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Chapter 4

Interpolation

4.1 Hermite cubics

The well-known Hermite piecewise cubics (see [SF] or [Re]) are successfully
used as basis functions for the Galerkin approximation in beam problems.

The construction and properties of Hermite cubics are treated in detail in
the book of Strang and Fix ([SF, p 55-59]). Divide the interval [a,b] into n
subintervals by a partitioning

a =290 <17 < -0+ < 1w, = b
This yields n elements, ; = [x;_1,z;], each of length h;, fori=1,2, ... n.
Fori =0, 1, ..., n, we have two piecewise cubics denoted by 5Z-(j) with j =0

or j = 1 with the following properties:

1. Fork=0,1,...,n, ¢=0,1,...,n and j =0, 1, the restriction of
59 to any € is eith bic polynomial
Y y €, is either a cubic polynomial or zero.

2. 51-@ Ject [a,b] and D2(52-(j ) is piecewise continuous with possible discon-
tinuities at the nodes.

3. 69x) =1, DS(z) =0, 6V (x;)=0, DM (z;)=1.
4. 69%) =0, D5P(ax) =0, 6V (ar) =0, D6V () =0 if k £ i,

5. 5§j) is zero on any element € with k # i or 7 + 1.

87
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We refer to these two types of functions as Type 1 (7 = 0) or Type 2 (j = 1)
functions. Typical graphs of 650) and 551) are shown in Figures 1 and 2.

Figure 1: Type 1 Hermite piecewise cubic
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Figure 2: Type 2 Hermite piecewise cubic
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Remarks

1. The graphs in Figures 1 and 2 must be adapted for the functions 6((]0),
5. 5 and oM.

2. We will refer to the Hermite piecewise cubic functions as Hermite
cubics.

369 eH%ab) ¥V i=0,1,...,n and j=0, 1.

Cubic interpolation operator

For w € H?*(a,b), we define the cubic interpolation operator I, as
1 .
Mew =YY (DIw)(z;) 0.

Note that Hcél(j) = 5§j) fore=0,1,...,n and 7 =0, 1.
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4.2 Hermite bicubic functions

The Hermite piecewise bicubic functions are constructed by using a product
of the Hermite piecewise cubic functions in Section 4.1, hence the name
bicubics. (For a fixed z or y, a piecewise bicubic reduces to a piecewise
cubic.) See [SF, p 88-89] for detail. It is also mentioned there that bicubics
rank amongst the best provided that rectangular elements are used.

The rectangle Q = [a, b] X [c, d] is divided in rs elements as follows. Partition
[a,b] and [c, d] by

a =a9 <21 < - < a2, =0b and ¢c =y <y < - < Y = d,

and set
h’i =T; — ;-1 and kj - yj - yj—l-

This defines a grid on Q with the grid lines = z; and y = y;. A general
element is given by

For: = 0,1,...,r and j

= 0,1, ..., s we have four piecewise bicubics
denoted by 4, with k =0, 1, 2

1
, 3, with the following properties:
1. The restriction of 5Z(]k ) to any 17 is either a bicubic polynomial or zero
forvand I=0,1,...,r, jand J=0,1,...,s and k=0, 1, 2, 3.

2. 6Z(Jk ) € CY(Q) and all second order partial derivatives are piecewise
continuous with possible discontinuities on the edges of the elements.

3 51(;: Ni,5) = { (1) gtﬁe?w(i)se,
0.0y (i, y5) = { (1) i)ft}]ie?wlise,
3y5§f)($i>yj) = { (1) icftﬁe;wzise,
8may5i(]"€) (zi,y5) = { (1) ioftﬁe?vv?i)se.

4. 0w ys) =0, 9,00 (xr,y5) =0, 9,00 (x1,y5) =0 and
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5. 6Z(Jk ) is zero on any element €);; not adjacent to €;;.

We refer to these four types of functions as Type 1 (kK =0), Type 2 (k= 1),
Type 3 (k =2) and Type 4 (k = 3) functions.

Remarks

1. As mentioned, for a fixed = or y, a piecewise bicubic reduces to a piece-
wise cubic. This compatibility is needed for the plate-beam problems.

2. 6" e H2(Q) Vi=0,1,....,r, j=0,1,...,s and k=0, 1, 2, 3.

)

We use the following notation for the partial derivatives that play a role in
construction of the bicubics.

w for k=0
J,w fork=1
k), — :v
0w Oyw for k=2

0,0,w for k=3

Bicubic interpolation operator

For w € H*(Q), we define the bicubic interpolation operator II; as

3 r s
Myw = ZZZ(a(k)w)(mi,yj)éff).

k=0 i=0 j=0

Note that I, 0\ = 6 for i=0,1,....7, j=0,1,...,s and k=0, 1,2, 3.

4.3 Standard estimates for the interpolation
error

Standard interpolation estimates can be found in, for instance, [SF], [OR]
and [OC]. The following two parameters for an interpolation operator are
used in the interpolation estimates:
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r(II) is the highest degree of polynomials left invariant by II.

s(IT) is the highest order derivative used in the definition of II.

We will use C to denote a generic constant which depends on the constants
in Sobolev’s lemma and the constants in the Bramble-Hilbert lemma.

Theorems 1 and 2 below are formulated as a special case of a general result.
This result may be found in [SF, p 144], [OC, p 76] and [OR, p 279].

4.3.1 One-dimensional domain

We consider a one-dimensional domain ©Q = (a,b). Here | - |; denotes the
seminorm of order k, i.e.
[l = @]

(See Appendix 1.)
Theorem 1

Suppose s(IT) +1 < k < r(II) + 1. Then there exists a constant C such that,
for all u € H*(Q),

[t — Tul[pe < CRF™uly, m=0,1, ...,k

Corollary

Consider the Hermite piecewise cubic functions and the interpolation opera-
tor 11..

a) If 2 < k < 4, there exists a constant C' such that, for all u € H*(I),

[ — Tett]|oe < CA*™uly, m=0,1,..., k.

b) If k > 4, there exists a constant C' such that, for all u € H¥(I),

|t — Iett][y < Ch*|uls, m=0,1,..., 4.
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Proof
r(Il.) =3 and s(Il.) = 1.

a) The result follows directly from Theorem 1.

b) If k > 4, H*(0,1) € H*(0,1). The result follows from Theorem 1.

4.3.2 Two-dimensional domain

For a two-dimensional convex domain €2, |-|x denotes the seminorm of order
k and
2 _ i 57,12
[ulf = > 10i5ul>
i+j=Fk

(See Appendix 1.)

In the following theorem, h = max h., where h, is the diameter of the element
Q..

Theorem 2

Suppose s(IT) +2 < k < r(I) + 1. Then there exists a constant C' such that,
for u € H*(Q),

[ — Tl < CRF™|uly, m=0,1,..., k.
Corollary

Consider the piecewise Hermite bicubic functions and the interpolation ope-
rator II,. For k > 4, there exists a constant C such that, for all u € H*([)

= Iyl < Ch*™uly, m=0,1,..., 4.
Proof

r(Iy) = 3 and s(Iy) = 2. If k > 4, H*(0,1) € H*(0, 1) and the result follows
from Theorem 2.
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Remark

The constant C depends on the ratio length versus width for the elements.
Care should be taken that these ratios remain within specific bounds.

4.3.3 Vector-valued functions
Definition

For u = (uy, up) € H*(Q)?, we define
Hpu= (Iyup, Hyus) .

The seminorm of order k for H*(2)? is denoted by | - |12 and
Julk = [l + [uafi

(See Appendix 1.)

Theorem 3

There exists a constant C' such that, for all u € H*(2)? with k > 4,

[t = g tllme < Ch ™ ulse, m=0,1,....4.

Proof

The proof follows directly from the definition of the interpolation operator
[, the norm and seminorm on the product space and the corollary in Sub-
section 4.3.2.

lu —Tpulr, = llu—Tull}, + [lue — T usll?,
—~ 2 —~ 2
< [Ch“*m ]u1|4] + [Ch“*m |u2|4]

= [Enul,] g
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Corollary

There exists a constant C' such that, for all u € H*(Q)2NV with k > 4,

||U - HB UHV S Ch3|u|472 .

Proof

The norms || - |12 and || - ||y are equivalent (Theorem 4 Sec 3.5).

4.4 Interpolation estimates for the one-
dimensional hybrid models

Consider Problem VT 4 (Section 3.3). Let Q = (a,b) and define H* as
H* = H*(Q) x H*(Q) x IR®. An interpolation operator on the product
spaces H* can now be defined.

Definition

Mu = (I, uy, o ug, us, ug, us) for ue HY .

An inner product for H* is defined by
(U7 U) gk = (Ul, U1)k + (UQ, Uz)k + U3U3 + U4y + UsU5 .
The corresponding norm is
l|w|| ge = (u,u)Hk )

A seminorm for H” is defined by
ulege = yflulf + [ualf,

with | - [ the seminorm in H*(2).



University of Pretoria etd — Labuschagne, A (2006)

ESTIMATES FOR ONE-DIMENSIONAL MODELS 95

Theorem

Consider the piecewise Hermite cubic functions and the interpolation opera-
tor II.

a) If 2 <k <4, there exists a constant C such that, for all u € H*,

|l — Hul|,, gr < ahk_m|u]kﬂk , m=0,1,....k.
b) If k > 4, there exists a constant C such that, for all u € H*,

= Ty g < CRE ™|y, m =0,1, ....4.

Proof

In this proof, we use the result in Subsection 4.3.1.

Hu—HqunHk = [{ur —Heur, ug — ez, 0,0 O>HmHk
¢
= leuj—ﬂcujﬂfn

~ 2
Cpk=m yuj|k} it 2 < k<4,

IN

|
[6%4—7“ |uj|4]2 it k>4,

J
[éka] if 2< k<4,
|

64”@]\} it k>4

Remark

It is easy to see that similar results can be found for the product spaces
HE(Q) x H¥(Q) x R, H*(Q) x IR* and H*(Q) x IR.
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Corollary 1 (Problems VR 3 and VR 4)

a) If 2 <k <4, there exists a constant C such that, for all u € H* NV,

Ju — Taully < Ch*2|uly g -

b) If k > 4, there exists a constant C such that, for allu € H* NV,

lu = TLeully < Ch?Jul, g

Proof

The results follow from the theorem, the fact that V' C H? and the equiva-
lence of the energy norm || - ||y and the H?*-norm.

Corollary 2 (Problems VT 3 and VT 4)

a) If 2 <k <4, there exists a constant C such that, for all u € H* NV,
Ju — Tully < Ch*Yuly pn -
b) If k > 4, there exists a constant C such that, for allu € H* NV,

[ = Tleullv < Ch®July g -

Proof

The energy norm || - ||y and the H'-norm are equivalent.

4.5 Interpolation estimates for the plate-beam
system

We consider an interval I = (a,b) and a rectangle Q = (a,b) x (¢, d). Define

HY(Q).

1

X e

H" = H*(Q) x H*(Q)?

n

The other relevant product spaces are defined in Section 3.6.
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Definition

For w € H* we define the interpolation operator

Hu = <Hb U, HB Uz, HC us, HC Uy, Hc Us, HC U,6> .
An inner product for H is defined by

6
(u,v)Hk = (u1, U1)i2 + (U27U2)§3,2 + Z (ujavj)i’

The corresponding norm is given by

and the seminorm | - |z« of order k is defined by

6
[ul2e = (lua| ) + (lual @)+ (Juylh)?
7=3

Theorem

Consider the interpolation operator II defined above. For k > 4, there exists
a constant C' such that, for all u € H*,

lu — Tul gm < Ch*™|ulga, m=0,1,....4.

Proof

We use the results in Section 4.3.

6

2 2

lo=Tulfm = (lur = Twll)* + (Jus = Mg sl 0)” + D (luy = o uyl],)
=3

j
2
( C;h*™ m’“y‘ )
=3

64’”) [|u1|£,i>2 (lual +i<|u]| )]

Jj=3

6

IN

IN
'—| —~ —~
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Corollary
For k > 4, there exists a constant C such that, for all u € V. N H”,
lu — Tully < Ch?|ulgs .
Proof

The norms || - ||z and || - ||y are equivalent (Theorem 2 Section 3.6).
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Chapter 5

Approximation

5.1 Projections

For the spaces H* and V as defined Sections 4.3, 4.4 and 4.5, we have the
situation that for all our model problems a finite dimensional subspace S” of
V' is constructed in such a way that the forced boundary conditions are met.
At this stage an estimate for the interpolation error u — Ilu is available.

All the convergence results in this chapter are based on projection methods.

Definition (Projection Py)

For each z € V, we define P,z to be the unique element of S” such that
b(x — Pyxr,v) =0 forall v e S™

It is well known and easy to prove that
b(x — Pyr,v) =0 forallve S"

if and only if
|z — Pyxlly < ||z —v|ly forallve St

Since S” is a finite dimensional subspace of the space V', the projection exists.
This is a result from linear algebra (see e.g. [Ap, Chapter 15]). The result is
also true for an infinite dimensional subspace (see e.g. [Kr, Sec 3.3]).

99
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We display for convenience the elementary yet important properties of the
projection P.

|z — Puxlly < |z —wv|y forallve S"
Pz —v|ly < ||z —o|ly forallve St
<

and || Byz{|v v

5.1.1 One-dimensional models

For the one-dimensional models, we consider only eigenvalue problems. The
solutions of the differential equations are in C*°(Q) and hence in H*(Q).
This implies that the eigenvectors of the weak problem are in the product
space H* .

Theorem 1

Suppose the energy norm is equivalent to the norm of H™ on V. Then there
exists a constant C' such that, for any v € H*NV,

(a) ||Pau—ully <Ch*™|ulyys and ||Tu— Puully < Ch*™ |uly e .

(b)  |Pyu — ullx < C A2 |yl g

Remark

Problems VRE 3, VRE 4, VTE 3 and VTE 4 are defined in Section 6.2. For
Problems VRE 3 and VRE 4 we have that m = 2 and for Problems VTE 3
and VTE 4 we have m = 1.

Proof
(a) It follows from the properties of the projection operator P}, that
|Pou— ully < |[|[Hu—ully and  |[Tu — Pyully < [[Hu — ul|y .

The estimates are found from Corollaries 1 and 2 in Section 4.4.
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(b)  Set e, =u — Pyu. As b defines an inner product on V, it follows from
Riesz’s theorem that there exists a unique u € V' such that

b(u,v) = c(ep,v) forallveV. (5.1.1)

Regularity results yield that « € H*NV and that there exists a ¢, such
that

lulla < collepllx - (5.1.2)

Since P, is a projection,
ble,,v) = 0 forallves. (5.1.3)

Let v = e, in Equation (5.1.1) and v = P,u in Equation (5.1.3). This
yields
lepl% = b(u— Pru,ey) < flu— Puully[leyllv-

From part (a) of the Theorem, it follows that
leplli < C R uly,mrs llepllv -
We conclude from Inequality (5.1.2) that
lepllx < e Ch* eyl

The result now follows from part (a) of the Theorem. O

Remark

The proof of part (b) of the Theorem is known as the Aubin-Nitsche trick
([Au] and [N]. This version is from the book of Strang and Fix ([SF, p 166]).

5.1.2 Two-dimensional models

The first result concerns Problems CTD 1 and CTD 2.

Theorem 2

There exists a constant C' such that, for any u € H4(Q)2NV,

(a) ||Pww—ully <Ch |ulie and ||Tpu— Puully < Ch?|ulys.

(b)  [|Puu— ullx < C RS |ulss.



University of Pretoria etd — Labuschagne, A (2006)

102 CHAPTER 5. APPROXIMATION
Proof
The proof is similar to the proof of Theorem 1. O

The next result applies to Problems RMT and KEB.

Theorem 3

Suppose the energy norm is equivalent to the norm of H™ on V. Then there
exists a constant C' such that, for any u € H* NV,

(a) ||Pou—uly <Ch*™uly and ||Iu — Pyully < Ch*™|uls.

(b)  [1Pyu — uflx < C 2™ Ju, .

Proof

The proof is similar to the proof of Theorem 1. O

For the two-dimensional problems, regularity can not be guaranteed, i.e. a
solution may be in the space V but not in H*. The following theorem is
applicable in the case that u is not an element of one of the H*-spaces as
defined above.

Theorem 4

For any € > 0 and any u € V, there exists a 6 > 0, such that

HU—P}LUHV<€ if h <.

Proof

For any u € V there exists a w € H* NV such that ||[u — w|y < e. Then
[Pru—ully < flu=wlv+ |lw= Puwly + ||[Paw — Pyully
< e+ Ch*|w|y+e
< 3e for h sufficiently small. O



University of Pretoria etd — Labuschagne, A (2006)

5.2. EQUILIBRIUM PROBLEMS 103

5.2 Equilibrium problems

We consider the convergence of the Galerkin approximation of Problem
CTD 1 to the solution of Problem CTD 1.

Assume that u € S" is the solution of
b(u",v) = f(v) forallve S" (5.2.1)
and that v € V is the solution of

b(u,v) = f(v) forallvelV. (5.2.2)

Theorem
(a) Ifwue€V,then |u—u"y — 0as h — 0.
(b) Ifue H*'NV, then

Ju—u"||y < Ch?ulsy and |Ju—u"|x < C RS |ulss.

Proof

Subtracting Equation (5.2.1) from Equation (5.2.2), we find that
blu—u",v) =0 forallve S".

Hence u" = P,u. Therefore ||u — u"||y = ||u — Pyu|y and the result follows
from Theorem 4 Section 5.1.

5.3 Symmetrical eigenvalue problems

We consider the eigenvalue problem E1 in Section 3.9. The seminorm | - |4
used in this paragraph is general and used for a unified formulation of the
theory. When applying the theory to Problem CDT 2, this seminorm is
substituted by | - |42 and for Problem RMT by |- |4 g4. A similar situation
holds for the use of H*.
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Regularity assumption

The eigenvectors are in H* and there exists a constant C}, depending on the
bilinear forms b and ¢, such that for each eigenvector vy,

lyle < Co X |yllx-

The Rayleigh quotient can be used to order the sequence of eigenvalues.
Assume the eigenvalues are ordered as

A< A< A<

Consider the eigenvalues \1, Ao, ..., A, for some m with the corresponding
normalized eigenvectors i, Y2, ..., Ym. Assume furthermore that \; # A,
if 7 > m (\; = A is possible for i < m and j < m).

Corresponding to this situation, we have the eigenvalues A\, \i ... A\
(also ordered) and the corresponding eigenvectors y%, y» ... y" in S In
the case of a multiple eigenvalue, the eigenvector is not uniquely determined.
The following three theorems are from [SF]. In [ZVGV2] and [Ziet] it was
shown that the results are applicable in the general abstract case.

Theorem 1

)\Zh > )\; for each 1.

Theorem 2
(a) M — )\, as h—0.

(b) If the regularity assumption holds, then A% — X, < C Cy, A2, R2(4-m) |

We assume that the sequence of eigenvector approximations {yjh} is norma-
lized.

Theorem 3

Suppose that the dimension of the eigenspace FE,, corresponding to A, is r.
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(a)  Let € > 0. For h sufficiently small, there exists a y € F,,, with [|y|| =1
such that

1y = Ymrill < €
forj=1,2,...,r.

(b) Suppose Problem E1 satisfies the regularity assumption. If A is suffi-
ciently small, there exists a y € E,,, with |ly|| = 1 such that

|y — yrhnfr+j||v < CCy Ay K™

fory=1,2,...,r.

5.4 Non selfadjoint eigenvalue problem

In this section we consider Problem E2 formulated in Section 3.10.

5.4.1 Abstract eigenvalue problem

Following [VV], we introduce a linear operator A on H with the property that
the eigenvalues of A are the reciprocals of the eigenvalues of Problem E2 and
the eigenvectors are the same.

Recall that X and V are complex Hilbert spaces with V' dense in X. Also,
H is the product space V' x X with inner product

(z,9) i = b(x1,91) + c(22,92).

Theorem 1

Suppose

(a)  V is dense in X,
(b)  ullx < Klul|y for each u € V,

(c)  the bilinear form a is symmetric, nonnegative and |a(u,v)| < C||u||v||v||v
for each v and v in V.
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Then, for each y € H, there exists a unique z € H such that

T2 = N
b(z1,v) + a(x,v) —c(ya,v) for each v € V.

Proof

Appendix 5.

Definition Operator (A)
Ay =z if

T2 = W
b(x1,v) + a(xe,v) = —c(yz,v) for each v € V.

It is easy to see that A is linear.

Theorem 2

A is bounded.

Proof

Appendix 5.

Theorem 3

A is an eigenvalue and x an eigenvector of Problem E2 if and only if AAz = x.

Proof

Simply substitute y = Az in the definition of A.
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Theorem

A is invertible and its range is dense in H.

Proof

See [VV].

Remark

We may define a linear operator T = A~!. It is clear that T is a closed linear
operator with domain D(T') which is dense in H. As a consequence one may
study the eigenvalue problem T'x = Ax. This problem is equivalent to the
problem considered in [Shu].

5.4.2 (Galerkin approximation

Consider a finite dimensional subspace S" of the complex Hilbert space V.
The following problem yields the approximations for the quadratic eigenvalue
problem QE.

Problem QED

Find a complex number )\, and u" € S* such that

Me(u”,v) + Apa(u,v) + b(u",v) =0 for each v € S".
This is the type of problem solved in Chapter 6.
Definition (Subspace H")

H" = 8" x §".
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Problem E2D

Find a complex number )\, and 2" € H" such that

zho= Mgl
b(a?, v) +a(zh,v) = —Ne(ah,v) for each v € S".
If \, is an eigenvalue and u”" an eigenvector of Problem QED, then )\, is
an eigenvalue and (u", \u) an eigenvector of Problem E2D. Conversely, if

A\, is an eigenvalue and z" an eigenvector of Problem E2D, then )\, is an
eigenvalue and z! an eigenvector of Problem QED.

Projection

Recall the projection P" defined in Section 4.1. Without changing the nota-
tion, we define a projection for the complex space V by Phx = Pz +iPlx,.
It is clear that we still have the following properties.

b(x — P"z,v) =0 for each v € S",
|z — P'z||y < ||z —vl||y for each v € S™.

5.4.3 Operator approximations

Let y € H and consider the problem to find v" € S” such that
b(u",v) + a(yi,v) = —c(ya,v) for each v € S

It is clear that a unique solution exists (see Theorem 1).

Definition (Operator A")
Ay =2 if 2, € S" and

T2 = Y,
b(xy,v) +aly,v) = —c(ys,v) for each v € S".

It is easy to see that A" is linear.
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Theorem 5

A" is bounded and the restriction of A" to S* x S” is a bijection.

Proof

The same as the proof of Theorem 2.

Theorem 6

A" is an eigenvalue and z an eigenvector of Problem E2D if and only if
NeAhgh = 2h,

Proof

Simply substitute y = Az” in the definition of A".

Remark

It is clear that A" has a zero eigenvalue since N(A") = (S x Sh)L :

Notation

§"(x) = inf {||z1 — o[}y | v e S"}.

Remark

In general, §"(z) — 0 as h — 0 for each z € H.

Theorem 7

If Ay =z, then
A"y — Ayllr < 6"(z).
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Proof

If A"y = 2", then

b(x; — 2" v) =0 for each v € S™.

5.4.4 Convergence

Consider a sequence of operators A, = A" where h,, — 0.

Notation

Let A be an isolated eigenvalue of A, P the spectral projection and M = PH
the invariant subspace associated with A\. Assume that dim M = m < oo.
There exists a p > 0 such that A is the only eigenvalue in B,(\). M,, denotes
the invariant subspace of A, associated with the m eigenvalues (counting
multiplicity) contained in B,(A).

Theorem 8

Suppose that {A,} is a strongly stable approximation of A in B,()). Then,
for n sufficiently large, A, has m eigenvalues in B,(\), counting their multi-
plicities. All these eigenvalues converge to A as n — oo.

Proof

See [Ch, p 234].

Definition (Gap between subspaces)
P is an orthogonal projection on M,
() is an orthogonal projection on M,

a=sup {|lz — Qullu | z € M; ||z[luw =1},
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B=sup{||z — Pz|lg | € My; ||z|u =1},

O(M, M,) = max{«, 3}

Remark

If M and M,, are one-dimensional (as is mostly the case in our applications),
then ©(M, M,,) = sin @ where 0 is the angle between M and M,,.

Theorem 9

If A, is an approximation of A and strongly stable on B,()\), then
O(M,M,) — 0asn — oo.

Proof

[Ch, p 235-236].

5.4.5 Application

We apply the theory to the one-dimensional hybrid models in Sections 3.2
and 3.3. Consider for example Problem VTE 4 with weak variational form
in Section 3.3.2. In this case, the quadratic eigenvalue problem Problem QF
and its equivalent form Problem E2 involves ordinary differential equations.
Any eigenvector for Problem QE is in C*[0, 1] x C*°[0,1] x IR3. The error
bounds for the projection P in Section 5.1 are valid. Also, the operator A
associated with Problem E2 is compact.

Convergence
Theorem 10

For € B,(\), p# 0 and p # X, uI—A, isastrongly stable approximation
for ul — A.
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Proof

Since (ul — A)_1 exists and pul — A, converges pointwise to ul — A, it fol-
lows that (1] — A,)”" converges pointwise to (ul — A)~". But A, converges
compactly to A ([Ch, p 122]). Consequently, ul — A, is a strongly sta-
ble approximation of ul — A for y # 0 (Lemma 5.24 and Theorem 5.26
([Ch, p 247-248])). Finally, Proposition 5.27 ([Ch, p 248-249]) implies the
result.

Remark

Theorems 8 and 9 may now be applied.

Error bounds

The theory in [Ch, Sec 6.2] on projection methods, is applicable to our situ-
ation.

Notation

~ 1 &
M= — SN where A; € Bs(\).
mzjwere ; € Bs(\)

=1
On(2) = 6"(x) where h = h,, and H, = H".

§ (M, H,) =sup {6,() | € M; ||z|yg =1}.

Theorem 11

Consider Problem E2 for the system in Problem VTE 4. Then

IN

K6 (M, H,),
O (M,M,) < K6&(M,H,).
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Proof

See Lemmas 6.9 and 6.10 in [Ch, p 284].

Theorem 12

There exists a constant C) such that § (M, H,) < Cy\h,, .

Proof

Note that for each u € H, we have (Theorem 1, Section 5.1)
3o (u) < Chy |uls .
But,
—uf +uy = Au,

1
——uy —ui +auy = Aug.

Consequently,
ulz < Kxllullvy < Kx|[ullz

for some constant K.

Consequently, there exists a constant C'y such that

§(M,H,) < CyC h,,.
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