
CHAPTER 7

A COMPLEX SYSTEM WITH CORRELATED 

FAILURES

7.1 INTRODUCTION
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Most reliability models assume the continuous operation of the 

unit ( or system) until a failure occurs. However, situations may 

arise where the unit (or system) needs rest after its operation for 

some time [Muller, 2005]. Very few attempts have been made in 

this direction. Murari and Muruthachalan (1981), Sarma (1982), 

Botha (2002), Hargreaves (2003) considered a two-unit system 

with a provision for rest for the system. The working and the rest 

are assumed to be random variables with negative exponential 

distributions. However, the idea of preparation time for the system 

may prove expensive as no output is obtained from the system 

during rest. This situation can be avoided in a two-unit cold 

standby system by providing rest to each unit alternately and 

operating the other unit when one requires rest. Further, in 

repairable systems, the dependence of repair time on the failure 

time of unit is a common experience of systems engineers, but this 

fact has also been ignored so far by reliability researchers. Keeping 

these factors in view, we analyse in this chapter a two-unit cold 

standby system with independent failure and repair times, with 

provision for the rest of the operative unit.

7.2 SYSTEM DESCRIPTION 

1. The system consists of two identical units; initially, one is 

operative and the other is kept as a cold standby.

2. After operating for a random amount of time, the operating unit 

may require rest and again become fit for operation. The 

operating time and rest periods are independent random 

variables which are distributed exponentially.

3. As soon as the operative unit goes to rest, the standby unit 

starts operation.
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4. There is a single repair facility

5. The repair facility is available instantaneously to repair the 

failed unit. The failure and repair are distributed according to 

bivariate exponential law.

6. Both units cannot go for rest simultaneously.

7. If the operative unit fails (after operating for time xX = ) while 

the other unit is under repair. The unit failed later is repaired 

first and its repair time Y follows the bivariate exponential 

density jointly with X . The repair time already spent in the 

repair of the earlier failed unit is wasted and the further repair 

time Y ′ of this unit need not depend on x . It is assumed to 

have an independent negative exponential distribution with 

parameterθ .

7.3 NOTATION

Let rcr FFRSO ,,,, and wrF , denote respectively the operative, 

standby, under rest, under repair, under repair from previous state, 

and waiting for repair states of the unit. With these notation, the 

possible states of the system are:

Up states Down states

( )SOS ,0 ( )rFRS ,3

( )ROS ,1 ( )RFS rc ,4

( )OFS r ,2

( )rwr FFS ,6

( )OS ,Frc5

( )rFOS ,7
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The possible transitions together with the corresponding transition 

probability density functions are shown in Figure 7.1

YX , :random variables representing respectively 

the failure and repair times of a unit.

( )yxf , :joint pdf of ( )YX ,

( ) ( ) ( ) 1;0,,,;21, 0 <>−= −− ryxyxIeryxf yx µλµλµλ µλ

(7.1)

with

( ) ( )
( )∑

∞

=

=
0

20
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yxryxrI µλ

µλ
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FIGURE 7.1
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( ) ( )xGxg , :pdf and cdf of X

( ) ( ) ( ) λλλ xrerxg −−−= 11 ; x > 0

( ) ( ) xrexG −−−= 11 λ ; .1<r

( ) ( ) ( ) yreryh −−−= 11 µµ ; y > 0

( ) ( ) yreyH −−−= 11 µ ; .1<r

( ) ( )xykxyk /,/ : :conditional pdf and cdf of y given x

( ) ( )yxrIexyk xry µλµ λµ 2/ 0
−−=

( ) ( ) .1,0,,,;//
0

<>= ∫ ryxdtxtkxyk
y

µλ

( ) ( )yUyu ′′ , : pdf and cdf of Y ′ , the random variable

 representing the repair time of a unit whose

 repair was interrupted.

( ) 0,; >′=′ ′− yeyu y θθ θ

( ) yeyU ′−−=′ θ1
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( ) ( )uu Φ,φ :pdf and cdf of the working period of a unit

( ) 0,; >= − ueu ααφ µα

( ) uev α−−=Φ 1

( ) ( )vv ψϕ , : pdf and cdf of the rest period of a unit.

( ) 0,; >= − rev v ββϕ β

( ) vev βψ −−=1

( ),...., lkqij :pdf of transition time from state ji StoS

 (both regenerative) passing through 

.....,, lk SS

( ),....,lk
ijQ :cdf of transition time from state ji StoS

 passing through ,...., lk SS

( ),...,
/

lk
xijp :steady state probability of transformation 

from

 state ji StoS (or first return to state 

ijifS i = )

 through states ,...., lk SS given that the 

system

 entered iS after a sojourn for time x in the

  preceeding state.
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( ),...,lk
ijp :steady state probability of transition from 

state ji StoS (both regenerative) passing 

through ,...., lk SS

ijp : steady-state probability of direct transition

 from state ji StoS given that the system

 entered states iS after a sojourn time x in 

the

  preceeding state.

( )tvi : cdf of sojourn time in state iS

7.4 TRANSITION PROBABILITIES AND SOJOURN 

TIMES

We know that 167 =p .

We first obtain the steady-state conditional probabilities as 

follows:

xp /20 ( ) ( )[ ] dyeyxrIe yrxry αλλµ µλµ +−−−−∫= 1
0 2

 















′

−−
′

=
µ
µ

λ
µ
µ 1exp xr

where

λαµµ ++=′ ( )r−1
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 xp /50=

( )[ ] ( )dzyxrIedyep
y

xryr
x µλµα λµαλ 21

/24 ∫∫
∞

−ℑ−+−−=

 ( ) 



























′

−−
′

−
+−

=
µ
µ

λ
µ
µ

αλ
α 1exp1

1
xr

r

  xp /54=

( ) ( )[ ] ( ) 









ℑ−= ∫∫

∞
−−+−− drxrIedyerp

y

xrrxr
x µλµλ λµαλ 21 0

1
/26

 ( )
( ) 



























′

−−
′

−
+−

−
=

µ
µ
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µ
µ
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λ 1exp1
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1 xr
r
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 xp /56=

( )dyyxrIeep xryy
x µλµ λµβ 20/34

−−−∫=

  








+

′
−−

+
=

β
µ
µ
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βµ
µ 1xr

e

 xp /41=

( )dzzxrIedyep
y

xrzy
x µλµβ λµβ 20/35 ∫∫

∞
−−−=

 = ∫ − Ke yββ (y x)
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xp45=
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( )dyyxrIep xry
x

µλµ λµ 2067 ∫ −−=

Using these conditional probabilities we obtain the following 

unconditional probabilities:

( )dxxgpp x∫= 2020

  ( ) ( )[ ]dxerxr xr−−−















 ′
−−








′

= ∫ 111exp
µ
µ

λ
µ
µ

  ( )
( )( ) αµλ

µ
+−+

−
=

r
r

1
1

  ),(50 sayAp ==

( ) ( ){ }[ ] ( ) ( )[ ]dxxrrxr
r

p −−−′−−′−
+−

= −−∫ 1exp11exp1
1

11
24 λλµµλµµ

αλ
α

 ( )( ) αµλ
α

+−+
=

r1

 ),( 454 sayAp ==

Similarly,

( )( )
( )( ) ( )sayA

r
rpp ,

1
1

35626 =
+−+

−+
==

αµλ
µλ

( )
( ) ( )say

r
rpp ,

1
1

4131 B=
+−

−
==

βµ
µ
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( ) ( )BB
r

pp −=
+−

== 1
14535 βµ

β

167 =p

The other unconditional transition probabilities are 

( ) ( )sayc
r

p ;;
1 170 =

−++
=

λαθ
θ

( ) ( )sayc
r

p ,;
1 274 =

−++
=

λαθ
α

( )
( ) ( )sayc

r
rp ,;
1

1
376 =

−++
−

=
λαθ

λ

( ) ( )sayD
r

p ,,
101 =

+−
=

αλ
α

( )
( ) ( )sayDD

r
rp ,1,

1
1

02 −==
+−

−
=

αλ
λ

( ) ( )sayE
r

p ,,
110 =

+−
=

βλ
β

( )
( ) ( )sayEE

r
rp ,1,

1
1

13 −==
+−

−
=

βλ
λ

Hence the non-zero elements of the transition probability matrix

( )[ ] ( ) ( )[ ]∞== ,...,,..., lk
ij

lk
ij Qpp
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are

( ) BADpDp 2
4,2

0101 , ==

( )
22

4,5,4,2
01 ABADp =

( )
1

2
00 ADp =

( )
12

5,4,2
00 ABADp =

( ) ( )
3

2
04

6,2
07 ADpp ==

( ) ( )
32

5,4,2
04

6,5,4,2
07 ABADpp ==

( )
1

5,3
1010 ; ABEpEp ==

( ) ( )
32

4,5,3
11

3
11 ;. ABABEpBEp ==

( ) ( )
12

5,4,5,3
16

6,5,4,5,3
10 ABABEpp ==

( )
22

4,5,4,5,3
11 ABABEp =

( )
12

5,4
70170 , ABCpCp ==

( ) ( )
22

4,5,4
712

4
71 , ABCpBCp ==

( ) ( )
32

6,5,4
773

6
77 , ABCpCp ==
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These transition probabilities are seen to satisfy the following relations.

( ) ( ) ( ) ( ) ( ) ( ) 16,5,4,2
07

6,2
07

5,4,2
00

2
00

4,5,4,3
01

4,2
0101 =++++++ ppppppp (7.2)

( ) ( ) ( ) ( ) ( )

( ) ( ) 16,5,4,5,3
17

6,5,3
17

4,5,4,5,3
11

4,5,3
11

3
11

5,4,5,3
10

5,3
1010

=++

+++++

pp

pppppp
(7.3)

( ) ( ) ( ) ( ) ( ) 16,5,4
77

6
77

4,5,4
71

4
71

5,4
7070 =+++++ pppppp (7.4)

The sojourn times in various regenerative states are

( )[ ] 1
0 1 −−+= rλαµ (7.5)

( )[ ] 1
1 1 −−+= rλβµ (7.6)

( )[ ] 1
2 1 −−++= rλθαµ (7.7)

7.5 MEANTIME TO SYSTEM FAILURE

Time to system failure can be regarded as the first passage time to 

the failed states iS ( )6,4,3=i . Considering the states as absorbing 

we have, by simple probabilistic reasoning

( ) ( )tQdt 2
00=π Ⓢ ( ) ( )tQt 010 +π Ⓢ ( ) ( ) ( )tQtQt )2(

06
)2(

041 ++π (7.8)
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( ) ( )tQt 011 =π Ⓢ ( ) ( )tQt 130 +π (7.9)

Taking Laplace-Stieltjes transform and solve for ( )s0
~π , we get

[ ]
1001

)2(
00

1301
)2(

06
)2(

04
0 ~~~1

~~~~
~

QQQ
QQQQ

−−

++
=π (7.10)

which gives

1001
)2(

00

1010

1 ppp
mpm

MTSF
−−

+
=

where
)2(

06
)2(

04
)2(

00010 mmmmm +++=

13101 mmm +=

and

( )....,, jk
ijm have their usual meaning.

7.6 AVAILABILITY ANALYSIS

Let ( )tAi = P [the system is up at any time t iS at t = 0]

From the arguments used in the theory of regenerative processes,
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( ) ( ) ( ) ( ) ( ){ }tqtqtA 5,4,2
00

2
000 +=  ( )tA0

( ) ( ) ( ) ( ) ( ){ }tqtqtq 4,5,4,2
01

4,2
0101 +++  ( )tA1

( ) ( ) ( ) ( ){ }tqtq 6,5,4,2
07

6,2
07 ++  ( )tA7

( ){ } ( )tQe tr
02

1 ++ +−− αλ 
( )( ){ }tre αµλ +−+− 1 (7.11)

( ) ( ) ( ) ( ) ( ) ( ){ }tqtqtqtA 5,4,5,3
10

5,3
10101 ++=  ( )tA0

( ) ( ) ( ) ( ) ( ) ( ){ }tqtqtq 4,5,4,5,3
11

4,5,3
11

3
11 +++  ( )tA1

( ) ( ) ( ) ( ){ }tqtq 6,5,4,5,3
17

6,5,3
17 ++  ( ) ( ){ }tretA βλ +−−+ 1

7 (7.12)

( ) ( ) ( ) ( ){ }tqtqtA 5,4
70707 +=  ( )tA0

( ) ( ) ( ){ }tqtq 4,5,4
71

)4(
71 ++  ( )tA1

( ) ( ){ }6,5,4
77

)6(
77 qtq ++  ( ) ( ){ }tretA −++−+ 1

7
λαθ (7.13)

Taking Laplace transforms for (7.11) – (7.13) and solving for 

( )sA*
0 , we get

( )sA*
0

( )
( )sD
sN

1

1=

where

( )sN1

( )[ ]
( ) ( ) ( )( )

( ) ( )( ) ( ) (





+×+−−−×

−−−

++−
=

∗∗

∗∗∗

*)6,5,3(
71

*)6,5,4,5,3(
17

*)4,5,4(
71

*)4(
7177

4,5,4
77

6

11
4,5,4,5,3

11
4,5,3

11
3

1
1

1
1

qqqqqq
qqq

sr αλ

( )
( )( ) ( ) ( )( )[ ]∗∗∗ −−×+

++−
+ 6,5,4

77
6

77
4,2

01
*
01 1

1
1 qqqq

sr βλ
 ( )*4,5,4,2

01q+

( ) ( )( ) ( ) ( )( )∗∗∗∗ +++ 4,5,4
71

4
71

6,5,4,2
07

6,2
07 qqqq
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( )
( )( ) ( ) (

( ) ( ) ( )( )





−−−×

+++×++

+−++
+

∗∗∗

∗

4,5,4,5,3
11

4,5,3
11

3
11

,2(
07

*)6,2(
07

*)6,5,4,5,3(
17

*)6,5,3(
17

4,5,4,2
01

)4,2(
01

*
01

11
1

qqq
qqqqqqq

srλαθ

and

 

( ) ( ) ( )( )
( ) ( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )
( ) ( )( )

( ) ( )( ) ( ) ( )( )
( )( ) ( ) ( )( )

( ) ( )( )
( ) ( )( ) ( )( ) ( )( )

( ) ( ) ( )( ) 











−−−

+++++
+−













++

+−−++
++

−












++−

−−−−−
−−=

∗∗∗

∗∗∗∗
∗∗

∗∗∗

∗∗∗∗
∗∗

∗∗∗∗

∗∗∗∗∗
∗

4,5,4,5,3
11

4,5,3
11

3
11

5,4
70

*
70

4,5,4
71

)4(
71

6,4,5,3
10

5,3
10

*
106,5,4,2

07
6,2

07

6,5,4,5,3
17

6,5,3
17

5,4
70

*
70

6,5,4
77

6
77

5,4,5,3
10

5,3
10

*
104,5,4,2

01
4,2

01
*
01

6,5,3
17

6,5,4,5,3
17

4,5,4
71

4
71

6,5,4
77

6
77

4,5,4,5,3
11

4,5,3
11

3
115,4,2

00
2

001

1

1

11
1

qqq
qqqqqqq

qq

qqqq
qqqqq

qqq

qqqq
qqqqq

qqsD

The steady state availability of the system is

( ) ( ) ( )
372110

321 .
1

1.
1

1.
1

1

UnUnUn

U
r

U
r

U
rA

++
−++

+
+−

+
+−

=∞
λαθβλαλ

where

( )( ) ( )
( ) 












+

+−−−−−−
=

)4,5,4(
71

)4(
71

)6,5,4,5,3(
17

)6,5,3(
17

)6,5,4(
77

)6(
77

)4,5,4,5,3(
11

)4,5,3(
11

)3(
11

1

11

pp

ppppppp
U

 

( )( ) ( )( )[ ])5,4(
7070

)6,5,4,2(
07

)6,2(
07

)6,5,4(
77

)6(
77

)5,4,2(
00

)2(
002 11 ppppppppU ++−−−−−=
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( )( )
( )( )









++++−

−−−−−
=

)5,4,5,3(
10

)5,3(
1010

)4,5,4,2(
01

)4,2(
0101

)4,5,4,5,3(
11

)4,5,3(
11

)3(
11

)5,4,2(
00

)2(
00

3

11
pppppp

ppppp
U

( )∑=
j

lk
jmn ,....,

00

( )∑=
j

lk
jmn ,....,

01

( )∑=
j

lk
jmn ,....,

77 ; .6,5,4,3,2, =lk

Therefore the interval availability (Sarma, 1982), for the interval 

( )t,0 is

( ) ( )duuA
t

tA
t

∫=
0

00
1 (7.14)

so that

( ) ( )
du

u
uA

sA ∫
∞ ∗

∗ =
0

0
0 (7.15)

The inherent (limiting interval) availability of the system is 

( ) ( ) ( ) 







==∞ ∫→∞→

t

st
duuALstAA

0
0

2

000 limlim

 ( ) ∞
∗

→
== AsAs

s 00
lim
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7.6  BUSY PERIOD ANALYSIS

By probabilistic arguments, we obtain the following equations for 

( )tiβ .

( ) [Pti =β the repairman is busy at t iS at t = 0]

( ) ( ) ( ){ }tqtqt )5,4,2(
00

)2(
000 +=β  ( )t0β

( ) ( ) ( ){ }tqtqtq )4,5,4,2(
00

)4,2(
0101 +++  ( )t1β

( ) ( ){ }tqtq )4,5,4,2(
07

)6,2(
07 ++  ( )t7β (7.16)

( ) ( ) ( ) ( ){ }tqtqtqt )5,4,5,3(
10

)5,3(
10101 ++=β  ( )t0β

( ) ( ) ( ){ }tqtqtq )4,5,4,5,3(
11

)4,5,3(
11

)3(
11 +++  ( )t1β

( ) ( ) ( ) ( ){ }tqtq 56,4,5,3
17

6,5,3
17 ++  ( )t7β (7.17)

( ) ( ) ( ){ }5,4
70707 qtqt +=β  ( )t0β

( ) ( ) ( ) ( ){ }tqtq 4,5,4
71

4
71 ++  ( )t1β

( ) ( ) ( ) ( ){ }tqtq 6,5,4
77

6
77 ++  ( ) tet θβ −+7 (7.18)

Taking the Laplace transforms for (4.16) – (4.18) and solve for 

( ) getwes ,*
0β

( ) ( )
( )sD
sN

s
2

3
0 =β (7.19

where
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( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )([ ∗∗∗∗∗ −−−++++
+

= *4,5,3
11

3
11

6,5,4,5,3
17

6,5,3
17

4,5,4,5,3
01

4,5,3
01

*
013 11 qqqqqqqq

s
sN

θ

( ) ( )( )∗∗ +× 6,5,4,2
07

4,2
07 qq

and ( )sD2 is same as ( )sD1 .

Then the steady state probability that the repairman will be busy is

( ) ( ) ( )
( )sD
sN

sst
sot *

2

*
2

00
limlim === ∗

→∞→∞ βββ

( )
θ

3*
3 0

U
N =

The expected busy period of the repairman in ( ]t,0 is

( ) ( )duut
t

b ∫=
0

0βµ (7.20)

so that

( ) ( )
s

s
sU b

*
0* β

= (7.21)

and the expected idle period of the repairman in ( ]t,0 is

( ) ( )ttt bI µµ −= (7.22)

so that
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( ) ( )s
s

s bI
*

2
* 1

µµ −= (7.23)

As *
0β ( )s is known explicitly, these quantities can easily be 

calculated.

7.7 PROFIT ANALYSIS

The expected up-time of the system in ( ]t,0 can be calculated from 

the pointwise availability as 

( ) ( )dvvAt
t

u ∫=
0

0µ

so that  

( ) ( )
s

sA
su

∗
∗ = 0µ (7.24)

Let 0k represent the expected revenue per unit up-time 

and 1k , the expected repair cost per unit time, then the 

expected profit in ( ]t,0 is

( ) ( ) ( )tktktG bu µµ 10 −= (7.25)

The expected net profit per unit time in the long run is
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( )
∞∞∞→

−== β10lim kAk
t
tGG

t

7.8 SPECIAL CASES

1. When the failure and repair times are independent; i.e. 

0=r

( )10012002

2021010

1 pppp
ppMTSF

+−
++

=
µµµ (7.26)

1

1

D
NA =∞ ;

2

2

D
N

=∞β

; 21 DD =

( ) ( )[ ]
( )( ) ( )[ ]32013102233101261

32232601

1
1

pppppppp
pppN

−++−+
−−=

µ
µ

( )[ ]3102320113022 pppppp −++ µ

( )[ ] ( )[ ]
( )[ ]3213013113022

32232601132231031132001

1
11

pppppp
ppppppppppD

+−+
−−+−−=

µ
µµ

 

( )[ ] ( )[ ]1001311326620021326133 11 pppppppppp −−+−−+ µµ

( ) ( )[ ] ( )[ ]2302261301331130232130162622 11 ppppppppppppN −−+−++= µµµ

2. When ( ) ( ) 0== vu ψφ and then the states 5431 ,, SandSSS do 

not exist. Then

UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  eettdd  ––  MMaallaaddaa,,  AA    ((22000066))  



( )r
MTSF

−
+

=
1

2
2λ

λµ (7.27)

( )
( )

12

2
121

−

∞ 







+

−+
=

λµθ
λ rA (7.28)

( ) ( )r−++
=∞ 122 2

2

λλµθ
λβ (7.29)

3. When there is no provision for rest and failure and repair times 

are independent

2

2
λ

λµ +
=MTSF (7.30)

( )
( ) 222

2
λµλµ

µλµ
++

+
=∞A (7.31)

( ) 2

2

2 λµλµ
λβ

++
=∞ (7.32)
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7.10 NUMERICAL ILLUSTRATION

When 10==θµ ; 0== βα .

Table 7.1
Profit

λ r =-0.5 r=0 r=0.5

0 100.0010 100.0911 100.1101

2 92.9110 93.1525 94.6616

4 79.1502 81.5612 85.0315

6 66.8816 73.6116 80.1506

8 54.1606 61.4441 69.7012

10 43.2806 53.3315 62.1111

12 40.0015 47.6106 56.0152

14 36.1585 42.6150 49.1566

16 32.6617 39.9915 45.8106
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Table 7.2

Profit

λ 3,4 == βα 0== βα

0 100.0911 100.0911

2 90.9106 93.1525

4 77.5505 81.5612

6 67.8819 73.6116

8 62.5531 61.4441

10 53.3316 53.3315

12 49.1606 47.6106

14 44.1629 42.6150

16 42.8718 39.4915

Table 7.2

CONCLUSIONS:
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From Table 7.1 we conclude that as failure rate increases the mean time to 

system failure (MTSF) decreases. For both models as the failure rate 

increases the MTSF of the system decreases but as the failure rate 

continues increasing MTSF goes on decreasing.

From Table 7.2 we conclude that for both models as the failure rate 

increases the profit of the system decreases but comparatively less when 

the failure rate increases less; model 2 is more beneficial than model 1 and 

as the failure rate continues increase the profit difference goes on 

decreasing. As cost per visit of the repairman increases, the profit of the 

system decreases.

To observe the effect of correlation and rest on the profit (in the steady 

state), we plot the profit function against λ ,

setting .20100,10 10 ==== kandkθµ The curves so obtained are 

shown in Table 7.1 and 7.2 respectively. In Table 7.1, in addition, we set 

0== βα and obtain three different curves for profit function vs 

λ .Taking r=-0.5, 0.0 and 0.5 respectively. In table 7.2, we put r=0 in 

addition to the values of 10 ,,, kkθµ and obtain two different values of 

profit function against λ ,one 

with ,4=α 3=β (i.e. when there is provision for rest) and the other with 

0== βα (i.e. when there is no provision for rest).

These values reveal two important facts:

1. The profit/unit time (in steady state) decreases with respect to the 

increase in λ . However, for the same λ the profit increases with 

increases in r. Thus a high positive correlation between failure and 

repair times tends to increase the profit earned by the system in steady 

state.
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The effect of providing rest for the operative unit depends on the 

proportion of values ofλ and µ. Although in both cases (i.e. when 

0== βα or when 3,4 == βα ) the profit decreases with increase in

failure rate, a favourable effect of providing rest is observed when only 

when λ > µ , i.e. when the failure rate is higher than the repair rate. As 

long as λ < µ, the provision of rest is nothing but a costly burden on the 

systems manager, and when λ = µ, the profit with or without rest is the 

same, so there is no advantage in providing rest. Thus, one must avoid 

providing rest as long as ≤λ µ . But since, in practice, most of the time, 

the failure rate is much higher than the repair rate, a considerable increase 

in profit can be obtained by providing rest to the operative unit and taking 

output from the standby unit during the rest time of the operating unit.  
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