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Abstract

The diffusion phenomenon arises in several real-life situations in engineering, science and
technology. Typical examples include heat flow, reaction diffusion, advection/convection-
diffusion, chemotaxis, nonlocal mechanisms, models for animal dispersal and the spread of
diseases.

Mathematically, diffusion problems are modeled by parabolic equations which are clas-
sically studied in the ideal framework of smooth domains. In this thesis, we focus on the
model parabolic equation, which is defined by linear heat equation. This equation associated
with an initial condition and the Dirichlet boundary condition is considered on a non-smooth
domain namely a polygonal domain. In considering such a domain with edge singularities,
one main difficulty arises: the variational solution is not smooth and this negatively impacts
on the accuracy and performance of any classical numerical method. In this thesis, we clarify
as optimally as possible the singular nature of the variational solution. More precisely, we
show that the variational solution admits a decomposition into a regular part and a singular
part, which captures the rough geometry of the domain. Furthermore, we show that the
solution achieves global regularity in weighted Sobolev spaces in which the rough nature of
the domain is once again suitably incorporated.

On the constructive side, the global regularity result is used to design and analyze an
optimally convergent semi-discrete Finite Element Method (FEM) in which the mesh of
the triangulation is adequately refined. Two types of fully discrete mesh refinement (FEM)
are constructed. The first method is made of Fourier series discretization in time while the
second method is the Non-standard Finite Difference (NSFD) discretization. It is shown that
these fully discrete methods converge optimally in relevant norms, with the coupled NSFD
and mesh refined FEM presenting the additional advantage of replicating the dynamics of
the heat equation in the limit case of space independent equation.

The tool used throughout the thesis is the Laplace transform of vector-valued distribu-

tions, a topic on which we elaborated substantially in order to show that any (tempered)

vil



vector-valued distribution can be approximated by a sequence of finite operators. Applied
to the heat equation, the Laplace transform leads to a family of Helmholtz equations for a
complex parameter p € C. This raises a second main challenge that we dealt with success-
fully by using another type of weighted Sobolev spaces. The said challenge is to obtain the
solutions of the Helmholtz problems with a priori estimates with the same constant that is

independent of the parameter p.
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Key Notation

N, Z, R, C

R
C™(2), m > 0 integer

Gy (©)
D(Q) = C2(Q)

LP(Q),1 <p<oo, || lop

Lp

loc

(Q), 1<p<

S(R™)

O (R™)

D'(Q)
S'(R")
D' (R) or D' (R)
L (R)

Sets of natural numbers, (positive and negative) integers, real num-
bers and complex numbers.

Half-plane {z = (21, 22, ....... ,Tno1) € R?}:{x, > 0}.

Space of m-times continuously differentiable real-valued functions
on ).

Space of bounded continuous functions on (2.

Space of infinitely differentiable real-valued functions in € with
compact support contained in 2.

Lebesgue space of classes of measurable real-valued functions f on
Q2 such that = »— | f(z)|? is integrable on 2, with its natural norm.
Space of classes of measurable functions f on €2 such that x —
| f(x)|P is integrable on any compact set contained in 2.

Space of C*°(R") functions f which together with their derivatives
are rapidly decreasing at infinity i.e. |z|*|D®f(z)] — 0 as |z| —
o, VEeN aeN".

Space of C*°(R"™) functions f which together with all their deriva-
tives are slowly increasing at infinity Voo € N", 3K € N such that
|z|7%| D% f(x)| — 0 as |z| — oo. The subscript M refers to the fact
that @,/ (R™) is a multiplicator of S'(R™) defined below.

Space of distributions on €.

Space of tempered distributions on R".

Space of distributions on R with support limited to the left or right.

Space of distributions on R which have a Laplace transform.

xi



WmP(Q); 1 <p<oo

[ PP R R

H§ ()
H™™(Q)
L(v)(p) = v(p)

U xp W

It

H?*(O) and H? [0, X|
EQRY

Dk(R),

(}%an)7n Eil

V(m,e)

V({m;}{e})

N({m;},{e;})
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Lebesgue space of functions on R with values in X, where X is here
and after either a Hilbert with inner product (;-)x or Banach space
with norm | - ||x, X’ being the dual of X.

Spaces of distributions or tempered distributions on R with values
in X.
Sobolev space of non-negative integer of order m, with its natural

Hilbert norm and semi-norm.

The general Sobolev space of order m, with its natural Banach
norm and semi-norm.

Closure of D(£2) in H™(Q).

The dual space of HJ*(Q).

Laplace transform of the function or distribution v at the point
p =&+

Fourier transform of the function or distribution w at the point
n € R.

Inverse Fourier transform of the function or distribution w at the
point t € R.

Duality pairing between S'(R™ and S(R") or D'(§2) and D(2).
The convolution product of v and w over the argument ¢.

Set Iy := {{ € R: e75'T € S'(R)} for T € D'(R,) where R, means
that the distributions are taken with argument ¢.

Hardy-Lebesgue scalar and vector-valued spaces.

Tensor product of the spaces E and Y.

The subspace of Dk (R) consisting of functions with compact sup-
port in K.

A sequence of semi-norms on Dg(R) defined by Pk,.(p) =
e
A fundamental system of neighborhoods of the origin 0 for the
topology of Dk (R).

A fundamental system of neighborhoods of the origin 0 for the

topology of D(R), where the sequences {m;} and {¢;} vary arbi-
trarily.
A family of semi-norms that generates the topology of D(R).

X11



g
WI - {Qa}aGI

o, A

WI,U - {Qa,A}qQEWI,AGJ

L, (D(R),Y))
oy

B ={V(A M),A€ o}

Na({m;},{e;})

.

=

#L UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
W VYUNIBESITHI YA PRETORIA

The collection of all bounded subsets A of D(R).

Family of semi-norms that generate the topology of a locally convex
topological vector space Y.

Semi-norm defined on £ (D(R),Y)) with a € 1.

A family of semi-norms g, 4 that generate the o-topology
L (D(R),Y)) with the topology of uniform convergence on bounded
subsets.

The space L(D(R)) equipped with the o-topology.

The collection of finite union of bounded set o.

A fundamental system of neighborhoods of the origin 0 for the o-
topology of L (D(R),Y).

A family of semi-norms that generate the o-topology
L (D(R),D(R)).

The rectangle [—a, a] x [—3, 8] in a new co-ordinate system (x =
T1j, Taj).

The set {(z1,22) € Q: —f <22 < p;(z1), —a <z < a}.

The set {(z1,22) € Q: B> 2 > @j(11), —a < 21 < a}.

The set {(z1,22) € T 1 x0 = pj(z1), —a <z < a}l.

The unit square described by {(y1,y2) : |y1| < 1, |y2| < 1}.

Positive half of the unit square i.e the set consisting of (y1,y2) € @
such that y, > 0.

Negative half of the unit square i.e the set consisting of (y1,y2) € @
such that y, < 0.

Intersection of the unit square () with the horizontal line y, = 0.
A sector described in polar co-ordinates (r, ) centered at a vertex
of I' the origin of the plane such that

G ={(rcosf,rsinf) :r >0, 0 <0 < w}.
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Py(G)

H2(Q)

H™[(0, +00); L*(2)]

Kondratiev weighted Sobolev space of all distributions v in G such
that rl*l=*Dey € L?(G) V |a| < k where k is a non-negative integer
with its natural norm || - || pg(c-

Weighted Sobolev space of all distributions w € H'(€) such that
rPD%w € L?()) V « such that |a| = 2 with its natural norm
[RR(EETNE

Space of functions v € H™ [(0, +00); L?(Q2)] such that the extension
v by zero outside (0, +00) belong to H™ [(—o0, +00); L*(Q)] with

its natural norm || - ||ﬁm[(o,+oo); 2(Q)
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Chapter 1
Introduction

Diffusion and heat flow processes occur extensively in science, engineering and in fact in real
life situations. In the linear case, these processes are mathematically modeled by parabolic

partial differential equations of the form

% —Lu=f in Q x (0,400) (1.0.1)

where

o L = Z|a\ <om Ga D is a strongly elliptic operator of order 2m with constant coefficients,
e () is a domain of R", with boundary 92 = T".

e f is a given real-valued function.

The parabolic equation (1.0.1) coupled with suitable boundary and initial conditions has
been extensively studied in the literature under some smoothness assumptions on the domain
Q). Following Lions and Magenes [38], the most popular assumption is to consider 2 to be a
bounded open set with boundary I' being a C'*°-manifold of dimension n — 1, the set {2 being
locally located at one side of I'. In other words, ) is a compact manifold with boundary T
of class C*°.

Under this smoothness assumption, the famous qualitative result by Agmon, Douglis and
Nirenberg [2] regarding elliptic problems can be stated as follows:

Let u in the Sobolev space HI"(Q) be such that Lu € L*(). Then u is optimally regular in

the sense that

u € H2m(Q) and |Jul| gemoy < C||Lul| 2

1
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for some constant C > 0 which does not depend on u.
In this smooth framework, similar results for parabolic and hyperbolic problems as well as
further contributions to elliptic problems can be found in [38] and [39].

The qualitative analysis in the more difficult case when the domain €2 is non-smooth was
considered relatively later. In this regard, the historical reference is Kondratiev [36] who
investigated the singular behavior of solutions of elliptic equations in domains with conical
and angular points. Since this seminal contribution of Kondratiev, there has been a surge
of works on elliptic problems in non-smooth domains ranging from the case of operators of
mathematical physics in simple two dimensional geometry (see [29], [31]) to more complicated
cases that involve both conical and edge singularities (see [19], [30], [44], [49]). The specific
two dimensional case of the parabolic problem (1.0.1) is investigated in the thesis [46]. Our
work is mostly based on this thesis [46]. Given the level of generalization and complexity in

[46], the purpose of our thesis is:

To analyze and better understand the results obtained.

To obtain results that are as explicit as possible;

To visualize the impact of the rough geometry €2 in the result;

To enrich and complete the theoretical study of [46] with reliable numerical methods

in which the singularities of the continuous problem are relatively easily incorporated.
To achieve the above objectives, the setting of this thesis is made explicit as follows:
e The domain {2 is a polygon (n = 2)

e The operator L is taken to be
Lu=—-Au+Au, A>0

where

0* 02

A:a—x%—f—a—x%

is the Laplace operator.
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In other words, we are dealing with the following boundary value problem for the two di-
mensional heat/diffusion operator on a polygon:
ou

E—Au+)\u:f in Qx (0,4+00)

u(z,0) =0, z €

u(z,t) =0, (x,t) €00 x (0,400).

There exist several methods for solving evolution problems (see for example [21]). In this
work, we mainly employ the Laplace transform for the analytical part, whereas the finite
element method (in space variable) coupled with the finite difference method or Fourier series
method (in time variable) is used for the constructive part.

The use of the Laplace transform reduces the heat equation to a family of Helmholtz
equations for a complex parameter p € C. The main challenge is to obtain for the solutions
of the Helmholtz problems, a priori estimates with the same constant that is independent of
the parameter p so that the inverse Laplace transform (i.e. the Paley-Wiener Theorem) is
applicable to obtain solution of the heat equation in suitable function spaces. More precisely,

our contribution can be outlined as follows:

1. We provide a comprehensive study of Laurent Schwartz extension of the Laplace trans-
form to vector-valued distributions, which constitute a suitable framework for the heat

equation;

2. We show that the family of solutions of the resulting Helmholtz equations satisfy the

following properties:

(a) the solutions belong to appropriate weighted Sobolev spaces and they depend
continuously upon the family of the right hand side with the same constant that

is independent of p;

(b) the solutions admit decompositions into regular and singular parts, where the
regular part (in usual Sobolev spaces) and the coefficients of the singular parts
depend continuously upon the family of the right hand sides with independent

constants;
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3. We deduce from (2) above global regularity and singular decomposition results for the

heat equation.

4. We design an optimally convergent mesh refinement finite element method for the

Helmholtz equation, as a consequence of the regularity in (2) above.

5. We present two discrete methods for the heat equation. Firstly, we couple the Fourier
series method (in the time variable) with the mesh refinement finite element method
(FEM) (in the space variable). Secondly, we use the Non-standard finite difference
(NSEFD)method (in the time variable) in conjunction with the mesh refinement FEM

(in the space variable).

The idea of using the (NSFD) method for such problems is new. NSFD techniques
introduced by Mickens [52] more than two decades ago have laid the foundation for
designing methods that preserve the dynamics of the continuous differential models.
In our context, the NSFD-FEM we obtained preserves some intrinsic properties of the

solution of the heat equation.

The results of this thesis are published in the papers [14] and [13]. In view of our focus to
better understand the complex issue of singularities, we deliberately spend a lot of time on
some crucial details. This contributes to give a self-contained flavor to the thesis, which is
essential given the amount of tools and deep concepts from various areas that are needed in
this work. This also explains why despite the title of the thesis on the heat equation, much
time and space are devoted to the Helmholtz problem, which is the backbone of the analysis
of the heat equation.

As a matter of principle comments as to how our thesis fits in the literature are generally
made throughout the text next to where the results are stated and proved. See for example
Remark 4.3.3 regarding the literature on singularities.

We outline now chapter by chapter the content of the thesis. Chapter 2 is devoted to
some basic tools mostly related to function spaces (e.g Sobolev spaces, etc) we need. A key
aspect of this chapter is the analysis of the Laplace transform of vector-valued distributions,
which requires from us to elaborate substantially on Laurent Schwartz’s canonical topology
of the space of test functions D in order to prove the density of the space of finite rank
distributions into the space of vector-valued distributions [61].

Chapter 3 and 4 deal with the quantitative and qualitative analysis of the Dirichlet prob-

lem for the Helmholtz operator involving a parameter p € C. The quantitative analysis
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amounts to the well-posedness (with constant independent of p) of the problem in appropri-
ate Sobolev spaces. The qualitative analysis takes care of two aspects. Firstly, in Chapter
3, we deal with the case when the domain is smooth and the Agmon, Douglis and Nirenberg
[2] regularity results are presented. Secondly, in Chapter 4 when the domain is a polygon,
the decomposition of solutions into regular and singular parts is investigated and this is
exploited to establish the global regularity of the solutions into a weighted Sobolev space in
such a way that the solutions depend continuously on the data with a constant independent
of the parameter p € C.

The uniform (with respect to p) estimates obtained in the previous chapters combined
with the Paley-Wiener theorem permit in Chapter 5 to establish for the heat equation, the
existence of a unique variational solution, the tangential regularity (in the time variable) of
the solution, the singular decomposition of the solution and its global regularity in vector-
valued weighted Sobolev spaces.

Chapter 6 is reserved for numerical approximations of the heat equation. First, we design
a semi-discrete (in time) mesh refinement finite element method which is optimally con-
vergent. Next the time variable is discretized by the Fourier series method and the space
variable by the mesh refinement FEM. This leads to a full discrete method which is opti-
mally convergent in both the time and the space variables. Finally, we use an alternative
approach of discretizing the time variable by the NSFD scheme while the mesh refinement
FEM is used for the space variable. In addition to the optimal convergence, this NSFD-FEM
procedure preserves some qualitative property of the continuous model of the solution such
as the decay property in the limit case of space independent equation. These theoretical
results are supported by numerical experiments.

Concluding remarks are gathered in chapter 7. They underline how this work fits in the

literature and how it can be extended.
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Chapter 2
Basic Tools

The study of boundary value problems such as the heat equation conventionally takes as
its starting point the idea of function spaces in which the solution of the problem will be
handled. For this reason, we will start this thesis with some introductory aspects of function
spaces. The underlying domain on which the functions are defined is presented in section
2.1. The most prominent function spaces of interest in our study will be the spaces of
continuous functions, Lebesgue space (section 2.2), Distributions (section 2.3) and Sobolev
spaces (section 2.4). Some relevant results on Laplace transform (the second tool used in

our study) are described in section 2.5.

2.1 The domain {?

In what follows, we shall work with functions defined on a domain Q C R?, i.e., an open
and connected set, with boundary denoted by 02 or I'. The domain €2 or its boundary
" is supposed to satisfy some regularity conditions. Following Grisvard [29], our standard
reference for function spaces, the regularity conditions can be grouped into the two categories.

The first category is to view I' = 02 as being locally the graph of a function ¢. The
regularity of I' is then described through the differentiability properties of ¢. The precise

definition reads as follows:

Definition 2.1.1. We say that the boundary T is continuous (respectively, Lipschitz, m
times continuously differentiable, etc.) if for every x € T', there exist a neighborhood V' of x

in R? and a new system of co-ordinates (yi,y2) such that,



1. V is a rectangle in the new co-ordinate system:
Vi={y=,1) —a1 <y <a, —ay <y <as},

2. there exists a function ¢ : (—ay,a;) — R which is continuous (respectively Lipschitz,

m times continuously differentiable etc) and satisfies the following conditions:

a
lo(y)] < 32 for every y1 € V' := (—a1,a1),
QNV = {y=Wnwn) €eV: n<eln)}l,
'nvV = {y=Wwuy) eV: y=vl)}.

More generally, I is called of class H when the above function ¢ is of class H.

Definition 2.1.1 is illustrated in Figure 2.1



y2=@(y1)

Figure 2.1: Lipschitz boundary I’

Definition 2.1.1 implies that €2 is locally on one side of its boundary I'. Indeed, it follows
that Q NV is below the graph of ¢ and I' NV is the graph. Consequently domains with
cusps do not satisfy Definition 2.1.1.

The second category is to consider the closure Q, of the domain © as a 2-dimensional
manifold with the boundary imbedded in R%. The regularity assumptions are then added on
the manifold.
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Definition 2.1.2. We say that Q is a 2-dimensional continuous (respectively, Lipschitz, m
times continuously differentiable etc.) sub-manifold with boundary in R?, if for every x € T'

there exists a neighborhood V of x in R? and a mapping T from V into R? such that

1. T is injective,

2. T together with T~ (defined on T(V')) are continuous (respectively, Lipschitz, m times

continuously differentiable),

3. QNV ={y € Q:Tyy) <0} where Tz(y) denotes the 2th component of T'(y).

Definition 2.1.2 is illustrated in Figure 2.2.

Vv
T(y)=0
/_X—\
T(y)<0
QNV
Q

Figure 2.2: Local charts of the boundary I

As a result of condition (3) of Definition 2.1.2, the boundary I" of 2 is defined locally by
the equation Ty(y) = 0.

The comparison of Definition 2.1.1 and Definition 2.1.2 is an issue of interest. To this
end, assuming that Definition 2.1.1 holds, let us define T' by

T(y) = {y1,y2 — p(y1)} - (2.1.1)

The function in (2.1.1) has its inverse given by

T (z) ={z1,22+ (1)}

9
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It is clear that T in (2.1.1) fulfils all the conditions in Definition 2.1.2 with the same amount
of differentiability for 7" and T~! as the function ¢. In other words, Definition 2.1.1 implies
Definition 2.1.2. However, the converse is partly true, namely when T is at least of class C*.
Indeed, assuming that Definition 2.1.2 holds,

To(y1,92) = 0 for (y1,92) €NV, (2.1.2)

Let (yf,y5) € ' NV be such that g—iyfg(y;,y;) # 0. Then by the implicit function theorem,
there exists open neighborhoods U C R? of (yf,43) and V/ C R of y} as well as C* function
¢ : V! — R such that

(y1,y2) € U solves (2.1.2) if and if yo = (1), y1 € V.

The above constraint on the use of the implicit function theorem, motivates why we prefer
Definition 2.1.1. In this regard, a typical example on which our thesis is based is given in

the next result taken from [55].

Proposition 2.1.3. A domain Q with polygonal boundary T" is Lipschitz in the sense of
Definition 2.1.1.

Proof. We take €2 to be the unit square represented by
Q=(-1,1) x (—-1,1),

as illustrated in Figure 2.3.

Let z € T not be a vertex. We let the new co-ordinate system y;,ys centered at z be
such that the y;-line coincides with the side of the square that contains z, while the y-line
is perpendicular to the y;-line (see Figure 2.4).We then take V = [—a + 21,0 + z1] X [ +
29, B + 25] in the new system and ¢(y;) = 0. It is clear that ys is of class C*°. Next we
consider the case when z is a vertex. In view of the symmetry of the square €2, it is enough
to restrict ourselves to the point z = (1, 1). By Definition 2.1.1, we consider new co-ordinate
system as follows, in in view of Figure 2.4. We pass to the co-ordinate (y1,y2) from (xy, z5)
after performing a rotation through an angle of 7/4 and a translation of (3/4,3/4). These

transformations yield the follow equation

|| V2/2 V22| | w N 3/4
o || =vV2/2 V2/2 | | » 3/4 |

10
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y2
(-1,1)
.1
\%
q \ x1
yl
Q
(-1,-1) @D

Figure 2.3: Polygon as Lipschitz domain (a)

A To
Y1
("15 1) (17 1)
Y2 1%
z
0
Q
1
(—1,-1) . (1,—-1)
1%
Y2

Figure 2.4: Polygon as Lipschitz domain (b)
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In the new co-ordinate system, we take
V= (—\/5/4, \/5/4) x (3@/4,3@/4) :
for a neighborhood of the point (1,1). For the function ¢, we consider
ply) = V2/4— |nl.
With reference to Definition 2.1.1, we can check that
lo(y)| < %5 for every y; € V' = <—\/§/4, \/5/4> ,

QNV = {y=Wy) €V: wn<e)},
rnv {y=y)eV: w=pn)}.

For y; # 0 we have
-1 ify >0

o(y1) — »(0)

Yy
' 1 if 4 <0,

which implies that
(1) = e(O)] < [3],V g € V.
Now for arbitrary y; and | in V', we have

lo(yr) — o)l = 1 — wl,

if the signs of y; and y| are the same. In the case where the signs are different we have

lo(y) — o)l < ley) — @(0)] + |¢(0) — o(yh)]
<yl + [l
= ‘yl_y/1|

12
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We then have that

lo(y1) — ()] < |y —vil, Yyi,vh €V,

which conclude the proof. n

With Definition 2.1.1, we associate once and for all the notation below which will be used

in future. For all z € I" there exists a neighborhood V, defined in a new co-ordinate system

T, = (21, 2T2,) = (21,22) = x by
Vo={o=(21,20) : —a1. <21 < a1, —Gg, <Ty<ag.}.

Since the boundary I' is compact, there exist 21, 2o, ,.....z; € ' such that I' C U;?:le, where

V;=V.,;, ai.; = a1, and ag,; = ag;. In view of this notations, we can find an open set Vj

with Vo C Q such that the family of open sets V},j =0, 1,2, ....k is a covering of (2.
Without loss of generality and following Necas [54], we can assume that for all 1 < j <k

Vj={$=(9€17$2) L —a <z <a, —f<xy<p}, for some o, f >0

where we recall that (z1, z5) in the right hand side should be viewed as in the new co-ordinate

system (21, ¥a ;). Furthermore, we have the following regions of R? demarcated by:

VP =TNV;={(21,22) : 22 = gj(21), —a <z <a},
ViE= V02 = {(o1,25) € Vy s gy(1) — B < gy(a1), —a <y < a},

Vi =Vin(R?/Q) = {(x1,22) €V} gj(21) + 8> 9j(a1), —av <z <a}.

For a fixed j, 1 < j <k, we consider the T; with its inverse Tj_1

T; :V; = @Q and T]-’le—H/j,

13
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defined by
T]<x) = Tj<x1,x2> — <ﬂ7 w) , (2_1.3)
a B
and
T (y) =T My, y2) = (o, @s(omn) — By) - (2.1.4)
where

Q={(y1,y2) : |l <1, |yo| <1},

is the unit square. The smoothness of T} and ijl is determined by that of the map ¢; in

Definition 2.1.1. Furthermore, under the transformation 7;

Vj+ becomes Q4 = {(y1,52) : 1| <1, 0 <y <1},
V" becomes Q- = {(y1,v2) : |m| <1, =1 <y, <0},

VP becomes Qo= {(y1,0): |ul <1},

J

as seen in Figure 2.1.2.

With these notation in mind, there exist non-negative functions 6; € D(V;), 6; <1, 0 <
J<k
satisfying

k k
Vr € Q, Zej(x) =1 and Vz e, ZQj(x) =1 (2.1.5)
=0

J=1

The family (6;)5_, and (6;)"

i1 are called C**-partition of unity on Q) and I subordinated to

the open coverings (V;)i_, and (V;)%_, respectively.

14
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Y2

Figure 2.5: Boundary I of piecewise C"™ class
2.2 Usual Function Spaces

With the domain €2, we associate the following classical function spaces that we will use:

Definition 2.2.1. ([40])

Given an integer m > 0, we define

e C(Q) = {v:Q—R; D is continuous on QY |a] < m}. This is the space of m

times continuously differentiable functions on €.

o Q) :={veC™(Q), D* is bounded ¥ |a| < m}, CJ*(Q) is a Banach space under
the norm

|V|lm.00.0 := max sup |D%v(z)]. (2.2.1)

lal<m zeQ

o CI'(Q) :=={veC™Q):v has a compact support contained in Q} .

15
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e D(Q) = C5°(2) = (20 Co"(€2). This is the space of test functions, which consists of
infinitely differentiable functions v : € — R with compact support in €.

o () :={ve C™Q);V |a| <m,z — D(x) is bounded and uniformly continuous on Q}.

o C(Q) :={veC™Q); IC>0:|D(x) — D*(y)| < Clz —y|’ Va,y € AV |a| =m}
is the Holder space of order m and exponent 6 € (0, 1].

Definition 2.2.2. ([40])
Let 1 < p < 400 be a real number. The Lebesque space LP(S2) consists of classes of measur-

able functions v on €2 such that

Vi< 4oo, ifp<oo
[ollop.e = (2:2.2)
VI < 400, ifp= o0,

where

V= ( /Q \v(az)|pdx> l/p

and

VH = esssup |v(z)| :=inf {k >0: |[v(x)] < k a.e on Q}.
zeQ

Notice that L'(€) is the space of classes of measurable functions on € which are Lebesgue-
integrable. Notice also that LP(2) is a Banach space under the natural norm in (2.2.2) while

L*(Q) is a Hilbert space for the inner product

(u,v)o0 ::/Qu(a:)v(a:)dx. (2.2.3)

Definition 2.2.3. The space of locally integrable functions is denoted by L}, () and defined
by

L, (Q) = {vigveL'(Q),V¢eD)}
= {v cuxg € LYQ), VK € Q, K compact in ]R2},

where xi s the characteristic function of the set K.

16
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Remark 2.2.4. Spaces of functions C5°(Q2) and L},.() are the smallest and the largest

spaces of functions of interest in applications as depicted in Figure 2.6.
C°(Q) C CF(Q) C LP(Q) C Ly ()
U
Gy (Q) € Q)
cm(9Q)

)

U

Figure 2.6: Smallest and Largest spaces

2.3 Distributions

Functions in the smallest space D(€2) have many nice properties that functions in the largest
space L,.(Q) fail to have. By duality on D(2) we will construct a much larger space which

contains L}

e(€2) and possess the said nice properties in a weaker sense.

Definition 2.3.1. ([40])(Pseudo-topology of D(f2))
A sequence (@n)n>1 in D(Q) converges to p € D(Q) if

1. There exists a compact set K of R? such that K C Q, supp(p,) C K, Vn >
1, supp(p) C K;

2. For every multi-index o, (D%p,,) converges to (D%p) uniformly on K.
We will elaborate a bit more on the topology of D(2) in subsection 2.5.3 below.

Definition 2.3.2. ([40]) (Pseudo-topology of L} .(2))

A sequence (v,) converges to ¢ in L} (Q) if
Y compact K C Q, lim / |vn, — @|dx = 0.
n—oo K

With all these structures we can then define distributions as follows:

17
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Definition 2.3.3. ([40])

1. By definition, D'(Q) the dual of D(QY), is the space of distributions on . This means
T € D'(Q) if and only if the convergence to 0 in D(2) of any sequence () implies
the linear convergence to 0 of the scalar sequence ((T',py)). (The symbol (-, -)pi.p OT

(-,+) when there is no risk of confusion denotes the duality pairing between D'(2) and

D(2)).

2. A sequence (T,,) of distributions on € converges to 0 € D'(Q) if
(Tn, ) = 0, Vo € D'(Q).

Remark 2.3.4. The definition of convergent sequence T}, of distributions given in Definition
2.3.3 and used often in the literature is incomplete but sufficient in applications. The complete
definition of this concept will be clarified when we equip D'(2) with the topology of uniform
convergence on bounded subsets of D(2) (see Proposition 2.5.17).

Another type of space of test functions which will be useful to us in the context of Fourier

transform of distributions, is given in the next definition.

Definition 2.3.5. ([61])
Schwartz’s space S(R) of test functions consists of C™ functions which together with all their
derivatives are rapidly decreasing at infinity. In other words ¢ € S(R) if ¢ : R — R s
infinitely differentiable and for all integers m,n > 0, there exists a constant C,, ,, > 0 such
that

d"e

sup{|m|m|%(x)| cx € R} < Cpyp. (2.3.1)

This is equivalent to ¢ € C°(R) and lim|y|— o0 lz|m L) — 0 VmeN, VneN.

dx™

The space S(R) has the structure of a locally convex topological space when equipped with

Schwartz canonical topology. In terms of this topology, we have the following definitions:

Definition 2.3.6. ([40])(Pseudo-topology of S(R))

A sequence (¢;) converges to ¢ in S(R) whenever

d"p; d'p

dz™ dzx™

lim sup |z (

J—0 zeR

)(x)|:0, Vn e N, Vm € N.

18
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Definition 2.3.7. ([40])

By definition, the dual S'(R) of S(R) is the space of tempered distributions in R. This
means T € S'(R) if and only if the convergence to 0 in S(R) of any sequence (v,,) implies
the convergence to 0 of numerical sequence ({T,py)). (Again the symbol (-,-) denotes the
duality pairing between S'(R) and S(R).)

Definition 2.3.8. ([40])
Given a distribution T € D'(R2), its derivative with respect to z;, 1 < i < 2 is the distribution
denoted by g—; and defined by

oT Op
\V/QOGD(Q), <a—:L‘i,QO>——<T,8—xi>.

In general, for a multi-indez o € N?, the derivative of T of order o is the distribution DT

defined by

Yo € D(Q), < DT, >= (1) < T, D% > .

2.4 Sobolev Spaces

For a fixed parameter which is either the time variable ¢ or a complex number p, the solutions
of the heat and Helmholtz equations that we will consider in this thesis belong to the class
of Sobolev spaces that we outline now. Our standard reference for Sobolev spaces is [29],

though we add from time to time those references that we used most.
Definition 2.4.1. ([29))
Let m > 0 be an integer. The Sobolev space H™(S2) is defined by

H™(Q):={veD(Q): D* € L*(), V|a| <m}. (2.4.1)
In other words, H™(2) is the collection of all functions in L*(Q) such that all distributional
derivatives up to order m are also in L*(f2).

We make H™(£2) a Hilbert space under the norm

1/2

[l = [ 30 /|D°‘v\2dx (2.4.2)
Q

laj<m
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and the inner product
(W, V)0 = Z / D%wD%vdx.
jal<m 7€)
We denote by | - |0 the semi-norm

1/2

Wl = Z/|D°‘v|2dx | (2.4.3)
Q

|a|=m

Clearly the Sobolev space of order 0 i.e H°(Q) = L*(Q2). Unless Q2 = R?, or m = 0 the space

D(€2) is not dense in H™(2). For this reason we introduce the following subspace.

Definition 2.4.2. ([29))
We define the Sobolev subspace H*(S2) as the closure of D(Q2) in the space H™(S2).

Theorem 2.4.3. ([29)) (Poincaré-Friedrichs Inequality)

Assume that Q) is bounded in one of the directions, say x,. Then there exists a constant

C > 0 depending upon ) such that

ov
Vo € Hy(Q), [[vlloo < Clg = loa- (2.4.4)
Consequently for m > 1 the semi-norm |- |,, o is a norm on H{*(€2) equivalent to || - |-

Occasionally, we will use the non-Hilbertian Sobolev space defined as follows:

Definition 2.4.4. 1. For 1 < p < oo the Sobolev space of integer order m > 0 is denoted
Wm™P(Q) and defined by

Wme(Q) == {v e D/(Q) : D € LP(Q), ¥ |a] < m}. (2.4.5)

It is clear that W™P(Q) coincides with the Hilbertian Sobolev space H™(SY). However
for p # 2 the space W™P(Q) is a Banach space (not a Hilbert space) with the norm

and semi-norm defined respectively by

1/p
<Z|a|§m Jo |Dav(x)|pdx> if p < o0

[V]lmp0 =

MAaX|o|<m €55 SUP,cq | D*v(x)|  otherwise
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and

(Simn falDoo@ar) " p<oo

’U|m,p,9 =

MAX|o|—m €55 SUP,cq |[Dv(z)|  otherwise.

Theorem 2.4.5. ([29)]) (Sobolev Continuous Embedding Theorem and Rellich Kondrachov
Compact Embedding Theorem,).

Assume that a bounded open set Q0 has boundary 02 = I' which is Lipschitz if m = 1 or is
of class C™ if m > 1. Consider the number p* defined by

m
5 l<p<oo, m2>1.

3
%
=

1. If z% >0, i.e. m< ]%, then we have, for any q € [1,p*], the continuous embedding
WmP(Q) — LY(Q)
which is compact in the particular case when q # p*;
2. 1If ;z% <0, t.e. m > %, we have the continuous and compact embedding
W™P(Q) — C*(Q).

where s is the non-negative integer satisfying s < m — % <s+1.

Furthermore, if m — 12) 15 not an integer, we have the continuous embedding

Wme(Q) — C(Q)

where 0 = m — % — 5 and C*9(Q) the Hélder space equipped with the norm

0]

D~ — D~
C0(Q) - = Eixsug | D%(z)| + max sup [D%0(a) o)l

lal<s ze lal=s ze0 |z — y|°

Remark 2.4.6. Theorem 2.4.5 is valid in the one-dimensional case (i.e Q is an interval)

provided that 2 is replaced with 1 in the identity that defines p*.
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2.5 Laplace transform

The evolution equations that we study will be transformed into complex-parameter family

of elliptic equations through the Laplace transform, which we outline in this section.

2.5.1 Laplace transform of functions

Given a test function v € D(0, +00), its Laplace transform is denoted and defined by

1 oo
Lv =v(p) = —/ e Ply(t)dt, p=¢&+ineC. 2.5.1
(L) (p) (p)\/ﬂO (t)dt, p=¢&+in (2.5.1)
The connection of the Laplace transform with the Fourier transform is straight forward on
extending the function v € D(0,400) to v € D(—o0,+00) given by

B(t) = B (25.2)

Indeed from (2.5.1), we have

1 too
u(p) = E/o e~ Mty (t)dt

1 +oo —
= — e e~ u(t)dt.
V2T J

Thus
u(p) =F (e’gt”ﬁ(t)) (n), (2.5.3)
where

Flw)(n) = ¢L2_7r /_ " et t)dt, (2.5.4)

is the Fourier transform of w € D(—o0, +00) and

wt) = F (Fw) (0= — [ ") 259
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is the inverse Fourier transform of F(w).
Given a function v € D(0, +00), it is easy to show by integration by parts that the Laplace

transform of the derivative &

% is given by the relation

kv
L (%) (p) = p"L (v) (p) for k €N. (2.5.6)

If another function w € D(0,400) is considered, we have for £ € R the Parseval identity

+o00 +o00 .
/0 o(Bw(t)e=2tdt = / B(E +in) - BE + in)dn, (2.5.7)

—0o0

which implies that the Laplace transform satisfies the relation

</O+Oo |v(t)e_£t|2dt)% = (/_:o o(¢ + z'n)|2dn)é . (2.5.8)

Furthermore, we have

+00 +00 -
/0 V(& +in)w(n)dn = /0 e~ () F(w)(t)dt. (2.5.9)

It is clear that the Laplace transform of a function v € L'(0,00) is well-defined by the

integral (2.5.1) whenever the condition
£>0, (2.5.10)

is satisfied.

Theorem 2.5.1. Let g(t) € L*(—o0,+00) have its support in the unbounded interval I, =

(—o0, ) or I, = (a, +00) where o« € R. Then the Laplace transform

i) = %27 / (o,

is defined for Re(p) =& > 0 if I, = (o, +00) or for Re(p) =& <0 if I, = (—0o0, @).
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Furthermore, g(p) is a holomorphic function in the complex region

b; E >0 Zf Ioz = (Oé, +OO)
C, =
p; £€<0 if I,=(—00,q)

such that, for p € C, with a fived &, the function n — §(& +1n) is of class L*(—o0, +00) and

satisfies the relation

+0c0
|l imPan< e [ gt

o0 Ia

Proof. We prove the theorem for the case when I, = (a, +00), the situation I, = (—o0, @)
being analogue. We show that for £ > 0, the function ¢ — e %'g(t) is of class L'(«, +00).

Indeed, we have
~ : 1 T it et
[9(§ +1in)| = E' / e "Me g (t)d]
e
= e ata

< ( / ” e_wdt)% ( / - |g<t>|2dt)é ;

where the previous inequality is due to Cauchy Schwarz inequality. This shows that g(& +in)

IN

is defined for £ > 0 and also holomorphic by differentiation under the sum symbol.
On the other hand Plancherel-Parseval theorem yields for £ > 0

—+o00 ) +oo )
/ GE + i) Py = / =St () Pt
“+o00
- / &2 g(1)|dt

+o0o
< oxo / ()Pt
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2.5.2 Laplace transform of distributions

We want to define the Laplace transform of more general objects; namely, distributions in
such a way that properties (2.5.6) and (2.5.8) remain valid. However, since the space D(R) is
not invariant under the Fourier transform, we use Schwartz [61] space of test functions S(R)
introduced in Definition 2.3.5. The estimate (2.3.1) guarantees that the Fourier transform
of ¢ € S(R) is well-defined by the relation (2.5.4). More importantly, we have the following

result.

Theorem 2.5.2. ([21])
The Fourier transform F is an isometric isomorphism, (with inverse F~1 given in (2.5.5))

from S(R) onto S(R) when S(R) is equipped with the L*(R)-norm.
Motivated by the relations (2.5.3) and (2.5.9), we give the following definition:

Definition 2.5.3. ([21])
For a tempered distribution T € S'(R), its Fourier transform is the tempered distribution
denoted by F(T) and given by

(F(T), 90>$'(R,,)xs(R,7) = (T, ‘F(@»S’(Rt)xS(Rz) V ¢ € S(Ry). (2.5.11)

Here and after, the notation R; means that distributions and test functions are considered

with the argument ¢.

Remark 2.5.4. Note that Definition 2.5.3 does not make sense for an arbitrary distribution
T € D'(R) in view of the fact that F(p) ¢ D(R) for ¢ € D(R). Therefore we had to use the
largest space of test functions S(R) into which D(R) is densely and continuously embedded in
order for Definition 2.5.3 to work for the small space 8'(R) of tempered distributions which
is densely and continuously embedded in D'(R).

One of the important properties of the Fourier transform of distributions we shall need in
this study is the Fourier transform of the derivative with respect to the time ¢. For T € §'(R)

and any non-negative integer n, we have

ar

4 dtm

= (in)"F(T) €S (R,). (2.5.12)

25



.

=

#L UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
W VYUNIBESITHI YA PRETORIA

Indeed if ¢ € S(R,)), we have

<f(ci;Z)(n), <p> = <C§TZ, f(go)> . by (2.5.11)

5/ (Ry) xS (Ry) S (Re)xS(Re)

dTL

=(-1)" <T, %(}"(@)) , by Definition 2.3.8, which

>S/(Rt)><S(Rt)
is the same for tempered distributions

= (=1)"(T, (in)"F(¥))s ) xs, » DY the properties of Fourier
transform of usual functions

= ((iN)"F(T), ¢)g@xs@, by (2.5.11).

With the above in mind, we are led to study the subspace D’ (R) of D'(R) consisting of
distributions 7' with support limited to the left. i.e. supp(T) C [a,+o0) « € R. Notice
that distributions 7', (R) are tested against functions ¢ in the space D_(R) where ¢ € D(R)
is such that supp(y) C (—o0, ], B € R. (The spaces D’ (R) and D, (R) are defined analo-
gously). For T' € D’ (R) we want to connect its Laplace transform to the Fourier transform
of distributions via the analogue (2.5.3) and (2.5.11). To investigate this connection, we

consider an important set introduced in [22].

Definition 2.5.5. ([22))

With a distribution T € D'(R;), we associate the set It of real numbers given by
Ir={¢€R: e¥TeSR)}. (2.5.13)

The properties of the set Iy are summarized in the following result:
Proposition 2.5.6. ([22])

1. For T € D'(R), Ir is a convex set which may be empty;

2. If T € D (R) and if Ir # 0, then Ir = R or [§y, +00) with & € R.

The next proposition specifies some useful properties of tempered distributions associated

with T € D'(R) and I7.
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Proposition 2.5.7. ([22)).
Let T € D'(R). Denote by int(Ir) the interior of It and suppose that it is non-empty. Then:

1. For all ¢ € int(Ir) the Fourier transform F (e 5'T) (n) of the distribution e 5'T is a
function of @y where Oy is the space of C* functions which together with all their
derivatives are slowly increasing at infinity. That is, v € Oy < v € C*°(R),Vj € N
there exists N € N such that

lim |a|™" o7 (z)] = 0,
|z|—o0

2. The function
p=&4+in— F (e’ftT) (n)
is holomorphic in the band int(Ir) x R.

In view of Proposition, 2.5.6 and 2.5.7, we can define the Laplace transform of a distri-

bution as follows:

Definition 2.5.8. ([22)).
Let T € D'(R) be such that int(Ir) # 0. The holomorphic function denoted by L(T) : p —
L(T)(p) and defined for p € int(Ir) x R by

T(p) = L(T)(p) := F (e T) () (2.5.14)

is called the Laplace transform of the distribution T' € D'(R).

As mentioned earlier, the properties (2.5.6) and (2.5.9) are valid in this general setting of
Definition 2.5.8 as shown below. For T' € D'(R) with I # 0, and ¢ € S(R), we have

(LT)D), P)srmyyesmy = (FE TV, gmrsm, PY (25:14)
= (9T, Flp by (2.5.11)

= (T, L)) s o) xseme)

)>S/(Rt)><S(Rt)
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This is the analogue of (2.5.9). On the other hand, by (2.5.11)

()0 ) = Fw) 00,

., d*T
- <e EtW’ f(g0)> : (2.5.15)
S/(Rt)XS(Rt)
Since
d dr
&ty ekt il
o (e T) (e + e o

then (2.5.15), for k = 1, yields

<£ (%) (p), 90> = <§e_§tT + % (77), F<¢)>S’(R¢)XS(R1&)
= <g]: (e™'T) () + F (% (egtT)> (n), 90>
= (eF (e78T) () + inF (e 9T) (n), @) by (25.12)

= <p~/t‘(€7§tT) (77)7 30>
= (pL(T) (), ¥)-

Hence by induction on k € N, we have <[, (%) (p), g0> = (p"L(T)(p), ¢), which means
that

£ (%) 0 =D n @) (25.16)

Our aim at this stage is to characterize Laplace transform of distributions in L?(0, +00).

This is achievable first by considering the next definition.

28



.

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
W VYUNIBESITHI YA PRETORIA

Definition 2.5.9. ([67]) (Hardy-Lebesgue Space)

The Hardy-Lebesgue space denoted by H*(0) is defined as the set of functions V : p — V(p)
from the half complex plane

Ci={p=¢§+ineC, £>0}
into the space C such that the following two conditions are satisfied:

1. The function V(p) is holomorphic for & > 0;

2. For each & > 0, the function n — V(€ +1in) is of class L*(—oo, +00) such that

sup (/ V(€ + in)|2dn) < +00.

0 \J—co

Proposition 2.5.10. ([67)])
Let v(t) € L*(0,4+00). Then its Laplace transform 0(p) exists for € > 0 and v(p) € H?(0).

Proof. Let € > 0. We denote by v(t) the extension of v(t) by 0 outside (0,+00) given in
(2.5.2). Then, the function t € R — e % (t) is of class L?(—o0, +00) and is therefore a
tempered distribution. In other words £ € I; in fact [0, +00) C I and thus intl; # 0.
Thus, in view of Definition 2.5.8, v(p) is well-defined for p = £ + in with £ > 0. The
holomorphic property of p — ¥(p) follows from Proposition 2.5.6 and Definition 2.5.8.

For condition 2 we have using the extension to L? of (2.5.3) and of the Parseval identity
(2.5.8)

| it = —= [~ FE@e mra

1 oo
= |'17(t)e_t£|2dt
V 27 /oo
1 oo
- |U(t>|26_2t€dt
\ 27 /0
1 o0
< — lv(t)]* since & > 0.
\ 2T /0
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Hence

S£l>110) (/_oo [0(& + zn)|2dn> < E/o lv(t)|?dt < +o0. (2.5.17)

Theorem 2.5.11. ([67))( Paley-Wiener Theorem)

Let V(£+1in) € H*(0). Then the boundary function V (in) of V(E+1n) exists in L?(—oo, +00)
in the sense that
400
lim |V (in) — V(& +in)|[*dn = 0. (2.5.18)

§—0 J_ o

Furthermore, there exists a function t — v(t) of class L*(—o0, +00) such that v(t) =0 for
t <0 and V(§+in) with £ > 0, is the Laplace transform of v(t) at p =& +in.

2.5.3 Laplace transform of vector-valued distributions

After the definition of the Laplace transform of scalar distributions, we extend this definition
to vector-valued distributions. We denote by X the Hilbert space, with norm || - || x, in which

the vector distributions take values.

Definition 2.5.12. ([22))

1. We denote by D(X), the space of functionst — f(t) from R into X which are of class
C* and which have compact support.
D(X) is equipped with a pseudo-topology according to which a sequence (p;) converges

to ¢ whenever we have the following conditions:

e there exists a compact set K of R, such that
supp(p;) C K, Vj =1, supp(p) C K
(n)

® o, converges to ©™ in X uniformly on K, for every n € N.

2. We denote by D, (X) the subspace of D(X) consisting of vector-valued functions with
support limited to the left i.e. contained in some [a, +00). The space D4 (X) is equipped
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with a pseudo-topology in which a sequence of functions p; € Dy (X) converges to ¢ in

Dy (X) if

e the functions ¢; and ¢ are zero for ty < t, where t is independent of j

° gpg-n) converges uniformly to o™ in X over all compact set in [a, +00].

Remark 2.5.13. The corresponding space denoted by D_(X) is the subspace of D(X) con-
sisting of vector-valued functions with support limited to the right i.e. contained in some
(—00,al). D_(X) also has a pseudo-topology similar to the one in Definition 2.5.12(2).

We recall that to avoid confusion, we will, whenever it is necessary, write R, to emphasize
that the argument of the functions ¢ € D(X) is "t”. We also would like to emphasize that,

if X = C or R, then the spaces described above will be written as follows:
D(X)=D, Di.(X)=Dy, and D_(X)=D_

Definition 2.5.14. ([22))
We denote by D'(X) the space of distributions over Ry, with values in X, defined by

D'(X):= L(D; X)

where L(D; X) is the space of continuous linear mapping from D into X.

The space D'(X) is equipped with the topology of uniform convergence over bounded
subsets of D. To emphasize on this, we denote L(D, X) by L,(D, X ) where o is the collection
of bounded subsets of D. Given the importance of this topology in what follows, we spend
some space and time to make it more explicit. We do this by considering the following useful
concepts of the space D(R) found in [15],[26], [27], [61] and [62].

Definition 2.5.15. ([15],[26])
Let A C D(R). The subset A is said to be bounded if there exists a compact subset K C R
such that

1. VpeA,

supp(p) C K, (2.5.19)
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2. Ym € N, there exists M,, >0, such that

dP
sup | @(x)‘ < M, ¥V p<m. (2.5.20)
zeR dx

Instead of the pseudo-topology of D(R) given in Definition 2.3.1, we want now to specify
Schwartz canonical topology of D(R). To this end, let us take (K,),>1 to be an increasing

sequence of compact sets in R such that
U, K, = R.

For each compact set K,, we denote by D, (R) the subspace of D(R) that consists of

functions
p € CP(R) such that supp(p) C K,.

On each Dk, (R), we introduce the sequence of semi-norms (P, . )m>1 defined by

2 @)

Py, ,.(p) = sup T

IGKTL

By a standard procedure [26, 27], the sequence (Pk,, ,,)m>1 generates on Dy, (R) a structure
of locally convex topological vector space, with topology denoted by Tx, . From the same
references, it is known that a fundamental system of neighborhoods of 0 for the topology

Tk, consists of the sets

d7
V(m,e€) =< p €Dk, (R): sup —p(x)’ <ep, €>0, meN. (2.5.21)
CEEKTL dx]
0<j<m
It is clear that
D(R) = U2, Dk, (R). (2.5.22)

The said Schwartz canonical topology T of D(R) is the inductive limit of the topologies
(T, )n>1. That is, T is the largest but not discrete locally convex topology on D(R) that
makes all the embeddings Dy, (R) — D(R) continuous. Thus V is a convex neighborhood
of 0 in D(R) if and only if V N Dk, (R) is a neighborhood of 0 in Dk, (R) for every n.
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The topology 7 of D(R) is generated by a family of semi-norms obtained as follows from
an increasing sequence of non-negative integers (m;),;>o where m; — oo as j — oo and a

decreasing sequence of positive real numbers (¢;);>0 such that €; — 0:

d”‘p(l’)|
N{m} A (o) =sup | sup 2| (2.5.23)
"\,

In line with (2.5.21) we introduce the set

V({m;},{¢}) = {p €EDR):Vj|z|>jand 0 <a <m;

which forms a fundamental system of neighborhoods of 0 in D(R) when {m;} and {e;} vary
arbitrary.

Our next task is to be more explicit about the topology of D'(X) given in Definition 2.5.14.
To this end, let Y be a locally convex topological vector space with topology generated in a

standard way ([26, 27]) by a family of semi-norms
Wr = {qa, a € I}.

We define L(D,Y) as the space of linear continuous operators from D into Y. To understand
the topology of L(D,Y), we denote by o the collection of all bounded subset of D(R) as
defined in Definition 2.5.15. With each A € 0 and a € I, we associate a semi-norm g, 4 on
L(D,Y) defined by

Go,p(T) = sup 3.(T(p)).

The family of semi-norms
Wro ={qan:a€l, Aco} (2.5.24)

defines on L£(D,Y) a locally convex (vector) topology called o-topology. Thus again the
notation L, (D,Y).
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Definition 2.5.16. If ), denotes the collection of balanced neighborhoods of O for the topol-
ogy of Y, then a fundamental system of neighborhood of 0 for the o-topology of L(D,Y) is
given by

B={V(AM)CL(D,Y): YAeas, YM € Y}
where o 1s the collection of finite union of bounded set in o and
V(AM)={T e L(D,Y): T(A) C M}.

We recall that all these concepts can be found in [26, 27]).

Proposition 2.5.17. Let (Tj) be a sequence in L,(D,Y) and let T € L,(D,Y) where the
local convex topology of Y is generated by a filtered family W = {qa, « € I} of semi-norms.

Then the following statements are equivalent:

1. The sequence (Tj) converges to T in L,(D,Y). That is for any neighborhood V' of 0
in Lo(D,Y), there exists an integer jo = jo(V') such that T; — T € V whenever j > jo.

2. The sequence (T;) converges to T' uniformly on any bounded subset A € o. That is for
any neighborhood W of 0 in'Y and any A € o, there exists jo = jo(A, W) such that

Ti(p) —T(p) € W for any p € A whenever j > jo.

3. For any a € I, and A € o the sequence of real-valued numbers

4a(Tj(p) —T(p)) converges to 0 uniformly on A.

Proof. To prove that (1) implies (2), let A € ¢ and W be a neighborhood of 0 in Y. Then
the set V(A, W) introduced in Definition 2.5.16 is a neighborhood of 0 in £,(D,Y). Since by
assumption (1), 7; — T in £,(D,Y), there exists jo = jo(A, W) such that T, —T € V (A, W)
for j > jo. By definition of V (A, W), we have T;(p) — T'(p) € W, p € A, for j > jo. This
proves (2).

Assume that (2) is true and let us prove (3). Fix e > 0, o € I and A € ¢ so that
the set W = {y € Y; q¢u(p) < €} in a neighborhood of 0 in Y. Using (2), we can find
Jo = Jo(€, a, A) such that T;(p) —T'(p) € W for any p € A and j > jy. By definition of W,
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we have ¢, (T;(p) —T'(p)) < € for every p € A whenever j > j, where j, does not depend on
p. This proves (3).

To conclude, we assume that (3) holds and we want to prove (1). To this end let V be a
neighborhood of 0 in £,(D,Y’). By the definition of the fundamental system of neighborhood
of 0 given in Definition 2.5.16, there exist Ay € 0, 1 < k <'s, and W a neighborhood of 0
in Y such that

V(Ui_1Ag, W) C V.
It is easy to show that
V(Ui A, W) =i V(Ag, W).

On the other hand since the topology of Y is generated by the filtered family {q,, o« € I}

of semi-norms there exists ag € I and € > 0 such that the ball
Weo = {y € Y;Qa()(y) < E0} CW.

Applying the assumption in (3) to ap, €y and each 1 < k < s, there exists an integer j; such
that ¢a,(Tj(p) — T(p)) < € for any p € A, and j > ji,. Take jo = j1 + .. - +j. Then for
J > Jjo, we have g, (Tj(p) — T(p)) < €o for p € Uj_;Aj. This means that

T, - T € V(UzzlAk, WEO) - V(UzzlAk, W) cV

for j > jo. This proves (1). O

Remark 2.5.18. Proposition 2.5.17 motivates the fact that the o-topology of L,(D,Y) is

also called the topology of uniform convergence on bounded subsets of D.

The material collected until now enable us to deal with the particular case of the space
L(D,D) = L,(D,D) where Y = D(R). With the family of semi-norms N({m;},{e;}) in
(2.5.23) that generate the topology of D, we associate the family of semi-norms Na({m;}, {€;}),
A € o, on L(D, D) defined by

Na({m;} A6 H(T) = sup N({m;} & DT (p))-

By the approach followed ealier in the general case, the family of semi-norms Ny ({m;}, {¢;}),
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A € o, generate the o-topology of the space L(D, D), which as shown in Proposition 2.5.17
and Remark 2.5.18 is the topology of uniform convergence on bounded subsets of D.

With the above useful concepts on the space D(R), we return to the initial space D'(X).
We also consider the notation 7', (X) and D’ (X) to represent the subspaces of D'(X)

consisting of distributions with supports limited to the left and right, respectively:
D' (X):=L(D_;X), D (X):=L(Dy;X).

The vector distributions in D’(X) have generally a very complex structure. That is why we
approximate them by distributions that are relatively easy to work with. The first step is to

define the tensor product of a distribution 7" with v.

Definition 2.5.19. ([22))
Given T € D' and v € X we defined T @ v € D'(X) the tensor product of T and v by

(T'®v)(p) = (T, ¢)pypv, ¢ €DR). (2.5.25)

Definition 2.5.20. ([27))
A linear operator T : D(R) — X is a finite operator, if there exists py,pz, ....,pn € D'(R)
and g1, g, ..., gn € X such that

T(f) = >_pilf)gi (2.5.26)

More generally, we denote by D'(R) ® X = D' ® X the subspace of D'(X) consisting of

finite operators:

np
D’®X:{TED’(X), T:Z@@vj, T, €D, vjeX}. (2.5.27)
j=1
In the same way, we could define the subspaces of D/, (X) and D’ (X) denoted by D/, ® X
and D' ® X, respectively. We are now in a position to state the main theorem of this

section, on which the definition and the properties of the Laplace transform of vector-valued

distributions are based.
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Theorem 2.5.21. ([22))
The subspace D' ® X is dense in D'(X). Equally D', ® X and D' ® X are dense in D', (X)
and D' (X), respectively.

The proof of Theorem 2.5.21 is not straightforward. It will follow from a series of topo-
logical concepts of the space D(R) described after Definition 2.5.15 as well as on the results

that we consider now.

Theorem 2.5.22. ([61])
The space D = D(R) satisfies the strict approzimation property. That is, the identity op-
erator I € L,(D(R), D(R)) can be approzimated in L,(D(R),D(R)) by a sequence of finite

operators.

Proof. Let (a,),>1 be a sequence in D(R) such that the sequence (a?),>; is a partition of
unity of R sub-ordinate to the open covering (Q,),>1 of R where @, = (—v,v). Thus we

have

Y al(z)=1VzeR. (2.5.28)

v>1
Let ¢ € C*°(R) be such that supp(y)) C Q, i.e. ¢ € Dg, (R).

We associate with ¢ the unique periodic function {Dvl, of period 2v defined by

Uy (z) = Y(z) ifz € Q.. (2.5.29)

We can therefore expand v, in Fourier series

Yo () = cn()e ™. (2.5.30)

leZ

By the properties of Fourier series, the linear functional

P~ (V) (2.5.31)

is continuous in the following sense of the pseudo-topology of Dy, (R):

If a sequence (¢;);>1 in Dy, (R) converges to zero i.e.

m

A
Vm e N d—w] converges to 0 uniformly on @,,
xm
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then the sequence of scalars ¢, (1;) converges to 0 as j — +o0.

The next step is to construct a finite operator Ly for & € N. To this end let p € D(R)
be given. By the partition of unity property (2.5.28) and by the Fourier series expansion
(2.5.30), we have consecutively the following for any = € R:

v>1

= Z o, (z)ay,p
v>1

_ Z ozy(:p) Z Cl,y(ayp>€_i7rlm/u
v>1 leZ

= Z Z () ey, (o, p)e ™™/
v>1 IEZ

From this, we construct a finite operator L by the following truncation process:

Lyp = Z o (2/2v) e, (ayp)e ™. (2.5.32)
v>1
i<k
In view of the continuity stated in (2.5.31), the Ly is continuous from D(R) into D(R).
We now show that, for a fixed p € D(R), Lgp converges to p in D(R) as k — oo. Since
supp(p) is compact, there exists kg > 1 such that suppp C Qy, and

a,p =0 for all v > k. (2.5.33)
Thus (2.5.32) becomes
Lyp = Z o, (2/20) ¢, (ayp)e” ™, (2.5.34)
v<ko
ll|<k

Clearly, from (2.5.33), supp(Lxp) C supp(p) N Qy, for all £ > 1. For k — 400, the sequence
Lyp in (2.5.34) converges uniformly on supp(p) N Qy, to

Zayclvy(ozyp)e_”% = Zozy&;ﬁ(x) by (2.5.30)

v<ko v<ko

= p(x). (2.5.35)
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The same thing applies by induction to the derivatives of (Lgp).

Let now A be a bounded subset of D(R). By Definition 2.5.15, there exists a compact set
K C R such that (2.5.19) and (2.5.20) hold. In view of (2.5.19), the argument used to prove
(2.5.33) can be adapted to obtain the following: there exists ko > 1 such that

a,p=0 Vv >ky and Vp € A. (2.5.36)

Thus the sequence Lgp converges to p uniformly on A and K in the sense that

m

d
lim sup |— [(Lgp)(z) — p(z)]| =0 Vm € N.
zeK

Thus Ly, converges to the identity operator I in £,(D(R), D(R)). O

Proof. (Theorem 2.5.21)
Let T' € L,(D(R), X). Let V; defined by

n;
‘/Jp = Z CkJ(p)ka i.e ‘/j = ch’j X Pk.j with Ck,j € D/ and Pk.j eD
k<n; k=1
be a sequence of finite operators that approximate I in £,(D(R), D(R)) according to Theo-

rem 2.5.22. By the continuity of T', the sequence of finite operators

ToV;= Z crj @ T(pr,;) converges to T'in L,(D(R), X).
k=1
This complete the proof. O

In what follows, we introduce another space of vector-valued distributions.

Definition 2.5.23. ([22))
We denote by S'(X) the space of tempered distributions over Ry with values in X, defined by

S'(X) = L(S; X),

S = S(R) being equipped with the pseudo-topology given in Definition 2.3.6.
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Remark 2.5.24. The topologies of S(X) and §'(X) can be defined explicitly from appropri-
ate family of semi-norms as we did for D'(X). For example the topology of S(R) is generated

by the sequence of semi-norms

dPv(z) |
dah

dap(v) = sup |z® a, B eN.
zeR

Note that a fundamental system of neighborhood of O for this topology is obtained in a stan-
dard way. Note also that the space S(R) is metrisable, through the metric

d(u,v) = Z dop (v~ v)

el dop(u—v)’

in contrast to the space D(R).
Now given Y a locally convex topological space with topology generated by a family of semi-
norms Wi = {qa,a € I}, the topology of the space L(S,Y) = S'(Y) of linear continuous

operators from S(R) into Y is generated by the family of semi-norms

WI,U = (th,A)aeI,Aeo

defined in a similar manner to (2.5.24).

In equation (2.5.27), we introduced the subspaces of D'(X) denoted by D' @ X. In the
same way, the subspace of §'(X) denoted by &’ ® X will consists of finite operators:

SeX = {TES’(X),T:ZT]@v]-, T; € S'(R), vjeX}.

J

For T € 8’ ® X, we have
T(p) =Y (Tj,9)gusvi Vo € S(R). (2.5.37)

We now state the result similar to Theorem 2.5.21.

Theorem 2.5.25. ([22))
The subspace 8" ® X is dense in §'(X).

Proof. The proof of this theorem is analogous to that of Theorem 2.5.21. [
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Definition 2.5.26. ([22))

Given a vector-valued distribution T in S" ® X with representation
nr
T=> Ti®v
j=1
its Fourier transform denoted as in the scalar case, by F(T), is defined by
ny
F(T)=> F(I;) @ (2.5.38)
j=1

For the Fourier transform of distributions as defined by (2.5.38), the analogous of the
duality relation (2.5.11) is:

forp € S, F(T)(p) =T (F(p)) (2.5.39)
Indeed, we have
FIp) = | 2FT)@ vj)) () by (2.5.38)
= D (@) )y

= D (T F(@)v; by (2.5.11)

— T(F(p)) by (2.5.37).

.
Il
—

Theorem 2.5.27. The definition of the Fourier transform of T does not depend on its

representation in Definition 2.5.26.

Proof. Let T € 8’ ® X be represented in two different ways:

nr mr
T=>Ti®v=>» Si®u. (2.5.40)
7=1 k=1
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In view of (2.5.39) and (2.5.40) we have for p € S

F(T)(p) = (f(Zijj)(so))

j=1

= (]—"(Z S ® vk)(go)) . (2.5.41)

This proves the Theorem. O

We now proceed to extend the Fourier transform of the vector-valued distributions from
the subspace &’ ® X to the space of tempered vector-valued distributions S’(X); as a con-

sequence of Theorem 2.5.25.

Theorem 2.5.28. The Fourier transform F defined over 8’ @ X by (2.5.39) is uniquely
extended by continuity into an isomorphism of S'(X) onto §'(X).

Thus we have the following definition:

Definition 2.5.29. ([22))
Given a vector-valued distribution T € S'(X), its Fourier transform denoted by F(T') is
defined by

F(T)= lim F(1}),

j—+oo
where T} is a sequence of finite operators in 8" ® X that converges to T in S'(X).

The extension in Theorem 2.5.28 leads us to the connection of the Fourier transform of
vector-valued distributions to the Laplace transform of vector-valued distributions. This
connection is achieved by stating the analog of the set Ir introduced in the scalar case in
equation (2.5.13).
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Definition 2.5.30. ([22))
For T € D'(X), we denote by I the subset of R given by

Ir={¢eR: T eS8 (X)}. (2.5.42)

where e~ (p) = T(e %p), ¢ € S.
We state without proof the following result:

Proposition 2.5.31. ([22))
Let T € Ly (X) where Ly (X) is the space of distributions on R with values in X which have

a Laplace transform.

o For all £ € int(I7)(#£ 0), the Fourier transform of the distribution e 5T is a function
of Op (X)) where Qp(X) is the space of functions of class C* with values in X which

are "growing slowly in X7 as are all their derivatives.

o The function L(T) : p — V(p) = F(e T (n) is holomorphic in the band int(I7) x R

with values in X.

In view of the Proposition 2.5.31, we can define the Laplace transform of vector-valued

distribution as follows:

Definition 2.5.32. ([22))
Let T € D'(X) be such that int(Ir) # 0. The holomorphic function denoted by L(T) : p —
L(T)(p) and defined for p € int(Ir) x R by

L(T)(p) == F(e™*'T)(n) (2.5.43)

is called the Laplace transform of the vector-valued distribution T € D'(X).

It should be noticed that for T € &’ ® X a finite operator with intIr # 0, we have

d*T
L|——)=p"L(T).
By the density result in Theorem 2.5.25, we have
Theorem 2.5.33. For T € D (X) with intIp # 0

e () 0 =)o), (2.5.41)
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After obtaining the Laplace transform of general vector-valued distributions, we restrict

the analysis to vector-valued Lebesgue’s space defined as follows:

Definition 2.5.34. ([21])
We denote by L?*|(—oo, +00); X] the space of (classes) of measurable functions t — v(t)
from (—o0, +00) into a Hilbert space X such that

1
400 5
”UHLQ[oo,+oo;X]:< / Hv<t>||?xdt) < +o0.

o0

The Hardy-Lebesgue space H?(0) is extended to vector-valued functions as follows:

Definition 2.5.35. ([21]) (Hardy-Lebesgue Space)

Let X be a complex Hilbert space with norm denoted by || - ||x. The Hardy-Lebesgue space
denoted by H?[0; X] is defined as the set of vector-valued functions V : p — V(p) from the
half complex plane

C+:{p:f+”7€c7 620}7
into the space X such that the following two conditions are satisfied:

1. The function V(p) is holomorphic for & > 0,

2. For each & > 0, the vector-valued function n — V (E+1n) is of class L* [(—oo, +00); X]|
such that

sup ( | e ’in)H_Zxdn) < +oo.

£>0 oS

Proposition 2.5.36. ([21])
Let v(t) € L*[(0,+00); X]. Then its Laplace transform 0(t) exists for & > 0 and 0(t) €
H?[0; X].

Proof. The proof works word by word as that of the scalar case in Theorem 2.5.1 replacing

everywhere the absolute value | - | by the Hilbert norm || - || x. O

The analogue of the Paley-Wiener theorem for vector-valued functions read as follows:
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Theorem 2.5.37. ([21])( Paley-Wiener Theorem)
Let V(p) € H*[0; X]. For all £ > 0, we put ve : R — X where

ve(n) = V( +in).
Then, we have the following:

o For & — 0, the family of functions ve(n) converges in L?[(—oc,+00); X| to some
function vy : R — X denoted by

vo(n) :=V (in),
and called the trace or boundary function of V(£ + in);

o There exists a v(t) € L*[(—o0, +00); X| such that v(t) =0 for t <0 and

L(v(t))(p) = F (e7*0(t)) (n) = vo(n), for €0 (2.5.45)

where L and F are the Laplace and Fourier transforms of vector-valued distributions.
The final result that we shall use reads as follows:

Theorem 2.5.38. ([20], [60],[64])
The operator —A+p, p € C, is analytic hypoelliptic. That is for any distribution v € D'(R?),
the fact that (—A+p)v is an analytic function on an open set of R* implies that v is equally

analytic on this open set.
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Chapter 3

The Helmholtz problem in a smooth

domain

In the preceding chapter, we built the theory of the Laplace transform of vector-valued
distributions. We shall apply this theory to the heat equation in the next chapter. This will
lead to the Helmholtz problem that will be considered in this chapter.

In section 3.1, we establish the well-posedness of the Helmholtz problem. In section 3.2,

we examine the regularity of the solution of the Helmholtz problem in a smooth domain.

3.1 Well-posedness of the problem

We consider the following Dirichlet problem for the Helmholtz operator: given a complex

number p = £ 4+ i and a complex-valued function g on €2, find w : 2 — C, solution of
—Aw+pw=g in Q (3.1.1)
and
w=20 on 1. (3.1.2)

Here 2 C R? is a bounded domain. Despite the title of the chapter, we assume in this
specific section that the boundary 02 = I' is Lipschitz in the sense of Definition 2.1.1
because the results apply to the non-smooth case which is considered in the next chapter.

Actual smoothness requirements on I' will be made in the next section.
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It is convenient to study problem (3.1.1)-(3.1.2) in the abstract setting of the following
theorem ([40], [38]).

Theorem 3.1.1. Let X be a Hilbert space with inner product and associated norm denoted
by (+,-)x and || - ||x respectively. The conjugate dual of X is denoted by X' and its norm is
I - ||x. Let a(-,-) be a sesquilinear form, I(-) be a (conjugate) linear form on X. We make

the following assumptions:

1. The linear form I(-) is continuous i.e. there exists a M > 0 such that,

1(v)] < Mv|x, ¥ veX. (3.1.3)

2. The sesquilinear form a(-,-) is continuous i.e there exists a constant K > 0

la(s,v)| < K||s||x |lvllx V sveX. (3.1.4)

3. The sesquilinear form a(-,-) is X -elliptic or X -coercive i.e there exists a constant o > 0
such that

Re a(v,v) > afv||%, V veEX. (3.1.5)

Then the abstract variational problem of finding
s € X such that a(s,v)=1(v) VveX (3.1.6)
is well-posed. In other words, there exists a unique s € X, solution of (3.1.6) such that,
Isllx < Clli]x (3.1.7)

for some constant C' > 0.

Proof. With the sesquilinear form af(-,-), we associate the operator
A X — X',
defined by
(Aw,v) 1 x = a(w,v). (3.1.8)
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The variational problem (3.1.6) is then equivalent to the functional equation: find
s € X such that As=1 in X' (3.1.9)

It is clear from the sesquilinearity of a(-,-) that A is linear. Likewise, A is bounded since
the continuity in (3.1.4) of a(-, -) yields

|a(w, v)]

||Aw|| x+ := sup < K||wl|x. (3.1.10)

vr0  lvllx

On the other hand, for w € X, (3.1.5) and the boundedness of the form Aw € X’ lead to

alw||% < Re a(w,w) = Re{Aw,w)
< [ (Aw, w)|

< JJAw[|x|w]|x-
Thus
|Aw||x: > a||lw||x ¥V we X. (3.1.11)

Let A* € B(X, X') be the adjoint operator of A. In the present context, it should be noted
that,

(A*w,v) 1 x = a(v,w). (3.1.12)
Therefore, following the above argument that lead to (3.1.11), we obtain
|A*w||x > of|lw||x V weX. (3.1.13)

To prove the theorem, it is equivalent to show that the mapping A : X — X’ in the operator
equation (3.1.9) is an isomorphism. We claim that the range R(A) of A is dense in X'
Indeed, let ¢ in the bi-dual space X” of X be such that

e(Aw) =0 V w e X.

We show that ¢ = 0. The space X is reflexive, being a Hilbert space. Thus, there exists
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v € X such that ¢ = C(v) where
C: X — X"
is the canonical mapping of X to X”. Now for w € X,

0 = ¢(Aw) (by assumption)
= C(v)(Aw)
= (Aw,v) (by definition of C)
= < A*w,w > by (3.1.8) and (3.1.12).

Hence A*v = 0. By (3.1.13), it follows that v = 0. Thus ¢ = C(v) = C(0) = 0.
We also claim that R(A) is closed in X’. In fact, let (Aw,) be a sequence in R(A) such
that

Aw, — h in X' as n — oo.
Then (Aw,) is a Cauchy sequence in X’. By (3.1.11) and the linearity of A, we have
allwy, — wn||x < [[Aw, — Awy[|x7,

which implies that (w,,) is a Cauchy sequence in X. Since X is complete, the sequence (w,,)

converges to some w € X. Continuity of the operator A leads to
Aw, — Aw in X' as n — oo.
By uniqueness of limits, we have
h = Aw.

Hence R(A) is closed. The density and the closedness of R(A) in X’ mean that the operator
A is surjective. Since A is injective by (3.1.11), the operator A is bijective. The Banach

open mapping theorem guarantees that A is an isomorphism. O
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Remark 3.1.2. 1. Theorem 3.1.1 can be proved by the Banach contraction mapping the-
orem. It is indeed possible to choose p > 0 such that the map

v— v — pr(Aw —1);
s a contraction from X into X where
7: X — X;

is the Riesz-representation operator (see [16]).

2. In the case when the sesquilinear form a(-,-) is hermitian i.e.

a(w,v) = a(v,w) so that A= A*,

Theorem 3.1.1 is the so-called Lax-Milgram lemma. Its proof is then a direct conse-
quence of Riesz-representation theorem. In this case a(-,-) defines an inner product on
X the associated norm of which is equivalent to the norm || - || x. Note also that in this

case, the variational problem (3.1.6) is equivalent to the minimization problem: find
s € X such that J(s) = minyexJ(v) (3.1.14)

where J(v) := %a(v, v) — l(v) represents the total energy of the system under consider-

ation. (See [16] for more details).

We want to put problem (3.1.1)-(3.1.2) in the general variational setting discussed in
Theorem 3.1.1. The standard procedure to achieve this consists of four main steps described
in [40]. To this end, we assume once and for all that, g € L*(Q2). We take X = H}(Q2) and

we define a(-,-) and [(-) as follows:
a(w,v) = / VwVodr + / pwudz, (3.1.15)
Q Q

and

[(v) ::/Qg vdz. (3.1.16)
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We are therefore led to the following variational problem: find
w € Hy(Q) such that a(w,v) =1(v) V v € Hi(Q). (3.1.17)

Clearly, a(-,-) is a sesquilinear form and I(-) is a conjugate or antilinear form. By the

Cauchy-Schwarz inequality, the conjugate linear form in (3.1.16) is continuous on HE ()

([ore)’ ([

gllo.llv]1e- (3.1.18)

since

IN

(V)]

IN

Similarly, for w,v € HJ(£2), we have

= (/ Vo dx) ([ dx) (| w?dxf( / |112d:c>;
i (H'p') (3.1.19)

which show the continuity of the sesquilinear form. Regarding the H}-ellipticity or Hg-

coercivity of a(-,-), we assume that
Re(p) =& > 0. (3.1.20)

Under this assumption, we have for w € H}(Q) and Rep > 0

Re a(w,w) = /|Vw]2d1:+Re(p)/]w]2da:
0 0
> min{l, Re(p) }H|w||1.q- (3.1.21)

For Re(p) = 0, we have
Re a(w,w) > Cllwl|i g, (3.1.22)

by Poincaré Friedrichs inequality in Theorem 2.4.3. In summary, we have proved the follow-

ing theorem:
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Theorem 3.1.3. Under the condition (3.1.20), the problem (5.1.17) is well-posed in Hg ().
More precisely, there exists a unique solution w € H}(Q) of (3.1.17) and a constant K
depending on p (except for Re(p) = 0) such that

lwlhie < Kllglloo- (3.1.23)

Notice that the constant K in (3.1.23) does indeed depend on p for Re(p) > 0 since, from
(3.1.17) and (3.1.21) we have

min{l,Re(p)}HwHiQ < /|Vw|2dx—|—Re /|w|2dm

= Rea(w,w)
= Re/g@dm
Q
3 3
< < / |g|2dm) < / |w|2dx) by Cauchy-Schwarz’s inequality
Q Q
< Nlgloallwlo. (3.1.24)
Thus
1
w10 <

f )
mm{l,Re(p)} HgHU,Q or Re(p) >0

In the case when the unique solution w of (3.1.17) satisfies an estimate of the type (3.1.23)
where the constant K does not depend on p, we will say that the problem (3.1.17) is uniformly

well-posed. In order to achieve this, we work with weighted Sobolev spaces defined as follows:

Definition 3.1.4. Given p > 0 and an integer m > 0, we denote by H™(S), p), the Sobolev
space H™(QY) equipped with the weighted norm

[18]lm. 2. p = / > pAomlah| Do () [2d. (3.1.25)

|| <m

Proposition 3.1.5. Let p > 0 be such that% € Q whenever x € Q. Then on H™(2), m > 1,

integer, the weighted norm || - ||m, o, , in Definition 3.1.4 is equivalent (with constants not

52



.

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
W VYUNIBESITHI YA PRETORIA

depending on p) to the more economical weighted norm ||| - |||m, , , given by
sz, . » ::/Q > D) + s | dy. (3.1.26)
|ae|=m

Proof. Let us consider the change of variable
x -2
y = —, so that dy = p “dx.
p

Given s € H™(Q2), we introduce the function s: given by
P

By the chain rule, we readily get
Disi(a) = p "' Dys(y), for |a| <m.
This implies that we have

P Isllm, 2. p = lls1llm o and o [[s]lm. 0. p = llls2]|m. o (3.1.27)

where the economical norm ||| - |||, o is defined by

|||v|||3n,Q=/Q D D%+ [o(y)l® | dy. (3.1.28)

laf=m

But for €2 bounded (as in our case), the usual norm || - ||, o on H™(2) is equivalent to
Il - [||m.q- (see Theorem 1.8 in [54]). This combined with (3.1.27) proves the proposition. [

Remark 3.1.6. From Proposition 3.1.5, it follows that one can either work with the norm
(3.1.25) or (3.1.26). The latter weighted norm is the one adopted in [19] and [46]. Note
that the equivalence of norms stated in Proposition 3.1.5 holds for bounded domains. That

is why in the case of G an infinite sector we will work with (3.1.25).
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Theorem 3.1.7. Under the condition (3.1.20), the problem (3.1.17) is uniformly well-posed

i the sense that its unique solution w obtained in Theorem 3.1.3 is such that

[wll1.0141 < Cllgllog (3.1.29)

where C' > 0 represents here and after in the thesis various constants that depend neither on
p nor on other parameters such as the space step size h = Ax and the time step size k = At

in the numerical part of the work.

Proof. We know from (3.1.15), (3.1.16) and (3.1.17) where v is replaced by the solution w
that

/(\Vw|2+p|w|2) d:r:/gwdx,
Q

Q

or

/|Vw\2dx+§/]w]2dx+in/]w[zda::/gwd:v. (3.1.30)
Q Q Q 0

Taking the real parts of each side of (3.1.30), we have in view of (3.1.20)

/§2|w|2dx§ / 9] |€wlde. (3.1.31)
Q Q

By Cauchy-Schwarz inequality, (3.1.31) leads to

| tupae < ( / rg|2dx)% ( / 52|w|2dx)é,

which implies that

/§2|w|2da:§/]g]2d:c. (3.1.32)
Q Q

Similarly, considering the imaginary parts of both sides of (3.1.30) yields

/Inl2lwl2d:c§/lgl2dx. (3.1.33)
Q Q
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Finally from the real part of (3.1.30) using Cauchy-Schwarz inequality, we have

/|Vw|2dx§ (/ |g|2dx) (/ |w|2dx)
0 Q Q

from where we have, in view of Poincaré Friedrichs inquality in Theorem 2.4.3

/ (IVw]* + |wf?) dz < C’/ Vw|*dr < C (/ |g|2dx) (/ |Vw|* + |w|2dx) :
0 Q 0 0

Thus

/ (IVw]? + |w|?) dz < C/ lg|*dx (3.1.34)
Q Q

Adding (3.1.32), (3.1.33) and (3.1.34), we have

/|Vw|2dx+(1+|p|)2/ |w|2dx§2(2+0)/ gl2de, (3.1.35)
Q Q Q

in view of the identity
(14 [pl*) < (1+ |p)* < 2(1 + [pl?). (3.1.36)

Hence the theorem follows from (3.1.35). O

Remark 3.1.8. The variational problem (3.1.17) solved in Theorem 3.1.3 is the distribu-
tional formulation of the Helmholtz problem (3.1.1)-(3.1.2) as explained below. Since the
two sides of (3.1.17) are continuous on H}(Q) and D(Q) is dense in HL(Q), then the vari-
ational equation (5.1.17) is equivalent to the one obtained by replacing v € H(Q2) with
v € D(Q). Furthermore, by the definition of the differentiation of distributions (Definition
2.3.8), (3.1.17) is equivalent to

(—Aw+pw,v)pp=(g,0) forall ve D). (3.1.37)

Thus w s the solution of the distributional partial differential equation,
we Hy(Q), —Aw+pw=g in D(Q). (3.1.38)
Remembering that HL(Q) = {w € HY(Q),yw = 0} where v is the trace operator and that
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g € L2(Q) with L*(Q) contained in L. (), which is continuously embedded in D'(2), we
deduce from (3.1.38) that w € H}(Q) is the solution of the problem

—Aw+pw=g aein Q, ~w=0.

Remark 3.1.9. We consider the Helmholtz problem (3.1.1)-(3.1.2) when the condition
(8.1.20) is not satisfied. Consider the linear operator —A acting from the subspace E =
{ve HY(Q); —Av € L*(Q)} equipped with the topology of L*(Q) into L*(Q):

~A:ECL*Q) — L*9Q).

By Green formula, the operator —A 1is self-adjoint and positive. Furthermore, Theorem
3.1.3 and Rellich-Kondrachov Theorem 2.4.5 guarantee that the operator —A has a bounded

compact 1nverse operator
(—=A)1: L2(Q) — E <. L().

Consequently, Fredholm theory [67] guarantee that there exists a sequence (X;) of positive

1

eigenvalues of (—A)™' with associated eigenvectors w; in Hy(Q) such that \; — 400 as

J — +oo. Transposed to the operator —A, we have —Aw; + {w; = 0 where & = ;—1
Now ifin (3.1.1) p # &; < 0 for every j, then Fredholm theory guarantees that the Helmholjtz
equation (3.1.1)-(5.1.2) has a unique solution in E C Hg(Q). However if p=&; < 0 for some
J, then Fredholm theory states that (3.1.1)-(3.1.2) has a solution (not unique) if and only if
the right-hand side g is orthogonal in L*(Q) to any solution z € H}(Q) of the homogeneous

equation
—Az + ij =0.

Notice that for the Helmholtz problem considered on unbounded domains, the unique solu-

tions can be achieved by imposing the so called Sommerfeld’s radiation condition at infinity

(see [20]).
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3.2 Regularity of the solution in a smooth domain

After the study of the variational solution of the Helmholtz problem in section 3.1, we study
in this section, the regularity of the solution of the said problem. We begin the section with

the definition of the regularity of the solution.

Definition 3.2.1. Let w be the variational solution of (3.1.17) given by Theorem 3.1.3.
Then the solution w is said to be reqular, if w € H*(Q) with

[wll20 < Kllgllog; (3.2.1)

for some constant K > 0 which depends on p and is independent of w. In other words, the
linear operator g ~~ w is bounded from L*(Q) into H*(Q).The solution is uniformly reqular

if K does not depend on p.

Theorem 3.2.2. We assume that the domain Q has a boundary ' of class C*. Then the
variational solution w of (3.1.17) is uniformly reqular. More precisely, there exists a constant
C > 0 independent of p such that

Jwll, /T = Cllgllo

The proof of Theorem 3.2.2 is presented in several auxiliary results stated below. Our

presentation is based on [12].

Lemma 3.2.3. We assume that Q = R?, g € L*(R?) and p € C with condition (3.1.20)
satisfied.

Then any variational solution, w € H'(R?) of the problem
~Aw+pw=g in R? (3.2.2)
is such that w € H*(R?) and

el e 7 < 3|93 ge- (3.2.3)

Proof. First of all the variational solution w € H'(R?) of the Helmholtz problem (3.2.2)

satisfies the equation

/ (VwV7T + p wo)dr = / gvdr V ve HY(R?). (3.2.4)
R2

RQ
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Take v = w in (3.2.4) to obtain

/ (|Vw|* + plw]?) dx :/ guwdzx
R? R?

Taking separately the real and imaginal parts in this relation, we have for p # 0

/ (Vwl? + |pllwf?) de < / gl wldz
R2 R2
1

< (/ \g\%l:v)é(/ |w*dz)? by Cauchy-Schwartz inequality

»

< ([ P (vul + pifoPan)!

which implies that

2 1 .
<|Vw|2+|p||w|2>dx) <L (f |gpant.
</R2 Vipl Jr2

Thus

(/ (Ipl[Vw]* + [p[*|w]?) ) / lg[2dz)?. (3.2.5)

We next use the technique of the difference quotient or the translation method due to Agmon,
Douglis and Nirenberg [2]. Given a real-valued function v defined almost every where on R?

and given a vector h # 0 in R?, the difference quotient of v by h is denoted and defined by

(mn0)(x) — v(z)

(D)) = TG,

where (7,v)(x) = v(z + h) is the translation of v in the direction of h. Fix h # 0 in R2
Replacing v by D_;(Djw) in (3.2.4) we have

/ [VuVD_p(Dpw) +pw D_j(Dyw)] de = / gD _n(Dyw)dz. (3.2.6)
R2 R2
In view of the property

/ thSd:U:/ (Dpv)Sdzx, fors € H'(R?)
R? R2
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we have from (3.2.6) that
/R?[|Vth|2 + p|Dyw|*dr = /R? gD _(Dypw)de.
Taking separately the real and imaginary parts in this identity, we obtain
/]R2 [[VDpw|* + p|Dpw|?] da < 2| /R2 gD _y(Dyw)dz], (3.2.7)
in view of the relation

(1/2)(1g] + Inl) < [pl < €] + [nl. (3.2.8)

Application of Cauchy-Schwarz inequality in (3.2.7) yields

/UVDWPHPHDWW dw < 2(/ ’9!26“) </ IDh(Dm!"‘daa)
R2 R2 R2

= 2llgllogzl| D-n(Drw)|lor2- (3.2.9)
At this stage, we use the following well-known property of H'(R?):
| D_pvlloge < [[Vvlloge, ¥V v e H'(R?). (3.2.10)

Moreover a function v € L*(R?) is of class H'(R?) if and only if there exists a constant
C > 0 such that

| Droljoge < C, V 0# h € R (3.2.11)
In this case we have
|IVollore < C. (3.2.12)

Taking v := Dyw € H'(R?) in (3.2.10), the relation (3.2.9) yields

/2 [IVDywl® + [pl|Dywl?] dz < 2|\ glloz2l|VDrw|lo g (3.2.13)
R
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Thus

ow :
||VDhUJ||()7R2 S 2”9”07[@2 or ||Dh%||O,R2 S 2”9”07[@2 fOI'j = 1,2 (3214)
J

In view of (3.2.11) and (3.2.12), we have from (3.2.14) that 22 € H'(R?) Vj, with

ow .
[voe| < lose vi
L lo,r2
Therefore 83;5‘;]_ € L*(R?) for 1 <i,j < 2 and thus w € H*(R?) such that
1/2
D 10wz | < 2lgloge. (3:2.15)
|a|=2
Combining (3.2.5) with (3.2.15), we obtain (3.2.3). O

Lemma 3.2.4. Let g € L*(R%) and p € C such that condition (3.1.20) is satisfied. Then

any variational solution w € H(R%) of the problem
—Aw+pw =g in R} (3.2.16)
is such that w € H*(R%) and

lolly s/ < 6llgllogz (3.2.17)

Proof. The method as presented in the proof of Lemma 3.2.3 is still valid, but this time only
in the tangential direction. In other words, we choose 0 # h € R x {0}, which means that
h is parallel to the boundary dR?. We proceed by considering w € Hg(R?%), the variational
solution of (3.2.16). Thus

J

Arguing as in the proof of Lemma 3.2.3, we obtain the analogue of the inequality (3.2.9),

(VwVT + p wo)dx = / g, Ddx Vv € Hy(R?). (3.2.18)

2 2
¥ R
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which is

[, 19wl + 1pl1Del?] e < 2l 10 Dyl (32.19)
R+
Since w € Hj(R%), its extension @ by zero outside R? is such that w € H'(R?). Moreover,
we have

Dy = Dyw and Vi = V.

This then leads to

I1D-n(Dhw)llogz = [[D-n(Dpw)|lop
|VDpwl|lore by (3.2.10)since Dyuw € H'(R?)
||Vth||O,Ri-

IN

Using (3.2.19), we have

[, (9Dl + 9l D] de < 2gloze |V Duloss.

R

from where we in turn have

NI

( [, (9Dl + pliDp dx) < 2lglozs. (3.2.20)
RQ

+

and thus

1
2

0 .
]%thﬁday) < 2“9“0,]1{?F vV i1<j5<2
j

(1

Letting h tend to zero, we obtain

(/

2
+

9*w

8xj8x1

o

(3.2.21)

2 2
dﬂf) <2|\gllogz, for 1 <5<

2
+
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In order to show that g%’ € L*(R2) we go back to (3.2.16), which yields

Pw  O*w

W9 =g in RZ.
ox? O3 =9 *

We then have by (3.2.21), the triangular inequality and by considering the variational for-
mulation of (3.2.16) with w € Hg(R?2) as test function

0*w 0*w
||8—I%||0,R3 < llgllogrz + !29|\|U)||07R2+ + Ha—x%Ho,Ri; (3.2.22)

< 5llgllos: (3.2.23)

N

Combining (3.2.22) and (3.2.21) with the analogue of (3.2.5) for R2, which is valid by the

same arguments we obtain Lemma 3.2.4. O

To come back to the set  itself, we make use of its open covering {Vj}fzo constructed
in chapter 2 (section 2.1) as well as of the C*-partition of unity {6;}¥_; given in formula
(2.1.5). According to this formula, the solution w € H}(Q) of (3.1.17) can be represented as

k
w=> w=>Y w;. (3.2.24)
j=0 §=0
We deal with the cases j = 0 and 1 < 5 < k differently in the next two results.

Lemma 3.2.5. The variational solution w € H}(Q) of the problem (3.1.1)-(3.1.2) is reqular

in the interior of S in the more precise sense that Qgw € H*(Q) and

||00w”27g7\/m < KHgHO,Q, (3225)

where K > 0 is independent of p.

Proof. The function fyw € HE(Q) because 8y € D(Vy) where Vo C Q. Thus fow € H'(R?)
such that

~A(bow) + phow = bog — 2V0,V@ — (Afo)t
=. go € LQ(R2)
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By Lemma 3.2.3, we have

60wl ge /i < 3llgolloe-

Thus
bowll, g/ = E(lwllne + llgllos)
and
ool /57 < Kllgllo (3.2.26)
since ||lw|j1.0 < Kl|glloo by Theorem 3.1.7 with K depending on p. O

Regarding the case when 1 < j < k in (3.2.24), we have the following result:

Lemma 3.2.6. The variational solution w € H(Q) of (3.1.1)-(3.1.2) is reqular near the
boundary of 0 in the sense that 0;w € H*(V;"), V" =V;NQ, and

||9]'wH2’Q’\/m < KHgHO,Sh

where K > 0 is independent of p.

Proof. For a fixed 1 < j <k, we have
—A(O;w) + phjw = 0;9 — 2VO,Vw — (Afj)w :==g; € LQ(V]*). (3.2.27)

For simplicity, we use the notation w; = 6w € Hg(V;"). From (2.1.3), we use the C*-

diffeomorphism 7 that transforms z € Vj+ into y = Tj(x) € Q4 and we set

v;(y) = wj o T; Y(y) € Hy(Q+)

where Tj’1 is defined in (2.1.4). In short the idea of the rest of the proof is as follows: The

equation (3.2.27) is transformed to the analogue in @, of the form
Ly +pv; = f; € L*(Q4) (3.2.28)

where L; is a strongly elliptic operator of order 2. We then apply the analogue of Lemma
3.2.4 to problem (3.2.28) to obtain an estimate similar to (3.2.17). We come back to the
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desired estimate on Vj+ by using the transformation
7—"7' . ‘/;—i_ — Q+.
The details are provided below. By the chain rule, we have

di(y) iawﬂ}-%y))axk w0, Ow, O

oy 1 Oy, Oy Oz dyr Dy Iy
. ij ’ 8wj
= Oéa—xl + ap (561)6—@
because
Ox ., Ox ,
Tj_l(y) = (ay1, p(ay1) — By2) = (21, 72) and (9_3/1 = a while a_yf = ay'(r1).
Similarly
dvj(y)  Ow; O0xy N w; dzy 0w
Y2 B Oy Oy 05 Oy B 0z
since
8171 8272
— =0 and — = —p4.
ya ! Oyo &

In the variational formulation of (3.2.27), the contribution of —Auwy; is the following integral,

which is transformed on @), by change of variable: For ¢ a test function, we have

FR ovj ! kell]
ijv¢dx:/ [(a %f”) (gg;) < “Offl)) (gg;)] aBdy  (3.2.29)
vt - [\0 7 J \am 5 ) \ow

Evaluating equation (3.2.29) leads to the following relation

R I~

o

VjJr
1 671]- 61/) 1 (%j 8@/} ’ 1 ’ 6vj 6’¢ 1 ’ 2 871]- 61#}
| |2y +— @ (1) 2L (= +1)22 25 | apd
/Q+ [042 Oy1 0yr  aff Oy; Oy (1) Ozﬁ¢ (Il)a?h Oy (ﬁQ(p (@) )ay2 Oy2 afdy
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By Green formula the operator L; is explicitly given by the following relation:

0? 0 0 0 0 8 0
L= =2~ 9 ()Y = 2 (e 2 14 2_>.

Lemma 3.2.7. The operator

# 9 B 0 0 B o
Li=—2 o)) = L (- ) = L (14 ()2
j o7 o, (w (:Ul)ayl) o (90 (x1)8y2> 0, ( + (¢'(21)) ayz)

1s strongly uniformly elliptic in Q). That s, there exists a real number o > 0 and a complex

number v such that

Re [y (& + 2669 (x1) + (1 + (¢ (21)))’63) ] > al€]?, VEER?, ye Q..

Proof. We take vy = —1 and 0 < o < 1/2. Then we have consecutively

Re [y (& + 2669 (1) + (14 (¢'(21)))%63)] —aléf = &1 —a) + &1 —a+ (¢'(21))?)
+ 20/ (21)6:&
>

1/267 4+ 1/2(¢' (21))*€5 + &' (21)6162

Le+ 2w

0.

v

Hence the proof of the Lemma. n

Applying the analogue of the Lemma 3.2.4 to (3.2.29) we obtain

> ID e, | < Killfilog, (3.2.30)

|a|=2

which is the analogue of (3.2.17) in ;. Making the change of variables y = T;(z) and
G;w=v;0T;, g;= f;oT;in (3.2.30) we obtain

1
2

Sl | < Kllgly s (3.2.31)

=2
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together with
16;w])? .+ < Kjllgllg,y+ (By Theorem 3.1.3) (3.2.32)
Adding (3.2.31) and (3.2.32) proves Lemma 3.2.6. O

Remark 3.2.8. The underlying point in the proofs of Lemma 3.2.6 and 3.2.7 is that the

ellipticity property is preserved by translation.

Proof. of Theorem 3.2.2
We prove Theorem 3.2.2 by adding (3.2.26), (3.2.31) and (3.2.32) with (3.1.24) through j =0
to j = k. O

Remark 3.2.9. The inequality in the Theorem 3.2.2 is the particular case of some more

general inequalities established in Agronovitch and Vishik [3].
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Chapter 4

The Helmholtz problem in a

non-smooth domain

In the preceding chapter we study the regularity of the solution of Helmholtz problem in
a smooth domain. In this chapter we study the same problem in the non-smooth domain
specifically the polygonal domain. We begin the chapter with section 4.1 where we study the
regularity of the solution of the Helmholtz problem far away from the corner. In section 4.2
and 4.3, we study the regularity of the solution of the problem at the corner for p = 0 and
for p # 0 respectively. Finally, we show in section 4.4, that the solution of the Helmholtz
problem attains its global regularity in a weighted Sobolev space H*#(€) to be defined.

4.1 Regularity far away from corners and reduction to

a sector

The results of section 3.2 show that the solution of the Helmholtz problem is regular far away
from the vertices (corners) of the polygonal domain. More precisely, we have the following

result:

Theorem 4.1.1. Let E be an open subset of the polygonal domain €2 such that the distance
from E to the vertices of I is strictly positive. Then, the variational solution of the Helmholtz

problem

we Hy(Q), —Aw+pw=g, (4.1.1)
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corresponding to g € L*(Q2), Re(p) > 0 is such that
w e H*(E).

Proof. We proceed by partition of unity as in section 3.2, observing that either ENT = ¢
or ENT # ¢. The first case corresponds to the interior regularity stated in Lemmas 3.2.3
and 3.2.5. The second case include the situation where the arc-length of £NT is positive, in
which case ENT is locally represented as the graph of C* functions. This then corresponds

to the regularity near the boundary stated in Lemmas 3.2.4 and 3.2.6. O]

In view of Theorem 4.1.1, the singular behavior of the solution of (4.1.1) is a local problem
which is related to each corner. Thus we focus on one corner of €2 and assume for convenience
that this corner is at the origin of R2. In the neighborhood of this corner, we assume that Q

coincides with the sector G' defined by
G ={(rcosf,rsinf);r > 0,0 < 0 < w}, (4.1.2)

in the usual polar co-ordinate (r,#) where w is the size of the interior angle at the corner. It
is further assumed that this is the only non-convex corner i.e w > 7 of {2 as seen in Figure
4.1.

(r,0)

\9
w
0

Figure 4.1: Model Polygonal domain

To be more specific on the local nature of the problem, we consider once and for all a
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cut-off function ¢ = 1 (r) € D(R?) such that

P(r) = (4.1.3)

where the number ¢ > 0 is so small that no other corner point of € lies in the disk |z| < r.

With w € H}(R?) being the extension of w by zero outside (2, the solution of the local
problem we will deal with is wi). The right hand side is ¥ g —wA — 2V Vw. For simplicity,
we write wi as w. Equally vg — wAy —2VpVw will be written as ¢g. In summary, the local

problem we deal with reads as follows: w € H}(G) is solution of
—~Aw+pw =g L*G) (4.1.4)
where the involved functions have bounded supports in the following specific way:

w(r,d) =0 for r >, (4.1.5)

g(r,0) =0 for r > r. (4.1.6)

Remark 4.1.2. When there is no risk of confusion, a real-valued function v on the sector

G will be written indistinctly by v(x), v(xy,z3), v(rsind,rcosf) or v(r,0).

By Hardy inequality [29], it follows that the local solution w € H}(G) satisfies the inclu-

sion
rlel=1 Dy € LXH(G) for all |a] < 1. (4.1.7)

This leads us to consider the so-called weighted Sobolev spaces introduced first by Kondratiev
[36].
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Definition 4.1.3. ([29], [36])
We denote by P¥(G) the space of all distributions v On G such that,

rlel=k Doy € L2(G) for all |a| <k,
where k is a non-negative integer. We equip PY(G) with the natural norm defined by

||U||2p,§(a) = Z ||T'a'_kD“v||3,G- (4.1.8)

o] <k

By using the chain rule and the change of variables in integrals via the Fuler transforma-

tion
r=e, (4.1.9)

the weighted Sobolev space on the sector G is linked to the usual Sobolev space on the strip

B =R x (0,w) as specified in the next Lemma.

Lemma 4.1.4. ([29))
Assume that u € P¥(G) with k a positive integer and define v by,

v(t,0) = u(e' cos b, e’ sin §)e~FHD, (4.1.10)

Then, v(t,0) € H*(B).

4.2 Regularity and singularities when p =0

We consider (4.1.4) in the particular case when p = 0. We are then dealing with the Dirichlet

problem for the Laplace operator:
w e Hy(G),—Aw =g € L*(G), (4.2.1)

where w and g satisfy (4.1.5)-(4.1.6).
Theorem 4.2.1. For the solution w € H}(G) of the problem (4.2.1), we have the following

singular decomposition : there exists a scalar A such that
x . T
wg :=w — Arvsin—0 € P3(G) N Hy(G),
w
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wzliz = — Aw(r’)rg sin 4 c H*(G)N H&(G)7
w
and
lwellpze) + llwrllee + 1Al < Cllglloe, (4.2.2)

where ¥ = () is the cut-off function in (4.1.3), wr or wk is the regular part, r< sin Z0 or

Y(r)ra sin 20 1is the singular function and A is the coefficient of the singular function.

The method used in proving Theorem 4.2.1 was developed by Kondratiev [36] and it
demands a lot of theoretical knowledge. We shall essentially quote the important steps. For

more details see for instance [29]. In polar co-ordinate, equation (4.2.1) takes the form

B (82w 18_w 1 9*w

R R R UL 423)

Now, we use the Euler transformation (4.1.9) and make a change of dependent variable

s(t,0) = w(e', 0) = w(r,0). (4.2.4)
Since
ow  _,0s Pw 0% _,0s
o ™M m
(4.2.3) becomes
s O%s _
- (@ + @) =e*g(t,0) in B (4.2.5)
with boundary conditions
s(t,w) = s(t,0) =0, (4.2.6)

where s € H}(B) and g(e' cos 6, ¢! sinf)e! € L?(B) in view of Lemma 4.1.4.
Taking the Fourier transform, the problem (4.2.5)-(4.2.6) becomes the following family of

ordinary differential equation that depend on the parameter \:

oy . -
= Sc(zzg—Az’ O) 4 N300, 0) = Fg(—da — 1+ X, 0) = gliA —1,68) D<f<w (127)
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3(i, 0) = 5(i\, w) = 0. (4.2.8)

Remark 4.2.2. For a function h : v — h(r), the composition of the Euler transformation
(4.1.9) and the Fourier transform is called the Mellin transform of h see [29]. Formally we

have:

(Mh)(A) = \/% /0 ()

We apply Proposition 2.5.36 (corresponding to the scalar Theorem 2.5.1) to the L? vector-

valued functions

Ps(t,0)
t € (—00,400) ~ YRR |8 <1 and t € (—o0, +00) ~ e'g(t,0) € L*(—o0, +00),
observing that the support of all these functions are contained in I, = (—o0,a) where

a=lInrg.
We obtain that 5(i), #) is holomorphic in the region Ay > 0 and elg g(iA—1, ) is holomorphic
in the region A\ > —1 such that the following estimates hold:

+oo +oo
29
}:/ / e+ ol j’a LS 0N < 17 }:/ / \(w L %) a1

I81<1

“+oo W —+00 w
/ / letg(iX — 1,0)|2d\do <yt / / le'g(t,0)[*dtds.
—00 0 —00 0

In view of the above holomorphic property of s(i\, ) and elg g(iA 4+ 1,6), Theorem 2.5.38
implies that the solution S(i\, #) of (4.2.7)-(4.2.8) admits a meromorphic extension (which

we denote in the same way) to the complex strip
—00 < A\ < 400, —1< A <0

We want to say a bit more about this meromorphic extension. Firstly, the considerations in
Remark 3.1.9 can be made more precise in this one-dimensional case. Indeed, it is well-known

that the operator u ~» —u” with boundary conditions u(0) = u(w) = 0 has the eigenvalues

k
Ai:(g)Q, keN, k40,
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with, for each k, the associated eigenvector

o km
v = sin —0.
w

Now in the extension 5(i), #) of the solution, if we take

km —ikm
A=V =—, le. A= ,

w w
then it is clear that the only possible pole of the meromorphic function 5(i), #) in the strip
—00 < M <400, —1<A<0is\= %’r We distinguish two cases: if w < 7, there is no
pole in the said strip. However, there is indeed a unique pole in the non convex case w > .

Secondly, we introduce the Green function N = N (i), 0, ) of the operator
2 —tkm

d“v
2 2
vGC’(O,w)W—d92+)\v,)\: - , —1 <X <0

with homogeneous Dirichlet boundary conditions v(0) = v(w) = 0.
By definition [66], the Green function satisfies the following properties:
1. The function (0,7) ~ N = N(i), 0,7) is continuous on the square (0,w) x (0,w);
2. The partial derivatives %—g, %QTJX exist and are continuous on the triangles 0 < 6 < v < w
and 0 <~v <0 <w;

3. For each fixed v € [0,w], ch];/ + XN =0for0<0<w, 0+#n~;
4. On the diagonal 6 = ~, the first derivative makes a jump such that

IN(0*,6)  ON(0-,0)

50 50 =—1 for 0 <0 < w;

5. N(iX,0,7v) = N(i\,w,vy) = 0 for each v € (0,w).

Following the classical procedure (see [66]), it can be shown that the Green function is given

by the formula

) v sinh A —w) , if 0<~y<0<w
N(M,Q,’y)zﬁ (4.2.9)
0 sith A0 —w) , if 0<60<y<w
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Notice that

N(0, 0, v) =
0(y—1) , for 0<0<y<w

which is in agreement with the Green function given in Walter [66] and Gustafson [33]. In

view of the expression of N (i), 6, ), the solution of (4.2.7)-(4.2.8) admits the representation

—ikm

S(iN, 0) = / N(i)\,e,’y)et/\g(i)\ —1,7)dy; when \# , A > —1. (4.2.10)
0

w
The regularity of this extended solution of (4.2.7)-(4.2.8) is described in the next result.
Lemma 4.2.3. There exist constants C' > 0 and K > 0, such that
2 —
D IMPTISEA 0500 < Clletg(iA =1, loow), for M| = K, =1 <A <0.
=0

Proof. For general problems, the proof of Lemma 4.2.3 is given in Grisvard [29] and Kon-
dratiev [36]. For the case under consideration, the proof can be obtained explicitly either
by using the Green function N(i),6,v) in (4.2.9) and the representation (4.2.10), which is
valid or by simple arguments. We prefer the latter approach.

We assume that A\; > K > 0 for a constant to be determined shortly and we assume that
—1< X <0. Then X # %’” The arguments used below are similar to those that led to the
proof of the inequality (3.1.29). Multiply both sides of (4.2.7) by A?5(i\, #) and integrate by
parts to obtain the following after using (4.2.8):

/O {Aﬂ%ﬁ + (AT = A3+ 200 M) |53, 9)|2} do = /O etg(ih — 1,0)A25(i), 0)do.
Using the real part of this identity and Cauchy-Schwarz inequality, we obtain:

w (s 2
[P et - Shiseer]
0

df \
g(/ |€/t\g(i)\—1,9)|2d9) (/ A;*|§(M,9)y2d9> .
0 0

(4.2.11)
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Notice that 0 < )\3 < 1. We assume at this point in time that

A2 1 1 A2
K>2 2 <= hat = < (1 -2
> 2, and )\%<2sota 2<( )\2)

Then, with |A;| > K and so |A;| > 2, we obtain from (4.2.11)

1 (%1, d?(i)x,@) 9 Ay 9
- AT <
2/0 {)\1\ 7 |+ A1IS(iN, 0)]7 ] db <

1

(/ |e/tz](i/\ — 1,9)|2d¢9) </ {)ﬂWF + /\411|§(i)\,9)|2} d@)
0 0
Thus

(/0 {VIMF + Xi\§(m,0)|2} d@)é <2 (/Ow letg(iX — 1,9)\%19)é L (4.2.12)

On the other hand, from (4.2.7) we have

(/ yd%d;z@me)l A2 (/Owyg(m,e)Pw) </ letg(ix — 1,0)] de)
< on (/Ow|§(m,e>|2d9> +</0 |@(iA—1,0)|2d0)

| /\

because
AP = A7+ A2 < A3 +4 <20 and |[\] > 2.

Using then (4.2.12), we have

2/\ % wo_ %
(/ 4780A0) d?z o d@) <5 (/ letg(iX — 1,0)|2d9) (4.2.13)
0

Since |A\;| > 2, it follows from (4.2.12) that

(/Ow [Idg(fl;’ 9) >+ [S(iA, 9)|2} d@)é <2 </Ow letg(iX — 1, 9)|2de)é . (4.2.14)

Taking the squares of (4.2.12), (4.2.13), (4.2.14) and adding these inequalities, we obtain the
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Lemma 4.2.3 for the specific choice K > 2. O]

Remark 4.2.4. In terms of the weighted Sobolev space H™((0,w), p) introduced in Definition
3.1.4, the proof of Lemma 4.2.3 shows that

15GA, 2,000 < Clletg@iX = 1,)[o,0w) for [A] >2, =1 <Ay <0.

Once again, this inequality is as mentioned in the proof of Theorem 3.2.2, a particular case
of the results of Agranovitch and Vishik [3].

Corollary 4.2.5. There exists a sequence (N,,) of integers such that

0
N, > K, ¥m  lim / S(iN,, — Ao, 8)[dAs = 0
“1

m—+400

for almost every 0 < 0 < w.

Proof. From Lemma 4.2.3, we have

w 0
/ / B(iM — Ao, 0)]dNadf < —C for \| > K
0o Jo1 |\

This implies that

w 0
0 -1

K<|N|—+o00

By the fact that a Cauchy sequence in L (0,w) admits a point-wise convergent subsequence
(see Adams [1], Corollary 2.11), we can find a sequence (NN,,)m>1 of integers which have the

desired property. O

Proof. (Theorem 4.2.1)

At this point, we make use of the fact that the polygonal domain is non-convex, i.e w >
m. This implies as observed earlier that no pole of the meromorphic function s(i\,6) or
eigenvalue A = _T”T of the problem (4.2.7)-(4.2.8) belongs to the line

Ay = —1.
Under this condition, the Plancherel-Parseval Theorem, implies that the function
/\1 ~ /S\(Z/\l + ]_, 6)),
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has the inverse Fourier transform

400
sr(t,0) = / eMB(iA + 1,0)d\y,
T

that belongs to the Sobolev space H?(B) such that
Is&ll2,5 < Clle'gllo,s- (4.2.15)

Notice that the inverse Fourier transform of the function \; ~» 5(iAq,0) i.e Ay = 0, given
by

—+00
s(t,0) = \/% / eMIS(iN, 0)dA\ (4.2.16)

is of class L?(B) (in fact of class H}(B)).
In order to link sg(¢,0) to s(t,0), we use the sequence (N,,) in the Corollary 4.2.5, ob-

serving that

Nm
s(t, 0) :Nlir_rgoom/

1 Nm 7 Npm—i Np+0i
= lim { / / / } SN, 0)dA (4.2.17)
Nm—00 /270 Non+0i Nm—z

m—l

eMB(iN, 0)dA

where @), is the rectangle with vertices —N,,, + 0i, —N,,, — i, N,,, — i and N,, + 0z illustrated
in Figure 4.2.
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A2
A
: - -\
-|Nm+0i 0 N, +0i
v.oooq, A
b P S .
-Nm-| Nm-l

Figure 4.2: Application of the Residue theorem

By Corollary 4.2.5, we know that the limits corresponding to the first and the third
integrals are zero. Recall that we are in the non-convex case for the sector G i.e. w > m. The
only pole of s(i), 0) in the region @,, being then ’Ti”, the Laurent expansion of this function

has the form

S(i), 0) f f’.) +a()6), (4.2.18)

€13

with a (), 0) being analytic. Applying to (4.2.18) the operator u ~» u” + A\?>u with boundary

conditions u(0) = u(w) = 0, it is easy to show in terms of the eigenvalues and associated

eigenvectors of this operator that

Pi(0) = A sin z@, for some scalar A;. (4.2.19)
w
By the Residue Theorem, the fourth integral in (4.2.17) is given by

1 | |
= [ V27 M3, 0)d) = Res (i\/% NG, 0))

27 Jo.,, N

Now considering the Taylor’s expansion of e\ about \ = _T”r and the expression of P;(f) in
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(4.2.19), we obtain

Res (zx/ﬁ NN, 9))

xy . T
= Aew'sin —6.
A=—iT w

w

Therefore (4.2.17) leads to
s(t,0) = sp + A estsin g@. (4.2.20)

where sp satisfies (4.2.15).

In terms of the Euler transformation (4.1.9), the decomposition (4.2.20) becomes
w(r,0) = wg(r,0) + A rs sin g@ (4.2.21)
where in view of (4.2.4), we have
w(r,0) = w(e',0) = s(t,0) and wg(r,0) = wg(e',0) = sg(t,0).

Furthermore, by a simple change of variables, we have (see Lemma 4.1.4) wr € PZ(G) N
Hi (@), with the inequality (4.2.15) becoming

lwrllpze) < Cliglloc- (4.2.22)
Finally, we use the cut-off function ¢ = ¢(r) in (4.1.3) to rewrite (4.2.21) in the form
w(r,0) = wk(r,0) + AY(r)rs sin gé’ (4.2.23)
where
wr(r,0) := (1= (r)w(r,0) + ¥ (r)wr(r,0) € H*(G) N Hy(G)
such that
lwgllze < Cllglloc (4.2.24)

because w is regular far away from the corner (0,0) (see Theorem 4.1.1). Thus (4.2.23) and
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(4.2.24) yield
Al (r)r sin 59”1@ < wgllec + lwlie < llglloc
from where we have
Al < Cllgllo.c- (4.2.25)

This completes the proof of Theorem 4.2.1. n

4.3 Regularity and singularities when p £ 0

In the case p # 0, we proceed by first drawing a consequence of Theorem 4.2.1.

Corollary 4.3.1. Let K C C be a compact set and let the complex parameter p with Re(p) >
0 vary in the set K. Then there exist a complex valued function p ~» By(p) and a constant C
not depending on p such that the solution of (4.1.4), (4.1.5) and (4.1.6) admits the singular
representation

w(z,p) = wh(z,p) + Bi(p) ¥(r)rs sin g@ (4.3.1)

with regular part wy, € H*(G)NH(G) and coefficient By(p) of the singular function satisfying

the estimate

lwill2c + [Bi(p)] < Cligloe- (4.3.2)

Proof. The decomposition into regular part and singular function stated in Theorem 4.2.1
above means that the bounded linear map —A+p operating from H?N H} into L? has closed
range with finite co-dimension 1 or that —A + p has index —1 (See [25], [38]). Notice that
(4.3.1) is valid from Theorem 4.2.1 if we re-write (4.1.4) as —Aw = g — p w.

Applying —A + p to both sides of equation (4.3.1), we have

g=(=A+pwk(-,p) + Bi(p)(=A + p)Y(r)re sin 50.

Now, letting (—A+p)wk(-,p) =: gr and denoting by ||(—A +p) || the norm of the operator
(—A +p)~! from L?(G) into H*(G) with domain D = {(—A +p)u: v € H*(G)n H'(G)},
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we have

[(=A+p)~" grll2c

lwr(p)l

06 =
< N((=A+p) " llgrlloc
< COl(=Aa+p) llglloc
< Csup [(=A+p) gl
peK
< Clglhe (133)

because the coefficients of the operator —A + p are continuous and K is compact.
Furthermore, by (4.3.1), (4.3.3) and the analogue of (3.1.29), we have

x~ . T
| B1(p)|||1)(r)r« sin 59H1,G < Nwlle + [[lwglze < Cllglloe

which yields
|B1(p)| < Cllglloc:

O

Theorem 4.3.2. For |p| large enough, there exist a reqular function wg(x,p) € H*(G, +/|p|)
and a complex valued-function p ~~ Ba(p) such that the solution of the problem (4.1.4),
(4.1.5) and (4.1.6) admits the singular decomposition

w(z,p) = wr(z,p) + Ba(p) Y(\/|p|r)rs sin 50.

Furthermore, we have the estimate

lwrll, ¢ 5+ 1B20)lplF < Cllglo.

where we recall that here and after C' > 0 denotes various constants independent on p and

the weighted norm || - |, il is giwen in Definition 3.1.4.
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Proof. We perform the change of variable x € G — px € G where p := ﬁ and
)

w=p’p= 177+ Problem (4.1.4) becomes

1 [(Q*w(pz) = O*w(px) _
(T ) o) = g(oe)

or equivalently
(—A +w)w,(z) = h,(z) (4.3.4)

where h,(x) = p?g(px) and w,(z) = w(px). Since the complex parameter w satisfies |w| = 1,

Corollary 4.3.1 applies to (4.3.4). Thus w, admits the singular decomposition
w, = w (x,w) +¢(r)Bi(w, p)pers sin g@ (4.3.5)
or
w, = w(x,w) + ¥(r)By(p)re sin g@ (4.3.6)
where B;(w, p) = By(p)ps with uniform estimate:
[0 l26 + [ Bz(p)lp= < Cllyllo- (4.3.7)

Now from (4.3.7), we go back from the variable pz in (4.3.4) to the initial variable x in
(4.1.4) as follows: Put

wr(x) = wR’p(z) and 2=~ so that dz = p 2dz,
p p

Owg , | owftr 1 O*wp B Pwhtr 1

0z (z) = 0z (Z>; o x? (z) = 0723 <Z)p2
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/G(IwR”’(Z)I2 + [V (2)P + ) |Dw(2)]*)d>

|af=2

[ Qa4 A1 una) + 3 |D2uwn(o)Pyp-*da

|af=2

/G (0 2lwn(@)? + Vawn(@)? + 0 3 |D2wn(a)[2)da

=2

o /G (0 wr(@)? + o2 [Vwr(@) 2+ 3 [D*wp(a))de

|af=2

pI! /G (S 1D wn(@)? + pl| V(@) + [pPlwn(e) P)da

|af=2
2

-1
I w2,

1

LR = a2 g0 (135)
1% p
Similarly, the right hand side of (4.3.7) yields
x
e = [ 1ol = [ ot = ol (13.9)

Using (4.3.7), (4.3.8) and (4.3.9) we have the desired estimate

1_
lwrlly g,/ + 1Ba(@)llpl2"2 < Clglloe,

together with the singular decomposition

w(x) = wa(x) + By(p)v(/|plr)r sin =0.

]

Remark 4.3.3. The second part of Theorem 4.3.2 (case |p| large) and its proof constitute a

particular case of the deep results stated and proved in [19], [46] and [47] for general elliptic

and parabolic problems with edge corners. An alternative approach is presented in [30]. The

nature of the Helmholtz operator —/A + pI makes the above proof simple and explicit in the
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following manner compared to a general operator of the form p + L(z, D,) investigated in
the above mentioned references with L(x, D,) being a proper elliptic operator of order 2 with
principal part frozen at the origin denoted by Lo(D.). In making the change of variable
x — px, the analogue of (4.5.4) has the form

M,(z, Dy)w, = h, (4.3.10)

where the operator M, tends to w + Lo as p — 0.

The analogue of (4.5.6) is neither explicit nor does it give a uniform estimate of the form
(4.3.7). Such an estimate is achieved provided that a perturbation argument together with
the convergence of M, to w + L is used. On the contrary, for the Helmholtz operator, M,

is reduced to the constant operator —A + w.

So far, the analysis of the regularity and the singularity of the solution of problem (4.1.1)
was done in two local steps: far away from vertices (Theorem 4.1.1) and near each vertex
(Theorem 4.2.1, Corollary 4.3.1 and Theorem 4.3.2). We now combine these steps to obtain
the following global result on 2.

Theorem 4.3.4. There exists a positive number dg > 0 such that the solution of the problem

(4.1.1) admits the singular decomposition

w(e,p) = wh(z,p) + By(p)(r)rE sin =0

with reqular part wi(z,p) € H*(Q) and coefficients of singularity Bi(p) € C satisfying the

estimate
lwgllz.0 + [Bi(p)| < Cllgllog
for |p| < dg. Furthermore, the singular decomposition becomes
w(z,p) = wh(z,p) + Ba(p)b(r/|p))rS sin =0
where w}(x,p) € H*(Q,\/]p]) and
lwklly 0 7 + 1B2@lpl> =% < Cllglog

for |p| > do.
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Proof. Notice that ) was assumed to have only one non-convex vertex, which is localized
through the cut-off function ¢ = ¢ (r) used before.

The solution w of (4.1.1) can then be written as

w(z,p) = (1 = )w(z,p) + ¢ wlz,p) on .

Corollary 4.3.1 and Theorem 4.3.2 guarantee the existence of Jy > 0 such that the singular
decompositions and the estimates in these two results apply to the local solution yYw of
(4.1.4) with right-hand side

U g —wAy — 2VwV.
More precisely, for |p| < g, we have

w(e,p) = (1= ¥)w(e,p) + wh(z,p) + Bi(p)(r)rs sin 0 (4.3.11)

with
[wkll20 + |Bi(p)] < Cll¢ g — wAY — 2VwVi|oq.

The desired regular part for w is

L. _

wi = (1 —Y)w +wp

which is indeed of class H?(Q2) due to the regularity far away from the vertex that guarantees
that (1 —)w € H*(Q). Then with

Q. ={xeUry/2 <|z|=7<ry}

we have
lwi' 2.0 + 1Bi(p)] < [I(1 = )wllag + lwgll2g + [Bi(p)|
< Cllwll2g,, + Cllg — wAY = 2VwVy |
< Cllwllzq,, + Cllglloa + Cllwllia,,
< Cgllo,0;

85



.

=

#L UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
W VYUNIBESITHI YA PRETORIA

by the regularity of the solution far away from the origin and specifically on €2,,. Notice that
the various constants C' above do not depend on p because p moves in the the compact set
B(0,&).

Regarding the case when [p| > ¢y, the singular decomposition to be used in place of
(4.3.11) is

x~ . T
w(,p) = (1= )w(x,p) +wh(r,p) + Ba(p)v(r/Ip])r sin —6

with
lwilly 0 7 + 1Be@pl % < Clldg — wAy — 2VwVi]og.

Take wy” == (1 — )w + w} € H*(Q) as the regular part. In view of the analogue of the

Theorem 3.2.2 we have

(1 = $)wl,g /i < Clgllos.

Therefore we have as in the previous case

1w
[0 7+ 1Be®)lIp* ™% < Cllgllog.

4.4 Global regularity of the solution

We devote this section to show that the solution of the Helmholtz problem is regular in a
weighted Sobolev space. This result is fundamental to our study as the constructive analysis

to come is based on it. The weighted Sobolev space in question is defined as follows:

Definition 4.4.1. For 3 a non-negative real number, we denote by H*P(Q) the space of all
distributions v € H'(Q) such that

r D € L*(Q) YV a such that |a| = 2

where r = r(x) = d(z, vertices) is the distance to the vertices of the domain Q.

The weighted Sobolev space H*#(Q)) is equipped with its natural Hilbert structure given
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by the inner product

(W, V) 20y = (W, ) o + Z /rﬁDaw.D“vdx.
Q

|ar|=2

The norm of the space H*#(Q) is written ||| 2.6 () while the following is simply a semi-norm:

2
V| 2800 = Z/|7’5Do‘v]2d:c
Q

|laf=2

Remark 4.4.2. The usual Sobolev space H?*(Q) is continuously embedded in the weighted
Sobolev space H*P(Q):

H*(Q) — H*P(Q).
Indeed, this is obvious for 8 =0 since H*(Q2) = H*°(Q).
For B> 0 and for v € H*(2), we have
/ lv|? + |Voul* + Z |D|? | do = / lv|? + |Voul* + Z r?| D *r2° | da
Q Q

Jor|=2 | =2

> C’/ |1}|2+|VU|2~|—237“25|D"v|2 dx
Q

|af=2

28
o . 1 . _ . .
where C' = min {1, <—diameter(ﬂ)) }, observing that sup,cq d(x, vertices) <  diameter(€2).

Theorem 4.4.3. The space H*?(Q) is continuously and compactly embedded in C°(Q) for
0<p<1:

H*P(Q) —. C°(Q).

Furthermore, the embedding of H*P(Q) into H*(Q) is compact: H**(Q) —. H(Q)

Proof. The case when 8 = 0 is well-known because H*°(Q2) = H?(Q) (Sobolev and Rellich-
Kondrachov embeddings, Theorem 2.4.5). So we assume that 8 > 0. Let v be in H*>#(Q) so
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that
v e LP(Q), Vpe[l,+oo) and D = (r’D).r™P ¥V 1 < |a| < 2. (4.4.1)

The first inclusion in (4.4.1) is due to the fact that v € H(Q), which is embedded in
LP(Q2) ¥V p € [1,400) by Theorem 2.4.5. We want to show that D € LP(Q) 1 < |o| < 2

for some p > 1 and p < 2. Take ¢; = % with conjugate ¢ = 2%1) ie. qil + q% = 1. Then r—5p
is of class L®(Q) iff 1 <p < ﬁ By Holder’s inequality, we deduce from (4.4.1) and the

choice of p, ¢; and ¢, that

L 1
/ |D|Pdx < (/(|T5D°‘v|p)‘“dx) 7 (/ T—ﬁpqzdx) a2
Q Q Q

2

5 oy ="
= (/ ‘TﬂDade:E) (/ r b rdr)
Q Q

< CHUH]}){Q,B(Q)‘

Notice that if || = 0 and 8 = 0 in (4.4.1), we could show in a similar manner that v € LP(Q)
for the specific choice of p made above. Thus H?#(Q2) — W??(Q). But by the Sobolev and
Rellich Kondrachov imbeddings, Theorem 2.4.5, the Sobolev space W%P(Q) is continuously
and compactly embedded into C°(Q) and H*(Q), respectively. This proves the first and the

second claims and hence the proof of the Theorem is completed. O]

We are now in a position to state one of our main contributions that will have an impact
on the heat equation and on its numerical approximation in the next chapter. This result is

announced in [14] and [13].

Theorem 4.4.4. Assume that 0 < 3 < 1—Z. Then the solution w of the Helmholtz problem
(4.1.1) is of class H*?(Q)) such that the following estimate holds for some constant C' > 0

idependent on p:

1wl g2.80) < Cllgllo.0-

Proof. The existence of a number §; > 0 in Theorem 4.3.4 is the rephrasing of the require-
ment that |p| is large enough in Theorem 4.3.2. From Remark 4.4.2, we have for the regular

part in Theorem 4.3.4:

lwilla2e@) < Cllwgllze < Cllglloge
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(Wil 2@y < Clwkllzop < Cllgllogo

where the weighted norm on H*#(Q, 1/|p|) is defined in a similar manner as that of H%(Q, \/|p|)
of Definition 3.1.4 by

2 _ 20 12 2 B a2
19 = [ IR+ IV + 32 (oD ) e (142)

|a|=2

Regarding the singular part, we proceed as follows. Firstly, the function ¢ (r)r< sin 20 be-
longs to H*#(£2) because near the non-convex corner (0,0), r?D*)(r)re sin 20 with |a| = 2,
behaves like 777572 which is of class L*(Q) in view of the condition 0 < S <1 — Z.

Thus for |p| < &y, the estimate for |B;(p)| in Theorem 4.3.4 yields

x . T
1o (r)Bi(p)re sin =0l uzs(0) < Cllglo.o-

For [p| > 0o, the same argument as above shows that 1(r|p|)rs sin 26 is of class H>(Q).
Now the estimate for By(p) in Theorem 4.3.4 leads to

IN

~ . T
1o (rv/Ipl) Ba(p)r sin ~Oll w250y < ClBa(p)|

A

1

< Clplz"2||glloq
1

< C(d0)2 2 ||go0-

Remark 4.4.5. The underlying point of our investigation is that the linear operator
g(.,p) € L*(Q) ~ w(.,p) € H**(Q)

is bounded with norm independent on p € C satisfying (3.1.20). Theorem 4.4.4 is proved in
Grisvard [29] in the particular case when p = 0. This originates from the study by Raugel
[58], [59] of the reqularity in the general case where g is in the Sobolev space H™(§2), m > 0.
In this case weighted Sobolev spaces H™+28(Q) of higher order are essential as demonstrated

by Raugel.
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Remark 4.4.6. In this thesis we used three types of weighted Sobolev spaces which play

completely different roles:

e The weighted Sobolev space H™(), p) (cf. Definition 3.1.4 and Proposition 3.1.5),
which is exactly the usual Sobolev space H™(Q) equipped with a weighted norm. The
space H™(S), p) arises generally when the (partial) Fourier transform with respect to t

is applied to functions (t,x) — v(x,t) in the usual Sobolev space H™(2 x R). In fact
the norm ||v||maxr s equivalent to (fR ||(]:U)(77)||12n,9,1+|,7\d77> ? see Dauge [19].

o The Kondratiev weighted Sobolev space Py (G) (cf Definition 4.1.3) serves to investigate
the reqularity and the singularity for an elliptic problem localized in a sector G. The
space PY(Q) is not equal to the usual Sobolev space H*(G). However, it is related to
H* through Lemma 4.1.4 and we have Py(G) C HF . (G) i.e. v € PYG) = pv €
H*(G) Vp e D(G).

o The weighted Sobolev space H*P(2) is a replacement for H*(Q) for the global regularity

of the solutions.
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Chapter 5
The heat equation

The material collected in the previous chapters enable us now to study the heat equation

N Au=fm 0 (5.0.1)
appended with the initial condition
u(z,0) =0, z € (5.0.2)
and the boundary condition
u(z,t) =0 on 0 x (0,400). (5.0.3)

The investigation deals with two main steps. The first step is the quantitative and some
particular qualitative analysis (section 5.1). The second step deals exclusively with the
qualitative analysis regarding the regularity and the corner singularity of the solution (section

5.2).

5.1 Well-posedness and tangential regularity

In the heat equation and generally in parabolic problems, the time variable ”t” plays a special
role compared to the space variable ”x”. We will reflect the different roles of these variables
by separating them as follows in the Sobolev spaces where the solution lives. For a function
v:(z,t) € Qx(0,400) = v(x,t) € R, we write v(t) = v(-,t) : Q@ = R, v(t)(x) = v(z,t)
and v(z) = v(z,-) : (0,4+00) = R, wv(z)(t) = v(x,t) when the variables ¢t and z are fixed,
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respectively. The definitions and the comments below can be found in Lions and Magenes

[39] though 2 is a polygon in our case.

Definition 5.1.1. Given two integers r > 0 and s > 0, we denote by H™*(€2 x (0,400)) the

anisotropic Sobolev space defined by
(52 x (0, +00)) = L2 ((0, +00), H"(Q)) 0 H* ((0, +00), L(2))

and equipped with the Hilbert structure via the norm

1

o L D, 1) :

T, 0o = ',t 2 + .7 2 dt .
H™3(2x(0,4-00)) [/O (HU( )z ]'E:o: I ot 6.

Remark 5.1.2. Notice that H*°(2 x (0,+00)) = L*(2 x (0,+00)) = L*((0,+00), L*(2)).
The following subspaces of H™*(€2 x (0, 4+00)) will be used from time to time:

[0]

Hg™ (€2 x (0,400)) := L* ((0, +00), H§(2)) N H* ((0, +00), L*(2)) ;

This is characterized as the closure in H™*(£2 x (0,4+00)) of the subspace of functions

which are equal to zero in a neighborhood of the set I' x (0, 400);

Hi*(Q2 x (0,+00)) := L*((0,4+00), H"(Q)) N H} ((O, +00), L*(Q)) ,

which is also the closure in H™*(Q2 x (0,4+00)) of the subspace of functions that are

equal to zero neart =0 and t = 0o;

Hyo(€2 % (0, +00)) := Hy” (2 x (0,400)) N H* (2 x (0, +00)),

which is the closure in H™* (2 x (0,400)) of the space D(2x (0, +00)) of test functions;

H™(Q x (0, 400) := L2 ((0, +00), H"(Q)) N H* ((0,+00), L*())

where H* ((0, +00), L*()) is the space of functions v € H* ((0,+00), L2()) such that
their extension v by zero outside (0,+00) belong to H*(R, L*(Q)). Notice that

H (2 x (0,+00)) € H™(Q x (0, +00)).
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In what follows in this section, we consider the well-posedness of the boundary value
problem associated with the heat operator and the tangential regularity of its solution.
Though these results are classical, we give the proofs in detail for convenience. (See Lions
and Magenes [38]).

Theorem 5.1.3. Under the assumption f € L*[(0,4+00), L*(Q)] = L*((0, +00) x Q), there

exists a unique varitational solution
we Hy' (Q x (0,+00)) (5.1.1)
of the heat equation (5.0.1)-(5.0.3) such that

||U||ﬁ5;1(gx(o,+oo)) < Ol fllo,x(0,400)- (5.1.2)
In other words, the solution
u € L*[(0,+00), Hy(Q)] (5.1.3)
satisfying
||U||L2[(o,+oo),H5(Q)] < Ol fllox(o,+0)- (5.1.4)
15 also tangentially reqular in the sense that
uwe H' [(0,+00), L*(Q)]
which is the optimal differentiability smoothness in the time variable "t”, such that

[l 510 400, 2200) < CllS llo.02x(0.400)- (5.1.5)

Proof. The fact that f € L?[(0,+00), L?(2)] implies that f is a vector-valued distribution,
f € D'(L*(Q)), such that, for & > 0, eEtf € S'(L*(R2)) is a vector-valued tempered distri-
bution. (see Definition 2.5.14 and 2.5.23). Therefore, it is natural to look for a solution u of
(5.0.1)-(5.0.3) which is a vector-valued distributions u € D'(L?*(€2)). We proceed by necessary
conditions and assume that a solution u € D'(L*(Q)) exists such that for p = £ +in & >0,
we have e 'y € S'(L*(Q2)).

Since f € L*[Q x (0,+00)] = L*[(0,400), L*(Q)], Proposition 2.5.36 implies that its
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-~ ~

Laplace transform f(-,p) exists for Re(p) > 0, with more precisely f(-,p) belonging to the
Hardy-Lebesgue space: f(p) € H2[0; L2()].

For the class of solutions we are interested in, Definition 2.5.32 guarantees the existence
of the Laplace transform @(p). Therefore, taking the Laplace transform of the distributional

equation (5.0.1)-(5.0.3) leads to the Helmholtz problem

-~

~AU+pu=/fin Q (5.1.6)

u=0 on 0. (5.1.7)

We now make use of the results established in chapters 3 and 4 about the Helmholtz problem.

~

Firstly, since f(p) € L*(Q2) for Re(p) > 0, Theorem 3.1.7 guarantees that there exists a

unique variational solution
U € Hy(Q1+p|)
of (5.1.6)-(5.1.7) satisfying the relation

l@®)lh.aas < CIF@)G0 (5.1.8)

~

From (5.1.8) and the fact that f(p) € H?[0; L*(Q)], we deduce

p(/ ||a<-,s+m>||ig,l+p|dn) < osup(/ IIf(-,§+in)||§,an)

&>0 —00 £>0
< oo (5.1.9)

Secondly, the function p ~» @(p) is holomorphic in the complex region Re(p) > 0 since

~

f(p) enjoys this property and the operator —A+p, is analytic hypo-elliptic (Theorem 2.5.38).
Thus

u(p) € H* [0; Hy(Q)] .

In the third step, we use the conclusion of the second step, which enables us to apply the

Paley-Wiener theorem (Theorem 2.5.37): there exists a function
v € L?[(—o0,+00); Hy ()], with v(-t) =0 for t <0
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and

v(p) =u(p) for &= Re(p)>0.

By injectivity of the Laplace transform, we have v = v. This proves (5.1.3).

In the fourth step, we take p = in in (5.1.8) and integrate both sides, to obtain
| vaiRe+ a+ Pl dn<c [ 1@ Bede  (5.010)

Using the Plancherel-Parseval theorem, the relation (5.1.10) leads to

o0 a o0
J L B e o B V(G RO CRBES

o0

The relation (5.1.11) implies in particular that
u€ H' [(—o0,+00); L*(Q)] .
By the Sobolev embedding theorem, valid for vector-valued Sobolev spaces, the space
' [(—00, +00); (@)

is continuously embedding in C° [(—o0, +00); L*(2)]. Therefore u(0) = 0 because u(t) = 0
for t < 0. Consequently u satisfies the inclusion (5.1.1) and the relation (5.1.11) leads to
(5.1.2), (5.1.4), (5.1.5).

Conversely, if we do not start from a solution u € D’(L*(9)) such that e %u € S'(L*(Q))
for £ > 0, we consider the Helmholtz problem in (5.1.6)-(5.1.7) where u is unknown. All
the arguments following (5.1.7) remain valid and lead to the existence of a unique solution
satisfying (5.1.1)-(5.1.5). The theorem is proved. O

Remark 5.1.4. It can be shown that u € fféy’l (Q2 x (0, +00)) obtained in Theorem 5.1.3 is
the only function of this class such that, fort > 0,

/Q [%(z,t)v(x) + qu(x,t)vxv(x)} dr = /Qf(x,t)v(m)dm, Yo € Hy(Q). (5.1.12)

Equation (5.1.12) is the variational formulation of the heat problem (5.0.1)-(5.0.3). For the
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study of the variational problem (5.1.12), we refer the reader to [37].

5.2 Regularity and singularities of the solution

In section 5.2, we assumed that the domain © has a boundary 092 = I' of class C? in the
sense of Definition 2.1.1. For the problem (5.1.6)-(5.1.7), the relation (5.1.8) combined with
Theorem 3.2.2 regarding the regularity of the solution of this problem implies that we have

the estimate

> IDatin)lli o + IVa(mlisq + @)l e < ClLF ) o (5.2.1)

|ae|=2
By the Plancherel-Parseval theorem and the fact that u(t) = 0 for ¢ < 0, we have
e 2 2 2 e 2
/0 > ID*u®) 50+ IVu®)§0 + lu®)fa| dt < C/O IF@)o.0dt. (5.2.2)
|a|=2
Consequently, we have proved the following regularity result:

Theorem 5.2.1. Under the assumption that the domain Q has a boundary of class C?, the

solution u of the heat equation obtained in Theorem 5.1.53 is regqular in the sense that
ue H* (9 x (0,400))
such that

HUHITI271(Q><(07+OO)) < CHfHO,QX(O,—&-oo)-

The non-smooth case addresses the study of the regularity and singularity of the solution

of the heat equation specifically in the polygonal domain. The result reads as follows:

Theorem 5.2.2. Let Q be a bounded open polygonal subset of R? with only one non-conver
vertex of interior angle w > 7, f € L* (Q x (0,400)) and u the solution of the heat equation

gwen in Theorem 5.1.3. Then there holds the singular decomposition

u=up~+ [K % ¢(r,t)] re sin g& (5.2.3)
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where:

e The function
ug € Hy' (2 x (0, +00)) N H*' (2 x (0, +00))

15 the regular part;

e The function

K € H27% (0, +00)
15 the "coefficient” of singularity;
o The function ¢(r,t) is a reqularizing kernel family to be specified shortly in the proof;
o The symbol x; represents the convolution in the variable t.

Moreover, we have the estimate
||uR||ﬁ2’1(Q><(O,+oo)) + ||K||H%*%(o,+oo) < C||f||O,QX(O,+oo)- (5.2.4)

Proof. By performing the Laplace transform of vector-valued distributions, (5.0.1)-(5.0.3)

becomes the Helmholtz problem (4.1.1) or (5.1.6)-(5.1.7) where w(p) = u(p) and g(p) = f(p).
We use extensively the notation in Theorem 4.3.4. Let dp > 0 be as in Theorem 4.3.4 where

we take £ = 0 i.e. p = in. From this theorem we define

wp(in) if  |n| < d

wR(in) =
wg(in) if  [n| > do,
Bi(in) i |n] < do

B(in) =
Bo(in) if  |n| > do,

and
U(r) if |n] < d
M(r,in) =

Y(r/Inl) if gl > do.
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Here and after, for the purpose of Remark 5.2.3 below, the cut-off function 1 is considered
to be slightly different from the previous one in (4.1.3) in the sense that ¢ = ¢(r) € C°(R)
is an even function satisfying ¢ (r) = 1 if r < dp and [, F Yo/ )} (t)dt = 1, where F~
is the inverse Fourier transform.

Since the function n «~ /1 + [n] is equivalent to the function 5 «w /|5 for |n| > d
and to the constant function n — 1 for |n| < dy, then the two parts of Theorem 4.3.4 can be

combined as

w(in) = wg(in) + B(in) M (r,in)rs sin 59 (5.2.5)
with
lwa(in)ll, o, sz + 1BEmIL+ )27 < Cllg(in)llo.0- (5.2.6)

Notice that the estimate (5.2.6) is valid if in is replaced by p = £ + in with & > 0
in the reasoning above. This shows that in terms of the Hardy-Lebesgue space wg(p) €
H?(0,L*(Q)) and B(p) € H?*(0). Denote by ug(t), K(t) and ¢(r,t) the inverse Fourier
transform of wg(in), B(n) and M((r,in), respectively. From (5.2.6), the Plancherel-Parseval
theorem and Paley-Wiener Theorem 2.5.37 yield

up € H*' (2 x (0+00)) and K € H%_%(O,—l—oo)

with the decomposition (5.2.3) as well as the estimate (5.2.4). O

Remark 5.2.3. The function

1 too
¢(T> t) = E /; 6ltnM<T7 277)6177

is a regularizing kernel family in the following sense ([46] Lemma 2.20, [19] and [54]). If
K(t) € H*(R), then:

o o(r,t)x K(t) € C°(R) such that ¢(r,t)*. K (t) € C§°(R) if K(t) has a compact support,
o O(r,t) % K(t) converges to K(t) in H*(R) as r — 0.

An alternative proof of Theorem 5.2.2 can be found in [30] and [31] where the kernel

¢(r,t) is replaced by ¢(r,t) = \/%6%2 t>0.
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For the function w(p) = u(p), which is the solution of the problem (5.1.6)-(5.1.7) and
which admits the singular decomposition (5.2.5) and (5.2.6), Theorem 4.4.4 applies. Thus
u(p) € H*#(2), for 0 < # <1— Z, such that

~

@)l 26y < CIlf(@n)lloo- (5.2.7)

Applying the Plancherel-Parseval Theorem, combined with the tangential regularity in The-
orem 5.1.3, we obtain the following global regularity result for the heat equation, which as
mentioned earlier, is one of our main contributions in which the numerical approach is based.

The result was announced in [14] and [13].

Theorem 5.2.4. Let §2 and f be as in Theorem 5.2.2. For 0 < 3 <1 — I and the solution

u in Theorem 5.1.3, we have the inclusion
we H* PN (Q x (0,+00)) N Hy' (2 x (0, +00))
such that
]l 2001 (x (0, 400)) < CllS lo.2x(0,400)
where
H*®1(Q x (0, 4+00)) := L* ((0, +00), H**(Q)) N H* ((0, +00), L*(Q)) .

Remark 5.2.5. More tangential reqularity can be achieved on the solution u by assuming
such reqularity on the datum f. More precisely, if f € H*® [(0, +00); L2(R2)], s > 0 an integer,
then

we H*[(0,+00); L3 ()] N L2 [(0, +00); H22(Q) N HH(Q)] .

In [39] and [{6] the datum is taken such that f € H*% "2 (Q x (0,+00)) in order to have
uwe HY "5 (Q x (0, +00)) and up € H* "5 (Q x (0, +00)) for the regular part in Theorem
5.2.2. In this case, we need to consider a weighted Sobolev space H*TVP(Q) of higher order
like in [42] for the global regularity.

Remark 5.2.6. If 2 is conver i.e. w < mw in Theorem 5.2.2, then we take 3 = 0 in Theorem

5.2.4, which means that u has the classical optimal smoothness property.
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Chapter 6
Some numerical approximations

In the previous chapters, we obtained the solution u € L?[(0,+o00); H}(Q)] of the heat
equation (5.0.1)-(5.0.3) as the inverse Fourier transform of the variational solution u = u(p)
of the Helmholtz problem (5.1.6)-(5.1.7), which satisfies: @ € H} ()

/[V@Wﬂoa@]dx:/f@ dr, p=~&+in, £>0, Yve Hy(Q). (6.0.1)
Q Q

In this chapter, we consider the discrete counterpart of this procedure. More precisely,
to the discrete solution of (6.0.1), we apply the inverse Fourier transform to generate an
approximate solution of the heat equation. This is done in three steps each of which deals
specifically with two cases: smooth and non-smooth solutions. The first step (section 6.1)
is a semi-discrete method where the finite element method is used in the space variable,
while the time variable remains continuous. The second step (section 6.2) is a fully discrete
method with Fourier discretization in time and finite element approximation in space. For
the next step (section 6.3), the finite element approximation in space is maintained while
the standard and non-standard finite difference methods are used in the time variable. The

last part, (section 6.4) provides numerical experiments.

6.1 Semi-discrete finite element method

We assume that €2 in (6.0.1) is a polygon. Throughout this section, we assume further that
the polygon Q is convex. Let (Tp)n>0 be a regular family of triangulations of Q consisting of

compatible triangles T with exterior diameter hp < h and interior diameter py. Thus there
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exists a constant o > 0 such that

h
p—T <o, VT €UpoTh (6.1.1)
T

or equivalently, there exists 6y > 0, such that
Or > 60, VT € Upso Th (612)

where @ is the smallest angle of the triangle 7. With each 7}, we associate the finite element

space V}, of continuous piecewise linear functions that are zero on the boundary:
Vi, = {Uh S OO(Q), Uh|3Q =0, Uh|T e P, VI e 771} (613)

where P is the space of polynomials of degree less than or equal to 1. It is well-known that
V}, is a finite-dimensional subspace of the Sobolev space H} ().

The finite element method (FEM) for the problem (6.0.1) reads as follows: find u, =
un(p) € Vi, solution of

/ [Vﬂh Vo, + p up @h] dr = / J/c\ﬁh dx, Yv, € Vj,. (614)
Q Q

Our standard references for all concepts concerning the classical finite element method are
[16], [57].

By the generalized Lax-Milgram lemma (Theorem 3.1.1), there exists a unique solution
up € Vi, to (6.1.4). As in the continuous case (Theorem 3.1.7), this discrete solution satisfies

the estimate

anll} 1, = IVERlIGe + (1 + VIPD*[Enllc.0 < Cliflloe: (6.1.5)

Ip

where we recall that C' > 0 represent, here and after, various constants that are independent
of the involved arguments and parameters (e.g Fourier arguments, step sizes, etc).

It should be noted that each finite element (T, Pr,¥r), where Pr = Py(T) and X =
{ vertices of T}, is affine-equivalent to the reference finite element (T, P, ) where T is the
unit triangle with vertices ¥ = {a; = (0,0), a3 = (1,0), a3 = (0,1)}, P = P,(T). This

means that for any T" € Tj, there exists an invertible affine mapping
Fr:Z € R* ~ 1 = Fp(¥) = Br7 + by € R? (6.1.6)
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such that
T = Fp(T), Sp=Fp(X) and Pr={p=poF;', pe P}
We shall constantly use the notation
U=voFr and v="v0 F;* (6.1.7)

relating a function v : z € T ~~ v(z) € R and the associated function v : 7 € T ~ (%) € R
when considering the affine equivalent finite elements (T, Pr,%r) and (T, P,%). For such
functions, we have v € H™(T) if and only if o € H™(T) and there hold the estimates

[]mr < C|| B3| |det Br|2[3],, 7, (6.1.8)
and
mm,f < CHBTHm’detBT’i%W‘m,T, (6.1.9)

where the Euclidean norms of the involved matrices are bounded as follows:

2
1Bz < p£ and || Br|| < v2hy. (6.1.10)
T

By Céa’s Lemma (Theorem 2.4.1 in Ciarlet [16]) we have the a priori estimate

<C 1nf | — wvp|? (6.1.11)

@l <

In what follows, II;, and II; denote suitable global and local interpolation operators that

1, Q, 1++/|p|

satisfy the relation
(Hhv)\T = Ilpvr VT € T (6112)

Typically, we consider these to be the Lagrange interpolation operator when the argument
v is of class C°(©2). When the domain of the operator consists of non-smooth functions such
as those in the space H*(£2), we work with IT; and IIy as Clément’s regularization operator
([16], [17] [28]). Using the latter operator and Theorem A4 in [28] or Exercise 3.2.3 in [16],
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we have

inf [ — vall2g < i — iallg < CR2al2g, (6.1.13)
v EVR

Since 2 is convex, the solution @ is of class H?(£2), which by Sobolev embedding theorem
(Theorem 2.4.5) is embedded in C°(Q) and so the Lagrange interpolation operator is used.
Therefore estimating inf,, ey, ||V — V|3 o is reduced to estimating the local interpolation

errors || Vi — IIpa||? . because

V@ — VILa|Go = Y Vi — VI3 . (6.1.14)

TeTh
We have the following result:

Lemma 6.1.1.
@ —raul2, » < Chy "l 0, 0<m <1

Proof. The proof of this classical result is reproduced here because the argument will help

us to adjust the non-smooth case. We have

@~ 7, < C|| Byt |*"|det Br|a — Tral?, 7 by (6.1.8). (6.1.15)

Now for any polynomial p € P;(T"), we have Ilzp = p. Thus, we have

—~——

@ — Tral?, 7

= HTZ\Enj
= (I -1 @+p)l;, 5

< |I-1 ;

2 = ~
f||L(H2(T)7Hm(f)) ||U + p||H2(f)

The last inequality is true because the linear operator ILz : H*(T) — H™(T') is bounded for
0 < m < 1. This implies that

T T 42 . = ~112
|u — HTU‘m,T <C inf_|u —i—szf. (6.1.16)
pEPl T
But the norm of the quotient space 1;2(%) is equivalent to the associated semi-norm. This
1
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yields

-l < Clak;

< C’HBTH4|detBT]‘1]ﬂ|§7T, (6.1.17)

owing to (6.1.9). Due to (6.1.15) and (6.1.17), we obtain
@ = Tztily, » < CIBZ ™| Bl |l - (6.1.18)

Now making use of (6.1.10) and the regularity (6.1.1) of the triangulation, we obtain from
(6.1.18) the desired estimate in the Lemma. ]

As a consequence of Lemma 6.1.1 as well as of the inequalities (6.1.5), (6.1.11) and (6.1.13)

we have proved the estimate

l7=l g, s S CHHfAle+ (1+ VPl o}
2155112

< CP|fIR o (6.1.19)

IN

the latter inequality being obtained similarly to Theorem 3.2.2. Notice that the Aubin-
Nitsche duality argument (cf. Theorem 3.2.4 in [16]) yields the estimate

&= nll5.0 < CRUIFIG o (6.1.20)

Using Plancherel-Parseval theorem and the inverse Fourier transform (which works because
the various constants C' are independent of the Fourier argument), we have the following

result:

Theorem 6.1.2. Assume that the polygon ) is convex. Then the semi-discrete solution

1 oo
up(t) = \/—2_77/ "y, (in)dn

of the heat equation (5.0.1)-(5.0.3) is convergent, with optimal error estimate

llu — uh||(2),(Q><(0,+oo)) + h2||u - uh||%2[(0,+oo), HL(Q)] <C h4||f||(2),(Q><(0,+oo))‘
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To deal with the case > 0, we need the analogue of the arguments used in the classical
case 3 = 0. The first result is related to that in [23] and reads as follows:

H2B(T)
P (T) ~’

Lemma 6.1.3. On the quotient space the semi-norm,

iy = | 30 9Dl wed,

|af=2

18 a norm equivalent to the usual norm

H@”Hlﬁﬁ) = inf_ H'U +p”H2,/3(7-)- (6.1.21)

Py (T) peP (T

Proof. Let {p1,p2,ps} be an orthonormal basis of the space P (T) with respect to the inner
product of H%#(T). For any p € Pi(T), we have

3
p="Y (P P)yrsy Di (6.1.22)
=1

Firstly, we prove that there exists a constant C' > 0 such that for any v € H># (f ), we have
3

HUHH? ﬂ(T) Z HTﬁDaUH 7+ Z |(v; pz’)Hw(f)\z . (6.1.23)
o] =2 i=1

Assume by contradiction that (6.1.23) is not true. Then for any integer n, there exists
v, € H%(T) such that

anHHw(f) =1 (6.1.24)
and
B Do 1
Z |r” D Un” +Z| Un; pz)H2B(T)| < o (6.1.25)
|a|=2 =1

By the compactness of the embedding H2#(T) < H'(T) (Theorem 4.4.3) and (6.1.24),
there exists a subsequence (v,,;) of (v,) such that (v,;) is convergent in H*(T), while (6.1.25)

implies that the sequence (rﬁDavnj) , |a| =2, converges to zero in LQ(T).
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These two facts imply that (v,;) is a Cauchy-sequence in H?? (T) and it converges there-
fore to some v € H2#(T), which in view of (6.1.24) and (6.1.25) satisfies

[0l g2 (7 = 1, (6.1.26)
(v, Pi) 2y = 0, (6.1.27)
HfrﬁDavHQT — 0 for || = 2 and v € P (T). (6.1.28)

Using (6.1.22) and (6.1.27), we have v = 0 which is a contradiction to (6.1.26). The estimate
(6.1.23) is therefore proved.
On the other hand, for v € H28(T), let ¢ € P,(T) be such that

(U +4q, pz)HZB(rf) =0 fori= 17 27 3.

The inequality (6.1.23) applied to v + ¢ yields

inf_ [0+ pllyzacry < 10+ dllgagy < C [ Y 1D -
pGPl( |a‘ 2

This proves the equivalence of the norms. O
The second result reads as follows:

Lemma 6.1.4. 7 € H>*(T) if and only if v € H*?(T) with

s, < ClBrl B2 det Brl ™ om0

and
0l328 ) < ClIB || Brl|*®|det Br |03

H28(T)

Proof. If v € HQ’B(TV), then by Definition 4.4.1 and setting from (6.1.7)
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v(r) = (Vo FrY)(z), 9(7) = v(Fr(T)), we have

sz = 3. /fvﬁ(@m@@)n?daf

|a|=2
= S [ I @)D ) Pldet ]
laj=2 T
< Bl detBe 1B Y [ @D
T

|af=2

Po(Fr(@)) < 0%(x)
0%.0T; Or,0m;
p=1, =1

by the chain rule and for any vertex a of T, and z € R* we have from (6.1.6)

li pp,j
BT BT

The last inequality is due to the fact that

1E: (z) — Fr ' (a)]| = 1By (@ — a)|| < |B ||z —
and
r(Fpt(z)) < ||Bptr(x).
Thus

(0257 < I1Brll*ldet Be |~ | B 1P [vlfpz.n0r-

(6.1.29)

If on the other hand, v € H*#(T) then in a similar way, setting v(Z) = v(Fr(Z)) we have

Wiy = D [ IFP(@)D%(x)Pdz

|ar|=2

= Y [ @)D ) e

|af=2

IN

C||Bz"||*|detBr| ) /Tlrﬁ(FT(f))Da'ﬁ(f)I?df

=2

PUFF () = V@), i) ety .
because T%% = Z o7, 07 (B:HM(B1)PY by chain rule.

p=1,l1=1
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Since as above r(Fr (7)) < ||Brl||r(Z), we then have

[0l32r) < CIBE M| Br | |det B [0l (6.1.30)

H2B(T)
which completes the proof of the Lemma. n

We are now in a position to deal with the case when 5 > 0. Indeed, following the argument
of the classical case, that led to (6.1.16), we have

u—HTu2 ~<C’ inf :ﬁ—l—pQ s
Ty <O int il

Then Lemma 6.1.3 implies that

@~ 17l 7 < Claf? (6.1.31)

H2A(T)"

Although we are in the non-smooth case, we still use the Lagrange interpolation operator
because the solution belongs to the space H*#(Q) which is embedded in C°(Q) (cf. Theorem
4.4.3). The right hand side of (6.1.31) is dealt with by using Lemma 6.1.4, which yields

(@357 < ClIBrll*Il By *?|det Br| ™ [ala0r)- (6.1.32)
Combining (6.1.15), (6.1.31), (6.1.32) and (6.1.10) yield

@ —Tralh,r < CIBR P22\ Brl e
< Cp;Qm P ‘U|H2B (T)
Using the regularity of the triangulation (6.1.1), we end up with
@ — T2, o < Chy ™ 2.0 (6.1.33)

The analysis covered so far is valid for the case when the critical vertex (0,0) which is

responsible for the singularity belongs to 7. In the case when (0,0) ¢ T', we have u € H*(T).
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Therefore for 0 < m < 1 we have

a1l , < Chy™™ ) / |D°0|*dz by Lemma 6.1.1
loj=2T
= Chp™™ ) / r? () DT>~ (x)dx
laj=2"T
< C’h4T’2msupr’w(:c)mﬁfz,ﬁm. (6.1.34)

zeT

At this stage, we require the triangulation (73) to satisfy the mesh requirement conditions:

ChTs, if (0,0)eT
hy < (6.1.35)
Chinf,errf(z), if (0,0) ¢ T,

In view of (6.1.11), (6.1.13) and (6.1.14) which are valid for the non-smooth case, the relations
(6.1.33), (6.1.34) and (6.1.35) imply that

[u— ﬁth ST Ch? {lm%{w(ﬂ) +(1+y \p|)2|ﬂﬁg}
20152
Ch ||u||H2,,8(97 1+\/H)
< O fll5a

IN

where the norm of the weighted Sobolev space H*?(€), p) is defined in (4.4.2). It should be
noted that the inequality

[l 20,15 < Cll s

used here can be deduced from the proof of Theorem 4.4.4 where this weighted Sobolev space
appeared for the first time. Using the Plancherel-Parseval Theorem and the inverse Fourier

transform together with the Aubin-Nitsche duality argument yield the following result.

Theorem 6.1.5. Assume that the triangulations are refined according to (6.1.35). Then the

semi-discrete solution

1 tooo o
)= ——= | ey
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1s such that

lw = wnllZ2in 0400 + 27l = unll}, | S C IS [ agox 04000

0,4-00), HY(Q)JNH 2 [(0,400),L2(2)

Remark 6.1.6. The Mesh Refinement Method (MRM) (6.1.3), (6.1.4) and (6.1.35) was
introduced by Babuska [8]. An alternative approach to it is the so-called Singular Function
Method (SFM) introduced initially by Strang and Fixz [63]. The SFM consists in replacing
Vi, in (6.1.3) by the family of augemented finite element spaces V," (p), p = in, defined by

Vir(p) = Vi & span {M(r, p)re sin 59}

where M (r, p)re sin 70 is the singular function given in (5.2.5) for the Helmholtz equation.
The SEFM for problems with edge singularities is investigated in [43] and [44]. Further con-
tributions on the MRM and SFM can be found in [10].

6.2 Fourier finite element method

From the practical point of view, the semi-discrete finite element method in the previous
section must be coupled with some discretization in the time-variable ¢, so that we have
a fully discrete method. In this section, we use for the time variable ¢, the Fourier series
method, which is the backbone of many modern techniques such as the spectral method and
the wavelets method; see for instance [9, 11, 41, 51].

The Fourier-Finite Element method presented here is along the lines of [34] and has been
extensively used in the literature for elliptic problems. (See for instance [35, 44, 41, 50]).
Here, we implement this method for the heat equation, which is a parabolic problem.

The starting point is to consider the Fourier series of the solution u(x,t) and of the datum
f(z,t) for the heat equation (5.0.1)-(5.0.3). More precisely, for x € Q and t € (0,27), we

have the expansions

u(z,t) = Zeiktuk(x) and f(x,t) = Zeiktfk(x) (6.2.1)

kez kez
which mean that
: N : N
Ng%ﬂu—uHmmmﬂwmzozNgiﬂf—fHmm%mmm (6.2.2)
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Here, for N € N,

t) = Z e*uy(z) and fN(z,t) = Z e*t fr(x) (6.2.3)

[k|<N |k|<N

are truncated Fourier series, whereas each uy, k € Z, is the unique variational solution (see
Theorems 3.1.3 and 3.1.7) of the Helmholtz problem (3.1.1)-(3.1.2) with right side f; and
= ik.
The following estimate between Fourier series and truncated Fourier series is useful (the

beneath properties are available in [11]).
Lemma 6.2.1.
lu — w0 @x.2r)) < C N ullmozn.z2) < C N7 flloox0.2m)-
Furthermore, we have
e = w [ 2(02m, 1112y < € N 7wl o,2m), 111

whenever u € H* ((0,27), H'()).

Proof. We have

|k\>N
< _H Z eMikug ()| 2(0.2m),22(0)
|k|>N
< ¢ ku||? , by Plancherel-P 1 th
= ﬁ Z ||Z UkH[m y Plancherel-Parseval theorem
|k|>N
C .
< mZHlk‘ung,n
keZ
C
<

N2 ||U||§{1 [(0,2m),L2(Q)]

C
< m“fHL?((O,Qﬂ-),L?(Q)) by (5.1.4).

The second but the last inequality is due to Plancherel-Parseval Theorem and the fact that
the solution has the tangential regularity H' [(0,27), L*(2)]. O
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Fix N € N. For each k € Z with |k| < N, let u, € V, be the unique solution of the
finite element method (6.1.3)-(6.1.4) in which p = ik. Notice that wy is an approximation
of the solution wuy of the Helmholtz problem (3.1.1)-(3.1.2) with f inline of g.

The fully discrete solution of interest to us is u} (z,t) defined as follows:

up (z,t) := Z eMupn(z), 2 €Q, te(0,2m). (6.2.4)
lkl<N

The quality of the discrete solutions u is described in the following result.

Theorem 6.2.2. The discrete solution ul converges to the exact solution u in L*[(0,27), H(Q)]

as N — +oo and h — 0.

Proof. The theorem is proved without making use of any smoothness property in the z-
variable of the exact solution u. Let € > 0 be given. By the convergence of the Fourier
expansion (6.2.2), there exists Ny € N such that for N > Ny we have

)

€

[ — w™ 220,200 )] < 5 (6.2.5)
On the other hand, we have for each N € N
™ — uflVH%z[(o,%),Hl(Q)] = Z g, — upn||7 o by Plancherel-Parseval Theorem

lk|<N

< C g inf |lug — v ? by Cea’s Lemma
v EVh 1797 |k‘
|k|<N

<0y A P

|k|<N

for any v € D (2 x (0,27)) such that v are Fourier coefficients of v. Thus, using triangular

inequality, interpolation theory in Sobolev spaces and Plancherel-Parseval Theorem, we have
N N2 2 2
I~ i Bagamamn < € 3 {llo =l o+ o M, o]
k|<N

< C {Hu — 0|20, 11 ()] T hQHUH%Q[(O,%r),H?(Q)}} :

Since D (2 x (0,2m)) is dense in L?[(0,2), H ()], we can choose

€

2O

veD (Q X (O, 271')) such that Hv — u’lLQ[(072ﬂ)7H1(Q)] <
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This implies that for every N
N N2 ¢ 201,112
™ =y [1210,20), 11 2) < C (E +h HUHLQ[(O,Zw),H?(Q)}) :
Furthermore, there exists hg > 0 such that for A < hg we have
2

€
hg”UH%?[(O,Qw),H?(Q)] < 10

and thus

2

N _ 'UJhNH%Q[(O’zﬂ.)’H%Q)] < % fOI“ h S ho and fOI' any N

[l u
Combining this with (6.2.5) and the triangle inequality, we have

”U — uhN”%2[(0,2w),H1(Q)] < 62 for N Z Ng and h S ho.

O
Further qualities of the discrete solution u} are specified in the next result.
Theorem 6.2.3. If the polygon §2 is convex, there holds the error estimate
lup” — ullooxzm < C (h*+ N7 (6.2.6)

for the coupled Fourier series method (6.2.4) and classical FEM (6.1.3)-(6.1.4). When 2
1s not convex, the same error estimate holds provided that the triangulations meet the mesh

refinement conditions (6.1.35). Moreover, in the two cases, we have the error estimate
Jup — ull 202m), 11 (2] < C (h+N71) (6.2.7)

whenever u has the tangential reqularity v € H'[(0,2m), H(Q)].

Proof. The proof is done in two parts: the convex and non-convex cases. We start with the

first result by using the triangular inequality on the error as follows:

Ju — uhNH%,Qx(o,zw) < flu— “NH(QLQX(O,%) + H“N - U;ZVH?),QX(OQW)‘
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Using Lemma 6.2.1 on the first term and the Plancherel-Parseval theorem on the other term

we have
Ju — UhNHg,Qx(o,zw) < ¢ Nf?”“”%{l[(ogw), @) T Z lur — urnllf g
|k|<N
< ¢ Nﬁ?”f“%q(o,zw), @) T Z [Jug — uk,hH%,Q : (6.2.8)
|k|<N

By Aubin-Nitsche duality argument, we have since uy € H?(Q, v/|k|), that

Z g — uppllgq < CR? Z ”u’f”;,fz, I&]

|k|<N [k|<N
< Ch* Y fillfe:
|k|<N
This yields
D M = wpalli o < CHALFIS axo20): (6.2.9)
k|<N

The proof for the convex case is now followed from (6.2.8)-(6.2.9).
For the non-convex case, the same method works provided that after (6.2.8), we use
the inclusion uy € H*P(Q,/|k]) and the mesh refinement conditions (6.1.35) instead of

uy, € H2(Q,\/|k]).
The proof of the second part is based on the second estimate in Lemma 6.2.1. Using this

estimate, the method of proof is the same. Basically from,

Ju— ufl!ia[(o,m, mo) < llu— UN||%2[(0,2W), Hi() T [ U?H%q(ogﬂ), HY(Q)]

we use the estimates

e = w00, 120 < ON 2 lullino,0m), 100
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and
||UN —U;JLVH%%(O,%), Q) = Z [ —Uk,h”iQ %]
|k|<N
2 2
<CR Y luwlly
|k|<N

< CP?|| f113 o020

In view of the Plancherel-Parseval Theorem, we deduce that

lu—up || 2qo.2n), i) < ONullgro2n, 1@y + ChIfllo.axo.2m)

The case when 2 is non-convex is dealt with similarly, on replacing the inclusion u; €
H2(Q,+/|k|) with u, € H*?(Q, \/|k|) and using the mesh refinement conditions (6.1.35). [

6.3 Coupled non-standard finite difference and finite

element methods

Unlike section 6.2, where the time variable was discretized by Fourier series, we now discretize
it using the non-standard Finite Difference (NSFD) method. The NSFD approach was
initiated more than two decades ago by Mickens [52] as a powerful tool that replicates
the dynamics of the differential system under consideration. Major contributions to the
mathematics foundation of the NSFD method are due to Anguelov and Lubuma [5, 6, 7]
(see [56] for and overview). Since then, the NSFD method has been extensively applied to
many concrete problems in engineering and science (see for example [32], [53]).

To understand the relevance of the NSFD method in this thesis, we consider the heat

equation in the following specific form:

%—Au—{—)\u:f, A>0, on x (0,400) (6.3.1)
u=0 on 00 x (0,+00) (6.3.2)
u(z,0) = u’(z), for v € Q. (6.3.3)
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An appropriate trace theorem (see [39]) can reduce (6.3.1)-(6.3.3) to our standard model
(5.0.1)-(5.0.3).
When f = 0, the space independent case of (6.3.1)-(6.3.3) is the decay ordinary differential

equation

ou
— == 3.4
5 u, (6.3.4)
u(0) = u’, (6.3.5)
which has the unique solution
u(t) = ule . (6.3.6)

Let t, := kAt, k =0,1,2,--- be the discrete time variable with At representing the time

step size. At the time ¢ = t;, 1, the solution

u(tpy) = ule Mt (6.3.7)
given by (6.3.6) can be written as u(t;)e **! or
A u(trgr) = ulty) (6.3.8)

in view of the semi-group property of solutions of ordinary differential equations. By adding
and subtracting u(t41) from (6.3.8), we obtain the following equivalent formulation of (6.3.7)

where the notation u* := u({},) is used:

uFl ok

e At _q
A

+ MFtt = 0. (6.3.9)

By definition, (6.3.9) is called the exact scheme for the decay equation (6.3.4) (see Mickens
[52]). The terminology is self-explanatory: at the time ¢t = ¢, the difference equation (6.3.9)
has the same general solution as the differential equation (6.3.4).

Clearly, the exact scheme (6.3.9) is dynamically consistent with any property of the initial
value problem (6.3.4)-(6.3.5) irrespective of the value of the step size At. In particular the

discrete scheme (6.3.9) replicates the positivity and the decay to zero which are the main
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features of the solution (6.3.6) of (6.3.4)-(6.3.5).

Equation (6.3.9) is a typical non-standard finite difference scheme in the following sense

(cf [4]):

Definition 6.3.1. A difference equation

W = g(uF uh
for approximating a differential equation
du
- = u
o = 9(u)

is called a non-standard finite difference method, if at least one of the following conditions

15 met:

1. In the first order discrete derivative

1 _ ok

At

the traditional denominator At is replaced by a positive function ¢(At) satisfying the
property

d(At) = At + O((At)?) as At — 0. (6.3.10)

2. Non-local term in g(u) are approzimated in a non-local way, i.e. by a suitable function

of several points of the mesh.

Remark 6.3.2. Condition 2 in the Definition 6.53.1 is not necessary in our case since we are

dealing with a linear problem. However, the condition is very useful in non-linear problems.

For more on non-standard finite difference schemes, we refer the reader to [45, 56] and
edited volumes [32] and [53].

Our aim is to design for (6.3.1)-(6.3.3) a fully discrete method, which will preserve the
properties in the limit case of space independent equation and f = 0. To this end, we
approximate (6.3.1)-(6.3.3) by coupling the FEM in space and the NSFD scheme in time as

follows: With the initial guess u% := II,u® € V,, via the interpolation operator II;, let (u’fb) >1
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be the sequence in the finite element space V), defined recursively as unique solution of

b — k1
h k k
/ eAAt—Ii vp, + Vu, Vo, + Auy, vy,
o | 2=t
)

dr = / f(tk) vy, dr Yy, € Vh, (6311)
Q

upy = L', k=1,2,3, ... (6.3.12)

The idea of coupling the NSFD method with the FEM and their implementation presented
here are new. The results are published in [14] and [13].
Let ¢(At) denote the function em‘% that satisfies (6.3.10). It is clear that (6.3.11) can

be written as follows for any v;, € Vj:

(uy, Uh)O,Q + ¢(AL) (Vu, Vvh)O,Q + Ap(AL) (uy, vh)O,Q = (A (f(tn),vn)oq
+ (up ' vn) g (6:3.13)

Equation (6.3.13) will be considered in conjunction with the continuous relation below, which
in view of (5.1.12) is the variational formulation of (6.3.1)-(6.3.3): u € Hy' (Q x (0,+00))
satisfying (6.3.3) is the unique solution of

(%5

,U)OQ + (Vu(t), VQCU)QQ + A (u(t), 0)079 = (f(¢), v)oﬂ, t>0, Vv e Hy(Q).
| (6.3.14)

We let p;, be the elliptic or Ritz projection onto V}, defined with respect to the energy inner
product

(Vo, Vw)o,ﬂ +A(v w)o,ﬂ

associated with the elliptic problem, which is the following stationary problem of (6.3.1)-
(6.3.3):

~Au+ M = finQ (6.3.15)

u = 0on N (6.3.16)
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More precisely, for v € H} (), its Ritz projection pyu € Vj, is the unique solution, for all
v, € V, of the problem

(Vpru, Vop)g g + A (Prt, va)g g = (Vu, Vop)g g + A (U, 0h)g g - (6.3.17)

Thus ppu is the finite element approximation of the solution of the elliptic problem (6.3.15)-
(6.3.16). This Ritz projection is used to rewrite the global error in the form below, which is

convenient in what follows:
up —u(ty) = (wp — pru(te)) + (pru(te) — u(ty)) = 6 + p". (6.3.18)

With these highlights, we have the following result:

Theorem 6.3.3. Let the polygon Q be conver. We assume that u® and u, are smoother to
the extent that u® € H*(Q) and u € H? ((0,400), H*(Q)). Fiz a time t* that can be written
in several ways as t* = kAt. Then, there exists a constant C* = C(t*), depending on t* and

there holds the error estimate
luf — u(ti)lloo < C*(At + h?),

for the coupled NSFD method and classical FEM (6.3.11)-(6.3.12). When 2 is not convez,
the same error estimate holds provided that H?(2) is replaced with H>#(Q), 0 < B <1— z,
in the regularity assumption of u with however u® € H*(Y) and the triangulations, meeting
the mesh refinement conditions (6.1.35).

Under the assumptions of the two cases above, we have the error estimate
uf —u(ty)|lio < C* (VAL + h),

whenever h is proportional to / At.

Proof. The proof in the case when (2 is convex follows from the arguments in Thomée [65],
which work because u(t;) € H*(€) in this case. In what follows, we adapt and give details to
these arguments of [65] for the non-convex case. If € is not convex, then u(t,) € H*>#(Q) and

from the interpolation theory discussed in section 5.1, we have, under the mesh refinement
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conditions (6.1.35),

1P e < CR[lulte)ll sz

9 B e Ou
01 [1laa+ [ 15 rsords] (6319
0 S

IN

since u(ty,) = u® + [i* %ds, u® € H*(Q) and u € H' [(0,+00), H>*(Q)].
Given a sequence (v*),>; in HE (), we denote by 88—7: the non-standard backward finite

difference of v* defined by

5716 B Ay
5= otan (6.3.20)

Fix vy, € V}, and consider the sequence (6%) in H}(£2) defined in (6.3.18). Having the discrete
and continuous variational problems (6.3.11) or (6.3.13) and (6.3.14) in mind, we have:
oo . .
+ (Vo ,Vvh)(m + (0 ’Uh)o,sz
0,0

E’ Up,
_ O(uj;, — pru(ty))
ot

X ((uf — pru(te)), Uh)ovﬂ , by (6.3.18)
- (Ph au(,g?k) ) Uh)o 0 + (f(tx), Uk:)o,Q — (Vu(ty), VUh)o,Q

= (u(tr), vn)g g, by (6.3.17)

5u(tk) 8u(tk)
(ph E)t ,Uh)O’Q—i‘( 8t , Up 07Q, by (6314)

~(-mgta) - (-2

).+ (OO -, 9o
0,92

= (wkv Uh)o,Q
= (Wi, vn) oo + (W5 0h) 4 (6.3.21)
where wf = (I — py) —%a(ik) and w§ = —6“8(?) - —5“8(?).
If v, = 6% in (6.3.21), we have
00" o VAR A (08,08 = (w0 6.3.22
o’ OQ+( ’ )0,9+ (6", )o,nf(w’ )0,9' (6.3.22)
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Using (6.3.20), we obtain

(é@i 9k> =
ot Joa

¢ 1( ) ( ek—ljek)oﬂ
¢

¢_1(At) (ek—l, Qk)O,Q ’
- 1< >uekuog P (6".6%) 0
which combined with (6.3.22) yields
o) [164 10— (41, 0) 0] < (089, 0323
Using Cauchy-Schwarz inequality we have
16°115.0 < oA [w* logll0*llo.0 + 110° llo.llo*[los
and thus
100 < G(AL)[[w*[log + 16" lo.0- (6.3.24)
By mathematical induction, (6.3.24) becomes
16" 0.0 < 16°ll0.0 + ¢(A8) Y llwillog + &(A8) Y [lwdo.0. (6.3.25)
j=1 j=1
Notice that
1000 = llup — pru’lloo
= |’ — ppu’llon by (6.3.12)
<’ = M og + [lu” = pru’llon
< Ch?||u®||a.q since u® € H*(Q). (6.3.26)
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Thus we have

k ‘.
, i ou
o303 ufloa < Y [ T )5 lads
J

i Tt

IA

b Ou
Chz/t HgHHw(Q)dS

0

< Ch* since u € H' ((0,+00), H>P(Q)). (6.3.27)
On the other hand, a bound for ¢(At) Zf |w |00 is obtained using (6.3.21) as follows:

J

T Ty ot
= o ANt — ulty) - 2
This implies that
O(A) Y wh = ulty) —u(t;) - Ataua(fj) + Ata”a(ttj> - ¢(At)8“a(fj>
= (ulty) —ulty)) — AP0 (g~ gty 2L
B b 0?u(s) ou(t;)
_ _/tjl(s — 1) s + (A — g(an) =,

by Taylor theorem with integral expression of the remainder term.
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Taking the norm in L?*(€2) and summing both sides of the equation, we have

k

0u(s
P(Al) Z | wh]]o.c <Z “/t s— tjl)%dsﬂo + C(AY) Z lo.o by (6.3.10)
j—1 j=1
0%u
<ot [ 128 s+ 0807 sup | a<t>||o,g
0 1<5<k

b 6’2u s
<At (/ H%H(Q)Qd + Cty|| ( )HHI ((0,400), L2(2 ))) because

0

t* =t = kAt and u € H* ((0, —i—oo), L*(Q)) with H' ((0,+00), L*(2))
being continuously embedded in C? ((0, +00), L*()) ,
<CO(t")At. (6.3.28)

Combining (6.3.25), (6.3.26), (6.3.27) and (6.3.28) we have
16|00 < C(£*) (At + h?) . (6.3.29)
Hence, in view of (6.3.19) and (6.3.29), we obtain the required estimate
Juf; — u(ty)|loo < C(t) (AL + R?). (6.3.30)

This proves the first part of the theorem.
The second part of the Theorem, is proved thanks to the relation (6.3.18) as follows:

IV (uh = ut)lloe < IV (uy, = prut)llos + [V (prults) — ulte)lloo
= [[VOloq+ IV o (6.3.31)

Again, we give details for the non-convex case only, the convex case being mere classical
due to the H?(2) smoothness of the solution at every time ¢ > 0. For {2 non-convex, we

immediately bound V¥ by interpolation theory in section 5.1 as follows:

IVe¥llog = IV (pru(ts) — ulti))llog < Chllu(ty)|ls240)- (6.3.32)
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Letting vy, = 0% in (6.3.21), we bound V" as follows:

|| ||O,Q — (U} ) )O,Q ot )
0,2

0.0

= - San T o
(0"1,0%) 0 q

< WY+

When Cauchy-Schwarz inequality is applied, we obtain

oAV 50 < (AW loall*lloq + 105 o.ll0* o
(AL [w* [0 + 105 o) [16%]0.0
S(AD) [t loo + 165 lon)” by (6.3.24).

—~ o~~~

(
< (o
Using (6.3.29), (6.3.27) and (6.3.28), we have

S(AD)[| V|2 < C* (B2 + At).

In the previous inequality, we let At be proportional to h? (i.e h = C'VAt), we divide both
sides of the inequality by \/¢(At) to obtain

IV6*[lo.0

h At

< O b =+ VA

< Vo(AY) ¢(At)>

At

< C*(Ch+ VA | —

( ey
< o (h + \/At> in view of (6.3.10). (6.3.33)
Combining (6.3.32), (6.3.33) together with Poincaré Friedrichs inequality (2.4.3), we have

b — u(ty)|ie < CF (h + \/At> . (6.3.34)

This completes the proof of the theorem. O
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By construction of the coupled NSFD scheme and FEM, we readily have the following

qualitative stability result, which gives an indication on the relevance of this coupling.

Theorem 6.3.4. The discrete method (6.3.11)-(6.3.12) reduces to a numerical procedure for
the space independent limit case of the boundary value problem (6.3.1)-(6.3.3). The latter
method corresponds to the exact scheme (6.3.9) of the decay equation (6.3.4)-(6.3.5) when

f=0.

Remark 6.3.5. In line with Theorem 6.3.4, the following comments are in order to under-
stand the good performance of the NSFD method in the numerical experiment in the next
section. The convergence (6.3.34) in H' norm implies that there exists a subsequence of uf
still denoted in the same way such that uf converges point-wise to u as h — 0 and k — +00
(see [1], Corollary 2.11). Assume that Au = 0 near a point a € Q. Now if vy, in (6.3.11) is
chosen in such a way that its support containing the point a, is very small and v, = 1 near

a, then we can use the approximation
/gvhda: = g(a)K where K is the measure of the supp(vy).
Q

Using this approzimation in (6.5.11), it follows that uf(a) is a discrete solution of the ordi-
nary differential equation associated with (6.3.1) and (6.3.3) when we fix x = a. Of course
uf(a) is the solution of the exact scheme (6.3.9) if we also have f(a,t) = 0.

More generally, the above reasoning could be used without considering a subsequence of
uf. Indeed, the practical implementation of the method (6.3.11) amounts to considering
what Strang and Fix [63] call ”variational crimes”. That is using numerical integration in
(6.3.11). In this regard, assume that a is the barycenter of a fixed triangle 7" of triangulation
of 2 and let us assume as above that Au = 0 near the point a. We take v, in (6.3.11) having

its support in such that v, = 1 near a and we use the approximation
/ gupdx = g(a) measure (7).
Q

We then proceed as before to conclude that uf(a) is a discrete solution of the associated

ordinary differential equation.
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6.4 Numerical experiment

This section is devoted to demonstrate computationally the optimal convergence of some of
the numerical schemes presented in the preceding sections of this chapter.

Before we proceed with the numerical experiments that support the theory, we want to
show that triangulations (7;) of the polygonal domain € that are refined according to the
condition (6.1.35) exist in practice. To this end, we follow the procedure proposed by Raugel
[59] and summarized in [30].

More precisely, observing that the vertex that is responsible for singularities is placed at

the origin (0,0), we consider the following steps:

1. Divide the polygon €2 into big triangles;

2. Divide each side of each of the big triangles that has no vertex at (0,0) into n = %
subsegments of equal length and proceed, following the usual triangulation technique
(See Ciarlet [16], Raviart and Thomas [57]);

3. Divide each of the big triangles that has a vertex at (0,0), according to the ratios

i\ |
— , 1 <1< n,
n

along the sides that ends at (0,0); divide the third side in the usual way and proceed

as usual.

Figure 6.1 illustrates this case, for n = 4, with one of the sides that ends at the vertex (0, 0)

lying on the Ox; axis.
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Figure 6.1: Refined Trlangulatlon

The mesh refinement conditions (6.1.35) in this case reduce to

where

1+ 1
n

?

)

n

()"

and C' > 0 is a constant independent of n.

i=0
(6.4.1)
i#0

1
and h = —

3

Let us prove (6.4.1). The proof for i = 0 is obvious by the definition of h;.

In the case when i # 0, we have

1 s 1
hi = ——(§)T7—, th—
e
8
1 1\1-8 1
< - s — since 0 < B <
1-p n n
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On the other hand, we have

~—~
-
-3 |—|—
AR
SN—"
=
\ ‘m
™|
‘m

~—
=
|
©

=

—~
S

< (2)% because i > 1.

Therefore
) 1 1
hi < C(D)T5 > and h; < O infr®.
n n n T
This proves (6.4.1).

After this justification of the existence of the mesh refined triangulations, we proceed
by considering €2 to be an L-shaped domain as shown in Figure 6.2. This consists of the

re-entrant angle w = 37“ that is responsible for singularities at the origin of the plane. The

-

=L1) 1,1)

r,0)

w 1,0)

0,0)

(-1,-1) 0,-1)

Figure 6.2: L-shaped domain
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right-hand side f of equation (6.3.1) is taken in such a way that
—t 2 . 2
u(z,t) = te “(r)rs sin 50. (6.4.2)

is the exact solution of the problem (6.3.1)-(6.3.3) where ¢(r) is a smooth cut-off function
such that ¢ =1 for r < 1/4 and ¢ = 0 for r > 1/2. We use a uniform mesh for 5 = 0 and
a refined mesh for § = 1/3 on the method (6.3.11)-(6.3.12). A similar construction is done
when the denominator of the first term of (6.3.11) is replaced by At. The pictures resulting

from these techniques are illustrated in Figures 6.3 and 6.4 for n = 10.
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0.5 -
-1
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Figure 6.3: Uniform mesh for n = 10
1
0.5 -
o
0.5 |- -
-1
-1 0.5 o 0.5 1

Figure 6.4: Refined mesh for n = 10

In Figure 6.3, the domain €2 is filled with a uniform mesh of identical triangles in the
classical manner. This is followed by Figure 6.4, where the domain (2 is refined following the

procedure of Raugel [59] presented above and illustrated in Figure 6.1.
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For our numerical experiments, we take n = 10,50, 100, 125. The refinement parameter
B is taken to be f = 0 for a uniform mesh and § = 1/3 for a refined mesh. A similar
approach to this choice of n values was done for the Laplace equation in a polygon in [24].
We approach the numerical solution to the problem using two techniques. The first technique
is by coupling the standard finite difference method (SFDM) and finite element method. The
second technique is by combining the non-standard finite difference and the finite element
methods. In both cases we keep once and for all, the time fixed.

For the numerical solution obtained by coupling the SFDM and FEM, the error ||[u—up||1.0
was computed. Table 6.1 shows the rates of convergence for the uniform mesh (5 = 0) and
the refined mesh (8 = 1/3). Figure 6.5 shows in logarithm scale the slope of the curves that
correspond to the approximate rates of convergence, which are 0.27 (poor) for the uniform
and 0.8123 for the refined mesh.

Similarly, for the numerical solution obtained by combining the NSFD method and FEM,
the error ||u—upl/o o was computed. Table 6.2 shows the rates of convergence for the uniform
mesh and the refined mesh whereas Figure 6.6 shows in logarithm scale that the approximate
rates are 0.5 (poor) and 1.95 for the uniform mesh and the refined mesh, respectively.

We have therefore proved computationally that the refined mesh provides better (optimal)

rates of convergence than the classical uniform mesh.
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n Uniform Mesh\ Refined Mesh
|lu — unllro |lu — unllro

10 3.0854E-3 2.9221E-3

50 1.2875E-3 5.8442E-4

100 9.0016E-4 2.9110E-4

125 8.1009E-4 2.3288E-4

Table 6.2: Error in the L?-norm for both uniform and refined meshes

Refined Mesh

n Uniform Mesh\

|lu — unlog |lu — uno0
10 1.2469E-3 1.3411E-6
50 2.4939E-4 5.5372E-8
100 1.3027E-4 1.3860E-8
125 1.0457E-4 8.8717E-9
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Poor (=0.27) and Optimal (=0.8) H'-norm

404

40.2

388

g

Optimal

log h

Figure 6.5: Rate of convergence for H!'-norm
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Poor (=0.5) and Optimal (=1.95) L%norm
I I T T

96.5 T

96

955~

95+

9456+

log [lu-u, I, .

I \ \ \ I I
91-'3.2 -2 -1.8 -1.6 -14 -1.2 -1 -0.8
log h

Figure 6.6: Rate of convergence for L?-norm

We conclude this section by studying the impact and the power of the non-standard finite
difference method. Let f in (6.3.1) be such that

u(z,t) = ae Mop(r)r?/3sin2/36 (6.4.3)

is the solution of (6.3.1)-(6.3.3) for the parameters A and a. We fix once and for all, z =
(—0.0316,0.0554), A = 3 and v = +0.5. Since |z| < 1, then u(t) = u(z,t) is a solution
of the decay equation (6.3.4)-(6.3.6); u(t) is plotted against the time on Fig 6.7(a) and (b).
For the same fixed z, Fig 6.7(c) and (d) depict u} = uf(x) obtained from the NSFDM-FEM
(6.3.1) as well as from the classical finite difference method with At = 0.5. For the latter
method, there is no restriction on the value of At since it is implicit [65]. The figures speak

for themselves.
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1 1
057 a - 05} ¢
0 0
-05) 1 -05}
g 1' 2 3 4 g 1' 2 3
Exact solution with At=0.1 Nonstandard method with At=0.5
1 1
05 d
01 -
-05
K 1' 2 3 4 g ! 2 3
Exact solution with At=0.5 Standard method with At=0.5

Figure 6.7: Impact of non-standard and Standard approaches
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Chapter 7
Conclusion

This work was initially motivated by the Ph.D thesis of Maghnouji [46] where the singularities
of a parabolic equation for a strongly elliptic operator on a polygonal domain are studied.

The initial aim was to provide the numerical analysis counterpart of [46]. However, given
the complexity and level of generality of [46], we opted to work with the heat equation
in order to better understand the difficulties and to obtain explicit results in which the
geometry of the domain is clearly reflected. Some results for the heat equation are obtained
in Grisvard [29] and [31]; but the approach used here is different as we are mostly concerned
with the Laplace transform of vector-valued distributions.

The main results we obtained can be summarized as follows:

e We established the singular decomposition of the solution of the heat equation with

an explicit representation of the singular part;
e We established the tangential regularity of the solution in the time variable;

e We showed that the solution is globally regular in a weighted Sobolev space in which

the weight depends on the corners of the domain €2;

e The mesh size being suitably refined in the triangulations of the space domain 2, we
implemented two optimally convergent numerical methods: the coupled Fourier-finite
element method and the coupled Nonstandard finite difference method-finite element
method. The latter method has the advantage of replicating some intrinsic properties

of the exact solution.

Possible extensions of this thesis that we will consider in future include:
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The numerical study of parabolic problems in the general framework of [46]. For elliptic

problems, this is done for instance in [43].

The study of the heat equation with more regular right hand side. This would require

the introduction and better understanding of anisotropic Sobolev spaces as in [46].

The extension of the study to domains with both edge and vertex singularities such as
polyhedrons. This is done in [42, 44] for elliptic problems as well as in [18, 19], [48, 49].

Extension to nonlinear reaction diffusion equations and construction of suitable nu-

merical methods. Reliable NSFD schemes in this case were considered in [4].
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