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46 CHAPTER 2. RECURRENCE AND ERGODICITY IN x~-ALGEBRAS

Say «(C) = «(A) and (D) = «(B), and set [ := C — Aand J := D — B. Then
P(C"D) = (A B) + oA J) + o(I'B) + (1))

but [p(A*J)] < [[A], “JH@ = 0 by the Cauchy-Schwarz inequality, since J € 7.
Similarly p(I*B) = @(I*J) = 0, hence ¢(C*D) = @(A*B), proving that the inner
product is well-defined.

That (-,-) is indeed an inner product on & follows from the definitions given,
and the fact that

{(4), UB)) = p(A*B) = p(B" A) = ((B), ((A))

(see [BR, Lemma 2.3.10]).
Define 7 : % — L(&) by

7(A)(B) = (AB).

7(A) is a well-defined element of L(&), since ¢ is a linear surjection, and if «(C) =
«(B), then [ := C — B € J, and therefore by the Cauchy-Schwarz inequality

ALl = o (A ADD)| < |AAI|, ]|, = O

which means that Al € J, i.e. Jis a left ideal of 2and this in turn implies that
({AC) = (AB) + t(Al) = «(AB) + 3 = «(AB), since J is the zero element of &.
Since ¢ is linear, so is 7. Also note that for any A, B, C € 2,

m(AB)(C) = (ABC) = n(A)(BC) = 7n(A)n(B)(C)

so m{AB) = w(A)n(B).

(ii) By (i) we have m(A)Q = w{A)(1) = ((Al) = L(A) and m{1)(A) = (1 )
t{A) for all A. Since ¢ is surjective, it follows that 7(2)Q = (%) = & and 7(1) =
Furthermore,

(m(A)Q,7(B)2) = {(4), ( )> p(A"B)
@

( )Q>
In particular, setting A = 1, we have (B) = (Q,7(B)(2).H

2.2.3 Remark. If 2 in 2.2.2 is a C*-algebra, then we can replace L(®&) by £(&),
and using this boundedness, each m{A) can be uniquely extended to an element of
£(%), where $ is the completion of &. This is what was used in Section 1.2. See
[BR, Section 2.3.3] for details.












































http:where.SE


































	Front
	THESIS
	Chapter 1
	1.1 Yes / No experiments
	1.2 Quantum mechanics
	1.3 Classical mechanics
	1.4 The general structure of mechanics
	1.5 Measurements and conditional probabilities
	1.6 An interpretation of quantum mechanics
	1.7 A quantum analogue of Liouville's Theorem
	1.8 The state of no information
	1.9 Bounded quantum systems

	Chapter 2
	2.1 Introduction
	2.2 Cyclic representations
	2.3 *-dynamical systens and ergodicity
	2.4 Some ergodic theory in Hilbert spaces
	2.5 Ergodic results for *-dynamical systems
	2.6 Measure theory and von Neumann algebras
	2.7 An alternative approach to recurrence

	Chapter 3
	3.1 Recurrence
	3.2 Ergodicity


	Back



