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Chapter 3

The Helmholtz problem in a smooth

domain

In the preceding chapter, we built the theory of the Laplace transform of vector-valued
distributions. We shall apply this theory to the heat equation in the next chapter. This will
lead to the Helmholtz problem that will be considered in this chapter.

In section 3.1, we establish the well-posedness of the Helmholtz problem. In section 3.2,

we examine the regularity of the solution of the Helmholtz problem in a smooth domain.

3.1 Well-posedness of the problem

We consider the following Dirichlet problem for the Helmholtz operator: given a complex

number p = £ 4+ i and a complex-valued function g on €2, find w : 2 — C, solution of
—Aw+pw=g in Q (3.1.1)
and
w=20 on 1. (3.1.2)

Here 2 C R? is a bounded domain. Despite the title of the chapter, we assume in this
specific section that the boundary 02 = I' is Lipschitz in the sense of Definition 2.1.1
because the results apply to the non-smooth case which is considered in the next chapter.

Actual smoothness requirements on I' will be made in the next section.
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It is convenient to study problem (3.1.1)-(3.1.2) in the abstract setting of the following
theorem ([40], [38]).

Theorem 3.1.1. Let X be a Hilbert space with inner product and associated norm denoted
by (+,-)x and || - ||x respectively. The conjugate dual of X is denoted by X' and its norm is
I - ||x. Let a(-,-) be a sesquilinear form, I(-) be a (conjugate) linear form on X. We make

the following assumptions:

1. The linear form I(-) is continuous i.e. there exists a M > 0 such that,

1(v)] < Mv|x, ¥ veX. (3.1.3)

2. The sesquilinear form a(-,-) is continuous i.e there exists a constant K > 0

la(s,v)| < K||s||x |lvllx V sveX. (3.1.4)

3. The sesquilinear form a(-,-) is X -elliptic or X -coercive i.e there exists a constant o > 0
such that

Re a(v,v) > afv||%, V veEX. (3.1.5)

Then the abstract variational problem of finding
s € X such that a(s,v)=1(v) VveX (3.1.6)
is well-posed. In other words, there exists a unique s € X, solution of (3.1.6) such that,
Isllx < Clli]x (3.1.7)

for some constant C' > 0.

Proof. With the sesquilinear form af(-,-), we associate the operator
A X — X',
defined by
(Aw,v) 1 x = a(w,v). (3.1.8)
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The variational problem (3.1.6) is then equivalent to the functional equation: find
s € X such that As=1 in X' (3.1.9)

It is clear from the sesquilinearity of a(-,-) that A is linear. Likewise, A is bounded since
the continuity in (3.1.4) of a(-, -) yields

|a(w, v)]

||Aw|| x+ := sup < K||wl|x. (3.1.10)

vr0  lvllx

On the other hand, for w € X, (3.1.5) and the boundedness of the form Aw € X’ lead to

alw||% < Re a(w,w) = Re{Aw,w)
< [ (Aw, w)|

< JJAw[|x|w]|x-
Thus
|Aw||x: > a||lw||x ¥V we X. (3.1.11)

Let A* € B(X, X') be the adjoint operator of A. In the present context, it should be noted
that,

(A*w,v) 1 x = a(v,w). (3.1.12)
Therefore, following the above argument that lead to (3.1.11), we obtain
|A*w||x > of|lw||x V weX. (3.1.13)

To prove the theorem, it is equivalent to show that the mapping A : X — X’ in the operator
equation (3.1.9) is an isomorphism. We claim that the range R(A) of A is dense in X'
Indeed, let ¢ in the bi-dual space X” of X be such that

e(Aw) =0 V w e X.

We show that ¢ = 0. The space X is reflexive, being a Hilbert space. Thus, there exists
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v € X such that ¢ = C(v) where
C: X — X"
is the canonical mapping of X to X”. Now for w € X,

0 = ¢(Aw) (by assumption)
= C(v)(Aw)
= (Aw,v) (by definition of C)
= < A*w,w > by (3.1.8) and (3.1.12).

Hence A*v = 0. By (3.1.13), it follows that v = 0. Thus ¢ = C(v) = C(0) = 0.
We also claim that R(A) is closed in X’. In fact, let (Aw,) be a sequence in R(A) such
that

Aw, — h in X' as n — oo.
Then (Aw,) is a Cauchy sequence in X’. By (3.1.11) and the linearity of A, we have
allwy, — wn||x < [[Aw, — Awy[|x7,

which implies that (w,,) is a Cauchy sequence in X. Since X is complete, the sequence (w,,)

converges to some w € X. Continuity of the operator A leads to
Aw, — Aw in X' as n — oo.
By uniqueness of limits, we have
h = Aw.

Hence R(A) is closed. The density and the closedness of R(A) in X’ mean that the operator
A is surjective. Since A is injective by (3.1.11), the operator A is bijective. The Banach

open mapping theorem guarantees that A is an isomorphism. O
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Remark 3.1.2. 1. Theorem 3.1.1 can be proved by the Banach contraction mapping the-
orem. It is indeed possible to choose p > 0 such that the map

v— v — pr(Aw —1);
s a contraction from X into X where
7: X — X;

is the Riesz-representation operator (see [16]).

2. In the case when the sesquilinear form a(-,-) is hermitian i.e.

a(w,v) = a(v,w) so that A= A*,

Theorem 3.1.1 is the so-called Lax-Milgram lemma. Its proof is then a direct conse-
quence of Riesz-representation theorem. In this case a(-,-) defines an inner product on
X the associated norm of which is equivalent to the norm || - || x. Note also that in this

case, the variational problem (3.1.6) is equivalent to the minimization problem: find
s € X such that J(s) = minyexJ(v) (3.1.14)

where J(v) := %a(v, v) — l(v) represents the total energy of the system under consider-

ation. (See [16] for more details).

We want to put problem (3.1.1)-(3.1.2) in the general variational setting discussed in
Theorem 3.1.1. The standard procedure to achieve this consists of four main steps described
in [40]. To this end, we assume once and for all that, g € L*(Q2). We take X = H}(Q2) and

we define a(-,-) and [(-) as follows:
a(w,v) = / VwVodr + / pwudz, (3.1.15)
Q Q

and

[(v) ::/Qg vdz. (3.1.16)
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We are therefore led to the following variational problem: find
w € Hy(Q) such that a(w,v) =1(v) V v € Hi(Q). (3.1.17)

Clearly, a(-,-) is a sesquilinear form and I(-) is a conjugate or antilinear form. By the

Cauchy-Schwarz inequality, the conjugate linear form in (3.1.16) is continuous on HE ()

([ore)’ ([

gllo.llv]1e- (3.1.18)

since

IN

(V)]

IN

Similarly, for w,v € HJ(£2), we have

= (/ Vo dx) ([ dx) (| w?dxf( / |112d:c>;
i (H'p') (3.1.19)

which show the continuity of the sesquilinear form. Regarding the H}-ellipticity or Hg-

coercivity of a(-,-), we assume that
Re(p) =& > 0. (3.1.20)

Under this assumption, we have for w € H}(Q) and Rep > 0

Re a(w,w) = /|Vw]2d1:+Re(p)/]w]2da:
0 0
> min{l, Re(p) }H|w||1.q- (3.1.21)

For Re(p) = 0, we have
Re a(w,w) > Cllwl|i g, (3.1.22)

by Poincaré Friedrichs inequality in Theorem 2.4.3. In summary, we have proved the follow-

ing theorem:
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Theorem 3.1.3. Under the condition (3.1.20), the problem (5.1.17) is well-posed in Hg ().
More precisely, there exists a unique solution w € H}(Q) of (3.1.17) and a constant K
depending on p (except for Re(p) = 0) such that

lwlhie < Kllglloo- (3.1.23)

Notice that the constant K in (3.1.23) does indeed depend on p for Re(p) > 0 since, from
(3.1.17) and (3.1.21) we have

min{l,Re(p)}HwHiQ < /|Vw|2dx—|—Re /|w|2dm

= Rea(w,w)
= Re/g@dm
Q
3 3
< < / |g|2dm) < / |w|2dx) by Cauchy-Schwarz’s inequality
Q Q
< Nlgloallwlo. (3.1.24)
Thus
1
w10 <

f )
mm{l,Re(p)} HgHU,Q or Re(p) >0

In the case when the unique solution w of (3.1.17) satisfies an estimate of the type (3.1.23)
where the constant K does not depend on p, we will say that the problem (3.1.17) is uniformly

well-posed. In order to achieve this, we work with weighted Sobolev spaces defined as follows:

Definition 3.1.4. Given p > 0 and an integer m > 0, we denote by H™(S), p), the Sobolev
space H™(QY) equipped with the weighted norm

[18]lm. 2. p = / > pAomlah| Do () [2d. (3.1.25)

|| <m

Proposition 3.1.5. Let p > 0 be such that% € Q whenever x € Q. Then on H™(2), m > 1,

integer, the weighted norm || - ||m, o, , in Definition 3.1.4 is equivalent (with constants not
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depending on p) to the more economical weighted norm ||| - |||m, , , given by
sz, . » ::/Q > D) + s | dy. (3.1.26)
|ae|=m

Proof. Let us consider the change of variable
x -2
y = —, so that dy = p “dx.
p

Given s € H™(Q2), we introduce the function s: given by
P

By the chain rule, we readily get
Disi(a) = p "' Dys(y), for |a| <m.
This implies that we have

P Isllm, 2. p = lls1llm o and o [[s]lm. 0. p = llls2]|m. o (3.1.27)

where the economical norm ||| - |||, o is defined by

|||v|||3n,Q=/Q D D%+ [o(y)l® | dy. (3.1.28)

laf=m

But for €2 bounded (as in our case), the usual norm || - ||, o on H™(2) is equivalent to
Il - [||m.q- (see Theorem 1.8 in [54]). This combined with (3.1.27) proves the proposition. [

Remark 3.1.6. From Proposition 3.1.5, it follows that one can either work with the norm
(3.1.25) or (3.1.26). The latter weighted norm is the one adopted in [19] and [46]. Note
that the equivalence of norms stated in Proposition 3.1.5 holds for bounded domains. That

is why in the case of G an infinite sector we will work with (3.1.25).
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Theorem 3.1.7. Under the condition (3.1.20), the problem (3.1.17) is uniformly well-posed

i the sense that its unique solution w obtained in Theorem 3.1.3 is such that

[wll1.0141 < Cllgllog (3.1.29)

where C' > 0 represents here and after in the thesis various constants that depend neither on
p nor on other parameters such as the space step size h = Ax and the time step size k = At

in the numerical part of the work.

Proof. We know from (3.1.15), (3.1.16) and (3.1.17) where v is replaced by the solution w
that

/(\Vw|2+p|w|2) d:r:/gwdx,
Q

Q

or

/|Vw\2dx+§/]w]2dx+in/]w[zda::/gwd:v. (3.1.30)
Q Q Q 0

Taking the real parts of each side of (3.1.30), we have in view of (3.1.20)

/§2|w|2dx§ / 9] |€wlde. (3.1.31)
Q Q

By Cauchy-Schwarz inequality, (3.1.31) leads to

| tupae < ( / rg|2dx)% ( / 52|w|2dx)é,

which implies that

/§2|w|2da:§/]g]2d:c. (3.1.32)
Q Q

Similarly, considering the imaginary parts of both sides of (3.1.30) yields

/Inl2lwl2d:c§/lgl2dx. (3.1.33)
Q Q
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Finally from the real part of (3.1.30) using Cauchy-Schwarz inequality, we have

/|Vw|2dx§ (/ |g|2dx) (/ |w|2dx)
0 Q Q

from where we have, in view of Poincaré Friedrichs inquality in Theorem 2.4.3

/ (IVw]* + |wf?) dz < C’/ Vw|*dr < C (/ |g|2dx) (/ |Vw|* + |w|2dx) :
0 Q 0 0

Thus

/ (IVw]? + |w|?) dz < C/ lg|*dx (3.1.34)
Q Q

Adding (3.1.32), (3.1.33) and (3.1.34), we have

/|Vw|2dx+(1+|p|)2/ |w|2dx§2(2+0)/ gl2de, (3.1.35)
Q Q Q

in view of the identity
(14 [pl*) < (1+ |p)* < 2(1 + [pl?). (3.1.36)

Hence the theorem follows from (3.1.35). O

Remark 3.1.8. The variational problem (3.1.17) solved in Theorem 3.1.3 is the distribu-
tional formulation of the Helmholtz problem (3.1.1)-(3.1.2) as explained below. Since the
two sides of (3.1.17) are continuous on H}(Q) and D(Q) is dense in HL(Q), then the vari-
ational equation (5.1.17) is equivalent to the one obtained by replacing v € H(Q2) with
v € D(Q). Furthermore, by the definition of the differentiation of distributions (Definition
2.3.8), (3.1.17) is equivalent to

(—Aw+pw,v)pp=(g,0) forall ve D). (3.1.37)

Thus w s the solution of the distributional partial differential equation,
we Hy(Q), —Aw+pw=g in D(Q). (3.1.38)
Remembering that HL(Q) = {w € HY(Q),yw = 0} where v is the trace operator and that
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g € L2(Q) with L*(Q) contained in L. (), which is continuously embedded in D'(2), we
deduce from (3.1.38) that w € H}(Q) is the solution of the problem

—Aw+pw=g aein Q, ~w=0.

Remark 3.1.9. We consider the Helmholtz problem (3.1.1)-(3.1.2) when the condition
(8.1.20) is not satisfied. Consider the linear operator —A acting from the subspace E =
{ve HY(Q); —Av € L*(Q)} equipped with the topology of L*(Q) into L*(Q):

~A:ECL*Q) — L*9Q).

By Green formula, the operator —A 1is self-adjoint and positive. Furthermore, Theorem
3.1.3 and Rellich-Kondrachov Theorem 2.4.5 guarantee that the operator —A has a bounded

compact 1nverse operator
(—=A)1: L2(Q) — E <. L().

Consequently, Fredholm theory [67] guarantee that there exists a sequence (X;) of positive

1

eigenvalues of (—A)™' with associated eigenvectors w; in Hy(Q) such that \; — 400 as

J — +oo. Transposed to the operator —A, we have —Aw; + {w; = 0 where & = ;—1
Now ifin (3.1.1) p # &; < 0 for every j, then Fredholm theory guarantees that the Helmholjtz
equation (3.1.1)-(5.1.2) has a unique solution in E C Hg(Q). However if p=&; < 0 for some
J, then Fredholm theory states that (3.1.1)-(3.1.2) has a solution (not unique) if and only if
the right-hand side g is orthogonal in L*(Q) to any solution z € H}(Q) of the homogeneous

equation
—Az + ij =0.

Notice that for the Helmholtz problem considered on unbounded domains, the unique solu-

tions can be achieved by imposing the so called Sommerfeld’s radiation condition at infinity

(see [20]).
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3.2 Regularity of the solution in a smooth domain

After the study of the variational solution of the Helmholtz problem in section 3.1, we study
in this section, the regularity of the solution of the said problem. We begin the section with

the definition of the regularity of the solution.

Definition 3.2.1. Let w be the variational solution of (3.1.17) given by Theorem 3.1.3.
Then the solution w is said to be reqular, if w € H*(Q) with

[wll20 < Kllgllog; (3.2.1)

for some constant K > 0 which depends on p and is independent of w. In other words, the
linear operator g ~~ w is bounded from L*(Q) into H*(Q).The solution is uniformly reqular

if K does not depend on p.

Theorem 3.2.2. We assume that the domain Q has a boundary ' of class C*. Then the
variational solution w of (3.1.17) is uniformly reqular. More precisely, there exists a constant
C > 0 independent of p such that

Jwll, /T = Cllgllo

The proof of Theorem 3.2.2 is presented in several auxiliary results stated below. Our

presentation is based on [12].

Lemma 3.2.3. We assume that Q = R?, g € L*(R?) and p € C with condition (3.1.20)
satisfied.

Then any variational solution, w € H'(R?) of the problem
~Aw+pw=g in R? (3.2.2)
is such that w € H*(R?) and

el e 7 < 3|93 ge- (3.2.3)

Proof. First of all the variational solution w € H'(R?) of the Helmholtz problem (3.2.2)

satisfies the equation

/ (VwV7T + p wo)dr = / gvdr V ve HY(R?). (3.2.4)
R2

RQ
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Take v = w in (3.2.4) to obtain

/ (|Vw|* + plw]?) dx :/ guwdzx
R? R?

Taking separately the real and imaginal parts in this relation, we have for p # 0

/ (Vwl? + |pllwf?) de < / gl wldz
R2 R2
1

< (/ \g\%l:v)é(/ |w*dz)? by Cauchy-Schwartz inequality

»

< ([ P (vul + pifoPan)!

which implies that

2 1 .
<|Vw|2+|p||w|2>dx) <L (f |gpant.
</R2 Vipl Jr2

Thus

(/ (Ipl[Vw]* + [p[*|w]?) ) / lg[2dz)?. (3.2.5)

We next use the technique of the difference quotient or the translation method due to Agmon,
Douglis and Nirenberg [2]. Given a real-valued function v defined almost every where on R?

and given a vector h # 0 in R?, the difference quotient of v by h is denoted and defined by

(mn0)(x) — v(z)

(D)) = TG,

where (7,v)(x) = v(z + h) is the translation of v in the direction of h. Fix h # 0 in R2
Replacing v by D_;(Djw) in (3.2.4) we have

/ [VuVD_p(Dpw) +pw D_j(Dyw)] de = / gD _n(Dyw)dz. (3.2.6)
R2 R2
In view of the property

/ thSd:U:/ (Dpv)Sdzx, fors € H'(R?)
R? R2
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we have from (3.2.6) that
/R?[|Vth|2 + p|Dyw|*dr = /R? gD _(Dypw)de.
Taking separately the real and imaginary parts in this identity, we obtain
/]R2 [[VDpw|* + p|Dpw|?] da < 2| /R2 gD _y(Dyw)dz], (3.2.7)
in view of the relation

(1/2)(1g] + Inl) < [pl < €] + [nl. (3.2.8)

Application of Cauchy-Schwarz inequality in (3.2.7) yields

/UVDWPHPHDWW dw < 2(/ ’9!26“) </ IDh(Dm!"‘daa)
R2 R2 R2

= 2llgllogzl| D-n(Drw)|lor2- (3.2.9)
At this stage, we use the following well-known property of H'(R?):
| D_pvlloge < [[Vvlloge, ¥V v e H'(R?). (3.2.10)

Moreover a function v € L*(R?) is of class H'(R?) if and only if there exists a constant
C > 0 such that

| Droljoge < C, V 0# h € R (3.2.11)
In this case we have
|IVollore < C. (3.2.12)

Taking v := Dyw € H'(R?) in (3.2.10), the relation (3.2.9) yields

/2 [IVDywl® + [pl|Dywl?] dz < 2|\ glloz2l|VDrw|lo g (3.2.13)
R
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Thus

ow :
||VDhUJ||()7R2 S 2”9”07[@2 or ||Dh%||O,R2 S 2”9”07[@2 fOI'j = 1,2 (3214)
J

In view of (3.2.11) and (3.2.12), we have from (3.2.14) that 22 € H'(R?) Vj, with

ow .
[voe| < lose vi
L lo,r2
Therefore 83;5‘;]_ € L*(R?) for 1 <i,j < 2 and thus w € H*(R?) such that
1/2
D 10wz | < 2lgloge. (3:2.15)
|a|=2
Combining (3.2.5) with (3.2.15), we obtain (3.2.3). O

Lemma 3.2.4. Let g € L*(R%) and p € C such that condition (3.1.20) is satisfied. Then

any variational solution w € H(R%) of the problem
—Aw+pw =g in R} (3.2.16)
is such that w € H*(R%) and

lolly s/ < 6llgllogz (3.2.17)

Proof. The method as presented in the proof of Lemma 3.2.3 is still valid, but this time only
in the tangential direction. In other words, we choose 0 # h € R x {0}, which means that
h is parallel to the boundary dR?. We proceed by considering w € Hg(R?%), the variational
solution of (3.2.16). Thus

J

Arguing as in the proof of Lemma 3.2.3, we obtain the analogue of the inequality (3.2.9),

(VwVT + p wo)dx = / g, Ddx Vv € Hy(R?). (3.2.18)

2 2
¥ R
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which is

[, 19wl + 1pl1Del?] e < 2l 10 Dyl (32.19)
R+
Since w € Hj(R%), its extension @ by zero outside R? is such that w € H'(R?). Moreover,
we have

Dy = Dyw and Vi = V.

This then leads to

I1D-n(Dhw)llogz = [[D-n(Dpw)|lop
|VDpwl|lore by (3.2.10)since Dyuw € H'(R?)
||Vth||O,Ri-

IN

Using (3.2.19), we have

[, (9Dl + 9l D] de < 2gloze |V Duloss.

R

from where we in turn have

NI

( [, (9Dl + pliDp dx) < 2lglozs. (3.2.20)
RQ

+

and thus

1
2

0 .
]%thﬁday) < 2“9“0,]1{?F vV i1<j5<2
j

(1

Letting h tend to zero, we obtain

(/

2
+

9*w

8xj8x1

o

(3.2.21)

2 2
dﬂf) <2|\gllogz, for 1 <5<

2
+
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In order to show that g%’ € L*(R2) we go back to (3.2.16), which yields

Pw  O*w

W9 =g in RZ.
ox? O3 =9 *

We then have by (3.2.21), the triangular inequality and by considering the variational for-
mulation of (3.2.16) with w € Hg(R?2) as test function

0*w 0*w
||8—I%||0,R3 < llgllogrz + !29|\|U)||07R2+ + Ha—x%Ho,Ri; (3.2.22)

< 5llgllos: (3.2.23)

N

Combining (3.2.22) and (3.2.21) with the analogue of (3.2.5) for R2, which is valid by the

same arguments we obtain Lemma 3.2.4. O

To come back to the set  itself, we make use of its open covering {Vj}fzo constructed
in chapter 2 (section 2.1) as well as of the C*-partition of unity {6;}¥_; given in formula
(2.1.5). According to this formula, the solution w € H}(Q) of (3.1.17) can be represented as

k
w=> w=>Y w;. (3.2.24)
j=0 §=0
We deal with the cases j = 0 and 1 < 5 < k differently in the next two results.

Lemma 3.2.5. The variational solution w € H}(Q) of the problem (3.1.1)-(3.1.2) is reqular

in the interior of S in the more precise sense that Qgw € H*(Q) and

||00w”27g7\/m < KHgHO,Q, (3225)

where K > 0 is independent of p.

Proof. The function fyw € HE(Q) because 8y € D(Vy) where Vo C Q. Thus fow € H'(R?)
such that

~A(bow) + phow = bog — 2V0,V@ — (Afo)t
=. go € LQ(R2)
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By Lemma 3.2.3, we have

60wl ge /i < 3llgolloe-

Thus
bowll, g/ = E(lwllne + llgllos)
and
ool /57 < Kllgllo (3.2.26)
since ||lw|j1.0 < Kl|glloo by Theorem 3.1.7 with K depending on p. O

Regarding the case when 1 < j < k in (3.2.24), we have the following result:

Lemma 3.2.6. The variational solution w € H(Q) of (3.1.1)-(3.1.2) is reqular near the
boundary of 0 in the sense that 0;w € H*(V;"), V" =V;NQ, and

||9]'wH2’Q’\/m < KHgHO,Sh

where K > 0 is independent of p.

Proof. For a fixed 1 < j <k, we have
—A(O;w) + phjw = 0;9 — 2VO,Vw — (Afj)w :==g; € LQ(V]*). (3.2.27)

For simplicity, we use the notation w; = 6w € Hg(V;"). From (2.1.3), we use the C*-

diffeomorphism 7 that transforms z € Vj+ into y = Tj(x) € Q4 and we set

v;(y) = wj o T; Y(y) € Hy(Q+)

where Tj’1 is defined in (2.1.4). In short the idea of the rest of the proof is as follows: The

equation (3.2.27) is transformed to the analogue in @, of the form
Ly +pv; = f; € L*(Q4) (3.2.28)

where L; is a strongly elliptic operator of order 2. We then apply the analogue of Lemma
3.2.4 to problem (3.2.28) to obtain an estimate similar to (3.2.17). We come back to the
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desired estimate on Vj+ by using the transformation
7—"7' . ‘/;—i_ — Q+.
The details are provided below. By the chain rule, we have

di(y) iawﬂ}-%y))axk w0, Ow, O

oy 1 Oy, Oy Oz dyr Dy Iy
. ij ’ 8wj
= Oéa—xl + ap (561)6—@
because
Ox ., Ox ,
Tj_l(y) = (ay1, p(ay1) — By2) = (21, 72) and (9_3/1 = a while a_yf = ay'(r1).
Similarly
dvj(y)  Ow; O0xy N w; dzy 0w
Y2 B Oy Oy 05 Oy B 0z
since
8171 8272
— =0 and — = —p4.
ya ! Oyo &

In the variational formulation of (3.2.27), the contribution of —Auwy; is the following integral,

which is transformed on @), by change of variable: For ¢ a test function, we have

FR ovj ! kell]
ijv¢dx:/ [(a %f”) (gg;) < “Offl)) (gg;)] aBdy  (3.2.29)
vt - [\0 7 J \am 5 ) \ow

Evaluating equation (3.2.29) leads to the following relation

R I~

o

VjJr
1 671]- 61/) 1 (%j 8@/} ’ 1 ’ 6vj 6’¢ 1 ’ 2 871]- 61#}
| |2y +— @ (1) 2L (= +1)22 25 | apd
/Q+ [042 Oy1 0yr  aff Oy; Oy (1) Ozﬁ¢ (Il)a?h Oy (ﬁQ(p (@) )ay2 Oy2 afdy
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By Green formula the operator L; is explicitly given by the following relation:

0? 0 0 0 0 8 0
L= =2~ 9 ()Y = 2 (e 2 14 2_>.

Lemma 3.2.7. The operator

# 9 B 0 0 B o
Li=—2 o)) = L (- ) = L (14 ()2
j o7 o, (w (:Ul)ayl) o (90 (x1)8y2> 0, ( + (¢'(21)) ayz)

1s strongly uniformly elliptic in Q). That s, there exists a real number o > 0 and a complex

number v such that

Re [y (& + 2669 (x1) + (1 + (¢ (21)))’63) ] > al€]?, VEER?, ye Q..

Proof. We take vy = —1 and 0 < o < 1/2. Then we have consecutively

Re [y (& + 2669 (1) + (14 (¢'(21)))%63)] —aléf = &1 —a) + &1 —a+ (¢'(21))?)
+ 20/ (21)6:&
>

1/267 4+ 1/2(¢' (21))*€5 + &' (21)6162

Le+ 2w

0.

v

Hence the proof of the Lemma. n

Applying the analogue of the Lemma 3.2.4 to (3.2.29) we obtain

> ID e, | < Killfilog, (3.2.30)

|a|=2

which is the analogue of (3.2.17) in ;. Making the change of variables y = T;(z) and
G;w=v;0T;, g;= f;oT;in (3.2.30) we obtain

1
2

Sl | < Kllgly s (3.2.31)

=2
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together with
16;w])? .+ < Kjllgllg,y+ (By Theorem 3.1.3) (3.2.32)
Adding (3.2.31) and (3.2.32) proves Lemma 3.2.6. O

Remark 3.2.8. The underlying point in the proofs of Lemma 3.2.6 and 3.2.7 is that the

ellipticity property is preserved by translation.

Proof. of Theorem 3.2.2
We prove Theorem 3.2.2 by adding (3.2.26), (3.2.31) and (3.2.32) with (3.1.24) through j =0
to j = k. O

Remark 3.2.9. The inequality in the Theorem 3.2.2 is the particular case of some more

general inequalities established in Agronovitch and Vishik [3].
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Chapter 4

The Helmholtz problem in a

non-smooth domain

In the preceding chapter we study the regularity of the solution of Helmholtz problem in
a smooth domain. In this chapter we study the same problem in the non-smooth domain
specifically the polygonal domain. We begin the chapter with section 4.1 where we study the
regularity of the solution of the Helmholtz problem far away from the corner. In section 4.2
and 4.3, we study the regularity of the solution of the problem at the corner for p = 0 and
for p # 0 respectively. Finally, we show in section 4.4, that the solution of the Helmholtz
problem attains its global regularity in a weighted Sobolev space H*#(€) to be defined.

4.1 Regularity far away from corners and reduction to

a sector

The results of section 3.2 show that the solution of the Helmholtz problem is regular far away
from the vertices (corners) of the polygonal domain. More precisely, we have the following

result:

Theorem 4.1.1. Let E be an open subset of the polygonal domain €2 such that the distance
from E to the vertices of I is strictly positive. Then, the variational solution of the Helmholtz

problem

we Hy(Q), —Aw+pw=g, (4.1.1)
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corresponding to g € L*(Q2), Re(p) > 0 is such that
w e H*(E).

Proof. We proceed by partition of unity as in section 3.2, observing that either ENT = ¢
or ENT # ¢. The first case corresponds to the interior regularity stated in Lemmas 3.2.3
and 3.2.5. The second case include the situation where the arc-length of £NT is positive, in
which case ENT is locally represented as the graph of C* functions. This then corresponds

to the regularity near the boundary stated in Lemmas 3.2.4 and 3.2.6. O]

In view of Theorem 4.1.1, the singular behavior of the solution of (4.1.1) is a local problem
which is related to each corner. Thus we focus on one corner of €2 and assume for convenience
that this corner is at the origin of R2. In the neighborhood of this corner, we assume that Q

coincides with the sector G' defined by
G ={(rcosf,rsinf);r > 0,0 < 0 < w}, (4.1.2)

in the usual polar co-ordinate (r,#) where w is the size of the interior angle at the corner. It
is further assumed that this is the only non-convex corner i.e w > 7 of {2 as seen in Figure
4.1.

(r,0)

\9
w
0

Figure 4.1: Model Polygonal domain

To be more specific on the local nature of the problem, we consider once and for all a
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cut-off function ¢ = 1 (r) € D(R?) such that

P(r) = (4.1.3)

where the number ¢ > 0 is so small that no other corner point of € lies in the disk |z| < r.

With w € H}(R?) being the extension of w by zero outside (2, the solution of the local
problem we will deal with is wi). The right hand side is ¥ g —wA — 2V Vw. For simplicity,
we write wi as w. Equally vg — wAy —2VpVw will be written as ¢g. In summary, the local

problem we deal with reads as follows: w € H}(G) is solution of
—~Aw+pw =g L*G) (4.1.4)
where the involved functions have bounded supports in the following specific way:

w(r,d) =0 for r >, (4.1.5)

g(r,0) =0 for r > r. (4.1.6)

Remark 4.1.2. When there is no risk of confusion, a real-valued function v on the sector

G will be written indistinctly by v(x), v(xy,z3), v(rsind,rcosf) or v(r,0).

By Hardy inequality [29], it follows that the local solution w € H}(G) satisfies the inclu-

sion
rlel=1 Dy € LXH(G) for all |a] < 1. (4.1.7)

This leads us to consider the so-called weighted Sobolev spaces introduced first by Kondratiev
[36].
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Definition 4.1.3. ([29], [36])
We denote by P¥(G) the space of all distributions v On G such that,

rlel=k Doy € L2(G) for all |a| <k,
where k is a non-negative integer. We equip PY(G) with the natural norm defined by

||U||2p,§(a) = Z ||T'a'_kD“v||3,G- (4.1.8)

o] <k

By using the chain rule and the change of variables in integrals via the Fuler transforma-

tion
r=e, (4.1.9)

the weighted Sobolev space on the sector G is linked to the usual Sobolev space on the strip

B =R x (0,w) as specified in the next Lemma.

Lemma 4.1.4. ([29))
Assume that u € P¥(G) with k a positive integer and define v by,

v(t,0) = u(e' cos b, e’ sin §)e~FHD, (4.1.10)

Then, v(t,0) € H*(B).

4.2 Regularity and singularities when p =0

We consider (4.1.4) in the particular case when p = 0. We are then dealing with the Dirichlet

problem for the Laplace operator:
w e Hy(G),—Aw =g € L*(G), (4.2.1)

where w and g satisfy (4.1.5)-(4.1.6).
Theorem 4.2.1. For the solution w € H}(G) of the problem (4.2.1), we have the following

singular decomposition : there exists a scalar A such that
x . T
wg :=w — Arvsin—0 € P3(G) N Hy(G),
w
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wzliz = — Aw(r’)rg sin 4 c H*(G)N H&(G)7
w
and
lwellpze) + llwrllee + 1Al < Cllglloe, (4.2.2)

where ¥ = () is the cut-off function in (4.1.3), wr or wk is the regular part, r< sin Z0 or

Y(r)ra sin 20 1is the singular function and A is the coefficient of the singular function.

The method used in proving Theorem 4.2.1 was developed by Kondratiev [36] and it
demands a lot of theoretical knowledge. We shall essentially quote the important steps. For

more details see for instance [29]. In polar co-ordinate, equation (4.2.1) takes the form

B (82w 18_w 1 9*w

R R R UL 423)

Now, we use the Euler transformation (4.1.9) and make a change of dependent variable

s(t,0) = w(e', 0) = w(r,0). (4.2.4)
Since
ow  _,0s Pw 0% _,0s
o ™M m
(4.2.3) becomes
s O%s _
- (@ + @) =e*g(t,0) in B (4.2.5)
with boundary conditions
s(t,w) = s(t,0) =0, (4.2.6)

where s € H}(B) and g(e' cos 6, ¢! sinf)e! € L?(B) in view of Lemma 4.1.4.
Taking the Fourier transform, the problem (4.2.5)-(4.2.6) becomes the following family of

ordinary differential equation that depend on the parameter \:

oy . -
= Sc(zzg—Az’ O) 4 N300, 0) = Fg(—da — 1+ X, 0) = gliA —1,68) D<f<w (127)
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3(i, 0) = 5(i\, w) = 0. (4.2.8)

Remark 4.2.2. For a function h : v — h(r), the composition of the Euler transformation
(4.1.9) and the Fourier transform is called the Mellin transform of h see [29]. Formally we

have:

(Mh)(A) = \/% /0 ()

We apply Proposition 2.5.36 (corresponding to the scalar Theorem 2.5.1) to the L? vector-

valued functions

Ps(t,0)
t € (—00,400) ~ YRR |8 <1 and t € (—o0, +00) ~ e'g(t,0) € L*(—o0, +00),
observing that the support of all these functions are contained in I, = (—o0,a) where

a=lInrg.
We obtain that 5(i), #) is holomorphic in the region Ay > 0 and elg g(iA—1, ) is holomorphic
in the region A\ > —1 such that the following estimates hold:

+oo +oo
29
}:/ / e+ ol j’a LS 0N < 17 }:/ / \(w L %) a1

I81<1

“+oo W —+00 w
/ / letg(iX — 1,0)|2d\do <yt / / le'g(t,0)[*dtds.
—00 0 —00 0

In view of the above holomorphic property of s(i\, ) and elg g(iA 4+ 1,6), Theorem 2.5.38
implies that the solution S(i\, #) of (4.2.7)-(4.2.8) admits a meromorphic extension (which

we denote in the same way) to the complex strip
—00 < A\ < 400, —1< A <0

We want to say a bit more about this meromorphic extension. Firstly, the considerations in
Remark 3.1.9 can be made more precise in this one-dimensional case. Indeed, it is well-known

that the operator u ~» —u” with boundary conditions u(0) = u(w) = 0 has the eigenvalues

k
Ai:(g)Q, keN, k40,
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with, for each k, the associated eigenvector

o km
v = sin —0.
w

Now in the extension 5(i), #) of the solution, if we take

km —ikm
A=V =—, le. A= ,

w w
then it is clear that the only possible pole of the meromorphic function 5(i), #) in the strip
—00 < M <400, —1<A<0is\= %’r We distinguish two cases: if w < 7, there is no
pole in the said strip. However, there is indeed a unique pole in the non convex case w > .

Secondly, we introduce the Green function N = N (i), 0, ) of the operator
2 —tkm

d“v
2 2
vGC’(O,w)W—d92+)\v,)\: - , —1 <X <0

with homogeneous Dirichlet boundary conditions v(0) = v(w) = 0.
By definition [66], the Green function satisfies the following properties:
1. The function (0,7) ~ N = N(i), 0,7) is continuous on the square (0,w) x (0,w);
2. The partial derivatives %—g, %QTJX exist and are continuous on the triangles 0 < 6 < v < w
and 0 <~v <0 <w;

3. For each fixed v € [0,w], ch];/ + XN =0for0<0<w, 0+#n~;
4. On the diagonal 6 = ~, the first derivative makes a jump such that

IN(0*,6)  ON(0-,0)

50 50 =—1 for 0 <0 < w;

5. N(iX,0,7v) = N(i\,w,vy) = 0 for each v € (0,w).

Following the classical procedure (see [66]), it can be shown that the Green function is given

by the formula

) v sinh A —w) , if 0<~y<0<w
N(M,Q,’y)zﬁ (4.2.9)
0 sith A0 —w) , if 0<60<y<w
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Notice that

N(0, 0, v) =
0(y—1) , for 0<0<y<w

which is in agreement with the Green function given in Walter [66] and Gustafson [33]. In

view of the expression of N (i), 6, ), the solution of (4.2.7)-(4.2.8) admits the representation

—ikm

S(iN, 0) = / N(i)\,e,’y)et/\g(i)\ —1,7)dy; when \# , A > —1. (4.2.10)
0

w
The regularity of this extended solution of (4.2.7)-(4.2.8) is described in the next result.
Lemma 4.2.3. There exist constants C' > 0 and K > 0, such that
2 —
D IMPTISEA 0500 < Clletg(iA =1, loow), for M| = K, =1 <A <0.
=0

Proof. For general problems, the proof of Lemma 4.2.3 is given in Grisvard [29] and Kon-
dratiev [36]. For the case under consideration, the proof can be obtained explicitly either
by using the Green function N(i),6,v) in (4.2.9) and the representation (4.2.10), which is
valid or by simple arguments. We prefer the latter approach.

We assume that A\; > K > 0 for a constant to be determined shortly and we assume that
—1< X <0. Then X # %’” The arguments used below are similar to those that led to the
proof of the inequality (3.1.29). Multiply both sides of (4.2.7) by A?5(i\, #) and integrate by
parts to obtain the following after using (4.2.8):

/O {Aﬂ%ﬁ + (AT = A3+ 200 M) |53, 9)|2} do = /O etg(ih — 1,0)A25(i), 0)do.
Using the real part of this identity and Cauchy-Schwarz inequality, we obtain:

w (s 2
[P et - Shiseer]
0

df \
g(/ |€/t\g(i)\—1,9)|2d9) (/ A;*|§(M,9)y2d9> .
0 0

(4.2.11)
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Notice that 0 < )\3 < 1. We assume at this point in time that

A2 1 1 A2
K>2 2 <= hat = < (1 -2
> 2, and )\%<2sota 2<( )\2)

Then, with |A;| > K and so |A;| > 2, we obtain from (4.2.11)

1 (%1, d?(i)x,@) 9 Ay 9
- AT <
2/0 {)\1\ 7 |+ A1IS(iN, 0)]7 ] db <

1

(/ |e/tz](i/\ — 1,9)|2d¢9) </ {)ﬂWF + /\411|§(i)\,9)|2} d@)
0 0
Thus

(/0 {VIMF + Xi\§(m,0)|2} d@)é <2 (/Ow letg(iX — 1,9)\%19)é L (4.2.12)

On the other hand, from (4.2.7) we have

(/ yd%d;z@me)l A2 (/Owyg(m,e)Pw) </ letg(ix — 1,0)] de)
< on (/Ow|§(m,e>|2d9> +</0 |@(iA—1,0)|2d0)

| /\

because
AP = A7+ A2 < A3 +4 <20 and |[\] > 2.

Using then (4.2.12), we have

2/\ % wo_ %
(/ 4780A0) d?z o d@) <5 (/ letg(iX — 1,0)|2d9) (4.2.13)
0

Since |A\;| > 2, it follows from (4.2.12) that

(/Ow [Idg(fl;’ 9) >+ [S(iA, 9)|2} d@)é <2 </Ow letg(iX — 1, 9)|2de)é . (4.2.14)

Taking the squares of (4.2.12), (4.2.13), (4.2.14) and adding these inequalities, we obtain the
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Lemma 4.2.3 for the specific choice K > 2. O]

Remark 4.2.4. In terms of the weighted Sobolev space H™((0,w), p) introduced in Definition
3.1.4, the proof of Lemma 4.2.3 shows that

15GA, 2,000 < Clletg@iX = 1,)[o,0w) for [A] >2, =1 <Ay <0.

Once again, this inequality is as mentioned in the proof of Theorem 3.2.2, a particular case
of the results of Agranovitch and Vishik [3].

Corollary 4.2.5. There exists a sequence (N,,) of integers such that

0
N, > K, ¥m  lim / S(iN,, — Ao, 8)[dAs = 0
“1

m—+400

for almost every 0 < 0 < w.

Proof. From Lemma 4.2.3, we have

w 0
/ / B(iM — Ao, 0)]dNadf < —C for \| > K
0o Jo1 |\

This implies that

w 0
0 -1

K<|N|—+o00

By the fact that a Cauchy sequence in L (0,w) admits a point-wise convergent subsequence
(see Adams [1], Corollary 2.11), we can find a sequence (NN,,)m>1 of integers which have the

desired property. O

Proof. (Theorem 4.2.1)

At this point, we make use of the fact that the polygonal domain is non-convex, i.e w >
m. This implies as observed earlier that no pole of the meromorphic function s(i\,6) or
eigenvalue A = _T”T of the problem (4.2.7)-(4.2.8) belongs to the line

Ay = —1.
Under this condition, the Plancherel-Parseval Theorem, implies that the function
/\1 ~ /S\(Z/\l + ]_, 6)),
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has the inverse Fourier transform

400
sr(t,0) = / eMB(iA + 1,0)d\y,
T

that belongs to the Sobolev space H?(B) such that
Is&ll2,5 < Clle'gllo,s- (4.2.15)

Notice that the inverse Fourier transform of the function \; ~» 5(iAq,0) i.e Ay = 0, given
by

—+00
s(t,0) = \/% / eMIS(iN, 0)dA\ (4.2.16)

is of class L?(B) (in fact of class H}(B)).
In order to link sg(¢,0) to s(t,0), we use the sequence (N,,) in the Corollary 4.2.5, ob-

serving that

Nm
s(t, 0) :Nlir_rgoom/

1 Nm 7 Npm—i Np+0i
= lim { / / / } SN, 0)dA (4.2.17)
Nm—00 /270 Non+0i Nm—z

m—l

eMB(iN, 0)dA

where @), is the rectangle with vertices —N,,, + 0i, —N,,, — i, N,,, — i and N,, + 0z illustrated
in Figure 4.2.
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A2
A
: - -\
-|Nm+0i 0 N, +0i
v.oooq, A
b P S .
-Nm-| Nm-l

Figure 4.2: Application of the Residue theorem

By Corollary 4.2.5, we know that the limits corresponding to the first and the third
integrals are zero. Recall that we are in the non-convex case for the sector G i.e. w > m. The
only pole of s(i), 0) in the region @,, being then ’Ti”, the Laurent expansion of this function

has the form

S(i), 0) f f’.) +a()6), (4.2.18)

€13

with a (), 0) being analytic. Applying to (4.2.18) the operator u ~» u” + A\?>u with boundary

conditions u(0) = u(w) = 0, it is easy to show in terms of the eigenvalues and associated

eigenvectors of this operator that

Pi(0) = A sin z@, for some scalar A;. (4.2.19)
w
By the Residue Theorem, the fourth integral in (4.2.17) is given by

1 | |
= [ V27 M3, 0)d) = Res (i\/% NG, 0))

27 Jo.,, N

Now considering the Taylor’s expansion of e\ about \ = _T”r and the expression of P;(f) in
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(4.2.19), we obtain

Res (zx/ﬁ NN, 9))

xy . T
= Aew'sin —6.
A=—iT w

w

Therefore (4.2.17) leads to
s(t,0) = sp + A estsin g@. (4.2.20)

where sp satisfies (4.2.15).

In terms of the Euler transformation (4.1.9), the decomposition (4.2.20) becomes
w(r,0) = wg(r,0) + A rs sin g@ (4.2.21)
where in view of (4.2.4), we have
w(r,0) = w(e',0) = s(t,0) and wg(r,0) = wg(e',0) = sg(t,0).

Furthermore, by a simple change of variables, we have (see Lemma 4.1.4) wr € PZ(G) N
Hi (@), with the inequality (4.2.15) becoming

lwrllpze) < Cliglloc- (4.2.22)
Finally, we use the cut-off function ¢ = ¢(r) in (4.1.3) to rewrite (4.2.21) in the form
w(r,0) = wk(r,0) + AY(r)rs sin gé’ (4.2.23)
where
wr(r,0) := (1= (r)w(r,0) + ¥ (r)wr(r,0) € H*(G) N Hy(G)
such that
lwgllze < Cllglloc (4.2.24)

because w is regular far away from the corner (0,0) (see Theorem 4.1.1). Thus (4.2.23) and
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(4.2.24) yield
Al (r)r sin 59”1@ < wgllec + lwlie < llglloc
from where we have
Al < Cllgllo.c- (4.2.25)

This completes the proof of Theorem 4.2.1. n

4.3 Regularity and singularities when p £ 0

In the case p # 0, we proceed by first drawing a consequence of Theorem 4.2.1.

Corollary 4.3.1. Let K C C be a compact set and let the complex parameter p with Re(p) >
0 vary in the set K. Then there exist a complex valued function p ~» By(p) and a constant C
not depending on p such that the solution of (4.1.4), (4.1.5) and (4.1.6) admits the singular
representation

w(z,p) = wh(z,p) + Bi(p) ¥(r)rs sin g@ (4.3.1)

with regular part wy, € H*(G)NH(G) and coefficient By(p) of the singular function satisfying

the estimate

lwill2c + [Bi(p)] < Cligloe- (4.3.2)

Proof. The decomposition into regular part and singular function stated in Theorem 4.2.1
above means that the bounded linear map —A+p operating from H?N H} into L? has closed
range with finite co-dimension 1 or that —A + p has index —1 (See [25], [38]). Notice that
(4.3.1) is valid from Theorem 4.2.1 if we re-write (4.1.4) as —Aw = g — p w.

Applying —A + p to both sides of equation (4.3.1), we have

g=(=A+pwk(-,p) + Bi(p)(=A + p)Y(r)re sin 50.

Now, letting (—A+p)wk(-,p) =: gr and denoting by ||(—A +p) || the norm of the operator
(—A +p)~! from L?(G) into H*(G) with domain D = {(—A +p)u: v € H*(G)n H'(G)},

80



P

UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
W VYUNIBESITHI YA PRETORIA

we have

[(=A+p)~" grll2c

lwr(p)l

06 =
< N((=A+p) " llgrlloc
< COl(=Aa+p) llglloc
< Csup [(=A+p) gl
peK
< Clglhe (133)

because the coefficients of the operator —A + p are continuous and K is compact.
Furthermore, by (4.3.1), (4.3.3) and the analogue of (3.1.29), we have

x~ . T
| B1(p)|||1)(r)r« sin 59H1,G < Nwlle + [[lwglze < Cllglloe

which yields
|B1(p)| < Cllglloc:

O

Theorem 4.3.2. For |p| large enough, there exist a reqular function wg(x,p) € H*(G, +/|p|)
and a complex valued-function p ~~ Ba(p) such that the solution of the problem (4.1.4),
(4.1.5) and (4.1.6) admits the singular decomposition

w(z,p) = wr(z,p) + Ba(p) Y(\/|p|r)rs sin 50.

Furthermore, we have the estimate

lwrll, ¢ 5+ 1B20)lplF < Cllglo.

where we recall that here and after C' > 0 denotes various constants independent on p and

the weighted norm || - |, il is giwen in Definition 3.1.4.
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Proof. We perform the change of variable x € G — px € G where p := ﬁ and
)

w=p’p= 177+ Problem (4.1.4) becomes

1 [(Q*w(pz) = O*w(px) _
(T ) o) = g(oe)

or equivalently
(—A +w)w,(z) = h,(z) (4.3.4)

where h,(x) = p?g(px) and w,(z) = w(px). Since the complex parameter w satisfies |w| = 1,

Corollary 4.3.1 applies to (4.3.4). Thus w, admits the singular decomposition
w, = w (x,w) +¢(r)Bi(w, p)pers sin g@ (4.3.5)
or
w, = w(x,w) + ¥(r)By(p)re sin g@ (4.3.6)
where B;(w, p) = By(p)ps with uniform estimate:
[0 l26 + [ Bz(p)lp= < Cllyllo- (4.3.7)

Now from (4.3.7), we go back from the variable pz in (4.3.4) to the initial variable x in
(4.1.4) as follows: Put

wr(x) = wR’p(z) and 2=~ so that dz = p 2dz,
p p

Owg , | owftr 1 O*wp B Pwhtr 1

0z (z) = 0z (Z>; o x? (z) = 0723 <Z)p2
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/G(IwR”’(Z)I2 + [V (2)P + ) |Dw(2)]*)d>

|af=2

[ Qa4 A1 una) + 3 |D2uwn(o)Pyp-*da

|af=2

/G (0 2lwn(@)? + Vawn(@)? + 0 3 |D2wn(a)[2)da

=2

o /G (0 wr(@)? + o2 [Vwr(@) 2+ 3 [D*wp(a))de

|af=2

pI! /G (S 1D wn(@)? + pl| V(@) + [pPlwn(e) P)da

|af=2
2

-1
I w2,

1

LR = a2 g0 (135)
1% p
Similarly, the right hand side of (4.3.7) yields
x
e = [ 1ol = [ ot = ol (13.9)

Using (4.3.7), (4.3.8) and (4.3.9) we have the desired estimate

1_
lwrlly g,/ + 1Ba(@)llpl2"2 < Clglloe,

together with the singular decomposition

w(x) = wa(x) + By(p)v(/|plr)r sin =0.

]

Remark 4.3.3. The second part of Theorem 4.3.2 (case |p| large) and its proof constitute a

particular case of the deep results stated and proved in [19], [46] and [47] for general elliptic

and parabolic problems with edge corners. An alternative approach is presented in [30]. The

nature of the Helmholtz operator —/A + pI makes the above proof simple and explicit in the
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following manner compared to a general operator of the form p + L(z, D,) investigated in
the above mentioned references with L(x, D,) being a proper elliptic operator of order 2 with
principal part frozen at the origin denoted by Lo(D.). In making the change of variable
x — px, the analogue of (4.5.4) has the form

M,(z, Dy)w, = h, (4.3.10)

where the operator M, tends to w + Lo as p — 0.

The analogue of (4.5.6) is neither explicit nor does it give a uniform estimate of the form
(4.3.7). Such an estimate is achieved provided that a perturbation argument together with
the convergence of M, to w + L is used. On the contrary, for the Helmholtz operator, M,

is reduced to the constant operator —A + w.

So far, the analysis of the regularity and the singularity of the solution of problem (4.1.1)
was done in two local steps: far away from vertices (Theorem 4.1.1) and near each vertex
(Theorem 4.2.1, Corollary 4.3.1 and Theorem 4.3.2). We now combine these steps to obtain
the following global result on 2.

Theorem 4.3.4. There exists a positive number dg > 0 such that the solution of the problem

(4.1.1) admits the singular decomposition

w(e,p) = wh(z,p) + By(p)(r)rE sin =0

with reqular part wi(z,p) € H*(Q) and coefficients of singularity Bi(p) € C satisfying the

estimate
lwgllz.0 + [Bi(p)| < Cllgllog
for |p| < dg. Furthermore, the singular decomposition becomes
w(z,p) = wh(z,p) + Ba(p)b(r/|p))rS sin =0
where w}(x,p) € H*(Q,\/]p]) and
lwklly 0 7 + 1B2@lpl> =% < Cllglog

for |p| > do.
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Proof. Notice that ) was assumed to have only one non-convex vertex, which is localized
through the cut-off function ¢ = ¢ (r) used before.

The solution w of (4.1.1) can then be written as

w(z,p) = (1 = )w(z,p) + ¢ wlz,p) on .

Corollary 4.3.1 and Theorem 4.3.2 guarantee the existence of Jy > 0 such that the singular
decompositions and the estimates in these two results apply to the local solution yYw of
(4.1.4) with right-hand side

U g —wAy — 2VwV.
More precisely, for |p| < g, we have

w(e,p) = (1= ¥)w(e,p) + wh(z,p) + Bi(p)(r)rs sin 0 (4.3.11)

with
[wkll20 + |Bi(p)] < Cll¢ g — wAY — 2VwVi|oq.

The desired regular part for w is

L. _

wi = (1 —Y)w +wp

which is indeed of class H?(Q2) due to the regularity far away from the vertex that guarantees
that (1 —)w € H*(Q). Then with

Q. ={xeUry/2 <|z|=7<ry}

we have
lwi' 2.0 + 1Bi(p)] < [I(1 = )wllag + lwgll2g + [Bi(p)|
< Cllwll2g,, + Cllg — wAY = 2VwVy |
< Cllwllzq,, + Cllglloa + Cllwllia,,
< Cgllo,0;
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by the regularity of the solution far away from the origin and specifically on €2,,. Notice that
the various constants C' above do not depend on p because p moves in the the compact set
B(0,&).

Regarding the case when [p| > ¢y, the singular decomposition to be used in place of
(4.3.11) is

x~ . T
w(,p) = (1= )w(x,p) +wh(r,p) + Ba(p)v(r/Ip])r sin —6

with
lwilly 0 7 + 1Be@pl % < Clldg — wAy — 2VwVi]og.

Take wy” == (1 — )w + w} € H*(Q) as the regular part. In view of the analogue of the

Theorem 3.2.2 we have

(1 = $)wl,g /i < Clgllos.

Therefore we have as in the previous case

1w
[0 7+ 1Be®)lIp* ™% < Cllgllog.

4.4 Global regularity of the solution

We devote this section to show that the solution of the Helmholtz problem is regular in a
weighted Sobolev space. This result is fundamental to our study as the constructive analysis

to come is based on it. The weighted Sobolev space in question is defined as follows:

Definition 4.4.1. For 3 a non-negative real number, we denote by H*P(Q) the space of all
distributions v € H'(Q) such that

r D € L*(Q) YV a such that |a| = 2

where r = r(x) = d(z, vertices) is the distance to the vertices of the domain Q.

The weighted Sobolev space H*#(Q)) is equipped with its natural Hilbert structure given
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by the inner product

(W, V) 20y = (W, ) o + Z /rﬁDaw.D“vdx.
Q

|ar|=2

The norm of the space H*#(Q) is written ||| 2.6 () while the following is simply a semi-norm:

2
V| 2800 = Z/|7’5Do‘v]2d:c
Q

|laf=2

Remark 4.4.2. The usual Sobolev space H?*(Q) is continuously embedded in the weighted
Sobolev space H*P(Q):

H*(Q) — H*P(Q).
Indeed, this is obvious for 8 =0 since H*(Q2) = H*°(Q).
For B> 0 and for v € H*(2), we have
/ lv|? + |Voul* + Z |D|? | do = / lv|? + |Voul* + Z r?| D *r2° | da
Q Q

Jor|=2 | =2

> C’/ |1}|2+|VU|2~|—237“25|D"v|2 dx
Q

|af=2

28
o . 1 . _ . .
where C' = min {1, <—diameter(ﬂ)) }, observing that sup,cq d(x, vertices) <  diameter(€2).

Theorem 4.4.3. The space H*?(Q) is continuously and compactly embedded in C°(Q) for
0<p<1:

H*P(Q) —. C°(Q).

Furthermore, the embedding of H*P(Q) into H*(Q) is compact: H**(Q) —. H(Q)

Proof. The case when 8 = 0 is well-known because H*°(Q2) = H?(Q) (Sobolev and Rellich-
Kondrachov embeddings, Theorem 2.4.5). So we assume that 8 > 0. Let v be in H*>#(Q) so
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that
v e LP(Q), Vpe[l,+oo) and D = (r’D).r™P ¥V 1 < |a| < 2. (4.4.1)

The first inclusion in (4.4.1) is due to the fact that v € H(Q), which is embedded in
LP(Q2) ¥V p € [1,400) by Theorem 2.4.5. We want to show that D € LP(Q) 1 < |o| < 2

for some p > 1 and p < 2. Take ¢; = % with conjugate ¢ = 2%1) ie. qil + q% = 1. Then r—5p
is of class L®(Q) iff 1 <p < ﬁ By Holder’s inequality, we deduce from (4.4.1) and the

choice of p, ¢; and ¢, that

L 1
/ |D|Pdx < (/(|T5D°‘v|p)‘“dx) 7 (/ T—ﬁpqzdx) a2
Q Q Q

2

5 oy ="
= (/ ‘TﬂDade:E) (/ r b rdr)
Q Q

< CHUH]}){Q,B(Q)‘

Notice that if || = 0 and 8 = 0 in (4.4.1), we could show in a similar manner that v € LP(Q)
for the specific choice of p made above. Thus H?#(Q2) — W??(Q). But by the Sobolev and
Rellich Kondrachov imbeddings, Theorem 2.4.5, the Sobolev space W%P(Q) is continuously
and compactly embedded into C°(Q) and H*(Q), respectively. This proves the first and the

second claims and hence the proof of the Theorem is completed. O]

We are now in a position to state one of our main contributions that will have an impact
on the heat equation and on its numerical approximation in the next chapter. This result is

announced in [14] and [13].

Theorem 4.4.4. Assume that 0 < 3 < 1—Z. Then the solution w of the Helmholtz problem
(4.1.1) is of class H*?(Q)) such that the following estimate holds for some constant C' > 0

idependent on p:

1wl g2.80) < Cllgllo.0-

Proof. The existence of a number §; > 0 in Theorem 4.3.4 is the rephrasing of the require-
ment that |p| is large enough in Theorem 4.3.2. From Remark 4.4.2, we have for the regular

part in Theorem 4.3.4:

lwilla2e@) < Cllwgllze < Cllglloge
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(Wil 2@y < Clwkllzop < Cllgllogo

where the weighted norm on H*#(Q, 1/|p|) is defined in a similar manner as that of H%(Q, \/|p|)
of Definition 3.1.4 by

2 _ 20 12 2 B a2
19 = [ IR+ IV + 32 (oD ) e (142)

|a|=2

Regarding the singular part, we proceed as follows. Firstly, the function ¢ (r)r< sin 20 be-
longs to H*#(£2) because near the non-convex corner (0,0), r?D*)(r)re sin 20 with |a| = 2,
behaves like 777572 which is of class L*(Q) in view of the condition 0 < S <1 — Z.

Thus for |p| < &y, the estimate for |B;(p)| in Theorem 4.3.4 yields

x . T
1o (r)Bi(p)re sin =0l uzs(0) < Cllglo.o-

For [p| > 0o, the same argument as above shows that 1(r|p|)rs sin 26 is of class H>(Q).
Now the estimate for By(p) in Theorem 4.3.4 leads to

IN

~ . T
1o (rv/Ipl) Ba(p)r sin ~Oll w250y < ClBa(p)|

A

1

< Clplz"2||glloq
1

< C(d0)2 2 ||go0-

Remark 4.4.5. The underlying point of our investigation is that the linear operator
g(.,p) € L*(Q) ~ w(.,p) € H**(Q)

is bounded with norm independent on p € C satisfying (3.1.20). Theorem 4.4.4 is proved in
Grisvard [29] in the particular case when p = 0. This originates from the study by Raugel
[58], [59] of the reqularity in the general case where g is in the Sobolev space H™(§2), m > 0.
In this case weighted Sobolev spaces H™+28(Q) of higher order are essential as demonstrated

by Raugel.
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Remark 4.4.6. In this thesis we used three types of weighted Sobolev spaces which play

completely different roles:

e The weighted Sobolev space H™(), p) (cf. Definition 3.1.4 and Proposition 3.1.5),
which is exactly the usual Sobolev space H™(Q) equipped with a weighted norm. The
space H™(S), p) arises generally when the (partial) Fourier transform with respect to t

is applied to functions (t,x) — v(x,t) in the usual Sobolev space H™(2 x R). In fact
the norm ||v||maxr s equivalent to (fR ||(]:U)(77)||12n,9,1+|,7\d77> ? see Dauge [19].

o The Kondratiev weighted Sobolev space Py (G) (cf Definition 4.1.3) serves to investigate
the reqularity and the singularity for an elliptic problem localized in a sector G. The
space PY(Q) is not equal to the usual Sobolev space H*(G). However, it is related to
H* through Lemma 4.1.4 and we have Py(G) C HF . (G) i.e. v € PYG) = pv €
H*(G) Vp e D(G).

o The weighted Sobolev space H*P(2) is a replacement for H*(Q) for the global regularity

of the solutions.
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