
7riP(Pfl) S} T, w+ico b+8,h) |
= a0 ZRah (e 660 >[ i iﬁa]hiwh]
rire-1) o ni+no+m a,0n) ap,ap
= R (120) X N aly (555 K) G (%@)HZ’&ﬁ(M o g%ﬁ;)).

The last step follows from the definition of Fox’s H-function (see [2.8.3]) and gives (9.15). N
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9.4 Role of the parameters
In this section we study the effect of the noncentrality parameter. The effect of the parameters ny, no and m
was studied in Section 4.5.

Firstly, we consider the bivariate case, p = 1, to illustrate the effect of the parameter § on

(i) the form of the pdf of (Uy, Us);
(ii) the correlation between U; and Us;
(iii) the form of the pdf of As.

From (9.2) the joint pdf of U; and Us; simplifies to

D Pitnetm 1pi21 no—1 11
flunw) = syl w0 (Lmw )™
_1
o720 Py (T e 8]y — ), (9.20)

O<u; <1,i=1,2, 0<wuj +uz <1 (see Balakrishnan and Lai, 2009).

Figure 9.1 shows graphs of the pdf of a BB{ (10,10, 10;6) distribution for increasing values of . As @ increases
with all the other parameters constant, the pdf shifts towards smaller values of both U; and Us.

Figure 9.1: Effect of 8 on f(uq,us), (Ug,Uz) ~ BB'l(lo, 10,10; 60)

Zosa o o,
e Lo T
LA AT T g T T o i
LRI T e T
5L .'....hl. L 0......%.
Y, I T

et
g
s )

(9.21)
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The correlation coefficient, corr (Uy, Us), was calculated by using (9.21) . Figure 9.2 shows the graph of corr (Uy, Uz)
for increasing values of . The correlation is negative and as 6 increases, corr (Uy, Us) shifts towards 0.

Figure 9.2: Effect of 9 on corr(Uy,U>), (Ug,Uz) ~ BB} (10,10,10;6)
1

0.5

corr(Uy,U»p)
>

The effect of the noncentrality parameter § on f(\3), the pdf of As = UlémUZ%nz, was studied where
(Uy,Us) ~ BBY (ny,n2,m;0). Considering the result in (9.15) for p = 1, it follows from [2.3.3] that
[, (fedm ) = [ (222487 4 k) and from [2.3.1] that Y C (30) = (g)k . Therefore

o0 m . njtmno
Ao) = e 30 S L (natmakm gy ()% 20 () (7;”" 2 N o< <1, 9.22
F0) = serrgye T Lyl (R G e (Ml o) ) 0<% (022

Figure 9.3 shows the effect of § on f (\2) in (9.22) where (Uy,Us) ~ BB{ (2,2,2;0). At smaller values of A

the pdf increases as 6 increases.

Figure 9.3: Effect of 0 onf(12), A2 = U1Uz, (U1,Uz) ~ BB} (2,2,2;6)

0.25
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Secondly, we consider the bimatrix case, p = 2, to illustrate the effect of the noncentrality parameter ® on the
pdf of Ay given by (9.15). The case is considered where (Uy, Us) ~ BB4 (2,2,2;0), © = 0I,.

Figure 9.4 illustrates the shape of the pdf, f(X\2), for increasing values of 6. As 6 increases the pdf shifts
towards larger values of As.

Figure 9.4: Effect of ® onf(12), A2 = [U1U2|, (U1,U2) ~ BB'2(2, 2,2,0),0 =0l

0=28

f22)
5

0 0.01 0.02 0.03 0.04 0.05
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10 Noncentral bimatrix variate beta type III distribution

In this section an exact expression for the pdf of the noncentral bimatrix variate beta type III distribution with
(W1, W3) defined in (5.8) is derived as well as the corresponding product moment of the determinants and
the pdf of Az = |W1|3™ |Wa|2" (see (1.8)).

10.1 Probability density function

In Theorem 10.1 an exact expression for the pdf of the noncentral bimatrix variate beta type I1I distribution is

derived.

Theorem 10.1
Let S1~W,(n1,%), So~W,(ne,X¥) and B ~ W, (m,%,0) be independently distributed. Define

2 1 1 7% 1 1 2 1 1 7%
W, = <c1p +3 B_5S1B‘5) B *S,B? <c1p +3 B_5SiB‘5> L i=1,2, (10.1)
=1 =1

1= 1=

(see (5.8)). The pdf of (W1, Wa) ~ BB!T (n1,n3,m,c;©) is

[ (Wi, Wy)
im—1 1)
L 1o . m\ 1 2 in, -1 2 ? 2Pt
= {5,033} w20, - S W

— % (n1+n2+m)

M

.C%(m-‘r'm)p Ip + (C _ 1) W,
i=1
2 3 2 -1 2 3
-etr(—%@) v ﬂ”‘—?ﬂ;%;% (IP—ZWi) {1p+(c—1)zwl] (Ip—zwl) ©)]
i=1 i=1 i=1
= g(Wi, Wy)
1 -1 1
2 2 2 2 2
etr (—30) 1 F (m tnatm, o, 1 (Ip -3 WZ-) {Ip +(c—1) Wi] (Ip -3 WZ-) @) ,
i=1 i=1 i=1
(10.2)
2
0<W,;<I, i=120<> W;<I, where n;>((p—1),i=12 m>(p—1) and g¢(-) is the pdf of

i=1
BB (ny,ng,m,c) given by (5.2).

Proof:
The pdf of (S1,S2,B) is given by

KT [etr (=3278,) 1S3 777V [otr (~4@) etx (427 B) |BI*" 7 o1y (44037 B)]
i=1

where K=t =T, (&)1, (%)T, (2) |22|%(”1+"2+m) (see [2.10.2]).
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It was shown in the first part of Theorem 9.1 that if V,; = B_%SiB_%, i =1,2, the pdf of (V7, Vs)
by (9.9), as

2 1 1 1 2 — 3 (ni+n2+m)
F(ViVa) = {5, (3.558)} etr (-10) [1IVi[*" *5<P+>1p+2vz
=1 1=
2
-1 F n+r§ m;%’%<1p+zlvz , Vi>0,i=12.
=

1 7% 1 1 2 _1 _1 7%
W; 2 B z28,B 2 CIp-i-ZB 28;,B 2

i=1

I
VR
@)
T~
+
YO
|
uel
"
©
|

Il
/N
+
<
—
o
Q=
=<
/N
M
o=
——
b
S
I
\‘H
o

is given

(10.3)

(10.4)

Let V=1V, i=1,2, Z= Iﬁzn and W, =Z 3Y,Z 7. Then Wy=I,-Z '~ W, and Z =

i=1

5 -1
(Ip -3 Wl> . From [2.1.2], [2.1.3], [2.1.4], [2.1.5], [2.1.7] and [2.1.8] the Jacobian of the transformations in

=1
(10.4) is

J(Vl,V2—> WI,WQ)
=J(V, Vo= Y1,Y3) - J(Y1,Yy = W, Z)- J(W,Z - W, Wy)
— cp(p+1) . VAR P+1),|Z|P+1

D) -3(p+1)
— P+

Rewriting (10.4) as
2 -3 2 -3
Vi:C(Ip—ZWi> Wl(Ip—ZWIL> 5 ’L.:1,2,

i=1

and substituting (10.5) and (10.6) in (10.3) gives
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i=1 i=1 i=1
_1 1 —%(n1+nz+m) 3
2 2 2 2 3| 2 2 3 (p+1)
Ip+cz(1p—zwi> WZ(IP—ZV%) I,-S W,
i=1 i=1 =1 =1

i=1

Lot (- fw) (Ip_iwiyj‘l@

%(nl—i-nz)—%(p—&-l)

2
_ .m 1 1 Tni— (;U+1)
- 6 QL? 227 o5 etr —l@ 3 (ni+nz)p W 2 2 - \4
(5, (22 2)) e (1) oo ] Sw
9 3 (n1+nz2+m) -1 (n1+na+m)
- W, I,—> Wi+c
i=1 1 =1

m. 1
2

,_.
)
7 N

=
+
3
JF
3
3
ol
VR
I
N~
wl
VR

LoSwoesw) (Ip_gwif@)

i=1 i=1

s
Il
—

2 3 2 -1 2 B
n -‘rn +m, m % <Ip _ Z Wz) [I +(c—1) Z WZ:| (Ip — Z WZ) @) . ]

Remark 10.1
The ratio in (10.1) was used (in stead of (5.1)) to derive the exact expression for the pdf of (W7, W3) given
by (10.2) (see Remark 9.1).

Remark 10.2
Let S ~ W, (n,X) independent of B ~ W, (m,3;®). Define

-

2

SIS

W= (eI, + B #SB}) "B iSB™! (oI, + BTiSB7})

The pdf of W is

FOW) = (B, (2,2)} e3Pt (—40©) [WEn 24 |1, - WEm sty (e 1) W)

@),

0< W< I, where n>(p—1), m> (p—1) and g(-) is the pdf of B! (n,m,c) given by (5.10). This is
the noncentral matrix variate beta type III distribution and is denoted by W ~ BII)I '(n,m,c;©).

(NI

= g(W)etr (—30) 1F, (”gm;%;gup — W) I, + (c—1) W1 (I, - W)
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Remark 10.3

The noncentral matrix variate Dirichlet type III distribution, denoted by (W7,..., W,.) ~ D{,H (n1,...,np.,m,c;O),
results by extending (10.1) to r independent Wishart matrix variates, S; ~ W, (n;, %), ¢ = 1,...,r, all inde-
pendent of B ~ W, (m,X;®). The pdf of (W7y,..., W,) is given by

{8, (... )} dlmttnre (—40)

sm—3(p+1) —3(n1+-+n,+m)

' IP—ZIWZ I, +(C_1)21Wz
" T, 3 . . 3
\F <ﬂl+—;"ﬂ7% %(IP—ZIWZ) [Ip—i—(c—l ;WZ (Ip—zlwi> @), (10.7)

O<W,<I,,i=1,...,r, 0< > W, <I,.

i=1
Remark 10.4
The pdfs of the noncentral bimatrix variate beta type III distribution in (10.2) and the noncentral matrix variate
Dirichlet type III distribution in (10.7) are members of the Liouville family of distributions of the second kind
(see [2.2.1]).

10.2 Product moment of the determinants

The (h,h2)™ product moment, E (|W1|h1 |W2|h2) , where (W1, Wy) ~ BB/ (n1,n2,m,¢; ©), is derived
in Theorem 10.2.

Theorem 10.2
If (Wi, Wy) ~ BB (ny,ny,m,c;0©) as given by (10.2) then E (|W1|hl |W2|h2) is given by

Dp (3 +h)Tp ("2 +h2) —Lmp ko 1 Dp(B.0)0p (ML 6) 1@ el
e FmPetr (—1 )K%e(p R T (3 ) (B 7y 1) Co (200 1), (108)

where Y. = Z > Z > > o€k T isexplained in [2.4.1], CF "(£0©,<211,) is a homogeneous invariant
K, T;0 k=0 k t=0 T ¢EK T

polynomial of degrees k and t in the elements of the symmetric matrices

9T — Cg’T(IpyIp)
o T Cllp)

=11, (see [2.4.1]) and

Proof:

Let 81 ~ W, (n,X), Sg ~ W, (ne,X) and B ~ W, (m,X%,0) be independently distributed. The pdf of
(S1,S2,B) is given by

2 1 1
K{H [etr (—4371s)) |Si|5(”i”1)}} [etr (—10) etr (~4=7'B) |BI*" 7V 4 Fi (34037 B)]| (10.9)

i=1

where K~ =T, ()T, (%) T (%) [282" 75 (see [2.10.2)).
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Making the transformations W, = S_%SiS_%, 1=1,2, where S =81+ Ss+cB gives

2
S; = S%VViS%7 1 =12 B = %(S -8, -8, = %S% (Ip — ZIWZ> S=. The Jacobian of the transfor-
mations is J (S1,S2, B — Wi, Wy, 8) = ¢~ 37+ |§|PTY)  (ee [2.1.4] and [2.1.7]). Substituting in (10.9)

gives

f(W17 W27S)
2 1w—1agi 1 1 1 3ni—3(p+1) 1 1 (p+1)
= Ketr (~3@) ¢ [ |etr (~1=7'sTWis?) [st wis? o) |g)|®
=1
1 2 ) L 2 |pmm (D)
etr {%2%55 (Ip - Wi) SE] 15> <1p - WZ-> S
i=1 =1

1 2 1
ol (gl,}pz 1153 ( -3 Wi) SE)
i=1

2
_ Ketr(—%@) c—smp 11 |Wi|%m—%(;u+1) |S|%(n1+n2+m)—%(p+1)
=1

2
IL,-Y> W,

1 2 1 1 2 1
.etr{z—lczlsi {Ip Fle-1)Y% Wi] SE} oF <%; Lox st <1p - Wi) SE> :

i=1 i=1

From this, the pdf of (W7, Wa) is

KC_E"Lpetr( ) H |W; |2"1 2(P+1)

2

LW
/ |3 (mtnatm) =5 (0HD) oy { Ly-ig: [ +(c—1) iw} s%}
S>0 1=1

W,

2
- oFy (7;,41@2 1Sz< z ) )dS (10.10)

From (10.10)

(1w [wy[™)

2 3m—3(p+1)

_ chémpetr (*l@)/ |S|%(n1+n2+m)*%(P+1) 12[ |Wi|%m+h1:*%(l7+1) Ip _ Z W,
2 S>0 =1 i=1
O<W +Wy<I,
WwW;>0
2 2
-etr{—z—lcE_l.S'% {I,, Fle-1)% Wi] s%} oF! (’; Loxls? ( - Wi) s%>dW1dW2ds.
i=1 i=1
(10.11)
Let
2 2 3m—3(p+1) 2 )
f(Z Wl> = |I,-Y2 W, etr{—zlz ls3 {Ip—l—(c—l)zwl} 55}
i=1 i=1 i=1
2
oFi (% Loxls® (Ip - Wz> s%)
i=1
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and use [2.2.6] to write (10.11) as

B (1w (W)

= K¢ 3™Petr (-10) / |S|%(n1+n2+m)_%(p+l) By (% + hy, % + hy)
S>0
./0<Z<I |Z|%(n1+n2)+h1+h2—%(p+l) |Ip _ Z|%m—%(p+1)
P

~etr{—%E*1S% I, + (c—1) 2] S%} oF (g; Llgiex'SH (I, - Z))dZdS. (10.12)

In (10.12), consider the integral with respect to Z andlet X =1I,—Z. Using [2.6.1], [2.6.2], [2.4.2] and [2.4.5]

gives

3 (ni4n2)+hi+he—% (p+1) sm—3(p+1)
[z Ho r, g
0<z<I,

~etr{—%271S% I, +(c—1)Z] S%} oF (g; Lsi@x's% (I, - Z))dz

_ / |1—p . X|%(n1+n2)+h1+h2—%(p+l) |X|%m—%(p+1)
0<X<I,
2 4c

~etr{—210S%E*1S% I, + (c—1)(I, - X)]} oF) (m- L s%@zrls%X>dX

— etr(_%s%z—ls%) / |X|%m—%(p+1) |Ip _ X|%(”L1+7L2)+h1+h2—%(10+1)
0<X<I,

. c—lgly-1gl - 11 1aigy-lai
etr{ =823 SzX}kz::O%: @) 5C (4652@2 SQX)dX
= etr(_%g—ls)/ |X|%m—%(p+1) I, - X|%(n1+n2)+h1+h2—%(:ﬂ+l)
0<X<I,

Syl (cz;cls%g—lséx) Sy, (ﬁs%ez—lséx)dx

/ X3, x im0 o (L gl @nTls X, Sl s RIS EX)dX
0<X<I,

T, (2 ,6)0, (2LE2 +hy +hs) T (L 1
Dp (M2 ™ hytha ) P

= etr(~137'S) Y > 3 S % 6
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Substituting (10.13) in (10.12) and using [2.4.4] to solve the integral with respect to S gives
AARVAS

. 1",,( 3 +h1) (_2+h2) —Lmp 1 00 00 o 1 1 r, %,(13)1" (m+h1+h2)
= Ry (O BN RN 3 08 R T (B k)

/ |S|2("1+7L2+7”)—% p+1)etr( 12 15) CNT(%@E_ls,C;CIE_ls)dS

S>0
- ny ng m mp 1 — S RyT 1 p(%,9)

KT ( +h) (2 +h )Fp(z)c 2 etr( 2@) k;@%:t;);(bezﬁTQ(ﬁ R T, ()T, (PP oy

ni+n m _( +n2+ ) K,T
L, (gt ) [pm~t 72T oRT (LexTlm, S nian)

5 h) T RSP
(5 )Tr(2) o etr( )20%:;:0;(17270‘1’ R D, (15 ) T, (2bp2tm +erhl+izz,cz>)O<z5 (2:0©, 1)

10.3 Distribution of the product of determinants

In Theorem 10.3 an exact expression is derived for the pdf of A3 = |W1|%"1 |W2|%"2 where (W1, Wy) ~
BBZ{” (n1,n2,m,c; ®) as given by (10.2).

Theorem 10.3
Let (W1, W) ~ BB (ny,n2,m,¢;©) with pdf given by (10.2) and let Az = (W1 [E™ [Wa 2" . Then the
pdf of Az is given by

1 n]+n2+7n
a1~ —imp _1 N»TLFP(%@ FP( P 7¢) KT (1 c—1 2p,0 (a1,a1),...,(ap,ap)
R e (42€) ﬁ%% e e @O I Nl o e ) )
(10.14)
0o

aJ:%—i_(kj—i_tJ)_%(]_l) fO’f’ j:172737"'7p7
o =2E2 for §=1,2,3,...,p,

—1G -1 for j=1,3,5,...,2p—1
1
4

- (.772) fO?" j:274767"'72p7

B for j=1,3,5,....2p—1

% for j=2,4,6,...,2p.
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Proof:
Using (10.8), the Mellin transform (see [2.8.1]) of f(A3) is

My (h) = E(A})
1, 1, h—1
= B[ (Wit wate)

%L+12L(h_1)]l—‘p[

5
Ty (43 )Tr (2

D2 (h—
= C_%mpetr(—%(-)) FP[ ';‘ = (h 1)]
Ly (M52 9)

v(%.9)
K¥¢9¢ k't' [ﬁl+—22+—72n+1%2(h71)7¢]1"p(ﬂ7,{) ¢ (2c ¢ Ip)

DR hlc—%"wetr(—%@) 5 9T L Tp(%,6)0

p P
= Fp(%l-) P( P ¢ k't! FP(%7H/)FP( +n]+n2h ¢)

(n] +not+m ,(b)

CK,T(ZL

NS

From [2.3.3] the generalised gamma function of weight ¢ in (10.15) can be written as

Ly (3 + ™50, 9)

p
= W%p(pil) le (aj + Oljh) ,
J:

where a; =2+ (kj +t;) —3(j—1) for j=1,2,3,....,p
and o = mfor]—123 oy p.

From [2.2.2] the multivariate gamma functions in (10.15) can be written as

Ty (%) Ty (5h)
=0 [T [h =3 G- 1)) [T (50— G - )
Jj= Jj=
1 2p
=p3P=D [] T (bj + th)
j=1

where

~1(G—-1) for j=1,3,5...,2p—1
b, =
! %(.772) for j:274767"'72p7
and

o for j=1,3,5,...,2p—1
B_j:

% for j=2,4,6,...,2p.
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[1;2, o (o+8;h)
[I7_ r(a+an)
(10.18)

(g o) (o)

1 _
M; (h) = sy e ¥ etr (—10) ¥ 057

Cr7 (40, =T
FP(T FP(T) koTih Tp( %,k ) ) (20 ) P)

Using (10.18) the inverse Mellin transform (see [2.8.1]) is given by

w100

FOs) = 55 [ Mp(h)A3"dh
Thoen
— s B 1l 1
= mc 2MPetr (—1O)
. ko 1 Tp(3.0)Tp (M2 6) e 1@ c=1 wigoo U(b+8;h) | _p,
K;¢9¢ k;ltl rp(2,x) C¢ (3:©,1p) zmw fwol—[ aJ+a]h))\3 dh

axP(=1) 1 K KT c=
= E{myr e e (+40) T 6 : Cy 7 (5:©, <)
L 172p,0 (a1,a1),...,(ap,ap)
2 (’\3|<b1,ﬁl>,..,y(b2p752p)> '

The last step follows from the definition of Fox’s H-function (see [2.8.3]) and gives (10.14). N

10.4 Bivariate distribution

The bivariate case is considered in this section, that is where (Wi, W) ~ BBI! ( 2, 5, 5, G 0) The pdf
f(Wy,Ws) is given and F (W’“WZ,}”) and the pdf of A3 = WI%MWQ% are derived in Theorems 10.4 and
10.5 respectively.

From (10.2) the pdf of (W, W) ~ BB{!T (&, %2 1 ¢:0) is given by

T(21tnatm ni—1 Ins—1 11
2 w3 (1 —wp —wq)?

flmw) =

.C%(nl-&-nQ) [1 + (C _ 1) wy + (c _ 1) wz]—%(nl-&-nz-&-m)

—1p ni4no4+m. 0 1—wi—ws
e 2 | <—l—22 ;. 4 ! 1)w1+(6 1)w2> , (10.19)

O<w;<l,i=12 0<w +wz <1.

Theorem 10.4
If (W, Wa) ~ BB (&4 22 1 ¢:0) as given by (10.19) then

h h DS +h )T(52+h2) _1,.. 19 & 1 r(ratnetm N
E<W11W22> — (2r %grgi}) ) —dme—1 Zjl_ (EL?L;HH“LQ) (L)

CoFy (40, e et ]y g S=L
(10.20)
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Proof:
From (10.19), [2.5.1] and (5.30)

B (wihwy?)

1"!_1_2_" +n *m! 1 1 ini+hi—1 Llno+hs—1 im—1
= e wi ™ T (1 g )
0<w1+w2<1
0<w,; <1, 1=1,2
L4 (e = D wy + (e — 1) wp] " 2mtmetm) py (mtmadm, om0 1wy duwd
c w1 c w 141 2 120 2 TH(e— 1w +(c—Dwy ) W1AW2
r(mdmdm) ) 10 R 1 gyl D(MERERL) T(2
= ez (Mtn)eTs TAS) eaTED .
R CTT) & 1) =
1 _ 1 — 1 —
/ 12n1-‘rh1 1 LInoths 1(1_w1_w2)2m+l 1[1+(C_1)w1+(6_1)w2]*§(n1+n2+m) ldwldwg
O0<wi+we<1
O<w; <1, i=1,2
_1lyg & 1 /6 l h1 ho
= e 2 IZOF(i) El(Wl W2)7
(10.21)

where E (W{”WQ’”) is the (hl,hz)th product moment of (Wi, Wa) ~ BB{!! (%L,%Z,% +l,c) given by

(5.31). Using (5.31) in (10.21) gives

hiyyrh _ D(BHh)U(BR+he) 19 R g p(mEpREmag) L1 (0!
E<W11W22> - T %l)r(EzZ) € ;l_ (ﬁl*—’;z*—’3+l+h1+hz)c " (3)
- oF (% +1, 7L1+7§2+m +1; m—&-gz—&-m +l+h1+h2;czl). ]
Theorem 10.5
1n 1, .
If (W1, W) ~ BB{! (&, %2 1 ¢;0) then the pdf of Ag=Wg "W3" s
i 1 QK +i+k
100 = e e B T (e k) S
727 n +n
(L) (=) B2 <A3|(2;’““ )>, 0<As<l. (10.22)
1.2 (0.4),(0.5%)
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Proof:
From (10.20) and [2.5.1] the Mellin transform of f(A3) (see [2.8.1]) is
Mp(h) = E(A37Y)

C_%’me_%ei% Fgwﬂ+l! (i)l

) ( +l+m2h) 2c

2F1 (% +l, n]—i-'r;g—i-m +l;%+l+n]—5n2h;0;61)
_ F(%Lh)l“(%zh) —1m —19 - 1 F(MJFI) 6 l
= e ¢ G g ey (%)

. i 1 D(Z+i4k) D(BE2Em 414 k) T(g+4+25"2h) (c;l)k:

k! F(%+l) F(E]L’;Zﬁ_;,_z) F(m-‘rl—i-ﬁl%zh-l-k') c
_ h) —lm 160 o= o LF(%'H'HG) F(ELZZﬂ'HJ"k) O\ (e=1)\F
- F(%L)F(%Z) c z2ve 2 Z k! F(%+l) (%+l+ﬁ]¥2h+k> (26) ( c ) :

k=01=0
(10.23)
The gamma function in (10.23) can be written as
[ (% +1+23%2h 4 k)
1
= [I T'(aj + ajh),
j=1
(10.24)
where a; =% +k+1 and a; = ﬂl‘%z
Similarly
L (3R T (5h)
2
j=
(10.25)
where by =by =0, 3, = & and B, = 2.
Now, substituting (10.24) and (10.25) in (10.23) gives
My (h) = 1 —hmg—30 i iLF(%+l+k)r(nl+n2+m+l+k) (i)l(ﬁl)k [T;_.r(b;+8,n) (10.26)
R CONCO i=oizo " T(3+) 2 20 % e S Lo Pagtaghy) -

The pdf of As, given by (10.22), is obtained from the inverse Mellin transform of (10.26) (see [2.8.1]) and the
definition of Fox’s H-function (see [2.8.3]). W

Remark 10.5
The effect of the parameters was studied in Sections 4.5, 5.5 and 9.4.
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11 Noncentral bimatrix variate beta type IV distribution

In this section an exact expression for the pdf of the noncentral bimatrix variate beta type IV distribution with
(X1,X52) defined in (1.4) is derived as well as the corresponding product moment of the determinants and the
pdf of Ay =|X1X2| (see (1.10)). This distribution is also known in the literature as the noncentral bimatrix
variate generalised beta type I distribution and its pdf and some properties were derived independently from
this study by Diaz-Garcia and Gutiérrez-Jdimez (2009).

11.1 Probability density function

In Theorem 11.1 an exact expression for the pdf of the noncentral bimatrix variate beta type IV distribution is

derived.

Theorem 11.1
Let S1~W,(ni,%), So ~Wp(ne, %) and B ~ W, (m,%,0) be independently distributed. Define

_1
2

_1
X, = (Ip—l—B_%SiB_%) B iS,B3 (Ip—l—B_%SiB_%) P =12, (11.1)
where B?B? =B (see (1.4)).

The pdf of (X1,X2)~ BB," (n1,n2,m;©) is

(X, X5)
1
| 2 Tni—1(p+1) 2 Clni—l(p+1) 2 1 —3(n1+na+m)
= {8, (%, z;2)} 1:[1|XZ-|2% 3 1:[1|1p—Xi| 33 1p+;Xi(Ip—X¢)
—1
etr( @) 1F (—1—2—" +7§ tm, 7;, 5 [I + Z X (I, Xi)l] @)
= B, () LX)
|I - X |2("2+m) 3 (p+1) |I - X | 5 (n1+m)—%(p+1) |I ~ XX, |*5("1+"2+m)
1
etr (—30) 1Fy <n mtrpdm . 2 [ 2 Xz)l] @)
= 2 .
= (X1, Xg)etr (_%@) B (ﬁl-i-_gzﬂ;%;% [1p+ ;Xi(Ip —XZ-)_1:| @) ,
(11.2)

0<X;<I, i=12 where n;>(p—1),i=1,2, m>(p—1) and g(-) is the pdf of BB}V (n1,n2,m)
given by (6.2).

Proof:
The pdf of (S1,S2,B) is given by

K 1:[1 [etr (-ix7's)) |Si|%(m—p—1)} [etr (—1@)etr (-37'B) |B|%(m—p—1) oF (2 %GE’IB)} (11.3)
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where K1 =T, ()T, (%2)T, (2) 2524 (see [2.10.2]).

2
Making the transformations given by (11.1) with Jacobian J (S1,S2 — X1, X32) = |B|(p+1) 111, - Xi|_(p+l)
i=1
(see (6.4)) substituted in (11.3) gives

f(X17X27B)
2 Iy—1p1 —1 pl 1 1. 1(3(ni—p=1)
= Ketr(-30) [T etr 22 B*X,(I, - X,) BzHB2X1«(1p7X) B?
2
'etr( %2 ) B|%m p—1) F1(72nu11@2 IB) |B|(p+1) 111, — X (p+1)
1=1
1 2 Lni—l(p+1) £ Ini—3(p+1)
—  Ketr(—3©) [T X2 30D [T |1, — X[ 3730
=1 =1

Nl=

2
: |B|%<"1*"2+m>%<”“>etr{;2—1B% [I,, +Y X, (I, - Xi)l} B

i=1

} oF1 (3;10%7'B).

(11.4)
The pdf of (X1, X32) is obtained by integrating (11.4) with respect to B,

f(X17X2)
— Ketr( ) H |X |2m Z(p+1) H |I . ir%m—%(;u-&-l)

2
/ |B|%(7L1+7L2+7ﬂ)__(p+1)etr{%B%EIB% |:Ip + Z Xq, (Ip Xq,)_1:|} 0F1 (%’ %@EilB)dB
B>0 =1

(11.5)

Next, we consider the symmetrised density function of (X1, X2) (see [2.9.1]), that is

fs (X1,X2) = / f (HXlH/7 HX,H')dH where H (p x p) is orthogonal and dH is the normalised Haar
O(p)

invariant measure on O (p) . From (11.5)
f(HXH' HX,H')

2 1 2 1a 1
_ Ketr( )1:[ |HXiH/}%nl 3 (p+1) l:Il}Ip—HXiH'} 37 2(erl)/B 0|B|%(n1+n2+m)7;(l7+1)

2
-etr{—§B%z—1B% {1p+ > HX:H' (Ip—HXiH')_l]} oFi (2;1ex7'B)dB.

(11.6)
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Then from (11.6), [2.3.6] and [2.6.6],
fs (X1, X2)

2 2
Ketr( ) ]:[ | |%7L1—%(p+1) ]:[1 |Ip _ Xl|—%n1_%(p+1)

Foutnatm=30) g (m 1@yl )

S
S
5
V
o
&
Tok
0
+
3
¥
+
3
=
)
+
=
o
=
—~
l3
N
@
™
L
&
~—

2
-etr<—%z%H I+ Xi(I, - Xi)_l] H’z%B>dBdH

= KT, (2552 et (—50) 12[ |32 (D 12[ I, — X,[ 33+
’ i=1

-3 (n14+na+m)

(11.7)

Since ® = X 'MM’ (see [2.10.4]) it follows from [2.6.1], [2.3.4] and [2.3.5] that the integral in (11.7) over

the orthogonal group can be written as

2 —1
/ \F (ﬂﬁ—gzﬂ; m 1yt H {Ip + 3 X, (I, - Xi)_l} H’E%G)zl)dH
O

i=1

1 1 2 -1
Cy (%25 ©x :*H {I,, + > X, (I, - Xi)_l} H’) dH
i=1

k=0 2 (p)
& (n1+22+m)~ 1 151t -1 Is—1 2 -1 ! ’

= ZZ (ﬂ) ] C 5222 MM'Y :>H IerZXi(Ipri) H' |dH
k=0 2w O(p) i=1

(mminy o (3 iamrs e ([T xa-x07] )

k=0 (%)h k! Cu(Ip)
o0 (n]+n2+m,) 2 i —1

=X > (;) %/ C @H{ +2Xi(1p—xl)‘} H' |dH
k=0 & 2 ) (») i=1

172772

Il
S~
S

1
VY

2
n]+n2+m m. 1®H |: + Z X; (Ip Xi)1:| H/>dH

(11.8)
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Substituting (11.8) in (11.7) gives
fs (X1, X2)

= 8, (%.%:%)} etr( i )H|X|2m 1(p+1) H|I x| Ame b

=1 =1

—3(n1+na+m) 2 -1
/O() 1 (ﬁ]‘f‘_gzﬂ,%,%@H Ip-i-ZXi(Ip—Xi)_l] H' |dH.
p
Since f (X1,X2) E/ f (HXlH',HXgH')dH it follows from (11.9) that
O(p)

f(HX \H' HX,H')

2 2
= {5 (3:%:%)) en(-30) [ [HX }%m_%(p+l)il;[1|1p ~HXH'| T

9 . — 3 (n1+na+m) 9 -1
I,+ ;HXiH’ (I,-HX;H')" By | et S OH (1, + ZIX (I, - Xi)_1:| H’) :

(11.10)
From (11.10) and [2.9.2] the pdf of (X1, X3) is

[ (X1, X2)
-1 2 ;n.,l( +1) 2 ,ln.,l( +1)
= {8, (%, %2, 2)] “etr(-10 X,zmime I, X, 2=
{8, (5. 5:8)} er(=30) IT X 111, - X

2 . 71(n1+n2+m) 2 ) —1
e+ 2 X (I — X5) ™ ‘ 1F (n Tam, g, %[Ip+ZXi(IpXi)] G))-
i=1 :

=1
(11.11)

2
Since |I,+ > X, (I, —X;) " =T, - X1 X5||I, — X1| "I, — X5|7", we can write (11.11) as

i=1
f(leXZ)

2

= {8, (5 5:2)} etr(-10) [T X[ 20 |1, - Xy [Fatm T 0RD L x pmmm )

i=1

=1

-1
.|Ip — X1X2|_%(n1+n2+m (n nit+not+m -',-m7 % 1 |:I + Z X; ( Xi)_1:| @) -
]

This is the result given by (11.2).

Remark 11.1
The ratio in (11.1) was used to correspond with the rest of the study (see (8.1), (9.1), (10.1) and (12.1)).
The following definition of Wishart ratios (see Remark 6.1) will also give matrix variates having the noncentral
bimatrix variate beta type IV distribution with pdf given by (11.2) (see Dfaz-Garcia and Gutiérrez-Jdimez,
2009):

X;=(S;+B) *S8;(S;+B)" %, i=12
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Remark 11.2
The noncentral matrix variate Dirichlet type IV distribution denoted by (X1,...,X,) ~ DII,V (n1,...,n.,m; O),

results by extending (11.1) to r independent Wishart matrix variates, S; ~ W, (n;, %), ¢ = 1,...,r, all inde-
pendent of B ~ W, (m,%;®). The pdf of (X4,...,X,) is given by

{8, (% 5. 8)} otr (<3©) T 1X, P20 [T, - X S
i=1 =1
—3(n+m) . ) -1
L+> X,I,-X;)" ‘ 1F1 Esﬂ,%;%@ {IP+ZXZ~(I,,XZ) ] , (11.12)
i=1 =1

0<X,;<I, i=1,...,r,wheren=n1 +--- +n,.

Remark 11.3
The pdfs of the noncentral bimatrix variate beta type IV distribution in (11.2) and the noncentral matrix variate
Dirichlet type IV distribution in (11.12) are not members of the Liouville family of distributions (see [2.2.1]).

11.2 Product moment of the determinants

The (h1, hs)™ product moment, E (|X1|h1 |X2|h2) , where (X1,X3) ~ BB (ny,n5,m;0) is derived in
Theorem 11.2.

Theorem 11.2
If (X1,X2)~ BB}V (n1,n3,m;0) then E (|X1|h1 |X2|h2) is given by

B (1% 1X5")

_ L, (2] )etr (_%@) S 1 (n) (7‘)9457 97-¢

Bo(2)0 (7 R Y S
LGS ) () (i) () L) 0o p
OaIp) CoIp) T (%LJF%V)‘) FP(%L*”’“*"%’“) FP(%Z*"%JJ) Ip 222+h2+%77) P(m J)

(11.13)

where > iZiZ%ZiZZ iz o, o€ X-p and ¢" € J- ¢ are explained in
K A T

RN, T,p,J;0,0* k=0 1=0 t=0 r=0 p ¢€EXp =0 J ¢Pp*€J-0
[2.4.1], C’J’¢ (1(9 —1I,) is a homogeneous invariant polynomial of degrees j and (L +r) in the elements of the
symmetmc matrices 3@ and —I, (see [2.4.1]), 0 is explained in [2.4.2] and gfp is explained in [2.4.3]).
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Proof:
From (11.5)
B (1% 1X2")

2 2
= Ketr(_%@)/ / / H |Xi|%7u+h¢—% p+1) H |1—p . Xi|—%ni—%(p+1) |B|%(n1+n2+7n)—%(p+1)
B>0J0<X 1<I,J0<Xo<TI, i=1 i

=1

2
-etr{—%B%z—lB% [Ip Y X (I, Xi)_l] } oFi (2;1027'B)dX,dX dB
i=1

1=

—  Ketr(-1©) /B>0|B|%““*"2*7”)‘%(p“)etr(—%z—lB) oF (2;1ex7'B)

/ |X1|%n1+h1*%(l7+1) |Ip o X1|*%n1*%(l’+1)etr {*%B%EAB%XI (Ip B X1)71:|dX1

0<X1<Ip

S B, xR e BB (1, X 4X 4B
0<X2<Ip

(11.14)

where K1 =T, (%) T, (%) T, (%) |2E|é(”1+"2+m) . Consider the integral with respect to X ;. That is,

B= [ g R e B BEX (T, - X)X,
0<X <1,

Making the transformation X; — HX1H', where H € O(p), and using [2.3.4], [2.6.9], [2.7.1], [2.7.2], [2.3.8]
and [2.7.3] gives

~1BIE B C.[X1(T,-X1) ]

lpi4hy—1(p+1 1l —lpy1) X Cx
_ / X, [Pt 3(p )|Ip—X1| 371 =5 (p+1) S Z% ( o dXx,
0<X:<I, k=0 r

_ / |X1|%n1+h1*%(P+1) |Ip _ Xﬂ*%”l*%(lﬂrl) OFO(P) (*%B%E_lB%,Xl (Ip 7X1)71> dXx,
0<X 1 <I

1, 1 1
1 1 s L2 (1B2x7'B2)C.(X1)

_ sn1+hi—3(p+1) 17k (2 A

= / DI L AR DD O — X,

0<X 1<, K

k=0
= i Z%Lénl <1B%271B%> |Xl|%n1+h1—%(p+1) CR(Xl)dxl
k=0 K ’ 0<X:<I, C.(Ip)

Dy (5 +he k)0 (2H)

Ty (5 +h+2H

> 4L (3B='BY)

) C (I )(n) CA(_%EilB) FP(%L+h17“)FP(%)
K RATPIAN (%—H’T“)ACA(IP) Tp (St +h+25 k)

e 108
* (]

MET‘
g

oz

+

-F

k=0 =0
(&) k n +1 n +1
_ 1 (k) CuL )FP(_2L+%’H) FP(_2L+h‘1’H)FP(PQ_) 1yl
— kgo;lgo;k!(A)CA(IZ)Fp(%LJF%,)\) Ty (B h + 250 ) Cx(—3X7 ' B).

(11.15)
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Similarly the integral with respect to X o can be written as
I, = / | X o223 () | XT3 D) oy [ng%zle%XZ (I, — Xg)_l} dX,
0<X o<1,

&77) T (%2+h2,T)FP %)

X 1/ C-I )FP(%ZJF 2 P 1yl
g2 () oI T (2T E,) T2 rmrity) Cr(—2Z B).
(11.16)
Substituting (11.15) and (11.16) in (11.14) gives
B (1% |X,/")
N _ p+1 9 X 1 (k) Cull )I‘p(%LJr%,n) FP(%L+h1,n)
= Ketr (-30) [T}, (257)] kgozm:zgo; (%) Cn (L) Tp (L + 22 N) Ty (B +ha+ 22 k)
[e’¢] t n +1 n
1(m\C-(I )FP(_22+%7T) Fp(_22+h277)
pIPIPISI; () Ty T (B2 miT) T (2t 2 )
/B i B mtnetm st (_1s-1B) (R (2 1@%7'B) C\(-127'B)C,(-12'B)dB
>
(11.17)

Considering the integral with respect to B in (11.17) and using [2.4.3], [2.6.1], [2.4.2] and [2.4.4] gives

= / Bzt =3 o (LISTIB) o F, (2,103 7'B) Oy (-437'B) €, (-1 'B)dB
B>0

= Z gfp/ |B|%(7L1+7L2+7n)—%(p"rl)etr(_%z—lB) OFl (%7 i@z—lB) Cd) (—%2_1B)dB
¢ex-p " JB>0

= 3 g/@\ﬁp i ) /B>0 |B|%("1+"2+’”)_%(p+1)etr(f%2*1B) c, (%@271]3) Cy (7%2713)(13

= SR LTiEy T 9;;¢[B>O|B|%<”l+”2+m>%@“)etr(%2—13) cJ? ({ex7'B,-1x"'B)dB

1
%2,1} 3 (n1+n2+m) C(i;(b (%@27122, 7%27122)

(11.18)

Substituting (11.18) in (11.17) gives
B (1% 1X2")

_ r, ’% 2 1 s k 1 (k Cn(I )Fp(%]-%*%,n) Fp(%L+h17K)
- R (10 X R R DA QS R i
o0 n +1 n
1\ C-I )Fp(iz*rﬁ_ﬂ') FP(_zz*h%T)
XX () ST (e ) T e e )
R 1 1 J,¢ nytnotm x\ ~Jip (1
g 11 0701, (mtnatm y*) Ot (1@, T
PENp A’pjgo%:ﬂ Lo(507) g © p (S555,67) G (36, 7T)
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11.3 Distribution of the product of determinants

In Theorem 11.3 an exact expression is derived for the pdf of A4 = |X1|%”1 |X2|%”2 where
BB;I,V (n1,n2,m;®) as given by (11.2).

Theorem 11.3
Let S1~W,(ni,%), So~Wp(ng, %) and B ~ W, (m,X,0). The ratios in (11.1)

_1
2

_1
Xi=(1,+B7#8:B7%) "BisB7} (I,+BisB}) T i-12

give (Xl,Xz) NBB;I{V (nl,nz,m; @) Let A4 = |X1X2|

The pdf of A4 is given by

L, (2] 1 L ey (T b gl CuTp) Cr(Tp)
FP(%L)FP(%Z)etr< 2@) n,/\m%mw* kg1 (A) (p)g)\,pa(b* C(I,) C,(I,)
Ty (5425 ) Ty (R 4250 ) Ty (B2 %) 70 g 2p,0 a1,
I G ) O (501 O3, (M)
%) k o t %)
0 < Ay < 1, where =3 3333333 3> and
kAT Tibd* k=0 R (=0 X =0 T r=0 p ¢EApj=0 J ¢*€J-¢
o 2 ke — 2 (i—1)  for i=1,3,5,...,2p—1
a; =
' me 2L gty — 1 (i - 2) for i=2,4,6,...,2p,
21+ ke —3(—1) for i=1,3,5...,2p—1
b- =
’ Lo gty —1(i—2) for i=2,6,10,...,2p.
Proof:

Using (11.13) the Mellin transform (see [2.8.1]) of f(X\4) is

My (h) E (A

B |(1X:Xa)"]

2 Bt \A I\ V¢ ON(T,) T,
mhr g TN APIATET ONI) CoTy)

_ Fp(m()r etr(—le) 1 (n)('f‘) ¢ gl Cullp) Cr(1y)

Dy (5 + 25 0) Tp (52428 7) T (P25 %) T (S +h—1,k)  Tp(52+h—1,7)
Dp(F+E52) (P42 0)  To(B07)  Tp(F+htetm) Tp(F+ht 250 7)

From [2.3.3] the generalised gamma functions of weights x and 7 in (11.20) can be written as
Tp (% +ht 25, 6) Tp (5 + bt B55,7)
1 2p
=720~ T[T (a; + h),
i=1
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%L+%1+k(i+1)/2—%(i—l) for i=1,3,5,...,2p—1

where a; =
%2+‘%1+t1/2*i(Z*2) fOI‘ Z:27476772p

Also from [2.3.3] the generalised gamma functions of weights x and 7 in (11.20) can be written as
r, (’—LZL +h—1,fi)Fp (’—;2 +h—1,7’)

1 2p
= q3P(=1) T[ T (b; + h)
i=1

(11.22)
21+ ke —3(—1) for i=1,3,5...,2p—1
where b; = n 17 )
=14t —5(1—2) for 1 =2,6,10,...,2p.
Now, substituting (11.21) and (11.22) in (11.20) gives
My = ABERE (1) L () () g8 0 Celd) Cella)
RO i T O S
T (" + 25 k) Tp (R 4252 7) Tp (M2 0%) g0 lg _ 7iilr(bi+h)
Fp(%]‘ﬁ”%v)‘) Fp(%2+r%7p) Fp(%,J) C‘z’* (2@7 Ip) Hfil I(a;+h) ) (1123)

The pdf of A4 is obtained from the inverse Mellin transform of (11.23) (see [2.8.1]) and is given by

w+1i00 }
fu) = 5= f My (h) X\, "dh
= e (<10) Y () ()6 000 Gl el
= SENE 29) s W INp 4" Cx(Tp) Tp(Tp)

To(B2Eh ) D (3 4250 1) oy (gt )
R C S N e B )

Cy? (50, -1,) Gab <A4|a1~--»azp> .

2p,2p b1,...,b2p

The last step follows from the definition of Meijer’s G-function (see [2.8.2]) and gives (11.19). W

11.4 Role of the parameters

In this section we study the effect of the noncentrality parameter. The effect of the parameters ny, no and m
was studied in Section 6.5.

Firstly, we consider the bivariate case, p = 1, to illustrate the effect of the parameter 6 on

(i) the form of the pdf of (X7, X2);
(i) the correlation between X; and Xo;
(iii) the form of the pdf of Ay.
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From the result in (11.2) the joint pdf of X; and X5 is

N E]L’;Zﬁ %n1—1 %n2_1
T, X = — 2 — T
f( 1, 2) F(—QL)F(—QZ)F(?) 1 5
-(1- xl)i("ﬁm)—l (1— x2)%(n1+m)—1 (1- x1x2)—%(n1+n2+m)
e 2Ry (W;%; §m> , 0<zy,25 <L

1—x1x2

The result in (11.24) was also derived by Gupta, Orozco-Castafieda and Nagar (2009).

(11.24)

Figure 11.1 shows graphs of the pdf of the BBV (8,8,8;60) distribution (see (11.24)). The joint pdf of X; and

X shifts towards smaller values of both X; and X5 as 6 increases.

Figure 11.1: Effect of 6 on f(x1,x2), (X1,X2) ~ BBY(8,8,8;0)

S 2o D Gy,
SN E O )
SN ANy
NS .,;.M&w.;:s
i/ iy

Theorem 11.4 derives the (hy,hs)™ product moment, E (thl 2h2> , associated with (11.24). Independent of

this study, the result was also derived by Gupta, Orozco-Castaneda and Nagar (2009).

Theorem 11.4
If (X1,X3) ~ BB{Y (n1,n3,m;0) then

hl hg
E(X1 ! )
D +h)D(%R+ha) 19 § g D(fdgdmgg) p(f2mag) D( 2L k) (Q)k
) k! ]j‘(%.t,.k) F(i]%zﬂ+hl+k) F(E%zﬁ+h2+k) 2
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Proof:
From (11.24) and [2.5.1] it follows that

E (X{“ X§L?>

T2

6 1 ff 1§n1+h1 1 ln2+h2 1(1 _xl)%(nri-m)—l (1 .

-3 (n1+na+m) nitnotm. m, § (1—z1)(1—x2)
) 1P S S s o, ) drde:

ff ini+hi— 1 1n2+h2 1(1 S (n2+m)—1 (1

*951)
00

ni +n2+m )

(n14+n2+m) Z 1 F(

k (Q)k (—21)(A—as)*
k= F(%)k 2

(1—z122)"

—~
[
8

oy
8

M

\/

m|)—A

dl‘ldl‘z

)*%(nlJranrm)fk: day x%’nz-l‘hz—l (1

171 1 _ 1 _
f fxf’nl-'rhl 1 (1 _ xl);(’n2+m)+k 1 (1 — 219 E
0 LO

) 3 (n1+m)—1

1
1 -1
B NE (n1+m)

— o

)%(n1+m)+k71dx2_

(11.26)
Using [2.5.3], the solution of the integral in (11.26) with respect to x; is
1
Jaf™ T (1 ) Bt (g )R (et g
0
ny n2+m
= LGN g (m g by, ety g mbnatm | ) (11.27)

r(2tnetm +"Urh +k)

Substituting (11.27) in (11.26) and solving the integral with respect to xo by using [2.5.5] gives

E (Xfl Xhe

r( .
(e

r(mtgte) (Q)k (% +h )T (225 +k)
2 r

e 2 E 1 n n m
rE)T R 3, (FEE )

1

1
Lnytha—1 1 -
Jag T (L )2 (IR B (5 gy, et pomtnadm kg Yd

("1 +7;2+m _,’_k)

OO1
2Zk—

(%) 0% P(%+ha )D(22522 k) (5 +ha )D(5 +k)

r
o MT(REEER) (5 k) P (2 4 k)

.SFZ(%L+h17£J+_ZZ+_+k 22 4 hy; mﬂ+h +k, mﬁzﬂ+h2+k 1)

b DR ) (e )U(S ) T(3 ha) (22 k)
r(2+k) D22t p) k)

4 hoy M |y 4 fp matledm 4 py k1)

1 —16 5~ 1 (0
= s ) ()

+h17_lﬂ2ﬂ+k
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Figure 11.2 shows the graph of the correlation between X; and X, corr (X, X2), for increasing values of
0. The result in (11.25) can be used to calculate corr (X7, X2). The correlation is positive and decreases for
increasing values of 6.

Figure 11.2: Effect of 6 on corr(X1,Xz), (X1,X2) ~ BBYV(8,8,8;0)

1

0.8 -
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<
£ 04
S
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0 5 10 15 p 20 25 30 35 40

In Theorem 11.5 the pdf of Ay = X; X5 is derived where (X1, X») ~ BB{Y (n1,n2,m;0). Independent of this
study, the result was also derived by Gupta, Orozco-Castaneda and Nagar (2009).

Theorem 11.5
If (X1,X2)~ BBV (n1,n2,m;0) then the pdf of Ay = X1Xo is

_ 1 C1pyEna—1 X1y \Emerk—1 D(EE )T (T k) D(BERER 4 k) gk
FO0= e N Zm oA HCr ey ()
o) (’I’L2~2‘rm +k, n2;rm +k; n1+n22+2m +2k;1— )\4) , 0< <1, (11.28)
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Proof:
From (11.25) and [2.5.1] the Mellin transform of f(A4) (see [2.8.1]) is
My(h) = E(A}
= Bl(XiX)"]

T30 8 4 oyb _T(EERER ) TS o) ) (e ()
= N E e ) TR ) T ) (T )

k
-3F2(ﬂ+h—1,ﬁl+—22ﬂ+k,’—;2+h—l;m+—22ﬂ—i—h—l—l—k,ﬁﬁ—?ﬂ—i—h—l—i—k;l)

(S k) T(f+h—1)D(22522 k) D52 +h— 105 +k)

— 1052 1 (o\k_T
= N E e ) TR ) rE ) TS )

0
1 D(BEh—14t) D(MEg2Em 4y y) (52 +h—14¢) T(HERERpp_14k)  1(MERE L p14k)
P(G4h-1) D(2ER2Em4g)  D(Z2+h—1) D(2ER2Em 4 h1pktt) DSR2 L p 14kt

t=0
= wrm i i}’%F(M;w)r(n??;f?eg(mgw%ﬁ)
D(4+h—14)0 (%2 +h—1+t) o\ K
T(ERER 1 et ) D (PRI 1 ket ()
(11.29)
The gamma functions in (11.29) can be written as
D (et p— 14 k4 t) D (BEREm 4 h— 14k + )
= f[lF (a; +h),
(11.30)
where a1 = ag = ﬂ”‘—?ﬂ—i—k—i—t—l,
and
D& +h—1+t)0 (% +h—1+1)
:j]flll‘(bj +h),
(11.31)
where b; = %L +t—1,7=1,2.
Now, substituting (11.30) and (11.31) in (11.29) gives
M;(h) = We 10 i §ﬁF(n22+m+k)r(nl%;gfg(nH?MMH) (@) szll;iji:)) (11.32)

The pdf of A4 is obtained from the inverse Mellin transform of (11.32) (see [2.8.1]) and is given by

w100

fOW) =55 [ Mp(h) A\ dh.

w—100
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From the definition of the G-function (see [2.8.2]) and the results in [2.8.4], [2.8.5] and [2.5.2], it follows that

kb T(Z2fm 4 g\ (2 4 ) ( Zadnetm g
( P +) ( P +) ( P + +t)G§:g <)\4|le)7;122>

S B a7
fa) = e kgﬁ; i (%) T2 )T (E +F)
1 oo o0 kT n2+m,+k T n1+m,+k T n1+n2+m+k+t
= e Y Y (%) = g(ék);(%l))r((%wi :

k=01t=0
Lngtt—1 1 .
\2"™2 1-)\,)3 (n1+no+2m)+2k—1
.24 ( 4) 2F1 (7L2;-7n + ki, n2—2|-m + k; n1+n22+2m 4 2](2, 1— )\4)

F(n1+n22+27n+2k)
L F(n2;m+k‘)1—\(n1;m+k)1—\(’ﬂ1+’r§2+m+k) )\%TLZ*I(17)\4)%(n1+n2+2m)+2kf1

—10 o 1 (0
= ey L% e EmEE
2w (3) FEeyNEane=n ()

e’} &F n]+22+m+k+t
t! F(”]+22+m+k)

2F1 (7L2—2i-7n + k, nQ;rm + k; n1+n22+2m + Qk, 1 _ )\4) Py

k 1"("2;7”+k)1"("1;m+k)r‘("1+22+m+k) )\%TLZ*I(17)\4)%(n1+n2+2m)+2kf1

) ey nesy Y@=y

= (&

(SIS

YN

Wl

k=0
Co By (B 4k, B g o taned2m oy 9k ] — \) (Fy (TR g ))
B 1 ,;0)\%7;2—1 § 1 (Q)k F(n2;m+k)1—\(n1;m+k)1—\(’ﬂ1+g2+m+k) (1_A4)12~(n1+n2+2m)+2k—1
Y ST 3 4 PCAY r(Z+k) (B2 k)

o F (7L2—2i-7n + k’, nQ;rm + k’; 7L1+7’L22+277L + 2]{3; 1— )\4) (1 _ )\4)7%(n1+n2+m)7k; '

This is the result in (11.28). N

Figure 11.3 shows the effect of 6 on f(\4) given by (11.28) where (X1,X2) ~ BB{V (8,8,8;0). As @

increases the pdf f(\4) shifts towards smaller values of Ay.

Figure 11.3: Effect of @ onf(14), Ag = X1X2, (X1,X2) ~ BB}Y(8,8,8;0)
------- =0
6=28
6 =16
0.6 0.8 1
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Secondly, we consider the bimatrix case, p = 2, to illustrate the effect of the noncentrality parameter ® on the
pdf of A4 given by (11.19). The case is considered where (X1, Xs) ~ BBV (8,8,8;0), © = 0I,.

Figure 11.4 illustrates the shape of the pdf, f (\4), for increasing values of 6. We note that as § increases the
pdf shifts towards larger values of Ay.

Figure 11.4: Effect of ® onf(14), Agq = [X1X2|, (X1,X2) ~ BBY(8,8,8,0), ©® = 4l ,

16
N 6=0
I 9 =32
f(14)
04 0.6 0.8 1
A4
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12 Noncentral bimatrix variate beta type V distribution

In this section an exact expression for the pdf of the noncentral bimatrix variate beta type V distribution with
(Qq, Q) defined as in (7.10) is derived as well as the corresponding product moment of the determinants and
the pdf of As = |Q,|™ |Qy|"™ (see (1.9).

12.1 Probability density function

In Theorem 12.1 an exact expression for the pdf of the noncentral bimatrix variate beta type V distribution is

derived.

Theorem 12.1
Let 81 ~W,(n1,%), Sa~W,(ne,X) and B ~ W, (m,X,0) be independently distributed. Consider the
ratios given by (7.10),

=
=

, _
B 3S,B73 (pr + aiB_%SiB_%) L i=1,2. (12.1)
=1

2 1 1 B
Q, = (crp +3 aiB_isiB_i)

i=1

The pdf Of (leQQ) NBB;Y (n17n27m7a17a2yc; 6) is

- % (n14+no+m)

p 2
Ip"‘;TiLQi

N
RS
oy
hS]
|
M
o
N—
ol
7N
+
Ny
N
o
SN—
|
N
ey
hS]
|
M
o
SN—
N=
@
N——

-etr (_%@) 1F <7L1+72Lg+7n; %;

i=1 =1
= 9(Q1,Qy)
2 3 2 -1 2 3
ar(—40) 7 (224 (1,- 2 Q) (L =2Q) (L-Ya) o),
i=1 =1 =1

(12.2)

0<Q;<I,, i=12 O<ZQ1<IP7 where n; > (p—1), i =12, m> (p—1), and g(-) is the pdf of

BB} (n1,n3,m, a1, as,c) gwen by (7.2).

Proof:
The pdf of (S1,S2,B) is given by

KT [etr (=3278,) 1812 777V] [otr (~1©) etx (32 7'B) B2 7 1y (214037 B)]
where K—1 =T, (%)T, ()T, (2) 22225 (see [2.10.2]).

2 2
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It was shown in the first part of Theorem 9.1 that for the transformations V; = B_%SiB_%, i =1,2, the pdf
of (V1,Vy) is given by (9.9), that is

—3 (n1t+n2+m)

ny n 2\ 11 2 in;—1 1 2
F(Vi V)= {6, (%, 5:5)) e (<30) TV 201, 4 32 v
9 1
B (m%zﬂ;%;%(Ip+ZVi> @), V,>0,i=1,2. (12.3)
i=1

{1

2 1 1 3 1 1 2 1 1\
Q’i <CIp + Z OleESzB§> o;B728,B" 2 <CIp + Z OleESlB§>

i=1

1
2 2 2 -
= (Ip +3 %@Vz) ay, (Ip 3 %ivi) L i=1,2. (12.4)

2
Let Y, =%V, i=12 Z=1I,+>Y, and Q =Z 2Y,Z % Then Q,=1I,—Z ' - @Q, and
=1

5 -1
Z=\1,-5% Ql> . From [2.1.2], [2.1.3], [2.1.4], [2.1.5], [2.1.7] and [2.1.8] the Jacobian of the transformations
i=1
in (12.4) is
J(V17 Vi — Q17 QZ)
=J(V1,Va = Y1, Y3) - J(Y1,Y: = Q1,Z)  J(Q1,Z — Q1, Q)

= cp(p+1) 12[ a;%P(PH) |Z|%(p+1) |Z|p+1
—3(p+1)

2
= P+ ] ai—%P(Iﬂrl)
1L

I,->Q

(12.5)

Rewriting (12.4) as
2 -3 2 -
V, =% (I,, -3 Qi) Q, (Ip - Qi) , 1=1,2, (12.6)
k2 . 1 .

=

and substituting (12.5) and (12.6) in (12.3) gives
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f (Q17 Qz)
ny na.m 1 p(p+1) 2 —%IJ(;U-‘,-I) 2 —%(;U-‘rl)
{61) (_2]'7_22’7)} etr( —@)c Hlai I, Z:le
i= i=
2 2 -3 9 _1pni—3(pHl)
H (:%(IPZQz) Q1<IPZQ1)
=1 =1 i=1
— 4 (n1+na+m)

nit+not+m. m. 1
by | PR 5

1 14 —1
2 2 -2 2 -2
Ip+zfi(1p—;czi> Qi(rp—,_zlczi) ] o

=3 (n1+n2)—3(p+1)

2
= {ﬁp (%L?"_LQZ,%)} etr( ) H a; —3nip c3(nit+n2)p H |Qz|27“ 3(p+1) I,- ZlQi
1=
2 3 (n14na+m) 2 —1(n1+nz+m)
IP - Zl Qz IP . a
1= 1=

3 2 2 -1 2 3
'1F1<”+’§ m7%’%<1 ZQ) <Ip;Qi+;ZlaL‘iQi) (Ip;Qi> @>

—1(ni+n2+m)

(£)"" M iqin-tre
[e23
i=1

2
IQU+;%LQ1'

Remark 12.1

Ehlers, Bekker and Roux (2010) derived the result in (12.2) for the bivariate case, that is where p = 1. They
also derived some properties of the noncentral bivariate beta type V distribution.

Remark 12.2
Let S ~ W, (n,X) independent of B ~ W, (m,X;®). Define

=

_1
Q= (cI,+aB™SB™%) "aB iSB ! (eI, +aB 1SB7Y)

The pdf of Q is

FQ = {5,(59))7 (5) e (40 )1a %n—%wup_ QT EIHY L, 4 ge Q2
OR (M0, - QF (L +52Q) (1, - Q) ©)

= 9(Qetr(=20) 15 (”mv’éﬁ%(IrQ)é (L+52Q)7 (1, - @*e),

0<Q<I, where n>(p—1), m> (p—1) and where g(:) is the pdf of B) (n,m,a,c) given by (3.5).
This is the noncentral matrix variate beta type V distribution and is denoted by Q ~ B;/ (n,m,a, c; O).
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Remark 12.3

The noncentral matrix variate Dirichlet type V distribution denoted by (Qq, ..., Q,.) ~ (nl, e M, M, Q-

results by extending (12.1) to r independent Wishart matrix variates, S; ~ W), (n,, E), 1 =1,...,r, all inde-
pendent of B ~ W, (m,%;®). The pdf of (Qy,...,Q,) is given by

n Ny. m -1 C l(n +~--+nr)p 1
B (s 5) ) (2)° etr (—3©)
r (o+1) r sm—3(p+1) r —3(n1+-+np.+m)
1:[ Q|2m 3(p _;Qi Ip E_LQz
- Y T % Z’r_ -1 T %
<n+ nit-4n.+m —Hnu%;%(IP_Z:le) (IP+Z o Qz) (Ip_lez) @), (12.7)
.
0<Q;<I,,i=1,....,r, 0< > Q, <I,.
i=1
Remark 12.4
If a3 =--- = a, = « then the pdfs of the noncentral bimatrix variate beta type V distribution in (12.2) and

the noncentral matrix variate Dirichlet type V distribution in (12.7) are members of the Liouville family of
distributions of the second kind (see [2.2.1]).

12.2 Product moment of the determinants

The (h1, hy)™ product moment, E (|Ql|h1 |Q2|h2) , where (Qy, Qy) ~ BB (n1,n2,m, a1, as,¢;©) is derived
in Theorem 12.2.

Theorem 12.2

If (Q,Q,) ~ BBI‘,/ (n1,n2,m,a1,a2,¢;0) as given by (12.2) then for an = as =«a, E (|Ql|h1 |Q2|h2> 18
given by

(m)(z))r (m)(b) . .
n)l“p(@—i-hl—i-hz@) ® (5:©,<41,), (12.8)

where Y. = Z > > € r T iserplained in [2.4.1], CF7 (550, S21,) is a homogeneous invariant
polynm:zyz:a? of d 7g . s?c Tnsetﬁ zTn the elements of the symmetric matrices == =21, (see [2.4.1]) and
9; = C«b(I )I 2

Proof:

Let 1~ W,(ni,%), So ~ W, (n2,X) and B ~ W, (m,3,0) be independently distributed and consider
the ratios given by (7.1)
Q =57%aSiS73, i=12
where S = 181 + @282 + ¢B. This gives (Qq, Qs) ~ BBX (n1,n2,m, a1, a9, c;0).
The pdf of (S1,S2,B) is given by

2 1 1 1 1
K{H [etr (—3=718y) SifH P )” [etr (~3©) etr (-357'B) B Ry (254037 B)] .
(12.9)
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where K1 =T, ()T, (%2)T, (2) 2524 (see [2.10.2]).

From Theorem 7.1, making the transformations S = a;S1 + a2Ss+cB and Q; = S_%aiSiS_%, i =
1,2, substituted in (12.9) gives

f(Q17 QZ)
1
2 2 2 2m7—(p+1)
Ketr (—30) [] ai_%mpcfémp [1 |Qi|éni7%(p+l) I,-> Q
i=1 i=1 i=1
/ gz (a3 () {iséz—ls% <1p+ > u"Q)]
550 2c = oy 7
o (2 Lox's? ( - Qi) S%>.
= (12.10)
From (12.10)
E (|Q1|’“ Qul")
- K 1—[ 2m;U ——m;uetr( é@)/ |S|%(n1+n2+m)*%(}9+1)/ 12[ |Qi|%m+hi*%(1’+l)
S>0 =1
0<Q,+Q-<I,
Q,>0
2 %m*%(lﬂ”l) 1 1 2
. IP—ZQi etr{zlcSEEISE <1p+zlca—f”Qi)]
1= 1=
2
- oFy (2 Loz ls: (Ip - zl Qi) S%)dQldQst. (12.11)
i=
Let a1 =as =« and
2 2 3m—3(p+1) L 2
m. 1 1g3 2 3
o ?,@GE Sz Ip_;QZ Sz
and use [2.2.6] to write (12.11) as
} h
E(1Qil" Q")
= Ko dmtmpedmpet (1) / |§[pimtratm 3t g (g B2y )
5>0
/ |Z|%(n1+n2)+h1+h2—%(;ﬂ+l) |1—p _ Z|%7n—%(])+l) etr {_isézfls% (Ip + C;az)}
0<Z<I,
0P (41 4S8t0x78E (1, - 2))azds, (12.12)

In (12.12), consider the integral with respect to Z, that is

I = / |z 22 0 |, Z im0 ey LsiwTlgh (1, + 22) |
0<z<I, 2 “
0P (4 £S5texst (1, - 2))az

and let X =1,—Z.
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Then, using [2.6.1], [2.6.2], [2.4.2] and [2.4.5] we get

1 _1 Lop—1
I, = / |Ip . X|2(n1+n2)+h1+h2 3 (p+1) |X|2m 5 (p+1)
0<X<I

etr{-£SIETISH I, + 52(1, - X)]} oy (21 £SPORTISEX )ax

2ca

= etr(—%S%E_lsé)etr( cagiy- 182)

/ X [Fm 2, XI%““*”2)”1“2‘%“’*”etr{%s%ylséx}
o<X<I

S S A, (£senisx)ax

1, 1 1 _1
= etr(,igfls) |X|2’” 5 (p+1) |IP7X|2(m+n2)+h1+h2 5 (p+1)
0<X<I,

) 2ca

/ X |2, - xS (04D o (L gi@n st X, e SR TlSiX)AX
0<X<I

Cn‘r(l@z ls c—ayn-— IS)

? 2ca

p %) Lp( 3 ¢) (—u fn +h1+h2)
Kb k!t! Fp(%,'@) FP(_LZ_+h1+h2,¢)

(12.13)

Substituting (12.13) in (12.12) and using [2.4.4] gives
h h
E(lQl" Q")

Ty (St +h 1) (_2+h2) 1 T (%) T, m@)p (M+h1+h2)
K

_ L(ni+n2)p,.—<mp p) K 2
Ko 2(nitn2)pe—3 etf( B ) Fp(m+h1+h2) ’{Z 9¢ kit T ) FP(_Jﬁzﬂ+h +h2,¢)

/ etr(f%zfls) |S|%(7L1+’n2+7ﬂ)_—(1}+1) Cn T( 1 ls azfls)ds
S>0

4c ) 2ca
_ — 3 (n1+na+m) —1(n1+n2)p.—3tmp 1 FP(%LJF I)FP(%ZJF}L?) KT _1 FP(%"ﬁ)
— 2 1+mn2 _1 L
12X @ 2 ¢z etr( 26) T, (%), (%) n;¢0¢ R T, (2 0Ty (2582 hy 1 hs.0)

-1 n n m
T, (mtmam ) | Lyt |72t g 1 @mi-lag s, o nlay)

1 n ny m nitngtm
_ c\—3mp 1 FP( 3 +h1)Fp( 5 +h2) Ky T FP( 2 v¢)Fp( P 7¢) KT (o c—a
= (£ etr (—30) T, (5, (%) K¥¢9¢ k't! (%ﬁ)pp(zﬁ_gzﬁ+hl+h2,¢)0¢ (2.0, 41,). W

12.3 Distribution of the product of determinants

In Theorem 12.3 an exact expression is derived for the pdf of Aj; = |Ql|%n1 |QQ|%H2 where (Q;, Qy) ~
BB;/ (n1,n2,m, o, a,¢; O) as given by (12.2).
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Theorem 12.3

Let (Qy,Qy) ~ BB (n1,n2,m,a,a,¢;0®) with pdf given by (12.2) and let A5 = |Ql|én1 |QQ|%”2 . Then the
pdf of As is given by

ﬂlP(P*U c —Lmp 1 KT r (m,d,r (mﬂ7¢) R,T [ « c—a 2p,0 (a1,a1),..,(ap,ap)
m i) (&) e (30) B 6Ty G (5 S Iy Yol )
(12.14)
0<Xs <1, where 5 => > >3 and
K,T;® k=0 k t=0 7 ¢er-T
aj =2+ (kj+1;)—5G—1) for j=1,2,3,...,p,
Q; :ﬁ%z for j=1,2,3,...,p,
-1 -1  for j=1,3,5....2p—1
bj = 1 )
1(372) fO?" ]:2,4,6,...,2]),
o for j=1,3,5,...,2p—1
bi = e for j=2,4,6,...,2p
Proof:
Using (12.8) the Mellin transform (see [2.8.1]) of f (A5) is
Mg(h) = E(M7Y)
iny N2 h—=1
= Bl(lQl" Q")
_ (a)zmP 1@) De[Z+ 5 (=D5 [ 4+22 (k1))
= (c)2 etr(—2®) T, (5T, (22)
i Ty (%5 .¢)0p (M2 0) KT (o @ cma
O s g g, (g O (36955 T)
= DEILCEN ()73 e (-10) ¥ 057 gy el EA(EE ) orr(a @, eay )
= Fp(%k)rp(%z) o 2 K ¢ Kklt! FP(%,,{)FP(%+E¥2h,¢) ¢ \2c-0 ¢ pP)
(12.15)
From [2.3.3] the generalised gamma function of weight ¢ in (12.15) can be written as
I, (3 + 252, 0)
1p(p—1)
=71P H I' (a; + ajh),
j=1
(12.16)
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where a; =5 + (kj +t;) — %(]—1) for j=1,2,3,...,p

and a; =232 for j=1,2,3,...,p

From [2.2.2] the multivariate gamma functions in (12.15) can be written as

2
P P
S| LICTEETEE ) RNCTERTERRY
J= Jj=
1 2p
= g3p(P—1) I[Ir (b] _,’_/th)
j=1
(12.17)
—lG—=1)  for j=1,3,5,...,2p—1
where b; = ) .
—1(j—2) for j=2,4,6,...,2p,
& for j=1,3,5,...,2p—1
and f8; =

% for j=2,4,6,...,2p

Now, substituting (12.16) and (12.17) in (12.15) gives

_ 71—%”@71) K, T 1 Fp(m:¢ Fp(m»¢) K, T H (b +8; h)
My (h) = (2)*""etr (—30) FP(%L)FP(%Z)K;CZ)Q (G A— %7,{)2 Cy ' (50,4 p)H T ran’

(12.18)
Using (12.18) the inverse Mellin transform (see [2.8.1]) is given by

w100

7 My (h)As"dh

f(Xs)

w—100

_ (%)§mp otr (_%e) ﬂ_%p(p, )22

KT 1 Fp(%@ Fp(ﬁl%zﬂyqﬁ) KT (o c—agt w400 (b +8; h) h
H; 9¢ K] r,(2 k) Cqb (5.0, <21)) zmw J;OOH P A5 'dh
1 ni+no+m
™ o (—3©) A L R ) o
= (%)2 tr (_56) Fp(ﬂ-% ]."p("—;) K;d)egTW pl 3 Fpp(%ﬁ)z Cgr(%(_)’%l.p)

2170 (al)al)v'“)(apvap)
HP 2p ()‘5|(b1751),...7(b2p752p)> ’

The last step follows from the definition of Fox’s H-function (see [2.8.3]) and gives (12.14). W

12.4 Bivariate distribution

The bivariate distribution is considered in this section, that is where (Ql, Qz) ~ BBY (&, %2, 2 oy, q0,¢;0).
The pdf f(Q1,Q2) is given and E ( ’1” 32) and the pdf of A5 = Ql 2 2 " are derived in Theorems 12.4
and 12.5 respectively.
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(@

From (12.2) the pdf of (Q1,Q2) ~ BBY (’—LQL, 2 oy, a,c0) is given by

n1 1 2'n2—1 m—1

fla,q2) = NEEIN| )‘]1 q5 1-q *Q2)

Ml»—t

(
Inip 1nap —1(ni+na+m)
(&) (@) (e

Qg

e 30 1Ry <"1+gz+"%f§-ﬁ e ), (12.19)

0<gqg<1l,i=1,2 0<q +q < 1.

Theorem 12.4
If (Q1,Q2) ~ BBY (’—LQL, B o, a6 0) as given by (12.19) then

P(obal) - Tmlrm) (oyF ()B e § e
1 w2 r(3)r(%) o oz S TSR by by ) (2
'Fl (7L1+7L2+77L —i—l QL +h1,_2 +h n1+n2+m +l+h1 +h2 1—07 2—0)
7 o (e :
(12.20)
Proof:
From (12.19) and [2.5.1]
F(atar)
N — 3P 372P —1p Inithi—1 dnatha—1 11
= e (8) (@) [T e
0<q1+g2<1
0<q;<1, i=1,2
3 (n1+nz+m)
—a —az tnotm. m. § 1—qi—
. (1 + Ca? ql + Ca;l q2> lFl <n1 752 m’%’il—‘,—c;?] Zi_‘r?fa;qu)dqldqQ
D(ELEEER) 0 \EMP\EP g 8 (B (%) gy
e @) (&) ¥ R ey e 8
1
1 hi—1 1 ho— 1 _ _ L —3 (n1+n2+m)—I1
A (T Ela 1(1+%91+%Q2> ’ dgqi1dg2
0<q1+q2<1
0<q;<1, i=1,2
_1 l iz h
- M Eh@ E(der).
=0
(12.21)

where El< . ’{2> is the (h1,h2)” product moment of (Q1,Qs) ~ BBY (B, 22 oy, q0,¢) given by
(7.29). Using (7.29) in (12.21) gives the result. W
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Remark 12.5
If a1 =as =a it follows from [2.5.8] and [2.5.4] that (12.20) simplifies to

E< hy hz) _ F(%L+h1)F(%2+h2) (E)%(nl—i-nz)e,%g i 1 F(EJL’;ZﬁJrl) (Q)l
hak Tenemlt 2 T e (8

- ol L;L+ﬂz+h1+h27n1+gz+m +l; m—&-gz—&-m +l+h1+h2;a75)

2 «a
(%2+h2) (E)fimeiéeil F(EL’;ZﬁJ,—[) (oz_@)l
F(%L)F(%Z) o fr? ! F(ELZZﬁ"(‘l"(‘hl"(‘hQ) 2c

CoFy (% 41, et A ]y ;e

c

Theorem 12.5
1y 1, .
If (Q1,Q2) ~BBY (’—LQL, 2B oy, ¢ 0) then the pdf of As=QF Q3 ° is

1 c 3m c $n2 L1y R xR ny+no+m o\ (ay—c k as—c t

F09 = repirg (&) (8) e X 3 St (e ke ) () (250) ()
) 2 . k=01t=01[=0

m nitno
HEY (A5|(2+k+t+l’ 2 )), 0< X <1.

(k:75).(t55)

(12.22)
Proof:
From (12.20) and [2.5.6] the Mellin transform of f(X5) (see [2.8.1]) is
My (h)
= E(AY
- Effaimar)"]
— TORMRCEN (o) ()T e g TR gy
r(E)r(s) e @ S T (g i+t ) 12
Fl (ﬁ]""_gzﬂ _l’_l %].h %Zh % _|’_l+ ’nlé-’ngh, a]—c az—C)
’ ’ ’ oo ) ap
— W (L)%nl (L)%n2 30 i 1 T %ﬂJrl! (Q)l
N A ~ o (B +m2R) 2
. § f L(n]4r7;2+m—‘,—l)kﬂ(%Lh)k(%zh)t ((xl—c)k (az—c)t
=0 = H' (3 ++™5"2h), o @2
_ D(ERr)T(%h) <L>%n1 (L>%n2 1R xR ® T("1+T§2+m+lz
- r()r(R) \a« o2 € kgot;olgo RIRUTD ( iy 1572 h)
) FCEIERR) B (0] oy} (e
(Bt ) D(Zh)C(%2h)  D(Z++ 2 hgkrt) \2 o o
= L e\ (e %nze 10
F(%L)F(%Z) a1 s
SRS _1 ni+na+m F(%Lh+k)f‘(%2h+t) 0\ [(a1—c k e t
k;Ot;O lg() - ( 2 LR t) D( %+ "2 bkt ) (2) ar o :
(12.23)
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The gamma functions in (12.23) can be written as

1
[II'(aj +ajh),

j=1
(12.24)
where a1 =2 +1+k+t and oy = 2582,
Similarly
[ (%h+k)T (%h+1t)
2
J:
(12.25)
where by =k, by =t, f; = 4 and 38, = 2.
Now, substituting (12.24) and (12.25) in (12.23) gives
1 c 2™ c 372 —10 SR 1 ni+no+m
My = s () (8) e 33 il (B k)
(Z)r(=#) ! 2 ) k=0t=01=0
(8 ! <alfc>k‘ (a270>t H]’:l F(ijrth) 12.26
(2) (e%} (o2} H;:l F(aj-‘r()é]h,) ( . )

The pdf of As, given by (12.22), is obtained from the inverse Mellin transform of (12.26) (see [2.8.1]) and the
definition of Fox’s H-function (see [2.8.3]). W

Remark 12.6
The effect of the parameters was studied in Sections 4.5, 5.5, 6.5 and 9.4.
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In this thesis a bimatrix group of beta distributions with bounded domain were developed from different de-

pendent Wishart ratios. (See the display in the following table.)

Wishart ratios Distribution Application Chapter
i=12 B~ W,(MZ) B~ W,(m,Z;0)
12 Bimarixbeta  (1.7) 9
_1 i
Ui=(S1+S,+B) %Si(S; +S, +B) 3 type| A
3 Bimatrix beta (1.8 5 10
in
Wi = (S + S, +CB) 7S/(Sy + S, +CB) 2 typelll A =TT | sres -
@4 Bimatrix beta  (1.10) 6 1
_1 _1
Xi = (IP+B_%SiB_%) ZB_%SiB'%OpJfB_%SiB_% * typelv A =TT s
(1.5) Bimatrix beta  (1.9) 7 12
_1 i
Q, = (@151 + @Sy + €B) T Si(a1S1 + 02Sy + CB) F type V As =TT s 2"

In this study the goal was to derive the exact pdfs for each of the proposed Wishart ratios ((1.2) to (1.5)) for
B having the central or the noncentral Wishart distribution. This was achieved by using symmetrised density
functions defined by Greenacre (1973) followed by applying the symmetrised density functions in an inverse way.
For each distribution some statistical properties were established; specifically the product moment. The marginal
and conditional properties were also studied for the central distributions. In each chapter a direct application
in multivariate statistics is presented by linking the results to statistics that are functions of the product of
determinants of bimatrix beta variates. By making use of inverse Mellin transforms, exact expressions were
derived for the pdfs of the product of the determinants for both the central and noncentral cases. These exact
expressions for the pdfs were in terms of zonal polynomials, invariant polynomials, hypergeometric functions
with matrix argument, Meijer’s G-function and Fox’s H-function. These functions have recently become more
computable due to dynamic programming and the availability of packages and algorithms, therefore the theory

is transformed into practice for the user.
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14 List of Figures

The graphs in this study were drawn by using the computer software packages Mathematica, Fxcel and SAS.
There are some algorithms available for calculating Meijer’s G-function and Fox’s H-function and facilitating
the use of these distributions (see Gutierrez et al. (2000) and Koev and Edelman (2006)). There are also
mathematical packages, such as Maple and Mathematica for computing and drawing densities in terms of
Meijer’s G-function. In this study we simulated the densities of Aa, As, Ay and As (see (1.7), (1.8), (1.10), and

(1.9) respectively) for illustrative purposes.
4.1a  Effect of ng on f (u1,uz), (Ur,Uz) ~ BB (10,n4,10)
4.1b  Effect of m on f (uy,u2), (U, Us) ~ BB (10,10, m)
4.2 Effect of ny and m on corr (Uy, Uz)
(i) (U1,Uz) ~ BB{ (10,712,10)
(ii) (Uy, Uz) ~ BBI (10,10, m)
4.3a  Effect of ng on E (Uz|uy), (Uy,Us) ~ BBY (10, n2,10)
4.3b  Effect of m on E (Us|uy), (U, Usz) ~ BB{ (10,10, m)
4.4 Effect of ny on var (Uz|uy), (Uy,Us) ~ BB (10,n4,10)
4.5a  Effect of ny on f (Ae), Ao = UyUZ"™, (Uy, Us) ~ BBI (2,n2,2)
4.5b  Effect of m on f (A\2), Ay = UUs, (U1, Us) ~ BBY (2,2, m)
4.6a Effect of ny on f (M), Ay = |Uy||Us|2™, (U, Us) ~ BBL (2,ns,2)

4.6b  Effect of m on f (\2), Ay = |U Us|, (Uy, Uy) ~ BBE (2,2,m)

5.1 Effect of c on f (wy,ws), (W1, Ws) ~ BB (10, 10,10, ¢)

5.2 Effect of ¢ on corr (Wy, Ws), (W, W) ~ BB (10,10, 10, ¢)
5.3 Effect of c on E (Walwy), (Wi, W) ~ BB{1 (10,10, 10, c)

5.4 Effect of ¢ on var (Walwy), (Wi, W) ~ BB (10,10, 10, ¢)

5.5 Effect of con f()\3), Ay = WiWa, (Wi, Wa) ~ BBH1 (2,22 ¢)

5.6 Effect of ¢ on f ()\3) y A3 = |W1 W2| s (W17 WQ) ~ BB%II (2, 2, 2, C)
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6.1a

6.1b

6.2

6.3a

6.3b

6.4a

6.4b

6.5a

6.5b

6.6a

6.6b

7.1

7.2

7.3

7.4

7.5

7.6

9.1

9.2

9.3

9.4
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Effect of ny on f (z1,72), (X1, X2) ~ BBV (8,n5,8)
Effect of m on f (z1,22), (X1,X2) ~ BBIV (8,8,m)
Effect of ny and m on corr (X1, Xs)
(i) (X1,X2) ~ BB{V (8,n2,8)
(ii) (X1, X2) ~ BB{Y (8,8,m)
Effect of ny on E (Xa|z1), (X1, X2) ~ BB{Y (8,n2,8)
Effect of m on E (Xs|z1), (X1, X2) ~ BBV (8,8,m)
Effect of ny on var (Xs|xy), (X1, X2) ~ BBV (8,n,,8)
Effect of m on var (Xa|z1), (X1, X2) ~ BB{Y (8,8,m)
Effect of no on f(A\y), Ay = X1Xo, (X1, X2) ~ BBV (8,n5,8)
Effect of m on f(\y), Ay = X1 Xo, (X1, X2) ~ BBV (8,8,m)
Effect of ng on f (A1), Ay = | X1Xa|, (X1, X2) ~ BBV (8,n2,8)

Effect of m on f (A1), Ay = |X1X|, (X1,X2) ~ BB3Y (8,8,m)

EHeCt Of Qo Oon f (q17 QQ) ) (Q17 QZ) ~ BBY (107 107 107 1,0[2, 1)
Effect of as and ¢ on corr (Q1,Q2)
(i) (Q1,Q2) ~ BBY (10,10,10, 1, g, 1)
(ii) (Q1,Q2) ~ BBY (10,10,10,1,1,¢)
Effect of a1 and az on E (Q2|q1), (Q1,Q2) ~ BBY (10,10,10, oy, v, 1)
Effect of a; and o on var (Qz2|q1), (Q1,Q2) ~ BBY (10,10, 10, a1, oz, 1)

Effect of 1 On f()\5) s A5 = QlQQ, (Ql,Qg) ~ BBY (2,2,2,0{1, 1, 1)

EHeCt OfOl on f()\5)7 A5 = |Q1Q2| ) (le QZ) ~ BB%/ (2,2,2,0[,0[, 1)

Effect of 6 on f (uy,uz), (Uy,Us) ~ BBf (10,10, 10;0)
Effect of § on corr (Uy,Us), (U, Uz) ~ BB{ (10,10,10;6)
Effect of 0 on f ()\2), A2 = U1U2, (Ul, Uz) ~ BB{ (2, 2, 2; 9)

Effect of ® on f()\z) y A2 = |U1U2|7 (Ul, Ug) ~ BB% (2,2,2;@), 0= 912
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11.2

11.3

114

&

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Qe YUNIBESITHI YA PRETORIA

Effect of 6 on f (x1,22), (X1, X2) ~ BB{V (8,8,8;0)
Effect of 6 on corr (X1, X5), BBIV (8,8,8;0)
Effect of @ on f(\y), Ay = X1 Xo, (X1, X5) ~ BBIV (8,8,8;0)

Effect of ® on f()\4), A4 = |X1X2|, (Xl,XQ) ~ BB%V (8,8,8; @), O = 912
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