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Appendix A The Shear Stress Transport Model of Menter

The details of the Shear Stress Transport Model of Menter” is outlined in this Appendix.

Dropping the primes and tilda’s that donate mean quantities, the governing equations for general compressible
turbulent flows as given by Wilcox®® and Menter®’ can be summarised as:
Mass Conservation:

Equation A-1

Momentum conservation:

Equation A-2

Mean energy conservation:

é é &
_(pE)+—de (pujH) = —0'3(:] {u,rfj +('u+o-k'uT)_dcj _q]}
Equation A-3
Turbulent mixing energy:
é a r oM, * o iy
il o kr)=7F —— — —4
d‘(ka)+ &, (P”J T) 7y &, B poky + &) l(ﬂ+0'kﬂ;r) &) 1

Equation A-4

Specific dissipation rate:
’ c Y |1 2 lZ cw
o) +—ou.w)=| |1 ——— oot +— |+, tr ) —
a27) @cj(p"’w) (UTJTU &, T (v ‘"”T)@cj
1 & éw
+2(1-F, e
( I)pamz @ d(j é}cj
Equation A-5
Closure

The closure constants ¢ of this model are calculated from the constants of the k-o (¢;) and the k-g (¢-) models
as follows:

¢=Fips + (1-F1)92
Equation A-6

where the constants ¢; of the k- model are:

By = 0.0750; B~ =0.09; k= 0.41; 6w = 0.85;
Cp1 = 05, Y1 = B]/ﬁ*-ﬁmﬂ(z/\jﬁ N 3120431

and the constants ¢, of the k- model are:

B, =0.0828; B =0.09; «=0.41; Gk = 1.0;
Goz = 0.856; Y2 = PBo/P -GN
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The eddy viscosity is defined as:
ak
Vv, =——F————~
max(ala); QF, )

Equation A-7
where Q = |5u/ §y| is the absolute value of vorticity. The blending function F is given by:

JE | SOOVJ

F, = tanh(arg,’); arg, = max| 2 :
: (arg2’) &2 ( 009y y?w

Equation A-8
The blending function F; is defined as:

F, = tanh(arg14); arg, = mi max[ \/E ’5()201}}’ 4p0'm2k
0.09wy Vo C’kayz
Equation A-9
where y is the distance to the next surface point and CDx, is:
CD,,, = max| 2p0,, ii_ﬁ_@;w_zo
o &; &;
Equation A-10
The turbulent shear stress t';; is defined as: =1 - o;
The total energy E is defined as: E =¢t+tkr+uu/2
The heat-flux vector g; is approximated as: q; = —[L + -&—J ﬁ
Pr, Pt/
where h is the internal enthalpy defined as: h=e¢+p/p

Writing the governing equations in the special vector format all fluxes remain unchanged except for the viscous
energy fluxes which become:

Equation A-11

Although the SST method is more difficult to code, Menter claims that there is almost no loss in computational
efficiency compared to the k-© model.

Boundary Conditions For Numerical Implementation of The TTS Model
At the surface (v = 0) the following conditions must be specified:

No slip DU =kr=0
Wall temperature or heat flux ¢ To/Quw
Dissipation rate D Oy
Smooth sarface & no mass injection Lo, = 10ﬂ”—2 ., where Ay, is the distance to the
A (Ayl )
next point away from the wall
vy =0
Ayl+< 3
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Rough surface & no mass injection

Mass injection

@,

2
=ty » where SR=49""%

100

2
(S—SJ k25

v +
TrkR =25

kg

2 =i )2

&

kg = average height of sand grain roughness elements

2
U
@ = LSy and v= vy, where,

vW
20 .
Sp=—F—— and v, =2
v;(l+5v;,) U

The following choice of free-stream values is recommended:

0 = (1 = 10)U./L;

Vio = 10029y,

Ky = Viw Oco
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Appendix B The Flux Difference Splitting Method of ROE

The development of the numerical solver as used in the computational investigation of Chapter 3 is presented
in this Appendix.

Implicit Algorithm

The algorithm for Roe’s Flux Difference Splitting Method for the full 3D RANS equations is outlined in this
section. A 2D thin layer version of Roe’s method as described by Craig™ was used as the basis for expansion.
The thj;l layer algorithm was originally outlined by MacCormack”. A similar description is also given by
Hirsch™.

The Navier-Stokes equations as found in section 2.3.1 of the literature study can be written in 3D as:

where

and

4
!

Equation B-1

The subscripts e denotes Euler fluxes and v viscous fluxes.

The implicit 3D algorithm which uses Roe’s flux splitting is given as:

D~ D~ D, ~ D~ D, ~ D~
[+/At[+A+—‘++—+B+—“B++ ~C.+—C,
Lz‘,j,k AL A n 7 AL AL
At (D D D Ysw = A
2 [Dr.Dg Dy
Viik \AS Ag AL
where the explicit driving term is:
~ D ~ D, ~ D ~ D ~ D~
AU =— Al (&Fe, +—F, +—G, +—G,, +——H, +—HQ+J
TRV e AL AE A Az AL A .
Js B
~ D ~ D .~ D ~ D ~ D -~ )
+ ar (&F‘_ =K, +—G,_+—G, . +——H,_ +__H"*j
szk AE A& An An AS AS ok

Equation B-2

As the algorithm is a pentadiagonal matrix which is expensive to invert, Gauss-Seidel Line relaxation is
employed to convert the algorithm to a block-tri-diagonal matrix which can be solved efficiently. After line
relaxation, descritizisation and the re-writing of the implicit viscous fluxes in terms of M-matrices (M-matrices
are explained later in this appendix) the algorithm becomes:

BoU,

i,j+1,

k +Z§Ui,j,k +65Ui,j—1,k = AU:j,k _55Ui+1,j,k —ESU,_y ;6 =08, ;g = POU, ;14

Equation B-3
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A A

where matrices /], B, é, D, E . O and P are defined as:

N A [~ ~ ~ ~ ~ ~
A=1+ A, -A_ +B, -B_ +C, -C_
ik i+%,j,k i—%,j,k i,j+%,k i,j—%,k ikl i,j,lt—%
At
1 2 2 33 33
MU, o+ M N, i+ MILN, g+ M, g+ MN, +Mk_lNi,j,k)
i,7.k 2 2 2 2
2 1432
B Al ~ At M Nr Lk A/[,+_N,]+lk M N ]+1k+sz+% i,j+1,k
Ty el Vo
I’w,k B Lw,k - Mk 1N]+1k
22 12y 1 1
A ~ M'_l i,j-Lk M 1;1k+ M N11k+ M 1N, 1.k
t j ij—
C=- B - 2
Voo, ticle Vo R VERNY,
i,j.k 2 i.j.k 4 k—% i,j-Lk
1421 14,21 1M 14,21
4Mj+l i+1,j-Lk +4Mj+% i+l,7.k 4Mj—l i+l,5.k _ZMJ;L i+1,j-1k
12 112
A A~ At M Nivjone =g Mo N e £y M Vi Ty M 1Nk
D= A -
Voo dae V| —Lp® 18 15 a5
ik T2 i.7-k 4Mk+§ i+1,7,k-1 +4Mk+% i+1,7.k +4Mk+% i+1,/,k+1 4Mk—% i+1,7,k
14431
—Zjuk_% i+1,7,k—1
142 121 1321 11,21
Mj% i1k 4MJ~+1 i1k +4M,-_1 i1k +ZMJ-_1 11k
14412 12
. Af ~ At 4Af,>,lNifl,j+1k+ M’ N1111k+ M N kT M 1V
E:_V A+‘ —V 1 132 31 17,31 11431
.o i-—,j,k P 1 —_ —_ = 2
bk Ve | A5 MEN e =g M N 4Mk+§ i1k T e M1 Niy
11,31
+ZMk—% i-1,7.k-1
33 ar 11,13 14413 14,23
Mk+%Ni,j,k+1 +2Mk+1 ij.k+1 _ZM_%NJ’,]‘,M—] _ZMJ'_%Ni,j,M—l
~ At A At
_ _ 13423 23 13423 1332
0=~ c +4Mj+lNi,j,k+ Mﬁ; ikl 4MJ~_L itk T MEN; jiken
Iij k 1,1,k+§ V;j,k 2 2 2
13,32
—ZM,H% i j-1k+1
33 14,13 14013 23
MP N, a5 MaN, e + M2 e = M Nu k-1
A A 2 2 2
~ [ - t
_ 11423 13,23 14,23 1
p=——7C, - “‘ZMJ»AL i,j,k~1—4Mj+l i,j+1,k—1+4]\4];l i j-1k-1 4Mk,1 i jr1k-1
Vg vz Vi : : 2 :
14432
+ ZMk_% i j-1,k-1

Equation B-4

and the explicit driving term becomes:

n
At | ~ ~ ~ ~ ~ ~
- F, -F, +G, -G, +H, -H,
/ 1 _1 ol _1 1 1
AU Ii,j,k 1+2 I 2 j+2 J k+ k 2
ik =
At [ ~ ~ =~ ~ ~ ~
F, -F +G, -G, +H, -H,
7 k Hf i-= J+i -3 k+= k—E o
: i,j,k

Equation B-5
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Euler Fluxes

The geometric-averaged Jacobians /i, ﬁ’ and é are split through polarity of rotated eigen-values and are
calculated as follows:

A, = STRICIA L CuR,S; B = STRG'Cy'A g CuRyS: €. = STRIIC A, CeRCS;

"

,21:21(U);
p=\prrr
(ot + )

(Ver o)

( PLVL pRvR)

(Ver +Voe)
(Joows + )

(Vior ++lex)
(‘/E%‘FPL +‘/EER +PRJ
PL Pr

(W/—I‘Z"" PR)
o= Jlr -0 -3(@ +* i)

U=

V=

W=

/:[\:

Dropping the “*”:
(' 0 0 0 0 ] v 0 0 0 0 ]
0 u+c 0 O 0 0O v 0 0 0
Ay=dy 0 0 w0 0 0 | Ag=dg|0 0 v4+c 0 O
0 0 0 u 0 0 0 o v 0
0 0 0 0 wu-—c]| 100 0 0 v-c]
(w0 0 0 0 |
0O w 0 0 0
Ac=ds|0 0 w 0 0
0 0 0 w4c 0
_0 0 0 0 w'—c_
A+|A] A—|A
+:——; A_:—
2 2
a= g+ dy =yt +n2 +n2| do =2 +¢7 +¢
2 Ity kg
':(§Yu+§vv+§zw)/dA ; v’=(77xu+77yv+773w)/d3 : W':(§Yu+g’yv+§’:w)/dc

Equation B-6
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The metrics are used, at 7 -i-% as listed in section 2.3.4 and the primitive metrics are

( 1+1 J+LE+1 1+1 Jok+1 +X +1 J+Lk 1+1 Js k)/2

Xit ks~ Kotk T X nker — X, k)/2

X = (
( Vierj+1h1 ~ Yirr gkl T Vv ek — Vin, 7k)/2
(yz+1,; k1 " Virr ik TV e — Vi, k)/2

(Zz+1 JLk1 T Zin et T ek 1+17k)/2

Zr= (;+1,;k+1 Zitgk Yok — 1+1,]+1k)/2

The metrics are used, at j +% as listed in section 2.3.4 and the primitive metrics are:

Xe = (1+1,]+1k+1 X ket T X e — 1]+1k/2

/2

Xe = (xz,]+1k+l Xi ek Y Xk — 1+1,_]+1k)

}

(y1+], Lkl T Vi pankel TV ek ~ VijeLk

= (yi,j+1,k+1 Yk T Vi ek T Vien k)/2

N

Zg = (l+l,_]+lk+l Zi k1 T Lk Z,j+l,k>/2

(Z i, j+1k+1 Z J+Lk +Zz+1 JHLE+1 T 1+1,]+1 k)/2

The metrics are used, at K ++ as listed in section 2.3.4 and the primitive metrics are:

(1+1]+1k+1 X itk T Xk T i_.j_.k+l)/2

Xt ekl ~ Xt et T X e T ',j,k+1)/2

(yz+1,]+l,k+l = Vijstk1 T Vit ke _yi,j,k+l)/2

= (yi+1,j+1,k+1 Vv k1 TV ek T yi,j,k+1)/2

(Zz+1 Jeukl T Z ek Yok T4, k+1)/2

( Zint, 41kl ~ Zirt kel T2 ek T ,J,k+])/2

Each cell volume can be made up of six tetrahedrons which are determined as follows:

Cell Volume = VOll + V012 + VOlg + 1/014 + VOlj + V016

Equation B-7

Equation B-8

Equation B-9
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where:

xi,j,k+1[yi,j,k(zi+1,j,k - zi,j+1,k) - zi,j,k(yi+1,j,k - yi_.j+1_.k) + (yi+1,j,kzi,j+l_.k - Zi+1,j,kyi,j+1,k)]

- yi,j,k+1[xi,f’k(zi+l,j,k - Zi,j+1,k) ~Zijk (xi+1,j,k - xi,j+l,k) + (xi+1,j,kzi,j+l,k - xi,j+1,kzi+1,j,k)]
Vol = {+z, x el -, - X, - X +{x, -
1 s k| X e \Vien e =Ygk ) T Vi e\ Xivergk T gLk i1,k Vi ek~ Vied gk Lk

xi,j,k(.Vi+1,j,kZi,j+1,k - Zi+1,j,kyz’,j+1,k) - yz’,j,k(xi+1,j,kzi,j+1,k - Zi+1,j,kxi,j+l,k)

+ Zi,j,k(xi+1,j,kJ’i,j+1,k - yi+1,j,kxi,j+l,k)

Zis, j,k(yi+l, jiLe T M, j+1,k) + (Yi+1, JeLkZi ek T Fiel LY, j+1,k)]

X3, j,k+1[yi+1, j,k(zi+1, jLk T4, j+1,k) -

- yi,j,k+1[xi+1,j,k(Zi+1,j+1,k - Zi,j+1,k) - Zi+1,j,k(xi+1,j+1,k - xi,j+1,k) + (xi+1,j+1,kzi,j+1,k - xi,j+1,kzi+1,j+1,k)]

~—

Vol, =3+ Zi,j,k+1[xi+1,j,k (yi+1,j+1,k - yi,j+1,k) - yi+1,j,k(xi+l,j+l,k - xi,j+1,k) + (xi+l,j+1,kyi,j+1,k - .Vi+1,j+1,kzi,j+1,k)]

Xii1, j,k(yi+1, FeLkZ ek T ZiL Lk, j+1,k) — i, j,k(xi+1, ek ke T Zin 1k, j+l,k)

tZi1,5.k (xi+1,j+1,kyi,j+1,k - yi+1,j+1,kxi,j+1,k)

i, j,k(zi+1, Jok+1 T Zis, j+1,k+1) ~Zin, j,k(yi+1, Jkert T Vi, j+l,k+1)
X, e+1
+ (yz’+1,j,k+lZi+1,j+1,k+1 ~Zin, j,k+1yi+1,j+1,k+1)

xi+1,j,k(zi+l,j,k+1 - i+1_.j+1,k+1) - Zi+1_.j,k(xi+1,j,k+l - xi+1,j+1,k+1)

— Vi jke1
+ (xi+1, ke 1Zist, el ~ Xien k%, j,k+1)

];,013 = —
xi+1,j,k(yi+1, Jk1 T yz‘+1,j+1,k+1) — Vi, j,k(xi+1, Jok+1 T X, j+1,k+1)
+2Z k1
+ (xi+1, Sk Vit Lkl YirsjkaZie, j+1,k+1)
Xii1, j,k(yiH, GetZist okl G g ke Vi, j+1,k+1) = Vin, j,k(xi+1, Gkt e~ Zirt, k1%, j+1,k+l)
tZik (xi+1, GkeYird ke~ Yisd g ker¥ie, j+l,k+l)
Vi, j,k(zi+1, JHLk+1 T Zi, j+1,k) ~Zitl,jk (J’i+1, Lk ~ Vi, j+l,k)
Xi, i e+1
+ (yi+1, L Zi] 4Lk T Zi e Vi, j+1,k)
Xi1, j,k(zi+1, FHLA+1 T Zi, j+1,k) ~Zi4, j,k(xi+1, Lkl T Xixd, j+1,k)
Vi jk+l
\_“‘ (xi+1, Lk 1Zis] Lk T XL Lk, j+1,k+1)
VOl4 = _
X1, j,k(yi+1, JrLk+l T Vid, j+l,k) — Vi, j,k(xi+1, Jibk+l T Xirl, j+1,k)

+Z jk+

|t (xz‘+1,j+1,k+1yi+1,j+1,k - yi+1,j+1,k+lzi+1,j+1,k)
Xit1,7.k (Yi+1, FHlkenZiel jrlk T Fis, FLkrYit, j+1)k) —Vis, j,k(xi+1, jrLk1Zien jrlk T Zi, Gl k1%, j+1,k)

+ Zi+1,j,k(xi+1,j+1,k+1)’i+1,j+1,k - yi+1,j+1,k+1xi+1,j+1,k)
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Vols =

Volg =

xi,j,k+l
~ Vi jk+1

+2Z; kel
+

yi,j+1,k(zi+1,j+1,k+1 - Zi,j+1,k+1) - Zi,j+1,k(yi+l,j+l,k+l - Yi,j+1,k+1)

+ (J’m, JLkn1Z Lkl T Ziv Lk j+1,k+1)

xi,j+1,k(zi+1,j+l,k+1 - Zi,j+1,k+1) - Zi,j+1,k(xi+1,j+l,k+1 - xi,j+1,k+1)
+ (xi+l,j+l,k+1zi,j+1,k+1 - xi,j+1,k+lzi+1,j+1,k+1)

xi,j+1,k(yi+1,j+1_.k+1 - yi,j+1,k+l) - yi,j+1,k(xi+1,j+1,k+1 - Jci,j+1,k+1)
X1, 1 kel L k1~ Yitd, jr1 k1%, j+1,k+1)

Xi Lk (yi+1, L k12 Lk T Zi Lk, j+1,k+1) ~ Vi, j+lk (xi+1, FiLk+1%i, Lkl T Ziel L k1%, j+1,k+1)

+z; j+1,k(xi+1, ki Lkl T Vis k1%, j+1,k+1)

Vi, j+1,k(zi, JHLk+1 T %, j+l,k+1) —Z, j+1,k(yi, F+Lk+1 T Vi, j+1,k+1)
Xi jk+1
+ (J’i, FALE 1B Lkl T 2 ki, j+1,k+1)

Xi j+1,k (Zi, FLk+1 T Zis, j+1,k+1) 4 i1k (xi, FHLE+1 T X, j+l,k+1)
~ Vi, j k1
+(xi, 4L kr1Zi 1 Lk T Xiel Lk 15, j+1,k+1)

Xi j+1,k ()’i, ALk T Vi, j+1,k+1) — Vi, j+Lk (xi JALEA1 T X, j+1,k+1)
+2z ki
+ (xi,j+1,k+1yi+1,j+],k+1 - J’i,j+1,k+lzi+1,j+1,k+1)

Xi, j+1,k(yi, JHLk1Zi], Lk T F ki, j+1,k+1) Vi, j+1k (xi, HLE1Zi41, k1 T F k1Y, j+1,k+1)

+z;, j+1,k(xz‘, k1Yl ekl T Vi kX, j+1,k+1)
Equation B-10

The rotated Eigen-values are defined as:

S =

1 0o 0 0 0 1 0 0 0 0

_up:: o (il 0 0 | u p 0 0 O a:%(uz +v2+w2),

-vp 0o p 0 0|;8"'=lv 0 p O 0 ;

—wp ' 0 0 p' 0 w 0 0 p 0 B=r-1

afp  —uf -vB -wB B a pu pv opw B
1 0 00 -c” 1 ¢ 00 2
0 pc 00 1 0 plct/z 00 —plct)

c,=lo0 0o 10 0 [; cl=lo 0 10 0
0 0 01 0 0 0 01 0
0 —pc 0 0 1 0 Y2 00 1/2
10 0 0 -c” 10 c¢?2 0 <2
01 0 0 0 01 0 0 0

Cz={0 0 pc 0 1 |; Ci'=10 0 plc'f2 0 —plc/)2
00 0 1 0 00 0 1 0
00 —pc 0 1 00 12 0 1/2
100 0 -c” 100 c?2)2 22
010 0 0 010 0 0

Cc={0 01 0 0 |; czl=lo 0 1 0 0
000 p 1 000 plctfz —plct)2
000 —pc 1 000 12 1/2
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and rotation matrices:

d, 0 0 0 0 dg 0 0 0 0
1 0 o 4 & 0 1 0 #n -n 0 0
RA:d_O*yngOr RB:d—Oﬂx m 7. 0
. 0 _'fz 0 éx 0 i 0 0 -1, ny 0
L0 0 0 0 d4d, 0 0 0 0 djg
d. 0 0 0 0
E L 0 =¢ 0
RC:d— 0 0 ¢ -¢ 0
o N
0 0 0 0 d,
where
R;'=Ry;  Ri'=Rg: R =R[;

Equation B-11

Explicit Euler Fluxes in the Driving Term
The explicit Euler Fluxes are calculated as follows:

- F, +F, A

F, == ~1(4, —Af)(UR ~U,)
~ ~e + ~e - ~ B

6, - %% 4 3 Yu,-0,)
N H, +H, o

He“% :_;_2.*LM;.(CJr _C—>(U1 —Uo)

R =Right, . = Left, 7= Top, B = Bottom, / = In and O = Out
Equation B-12

The geometric Averaged Jacobians A, B and C are calculated as defined carlier.

Dropping the subscript e, the transformed fluxes at the cell corners, F,Gand H (fluxes on RHS of the
equations) are determined as (ollows:

F=¢ F+&G+&H

G=nF+n,G+n,H
H=( F+(,G+(.H

and
p pu pv o
ou o’ +p puy puw
U=|pv|, F=| pw |, G=|p’+pl|, H=| pw
pw puw oW pw* +p
E (E + p)u (E+p)y (E+p)w

Equation B-13
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Viscous Fluxes
The viscous fluxes can be written in terms of M-matrices as follows:

o _ 11 12 13

F, H%—(}\{ Ve + M2V, + M Vg)H%

~ _ 21 22y~ 2377

G, j%—(M Ve + M2V, + M Ig)ﬁ%

g _ 31 32 33

A, =M s?v, e mv)
2

where

Vz(p uvw e)T

Equation B-14

All the M-matrices have the same format i.e. zero and non-zero elements remain in the same positions:

0 0 0 0 0

B 0 my my my 0
MY =10 my my my 0 | i, j=1-3

0 myy myz my 0

0 ms, msy msy mss

Equation B-15

The viscous fluxes are only determined for use in the explicit driving term. The conserved variable vector J”is
discretisized as follows:

at the i+1/2 face at the j+1/2 face at the k+1/2 face
Pt jk — Pictjk 4 Pk ~ Pk A
|t P e T Pk |t Pkt T P |
- _ " -
Uitk ~Hic15k A Uit je ~Yi1,5.k s
Pi1,j.k ~ Pijk
Y / u / | Ui ek ~ Wi ek | P Ui, e ~ Mg ke |
i+1,7.k — Yi gk r K _ 7
! / Virje ~Vi-1,k Vier ik ~Vi-1,7.k
;L _ s s Vo= n
Ve=1 Vistjk ~Vigk V, = 4 £ . -
W —w Vi ke ~VicLjnk | Vi el T Vict ke |
i+1,7.k i,7.k - _
Wisi ik Witk Wittje = Wic1, 5k
€tk ~ €k 4 4
F Wi ek ~ Wist ek FWiit k1 ~ Wic1j k1
€tk Gl ik A itk ~ €1,k A
+ €1, 41k~ €in1,j+1k _+ €, k+1 ~ €inl,5,k+1

Pk ~ Pk

Pk —Pij-1k 4
* Bk T Pk | L Pl T Pk

kx

Ui ik —Yij-1k Ui e ~ W1k 4
F Uik M1k | f’jﬂ’k - f:i’j’k LT U et T o1k
_Vi, Lk~ Vij-1k | Vi’jﬂ’k 3 vi’j’k v o rVi,j+1,k —Vij-1k 1 A
| Vist ik T Viet 1k | pILE Tk ! | F Vi T Vij-Lke J

Witk — Wik

w. . —W, .
_ i,j+1,k i,j—Lk
€ ik ik 4
Wi e ~WijLen

€ Lk i1k

Wik ~ Wi i1k

N
1
e B~
A
I

T Witk T Wikl -1k

Fei, Lk TG -1k

£

k

| i1k € -1k | T jitknl T € 1k
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_pi,j,k+1 P jde1 _/‘
_+Pi+1,j,k+1 Pirt g k-1 |
-ui,j,k+1 .71 /1
L Uik T Hind -1
v - -vi,j,k+1 i, k-1 T/t
’ L+vi+1,j,k+1 Vil j,k-1
Wi g1 — Wi g1 /1
+Wi+1,j,k+1 Wiit,jk-1
€ 7 k1~ G g1 /‘
+€0, k41 7Gxz k-1
MY L L=1-3
ity
myy = (2u+ A)E + u&) + pg
my; =(u+ A&,
myy = (u+ )&,
m32 :’";;
my} = el +(2p+ A)5 +pé
miy =(u+ )58
iy =
iy =l
mih = pEl + p& +(2u+ A)E
m;; = um22 +vm32 +wm},§
méé = um23 +vmyy +wm}é
m;; = um24 +vm34 +wmﬂ
it = (&2 + ) +87)
my =(2u+ AV, + pgy Ty + &N,
myz = A0y + Moy
my; = AT, + HE N,
myy = AL, + pE,M,
mk = pEn, +(2u+ A, + pET;
mi; = A&,0. + HES,
miy = A8y +HEC
myy = A&, + HEC.
mig = p& G+ HEC, +(2u+ A)ES,
mé% = umu +vm32 +wm}é
mid =iimy; +vmyy +my
m;‘i = um24 +vm34 +wm},§
mit=x(E2 +82+&2)

Pyl Py ] A
+p1,]+1 k1B J+1Lk— 1_
1,],k1-1 ,] k-1
4 o
LTk
+uz]+lk+1 ,]+1k1 / B
Bijen ™
,],k+1 ,]k -1 T B
4 V.=} v kel T
4 i,7,k+1
| FVi ke T Vigrnk- |
wi,j,k-ﬂ -
i,j,k+] ,_] k-1
4 ei,]',k+l
W k1 ~ Wi k-1
€ k1~ G k-1 A
+€ i1k TG k-1
=02u+l
My, '_( ,U+ )éxnx +:u§y77y +;u§z77z
12
mys3 = /‘Lgxﬂy +:u§y77x
12
My = /‘Lgxnz +lu§zﬂx
12
m32 - ﬂgxﬂz +/u§z77x
12
msz = ,ng’lx +(2;u+ﬂ')§y77y +;u§znz
12
Mmz4 = lgynz +;u§zﬂy
2
Mmyy = /1"62 P +Iu§xnz
12
my3 = /‘ngﬂy +”§y”z
12
myy = /foﬂx +/u§yny +(2)u+ﬂ’)§z77z
12— 12 =12  — 12
Mgy = UMy, +vms, +Why,
mg = L_tmg +\7m§§ +Tvm}é
12 12
Mmsy = um24 +vm34 +wm44

mit =x(&ne +&,n, +ET.)

gk YW gk

tT =
2
Vi,q 0tV
— i+1,7.k i J.k
V= J J
2
— wi+1,j,k +wz',j,k
W =
2

- rl;+1,j,k + 7;",_j,k
HERTT

=Pk

Ui ik
Vigk

Wi ik

~€ sk

Equation B-16
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with primitive metrics:

Xi2,j+1k

X: =
¢ X,

i+2,j+1,k+1

xi,j+1k+ 2,7,k

=X k1 + X1, Tkl T

=g

,_] k+1j

Xy = (xi+1_.j+1,k+l Xt k1 T X — 1+1,J,k)/2

X¢ _( 1+1] k+1 xi+1,] T X JHLE+1 T Xi41,5+1, k)/2

Visa gk ~ Vijerke TViva, ok ~ Vijk
Ye = 8
Vi jeth+1 ~ Vijernkes T Vivajen1 = Vg e
= (yi+1,j+l,k+1 —Visrjkrt Y Virr ek ~ Visljik )/2
Ye = (yz'+1,j,k+1 —Yirt ik T Vit k1 ~ Vivr e, k)/2

=]

Ziva JHLE T 1]+1 k +Zz+2 Jk T ',j,k
Z =
£ _
Ziro, i1kl ~ Zigetk+1 T 22,7 k41 T Zi gkl
Zy = (Zi+1,j+1,k+1 “Zigkn Tk T Zig, k)/2

= (Zi+1,j,k+1 Zivtze V2 ke T 2, k)/2

MY L=1-3
J+y
21
my, =(2u+ A&, +pEmn, +pE N,
my3 = A&, + pnyg,

m2‘: = l’]xfz +;uﬂz§x
m3y = An,é, + un.E,
m3y = péen, +(2p+A)E,n, +pEn,

miy = A&, + iy,
may = A&+,
may = An, &, + pn.é,
may = &1, +pén, +(2p+ A)EN,
m522] = um22 +Vm32 +Wm£21
21 21

m53 —um23 +Vm33 +Wm43
m54 = il_m24 +\7m34 +Wm44

mss _K(gxﬂx +&,1, +§z77z)

22
may

22
ma3

22
Mmyy =

22
my =

22
ms3 =

2
M3y =

22
myy =

22
Mmy3 =

22
Mgy =

22
Msy =

22
ms3 =

22
Mmsq =

22
Mss

=(2u+A)n; +pun; +un;

=(u+2)n.m,
(w+A)me,

22
=My

= un} +(2u+A)n; +pn?

= (u+2A)n,n,

22
=My,

22
=Mz,

= un? +pun, +(2u+A)n?

=um3 +vm3y +wmgy

=umZ +vm +wmy

22
= um24 +vm34 +wmy,

—K(nx +1; +nz)
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my; =(2u+ 268, + HE,C, + HE,

my; = AN, +un,g,

myy = A, + pn.6s

m3y = AnyG+ g, = k2+u =
m3 = uEL, +(24 +2’)§yé’y + LG — Vijenk Vi
mi; = An, ¢, +un.C, o 2

mi =An.G, +ung, 7= ”“’k;w =
m‘i = A1.Cy MG _ T 1
M = P, + pGym, + 2+ AN 7, e 2
mZ =uam +vmZ +wm2;

m52§’ —um23 +Vm33 +Wm§§’

mE =umZ; +vmz, +wma

mB =x(Gone +Gm, + 6. )

with primitive metrics:

Xe= (xi+1,j+1,k+1 T X ke T X ek T X e, k)/2

X ezl ~ Xkl T X jeak  Xi gk

)

X =
n —
xi+1,j+2,k+1 xz+1,] k+1 +X, Xin g2,k T 1+1 7.k

x§ ( 1]+1 k+1 7 x,]+1k+ i+l +LA+1 1+1,]+1k /2

Ye = (yi+1,j+1,k+1 —Vijttkn T Vi e — Vi ]-l]k)/z

>

Vijraker1 = Vgt T2 = Vijk
Yn =
yz+1,] k

Yirvji2. k01 " Vit ket TVirr 42,k
V{ ( 1 J+Lk+1 vi_.j+1,k +.Vi+1,j+1,k+1 Vr+1,;+1 k)/2
Zg = ( Zig1, ekl ~ Zigt kel Tk T ]+lk)
Zi o2kt ~ gkt T ok ~Zigk j

Zint 2.kl ~ ZinLgkl T2k T ZeL 0k

i+1,7+1, k)/2

8

Zp = (1]+1k+1 Zi jark T2t k1 %
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M3L!k L L=153

myy =(2u+ AL, + HEL, +HEL,
mys = A&, + UG, &
m3y = A& +uG
m32 = A0, 6, T HES,
miz = pE G, +(2u+AEL, +HEL,
miy = A£G, + HEC,
miy = A&+ HGLE
my = A5E, +ug,E
mas = HEGe + HEC, +(2u+ A)EL,

31 31
msy = umzz +vm32 +wm42

31

miy = Umy, +vmy, +wmg,

mis =x(£6 +5,4, +E4)

2+ )52 +émy +¢n]
my3 = (u+ )65,

myy = (u+ )64,

Mz = m§§

m33 = uly +(2u+ Ay + Hg;
m; = (u+ )66,

-~
-~
N
N
I

i =
m3 =
ma = ul? +,ug}2 +(2y+ﬂ.)§z2

33 33
msy = ””’22 +vn132 +wmy,

33
”’53 = ””'23 "'Vm33 +Wmy;
”154 = Unyg +vm;; + Wy,

mss —K(§ "‘é’ +C)

mzz = (2/‘+/7')77x§x +un,g, + pn,g,
my; = AL1y, + G,
mz4 = AG1, + G, M,
m32 = A, 1, +HE, M,
m3s = pn G, +(2u+ 0,6, +un.g,
m3y = A, G, +pn,g,
mi; = A4, 10 + HG,,;
m43 = AL, My + HGyN,
= UG 71 + HGy 1, +(2u+ A)G,7,

32 32
mi = amie +vmis +wmy
32

m3y =umy; +vmsy +wmj,

3
miy = umyy +vmsg +wms,

mss _K(é'xnx +4,1, +§z77z)

Ui k1 TUi Gk

7=

2
_ Vijea Vi
AL i.j

2
_ k1 T Wik
7= Wi, s

2

T;',j,k+1 +T;’,j,k

H=H _2—'
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with primitive metrics:

Xg = (xi+1.j+1.k+1 X ikl T Xt ke~ X, k+1)/2

1+1]+1k+1 Xkt VX ek T X, k+1)/2

X k2 ~ itk T X g k2 T X gk

&‘
%)

Xit1 JHLE+2 T ML g4k +X Xiv1, T k+2 T Xit1, .J.k
( Vietjrt kel — Yijatks1 T Vs g k41 _yi,j,k+1)/2
(y1+1,j+1,k+1 “Virl k1 TV jenent T Vij ke /2

Vijevks2 = Vigonk TVigae2 ~Vijk ]

Ye = 8
Vistjrtkrz ~Virtj+nk TVirtjk+2 7 Vier sk
Zeg= ( Zit,jrr kel ~ gtk T2 kel ,j,k+1)/2
Zy = (Zi+l,j+1,k+1 = Zi1 k1 T Z 1k —Zi,j,k+1)/2
Z vtz ~Zigjenk T2 ke2 T 5k
Zp = 8
Zia k2 ~ Ziel ek T2 k2 T ZiL gk
and
2
Kz}l;ﬁ; /lz—g,u; e=c,T
T
1 0 0 0 0
—up™! o 0 0 0 . .
-1 -1 u-+v: +w
N = —Vo 0 P 0 0 p o= —-——2
—wp! 0 0 p! 0
1 -1 -1 1 1

(a—e)p‘ —-up -vp -wp e
Equation B-17

Implementation
The algorithm is implemented in two sweeps:

sweepl: backward direction keeping & constant (decreasing i direction)
sweep2: forward direction keeping & constant (increasing i direction)

The process is now repeated incrementing & from 2 to NZ-1

Finally, the solution is updated and the time step is incremented.
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Boundary Conditions

This method is an 3D extension of the Thin layer 2D Reynolds-averaged Navier-Stokes boundary conditions as

described by Craig™.

Impermeable Boundaries

The explicit and implicit boundary conditions are treated separately.

Explicit Euler boundary conditions:

U, =R;'TR,U,:

0

~
Il

S o o o ~
S o

(=]

0

S O <o

0

oSR O O

Explicit viscous boundary conditions:

m= NK;n= NK—1on K —surface

Equation B-18

0 J—surface: p=-1,9g=1L0=8B
0 K—surface: p=l,g=-10=4
0| for {lowerboudary: m=1n=2
0 upper boundary: m = NJ;n= NJ—1on J —surface
L
Pm = Urn(l)
Um = Um(z)/Um(l)
Vi =Un(3)/Un(1)
Wi = Um(4)/Um(1)
E, =U,(5)
e, = Um(S)/Um(l)—(u,i +vl +w,2n)/2
Pm =7 ~Venom
¢ = |®n
P
Pm = Pn
U, =—U, +2U,.,
V==V,
W, =-w,

Implicit viscous boundary conditions:

no slip boundary at j=1%

~ ~ Al ~

A,=4,-—3B
Viak

Coa M

Vi,Z,k -1

4

i1l
i, 3

22
11
z,li,k

M2
z,;,k—;

1

RG'TR,
&

\E,N,

€m = (1 - tl )Twallcv + tlen
1 adiabatic wall
—1 isothermal wall

=

1412 1112 r
ENisk—7 ‘%+%,j,kEINi,2,k +3 M_%’j’kElAi,

22k

11432
2wt M, VEN; 5 i

i J ks

Equation B-19

Page B-14



no slip boundary at j=NJ-%2

N ~ At =
' _ B8 -1
A=A +V B. R5 TRy
NS-LE R
22 1412 1312
Af Mi’NJ_%’kElNi,NJ—l,k +3 A[i+%_.NJ_%,kEINi,NJ—1,k —ZM_%’NJ_%’kEINi,NJ—I,k
V. 13,32 13432
I,NJ—I,k + 4 Ali,NJ—%,ki—%ElMsNJ_lyk + 1 M,NJ—%,k——;—ElNi,NJ'Lk
Equation B-20
no slip boundary at k=122
~ ~ At B
Ay =4, - C. RJTR,
V. . g1k
i,7,2 2
33 113 1 3413 13423
M,j,l%ElNi,j,Z " AJ,'JJ%EINL]',Z +32 M,»,%,J-,kEzNi,j,z m Mi’j.'.%,kElNi,j,Z
At
_ 13423 1423 13,23 132
tu Afi,j——l—,kElNi,j,l 4 *Mi,j+l,kElNi,j,2 % A/Ii,j—l,kElNi,j,Z 4 A/[; j,1lElNi,j,2
Vi 2 2 2 2 251
19432
T jui,j,llElNi,j,Z

Equation B-21
no slip boundary at k=NK-’

o - INEEA .
. 3 _
A'yg1= ANK—I—__V C.  R4JTIR,
i jNE-1 PN
33 11413 13413
M\ BN vk +y M _lElNi,j,NKfl—IM-_l A EN; Nk
,J»NK 3 ,J,NK 3 i 2,],k 5 J
At
11423 13423
— | MY BN g M

1 23
7 g BNt 3 M okt BN k1
i,/ .NK-1 2 VK3

2
1342 11432 132

P BN T M LEN o M sk -2 BN g
Equation B-22

Entrance Boundaries
For 3D flow four independent external quantities have to be specified for subsonic entrance conditions. The

following quantities were chosen:

p, = Total ambient pressure [kPa]
T, — Ambient temperature  [K]
6,,0, = Entrance velocity angles

The entrance pressure and temperature can be expressed as a function of the flow velocity:

ra
-1 2 |y
p= p,[l—zﬁI(Htanz 6, +tan’ GW) Z’J = p(u)

_ r-1 2 2 ﬁ _
T_Tt[l-m(utan 0, +tan 9w)a3}_T(u)

v=utan, =v(u),w = utanb, =w(u); ai =2y 7;icht
e

Equation B-23
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The flow variables are updated as follows:

ntl _ n
" =uy +0u,
n+l _  n+l
vy =u; tand,
1 +1
wi™ =u{" tand,

it = plu™)
Tln+l — T(ulnﬂ)

n+1
J4!

n+l _
1 =

(}/ _ l)ch]n+1

2
n+1\~ n+l
()

ot

o=

2
:pln+1(chln+1 +a)

n+1
El

ou, is solved as follows:

Suy = R
(%) e
o) | 1€
where
R—_/14(P2 - P ‘Plc1(”z _”1))
A
’14—1—,1
},=(u1 cl)At
Ax
1+ tan® 6, +tan® 6, _
(@j _ pt( - )u 1-~ 1(1+tam2 6V+tan26w)
an/ (}/—l)cht y+1

u2

2
Ax

1
7-1

Equation B-24
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Exit Boundaries

For subsonic exit boundary conditions only one external variable needs to be specified. For super-sonic flows

no external conditions need to be specified.

The flow variables are updated as follows:

n+l _ n

Pyt = P +ou
n+l _ . n

Uy =y +0uy;

n+tl _ n

VNI = Var 0y
n+l _ _ n

Wy =Wy Wy

n+tl _ n
Pni = P +0n1
n+1

T = Pni
(}/ - l)cvp;;-; !
() (") + (o)’
2

n+l _ _n+l n+1
Eyr = pur (chNI +0‘)

a =

The changes in the flow variables are defined as:

Ry +R;s if My = Unicl g
Cnr-1
Py =
Io)
arZe o if My, =2 <)
o N1
Opyy =Ry + %N]
CNI-1
Ry =dpw;
oy = (—__)
PNI-1€N1-1
vy =R
Swy =Ry

where
1
R = _ﬂl(ﬂw —Pnr1T 2—_(le — Pnr —1)]
Cnr-1
Ry = —/12(le —Pnr1 +pN1—lcNI—l(uNI _uNI—l))
Ry = _/’LI(VNI _VNI—I)
Ry = _ﬂl(WNI - WNI-I)
Ry = —14(le ~ Pnr1 _pNI—lcNI—l(uNI - uNI—l))
_ A
A= A =124
a :”_MA;;A_’; s 2@%; 2= M?A_ilwﬁ

Equation B-25

Equation B-26
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