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Chapter 1

Introduction

Hattendorfl’s theorem states that the losses in disjoint time periods on a life
insurance policy have zero means and are uncorrelated, so that the variance of
the total loss is the sum of the variances of the periodic losses. The original
formulation by K. Hattendorff in 1868 was an approximation based on limit ar-
guments and the normal distribution, and the first rigorous proofs were provided
by J.F. Steffensen in 1929. It is a theoretically important result that brought
together the theories of statistics and life contingencies (see [5], p. xxxviii and
[6], chapter 10).

Thiele’s differential equation describes the development of a life insurance
policy reserve over the contract period. A simple version (in standard actuarial
notation),

d

dt
was shown by T.N. Thiele to colleagues in 1875, but it was only printed in his
obituary by J.P. Gram in 1910. The theoretical importance of Thiele’s equation
arises from the insight it gives into the dynamics of a life insurance policy,
and its practical importance from its use in the design of policies with reserve
dependent payments (see [5], p. xxxix and [6], chapter 15).

These classical results have been revived through the application of the mod-
ern theory of stochastic processes.

Basic measure theory, as covered in chapters 1-5 of [2], and basic probabil-
ity theory, as covered in chapters 1-3 of [3], are considered to be prerequisite.
Propositions stated without proof are direct consequences of the relevant defin-
itions.

(tvx) = Px + 5(tv'c) - ,U:c+t(1 - tvx)a
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Chapter 2

Lebesgue-Stieltjes
integration

Functions of finite variation
Suppose z € R®+, s,t € R, and s < t. Let
n
Var(z, s, t) = sup {Z|x(tl) —z(tic)|neNs=tg<t; <...<tp,= t}
i=1

if s < t, and Var(z, s,t) = 0 if s =t. Var(x, s,t) is called the variation of x over
[s,1].

Proposition 2.1. (a) Var(x + vy, s,t) < Var(z, s, t) + Var(y, s,t).
(b) If c € R, then Var(cz, s, t) = |¢| Var(z, s, t).
(c) If s <t <wu, then Var(z, s,u) = Var(x, s,t) + Var(z, t,u).
(d) If x is nondecreasing, then Var(z,s,t) = x(t) — z(s).
(e) If x is right continuous, then
i 1
Var(z, s,t) = sup {;x(tt) —z(ti—1)|:n eNjt; = s+ 27(t - s)} .

Proof. (e). The result is clear if s = ¢, so suppose s < t. Clearly,

g

on
sup {Zaz(tl) —z(tic1)|:neNt; =5+ on (t— s)} < Var(z, s, t).
i=1



University of Pretoria etd — Messerschmidt, R (2005)

CHAPTER 2. LEBESGUE-STIELTJES INTEGRATION 3

Suppose € > 0 and s = tg < t; < ... < t, = t. x is right continuous,
therefore for every i = 1,2,...,n there exists §; > 0 such that if u € [t;,t; + ;),
then .

z(u) —x(t;)] < —.
o) — a(t)] < o

Choose ng € N such that ng > n and (1/2™)(¢t — s) < min{dy, d2,...,0,}, then
for every i = 1,2,...,n there exists m; € N such that

m;

s+ 90

(t - S) S [ti,ti +(51)
For every j =1,2,...,2™ let

t;:s—f—z‘]To(t—s),

then

n

> fa(t) = @(tio)]

1=

1
n n
<> fats) = alth )|+ [ath,) = #(t,, )
i=1 =1
2m0

< Z |2(t)) — x(t;_))| + e

3 [alth, ) — wltio)
i=1

2mn .
< sup {le(ti) —a(tia)]neNt=s+ 2%(15 - s)} +e,
=1

from which the opposite inequality follows. O

r € R®+ is said to have finite variation if for every t € Ry, Var(x,0,t) < oo,
and to have bounded variation if there exists M € R such that for every t € R,
Var(z,0,t) < M. If x has finite variation, define [z], 2%, 2° € RE+ by

[](t) = |=(0)| 4+ Var(z, 0, 1), 2% = [x]2+ x7 x° =

x € R®+ is said to have left limits if for every ¢t > 0, limgy; 2(s) exists. If z
has left limits, define z_, Az € RE+ by

o
x(t):{o ife=0 Ar=x—x_.

limge 2(s) ift >0’

Define the relation < on R+ by = < y if # < y and for every s, € R, such
that s < ¢, z(t) — z(s) < y(t) — y(s).
If € R+ and t € Ry, define () € RR+ by 2()(s) = (s A t).

Proposition 2.2. Suppose = is a function of finite variation.
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CHAPTER 2. LEBESGUE-STIELTJES INTEGRATION 4

(a) x =2% — 2° and [z] = 2% + 2°.

(b) [z],2%®,2® are nonnegative and nondecreasing.

(c) x has left limits, and x_ is left continuous.

(d) If z is right continuous, then so are [x], %, z°.

(e) If x is nonnegative and nondecreasing, then x = [z] = % and 2° = 0.

(f) e +yl < [2] + [y]-
(g9) If a € R, then [ax] = |a|[z].
(h) [29] = [2]®) < [a].

Proof. (c). %, x° are nondecreasing functions, and therefore have left limits,
so z = 2% — 2© has left limits.

For the rest, it is sufficient (by parts (a) and (b)) to show that if = is non-
negative and nondecreasing, then z_ is left continuous.

For every m,n € N, let

Apn={s€[0,m]: (Az)(s) > 1/n},
A={seRy:(Ax)(s) > 0}.

%\Am7n| < z(m), i.e. Ay, is a finite set, therefore A = US_; US2, A,y s

at most countable, so there exists a strictly increasing sequence (¢, )nen in Ry
such that A C {¢t, : n € N}.
For every n € N, let

T = S (ARt 00)),  a = S (Ax)(t)1([t:,00)), e =2 — 74
=1 =1

These functions are all nonnegative and nondecreasing. Now
(o) = e + A(ze) = 20 + Az — A(24) = 20,

i.e. x. is left-continuous. Furthermore, for every n € N,

n oo

(@n)- = Y _(Az)(t)1((ti,00)),  (za)- = Y (Az)(t:)1((t:,00)),

i=1 =1

and for every t € Ry, ((z,,)—) converges uniformly on [0,¢] to (z4)—, therefore
(z4)— is left continuous. It follows that x_ = (x.)_ + (z4)— is left continuous.
O

(d). Suppose t € R} and € > 0. Because z is right continuous, there exists
0" € (0,1) such that if s € [t,t + §'), then |z(s) — ()] < €/2. There also exist
t=1ty <ty <...<t), =t+1such that

Var(z,t,t + 1) — €/2 < > |a(t]) — z(t)_,)| .
=1
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CHAPTER 2. LEBESGUE-STIELTJES INTEGRATION 5

Add t + ¢'/2 to this partition to obtain a new partition t = tp < t; < ... <
tm =t+1, then t <t; <t+446'/2 <t+§, therefore

Var(z, t,t+1) — /2 < Y |o(t)) — x(t;_,)|
i=1

< Z |z(ti) — z(ti-1)|

= |z(t) — ()| + Y |w(t:) — @ (ti-1)|
i=2

< €/2+ Var(z,t1,t + 1),

i.e. Var(z,t,t1) < e. Let § =t; —t and suppose s € [t,t + ), then
[[z](s) — [z](t)| = Var(z,t,s) < Var(x,t,t;) <e,
i.e. [z] is right continuous. It follows that z®,2° are also right continuous. [
r € RE+ is called:
(i) an integrator function if it has finite variation and is right continuous.

(ii) a distribution function if it is nonnegative, nondecreasing, and right con-
tinuous. Let D be the set of all distribution functions.

(iii) a signed distribution function if it has bounded variation and is right
continuous. Let Dy be the set of all signed distribution functions.

Proposition 2.3. (a) If x is a distribution function or a signed distribution
function, then x is also an integrator function.

(b) If z is an integrator function, then [z],x®,z° are distribution functions.

(c) If x is a signed distribution function, then [z],x®,x® are bounded distri-
bution functions.

(d) If x is an integrator function, then x) is a signed distribution function.

Distribution functions and measures

Let M be the set of all measures p on (R4, B(R4)) such that for every t € Ry,
w([0,t]) < oo, and let My be the set of all finite signed measures on (R4, B(R4)).

Suppose z is a distribution function. Define the extension z’ of z to R by
2'(t) = 01if t < 0, and note that x’ is nondecreasing and right continuous. Define

_ R
= R+(2 ) by

oo

1 (A) = inf {Z(az'(ti) —a'(s;)) syt € Ry sy < ty, AC U(si,ti]} .

=1
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w* is an outer measure. Let u be its restriction to B(R, ), then u is a measure on
(R, B(R4)) such that for every t € Ry, u([0,t]) = z(¢), i.e. u € M. Furthermore,
if v € M is such that for every t € Ry, v([0,t]) = x(t), then p = v.

These remarks allow one to define ¢ € MP by letting ¢(x) be the element
of M such that for every ¢t € Ry, u([0,t]) = =(t).

If p € M (u € My) and t € Ry, define p*) € R+B(R+) (p e RE®+H)) by
p(A) = u(ANJ0,t)). Note that u® € M (u®) € Ms,).

Proposition 2.4. (a) Ifs,t € Ry and s < t, then ¢(z)([s,1]) = z(t) —z_(s).
(b) ¢ is a bijection.
(c) ¢(z+y) = o)+ o(y).
(d) If a € Ry, then ¢(ax) = ad(x).
(e) o(x) < ¢(y) if and only if v < y.
() (@) = p(x)®.
(9) #(z) is a finite measure if and only if x is bounded.
Proof. (e). Suppose ¢(z) < ¢(y). For every s,t € Ry such that s < ¢,
a(t) — x(s) = ¢(x)((s,1]) < d(y)((s,t]) = y(t) — y(s).

Similarly, x <y, i.e. z < ¥.

Suppose x < y. Define the extensions ',y of 2,y to R by 2/(t) = ¢/(¢t) =0
if t < 0. Because x <y, y'(t) —y'(s) < a'(t) — 2/(s) for every s,t € R such that
s < t. It follows that for every A € B(R,),

(Sia tl]}
1

< mf{ 3 (y/(ti) — y/(Si)) 18, t €R s < ti,A - G(Si,ti]}
= 6(u)(A). : .

Propositions 2.3(c) and 2.4(g) allow one to define ¢ € M/ by ¢(z) =
¢(2%) — ¢(a°).
Proposition 2.5. (a) Ifs,t € Ry and s <t, then ¢ (z)([s,t]) = z(t) —x_(s).
(b) (@)l = ¢([z]), d(x)" = ¢(2®) and ¢(x)~ = ¢(x®).
(¢) ¥(a) = (2)®.

o0

é(x)(A) = inf {Z(z/(tl) —2'(si))  sinti ER, sy <, A C

i=1

(@

<.
Il
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Proof. (b). For every A € B(R,),
() (A)] < ¢(a®)(A) + () (A) = d([z])(A4),

therefore |¢(z)| < ¢([z]).
For every s,t € Ry such that s < t,

[2](2) — [«](s)

n
= sup {Zm(tz) —z(ticy)|is=to<ti1 <...<tp=t
i=1

= Sup{z () ((tior, b)) s =to <tg <...<tn= t}
{ U

[(z)(Ai)] + A1, Aa, ... A, disjoint, (s,t] = Az}
- i=1

)
Similarly, [z] < ¢~ ([¢o(2)]), ie. [z] < ¢ ([¢(x)]), therefore ¢([z]) < [¢(x)].
It follows that

@) = |¢($)|2+ Y(x) _ o([z]) + qﬁ(a;@) — (x®) = ().

Similarly, 1 (z)™ = ¢(x°). O

Lebesgue-Stieltjes integration

Suppose y is a distribution function. If 2 € R®+ is measurable and nonnegative,

let
[ads= [ dotw)

Suppose y is an integrator function. x € R+ is called y-integrable if x is
simultaneously ¢(y®)-integrable and ¢(y°)-integrable. If z is y-integrable, let

[ady= [wdsw®) - [wdot?).

Because ¢([y]) = ¢(y®) + ¢(y°), x is y-integrable if and only if z is ¢([y])-
integrable. If y is a distribution function (signed distribution function), then x
is y-integrable if and only if it is ¢(y)-integrable (1(y)-integrable), and if one of
these conditions holds then

[ady= [aast) (/wdw(y)).
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Proposition 2.6. (a) Suppose x is an integrator function, s,t € Ry and
s <t. Then 1([s,t]) is x-integrable and

/1([5,t])dz =z(t) — z_(s).

(b) If x,y are z-integrable, then x +y is z-integrable and

/(m+y)dz:/mdz+/ydz.

(c) If x is y-integrable and a € R, then ax is y-integrable and

/axdyza/xdy.

(d) Suppose z is y-integrable, and x,x1,. .. are measurable functions such that
{(zn) — z} and {|z,| < 2z} are ¢([y])-conegligible. Then x,x1,... are

y-integrable, and
(/mndy> —>/xdy.

(e) If x is y, z-integrable, then x is (y + z)-integrable and

/xd(erz):/zder/xdz.

(f) If x is y-integrable and a € R, then x is (ay)-integrable and

/xd(ay) :a/xdy.

Proof. (¢). [y -+ 7] < [u] + [2], therefore 6([y + 2) < 6([y]) + 6([2]), so0 = is
(y + z)-integrable.

For the rest, firstly note that for every n € N, z1([0,n]) is y, z-integrable. It
is sufficient (by part (d)) to show that

/ xd(y+z):/ xder/ xdz.
[0,n] [0,n] [0,n]

In turn, it is sufficient (by standard arguments) to show that for every A €
B(Ry), 1(A)1([0,n]) is y, 2-integrable and

/[o,n] 1(A)d(y +=z) = /[o,n] 1(A) dy +/ 1(A) dz.

(0,m]

Now 1(A)1([0,n]) is measurable and
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i.e. 1(A)1([0,n]) is y-integrable. Similarly, it is also z-integrable.
Let H, = {[0,s] : s € R} } and

1(4) dy+/

[0,7]

Hd—{AeB(IR{+):/[O ]1(A)d(y+z)—/ 1(A)dz}.

[0,7]

Hr C Ha, Hr is a m-system, and Hy is a d-system, therefore B(R,) = o(H,) C
Ha. O

(). $(lay]) = lal((y]), 50  is (ay)-integrable,
Suppose a > 0, then (ay)® = ay® and (ay)® = ay®, therefore

/xd(ay) = /xd(ay@) 7/xd(aye)
= a/xdy.

Suppose a < 0, then (ay)® = (—a)y® and (ay)® = (—a)y?, therefore

/xd(ay) = /md((fa)ye) - /md((—a)y@)
= (—a) <—/a:dy)
:a/ zdy. O

The operation ”-”

Suppose y is an integrator function. 2z € RF+ is called locally y-integrable if
for every t € Ry, z1([0,¢]) is y-integrable. If z is locally y-integrable, define
z -y € RE+ by

(z-y)(t) = /[Ot]xdy'

In the order of operations, ranks above addition but below multiplication, i.e.
z+y-z = 2+(y-2) and zy-z = (zy)-z. Note that (z-y)® = 21([0,#])-y = z-y™.

”

Proposition 2.7. Suppose y is a distribution function and x is nonnegative
and locally y-integrable.

(a) z -y is a distribution function.

(b) For every A € B(R,),
oo )= [ wdy

i.e. x is a Radon-Nikodym derivative of ¢(x - y) with respect to ¢(y).
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(¢) Alw-y) = Ay.

Proof. (a). x -y is clearly nonnegative and nondecreasing.

Suppose t € Ry and € > 0. For every n € N, let t, = ¢t + 1/n, then
(21(]0,t,))) — 21([0,¢]), therefore ((z - y)(tn)) — (z - y)(t), so there exists
no € N such that

(- y)(t) = (2 y)(Eno)| = (2 - y)(tng) — (x-y)(t) < e

Let 6 = 1/ng and suppose s € [t,t + §), then

(- y)@) = (z-y)(s)| = (x-y)(s) = (x-y)(t) < (- y)(tny) — (- y)(t) <e D

(b). 1t is sufficient (by the monotone convergence theorem) to show that for
every n € N,

o pAnom) = [ zdy.

AN[0,n]
Let Hr = {[0,s] : s e Ry} and

Ha = {AEB(RJJ 1o(x - y)(AN[0,n]) = /An[o ]fﬂdy}

Hr C Ha, Hy is a m-system, and Hy is a d-system, therefore B(Ry) = o(H,) C

Hy. O
(c). Suppose t € Ry and ¢ > 0. For every n € N, let t,, = t — 1/n, then
(z1([0,t,])) — x1(]0,t)), therefore

((@-y)(tn) — [ xdy,
[0.4)

so there exists ng € N such that

U’x@—@wmm
[0,t)

[ ady-(a gt <
[0,t)
Let § = 1/ng, and suppose s € (t — §,t), then

W‘m@—uym>
[0,%)

It follows that for every t € Ry,

x-y)_(t) = x dy,
(&) (1) A@ y
AW%M@Z/ rdy = z(t)(Ay)(t). 0

[t.1]

= xdy — (x-y)(s) < rdy — (x - y)(tn, €.
A@ v < [ wdy— (@)t <

[0,t)
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Proposition 2.8. Suppose y is a distribution function and x is y-integrable.
(a) x -y is a signed distribution function.

(b) For every A € B(R,),

P(z-y)(A)

/wdy,
A

i.e. x is a Radon-Nikodym derivative of 1 (x - y) with respect to ¢(y).
(¢) [z -yl =lz|-y.

Proof. (a). Supposet € Ry and 0 =ty <t <...<t, =t, then

/ x dy® —/ x dy®
(f7 1, z] (ti—hti]

<Z</ |x|dy@+/ |x|dy@>
i—1,t:) (ti—1,ts)
- / 2] dfy]
(0.4]
< / EE

i.e. (z - y) has bounded variation.
+

n

ny GRS

T,z are y-integrable and z = 2T — x~, therefore
roy=at-y—a -y,
so x - y is right continuous (proposition 2.7(a)). O

(b). Let H ={[0,s] : s € Ry} and

Hd{AeB(R+>:¢<x~y><A>dey}.

Hr C Ha, Hr is a m-system, and H, is a d-system, therefore B(R,.) = o(H,) C
Hy. O

(c). For every A € B(R,),
oo - y)(A) = [b(z - y)|(A) = /A jaldy  (see [2], proposition 4.2.4),
therefore for every ¢t € R,

[z - y)(t) = ¢([z - y])([0,4])) = /[O t]\l‘l dy = (|| - y)(t)- O
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Suppose z is an integrator function and y is a distribution function. « is
called absolutely continuous with respect to y if ¢([x]) is absolutely continuous
with respect to ¢(y). z € RR+ is called a Radon-Nikodym derivative of x with
respect to y if z is locally y-integrable and x = z - y.

Proposition 2.9. Suppose x is an integrator function and y is a distribution
function.

(a) If x is absolutely continuous with respect to y, then there exists a Radon-
Nikodym derivative of x with respect to y.

(b) Ifw, z are Radon-Nikodym derivatives of x with respect to y, then {w = z}
is ¢(y)-conegligible.

(¢) If z is a Radon-Nikodym derivative of x with respect to y, and w is locally
xz-integrable, then wz is locally y-integrable and w - x = wz - y.

Proof. (a). Foreveryt € Ry, z® is asigned distribution function. [z(®] < [z],
therefore

[0 (@) = o(12]) < o([]),

so ¥(z™®) is absolutely continuous with respect to ¢(y). Let z, be a Radon-
Nikodym derivative of ¢(z®)) with respect to ¢(y).
Suppose s < t, then

$(a®) = (@ 0)0) = (a0)),
For every A € B(R4),

w@#hm>=w@mywAy:/

a@=/%ﬂﬂ$@,
AN[0,s] A

therefore {z:1([0, s]) = z4} is ¢(y)-conegligible. For every m,n € N such that
m < n, let

Apn = {z21([0,m]) = 21}
Note that NS°_; N2 A, » is ¢(y)-conegligible. Suppose t € N2_; NS, Amon
and choose ng > t, then for every n > ny,

zn(t) = zn(8)1([0, n0]) (t) = 20, (1),

ie. (zn(t)) — 2z, (t). Tt follows that NSS_; N2, A C {(25) converges}.
Define z € RR+ by

2(t) = lim,, o0 2, (t) if ¢t € {(z,) converges}
0 if t ¢ {(2,) converges}.

Because {(z,) converges} € B(R.), z is measurable.
Suppose t € Ry and s € N9°_; NS, Ay . Choose ng > t, then

n=m

2(s)1([0, 2])(s) = zno (s)1([0, 2])(5) = 2:(s),
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therefore {21([0,¢]) = z:} is ¢(y)-conegligible. It follows that

J1a1t0. 1y = [ 1]y < o,

i.e. z is locally y-integrable.
Furthermore, for every t € Ry,

(z-9)(t) = (z- )V () = L0 4) - 9)(t) = (2 - y)(t) =W (t) = 2(t). D

(b). Foreveryt € Ry, ((w-y)®) = ¢((z-y)®), therefore for every A € B(R,),

[ wito.ydy = [ s1c0.0)an
so {wl([0,t]) = 21([0,¢t])} is ¢(y)-conegligible. Let

An = {wl([0,n]) = 21([0, n]) }-

Note that N4 A4, is ¢(y)-conegligible. Suppose s € NS, A,, and choose ng > s,
then

w(s) = w(s)1([0,no])(s) = 2(s)1([0, no])(s) = 2(s),
therefore {w = z} is ¢(y)-conegligible. O

(c). For every t € Ry, 2 is a signed distribution function and
20 = (2 )@ = 21(0,1)) -

therefore 21([0, #]) is a Radon-Nikodym derivative of ¢(x(!)) with respect to ¢(y)

(proposition 2.8(b)). Because w is locally z-integrable, w is ¢([z(®)]) = |1 (x®)]-

integrable, therefore wz1([0,t]) is ¢(y)-integrable, i.e. wz is locally y-integrable.
Furthermore, for every t € R,

(w - z)(t) :/wdx(t) = /wzl([O,t])dy: (wz - y)(t). O

Proposition 2.10. Suppose y is an integrator function and z is locally y-
integrable.

(a) = -y is an integrator function.
(b) [z-y] =zl [yl
(c) Az -y) =xAy.

(d) z is x - y-integrable if and only if xz is y-integrable. If one of these condi-

tions holds, then
/zd(xy) = /zxdy.
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Proof. (a). Supposet € Ry and 0 =1ty <1 <...<t, =t, then
Sl )it~ @)t < [ ol dl)
i=1 (0]

i.e. x -y has finite variation.
2,2~ are locally y-integrable and x = 2™ — 2, therefore

zoy=at-y® —z y® — Ty L o,

so x - y is right continuous (proposition 2.7(a)). O

(b). Clearly, y is absolutely continuous with respect to [y]. Let z be a Radon-
Nikodym derivative of y with respect to [y]. Because z is locally y-integrable,
xz is locally [y]-integrable and x -y = zz - [y] (proposition 2.9(c)).

For every t € Ry, y*) is a signed distribution function and

M) = (= W)"Y) = v(z- [y
therefore z is a Radon-Nikodym derivative of ¢(y®*)) with respect to

o(ly]) = v (y™)]

(proposition 2.8(b)). It follows that {|z| = 1} is ¢([y™])-conegligible (see [2],
corollary 4.2.5), and because z is y®-integrable, xz is [y*)]-integrable. For
every t € Ry,

@) = [z - ] (&) = [22 - 1] ) = (22l - 5 20) (0) = (] - )
(proposition 2.8(c)). O
(c). =T, x~ are locally y-integrable and z = x* — x~, therefore

Alr-y) =A™ -y® —a7 - ¢y® -2t y® +27 -y7)
=2 AWY) — 2" AWY®) -2t AWS) + 2T AYS)
= zAy.
(proposition 2.7(c)). O

(d). Suppose z € R®+ is measurable, then

Jielde-) = [l dgel ) = [1zold)

(part (b) and proposition 2.7(b)), i.e. z is = - y-integrable if and only if zz is
y-integrable.

For the rest, firstly note that ™,z are locally y-integrable, x = 2T — 2~
and |z| =t +27. Now

e = lz[ -yl +a-y - (Wl+y)+a” - (bl —vy) )

(x-y 5 5
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Similarly, (z-y)® =% -4y® + 2~ - y®. Note that z is 27 - y®, 27 - ¢y°, T -y,
x~ - y®-integrable, therefore

/zd(m-y):/zd(x+~y@+x7-ye)—/zd($+'ye+$7‘y®)

= /zx+ dy® —l—/zx_ dy® —/zx+ dy® —/zx_ dy®
:/aczdy. O

In particular, part (d) implies that z is locally x-y-integrable if and only if zx
is locally y-integrable, and if one of these conditions holds then z - (z-y) = zz-y.

Proposition 2.11 (Integration by parts). Suppose x,y are integrator func-
tions. Then x is locally y-integrable, y_ is locally x-integrable, and xy =
T-Yy+y--x.

Proof. Because z® is nondecreasing and right continuous, it is measurable. For
every t € Ry,

/ 221((0, 1)) dly] < 2 (1) / 1(00,1)) dly] = 2* (D[] (1) < oo,

i.e. 2% is locally y-integrable. Similarly z© is locally y-integrable, therefore
x = 2% — 2° is locally y-integrable. By applying the same argument to y_ =
(y®)_ — (y©)— it follows that y_ is locally z-integrable.

Suppose z,y are distribution functions and t € Ry. Let

A=10,t] x[0,¢], B={(s,u)€e A:s<u}, C=A{(s,u) € A:s>u}.

By Fubini’s theorem,

/ /A d((x) x By)) = 2(t)(t),

//B d(¢(z) x ¢(y)) = /[O’t] </[O,u] dz(s)) dy(u) = /[O’t] ady = (z-y)(t),
//c d(o(x) x d(y)) = /[O,t] </[O’S) dy(u)> da(s) = /[O’t] y—dz = (y— - z)(1).

Because B, C are disjoint and A = BU C, it follows that xy =2 -y +y_ - x.
For the case where z,y are arbitrary integrator functions, first decompose
xy into
zy = 2®y® — 299y® — z®y° 4 2Oy®

then apply the result for distribution functions, and finally recombine. O
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Chapter 3

Discounting

Valuation functions

A common economic problem is to assign a single amount at a particular time
to a stream of payments flowing from one participant to another. This process
is called discounting, and is of particular importance to a life insurance company
due to the long term nature of its business. It is influenced primarily by the
company’s investment policy.

Distribution functions are convenient descriptions of payment streams. If P
is a distribution function, then P(t) represents the total amount that has been
paid up to time t.

Note that if P is a distribution function, then lim; .., P(t) exists in R, . Let
P(o0) = limy—,o0 P(2).

Ift € Ry, let uy = 1([t, 00)). u; represents the payment stream consisting of
a single payment of 1 made at time .

WeR +R+ “Pis called a valuation function if it satisfies the following axioms:

Axiom 1. W(t,0) =0.
Axiom 2. (a) If P < Q, then W(t,P) < W(t,Q).
(b) If P <@ and P(c0) < Q(00), then W(t, P) < W(t,Q).

Axiom 3. If (P,) is a sequence of distribution functions such that >, P; is
a distribution function, then

W (t, i Pi> = i W(t, P).

Axiom 4. If P is bounded, then W (¢, P) < oc.
Axiom 5. If W(t, P) < oo, then for every s € Ry, W (s, P) = W (s, W(t, P)uy).

Axiom 6. For every distribution function P, W (-, P) is continuous.

16
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W (t, P) represents the amount assigned at time ¢ to the payment stream
represented by P. Let W be the set of all valuation functions.

Axiom 1 is a kind of ”"no arbitrage” assumption. Axiom 2 ensures that
more is preferred to less, e.g. W(0,u1) < W(0,2uy), and that amounts received
earlier are preferred to amounts received later, e.g. W(0,uz) < W(0,u1). An
interpretation of axioms 3 and 5 is that nothing is gained or lost by subdividing
or cashing payment streams. Axiom 6 is arguably the least self-evident of the
axioms.

Proposition 3.1. (a) If P(c0) > 0, then W (t, P) > 0.

(b) If Py, Ps,..., P, are distribution functions, then Y ., P; is a distribution

function and
W (t, Zpi> => W(t,P).
i=1 i=1

(c) If P is a distribution function, a € Ry, and W(t, P) < oo, then aP is a
distribution function and W (t,aP) = aW (¢, P).

(d) 0 < W(s,us) < oo and

W(O, Ut)

W(S, Ut) = W

Proof. Part (a) follows from axioms 1 and 2(b).

Part (b) follows from axioms 1 and 3.

Part (c) is clear if @ = 0 or P = 0, so it may be assumed that a > 0 and
P(00) > 0, therefore W (t, P) > 0 (part (a)). Suppose a € N, then by part (b),

W (t,aP) = Wi(t, zajp) = Z W(t, P) = aW(t, P).

i=1

Suppose there exists b € N such that a = 1/b, then by part (b),
1
W(t, P) = W(t, Z oP) = > W(t,aP) =bW(t,aP),

ie. W(t,aP) = aW(t, P). It follows that for every a € Q, W (t,aP) = aW (¢, P).
Suppose there exists ag € Ry such that W (t,agP) < agW (t, P). Choose ¢ € Q
such that
W(ta aop)
W (t, P)
then W (t,aoP) < W (t, P) = W(t,cP), contradicting W (t,cP) < W (t,aoP)
(axiom 2). If there exists ag € Ry such that W(t,aoP) > agW (¢, P), then a

contradiction can be derived in a similar way.
Part (d) follows from axioms 1, 4, 5 and part (c). O

< c<ag.
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Discount functions

v € (0,00)%+ is called a discount function if it is nonincreasing, continuous, and
v(0) = 1. Let V be the set of all discount functions.

Note that if v is a discount function, then lim; ., v(t) exists in [0,1]. Let
v(00) = limy—, 00 v(2).

If v is a discount function, let v’ € R®+ be defined by v/(t) = 1 — v(¢). Note
that v’ is a continuous distribution function.

Proposition 3.2. If P is a distribution function and v is a P-integrable dis-

count function, then
/vsz/Pdv'—i—/v(oo)dP.

Proof. By integration by parts and the fact that v’ is continuous,
VP=P-v 40 P,

therefore for every n € N,

/ vdP = Pdv' +v(n)P(n) = Pdv + / v(n) dP.
[0,n] [0,n] [0,n] [0,n]

Now |v(n)1([0,n])] < v, v is P-integrable, and (v(n)1([0,n])) — v(c0)1(R4),
therefore by Lebesgue’s dominated convergence theorem,

( /[o,n] o(n) dP) . / v(00) dP.

The result follows by applying the monotone convergence theorem to the other
two integrals. O

Characterization
_ A%
Define 0 € (RJFR*XD) by

O(v)(t,P) = ﬁ /vdP.

Proposition 3.3. 0(v) is a valuation function.

Proof. Only the verification of axiom 2 is nontrivial.
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Suppose P < Q. For every n € N, the functions v, P, Q™) are bounded,
therefore v is P, Q" -integrable. It follows that

/vdP(”) = /P(") dv’—l—/v(oo) dp™

= /P(") dv' + v(c0)P(n)

< / QM dv’ + v(00)Q(n)

= /de<”>,

/vdP: lim [ vdP™ < lim [ vdQ™ :/de.

therefore

n—oo n—00

Suppose P < @ and P(c0) < Q(o0). There exists tg € Ry such that
P < Q") and P(c0) < Q) (c0). v, P, Q") are bounded, therefore v is P, Q(*0)-

integrable.
Suppose v(o0) > 0, then

/vdP:/Pdv'+/U(oo)dP
- / Pdv’ + v(00) (o)

< [ @ dv'+ (o)) (ex)

:/UdQ(m
S/de.

Suppose v(c0) = 0. P, Q) are v/-integrable, nonnegative, and

/Pdv’ < /Q(t")dv’.
/qu/ = /Q(t")dv’,

then {P = Q(0)} is ¢(v’)-conegligible. Now P(co) < Q) (c0), therefore there
exists so € R such that for every t > s, P(t) < P(c0) < Q(0)(t), i.e.

(80,00) C R+\{P: Q(to)};

Suppose that

but
¢(v")((50,00)) = v'(00) = '(s0) = v(s0) >0,
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which is a contradiction. It follows that

/Pdv’ < /Q(t")dv’,
/vdP:/Pdv’ < /Q“o)dv’ :/de@o) < /de. O

6 may therefore be regarded as an element of WV.

therefore

Proposition 3.4. 6 is a bijection.
Proof. Suppose 0(v) = 0(w), then for every t € Ry,

1

/vdut — 0(0)(0, us) = O(w)(0, ur) = w(t),
i.e. 6 is injective.

Suppose W is a valuation function. Define v € R+R+ by v(t) = W(0,u). It
must first be verified that v is a discount function.

By proposition 3.1(d), v € (0,00)®+. Suppose s < t, then u; < u,, therefore
v(t) < wv(s) (axiom 2), i.e. v is nonincreasing. For every t € R,

W(O,UO)
W(t = —"
(1140) = 370, u)

(proposition 3.1(d)), therefore

W(O,UO)
0) = =1
0= W (0,u0) =1
and

W(O, Uo) 1

so v is continuous (axiom 6).
It remains to be shown that for every (¢, P) € Ry x D,

W(t, P) = ﬁ/vdP.

Firstly, suppose that there exist sequences (an)nen and (¢, )nen in Ry such

that
oo
P= Z QiU
i=1
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Z a; W (t,u,) (axiom 3, proposition 3.1(c))

=—" Z a; W (0, ug,) (proposition 3.1(d))
W(O Ut -1

:%/vdp.

Now suppose that P is bounded. For every n € N, define @,, P, € R +R+ by

- v(0) ifs=0
Un(s) = {1} ((2"8]—1 .

o ifs>0

N———

Bus)= P <L2"2Jn+ 13‘0
_ip (Z;1> 1 <[;ﬂl;1)> (s)
-r () S HESEICIREDIE

Note that

[rate=eor () 3 () [ (5) =+ ()]

~ [onap

Now |v,| < 1, and 1 is P-integrable. Because ([2“;1—1) ]'s, it follows that

(T)n)lv, therefore by Lebesgue’s dominated convergence theorem

(foi) [

s< 12 QS,JLH therefore P(s) < P,(s). By axiom 2,

W(t,P) < W(t,P,) = / /@ndP%ﬁ/vdP.
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The opposite inequality can be derived in a similar way.

Finally, suppose that P is an arbitrary distribution function. Let P, = P(})
and for every n € N such that n > 2, let P, = P — P(»=1_(P,) is a sequence
of bounded distribution functions such that P = Y >° P;, therefore by axiom

3,
W(t,P):ZW(t,PZ-):Z%/vdPZ-:%/vdP. O

i=1 i=1

Proposition 3.4 establishes that assigning amounts to payment streams in
accordance with the axioms given at the start of this chapter is equivalent to
integrating the associated discount function.
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Chapter 4

Stochastic processes

Suppose a complete probability space (2, F,P) is given. In what follows, the
technicalities arising from dealing with P-negligible sets will be largely ignored.

Filtrations

A collection (Fy)ier, of sub-o-algebras of F is called a filtration if for every
s,t € Ry such that s <t, Fs C F;. Suppose (F;) is a filtration. Let

Fo=c| U A

teR,

(F:) is said to be right continuous if for every ¢t € Ry,

Fo={)Fe

s>t

and is said to be complete if Fy contains all sets A € F such that P[A] = 0. If
(F%) is both right continuous and complete, then it is said to satisfy the usual
assumptions.

For the remainder of this chapter, suppose a filtration (F;) satisfying the
usual assumptions is given. Most of the definitions in this chapter depend on
the particular filtration used — this will not be mentioned explicitly on each
occasion.

Stochastic processes
An element of RE+*® i called a process. Suppose X is a process. For every t €
Ry, X(t,-) is denoted by X (¢). X is said to be adapted if for every t € Ry, X ()

is Fy-measurable, and to be deterministic if for every t € Ry, X (¢) is constant.
X is called a nondecreasing (left continuous, right continuous, continuous, finite

23
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variation, distribution, integrator, discount) process if for almost every w €
Q, X(,w) is a nondecreasing (left-continuous, right continuous, continuous,
finite variation, distribution, integrator, discount) function.

If X,Y are processes, then they are said to be:

(i) indistinguishable if for almost every w € Q, X(,w) =Y (-,w).
(ii) modifications of each other if for every t € Ry, X (¢) = Y (¢) almost surely.

Note that if two processes are indistinguishable, then they are modifications of
each other.

Stopping times

An element of R +Q is called a random time. A random time T is called finite if
T < o0.
If S, T are random times, let

(S,T) = {(t,w) € Ry x Q: S(w) < t < T(w)}.

[S,T),[S,T),(S,T) are defined similarly.
Suppose X is a process and T is a random time. Define X(T) € RR+*® by

XD (t,w) = X(tAT(W),w).

If T is finite, or X € RE+X2 define X(T) € R? by

A random time T is called a stopping time if for every t € Ry, {T <t} € F;.
If T is a stopping time, let

Fr={A€ Fx:Foreveryt e Ry, AN{T <t} € F}.
If A € Fr, define the random time Ty by

JT(w) ifweA
Taw) = {oo ifweQ\A

Proposition 4.1. (a) A random time T is a stopping time if and only if for
everyt € Ry, {T <t} € F;.

(b) Every constant random time is a stopping time.
(c) If S, T are stopping times, then S AT is also a stopping time.
(d) Fr is a o-algebra, and T is Fr-measurable.

(e) T4 is a stopping time.
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(f) If T is a constant stopping time, equal to to € R, then Fp = Fy,.
(9) If S < T, then Fs C Fr.

(h) Suppose X is left continuous or right continuous, and adapted, and a € R.
If the random time T is defined by

T(w) =inf{t € Ry : X(t,w) > a}
(with the infimum taken in R), then T is a stopping time.

Proof. (a). Suppose T is a stopping time, then for every t € R,

{T<t}= G{Tgt—l/n}e]-}.

n=1

Suppose that for every t € Ry, {T < t} € F, then for every m € N,

o0 oo

ﬂ{T<t+1/n}: m{T<t+1/n}€ft+l/m,
n=1 n=m
therefore - -
(T<ty= (T <t+1/n}€ () Frsrym=Fe. O
n=1 m=1

(h). For every t € Ry,

{T<ty= |J {X(s)>da}eF. O
seQN[o,t)

o-algebras on R, x ) associated with (F;)

Let P be the o-algebra on Ry x € generated by the left continuous adapted
processes. P is called the predictable o-algebra, and a process that is P-measurable
is said to be predictable. Let

Pr={(s,t] x A:s,t eRy,s<t,Ac Fs} U{{0} x A: A€ Fy}
Py ={[0,T] : T is a stopping time} U {{0} x A: A € Fp}.

Note that P; is a w-system.
Proposition 4.2. (a) P =0(P1) = o(Pa).
(b) Every deterministic process is predictable.

(c) Suppose S, T are stopping times such that S <T. If X is a B(R}) ® Fg-
measurable process, then X1((S,T]) is predictable.
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(d) If A€ Fy and X is a Fo-measurable random variable, then X1({0} x A)
1s predictable.

Proof. (a). For every A € Py, 1(A) is a left continuous adapted process,
therefore A € P, so o(P2) C P.

Suppose X is a left continuous adapted process. For every n € N, define
X, € RR+x2 py

X(0,w) ifs=0

XTL 3 = ng_ .
(s5,w) {X(f2211) fs>0

— X(0,w)1(0)(s) + ix (;nw> 1 <(2’n Z;ID ().

For every B € B(R),

(X, € B} = [{0} x {X(0) € B}} U Q [(;ﬂz;l] x {X (;le> e BH ,

1=

therefore X, is o(P;)-measurable. But (%) Ts, therefore X,, — X, so

X is o(Py)-measurable. It follows that P C o(Py).
Suppose s,t € Ry, s <t and A € Fs, then by proposition 4.1(b),(e) and (f),

1((Svt] x A) = 1((5A7tAD = 1([0’t14]) - 1([0’ SA])’
therefore o(Py) C o(P2). O

(b). Tt is sufficient (by standard arguments) to show that for every B € B(R,),
1(B)1(R2) = 1(B x ) is predictable. Let H, = {(s,t] : s,t € Ry, s < t} U {0}
and let Hg = {A € B(R;) : 1(A x Q) is predictable}. H, C Hq, Hr is a
m-system, and Hg is a d-system, therefore B(R;) = o(H,) C Hq. O

(c). Tt is sufficient (by standard arguments) to show that for every A € B(R;)®
Fs, 1(A)1((S,T]) is predictable. Let

M, = {BxC:BeBR,:),C € Fs},
Hy={A € BRy)® Fs:1(A)1((S,T)) is predictable}.

For every B € B(R;) and C € Fg,
1(B x C)1((S,T)) = 1(B x Q)1((Se, Te)) = 1B x 2)(1(10,T¢]) = 1(0, Sc)) )

is predictable, so H, C Hy. H, is a w-system and Hgy is a d-system, therefore
B(Ry) ® Fs =0(Hx) C Ha. O

(d). It is sufficient (by standard arguments) to show that for every B € Fy,
1(B)1({0} x A) is predictable. This follows immediately from

1(B)1({0} x A) = 1({0} x (AN B)). O
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In particular, proposition 4.2(c) implies that if s,t € R, s <t, A € F, and
X is a Fs-measurable random variable, then X1((s,¢] x A) = X1((sa,ta]) is
predictable.

Let O be the o-algebra on R x 2 generated by the right continuous adapted
processes. O is called the optional o-algebra, and a process that is O-measurable
is said to be optional. Let

O1={[s,t) x A:s,t e Ry,s<t, A€ F,}
0Oy ={[0,T) : T is a stopping time}.

Proposition 4.3. (a) O =0(0;) = o(0s).
(b) P CO.
Proof. (a). Similar to the proof of proposition 4.2(a). O

(b). Suppose T is a stopping time, then
[0,T] = ﬂ 0,7+ 1/n) €

Suppose A € Fy. For every n € N, define the random time 7T;, by

T (w) = 1/n fweA
Tl ifweQ)\ 4,

then T, is a stopping time, and
{0} x A= ([0,T,) €O
n=1

It follows that P = o(P2) C O. O

A process is called progressive if for every t € R, its restriction to [0, ¢] x €
is B([0,t]) ® Fi-measurable. Let Q be the set of all subsets A of Ry x € such
that 1(A) is a progressive process. Q is easily verified to be a o-algebra, called
the progressive o-algebra. Note that a process is progressive if and only if it is
O-measurable.

Proposition 4.4. (a) If a process is left continuous or right continuous, and
adapted, then it is progressive.

(b)) OCQCBRL)® Fu.
(¢) Every progressive process is adapted.

(d) If X is a progressive process and T is a finite stopping time, then X (T)
1s Fr-measurable.
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Proof. (a). Suppose X is a left continuous adapted process and ¢t € R,.. For
every n € N, define X, as in the proof of proposition 4.2(a). For every B € B(R),

{Xulp.gxo € B}
= [{0} x {X(0 eB}} G ' '“/\tx X (L Aatw)en
: 2"7/ ) b
therefore X, [[0,49xq is B([0,t]) ® Fi-measurable. But w) ]'s, therefore
Xnlo,x0— X[[0,qxs 50 X[[,qxa is B([0,t]) ® Fi-measurable.

Similarly, if X is right continuous and adapted, then it is progressive. O

(b). Tt follows by part (a) that O C Q.
Suppose X is progressive, then for every B € B(R),

{X eB}= U {XTo,nx0 € B}
neN

For every n € N, { X[ nx0 € B} € B([0,n]) ® F,, € B(Ry) ® Foo, therefore X
is B(Ry) ® Foo-measurable. O

(c). Suppose X is progressive and t € Ry. X[« is B([0,t])® Fs-measurable,
therefore X (t) = X9 gxq (t) is Fz-measurable. O

(d). Tt must first be shown that for every t € Ry, X(T At) is F;-measurable.
Define F € ([0,t] x Q) by F(w) = (T(w) At,w). Because T is a stopping time,
F is F;/B([0,t]) ® Fi-measurable. Now X(T' At) = X [gxq ©F, therefore
X (T At) is Fy-measurable.

For every B € B(R) and ¢t € Ry,

(X(T) € BYn{T <t} = {X(T At) € BYn{T <t} € F. 0

Stochastic Lebesgue-Stieltjes integration

If X is a finite variation process, define the processes [X], X% X X | AX by

[(X](t, w) = [X (-, w)](2),
X0 (X]+ X
[X]Q—X
9 )
X—(tvw) :X(')w)—(t)v
(AX)(t,w) = (AX(-,w))(1).

Proposition 4.5. If X is a right continuous adapted process, then so are
[X], X9, X°.

)

X© =
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Proof. Suppose t € Ry, then by proposition 2.1(e),
7 1—1
X|—=t)—X
(&) ()

therefore [X](t) is Fi-measurable. It follows that X®(¢t), X©(t) are also Fy-
measurable. 0

on

(X)) = tim >

)

Suppose Y is an integrator process. A process X is called Y-integrable if for
almost every w € Q, X(-,w) is Y (-,w)-integrable. If X is Y-integrable, define
the random variable [ X dY by

</XdY> (w) = /X(-,w) dY (-, w).

A process X is called locally Y-integrable if for every ¢t € Ry, X1([0,¢]) is
Y-integrable. If X is locally Y integrable, define the process X - Y by

(X-Y)(tw) = (X(w) - Y (,w)(t) = o X(w)dY (-, w).

Proposition 4.6. Suppose Y is an integrator process and X is a predictable
locally Y -integrable process.

(a) If'Y is adapted, then X -Y is adapted.
(b) If Y is predictable, then X -Y is predictable.

Proof. (a). Let H be the set of all processes X such that X is predictable,
locally Y-integrable and X - Y is adapted. The following are easy to verify:

(i) M is a vector subspace of RF+*S2,
(i) 1€ H.

(iii) If X is a bounded process and (X,,) is a sequence of nonnegative elements
of H such that XnTX, then X € H.

Suppose s,u € R}, s <u, A€ Fsand X = 1((s,u] x A), then X is clearly
predictable and locally Y-integrable. Furthermore,

(EY)tw) = [ U@y ()
[0,t]
— 1(A) () (Y(“)(t,w) _y®, w)) .
Suppose t € Ry. If t < s, then (X - Y)(t) = 0 is F;-measurable. If ¢ € (s, u],

then
(X-Y)(t) = 1A Y (t) - Y(s))
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is Fi-measurable because Fy C F;. If t > u, then
(X -Y)(t) = 1(A)(Y (u) =Y ()
is Fy-measurable because F;, C F,, C F;.

Suppose A € Fy and X = 1({0} x A), then X is clearly predictable and
locally Y-integrable. Furthermore, for every t € Ry, (X -Y)(t) = 1(A)Y(0) is
Fo-measurable, and therefore also F;-measurable.

It follows that for every A € Py, 1(A) € H, therefore H contains all bounded
predictable processes (see [1], appendix Al, theorem 4, or [10], chapter I, theo-
rem 8).

Finally, suppose that X is an arbitrary predictable locally Y-integrable
process, and that ¢ € Ry. For every n € N, let X,, = (X An)V (—n). X,
is a bounded predictable process, therefore X,, € H. By applying 2.6(d) for
every w € () to the functions

X('vw)l([ov tDv Xl('vw)l([ov t])a X2('7 w)l([oa t])v SERE)
it follows that (X, - Y)(t) — (X - Y)(¢), so (X - Y)(t) is Fi-measurable. O
(b). Let H be the set of all processes X such that X is predictable, locally Y-
integrable and X -Y is predictable. It is sufficient (by using the same technique
as in part (a)) to show that for every A € Py, 1(A) € H.

Suppose s,u € Ry, s <u, A€ Fs and X = 1((s,u] x A), then X is clearly
predictable and locally Y-integrable. Furthermore,

(X -Y)(t,w) = 1(A)(w) (Y(“) (t,w) — Y(S)(t,w))
Y(t,w) =Y (s,w) if (t,w) € (s,u] x A

Y(u,w) —Y(s,w) if (t,w) € (u,00) x A,
0 otherwise

XY= (Y - Y(s)) 1((s,u] x A) + <Y(u) - Y(s))1((u, ) x A)
= Y1((s,u] x A) — Y (s)1((s,u] x A) + lim (Y(u) - Y(s))1((u,n] x A),

n—oo

so X -Y is predictable.

Suppose A € Fy and X = 1({0} x A), then X is clearly predictable and
locally Y-integrable. Furthermore, X - Y = 1(A)Y(0) is left continuous and
adapted, so X - Y is predictable. O

Martingales

A set 'H of integrable random variables is said to be uniformly integrable if for
every € > 0 there exists M € R, such that for every X € H,

/ | X| dP < €.
{Ix[>M}
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Proposition 4.7. (a) If X1, Xo, ..., X, are integrable random variables, then
{X1,Xo,..., X} is uniformly integrable.

(b) If H is uniformly integrable, and H' is a set of random wvariables such
that for every X € H' there exists Y € H such that | X| <Y, then H' is
uniformly integrable.

(c) Suppose H is a set of integrable random variables, then the following state-
ments are equivalent:

(i) H is uniformly integrable.

(ii) There exists f € R+R+ such that [ is nondecreasing, convex,

lim @

t—oo t

and there exists M € Ry such that for every X € H, E[fo|X|] < M.

(d) If H is uniformly integrable and G is a set of sub-o-algebras of F, then
{E[X]|G] : X € H,G € G}
s uniformly integrable.
Proof. (c). See [3], paragraph II-22. O

(d). Note that {E[X|G] : X € H,G € G} is a set of integrable random variables.
'H is uniformly integrable, so let f be as in part (c¢). Suppose X € H and G € G,
then by Jensen’s inequality and the fact that f is nondecreasing and convex,

E[fo [ELXI0]|] <E[fE[IX] |9]]
<E[slso1xl|d]]
=E[f o |X]]
The result follows by part (c). O

Suppose X is a process. X is said to be uniformly integrable if
{X(@t):teR:}
is uniformly integrable, and to be of class D if
{X(T) : T is a finite stopping time}

is uniformly integrable.
A process X is called a submartingale (martingale) if:

(i) X is adapted.
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(ii) For every t € Ry, X(t) is integrable.
(iii) For every s,t € Ry such that s <t, X(s) < E[X(t)|Fs] (=).

Note that every martingale is also a submartingale. A martingale X is said
to be square integrable if there exists M € Ry such that for every t € Ry,
E[X2(t)] < M.

Proposition 4.8. Suppose X is a submartingale, and define f € R®+ by f(t) =
E[X (¢t)]. If f is right continuous, then X has a right continuous modification.

Proof. See [4], paragraph VI-4. O

In particular, if X is a martingale, then f is constant, therefore X has a
right continuous modification.

If X is a submartingale (martingale) and Y is a integrable random variable,
then X is said to be subclosed (closed) by Y if for every t € Ry, X(t) <
E[Y|7] (=).

By proposition 4.7(a) and (d), a closed martingale is uniformly integrable.

Proposition 4.9 (Submartingale convergence theorem). If X is a right
continuous uniformly integrable submartingale (martingale), then lim;_ ., X (t)
exists, is integrable and subcloses (closes) X. If Y also subcloses (closes) X,
then lim;,_., X (t) < E[Y|Fx] (=).

Proof. See [4], paragraph VI-6. O

If X is a right continuous uniformly integrable submartingale, then the sub-
martingale convergence theorem can be used in an obvious way to extend X to
Ry x Q, so that X(T') is defined for stopping times T that are not necessarily
finite.

Proposition 4.10 (Doob’s optional sampling theorem). Suppose X is a
right continuous submartingale (martingale).

(a) If S, T are bounded stopping times such that S < T, then X(S), X(T) are
integrable, and X (S) < E[X(T)|Fs] (=).

(b) If X is uniformly integrable and S, T are stopping times such that S <T,
then X (S), X (T') are integrable, and X (S) < E[X(T)|Fs] (=).

Proof. See [4], paragraph VI-10. O

Proposition 4.11.  (a) If X is a right continuous submartingale (martingale)
and T is a stopping time, then XT) is also a submartingale (martingale).

(b) Every nonnegative right continuous subclosed submartingale is uniformly
integrable, and is of class D.

(¢) Every uniformly integrable martingale is of class D.

Proof. (a). See [4], paragraph VI-12. O
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(b). Suppose X is a nonnegative right continuous subclosed submartingale.
By proposition 4.7(a),(b) and (d), X is uniformly integrable. For every finite
stopping time T, X (T) < E[X(o0)|Fr] (Doob’s optional sampling theorem),
therefore by proposition 4.7(a),(b) and (d) again, X is of class D. O

(c). Suppose X is a right continuous uniformly integrable martingale. Note
that X is of class D if and only if | X| is. Now by Jensen’s inequality, |X| is
a nonnegative right continuous subclosed submartingale, therefore it is of class
D. O

A process X is called a local submartingale (martingale, square integrable
martingale) if there exists a sequence (T},) of stopping times such that TnToo,
and for every n € N, X(™) is a submartingale (martingale, square integrable
martingale). The sequence (T},) is called a fundamental sequence for X. Note
that every submartingale (martingale, square integrable martingale) is also a lo-
cal submartingale (martingale, square integrable martingale) (use the sequence
T, = o0).

A process X is said to be zero at zero if X(0) = 0.

Proposition 4.12. Fvery finite variation predictable process that is also a zero
at zero local martingale is indistinguishable from 0.

Proof. See [4], paragraph VI-80. O

Proposition 4.13 (Doob-Meyer decomposition). (a)If X is a right con-
tinuous submartingale of class D, then there exists a nondecreasing right
continuous predictable process Y such that X —Y s a zero at zero uni-
formly integrable martingale. Y is unique up to indistinguishability.

(b) If X is a right continuous local submartingale, then there exists a nonde-
creasing right continuous predictable process Y such that X —Y is a zero
at zero local martingale. Y is unique up to indistinguishability.

Proof. (a). See [4], paragraph VII-9(b). O
(b). See [4], paragraph VII-12. O

If X is a local square integrable martingale, then by Jensen’s inequality,
X? is a local submartingale. Let (X) be the nondecreasing right continuous
predictable process in the Doob-Meyer decomposition of X2. Because X? is
nonnegative, (X) is also nonnegative and therefore a distribution process. (X)
is called the predictable variation process of X.
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Chapter 5

Hattendorff’s theorem

Consider a mathematical model of a life insurance policy with the following
elements:

(1)

A complete probability space (2, F,P) and a filtration (F;) satisfying the
usual assumptions. These decribe all the uncertainties associated with the
policy.

An adapted integrator process P. P®, P® are then adapted distribution
processes representing the company’s outgo payment stream (including
e.g. policy benefits), and its income payment stream (including e.g. pre-
miums) respectively.

An adapted P-integrable discount process v, such that for almost every
w € Q, v(-,w) is the discount function used to assign values to both
P®(-,w) and P°(-,w).

v and P are such that [vdP is a Fo-measurable, square integrable ran-

Let

dom variable.
W:/vdP:/vdPea—/vdP@.

W represents the policy’s net present value.
It is characteristic of a life insurance policy that the company first receives
premiums and then pays benefits only much later. The company cannot, how-

ever,

in the meantime declare all of the received premiums as profit and dis-

tribute it to its shareholders, because when the time then comes to pay benefits
there will be nothing available. It therefore has to set part of the received premi-
ums aside as a reserve, which is entered into its balance sheet as a liability. The
reserve at a particular time should be such that it, together with the investment
returns to be earned on it, is sufficient to meet the estimated future net outgo,

34
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given the latest information. Define the process V' by

(w)-

V(t,w) = %]E l/(uoo)vdp‘ft

V (t) represents the reserve at time t.

Accounting convention states that the net loss over a period is the net outgo
plus the net increase in liabilities over that period. If S,T are finite stopping
times such that S < T, let

Lis) = /( L W(T)V(T) — v(S)V(S).

Ls,7) represents the net present value of the loss over (S, T.
Define the process M by
M(t,w) = E[W|F](w).

M is a uniformly integrable martingale, and may therefore be assumed to be
right continuous. W is F.-measurable, therefore M (t) — W (submartingale
convergence theorem). Because v is a continuous adapted process and P is
adapted, v - P is adapted. It follows that for every ¢ € R,

/ vdPJr/ vdP‘]-‘t
[0,2] (t,00)

therefore L(g ) = M(T) — M(S).

M(t) =E — (v P)(O) +o(O)V (1),

Proposition 5.1 (Hattendorff’s theorem). (i) If S,T are finite stopping
times such that S < T, and G is a sub-o-algebra of Fg, then

E[L(s1)|G] = 0.

(ii) If S,T,U,V are finite stopping times such that S <T <U <V, and G is
a sub-o-algebra of Fg, then

cov[L(s, 1), Lw,v|G] = 0.
Proof. (a). By Doob’s optional sampling theorem,
ElLs,71/9) = E[ElLs.m|%s] | 6] = E[EIM(T) - M(9)|7s] [ 6] =0. O
(b). By part (a),
cov[Ls,r), Lw,v)|9] = ElLs,r Lwv|9] = E[L(S,T]E[L(U,V]\fﬂ ’g} =0. 0O

Although Hattendorff’s theorem is treated here in a life insurance context,
it can be applied to any financial operation using the same definition of loss.
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Chapter 6

Point processes

Once again, suppose that a complete probability space (Q, F,P) is given.

Detfinitions

A system ((Zn)nenNgs (Tn)nen,) is called a point process if
(i) (Zy,) is a sequence of F-measurable elements of N, such that [ J;=, Z; ()
is a finite set, Zy = 0 and for every n € N, Z,, # Z, 1.
(ii) (T,) is a sequence of F-measurable finite random times such that Tp = 0

and (7)) increases strictly to co.

For the remainder of this chapter, suppose that a point process ((Z,), (T3,)) is
given.

Let -
S=Jz(Q), T={kl):klcSk#1}
=0

S is called the state space, and T the transition space.
For every (k,l) € T, let

oo

Ny =Y UZi—1 = k)1(Z; = )1([T},0)).

=1

Ny, is called the counting process of the transition (k,1).
Also, let

N= > Nu, Z=) ZI(T;Tix1), T=>» TA(T;Tit1)).
(k)eT i=0 i=0

Z is called the current state and T the time of last transition.
For every k € S, let I}, = 1(Z = k); and finally, define U € (S®+)R+*2 by

U(t,w)(s) = Z(s ANT_(t,w),w).

36
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Proposition 6.1. For every k € S,

Lo=6ok+ Y (Nip— Nir).
1€S 1k

I = 3 1(Zs = ) (U([T5.00)) = 1([Tig, 00))
=1(Zo = k) + Y _1(Zi = k)1([Ti, 0)) — Z 1(Zi_1 = k)1([T}, 0))

i=1 i=1

The filtration generated by ((Z,), (T},))

For every t € Ry, let
F2 =0o(Nw(s): (k1) €T,s€[0,t]),

and let F; be the set of all subsets A of Q for which there exist B € F°,N € F
such that P[N] =0 and B\ N C AC BUN. F, is a o-algebra containing F,
and (F;) is a complete filtration.

Proposition 6.2. (F;) is right continuous.

Proof. 1t must first be shown that the filtration (F}) is right continuous. The
crucial property to be used is that for every (¢,w) € R4 x Q there exists € > 0
such that for every (s, (k1)) € [t,t +¢€) x T,

Nkl(s7w) = Nkl(t,w).
For every t € R, define X; € (RJF]R*XT)Q by
Xe(w)(s, (k1)) = N (s A t,w),

and note that Fp = o(Xy).
Suppose t € Ry and

A € ﬂf? = ﬁ ‘7:1?+1/n’
s>t n=1

i.e. for every n € N, there exists

Bne (X) B(R.)

]R+><T
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such that A = {X;11/,, € By}
For every n € N, let C,, = {X; = X;41/n}. (Cy) is a nondecreasing sequence,
and by the crucial property noted above, its union is €2, therefore

= liminf(ANC,)

= liminf({X41/n € Bo} N Cy)
=liminf({X; € B,} NC,,)

= liminf({X, € B,}) € F..

Finally, suppose that

Ae ﬂfs:nft-&-l/nv

s>t n=1

i.e. for every n € N there exist B,, € .7: N,, € F such that P[N,,] =0 and

t+1/n?

B,\N, CAC B, UN,.

Now
lim sup(B ﬂ .7-'t+1/n =F), limsup(N,) € F, P[limsup(N,)] =0

and limsup(B,,) \hm sup(N,) € A C limsup(B,,) Ulimsup(N,), i.e. A€ F;.
O

It follows that (F;) satisfies the usual assumptions. This filtration is used
for the remainder of this chapter.

Proposition 6.3. (a) For every n € Ny, T,, is a stopping time, and

U(T07Z07 B 7TTL7Z7L) - an-

(b) U is P-measurable.

Proof. (a). For every t € Ry, {T,, < t} = {N(t) > n} € Fi, ie. T, is a
stopping time.

Suppose @ = 0,1,...,n. T; is Fr,-measurable and Fr, C Fr,_, so T; is Fr,-
measurable. If i = 0, then Z; is constant and therefore Fr_ -measurable. If
i > 0, then for every [l € S,

WZi=)= > WZia=kl(Z=0)= > (Nu(l)) - Nu(Ti1))

kES, k#l kES, k#l

Now for every (k,l) € T, Ny, is a right continuous adapted process, and there-
fore progressive. Furthermore, for every j = 0,1,...,n, T} is a finite stopping
time, therefore Ny (7T}) is Fr,-measurable (proposmon 4. 4(d))7 and Fr; C Fr,.
It follows that Z; is Fr, - measurable O
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(b). It is sufficient to show that for every s € R4, the process U(-,-)(s) is
predictable. Suppose s € R, then for every ¢t € Ry and almost every w € €,

U(t,w)(s)
=3 Zi(@) (T To)) (s AT (1,0),0))
i=0
= Zo(w +ZZZ1 LT3, Tign)) (s A T (w), w) (T, Tja]) (8, w)
=0 j=0
= +Z Zi(w) ([T, Tig1)) (s A Tj(w), w) | 1((T5, Tj4a]) (E, w)
7=0 Li=0

= Zo(w)1({0} x Q)(t, w) + ZXs,j(tM)l((ijTj+1])(t,W),

j=0
where X ; is the process defined by
X (hw) = {ZO( w)1([To, 00)) (s, w) ifj=0
e S0 Zi(W) (T3, Tig1)) (s, w) + Zj (W) 1([T, 00))(s,w) if § > 0.

By part (a), X ; is B(R ) ® Fr,-measurable, therefore U(-,-)(s) is predictable.
O

Stochastic intensities

For this section, suppose that (k,l) € 7 is given. Define the process 7 by
7(t,w) = t. Note that Ny; and 7 are adapted distribution processes.

A process \g; is called a (k,l)-intensity if it is nonnegative, predictable,
locally 7-integrable and for every nonnegative predictable process X

E [/Xdel} —E {/Xd()\klw)} .

For the remainder of this section, suppose there exists a (k,[)-intensity Ag;.
Let My, = Nig — A - 7. Because Ni; and Ag; - 7 are adapted distribution
processes, My, is an adapted integrator process.

Proposition 6.4. Suppose X is a predictable process.
(a) If for every t € Ry,

E [/ IX] d(/\kl-r)] < o0,
[0,t]

then X is locally My, -integrable and X - My; is a martingale.
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(b) If X is locally My, A\; - T-integrable, then X - My is a local martingale.

(c) If X is locally My-integrable and X? is locally \g; - T-integrable, then
X - My, is a local square integrable martingale and (X - My;) = X2 (g 7).

Proof. (a). For every t € R,
/ |X|d()\kl~7)<oo,
[0,¢]

i.e. X is locally X - 7-integrable. Furthermore, because |X| is a nonnegative
predictable process,
i

E / | X| N
[0,¢] )

therefore X is locally Ny;-integrable. It follows that X is locally My -integrable.
X is predictable and My, is adapted, therefore X - My, is adapted.
For every t € Ry,

=E |Xd()\kl~7)]<oo,

E[|(X.Nkl)(t)|] <E /[0 ) X del] < oo,

/ |X‘ d(Akl~T)] < 00,
[0,1]

ie. (X - Ng)(t) and (X - (Mg - 7))(t) are integrable random variables, therefore
(X - My;)(t) is also an integrable random variable.

Suppose s,t € Ry, s < tand A € F, then X T1((s,t]xA) and X ~1((s,t]x A)
are nonnegative predictable processes, therefore by using X = X+ — X~ and
the integrability of (X - Ng;)(¢) and (X - (g - 7)) (¢),

ED(X (At T))(t)|] <E

E[14) (X - Nu)(8) = (X - Nua)(9))

=F [/Xl((s,t] x A) del}

_E {/Xl((s,t] « A) d(\ -7)}

= E[1(4) (X - (v 7)(0) = (X - (wa - 7)(9)]-

After rearranging,
E[L(A)(X - Myi)(s)] = E[1(A)(X - M) (8)]- O

(b). For every n € N, define the random time S,, by

Sp(w) = inf {t eR,: /[0 ) [ X(,w)| dAgy - T) (- w) > n} .



University of Pretoria etd — Messerschmidt, R (2005)

CHAPTER 6. POINT PROCESSES 41

Sy is a stopping time, and because X is locally Ag; - 7-integrable, (Sn)Too. For
every n € Nand t € Ry,

E

/[0 ; [XL([0, Sul)[ d(Aw - T))] <n < oo,

therefore X1([0,S,]) - My = (X - My;)") is a martingale. O

(c). Suppose t € R;. By the Cauchy-Schwartz inequality,

1/2 1/2
/ IX| d Mg -7) | < X2d(\g - 7) / 12d(M\g - 7) < o0,
[0,¢] [0,] [0,]

i.e. X is locally Ay - T-integrable, therefore X - My; is a local martingale with
(Sn) (as defined in part (b)) as a fundamental sequence.
Let M = X - My;. M is an integrator process, and

AM = XA(Nyg, — Mgy - 7) = XANy,.
By integration by parts,

M?*=M_-M+M-M
=M_-M+(M_+AM)-M
=02M_)- M+ (AM)-M

Now
(AM)-M =) (AM)* =Y X*(ANu)>=> X?ANy = X Ny,
therefore
M? = (2M_X) - My + X2 My + X2 (A - 7)
= (2M_ + X)X - My + X% - (A - 7).
For every n € N, define the random times U, V,,, W,, by

Up(w) = inf {t€R+ : X2(w)dMg - T) (- w) >n}7

[0,2]
Vo(w) =inf{t e Ry : M_(t,w) > n},
Wyo=Sn AU AV,
Uy, Vy,, W, are stopping times. Because X? is locally Ay - 7-integrable, (Un)TOO,

and because M_ is a process, (V;,)]oo, therefore (W,)]oc. For every n € N
and t € Ry,

E

/[0 ] [2M_ + X)X|1([0, W,,])d (A 7)1

<E l/ 12nX + X2 1([0, W])d (A - 7)1
[0.4]

§2n2+n<oo,
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therefore
(M- + X)X1([0,Wy]) - (At - 7) = (M- + X)X - (\gg - 7)) V)

is a zero at zero martingale. By proposition 4.11(a), (W,,) is a fundamental
sequence for the local martingale M, and for every n € N and ¢t € Ry,

B | (00) ] =0+ E[(x- w1 0] <

i.e. M is a local square integrable martingale. It follows from the uniqueness of
the Doob-Meyer decomposition that (X - M) = X2 - (Ag - 7). O

In particular, 1 is a predictable locally My;, Ax; - T-integrable process, there-
fore My; = 1 My, is a local martingale. Because Ny, is a distribution process
such that for every n € N and ¢ € Ry, IE[N,SF")(t)] < E[n] < oo, it is a local
submartingale, therefore Ag; -7 is the nondecreasing right continuous predictable
process in the Doob-Meyer decomposition of Ni;. 12 is also Ay - 7-integrable,
therefore My, is a local square integrable martingale and (M) = 12 (\g - 7) =
)\kl - T.

Martingale representation
For the remainder of this chapter, suppose that for every (k,l) € 7, there exists
a (k,)-intensity Ag;.

Proposition 6.5 (Martingale representation theorem). If X is a zero at zero
uniformly integrable martingale, then for every (k,1) € T there exists a pre-
dictable locally My, Mgy - T-integrable process Xy such that

X = Z Xyt - My
(k,1)eT

Proof. See [1], chapter 111, theorem 9. O

Miscellaneous results

Proposition 6.6. (a) If X is a predictable integrator process, then for every
(k,1) € T, AX is a predictable locally Ny;-integrable process and
(AX)- N =0.

(b) Suppose X is a predictable integrator process. Then for every k € S, Iy, is
an adapted integrator process, and I, - X is predictable.

(c) Suppose X is an integrator process and the difference between two submar-
tingale of class D. Then for every k € S, (I;)— (1) is locally X -integrable
and (I)—(I) - X is predictable.
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Proof. (a). X_ is a left continuous adapted process, so AX is predictable.
For almost every w € Q, (AX)(-,w) is nonzero at a countable number of points,
and Ag; - 7 is continuous, therefore for every ¢t € R,

E =E[0] < oo.

/ |AX| d()\kl ~7')
0,¢]

It follows by proposition 6.4(a) that AX is locally My, A - T-integrable, so it
is also locally Nj;-integrable.
For the same reason as above, for every t € R,

/ (AX)2 d()\kl -7’) = 0,
[0,2]

i.e. (AX)? is locally My, - T-integrable, therefore (AX) - My, is a local square
integrable martingale (proposition 6.4(c)), and

<(AX) 'Mkl> = (AX)Q . (Akl '7') =0.

By the definition of ((AX)- My;), it follows that ((AX)- My;)? is a nonnegative
zero at zero local martingale, therefore (AX) - My; = 0, so

(b). For every m,n € Ny such that m < n, T, is a stopping time and Z,, is
Fr,-measurable, therefore (T,)(z,, -} is a stopping time. It follows that

= Y1 = DU T) = YA ([() s, (oo ))
=0

=0

is adapted, as well as right continuous and of finite variation, i.e. an integrator
process.
By integration by parts,

I X=X - X_-1,
= () X+ X 1) - X1
=) - X + (AX) - I

Because (I)_ is a left continuous adapted process, it is predictable, therefore
(Ix)- - X is predictable. Furthermore, by part (a),

(AX) I, = (AX) - | dox + Y (N — Na) | = X(0)box,
1€8,1#k

therefore Iy, - X is predictable. O
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(c). (Ix)- is an adapted left continuous process, and I is an adapted right
continuous process, therefore both are B(Ry) ® Foo-measurable, so for every
w e Q, (I)-(-,w) (-, w) is B(R4)-measurable. Furthermore, (I;)_ (-, w)Ix(-,w)
is bounded, therefore it is locally X (-, w)-integrable.

There exist a right continuous finite variation predictable process Y and a
zero at zero uniformly integrable martingale Z such that X =Y 4+ Z (Doob-
Meyer decomposition). In turn, for every (k,I) € 7 there exists a predictable
locally My, A - T-integrable process Zj; such that Z = Z(k’l)ej— I - My,
(martingale representation theorem), therefore

(I)-(Ix) - X

= (L)~ () - Y + () -(Te) - | D Za- (N = A - 7)
(k,)eT

:Ik~ ((Ik)_Y) *[k' Z (Ik)—Zkl’(/\kl'T)
(k,lyeT
+ Y Zu- ((Ik)f(-[k) . Nkl)

(k,1)eT

=L [ (Te)--Y = > (Ie)-Zr- (A7) | +0
(k,))eT

(I)— Y is predictable, and E(k,l)eT(Ik)*Zk?l -(Agi-7) is an adapted continuous
process, therefore (Ij)_1Ij - X is predictable. O
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Chapter 7

Thiele’s differential
equation

The following additions and alterations are made to the model in chapter 5:

(i) (F%) is the filtration generated by a point process ((Z,),(T)). S repre-
sents the possible states of the policy (e.g. ”active”, "retired”, ”dead”),
and 7 the possible transitions. ((Z,),(7},)) is assumed to be such that
for every (k,1) € T, there exists a (k,[)-intensity Ag;.

(ii) For every k € S, a predictable integrator process ay, and for every (k,1) €
T, a predictable locally Ny;-integrable process Ay, such that

PZZIk'ak+ Z Apt - Nig.

keS (k,HeT

ay, represents the net payment stream while the policyholder is in state k&
(e.g. premium received while ”active”, pension paid while "retired”) , and
Aj; the net payment made upon transition from state k to state [ (e.g. a
benefit paid upon transition from ”active” to ”dead”).

Let

&k:v-ak, AMZUAM, V =uV.

ap and Ay are again a predictable integrator process and a predictable locally
Ny -integrable process respectively.

By the martingale representation theorem, for every (k,l) € 7 there exists
a predictable locally My, Ax; - T-integrable process Xj; such that

V=v-P-M=v-P— > Xy My+M0),
(k,\))eT

therefore V is an integrator process.

45
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Because P®, P® are distribution processes, and v is a nonnegative P®, P©-
integrable process, v - P®,v - P® are nonnegative right continuous subclosed
submartingales, and therefore also of class D (proposition 4.11(b)). M is a
uniformly integrable martingale, and therefore also a submartingale of class D
(proposition 4.11(c)). It follows that

V=v-P-M=uv-P®—(v-P°+ M)

is the difference between two submartingales of class D.
Because the entire history of the policy can be constructed from Z, T, U, it is

reasonable to assume that the exists f € RS¥R+xS" guch that f is measurable
and V = fo(Z,T,U). For every k € S, let

Vi=fo(k, LT+ (1—I)rU), V=fo(k7U).

By proposition 6.3(b), f/k’ is predictable. For every (k,l) € T, let
Ri= A+ V) — (Vi)_.
Ry represents the sum at risk of the transition (k,1).

Proposition 7.1 (Thiele’s differential equation). If for every (k,l) € T,
Ry is locally My, Mgy - T-integrable, then

Z Iy, - (ag + Vk) + Z Ry - (Akt - 7) = ao(0) + V5 (0).
keS (k)ET

Proof.

M=v-P+‘7=ZIk'&k+ Z Akl'Nkz-i-ZIka-
kes (k)T kes

By integration by parts,

Z IV, = Z(Ik: Vi4+ (Vi) - I)

keS keS

= Z I Vi + (Vie)— - | dor + Z (N, — Nia)

kes 1€S £k

= ZI’“ Vie + Z (N — Ny1)
kes (k)T

=Y Li-Vit Y. (( Vi)-) - N,
kes (k)eT

therefore

M= 3" Rg-Myuy—M©0) =Y Inar+y Ie-Vit > Ri-(A-m)—M(0).

(k,)eT kes keS (k1)ET
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The left side of the above equation is a zero at zero local martingale, while
the right side is of finite variation. It is therefore sufficient (by proposition 4.12)
to show that the right side is predictable. The first summation is predictable
(proposition 6.6(b)), and the third summation is continuous and adapted, there-
fore also predictable. As for the second summation, for every k € S,

1 - Vk = (Z(Il)_> I - Vk = Z (Il)_lk . Vk + (Ik)_lk . Vk

lesS 1€8,1#£k

The last term here is predictable (proposition 6.6(c)), and by the definition of
V/ and proposition 6.6(a),

S W)L Vi= Y Z Zi1 = D1(Zi = k)1([T;,00)) (AV)(Ty)

1€S,1#k 1€S,1£k i=0

S S UZ s = D1(Z = (T o) (AT (T

1€S 1k i=0
Z (AV}) - Ny,

1€S, Ik

=0. O
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