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26 CHAPTER 1. BACKGROUND AND PRELIMINARY RESULTS
by the definition of D (f(z), 2) A, and this proves (2).H

1.7.4 will be a useful tool in our development of the Tomita-Takesaki
theory in Chapter 4.

1.8 The Borel functional calculus

1.8.1 Definition Let K be a compact Hausdorff space and $ a Hilbert
space. A spectral measure relative to (K, ) is a map F from the o-
algebra B of all Borel sets of K to the set of projections in £(§) such
that
(1) E(0) =0and E(K) =1,

(2) E(Sl M SQ) = E(S})E(Sg) for all 81352 © B;
(3) for all z,y € $, the function E,, : B — C given by E,,(S) =

(z, E(S)y) is a regular Borel complex measure on K .M

1.8.2 Proposition Let E be as in 1.8.1, then | E, ! < ||zl vl

Proof. By definition ||E,,l| = |Esyl (K), see [Ru, 6.5]. Consider any
S, ..., 8, € B, with B as in 1.8.1, such that 51, ...,.5, are mutually disjoint,
and K = 5,0 ...U8,. Then
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64 CHAPTER 3. KMS STATES

Proof. This is clear from 3.1.6, 3.2.2, 3.2.3 and 2.3.9.H

The point of 3.2.4 is that we want to be able to describe equilibrium in
physical systems that are more general than the fdqgs’s we have been working
with. Instead of the observables of the system being given by £(8), where
) is a finite dimensional Hilbert space, it will be given by 2, where 2 is a
C*-algebra. We would then represent a.physical system by a C*- or W*-
dynamical system (%l,7) where 7 is the time evolution of the system. A
physical state of the system is then described by a state w on 2 such that
w(A) is the expectation value of the observable A. Faithful KMS states as
defined by 3.2.4 and 2.3.8 would then be a reasonable guess as a mathematical
description of the equilibrium states of the physical system since by 2.3.6,
2.3.9 and 3.2.5 they describe the equilibrium states of fdgs’s.

As it turns out the KMS states fit naturally into an important part of
the theory of von Neumann algebras, namely the Tomita-Takesaki theory
{(also known as modular theory) to which we turn in Chapter 4. For this
reason KMS states have “become an indisputable point of interaction between
theoretical physics and pure mathematics” ([Co, p.42]).

We now point out the usefulness of the 7-KMS states defined at the end
of 3.2.4:

3.2.6 Proposition Let (2, 7) be a C*-dynamical system (respectively W*-
dynamimal system), w a state on U, and B € R. Let

a(A) == 7_g(A)

for every t € R and A € U, then (A, ) is o C*dynamical system
(respectively W¥-dynamical system) and we have the following:

(1) If w is a (7,B)-KMS state, then it is an a-KMS state.

(2) For 8 #0, w is a (7,0)-KMS state if and only if it is an «-KMS
state.

Proof. It is straightforward to show that (%, «) is a C*-dynamical system
(respectively W*-dynamical system). Let Dz and 53_; be as in 3.2.4.

Assume w is a (7, §)-KMS state. Consider any A, B € % and let 'y g be
as in 3.2.4. Since ©p = -3 _; and 5;; = -39 _;, we can define

GA,B :@_1 —Ciz- FA,B(_ﬁZ>
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