
 CHAPTER 6

A two unit cold standby system with non-

instantaneous switchover

6.1 INTRODUCTION
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Gopalan et al (1984) have analysed a single-server two-unit cold 

standby system subject to a slow switch and have obtained 

expressions for the expected switchover time of unit from standby 

to operative state in (0,t] and the expected repair time of a unit in 

(0,t]. Sharma et al (1986) modified that model by taking a two-unit 

warm standby system and obtained several reliability 

characteristics. They did not take into account the partial failure 

mode. The purpose of the present chapter is to study a two-unit 

cold standby system with three modes of the system subject to 

slow switch. The system fails totally only through the partial 

failure mode. When a unit fails partially, its repair starts 

immediately and the installation of a new unit in place of a 

partially failed unit remains operative. Regenerative point 

technique is used for the analysis.

6.2 MODEL ASSUMPTION

The system compromises two identical units. Initially one is 

operative and the other is a cold standby.

(1) Each unit is has three possible modes: normal (N), partial 

failure 

( P) and total failure (F).

(2) The system fails totally only through the partial failure mode.

(3)  The failure and switchover times are distributed negative

exponentially whereas the repair times of units are distributed

arbitrarily.

(4) When a unit fails partially, repair of the partially failed unit 

starts

instantaneously and installation of the standby for operation is 

not

 permitted.
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(5)  When a unit fails completely from the partially failed state, 

repair

 of the failed unit and installation of the standby for operation 

start

 simultaneously and independently.

(6) The repaired system is as good as new.

6.3 NOTATION

βα , Constant failure rates from N to P and P to F modes

η Constant rate of switchover time of a unit from 

standby state to operative state

)(),( tFtf pdf and cdf of repair time of a unit from P state

)(),( tGtg pdf and cdf of repair time of a unit from F state

Symbols for states of the system

50 , NN system operative in N mode

orP unit operative in P mode and under repair mode

rF unit in F mode and under repair

RF unit in F mode and its repair continued from earlier 

state

wF system in F mode and waiting for repair

bso standby being switched over

Thus the following states are possible: 
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The underlined states are non-regenerative. Possible states and 

transitions are shown 

in Figure 6.1.

6.4. TRANSITION PROBABILITIES AND SOJOURN 

TIMES

Let ,...),0( 10 TT = denote the epochs at which the system enters any 

state ES i ∈ and nX be the state visited at time +nT , i.e. just after 

the transition at nT . Then { }nn TX , is a Markov renewal process 

with state space. Let

[ ];,)( 1 iXTTjXPtQ ntnTnnij === ≤++

then the transition probability matrix of embedded Markov Chain 

is

( ) ( )( )( ) ( )∞=∞== QQPP ijij ,

with non-zero elements

( )βFPPPPP ~1,1 1210723001 =−==== ,

( )ηGPP ~1 2423 =−= ,    ( ) ( ) ( )








−
−

=
αη

ηαη GGP
~~

4
20 ,
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( ) ( ) ( )[ ]
( )αη

ηααη
−
−

−=
GGP
~~

14
25 ,

( )βFPP ~1 5756 =−= ,   ( )αGPP ~1 6560 =−= .

Evidently,
( ) ( ) 1,1,1 25

4
20

4
2324231210 =++=+=+ PPPPPPP ,

1,1 65605756 =+=+ PPPP .

Mean sojourn times iµ in state iS are

( )[ ]
β
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Figure 6.1
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6.5 TIME TO SYSTEM FAILURE

Time to system failure can be regarded as the first passage to the 

failed state. To obtain it we consider down states as absorbing. We 

obtain the following recursive relations for ( )tiπ , the cdf of time 

to system failure when the system starts from state iS

( ) ( )tQt 010 =π Ⓢ ( )t1π (6.1)

( ) ( )tQt 101 =π Ⓢ ( ) ( )tQt 120 +π (6.2)

( ) ( )tQt 565 =π Ⓢ ( ) ( )tQt 576 +π (6.3)

( ) ( )tQt 606 =π Ⓢ ( ) ( )tQt 650 +π  ( )t5π (6.4)

Taking Laplace-Stieltjies transforms of equations (1)-(4) and 

solving for ( )s0
~π , we have 

( ) ( )
( )( )65561001

65561201
0 ~~1~~1

~~1~~
~

QQQQ
QQQQ

s
−−

−
=π

 = ( )1001

1201
~~1

~~

QQ
QQ

−
, (6.5)

where, for brevity, the argument ‘s’ is omitted.
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The mean time to system failure (MTSF), when the system starts 

from 0S , is

( ) ( ) ( )[ ]
( )

( )
.

0
00

12

10

PD
NDTEMTSF

r

rr µµ +
=

′−′
== (6.6)

6.6 AVAILABILITY ANALYSIS

Let )(tM i be the probability that the system which started from 

state iS has reached time t without making any transition into any 

other regenerative state belonging to E. By probabilistic 

arguments, we have  

( ) =tM 0
te α− ,

( ) ( ) ( )tFetMtM tβ−== 51 ,

( ) ( )tGetM tα−=6 .

From then theory of regenerative process, the pointwise 

availabilities ( )tAi of a system which has started from a given 

regenerative point are seen to satisfy the following recursive 

relations:

( ) ( ) ( )tqtMtA 0100 +=  ( )tA1 (6.7)
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( ) ( ) ( )tqtMtA 1011 +=  ( ) ( )tqtA 120 +  ( )tA2 (6.8)

( ) ( )( )tqtA 4
202 =  ( ) ( )tqtA 230 +  ( ) ( ) ( )tqtA 4

253 +  ( )tA5 (6.9)

( ) ( )tqtA 303 =  ( )tA0 (6.10)

( ) ( ) ( )tqtMtA 5655 +=  ( ) ( )tqtA 576 +  ( )tA7 (6.11)

( ) ( ) ( )tqtMtA 6066 +=  ( ) ( )tqtA 650 +  ( )tA5 (6.12)

( ) ( )tqtA 727 =  ( )tA2 . (6.13)

Taking Laplace-transforms of equations (6.7)-(6.12) and solving 

for ( )sA ∗
0 we have

( )
( )sD
sNA

1

1
0 =∗ (6.14)

( ) =tM 0
te α− ,

( ) ( ) ( )tFetMtM tβ−== 51 ,

( ) ( )tGetM tα−=6 .

Where
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( ) ( )( ) ( )
( ) ( )∗∗∗∗∗∗

∗∗∗∗∗∗∗∗

+×+

+×−−=

6565
4

251201

10107257
4

2565561 1

MqMqqq

MqMqqqqqsN

( ) ( )( ) ( )
( ) ( )( )[ ]∗∗∗∗∗∗∗∗∗∗

∗∗∗∗∗∗∗

++×−−

−×−−=

6056253023
4

2065561201

10017257
4

2565561

1

11

qqqqqqqqqq

qqqqqqqsD

The steady-state availability of the system is

( )
1

1
000 lim

D
N

sAsA
s ′

== ∗

→
. (6.15)

( )( )( ) ( ) ( )6561
4

251201101057
4

2565561 1 µµµµ PPPPPPPPPN +++−−=

( )( ) ( ) ( )
( ) ( )7

11

576561
4

2512

323
26

65561257
4

256556101

µµµ

µ
αη
αµηµ

µµ

PPPP

PPPPPPPPD

++

+







+

−
−

−+−−+=′

6.7 BUSY PERIOD ANALYSIS

As defined earlier, ( )tBi is the probability that the system is under 

repair at time t given that the system entered regenerative state is

at .0=t By probabilistic arguments we have

( ) ( )tqtB 010 =  ( )tB1 (6.16)
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( ) ( ) ( )tqtWtB 1011 +=  ( ) ( )tqtB 120 +  ( )tB2 (6.17)

( ) ( ) ( )4
2022 qtWtB +=  ( ) ( )tqtB 230 +  ( )tB3 (6.18)

( ) ( )tBq 5
4

25 +

( ) ( )tqtB 303 =  ( )tB0 (6.19)

( ) ( ) ( )tqtWtB 5655 +=  ( ) ( )tqtB 576 +  ( )tB7 (6.20)

( ) ( ) ( )tqtWtB 6066 +=  ( ) ( )tqtB 650 +  ( )tB5 (6.21)

( ) ( ) ( )tqtWtB 7277 +=  ( )tB2 (6.22)

where

( ) ( ) ( )tFetWtW tβ−== 51 ,

( ) ( )tGetW tα−=6 ,

( ) )(7 tGtW = ,

( ) ( ) ( )
( )αη

αη ηα

−
−= −− tGeetW tt

2 .

Taking Laplace-transforms of relations (6.16)-(6.22) we have
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( ) ( )
( )sD
sNsB

1

2
0 = (6.23)

where

( ) ( )
( ) ( ) ( )[ ]∗∗∗∗∗∗∗∗∗

∗∗∗∗∗∗∗∗∗

+++−

+×−−=

7576565
4

2526556

120117257256556012

1

1

WqWqWqWqq
qqWqqqqqqsN

In the long run, the fraction of time for which the system is under 

repair is given by

( ) ( )
1

2
0000 limlim

D
N

sBstBB
st ′

=== ∗

→∞→
(6.24)

where, in terms of

( ) ( ) 151 00 µ== ∗∗ WW

( ) 66 0 µ=∗W ,

( ) ,77 0 µ=∗W

( ) ( )
( )αη

αµηµ
−
−

=∗ 26
2 0W ,

we have
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( )( )
( ) ( ) ( )( )( )[ ] .122665567576561
4

25

157
4

2565562

1

1

PPPPPP

PPPPN

αµηµµµµ

µ

−−++++

−−=

6.8 EXPECTED NUMBER OF VISITS BY THE 

REPAIRFACILITY

We define ( )tVi as the expected number of visits by the repairman 

in ( ]t,0 given that the system initially starts from regenerative 

states iS . By probabilistic arguments, we have the following 

recursive relations:

( ) ( )tQtV 010 =  ( )[ ]tV11+ (6.25)

( ) ( )tQtV 101 =  ( ) ( )tQtV 120 +  ( )tV2 (6.26)

( )tV2 =

( )4
20Q  ( ) ( )tQtV 230 +  ( ) ( ) ( )tQtV 25

4
3 +  ( )tV5 (6.27)

( ) ( )tQtV 303 =  ( )tV0 (6.28)

( ) ( )tQtV 565 =  ( ) ( )tQtV 576 +  ( )tV5 (6.29)

( ) ( )tQtV 606 =  ( ) ( )tQtV 650 +  ( )tV5 (6.30)

( ) ( )tQtV 727 =  ( )tV2 (6.31)
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Taking the Laplace-Stieltjes transforms of the above equations and 

solving for ( )sV0
~ , we have 

( )sV0
~ = ( )

( )sD
sN

2

3 (6.32)

where

( ) ( )( )7257
4

256556013
~~~~~1~ QQQQQQsN −−=

( ) ( )( )( )
( ) ( )( ) ( )[ ]605625

4
3023

4
2065561201

10017257
4

2565562
~~~~~~~1~~

~~1~~~~1

QQQQQQQQQQ

QQQQQQQsD

++−−

−−−=

In the steady state, the number of visits per unit time is given by

( ) ( )
1

3
0

2

0

0
0

~limlim
D
N

sVs
t

tV
V

st ′
===

→∞→
, (6.33)

where

( )( )57
4

2565563 1 PPPPN −−= .

6.9 SWITCHOVER ANALYSIS

We define ( )tI i as the probability that the standby unit being 

switched is under switching device in ( ]t,0 , given that the system 

entered regenerative state iS at 0=t . By probabilistic arguments, 

we have

( ) ( )tqtI 010 =  ( )tI1 (6.34)
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( ) ( )tqtI 101 =  ( )tI 0 ( )tq12+  ( )tI 2 (6.35)

( ) ( ) ( )( )tqtHtI 4
2022 +=  ( )tI 0 + ( )tq23  ( )tI 3

( ) ( )tq 4
25+  ( )tI5 (6.36)

( ) ( ) ( )tqtHtI 3033 +=  ( )tI 0 (6.37)

( ) ( )tqtI 565 =  ( ) ( )tqtI 576 +  ( )tI 7 (6.38)

( ) ( )tqtI 606 =  ( ) ( )tqtI 650 +  ( )tI5 (6.39)

( ) ( )tqtI 727 =  ( )tI 2 (6.40)

where 

( ) ( )tGetH tη−=2 ,

( ) tetH η−=3 .

Taking the Laplace-transforms of relations (6.34) – (6.40), we have 

( ) ( )
( )sD
sNsI

1

4
0 =∗ , (6.41)

( )sN 4 = ( )( )∗∗∗∗∗∗∗ +− 323265561201 1 HqHqqqq
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In the steady-state, the fraction of time for which the system is 

under switch activation is given by

( ) ( )
1

4
0

000 limlim
D
NssItII

st ′
=== ∗

→∞→
(6.42)

where, in terms of

( ) 22 0 µ=∗H ,

( ) 33 0 µ=∗H ,

we have

( )( )32326556124 1 µµ PPPPN +−= .

6.10 COST ANALYSIS

(1) The expected uptime of the system in ( ]t,0 is

( )duuA
t

up ∫=∗

0
0µ
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so that

( ) ( )
s

sAsup
0

∗
∗ =µ (6.43)

(2) The expected duration of the repairman’s busy time in ( ]t,0 is

( ) ( )duuBt
t

b ∫=
0

0µ

 so that

( ) ( )
s

sBsb
0

∗
∗ =µ (6.44)

(3) The expected switchover time of the standby unit in ( ]t,0 is

( ) ( )duIt
t

µµ ∫=
0

01 ,

 so that

( ) ( )
s

sIsI
0

∗
∗ =µ (6.45)

The expected total cost (gain) incurred in ( ]t,0 is

( ) ( ) ( ) ( ) ( )tCtVCtCtCtG bup 140321 µµµ −−−= (6.46)
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where 1C is the revenue per unit up time, 2C is the cost per unit for 

which the system is under 

repair, 3C is the cost per visit by the repairman and 4C is the cost 

per unit time for which the 

system is under switch activation device.

The expected profit per unit time in the steady state is

( ) ( )sGs
t
tG

t
G

s

∗

→
=

∞→
= 2

0
limlim

 = 04030201 ICVCBCAC −−− (6.47)
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