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A SUBSTITUTABLE TWO-PRODUCT 

INVENTORY SYSTEM WITH JOINT-ORDERING 
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5.1 INTRODUCTION 
 

In the study of multi-product inventory systems, the concept of common demand for 

some products arises (Yadavalli and Hargreaves, 2003).  For example, when a desired 

customer arrives at a shop that sells two brands of soft drinks, he/she may be satisfied 

by a soft drink of a particular brand with probability  or by the other with 

probability , 

1p

2p 1,10 21 =+<< pppi .  If any one of the products is out of stock, due to 

the desire, the customer will accept with probability 1 the other product that may be 

available in the shop.  Also when the supplier is the same for several products under 

consideration, the dealer would prefer to have a simultaneous replenishment of all the 

products due to several reasons like cost considerations.  Joint ordering policies for 

periodic inventory systems have been studied by several researchers (Bahadur and 

Acharya (1986) and Goyal and Satir (1989).  Parlar and Weng (1997) and Anbazhagan 

(2002) developed optimal coordination policies for the supply and manufacturing 

departments. They considered a problem where the responsibility of the manufacturing 

department was to meet the random demand of a product with a short life cycle.  The 

responsibility the supply department was to provide a sufficient amount of raw 

materials, so that the required production level could be achieved.   Girlich (1996) and 

Yadavalli & Joubert (2003) studied a problem of joint coordination between 

manufacturing and supplying department encountered in a short life cycle multi-product 

environment.  On the other hand, the study of continuous review multi-product 

inventory systems with common demand has not been considered so far in the literature.  

In this paper, an attempt is made to fill the gap by providing a study of a substitutable 

two-product inventory system with joint-ordering policy and common demand.  The 

layout of the paper is as follows:  In Section 2, the model assumptions and notation are 

provided.  Certain auxiliary functions that characterise the occurrence of various events 

pertaining to the model are derived in Section 3.  Section 4 gives some of the measures 

of the performance of the system.  A cost analysis is provided in Section 5.  Section 6 

deals with the numerical results, which highlights the behaviour of the system. 
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5.2 MODEL ASSUMPTIONS AND NOTATION 
 

5.2.1 ASSUMPTIONS 
 

The following assumptions applies to the continuous review two-product inventory 

model: 

(i) The maximum inventory level of product i is .2,1, =iSi    

(ii) Demands occur according to a Poisson process with parameter λ . 

(iii) When both products are available, a demand is satisfied either with Product 1 

with probability  or with Product 2 with probability , 

.  When one of the products is out of stock, the demand is 

satisfied with the other product with probability 1.  When both the products are 

out of stock, all demand is lost.  That is, no backorders are allowed. 

1p p

1,10 =+<< ppp

i s

2

21i

(iv) A re-order for both the products is placed at the epoch when the inventory level 

of product  reaches  and that of the other product i j  is greater than 

 and 2,1, =js j ji . ≠

(.)f(v) The lead-time follows an arbitrary distribution with pdf . 

(vi) When the re-order materializes, the inventory level of each product is brought to 

its maximum level. 
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5.2.2 NOTATION 
 

The following notation is used in this chapter: 

 

:)(tLi  The inventory level of product  at time i .2,1, =tt  

 

:)(tL  The ordered pair  representing the inventory level of the system at  ))(),(( 21 tLtL

 time t . 

 

:ijr  Event that a replenishment of stock occurs at the epoch when the inventory level  

 is . ),( ji

 

:ijγ  Event that a re-order is placed when the product  reaches  and the level of the  i is

 other product j , where ),1( 22 Sjsi ≤<=  or ),2( 11 Sjsi ≤<= . 

 

2,1;
!

)(
),( ==

−

i
n

tpe
tnB

n
i

tp

i

i λλ

 

 

!
)(),(3 n

tetnB
nt λλ−

=  

 

:0E  Initial condition representing the occurrence of an r -event. 

 

5.3 AUXILIARY FUNCTIONS 
 

The inventory level of each product is brought to its maximum at every epoch of 

replenishment.  Hence the r -events constitute a renewal process.  To derive the 

expression for the various measures of performance of the system, we proceed to study 

the renewal process of r -events.  For this, certain auxiliary functions are defined to 
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characterise the performance of the system in one cycle, which is the time interval 

between any two successive r -events. 

 
5.3.1 FUNCTION )(tijr φ  
 

Defining )(tijr φ  as: 

 

 
∆

∆+
=

→∆

]/),([
lim)( 0

0

EttinrP
t ij

ijr φ  

 

where ),1( 22 Sjsi ≤<=  or ),2( 11 Sjsi ≤<= .  Then the function )(tijr φ  has the 

interpretation that it represents the probability that the inventory level of product i  

enters the state  in , the inventory level of the other product at time  is is ),( dttt + t j  

and a re-order is placed in  given that an ),( dttt + r -event has occurred at time .  

Since a re-order is made at the epoch when the inventory level of product i  reaches  

and the inventory level of product 

0=t

is

j  is greater than  )(js ij ≠ , where 

 

221221111 ,),(),1()( SjsptjSBtsSBtjr ≤<−−−= λφ  (5.1) 

 

112222112 ,),1(),()( SjsptsSBtjSBtjr ≤<−−−= λφ  (5.2) 

 

5.3.2 FUNCTION  )(thlr

 

Defining  as: )(thlr

 

∆
∆+−

=
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}/),([
lim)( 0

0

EttineventlanP
thlr  

 

 130

UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  eettdd  ––  VVaann  SScchhoooorr,,  CC  ddee  WWeett    ((22000066))  



Then  represents the probability that a demand occurs in dtthlr )( ),( dttt +  and is lost 

given that an r -event has occurred at time 0=t .  To derive an expression for , 

we characterize the occurrence of the l -event in the following diagram (Figure 1).  

Accordingly, we have 

)(thlr
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5.3.3 FUNCTION )(tijrψ  
 

Defining )(tijrψ  as: 

 

∆

∆+
=

→∆

]/),([
lim)( 0

0

EttineventranP
t ij

ijrψ  

 

Then )(tijrψ  represents the pdf of the interval between two successive replenishments 

and that the replenishment which occurs in ),( ∆+tt  is of  type.  Note that at the time 

of occurrence of the -event, 

ijr

ijr iS −1  units of product 1 and jS −2  units of product 2 

are added to the stock.  Accordingly, the following cases exist: 

 

Case 1:   and  1si > 2sj >

 131

UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  eettdd  ––  VVaann  SScchhoooorr,,  CC  ddee  WWeett    ((22000066))  



 

    0)( =tijrψ         (5.4) 

 

Case 2:   and  1si > 20 sj ≤<

 

In this case, a k2γ -event should occur in ),( ∆+uu , tu <<0 , 

1Ski ≤≤ . 

 

Consequently,  

  ©∑
=

=
1

)()( 2

S

ik
krijr tt φψ )()],(),([ 221 tftjsBtikB −−    (5.5) 

 

Case 3:   and  1si > 0=j

 

  Since the inventory level of product 2 is 0 at time t , a k2γ  event occurs in 

  ),( ∆+uu , 0 , and the system enters the state  in tu << )0,'( kk −

  ),( ∆+vv , u  and is in state  at time .  Hence  tv << )0,(i t
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k
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(5.6) 

Case 4:  10 si ≤<  and  2Bj ≥

 

  As in Case 2,  

  ©∑
=

=
2

)()( 1

S

jk
krijr tt φψ )()],(),([ 211 tftjkBtisB −−    (5.7) 

 

Case 5:   and  0=i 2sj >
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  This case is similar to Case 3 and  
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(5.8) 

Case 6:  10 si ≤<  and 20 sj ≤<  

 

  In this case, either a k1γ  event or a k2γ  event should occur in , ),( ∆+uu

  .  Hence tu <<0

 

  ©∑
+=

=
2

2 1
1 )()(

S

sk
krijr tt φψ )()],(),([ 211 tftjkBtisB −−  

        ©∑
+=

+
1

1 1
2 )(

S

sk
kr tφ )()],(),([ 221 tftjsBtikB −−   (5.9) 

 

Case 7:  10 si ≤<  and  0=j

 

At time , the system is in state  and enters the state  0=t ),( 21 SS ),( 1 ks

1sk >  or the state ,  in ),( 2sk 2sk > ),( ∆+uu  when a re-order is 

placed. 

 

Then the system enters the state  in )0,(k ),( ∆+vv ,  and the 

inventory level is in state  at time  and the re-order materializes in 

tvu <<

)0,(i t

),( ∆+tt .  Hence  
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         © )()],'( 13 tftiksB −−  

 

Case 8:   and  0=i 20 sj ≤<

 

  This case is similar to Case 7.  Hence  
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Case 9:   and  0=i 0=j

 

  At time , the inventory level is  and it enters the state , 0=t ),( 21 SS ),( 1 ks

  or the state ,  in 2sk > ),( 2sk 1sk > ),( ∆+uu , where a re-order is also 

  placed.  That re-order does not materialize in  and the system enters  ),0( t

  the state  or the state  in )0,(r ),0( r ),( ∆+vv , twvu <<<<0 .  The 

  system then enters the state n ()0,0(  i ),( ∆+ww , twvu <<<<0

)

, and is 

  in state at time t  and the re-order materializes in .  0,0( ),( ∆+tt

 

  Consequently,  
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5.3.4 FUNCTION  )(tpijr

 

Defining  as: )(tpijr

 

]/0),(,)([)( 0EtrjtYPtpijr =Ν==  1...,,1,0 Si = ; 2,...,1,0 Sj =  

 

The following cases exists: 

 

Case 1:   and  1si > 2sj >

 

  ),(),()( 2211 tjSBtiSBtpijr −−=      (5.13) 

 

Case 2:  10 si <<  and  2sj >

 

In this case a k1γ -event, 2Skj <≤ , should occur in , 

.  Hence 

),( ∆+uu

tu <<0
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Case 3:   and  1si > 20 sj ≤<

 

  This case is similar to case 2.  Thus 
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Case 4:   and  1si > 0=j

 

Since the inventory level of product 2 is zero at , a t k2γ -event occurs at 

),( ∆+uu , , and the inventory level enters the state in tu <<0 )0,'( kk −

),( ∆+vv , tvu <<<0  and is in state  at time .  Hence  )0,(i t
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Case 5:   and  0=i 2sj >

 

  This case is similar to case 4.  So, we obtain 
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Case 6:  10 si <<  and  0=j
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At time , the system is in state and either enters the state 

 or enters the state , , a re-order is placed in 

0=t ),( 21 SS

21 ),,( skks > ),( 2sk 1sk >

),( ∆+uu , .  And the inventory level enters the state 

n 

tu <<0

imm ≥),0,(  i ),( ∆+vv , tvu <<<0 , and the inventory is in state 

 at time t .  Hence )0,(i
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Case 7:   and  0=i 20 sj ≤<

 

  This is similar to Case 6.  Hence  
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Case 8:  10 si ≤<  and 20 sj ≤<  

 

  In this case either a k1γ -event or a k2γ -event should occur in , ),( ∆+uu

  .  The following equation is obtained tu <<0
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  © )()],(),([ 221 tFtjsBtikB −−               (5.20) 

 

Case 9:   and  0=i 0=j

 

  At time 0=t , the system is in state  and enters the state , ),( 21 SS ),( 1 ks

   or enters the state  and corresponding re-order is  2sk > 12 ),,( sksk >
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Based on the above auxiliary functions (5.1) to (5.21), some measures of system 

performance are presented in the next section. 

 

 138

UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  eettdd  ––  VVaann  SScchhoooorr,,  CC  ddee  WWeett    ((22000066))  



5.4 MEASURES OF SYSTEM PERFORMANCE 
 

5.4.1 MEAN NUMBER OF REPLENISHMENTS 
 

The r -events correspond to the epoch of replenishments, and as such they constitute a 

renewal process.  The first-order product density  corresponding to the )(thr r -events is 

given by  
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where  is the pdf of the interval between two successive occurrences of )(tg r -events.   

 

To obtain an expression for , an expression for the survivor function )(tg )(tG  

corresponding to  is defined.  Since )(tg )(tG  is the probability that replenishment has 

not occurred up to time t , the following probabilities exist: 

 

(i) A re-order is not placed up to time  t

 

(ii) A re-order is placed in ),( ∆+uu , tu <<0 , but it has not materialized until  t
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Consequently, the mean number of replenishments is given by 
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and the expected stationary rate of replenishments is given by 

 

)(lim)( thrE rt ∞→
=  

 

5.4.2 MEAN NUMBER OF RE-ORDERS PLACED 
 

Defining  as: )(th
ijγ
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Since an epoch of re-order corresponds to the occurrence of a γ -event the first-order 

product density  corresponding to re-orders is given by )(thγ
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To derive an expression for , consider the following mutually exclusive and 

exhaustive possibilities 

)(th ijγ

 

(i) No r -event has occurred up to time t  

 

(ii) At least one r -event has occurred in  ),0( t

 

)()()( thtth rijrij += φγ © )(tijr φ       (5.24) 

 

Hence the mean number of re-orders placed in  is given by ),0( t
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The mean stationary rate of re-ordering is given by 
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where  is the Laplace transform of (.)*
ijr φ (.)ijr φ , (see Girlich, 2003). 

 

5.4.3 MEAN NUMBER OF LOST DEMANDS 
 

Let  be the first-order product density corresponding to the epochs of occurrences 

of lost demands.  Then the following expression can be derived: 

)(thl
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Hence the mean number of lost demands in  is given by ],0[ t
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and the mean stationary rate of lost demands is given by 
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5.4.4 MEAN NUMBER OF UNITS REPLENISHED 
 

At the occurrence of each -event ijr iS −1  units of product 1 and jS −2  units of product 

2 are replenished.  Also note that  is the mean stationary state of -events and it 

is given by 

)( ijrE ijr

 

)(lim)( thrE ijrtij ∞→
=  

 

where  is the first order product density corresponding to -events.  Then  )(th ijr ijr
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Consequently,  
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Thus, the mean number of Product 1 that may be added to the inventory in unit time in 

the long run is given by 

 

∑ ∑ ∑∑
= += ==

−+−
1 1

1

22

0 1 0
11

0
))(()()(

s

i

S

si

s

j
ij

S

j
ij iSrEiSrE   

 

and, in the same manner, the mean number of Product 2 that may be added to the 

inventory in unit time in the long run is given by 
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5.4.5 DISTRIBUTION OF THE INVENTORY LEVEL 
 

The probability distribution of the inventory level is defined by 

 

]/),()([)( 0EjiZYPtpij ==  

 

where  and . 10 Si ≤≤ 20 Sj ≤≤

 

Using renewal theoretic arguments,  

 

)()()( thtptp rijrij += © )       (5.31) (tpijr

 

Consequently, the stationary distribution of the inventory level is given by 
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∞→
                 

(5.32) 

 

5.5 COST ANALYSIS 
 

We have two types of re-orders, namely 

 

(i) the re-order is placed when the inventory level of Product 1 reaches  or 1s

(ii) the re-order is placed when the inventory level of Product 2 reaches  2s

 

 143

UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  eettdd  ––  VVaann  SScchhoooorr,,  CC  ddee  WWeett    ((22000066))  



It can be assumed that the two types of re-orders placed are with two different suppliers 

and hence that the corresponding costs are different.  Let  be the cost corresponding 

to a re-order due to the inventory level of product  reaching 

iCR

i 2,1, =isi .  Let  be the 

cost corresponding to a lost demand.  Since  is the mean rate of the lost 

demand, the cost due to lost demands is given by .  In the same way, the 

cost corresponding to re-orders placed is given by 

CL
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Hence the total cost is given by 
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The total cost can be considered as a function of  and its optimal value can be 

obtained. 

1s
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At 0=t , the system 
is in state  
and enters the state

),( 21 SS

),( 1 is ,  and 2si >
a re-order is placed in 

tuuu <<∆+ 0),,(  

),( 2si ,  and 1si >
a re-order is placed in 

tuuu <<∆+ 0),,(  

The re-order does not 
materialize up to time 

 and the system 
enters the state

t

)0,( j , 10 sj ≤<  in 
tvuvv <<∆+ ),,(  and 

the system enters the state 

),0( j ,  in 20 sj ≤<
tvuvv <<∆+ ),,(  and 

the system enters the state 

)0,0(  in ),( ∆+ww , 
twv << , and a 

demand occurs in 
),( ∆+tt  

 

Figure 5.1: System State for Cost Function 
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5.6 NUMERICAL ILLUSTRATION 
 

For the purpose of illustration, we assume that f(t) = a exp{-at} and the values of 

various parameters as follows: 

 

λ = 1.2, 

a = 0.5, 

S1  =  8, 

S2 = 5, 

s1 = 1, 

CL =10, 

CR1  =  200, 

CR2 = 300 

 

First, the re-order level for Product 1 is fixed as s1 = 2 and the value of p1 increased 

from 0.1 to 0.9 to obtain the behaviour of the mean rates of 

 

(i) r-events, 

(ii) γij-events 

(iii) Lost demands 

(iv) Unit 1 replenished 

(v) Unit 2 replenished 

(vi) Total cost 

 

From Table 5.1, it can be observed that, as p1, the probability of demand for Product 1, 

increases,  

 

(i) The mean rate of replenishments decreases and then increases 

(ii) The mean rate of γ1j-events increase and that of γ2j decreases 

(iii) The mean rate of lost demands increases 
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(iv) The mean rate of unit 1 replenished increases 

(v) The mean rate of unit 2 replenished decreases 

(vi) The mean rate of total cost decreases and then increases.  The total cost is a 

minimum when p1 = 0.7 

 

Next, as p1 is fixed and the re-order level for Product 1 increased, the results presented 

in Table 2 is obtained.  The result is that, as s1 increases with p1 = 0.7, 

 

(i) The mean rate of replenishments increases 

(ii) The mean rate of γ1j increases and that of γ2j decreases 

(iii) The mean rate of lost demands decreases 

(iv) The mean rate of unit 1 replenished increases 

(v) The mean rate of unit 2 replenished increases 

(vi) The mean rate of total cost increases. 

 
 

 147

UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  eettdd  ––  VVaann  SScchhoooorr,,  CC  ddee  WWeett    ((22000066))  



 
Re-Order Level for Product 1 Fixed at 2 
 
p1       p2      LL1     RR       ERO1      ERO2      RLD       U1RR      U2RR     TCOST 
0.1    0.9       2       2.852      0.000       2.852        0.003       0.908       7.534       855.613 
0.2    0.8       2       1.496      0.005       1.492        0.004       1.113       4.107       448.500 
0.3    0.7       2       1.022      0.026       0.996        0.008       1.362       2.909       304.097 
0.4    0.6       2       0.790      0.078       0.711        0.014       1.689       2.300       229.198 
0.5    0.5       2       0.675      0.171       0.503        0.026       2.117       1.934       185.494 
0.6    0.4       2       0.643      0.310       0.333        0.056       2.683       1.679       162.366 
0.7    0.3       2       0.699      0.510       0.189        0.141       3.498       1.464       160.152 
0.8    0.2       2       0.908      0.831       0.078        0.421       4.944       1.251       193.664 
0.9    0.1       2       1.633      1.620       0.014        1.668       9.013       1.030       344.680 
p1 : Probability of Demand for Product 1 
p2 : Probability of Demand for Product 2 
LL1 : Re-Order Level for Product 1 
RR : Rate of Replenishment 
ERO1 : Rate of Type 1 Re-Order 
ERO2 : Rate of Type 2 Re-Order 
RLD : Rate of Lost Demand 
U1RR : Rate of Units of Product 1 Replenishment 
U2RR : Rate Of Units Of Product 2 Replenishment 
TCOST : Rate of Total Cost 
 

Table 5.1: Variation of Measures of System Performance Against the 
Probability of Demand for Product 1 
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Probability of Demand for Product 1 Fixed at Various Levels 
                                                
p1       p2      LL1      RR       ERO1      ERO2      RLD       U1RR      U2RR     TCOST 
0.3    0.7       1        1.014      0.011       1.003        0.104       1.330       2.889       303.227 
0.3    0.7       2        1.022      0.026       0.996        0.008       1.362       2.909       304.097 
0.3    0.7       3        1.041      0.060       0.981        0.005       1.408       2.946       306.296 
0.5    0.5       1        0.634      0.109       0.525        0.116       1.888       1.826       180.451 
0.5    0.5       2        0.675      0.171       0.503        0.026       2.117       1.934       185.494 
0.5    0.5       3        0.741      0.269       0.472        0.009       2.284       2.041       195.454 
0.7    0.3       1        0.600      0.390       0.210        0.942       2.690       1.224       150.363 
0.7    0.3       2        0.699      0.510       0.189        0.141       3.498       1.464       160.152 
0.7    0.3       3        0.848      0.684       0.165        0.019       3.977       1.633       186.306 
p1 : Probability of Demand for Product 1 
p2 : Probability of Demand for Product 2 
LL1 : Re-Order Level for Product 1 
RR : Rate of Replenishment 
ERO1 : Rate of Type 1 Re-Order 
ERO2 : Rate of Type 2 Re-Order 
RLD : Rate of Lost Demand 
U1RR : Rate of Units of Product 1 Replenishment 
U2RR : Rate Of Units Of Product 2 Replenishment 
TCOST : Rate of Total Cost 
 

Table 5.2: Variation of Measures of System Performance Against Re-Order 
Level for Product 1 
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5.7 CONCLUSION 
 

A substitutable two-product inventory system with joint-ordering policy is considered in 

this chapter.  Common demands occur according to a Poisson process.  A demand is 

satisfied either with an item of Product 1 with probability p1 or with an item of Product 

2 with probability p2 (p1 + p2 = 1).  When one of the products is out of stock, the 

demand is satisfied with the other available product with probability 1.  Analyzing the 

imbedded renewal process describing the system, expressions for the stationary 

distribution of the inventory level and the stationary rates of the replenishments, the re-

orders placed, the lost demands, and the units replenished are obtained.  A cost analysis 

is also provided and a numerical example illustrates the results obtained. 
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