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3.1 INTRODUCTION
Two-unit standby redundant systems have attracted the attention of many applied
probabilists and reliability engineers. A bibliography of the work done has been
prepared by Osaki and Nakagawa (1976), Lie et al. (1977), Kumar and Agarwal (1980),
Sarma (1982). Goel et al. (1985) analysed a two-unit cold standby system under the
assumption that the operator of the system does not need rest, i.e. he is capable to work
on the system without any rest. The literature available so far has the assumption that the
operator is continuously available to repair the failed units. But it is reasonable to expect
that a preparation time or rest period might be needed to get the operator ready before
the next repair could be taken up. If this preparation is started only when a unit arrives
for repair, it is easy to solve the problem, since the preparation time plus the actual
repair time of the operator must be taken as the total repair time. But this preparation
time usually starts immediately after each repair completion, so that the operator
becomes available at the earliest. In our daily life the situations come about when a
person needs such a preparation time. This preparation time of the operator is similar to
the ‘Dead time’ in the counter models Ramakrishnan and Mathews (1953),
Ramakrishnan (1954), Takacs (1956, 1957). Yadavalli et al. (2002) studied several
Markovian and non-Markovian models by introducing the ‘Dead time’. Cold standby
redundant systems in which the ‘priority of units’ and ‘dead time’ are introduced in this
chapter.

The organisation of this chapter is as follows: Section 3.1 is introductory in nature
describing the model considered in this chapter. In section 3.2, the basic assumptions

and notation are presented. Various auxiliary functions (transition probabilities and
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sojourn times) are derived in section 3.3. The important system measures, Reliability

and MTSF, are presented in section 3.4. The other important measures like mean up time

in a particular interval, mean down time, expected number of visits by a repairman are

studied in section 3.5. In sectin 3.6, the profit analysis is studied. Some special cases are

presented in section 3.7. The system considered in this section is illustrated numerically

in section 3.8.

3.2. SYSTEM DESCRIPTION AND NOTATION

l.

The system consists of two dissimilar units each having two modes- Normal (N)
and Total Failure (F).

Initially one unit of the system is operative, called the priority (P) unit and the
other is kept as cold standby, called the non-priority or ordinary unit (O).

P-unit gets preference for both operation and repair over O-unit. When P-unit
fails, the standby unit is switched to operate with a perfect switching device.
There is only one operator. Each unit is new after repair.

After each repair completion, the operator is not available for a random time.
This corresponds to the ‘dead time’ in counter models and will be interpreted
here as the ‘rest time’ or ‘preparation time’ needed before another repair could be
taken up.

Switch is perfect and switchover is instantaneous. When the P-unit fails, it will

be instantaneously switched over to the O-unit from standby state to online.
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7. The lifetime of a unit, while online for P-unit and O-unit is arbitrarily distributed
with pdf’s f,(-)and f,(").

8. The repair time of units (P-unit and O-unit) are exponentially distributed random
variables with parameters ; and B, respectively.

9. The ‘Dead time’ of the operator is an arbitrarily distributed random variable with

pdf k().

NOTATION:

F.(-) and F,(-) The c.d.f of the life time of P-unit and O-unit respectively

E Set of regenerative events = (Eo, E1 E, E; E4 Es Eg)
n Constant rate of working time of the operator

K() The c.d.f of the ‘dead time’ of the operator

P; Transition probability from regenerative event E; to E;

qij(), Qij ()  The p.d.f. and c.d.f. of transition time from regenerative event E; to E;

Wi Mean sojourn time in event E;
Ri(t) Reliability of the system when E; € E(1=0, 1,2, 3,4, 5, 6)
Ui(t) Probability that the system is up when the events are Ey E; or Es at

epoch given that E;;(1=0, 1, 2, 3,4, 5, 6)

Di(t) Probability that the system is down when the events are E, E,or E¢ at
epoch given that E;;(1=0, 1, 2, 3,4, 5, 6)

Bi(t) Probability that the system is busy at epoch starting from E; € E.

Vi(t) Expected number of visits by the repairman in (0,t] given that E; € E.
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Q i (8) = Za_Stinj (t), where ~ is the symbol for Laplace-Stieltjes transform
* _ —st *
g;(s) = Ze g;dt , the symbol * for Laplace transform
vi=3 AWM= - a; 0= Q0
i ] i

© Symbol for ordinary convolution

A(t) © B(t) = Z(t —u)B(u)du

0

® Symbol for Stieltjes convolution

A()®B(t) = Z(t —u)dB(u)

0

Symbols for the Events of the System:

For the study of this system, we need to define the following states (see EL-Said & EL-

Sherbeny (2005)). The reliability with dependent repair modes was also studied by Lim

& Lie (2000).
N, : unitin N-mode and operative
Ng unit in N-mode and standby

unit in F-mode and under repair

-

w . unit in F-mode and waiting for repair

N4 :  unit in N-mode when operator is in ‘dead time’

We make use of the events given in Table 3.1 for the reliability analysis.
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State of
Event P-unit O-unit
Eo(No,N;) | operative operable standby
E;(F.,N,) | failed and under repair operable
E>(No,Ns) | not operating due to operator in | operable
‘dead time’
E;(F.Fy) | failed and under repair failed and waiting for repair
E4(Fy,Ng) | failed and waiting for repair not operating due to operator in
‘dead time’
Es(N,,F;) | operative under repair
E¢(Ng,Fw) | not operating due to operator in | failed and waiting for repair
‘dead time’

Table 3.1

Transitions between events are shown in Figure 3.1
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() Upstate

< > Down state

Failed state

Figure 3.1
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3.3 AUXILIARY FUNCTIONS (TRANSITION PROBABILITIES AND SOJOURN
TIMES)
Let O =Ty, Ty, ... denote the epochs at which the system enters any state E; € E.
Let X, denote the state visited at epoch T, +, i.e. just after the transition at T,. Then
Qii(t) = P[Xps1 =j, Tuer- Ta<t | Xo=il.
The transition probability matrix is given by
P = [P;j] = [Qjj(0)] = Q(0) with non-zero elements.

Further,

Py = F(17), Pua= 1- E (1)

o D-FaB e mlp
10
Bi+n

[1-F2(8,+ )y

Pi3= lfz(ﬂ1+77)apl4:
Bi+n

P20 =pss = 1, par = K(B,), Ps” =1 - K(B,)

Psy= F (B, +m), P =F(n)- F(B,+7)

_ [=F(B,+n)ln
ﬂ2+77

Pse6

b 1=Fin-[-F (Bl
Br+n

and P60(2) =1- lZ(ﬂz) , Pgs = K(ﬂz) .

It can easily be verified that
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Poi + Pio =1, Pro+Pi3z+Puy=1, Py=Ps=1
Pi@+Ps =1, Ps; O+ P, ¥+ Ps3 +Pss=1
Pso® + Pgs = 1.
To calculate mean sojourn time vy in state Eo, there is no transition to E; and E,. Hence

if To denotes the sojourn time in E, then

o= ZT > t]dt = F‘(")

Similarly
_ [=F2(B,+n)]
v pi+n
V= Z(t)dt =m, (say) where K(t)=1-K(t)
oo L
y=—
B
_1-K(8)
B
_ 1- IE1(ﬂ2 +17)
i B,+n
and Y6 = %

3.4 RELIABILITY ANALYSIS

Let the random variable T; denote time to system failure from event E;
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(i=0,1,...,6).
The reliability of the system is given by
Ri(t) = P[T; > t]
To determine the reliability of the system we regard the failed state of the system (E3) as

absorbing. By probabilistic arguments

Ro(t) =™ F (1) + qoi(t) © Ry(t) + qoa(t) © Ra(t) (3.4.1)
Ri(t) = e " E (1) + quo(t) © Ro(t) + qra(t) © Ry(t) (3.4.2)
Ra(t) = K(t) + qao(t) © Re(t) (3.4.3)
Ry(t) = K(t) + qao”(t) © Ro(t) + qai(t) © Ry(t) (3.4.4)

Rs(t) = " F (1) +4s1() © Ri(1) + 42 ”(t) © Ra(t) + qse(t) © Re(t)
(3.4.5)
Ro(t) = K(t) + qs”(t) © Ro(t) + qes(t) © Rs(t). (3.4.6)
Taking Laplace transforms for the equations (3.4.1) — (3.4.6) and simplify for R (s) and

omitting the argument ‘s’ for brevity, we get

R, (s)= gl—g (3.4.7)

where
N,(S) =(1—ass qes ) [F (M) (1 - qua* qu*) + K'(8)qo2 (1 -qus qu®)

+ K 7+ B)qn* + K'(S)qor* qis*]
and

Dl(S) =(1- CIS6* Q65*) [1- 6114>X< Q41* - QOl* Q10* - C140*(2) Qm*qm* - q<>2* Cho*
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+ qo2* Qo™ qi4™ qa1*].
Note: For simplicity in this chapter, g (S) is written as g .
From (3.4.7), the Mean Time to System Failure (MTSF) can be obtained

E(To) = limR,(t) = limsR,’(s)

(1= Py P) (W + W5 Pop) + ¥, Py + M Py Piy . (3.4.8)
Po1 P15

3.5 SYSTEM MEASURES
3.5.1 MEAN UP TIME IN (0, t]
As defined earlier Ui(t) is the probability that the system is up in Eo, E; or Es at t given

that E. € E. Hence we get

Uo(t) = e'”t Ifl(t) + q()](t) © U](t) + qog(t) © Uz(t) (351)

Ui(t) = e F(t) + qoi(t) © Uo(t) + qu3(t) © Us(t) + qua(t) © Ua(t) (3.5.2)

Uz(t) = qzo(t) © Uo(t) (353)
U3(t) = q35(t) © U5('[) (354)
Us(t) = quo?(t) © Up(t) + qai(t) © Uy (t) (3.5.5)

Us(t) = et F (1) + q51t) © Uy(t) + gs2(t) © Uy(t) + gsa(t) © Us(t)
+qse(t) © Ug(t) (3.5.6)
and  Ug(t) = ge0”(t) © Uo(t) + qes(t) © Us(1). (3.5.7)

Taking Laplace transforms for (3.5.1) — (3.5.7), we get
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. Ny(s)
U, Yol (3.5.8)

where

N,(s) = F (m)[(1-qss Qs - 35 as3 - 951> qi3 35 - Qua a1 - Qia a1 Gs6 es.
+ q14* (141*(135* q53*] + E*(U-l'ﬁ]) [q01* - CI01* qss* %5* - q01* CI35* q53* ]

+ FE (m+B)[qn qis @5 ]

Dz (s)=[1- CI56* Q65*] [1- CI14* CI41* - Q4o*(2) q01*q14* - QOz* CI20*
+ qoz* Q20* q14*q41* - CI01* qlo*] - Q35* q53*[1 - Q14* CI41*
- Q40*(2) q01*q14* - QOz* C120* + C102* Q20* C114*C141* - C101* Q10*]

-Ch3* q35* [(151*(0)+ qsz*(O) Cho* q01* + (160*(2) qor* Cbs* qoz* J20 qs1

The steady-state availability U is given by

N, (0)
D;(0)

U, = limsU; (s) = (3.5.9)

where

N,(0) =[(1-R,P,))(1- Py — PcPFs) - Pl3(Ps(1O) - Ry, + R (1- Py = PPy,
and

D;(O) = N2(0)+[Po1 I:.14(1_ Ps3 - Psepes)_ P01P13P56]ml + l//3[PO1PlS(1_ Fge Pss)]

+y,[ P (1= R P)I(1= Py = PPs) — P P (1= Py = Py + P13P5(20)]-

Mean up time of the system during (0,t] is

iy, (1) = Zo(u)du so that
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1(5) = UJS(S) . (3.5.10)

3.5.2. MEAN DOWN TIME DURING (0, t]
To obtain mean down-time during (0, t], we consider Dj(t) as the probability that the
system is in state E,, E4 or Eg at epoch t given that E; has occurred at t = 0.

Here we have

Dy(t) = qoi(t) © Di(t) + goa(t) © Da(t) (3.5.11)
Di(t) = quo(t) © Do(t) + qus3(t) © Ds(t) + qua(t) © Da(t) (3.5.12)
Da(t) = K(t) + qao(t) + Do(t) (3.5.13)
D;(t) = qs5(t) © Ds(t) (3.5.14)
Da(t) = K(t)+ qao®(t) © Do(t) + qai(t) © Dy(t) (3.5.15)

Ds(t) = q51”(t) © Di(t) + gs2”(t) © Da(t) + gs3(t) © Ds(t)
+ qs6(t) © Dg(t) (3.5.16)
and  Dg(t) = K(t) + qeo'®(t) © Do(t) + qes(t) © Ds(t). (3.5.17)
Taking Laplace transforms for the equations (3.5.11) - (3.5.17) and simplifying for
Dy () we get

o

(3.5.18)

where

Ny = B m+A)[dor” Qi3 G35 % +qo2 (1- Qs Qes - Q35 Q53 ) - oz qi3 Qs G
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- o2 qus a1 (1 -gss es - Qa5 9s3)] + K& Qo1 qia (1 - ds6 des - qss.
qs3)
+ K Qo Qi3 q¥ss qQse
The value of D,(t)can be obtained on taking the inverse Laplace transform of D, (s)_

The steady-state probability of the system being down is given by

D, 1im N2 _ Na(©)
=0 D, (s) D, (0)

(3.5.19)

where

N3(O) = m1[1 — Po1Pio — Pi3 pg(l)) — Po2 P14 Pyy + Pse pss(l — Py p41) + Po1 Pra Pse p65] .

Now the mean down-time of the system during (0, t] is

Han (t) = ZO(U)dU

Han(8) = Di(9) (3.5.20)
and the mean failed time in (0, t] is

py (1) =t = 22,5 (1) = 214, (1)
so that

(9=~ (9~ 1 (9) (3.521)

3.5.3 BUSY PERIOD ANALYSIS
Bi(t) is defined as the probability that the system is busy at epoch t starting from state E;,

Ei € E. We have the following recursive relations
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Bo(t) = qoi(t) © Bi(t) + qo2(t) © Ba(t) (3.5.22)

Bi(t) = e "N E 1) + qoi(t) © Bo(t) + qi3(t) © Ba(t) + qua(t) © By(t)  (3.5.23)

Ba(t) = qao(t) + Bo(t) (3.5.24)
Bi(t) = e”' + qa5(t) © Bs(t) (3.5.25)
Ba(t) = ' K(t)+ quo®(t) © By(t) + qa1(t) © By(t) (3.5.26)

Bs(t) = e "' Bty + q517(t) © Bu(t) + qs2At) © Ba(t) + gs3(t) © Bs(t)
+qs6(t) © Be(1) (3.5.27)
and  Bg(t) = e ' K(t) + qeo®(t) © Bo(t) + qes(t) © Bs(t) . (3.5.28)

Taking Laplace transforms for the equations (3.5.22) to (3.5.28) and simplifying for

B, (s), we get

B;‘(s):m (3.5.29)
D,(s)
where
— * * * * * 1 * * * *
N,(S)= F+4)qo1 [1-Qqs6qss -q35 qs3 ] + 7 +Sq01 Qi3 [1-9s6 qes |
1

+K'(B+9)qo1 qua [1-Gse Ges -5 ds3 1+ B +A+9qo1 dis s
+K'(B,+9) o1 q13 935 Gs6 -
The steady-state probability that the system is under repair starting from state E,, i.e.

probability that in the long run the repairman will be busy is given by

B,= limsB; (s) = g‘,‘—g (3.5.30)

where

N4(0) = Pm[l_ Ps3 - PS6P65](\PI +Y, P14)+ P01|313[LP5 +\Pe Pse "‘l{ja(l_ PS()P65)]'
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The expected duration of busy time of repairman in (0, t] is

() = Z(U)du,

so that

1, (8) = BOS(S) (3.5.31)

and the expected idle time of repairman in (0, t] is

#, () =1=1,(1)

so that

9 =5 = 1(9). (3.532)

3.5.4 EXPECTED NUMBER OF VISITS BY THE REPAIRMAN IN (0, t]
According to the definition of Vj(t), by elementary probability arguments we have the

following relations:

Vo(t) = Qoi(t) ® [1 + V()] + Qoa(t) & Va(t) (3.5.33)

Vi(t) = Qoi(t) ® Vo(t) + Qi3(t) ®Vi(t) + Qua(t) ® Va(t) (3.5.34)

V(1) = Qao(t) ®Vi(t) (3.5.35)

V(1) = Qss(t) &Vs(t) (3.5.36)

Vi(t) = Quo () ® Vi(t) + Qui(t) ® Vi(t) (3.5.37)
Vs(0) = Qs () ® [1+ Vi(9] + Qs2™(6) ® Va(t) + Qs3(t) ® V()

+ Qse(t) OVi(t) (3.5.38)

and Vs(t) = Qeo”(t) ® Vo(t) + Qos(t) ©Vs(0). (3.5.39)
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Taking Laplace-Stieljes transforms and simplifying \70(8) , we get

Vy(S) = = (3.5.40)

where
NS(S) = 601(1 - (314641)[1 - 656665 - 635653] .

In the steady state, the number of visits per unit time is given by

Vo = lime® _ N5 (3.5.41)
too  t D2 (0)

N,(0) = Py; [1- P14P4;][1 — P35 — PscPes].

3.6 COST BENEFIT ANALYSIS
We are now in the position to obtain the profit function by the system considering mean
up time, mean down time in (0, t], busy period and expected number of visits by the
repairman in (0, t]. The next expected profit incurred in (0, t] is

C(t) = expected total revenue in (0, t] — expected total repair cost in (0, t]

— expected cost of visit by the repairman in (0, t]

=(Co — C1) pup(t) - Cipan(t) — cottn(t) — c3Vo(t). (3.6.1)

The expected total profit per unit of time in steady state is

¢ = 1imE® _lims’c(s).
too  t s—0
That is,
C=(Cy—Cy) Vo-CiDg—C2 By C3Vy (3.6.2)
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where Cy is the revenue per unit uptime, C; is the salary of the operator per unit time, C,
is the cost per unit for which the system is under repair and C; is the cost per visit by the

repairman.

3.7 SPECIAL CASES
CASE |

When the ‘dead time’ of the operator is zero, i.e. | = 0, then the results are as follows:

E(T()) — r]1 + ¢1
Ps

n,(1- PIO Pss) + @, Ps(lo)

U —
‘ X

Bo= Pl3(¢3 + ¢5) + ¢1 PS(IO)
X

(0)
P

and Vo=
X

where

X= P;(4;+95)+n P, I:)5(10) +9, I:)5(10)

and
= Z(t)dtQ 0= M
B
_E
P3= ﬂila 0s= %

Pio=1-F(8,);Pis= F(B,)

Ps;= F(B,), P” =1-F(5,).
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CASE 1l
When failure time distributions of both units in case I are negative exponential i.e.
Fi(t)=1-e""; Fa(t)=1- e
then the results are as follows:

P +A,+4,

E(To) = W)
1772

e BB+ B+ 2,0+ )
° Y

B, MM+ B+ A+ A1)
Y

Voo BBLL )

where

Y= BB, (4 +B)+A44L,(A4, + B+ 5,).

3.8 NUMERICAL ANALYSES

Figure 3.2(i) shows graphically the change for 8, versus E(To)
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E(to) Versus [31

20

18-

16

14 -

12 -

Ay = 0.3, Ay = 0.5
10

6 A =05 4,=07 e
f
s -
2 1 1 1 | 1 1 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
By
Figure 3.2

As the repair time of the priority unit, /3, increases the mean expected time to

failure E(t,) is an increasing function of f, (for different values of 4, and A,).

Figure 3.3 shows graphically the change for B, versus U,
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U0 versus B 5

1.6 T T

1.4

A =01,2,=03,6 =05

06~

1.2/

A =03,2,=03,p,=04

Ay = 0.5, hy= 0.7, B, = 0.2

0.4

A =03,3,=05,p,=01

0.2 : '
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
B,
Figure 3.3

0.9

As the repair time of the ordinary unit, f,, increases the steady-state availability

U, is an increasing function of 3, (for different values of A, ,4, and ).

Figure 3.4 shows graphically the change for 3, versus By
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B , VeIsus B 5
]. T I T T

\ 7\.1 =0.3, 7\.2 =0.5, ﬁl =01

A =05,4,=07p,=02

0.95

0.9

A =05 4,=05p =03
0.85

m° 0.8

0.75

0.7

0.65 B B ki
A =02, 2,=06p, =04

0.6 | | | | | | |
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 3.4

As f, increases the probability that the system is busy, B,, is a decreasing
function of f, (for different values of 4, ,4, and f,).

Figure 3.5 shows graphically the change for 3, versus Vj
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VO VErsus [32
0.2

Ay =0.2,2,=06,p, =04

0.1

0.5,2,=0.7,p, = 0.2
0.08

0.06

A =03,2,=05,p =01

0.04

0.02 | | | | | | |
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
B,
Figure 3.5

As f, increases the expected number of visits by the repairman,V,, is an
increasing function of S, (for different values of A, ,4, and f£,).
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3.9 CONCLUSION

A two-unit single server priority redundant repairable system with two modes —
normal and total failure has been studied. The priority unit got preference both in
operation and repair. It is assumed that the repair facility is not available for a random
time (Dead time). The system fails when both units are in total failure mode. Identifying
the regeneration point technique, various operating characteristics of the system are
obtained. The cost-benefit analysis is studied, and the results are illustrated numerically.

The numerical results as shown in Figures 3.2 — 3.5 justify the results.
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