
Chapter 6

Proposed Registration Procedure

The proposed registration procedure is explained in this chapter. This registration is

seen as if it were done on a new subject from a statistical sample of skull geometries.

To illustrate the procedure a generic skull shape is deformed into a representation

of the orthognathic skull.

Although a completely automatic registration to such a complex shape would

be ideal, a semi-automatic registration tool is described that requires very little

user interference, apart from setting up the problem and describing constraints.

In future work proposed on a sample of human skull geometries, the registration

could be done in conjunction with an anthropologist or medical expert. In this way

the correct features to use during registration should be kept and a new subject is

registered with only the relevant features in mind.

In this example, the user of this registration tool could be expected to manipulate

the target and generic geometries so that the in�uence of the sinuses for example

is minimised or removed. This could be done by manually allocating areas of the

geometry as unallowed. During registration, the displacements to �t unallowed

parts of the surface is ignored and the generic surface is moved using only the

registration with higher con�dence. A �ow chart of the registration procedure

assembled from various methods discussed in this report is visible in Figure 6.1.

The registration is done on a generic tetrahedral mesh, generated from the

generic surface using TetGen [9]. The generic representation then consists of the

original surface and the volume mesh. The tetrahedral mesh is deformed using the

registration of the surface mesh.
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Figure 6.1: Flow diagram illustrating the various components of the registration
procedure proposed and implemented.
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6.2 Step 2: Use Lines of Curvature

After a rigid registration to scale and align the target geometry to the generic mesh,

a feature line registration is performed. As an example, only user selected features

on the generic mesh is kept during the registration. The reason for doing this in

the example is the vast di�erence in internal features between the skull geometries

as visible in the facial regions as depicted in Figures 2.6 and 2.7.

The broken and decayed areas in the skull are also extracted as features and

could be registered to di�erent areas in other skull geometries. The generic mesh

is created from an edited and smoothed version of the prognathic skull surface

mesh. In removing areas of the decayed skull, most of the features internal to the

facial region on the generic skull form are arti�cial. Mainly features with greater

con�dence are therefore selected on the generic skull shape and allowed to register.

The surface in this edited area is selected manually. These areas are allowed to

register but shouldn't be registered by the target.

The sinuses also have vastly di�erent shapes, as visible in Figure 2.5. These

along with other internal features of the facial area are removed from the allowable

feature lines and surfaces on the generic skull shape for this example.

The user selected allowable features for registration in this example are displayed

on the generic skull shape in Figure 6.4. In the proposed work on a sample of skulls

however, the valid feature lines that would be found on all skull geometries would

be allowed to register. These would be extracted from a �xed generic mesh and

chosen as valid features with the help of a medical professional.

Registration of the allowable feature lines on the generic skull to the orthognathic

form is displayed in Figure 6.5. In this �gure, the generic features are �rst displayed

in their original position on the top with the location of the deformed lines after

registration to the orthognathic form below. For visual clarity, the feature lines

extracted from the orthognathic skull is omitted.

User speci�ed feature lines are again displayed in their deformed positions in

Figure 6.6, along with the corresponding features on the target geometry. The

unregistered features on the target are discarded and are not visible in this �gure.

6.2.1 Feature Surfaces

The feature surfaces associated with the unregistered feature lines are extracted

and classi�ed as untrusted registration surfaces. This is done because registration
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to unmatched features could result in a distorted mesh, as seen in Figures 5.14

through 5.16.

The feature points used in this example are classi�ed using the result of the MLS

method. Curvature information obtained on the geometries is used to construct

feature lines. Using the magnitudes of the principal curvatures, the feature rich

areas are described. All the feature points satisfying the chosen conditions on the

generic and target mesh are illustrated in Figures 6.7 and 6.8. The values of 0.2

and 0.18 are arbitrarily chosen on the di�erent skull geometries. This is done so

that the same approximate size of the relative feature areas are highlighted. The

curvature estimation was done before performing the scaling visible in Figures 6.2

and 6.3, so the di�erence is highly likely due to the di�erence in scale between the

geometries at the time of curvature information extraction.

Using the user speci�ed features on the base mesh and the registered feature

lines on the target, the corresponding allowable feature points are chosen. The

allowable feature points are displayed in Figures 6.9 and 6.10.

Allowable feature points are extracted using the following procedure on a given

surface mesh:

� A k− d tree representation of all the points in the extracted and thresholded

set of feature lines is set up for nearest neighbour search.

� For each point within the set of feature points:

� The closest point on a feature line is searched using the k − d tree.

� If the point closest to the feature point is on a user speci�ed or registered

line, the current point is added to a list of allowable feature points. If

not, the current point is added to a list of low con�dence feature points.

The allowable and low con�dence feature points for both the base and target mesh

are extracted. The list of triangles representing each surface is inspected. A list

of low con�dence triangles is set up using the allowable and low con�dence feature

points.

A triangle is marked as a low con�dence surface triangle if any one of it's nodes

are in the list of low con�dence feature points. Registration is then only allowed to

the surface triangles and points with higher con�dence.
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done using the higher con�dence surface triangles on the orthognathic skull and the

user selected allowable surface triangles on the generic skull.

Comparing the cut planes in Figures 6.12 and 6.13 to those in Figures 5.15, 5.16

and 5.17, there is a possible improvement on the result at iteration 60 if registration

is approached in this selective manner. In doing a proper registration, additional

user interference may still be required to obtain a better representation of the target

skull geometry in this example. Although this is not ideal, at least the amount of

user interference in performing an elastic registration on these complex geometries

is reduced.

The target geometry in this example is left totally unedited with all the user

speci�ed constraints and restrictions applied to only the generic deformable mesh.

Compared to the original full elastic registration, this combined procedure imple-

mented translates to far less user input needed in registering a large statistical

sample of skull geometries. This is because each new geometry could be used with

very little pre-registration editing required. It is however noticed in the cut planes

of Figures 6.12 and 6.13 that editing a target geometry before registration could

result in an improved representation of that skull.

As a further example of registration with the proposed method using user spec-

i�ed and automatic constraints, both prognathic and orthognathic skull geometries

are registered. The target shapes are the original surfaces visible in Figure 6.14 (a)

and (d). The procedure for matching feature lines and determining lower con�dence

registrations is then applied to both models and the generic surface is deformed into

the target representations visible in Figure 6.14 (b) and (e).

If the generic model is deformed into a target shape and then the re�ected target

shape, the average of the two deformed meshes can be used to create a symmetric

version of the target. Examples of the approximate symmetric versions of both the

orthognathic and prognathic skull geometry are illustrated in Figures 6.14 (c) and

(f).

6.4 Step 5: Mesh Quality

Mesh quality can be improved by using the quality improvement toolbox MESQUITE

[5]. In this example, a tetrahedral �nite element mesh is generated on the aver-

age symmetric skull surface. This average symmetric skull surface is determined

after �rst creating symmetric versions of the two geometries as illustrated in Fig-
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ures 6.14 (c) and (f). The tetrahedral mesh was generated using TetGen [9] and

had 1′687′795 elements.

The mesh generated on the average skull surface was then deformed by doing an

FEA where the target boundary positions is known and so a known displacement is

applied to boundary nodes. This is done in the hope that the movement of internal

nodes would occur in a reliable manner when deforming the average mesh back into

prognathic and orthognathic representations.

Element inversion occurred for applied nodal displacement higher than approx-

imately 40% of the actual displacement required when using simple linear elastic

elements in the analysis. This is considered a problem because FEBio solves the

large set of equations in a matrix free manner. The problem moves internal nodal

coordinates using a linear elastic analysis and hits a wall if displacement updates

cause element inversion.

It is decided to do a simple nodal coordinate update based on the displacement

information up to the 40% mark. Mesh untangling and quality improvement is

planned at the �nal stage. The displacement of the internal nodes with 40% of the

boundary displacement applied is multiplied with a factor of 2.5. This displace-

ment is then applied to the original internal nodal coordinates along with 100%

known boundary displacement to create the mesh representing the prognathic and

orthognathic skull.

6.4.1 Quality Metric

The quality metric used in this report is one of the tetrahedron shape measures

used by Escobar et al. in constructing objective functions for mesh untangling and

smoothing [29]. This quality metric is obtained by algebraic operation and can

therefore be computed e�ciently.

The chosen quality metric can be constructed as in the work done by Escobar

et al. [29]. If T is a tetrahedral element in the physical space whose vertices are

given by xj =
(

xj yj zj

)

, j = 0, 1, 2, 3 and TR is the reference tetrahedron

with vertices u0 =
(

0 0 0
)

, u1 =
(

1 0 0
)

, u2 =
(

0 1 0
)

and u3 =
(

0 0 1
)

, a translation vector x0 can be chosen so that the a�ne map x =

Ju + x0 takes TR to T . In this a�ne map, J represents the Jacobian matrix
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referenced to node x0 and can be determined from

J =







x1 − x0 x2 − x0 x3 − x0

y1 − y0 y2 − y0 y3 − y0

z1 − z0 z2 − z0 z3 − z0






. (6.1)

A tetrahedron TI is equilateral with all of its edges length one. The vertices

of TI are located at v0 =
(

0 0 0
)

,v1 =
(

1 0 0
)

,v2 =
(

1/2
√
3/2 0

)

and v3 =
(

1/2
√
3/6

√
2/
√
3
)

. If v = Wu is a linear map that takes TR to TI ,

the Jacobian matrix is given by

W =







1 1/2 1/2

0
√
3/2

√
3/6

0 0
√
2/
√
3






. (6.2)

The a�ne map that now takes TI to T is given by x = JW−1v + x0, and its

Jacobian matrix is Q = JW−1. The matrix norms, determinant or trace of Q can

be used to construct algebraic quality measures of T . The quality metric chosen

and reported in Table 6.1 is determined for the mth tetrahedron as [29]:

qm =
3σ

2/3
m

|Qm|2
, (6.3)

where σ = det(Q) and |Q| is the Frobenius norm of the Jacobian matrix Q de�ned

by |Q| =
√

tr (QTQ). This quality metric is slightly modi�ed by Escobar et al. [29]

by introducing the use of the positive and increasing function h (σ) instead of the

original σ. The quality metric is then rewritten as:

qm =
3h (σm)

2/3

|Qm|2
. (6.4)

This ensures element quality to be in the range of (0, 1]. The reason for doing

this is twofold.

� An inverted element has a negative Jacobian and so determining det(Q)2/3

poses a problem. The positive and increasing function h(σ) actually allows

the calculation of element quality for a negative determinant of the Jacobian

matrix.
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� The inverted elements have a quality close to zero so that the inverse of the

element quality approaches in�nity as elements become more degenerate. The

inverse of the modi�ed quality metric is set to a range [1,∞) using this mod-

i�cation. The inverted metric is used to construct an objective function for

simultaneous mesh untangling and smoothing during an optimisation proce-

dure by Escobar et al. [29]. In constructing the objective function per element

in this manner, inversion or degeneration of tetrahedral elements is penalised

heavily.

The positive and increasing function used is de�ned by [29]

h (σ) =
1

2

(

σ +
√
σ2 + 4δ2

)

. (6.5)

Here δ is chosen and applied when determining the quality of all elements in

such a way that

δ ≥ δmin =







√

ζ (ζ − σmin) if σmin < ζ

0 if σmin ≥ ζ
(6.6)

where ζ is taken as approximately machine epsilon (0 < ζ ≪ 1) or some user selected

minimum. This means that the �nal element quality for all elements can only be

determined after inspecting all elements for inversion. Constructing ζ in this way

insures h (σ) ≥ ζ. The implementation done for this report used python code with

ζ = 10−8.

6.4.2 Usable Skull Mesh Generation

The meshes used as an example to again analyse and determine di�erence in stress

�eld due to cranial shape variation in masticatory induced stress is �rst generated

on the average skull mesh surface. This mesh generated consists of 1′687′795 tetra-

hedral elements with a minimum element quality of 0.155 and an average quality

of 0.797, using the quality metric in Equation (6.4).

The tetrahedral mesh is deformed into the symmetric prognathic and orthog-

nathic skull representations. These representations are obtained by applying the

registration procedure discussed in this chapter. To obtain a prognathic and orthog-

nathic representation of the tetrahedral mesh generated on the average surface, the

following is done:

 
 
 



6.4. STEP 5: MESH QUALITY 107

Original Prognathic Orthognathic

Initial Improved Initial Improved

σ < 0 0 10 0 15 4
δ 0 0.0001169 0 0.0003271 0.0002487

min (q) 0.1549 8.48e-6 0.1042 7.48e-6 8.5e-6
max (q) 0.99998 0.99971 0.99966 0.99984 0.99958

average (q) 0.79713 0.78306 0.80434 0.78734 0.80894
q < 0.5 81568 90603 33173 87702 30886
q < 0.15 0 26 2 21 4

Table 6.1: Mesh Quality compared to original mesh generated from the symmetric
skull surface. The tetrahedral mesh representations representing the prognathic and
orthognathic skull shapes are then improved using MESQUITE [5] with boundary
nodes constrained.

� 40% of the known nodal displacement to either the prognathic or orthognathic

representation is applied to the boundary nodes of the tetrahedral mesh. This

is used in a linear elastic �nite element analysis with E = 16 GPa and ν = 0.3,

the same material properties used in the initial analysis to represent a linear

elastic bone material. The displacement is known as all of the surface mesh

representations have one-to-one correspondence and identical topology.

� Nodal displacement is extrapolated to the 100% mark. The updated nodal

coordinates after performing an FEA is used and the displacement from the

initial undeformed con�guration to the deformed con�guration is applied to

the original tetrahedral mesh using a scale factor of 2.5. Linear elastic elements

are used and so linear deformation may be assumed.

� The tetrahedral skull representation is optimised using the coordinates of

internal nodes as design variables while the boundary surface nodes are con-

strained. The MESQUITE Mesh Quality Improvement Toolkit [5] is used in

this step.

Original and improved mesh quality are visible in Table 6.1. Not only is the

average quality of the mesh improved but the mesh is also untangled with the

only inverted elements left after optimisation those on the surface where nodal

coordinates are constrained. The four surface elements that remain inverted after

quality improvement on the orthognathic skull mesh are shown in Figure 6.15.

These inverted elements are situated on the surface and is far removed from the
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Figure 6.17: Histogram illustrating the element quality of the optimised prognathic
and orthognathic mesh representations as well as the element quality of the original
mesh generated on the average skull surface.

facial area of interest. It is therefore decided that the result obtained from an FEA

would not su�er in their absence. These four elements are removed from all mesh

representations so there could still remain an identical mesh topology for all meshes

of interest. The �nal tetrahedral meshes representing the prognathic, orthognathic

and average skull geometry are visible in Figure 6.16. All have identical mesh topol-

ogy with a total of 1′687′791 elements. The histograms visible in Figure 6.17 show

the distribution of element quality for all three of the meshes visible in Figure 6.16.

The mesh quality of these tetrahedral mesh skull representations are fairly con-

sistent and would seem to be as a result of mainly the quality of the original mesh

generated.

6.5 Analysis on Registered Skull Geometries

The three tetrahedral meshes illustrated in Figure 6.16 are analysed for molar bite

force as an example. This is done to illustrate the bene�t of having the same mesh

topology with only a di�erence in nodal coordinates to represent all the geometries

of interest.

The nodes where boundary conditions are applied in an FEA are the exact
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(a) (b)

Figure 6.20: (a) Three di�erent meshes representing the orthognathic skull shape.
(b) Detail of the meshes in (a) illustrating a di�erence in nodal coordinate positions.
This is done for both prognathic and orthognathic skull shape. Three meshes repre-
senting each shape is used to quantify the in�uence the uniqueness of a registration
result obtained by this method has on the �nal FEA result.

ure 3.8. An FEA on all the meshes could produce an approximate quanti�cation of

the uncertainty in the results displayed in Figure 6.19 (c).

The surface representing the symmetric version of the orthognathic skull in Fig-

ure 6.14 (c) is used as the target surface during a registration procedure. Two elastic

surface registrations are performed with the generic mesh used in this chapter. The

smoothing parameters used in the procedure are chosen as:

� γ = 2, σ0 = 10 and f = 1.0715 and

� γ = 2, σ0 = 20 and f = 1.0715.

The original surface mesh representing the orthognathic skull shape along with the

result obtained from the two registrations are visible in Figure 6.20. Figure 6.20 (a)

shows that the three meshes represent the same geometry while the detail of Fig-

ure 6.20 (b) shows that there is not a unique representation. The nodal coordinates

close to feature registered areas coincide or are closely similar, even when using

di�erent smoothing parameters.

The same is done using the prognathic mesh surface as a target in the registra-

tion procedure, resulting in three di�erent meshes that represent this shape. The

tetrahedral mesh, generated on the average mesh illustrated in Figure 6.16 (b), is
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 6.21: The di�erence in Von Mises stress between the results obtained using
di�erent prognathic and orthognathic skull shape mesh representation. Three mesh
versions of the prognathic and of the orthognathic skull shape are used. An FEA
is done on the molar bite load case using all six meshes. The FEA result on the
prognathic meshes is compared to the result on the orthognathic meshes in the
same way as Figure 6.19 (c). In each row the same prognathic mesh is compared
to a di�erent orthognathic mesh while each column shows the result of the same
orthognathic mesh compared to a di�erent prognathic mesh. Contours are given
for the range [−2, 2] MPa.

 
 
 



6.5. ANALYSIS ON REGISTERED SKULL GEOMETRIES 114

Figure 6.22: Histogram illustrating the distribution of stress variation. The results
given in Figure 6.21 is categorised to show the small percentage of elements where
a signi�cant variation occur. The absolute value of these results are used and
normalised to illustrate them on the same histogram. The majority of elements are
seen to fall below 5% of the maximum absolute di�erence in Von Mises stress.

deformed using the displacement of boundary nodes. This is done as described in

section 6.4 and mesh quality improvement is performed to generate usable meshes.

P1 refers to the original prognathic mesh while P2 and P3 refers to the two

new prognathic meshes used in this subsection. The three orthognathic meshes are

referred to as O1, O2 and O3. The Von Mises stresses of the results on these six

meshes are compared in the same way as presented in Figure 6.19. Figure 6.21 shows

the di�erence in Von Mises stress when various combinations of representations are

used.

Figure 6.21 (a) is the same results as illustrated in Figure 6.19 (c) but shows

contours for σvMP1 -σ
vM
O1 in the range [−2, 2] MPa. Figures 6.21 (a), (b) and (c) are

generated by comparing the same original prognathic mesh result (σvMP1 ) with the

three di�erent orthognathic mesh results (σvMO1 , σ
vM
O2 and σvMO3 ). The distribution of

the absolute di�erence in Von Mises stress is given in Figure 6.22.

The �gures displayed in Figure 6.21 only show contours of the di�erence in

Von Mises stress for the range [−2, 2] MPa with the true range interval for each

comparison given in Table 6.2. Slight variation is noted in the di�erence in Von

Mises stress between the prognathic and orthognathic shape when comparing the
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Orthognathic 1 Orthognathic 2 Orthognathic 3

Prognathic 1 [−7.978, 12.839] MPa [−7.171, 12.332] MPa [−7.584, 12.232] MPa

Prognathic 2 [−8.169, 12.464] MPa [−7.239, 11.958] MPa [−7.619, 11.857] MPa

Prognathic 3 [−7.998, 12.367] MPa [−7.238, 11.860] MPa [−7.614, 11.760] MPa

Table 6.2: Range values for di�erence in Von Mises Stress. In each case the Von
Mises stress result of the analysis of a molar bite on a orthognathic skull representa-
tion is subtracted from the same analysis done on a prognathic skull representation
per element.

results displayed in Figure 6.21. The greatest deviation is visible for the second

column of �gures, especially in the bridge of the nose and upper mandible where

the bite force is applied. To inspect the variation in the di�erence in Von Mises

stress it is decided to compare the results used to generate Figure 6.21.

In Figure 6.23 the variation in di�erence in Von Mises stress is inspected. The

result obtained when comparing the original prognathic and orthognathic stresses

is used as a baseline. Four comparisons are made using the additional two prog-

nathic and two orthognathic meshes along with the original representations. Fig-

ure 6.23 (a) is the result used to generate Figure 6.21 (b) σvMP1 -σ
vM
O2 subtracted from

the result used to generate Figure 6.21 (a) σvMP1 -σ
vM
O1 . Contours are displayed for the

range [−0.8, 0.8] MPa while the true range for this result is [−4.93, 5.43] MPa. The

other three �gures also display contours for the range [−0.8, 0.8] and are as follow:

� Figure 6.23 (b) is Figure 6.21 (a) - Figure 6.21 (c).
(

σvMP1 − σvMO1
)

−
(

σvMP1 − σvMO3
)

= σvMO3 − σvMO1 has a range of [−5.20, 5.23] MPa.

� Figure 6.23 (c) is Figure 6.21 (a) - Figure 6.21 (d).
(

σvMP1 − σvMO1
)

−
(

σvMP2 − σvMO1
)

= σvMP1 − σvMP2 has a range of [−5.26, 1.99] MPa.

� Figure 6.23 (d) is Figure 6.21 (a) - Figure 6.21 (g).
(

σvMP1 − σvMO1
)

−
(

σvMP3 − σvMO1
)

= σvMP1 − σvMP3 has a range of [−2.50, 1.53] MPa.

The two additional orthognathic mesh representations have the greatest in�u-

ence on the variation in di�erence in Von Mises stress. The average nodal dis-

placement applied to represent each mesh is reported in Table 6.3. Considering the

average displacement required from the chosen generic surface mesh to represent

this geometry, it makes sense that the registration to the orthognathic surface would

be more sensitive to the user speci�ed smoothing parameters. A greater di�erence
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meshes representing it's principal shape components.

The results are compared by taking the di�erence in Von Mises stress. This is

because Von Mises stress is rotationally invariant. The di�erence in stress tensor for

instance is not an accurate representation of the actual di�erence in stress. Stress

tensors are recovered from a �nite element analysis on di�erent geometries with the

same mesh topology. For each di�erent mesh the same element is more than likely

to have a di�erent global orientation. A proper interpolation scheme is required or

one may compare invariants of the stress tensor such as the eigenvalues (principal

stresses).

In Figure 6.26, three di�erent contours are presented on the mesh representing

the average skull shape:

� (a) is the Von Mises stress contours for the range [0, 8] MPa resulting from an

FEA on the average skull shape with max
(

σvMaverage
)

= 15.334 MPa.

� (b) is the average of the Von Mises stresses for the range [0, 8] MPa re-

sulting from an FEA on the prognathic and orthognathic skull shape with

max
(

σvMprognathic + σvMorthognathic
)

/2 = 16.006 MPa.

� (c) is the di�erence in Von Mises stress σvMaverage −
(

σvMprognathic + σvMorthognathic
)

/2

for the range [−0.8, 0.8] MPa.

The distribution of the absolute di�erence in Von Mises stress illustrated in Fig-

ure 6.26 (c) is represented in the histogram of Figure 6.27. From this distribution

it seems that there is a highly localised area of the skull where signi�cant di�erence

in Von Mises stress is present. The majority of elements vary with less than 5% of

the maximum absolute di�erence in Von Mises stress. This means that the greater

majority of elements have an absolute di�erence in Von Mises stress less than 0.162

MPa with the maximum absolute di�erence in Von Mises stress 3.247 MPa.

Because the optimisation procedure is required to untangle and improve the

quality of the mesh, the coordinates of nodes on the average skull mesh is not the

exact same as the average between the prognathic and orthognathic nodal coordi-

nates. The di�erence between a node on the original average mesh and the location

of that node on the average between the prognathic and orthognathic mesh is about

0.181 mm. There are 2402 out of the total of 290569 nodes that di�er by more than

0.5 mm and 7 out of those di�er by more than 1 mm.
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