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Summary

There exists a need to estimate the potential financial, epidemiological and societal impact
that diseases, and the treatment thereof, can have on society. Markov processes are often
used to model diseases to estimate these quantities of interest and have an advantage over
standard survival analysis techniques in that multiple events can be studied simultaneously.
The theory of Markov processes is well established for processes for which the process
parameters are known but not as much of the literature has focussed on the estimation of

these transition parameters.

This dissertation investigates and implements maximum likelihood estimators for Markov
processes based on longitudinal data. The methods are described based on processes that are
observed such that all transitions are recorded exactly, processes of which the state of the
process is recorded at equidistant time points, at irregular time points and processes for which
each process is observed at a possibly different irregular time point. Methods for handling

right censoring and estimating the effect of covariates on parameters are described.

The estimation methods are implemented by simulating Markov processes and estimating the
parameters based on the simulated data so that the accuracy of the estimators can be
investigated. We show that the estimators can provide accurate estimates of state prevalence
if the process is stationary, even with relatively small sample sizes. Furthermore, we indicate
that the estimators lack good accuracy in estimating the effect of covariates on parameters
unless state transitions are recorded exactly. The methods are discussed with reference to the
msm package for R which is freely available and a popular tool for estimating and

implementing Markov processes in disease modelling.

Methods are mentioned for the treatment of aggregate data, diseases where the state of
patients are not known with complete certainty at every observation and diseases where

patient interaction plays a role.
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Chapter 1: Introduction

1.1 Problem statement

There exists a need to estimate the potential financial, epidemiological and societal impact
that diseases, and the treatment thereof, can have on society. For example, the Department of
Health in South Africa has a limited amount of resources that is being made available to them
by the treasury. This budget has to be spent as fairly and effectively as possible and it would
therefore be beneficial for the decision makers to have an idea of the potential impact that
certain medical interventions may have. As another example, when a healthcare funder like
the Department of Health or a medical insurance fund has to decide if they will reimburse a
new treatment, it may be of interest to them to estimate the long term effects of such an
investment on the morbidity and mortality of the patients receiving the new treatment. The
long term financial impact may also be of interest when deciding if the new treatment should

be reimbursed.

When comparing the long term effects of a new treatment option with the current treatment of
a disease one may want to consider a sequence of disease and / or treatment related events.
Cancer patients for example can undergo surgery to have cancer cells removed and thereafter
be in a “disease free” state. Then the cancer cells can reappear at the same site (local
recurrence) or the cancer cells can spread to another part of the body (metastasis) or the

patient can die!®”.

We know the patient will die eventually from cancer or other causes of
death but one may want like to investigate the time until death for the new and current
treatment options, the difference in time until death after a local recurrence and after
metastasis, and the possible avoidance or prolonging of a local recurrence or metastasis with

the proposed new treatment option.

Longitudinal data consists of repeated measurements of the state of a patient and the time
between observations and can therefore be used to answer the research questions posed in the
preceding paragraph. Longitudinal data is available from clinical trials since these trials are
often done over a period of time with observations being made on patients at regular (or
sometimes irregular) time intervals until the patient dies, is removed from the trial or the

[5,56,47]

study ends An extract of two patients from a study by Klotz and Sharpless”” is
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shown in Table 1 to give an example of longitudinal data. The study by Klotz and Sharpless

will be discussed in more detail in Section 2.4 of the dissertation.

Patient ID Time (Year) Status

001 0 Disease free

001 1 Disease free

001 2 Mild disease

001 3 Mild disease

001 4 Mild disease

001 5 Moderate / severe disease
001 6 Death

002 0 Disease free

002 1 Disease free

002 2 Moderate / severe disease
002 3 Death

Table 1: An example of longitudinal data

[55]

Standard survival analysis techniques like Kaplan Meier survival curves and Cox

[19]

regression models" - can be used when one wishes to study the time until a specified event

occurs. This however fails to describe a sequence of events and does therefore not utilise all

the information that longitudinal data can provide if multiple events are studied.

Markov processes posses a potential solution to the modelling of a sequence of events with

(1941 and have been used on several occasions in the literature

[85,22,113,46

the use of longitudinal data
especially in the field of pharmacoeconomics ], Markov processes are favourable to
the modelling of diseases when a disease can be grouped into a set of exhaustive and

mutually exclusive health states, thereby forming a multi-state model.
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The theory of Markov processes is well established for processes for which the process
parameters are known but not as much of the literature has focussed on the estimation of

these transition parameters!'®’.

Furthermore, various assumptions are often made in terms of
the structure of the processes that are used in the construction of Markov processes used for
disease modelling. These assumptions include constant risks of events over time and that all
subjects represented by the model are homogenous in terms of their risks of future events.
These assumptions are made to simplify the implementation of the model, but are sometimes
not robust since transition parameters may change over time based on the occurrence of an
event. One example of this is the increased risk of death in the first 30 days after a
myocardial infarction, but with the risk decreasing thereafter’® which is a violation of the
assumption of constant risks of events over time. The Framingham heart study indicated that,
amongst others, smoking, high blood pressure and a history diabetes increases ones risk of

having a stroke!*".

This indicates that it will be inappropriate to assume a group of patients
all have the same risk of a stroke if the group contains smokers and non-smokers, patients
with significantly varying blood pressure levels and some with diabetes and some without

diabetes.

Another problem in disease modelling is that the data used to estimate the process parameters
often contains censoring. Censoring occurs for example when the time until an event is not
observed but known to be greater than some non-zero value. The state of the process can also
be censored depending on how frequent the process is observed. Ideally one would like to
observe state transitions at the exact time that it occurs, but this is not always practically
possible. The state of the process is often observed at some predefined time points and such

data is called panel data.

This dissertation discusses methods for implementing Markov processes based on the
frequency of observations, with the inclusion of estimating the effects of covariates on the
transition parameters. Methods for dealing with transition parameters that change over time

are also mentioned.

Markov processes are not suitable for modelling all disease types and answering all disease
related questions due to the complexity that is involved in the modelling of some diseases. It
is therefore important to highlight situations when researchers should consider alternative

methods. This will be discussed in the concluding chapter of the dissertation.
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There is a vast amount of literature available on the estimation of the processes and it will not
be feasible to discuss all these methods in detail in this dissertation. This dissertation will
focus on the first article written to estimate Markov processes with a discrete time variable
and the first article written for estimating the parameters of a continuous time process. Then
the literature used to construct the msm package! of RPY will be discussed since this
package is often used in practise when estimating Markov process parameters. The methods
will be implemented by simulating processes and estimating their parameters. The methods
will then be discussed and compared in terms of accuracy, complexity, and possible

shortcomings

The dissertation will conclude by mentioning recent advances in the literature not included in
the msm package for R that can also be used for estimating Markov process parameters.
Other scenarios whereby Markov processes should be avoided for disease modelling will also

be discussed.

All computer procedures were written in R®" and are shown in Appendix 2. These programs
were executed on a computer with a Intel® Geon® 3.33 GHz CPU and 24 GB RAM with a
64 bit Windows 7" operating system. The computer specifications are provided since

comments are made on the run time for some procedures.
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1.2 Dissertation outline

This chapter will continue with a literature review which will review the current literature that

is available on the topic of Markov processes and the estimation of Markov processes.

Chapter 2 will provide background information for Markov processes which will consist of
measure theory, the Markov property, Markov chains and Markov jump processes and finally
a brief overview of some survival analysis concepts and a discussion thereof. The terms
Markov chains and Markov jump processes will be used in the remainder of Chapter 1 but
will only be formally introduced in Chapter 2. Markov chains refer to Markov processes in
discrete time and Markov jump processes refer to Markov processes in continuous time, both
with discrete state spaces. The term “Markov process” will be used as a collective term for

Markov chains and Markov jump processes.

Chapter 3 will review maximum likelihood (ML) estimators for Markov chains and Markov
jump processes. The chapter will start with Markov chains since the theory involved is
thought to be easily understandable and since this is the type of Markov process for which
ML estimators of Markov processes was initiated. Then a Markov jump processes of which
all transitions are observed exactly will be discussed. This discussion involves a lot of
seemingly complicated measure theory and therefore an alternative derivation of these results
for Markov jump processes will be provided which is thought to follow a more
comprehensible approach. The assumption of observing all transitions exactly will be relaxed
and methods for handling this type of censored data of will be discussed. Notes will be made
on how covariates can be included in the methods discussed and how censored time should be
handled. Methods for testing the goodness-of-fit models of Markov processes will also be
described. The methods discussed in Chapter 3 will focus on the msm package for R since, as

we show in the literature review, this package is often used in multi-state models.

Chapter 4 will implement the estimation techniques discussed in Chapter 3 by simulating
Markov processes with different observation schemes and estimating the parameters thereof
based on the simulated data. We will start with the observations that are observed exactly and
discuss how covariate effects can be implemented. Then we consider processes that are
observed at equidistant times, processes that are observed at the same irregular time points
and finally the case where all processes are observed at possibly different irregular time

points. We conclude with an example where all processes are observed at possibly different
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irregular time points with the inclusion of covariate effects. Goodness-of-fit tests will be

implemented and discussed throughout to indicate their ability to assess model fit.

Chapter 5 will contain a discussion of the techniques described in the preceding chapters.
The discussion will include suggestions on when which types of the discussed estimation
methods will be the most suitable in terms of the observation scheme of the data. The
discussion will end with an overview of other disease modelling techniques that are available
which fall outside the scope of this dissertation and situations when these methods should be

considered as opposed to Markov processes.

The flow of the dissertation is illustrated in Figure 1. All chapters will commence with a

brief introduction to the contents of the chapter and will be concluded with a summary.

» Overview of

* Measure theory

» Markov chain and
jump processes

» Survival analysis

* Markov chains

* Markov jump
processes

* Goodness-of-fit
methods

e Exactly observed methods

transitions

* All processes are
observed at
equidistant times

» All processes are
observed at the
same irregular
times

* All processes are
observed at
possibly different
irregular times

» Alternative disease
models

* Summary

Figure 1: Dissertation outline
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1.3 Literature review

The literature review consists of two sections. The first section looks specifically at Masters
degree and Doctorate degree dissertations and theses (for the remainder of this dissertation
the term thesis will be used to refer to both theses and dissertations unless otherwise
specified) that were done at South African universities on the topic of the use of Markov
processes in disease modelling. This was done to determine the extent to which postgraduate
research has been done in the area of Markov processes in disease modelling at South African

Universities.

The aim of the second section of the literature review is to identify all influential papers and
books that have contributed to the estimation of the parameters of Markov processes in South
Africa and internationally. Due to the topic of this dissertation, preference was given to
techniques that are based on clinical data or data that are presented in a similar fashion as

clinical data.

The literature review did not include work that focussed on hidden Markov models as this
falls outside the scope of this dissertation but some comments will be made about the use of

hidden Markov models in disease models in Chapter 5.

The outcome of the literature review for the two sections will be described separately and will

be followed by a summary of the two sections.
1.3.1 South African literature on Markov processes for disease modelling

Previous theses at South African universities were searched using the UCTD database which
is provided by the University of Cape Town. This database contains all theses from South
African universities. The UCTD database was searched using the keywords ‘Markov’ and
‘Disease’ and this yielded no results. The database search was broadened by using only the
term ‘Markov’. This exercise yielded 47 results of which 12 were repetitive. None of these
theses were focussed on disease modelling. The results from the UCTD database were

T . . ) 2,1 2,110,100,111,1 11,101,83,1
applications of Markov modelling in speech recognition?*'?7:$%9110:100.111,106 63,85 11,101,83,108]

optical recognition!’!"-%11472:1099.80] 1 pived-order hidden Markov models

[7,66,105,62,78,76,71,61,

[96.2852] o4

others HZ131 but none of these theses were associated with disease modelling

or the estimation of the transition probabilities of standard Markov models.
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Next, the UCTD database was searched using the terms ‘Disease modelling’ and this resulted
in three theses. One of these theses modelled the co-infection dynamics of HIV-1 and

2] and the other modelled the relationships between clinical markers of HIVI*.

Tuberculosis
These two theses did not use Markovian methods. The third thesis, entitled Stochastic
analysis of AIDS epidemiology by Labeodan MMOP®, is a PhD thesis that contained,
amongst others, methods for estimating transition rates between two states of a stochastic
model, but it was not focused on the estimation of Markov process parameters based on

longitudinal data as intended in this dissertation.

The UCTD database was further searched using the term ‘disease simulation’ which yielded

the dissertation by Du Toit*” on the co-infection of HIV-1 and TB.

With the goal of identifying South African dissertations on the estimation of transition
probabilities in Markov processes the UCTD database was searched with the term ‘transition
matrix” and this yielded no results. A search for the term ‘rate matrix' yielded one thesis®*

which did not have any relevance to the Markovian setting.
1.3.2 Literature on the estimation of Markov process probabilities

A literature review was conducted by searching for the terms ‘estimation’ AND ‘transition

probabilities’ OR ‘transition rates” AND ‘Markov process’ on the following databases:

e Statistical theory & methods
e Zentralbalt — MATH

e MathSciNet

e Scopus

e Current index to Statistics

e JStor

e ISI web of knowledge

Results from these searches were filtered to obtain only papers with primary focus on the
estimation of the transition probabilities of a Markov process. All papers dealing with hidden
Markov processes were disregarded. This resulted in 12 articles. Due to the relatively low
number of articles obtained, it was decided to generalise the search by searching for the terms

‘Markov process’ AND ‘estimation’ AND ‘matrix’. This was done on the following

CA Marais
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databases which are thought to be the most relevant databases for the field of disease

modelling:

e Scopus
¢ Bulletin of Mathematical Biology
e Mathematical Biosciences

e ISI web of knowledge

The last mentioned literature search was limited to articles from the year 2000 onwards to
ensure that the most recent articles are obtained. The “classic” articles dating back prior to
2000 for the estimation procedures were identified from the introductory notes of these more

recent articles.
1.3.2.1 Outcome of literature search on estimation of transition probabilities

The theory of stochastic processes is summarised in various textbooks and articles. Four of

the most referenced textbooks are The Theory of Stochastic Processes by Cox et al.?% An

[33

Introduction to Probability Theory and Its Applications by Fellet Introduction to

Stochastic Processes by Cinlar'® and Stochastic Processes by Doob*®),

Many articles were found which described the implementation of Markov models in disease

modelling. These include the use of Markov processes in modelling hepatitis C!'%,

[31,56 ,29,15 41,69]

] diabetes!*"®), diabetic retinopathy! and trachoma infection®® (both are

90]

cancer

)[35,68,64,95,40,38,74]
9

, Human Immunodeficiency Virus (HIV and

[51,97,57]

eye diseases), malarial

cardiovascular diseases

[53,103,104 84,25]
5

I, geology!
94]

Markov processes are also used in, amongst others, the social sciences

30,24] [37]

marketing”***, process control!”), veterinary sciences”’”), weather prediction' and

linguistics™*.

The first and one of the most referenced articles for the estimation of the transition
probabilities in Markov chains is the article by Anderson and Goodman which was published
in 19571, In this article the likelihood function for a Markov chain is derived and maximised
to find the ML estimators for the entries of a transition probability matrix (TPM). The
asymptotic behaviour of the estimators is also discussed. Furthermore, methods for testing

whether transition probabilities are equal to a specific hypothesised value are discussed.
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In 1962 the work of discrete time Markov chain ML estimator of Anderson and Goodman'®!

was extended to a continuous time Markov jump process ML estimator. This was done by
Albert™ in a paper where the transition probabilities are derived from estimated transition
intensities for the case of stationary intensities. It is shown that if there is a positive
probability for the process to be in any of the possible states for a certain time interval, [0, t),
the estimator will be consistent and the residuals of the estimated transition intensities will
follow an asymptotic normal distribution. These results are true for the case when the

number of observations, or the time interval, tends to infinity.

Markov models were used in the social sciences from 1964 and this led to interest towards the

104 - - -
1. Markov processes in the social sciences

estimation of Markov process parameters!
involved the study of, for example, the movement of people through “Single”, “Married”,
“Divorced” states. Tuma is one of the authors from the social sciences who contributed
towards the use and implementation of Markov processes. In 1979 Tuma was the lead author

(103104 that described the likelihood function of a Markov jump process. It is

of two papers
shown in Section 3.4 that the likelihood function in the one paper by Tuma is the same as that
of Albert” in the case of a stationary Markov process. Tuma does provide an alternative
method for deriving the likelihood function which is flexible enough to incorporate

nonstationary Markov processes and the effect of covariates on transition rates.

Due to the nature of clinical trial data, the complete outcome of all patients is often not
known by the time the trial is finished. Furthermore, since observation times in a clinical trial
are often predetermined or sometimes irregular, the exact time at which a process transitions
between states can be unknown and some transitions may not be observed at all®®. This has
led to additions to the literature. In 1985 and 1986, Kay[56], and Kalbfleisch and Lawless[53],
respectively considered methods for which the assumption of observing transitions exactly, or

at equidistant time points were relaxed.

Kalbfleisch and Lawless”®®! provide a ML estimator for a Markov process of which all
transitions are observed at the same irregular time points. This method requires optimising a
likelihood function for which closed form expressions of the ML estimators cannot be
provided and therefore they provide an iterative quasi-Newton method to optimise the

likelihood function.
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The method of Kay"® does not require all processes to be observed at the same time points
and makes provision for the fact that a transition to the death state is often observed within a
day and adds this information in the likelihood function. The method of Kay also requires a

likelihood function for which closed form expressions of the ML estimators are not available.

There is often great interest in the effect that some characteristics of the units being studied
may have on the parameters of a Markov process. As previously discussed, it has been
shown that smoking, diabetes and high blood pressure increase the risk of strokes. One may
also wish to assess the influence that a medical intervention has on the wellbeing of patients
with a certain condition. The methods of Kalbfleisch and Lawless’™ and Kay”® make

provision for the inclusion of covariate effects on the transition parameters.

In 2002, Jackson!*” constructed a library for R called msm which can be used to estimate the

parameters of Markov processes. Jackson refers to the work by Kalbfleisch and Lawless?’!

136 for deriving the likelihood function of a Markov jump process which can handle

and Kay
censored data and include covariates. These methods are then used to construct a likelihood

function and thereafter estimate the parameters of the process.

It would be difficult to provide an accurate estimate of the number of people using the msm
package. The msm user manual™! invites the users thereof to inform the author when they
use the package for the personal interest of the author. I enquired with the author about the
number of people that have informed him of the use of msm and he indicated in an email on
the 10™ of March 2010 that he estimates 100 people have informed him of such usage. It
therefore seems that the msm package is used frequently. Published examples of the use of

[102

the msm package include Sweeting et al.l'", Gautrais et al.’’), Grassly et al’®*! and

Mekonnen et al.l”*)

. In an unpublished article by Jackson™", reference is made to seven other
articles that have made use of the msm package and it is also mentioned in this article that the

msm package is “frequently used” in the studies of chronic diseases.
1.4 Summary

The field of pharmacoeconomics is growing in South Africa and more generally the Southern

]

African Development Community™ and provides a possible approach for optimally

allocating scarce financial and human resources to the Southern African population. Due to

the use of Markov processes in pharmacoeconomics and the growing demand for
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pharmacoeconomics, the techniques discussed in this dissertation can be used in the future

planning of healthcare resources in Southern Africa.

There has been one Masters'>” and one Doctorate®® level thesis in South Africa concerning
disease modelling but none were focussed on specifically using Markov processes in disease
modelling or the estimation of the parameters thereof. This suggests that interest in disease
modelling may be growing, but there is still a lack of locally available literature regarding the
use of Markov models in disease modelling. Globally, the literature on the estimation of the
transition probabilities of Markov chains was initiated by Andersen and Goodman ! in 1957.
This was followed by the extension of these methods to the continuous time Markov jump
process transition rates in 1962 by Albert™®. Thereafter the estimation techniques developed
so that censored observations and the effect of covariates on the process parameters could be

incorporated.

In this dissertation the background knowledge of Markov processes will be provided from the

1.[201 bl 8]

textbook by Cox et a and Doob™. Then the ML estimators of Andersen and Goodman!

and Albert™ will be discussed in detail and implemented with an example. The methods by

104]

Tuma et al."* will be discussed to indicate an alternative approach to constructing a similar

likelihood function to that of Albert.

The msm package for R developed by Jackson!*” is thought to be an important and widely
used tool in the use of Markov processes in disease modelling and therefore the methodology
followed by this package will be explored in detail. The methods by Kalbfleisch and

[56]

Lawless'™ and also Kay"® will be discussed since these methods are used in the msm

package.

The methods by Andersen and Goodman™, Albert™, Tuma et al.!'™ Kalbfleisch and
Lawless”™ and Kay"® will be implemented and compared with the output from the msm

package for R produced by Jackson!*".

Twenty one articles were mentioned in Section 1.3.2.1 that used Markov models in disease
modelling. These articles were investigated to assess if Markov chain or jump processes were
used in the model construction. This could not be determined for two of the articles, ([68]
and [29]), due to restrictions on the access to the articles. For the remaining 19 articles, 17
(89%) used Markov jump processes. It therefore seems that time is mostly considered to be

continuous when Markov processes are used in disease models. The choice of continuous
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time over discrete may be caused by the greater ease at which individual based simulation
models can be implemented with Markov jump processes compared to Markov chains.
Individual based simulation models simulate the path of a few processes individually up to a
certain time point or until the process reaches a state from where no transitions can occur.
With stationary Markov jump processes, the time until the next event is sampled from a
exponential distribution, whereas the the state of the Markov chain needs to be determined at
the end of every discrete time point which can result in many transitions to the same state.
Methods in which time is considered to be continuous will therefore be discussed in more
detail in this dissertation with notes being made on how to calculate the parameters of

Markov chain processes from the estimated parameters of Markov jump processes.

Advances in the estimation of the parameters of Markov processes since the development of
the msm package will be mentioned in Chapter 5 along with Hidden Markov processes,

dynamic modelling and Bayesian methods.
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Chapter 2: Preliminary background

Chapter 2 will provide background information on some topics being used in the dissertation.
Markov processes are a specific type of stochastic process which is a subject that relies on
measure theory. We therefore begin the overview with some measure theory results, building
up to the definition of a random variable and then a stochastic process. The Markov property
for stochastic processes is then discussed with an overview of two types of Markov processes
which differ in their treatment of time. Some results for Markov processes are provided

followed by a few topics often used in the more general context of survival analysis.
2.1 Measure theory

As in many areas in statistical literature, Markov processes deal extensively with the
probabilities of a set of possible results of an experiment whose outcome is unknown before
the experiment starts. We are interested in answering questions such as what possible
outcomes the experiment can have, what the probabilities are that the process will have such
outcomes, and how these probabilities should be measured. This creates a need for some
concepts and definitions from measure theory. The definitions introduced were all taken

from Cinlar!'® unless stated otherwise.

Definition 1
An experiment whose outcome is not known in advance is defined to be a random
experiment.

Definition 2
All the possible outcomes of an experiment is defined as the sample space and will be

denoted by the non-empty set .

In the case of a two sided coin toss experiment, for example, the sample space will be
{Heads, Tails}. Applied to disease modelling, the sample space may be {Alive, Dead}
which denotes the state of a patient at a specific point in time. The sample space will expand

as more states are considered, for example {NoTumor, Tumor, Dead}.
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An event of the sample space is a subset of the sample space and is denoted by A. In the coin
toss example a possible event can be Heads or Tails for example. The outcome of an

experiment is denoted by w.

Definition 3
The complement of A is denoted by A€ and represents the set A = {w € Q; w & A}.
Definition 4

The union of two events A; and Aj; i # j is defined as the set
AjUA; = {w EQwEAorw EA]-}.
The union of more than two events is be denoted by U; 4;.

Definition 5

The intersection of two events A; and Aj; i # jis defined as the set
Ain4j={weQweAlandw € A}
The intersection of more than two events is be denoted by N; 4;.

Definition 6

Consider a space F and a collection of subsets A;,4,,... € Q. If A; € F Vi, F is said
to be closed under the formation of countable unions if U;2, 4; € F. Similarly F is
said to be closed under the formation of countable intersections if N2, 4; € F.
Furthermore, F is said to be closed under the formation of complements if for any
subset A S Q, A€EF = A® € F. The notations introduced in this paragraph were

taken from Rosenthal®™.
Definition 7

The empty set is denoted by ¢ and has the following properties: ¢ = Q¢ and Q = ¢¢.
Definition 8

Two events A; and A; are said to be disjointif 4; N 4; = ¢.
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Definition 9

A measure on a space A is defined to be the operator y such that it has the following

propertiest**!:

e u(A;) =0V A; € A (nonnegativivity)
o u(N;4;) =X;u(4;) ifall Ajs are disjoint (countable additivity)

Definition 10

A counting measure, C, is defined on any set A, such that C(A) € N is the number of

elements in the set A and N is the set of positive integers. C has the following

properties:
o If A is finite we have C(A) = card(A) where card(A) is the number of
elements in A.

e If A is infinite we have C(A) = oo

Definition 11
A probability measure of a sample space is denoted by the function P and has the

following properties:

e 0<P(A) <1 foranyeventA
e P()=1

o P(Uj2{4;) =22, P(A;) for a sequence of disjoint events Ay, A, ...

The definition of a probability measure is taken from Rosenthal®.

Definition 12

A sigma algebra (written as g-algebra), also known as a o-field, is the set F which
contains () and ¢ and is closed under the formation of complements, countable unions

and countable intersections.
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Definition 13

A probability space, also known as a probability triple, is denoted by (Q, F, P) where
e () is the sample space
e Fisao-algebra
e P is a probability measure which maps F — [0,1].

Definition 14

There exists a probability space (Q,F,P) such that Q = [0,1], F contains all the
intervals in [0,1] and for any interval I € [0,1], P(I) is the length of the interval and is

as such a Lebesgue measure for the space.

Definition 13 and Definition 14 were taken from Rosenthal®>,

Definition 15

A property, say D, on a measure space (€, F, P) is said to hold almost everywhere if
the property D holds for all points in the set, except a set of points for which the

measure is zero.
The term “almost everywhere” is also often written as “almost all”.

Two properties of probability measures that will be used in this dissertation are provided

below:

e The conditional probability of event A given that event B has occurred is denoted by

P(A|B) and is calculated as follows:

P(ANB)
P(B)

P(A|B) = given that P(B) > 0. (1)

e Two events A and B are said to be independent if P(AN B) = P(A)P(B). From
Equation (1), we then have that if A and B are independent, then P(A|B) = P(A).
Definition 16

A random variable, X, is a function defined on a probability space (Q, F, P), which

assigns a value to each outcome w € Q.
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Random variables are also called stochastic variables and are written in upper case and the
realisation thereof is written in lower case letters, for example x,. Random variables do not
have to be written with a subscript as we do here by adding a £ to the notation. The subscript
is merely added to illustrate that we talk about the state of a system at a certain point in time.
Consider for example a disease modelling example with sample space
{NoTumour, Tumour, Dead}. Before a patient is observed it is not known in which one of
these three states the patients will be at certain times. This is therefore a random experiment.

A possible outcome for the random variable at various values of £ is as follows
X,(w) = NoTumor
X,(w) = NoTumor
X3(w) = Tumor
X4(w) = Dead.

Definition 17

A stochastic process is defined as the collection {X,;t € T}. The set T denotes the
parameter space of the process. The parameter space can be any indexing parameter
but time is usually used being either discrete or continuous. The exhaustive set of all
possible values that the stochastic variable can take on is called the state space of the

process and is denoted by W,,.

If the state space is enumerable, the process is said to have a discrete state space and
otherwise the state space is said to be continuous. Only stochastic processes with discrete
state spaces and a finite number of states will be considered in this dissertation. A discrete
state space consist of s mutually exclusive and exhaustive states and so we have W, =
{1, ..., 8}. The definitions of a random variable and a stochastic process of Cinla '] have been

adopted to suit the purposes of this dissertation.

An observed stochastic process, {xtl, Xtyr oeer xtn}, can be represented graphically as a sample
function. Since we are only concerned with Markov processes with discrete states, a sample
function will be discontinuous where jumps occur and will therefore be represented by a step
function. An example of a sample function of a Markov jump process with s = 10 is shown

in Figure 2.
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Figure 2: Example of a possible sample function for a Markov jump process

Through the probability space on which the stochastic process is defined, the joint
distribution function of a finite number of X,’s can be determined. For any collection from
the parameter space, {£;,%,,...,%,}, the joint distribution function of a set of possible

outcomes, {xtl, Xpyr v xtn}, of X is given by

Fth'th’_”th(xl, X7, ...,xn) = PI:)(;t-1 < xl,th < X7, ...,th < xn]

= P[w|X,t1(a)) < X1, Xe, (@) < X3, ., Xy, (W) < xXn]-

Definition 18

A stochastic process is said to be stationary, if for any integer n, and any values
t; <1, <--<%, €T and any value k such that t; + k < Z, +k <---<1t,+k €

T the joint distribution function of X, , X, ..., X, is the same as the joint distribution

function of Xy 4, X¢, 140 s X1k
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2.2 Markov processes

Definition 19

A stochastic process {X;;* € T} defined on (Q, F, P) is called a Markov process if

and only if the following property holds™*":

PlXtysy = Xty Xy = Xt Xy = X0 Xy, = Xty o]

= P[an+1 = xtn+1|an = xfn]'

In laymen’s terms this means that at time n the probabilities for a state of the process at the

next time step, n + 1, is only dependent on the current state of the process.

Markov processes were introduced in 1907 by the Russian mathematician Andrei Andreivich
Markov when he investigated the alternative use of vowels and consonants in the poem
Onegin by Poeshkin. He constructed a model where successive results depended on all their
predecessors only through the immediate predecessor. The model allowed him to obtain good

[36]

estimates of the relative frequency of vowels in the poem Markov processes have

70]

received a significant amount of attention since then "%, The properties of Markov processes

are well known and provide a powerful set of results, especially for stationary processes.

Some properties of Markov processes are discussed below. This does not serve as an
exhaustive description of the vast amount of properties that are available in the literature but
merely focuses on some of the properties that are useful in disease modelling. For more
information on the properties of Markov processes and the proofs thereof, the interested
reader is referred to Cox[zo], Doob[26], Cinlar''® and Feller®. Markov processes will be
discussed separately for those with a discrete time parameter (Markov chains) and those
processes with a continuous time parameter (Markov jump processes). It should be noted that

Equation (2) holds for Markov chains and Markov jump processes.
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2.2.1 Markov chains

A brief introduction of the properties of Markov chains will be provided below, all of which
are taken from the textbook by Cox*” unless stated otherwise. For all the discussions on

Markov chains the stochastic process {X;; # € T} defined on (Q, F, P) will be considered.

The notation of Markov processes can be simplified by the introduction of a TPM. If we let

P[X, = j|X,, = i] be denoted by pl-(}n’n), then the TPM of a stochastic process is the s X s

matrix P™ such that p-(m’n)

ij  is the (i, ™ element of the matrix and P(™™ is the identity

matrix. A TPM is a stochastic matrix with the properties that all the elements are nonnegative

and less than or equal to one and that the sum of the elements in every row is one.

Definition 20

The 1 X s row vector pj = (py, 2, -, P,) is called a distribution vector and its k™

element denotes the probability that the process will be in state k at time j and this is

also known as state prevalence. The distribution vector p; has the property that its

elements sum to one since the process must be in one of the states of the process at

any given point in time.

Due to the definitions of the TPM and the distribution vector the following useful relation is

obtained:
i1 = pjPUITY,

To calculate the probability of moving from one state of a Markov process to another between
two predetermined time points, the Chapman-Kolmogorov Equations can be used. The

Chapman-Kolmogorov equations state:

, D
pl'(;nn) - Z P )P,((jn) form<l<n. )

In matrix notation this is written as

pmn) = pmDpln) form <[ < n. (4)

n)

In the case of a stationary Markov chain, pl(]m is only determined by the difference between

m and n. In this case the notation for the one step TPM is simplified to P and the Chapman-
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Kolmogorov Equations simplify to PM = pl-mpn-l = pn=m  Gijyven, an Iinitial
distribution vector pg, the distribution vector at any time point k € T can then be calculated

with the following formula:
Pi = poP". (5)
Equation (5) can be generalised for a nonstationary process as follows:
p. = poPOVPA2APpE3)  plk-1i) (6)

It should be noted that Equation (5) can be used if k is not an integer. An example of this is
when a Markov chain represents yearly transitions between states and the distribution vector
needs to be calculated for a time point between the start and end of a year. This can be done
if P is decomposed as P = AAA’ where the i column of 4 is the i"™ eigenvector of P and A
is a diagonal matrix with i entry equal to the i eigenvalue of P. The matrix P¥ can then be

calculated for any real value of k as follows:
P* = AAkA'. (7)

A¥ in Equation (7) is calculated by raising each diagonal entry of A to the power k € [0, )

since the off-diagonal entries of A are zero.

Equation (7) can then be used to calculate Equation (5) for any real value of k. It should be
noted that Equation (5) will still hold if the distribution vector, p,, contains integers
representing the absolute number of units in each of the states. In this case the sum of the
elements of the distribution vector will equal the number of units being studied and it will be

the same value for all values of k.

States can be classified in terms of their accessibility to each other by the transition

probabilities to move between them.

Definition 21

State j is said to be accessible from state i if there exists some value n > 0 such that

pi(}l) > 0.
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Definition 22

If there exists some values n > 0 and m > 0 such that p-(")

i > 0and p](.:") > 0, states i

and j are said to communicate.
In laymen’s terms state j is said to be accessible from state i if it is possible for the process to
move from state i to state j in a finite number of steps and these states communicate if it is
possible to move back and forth between these states at least once in a finite number of steps.
Definition 23

Two, or more, states are said to be in the same equivalence class if the states

communicate with each other.

The states of a stochastic process can therefore be classified into equivalence classes
depending on which states communicate with each other.
Definition 24

If there is only one equivalence class, all the states communicate with each other and

the stochastic process is said to be irreducible.

Let fig.n) denote the probability that the process will visit state j for the first time after n steps

given that the process started in state i and let f;; = X7, fig.n).
Definition 25

State i is called recurrent if f;; = 1 and transient if f;; < 1.

In other words as time tends to infinity, once the process has left a transient state there is a
positive probability that the process will not return to the transient state, whereas the process
is expected to return to recurrent states at some point in time.
Definition 26

States for which the probability of leaving the state is zero are called absorbing

states.

Markov processes that model diseases will often have “Death” as a recurrent and absorbing

state. If a Markov chain has one recurrent state, the state will be an absorbing state.
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For a stationary Markov chain with recurrent and transient states, there is a well known result
that can be used to calculate the estimated amount of time that the process will spend in each
of the transient states before the process is in one of the recurrent states. This is useful in
disease modelling since it can be used to estimate the amount of time that patients are in

“Alive” states before moving to the “Death” state.

For a stationary Markov chain with m transient states and m — s recurrent states, the one step

TPM can be written as follows:

p= Q R]_ (8)

[0 Py

In Equation (8), Q refers to the m X m TPM for the transient states, R refers to the m X
(m — 8) TPM for movement from the transient states to the recurrent states, the matrix 0 is a
(m — 8) X m matrix with all elements equal to zero which represent the zero probabilities to
move from recurrent to transient states, and P, represents the (m — 8) X (m — s) TPM for
movements between the recurrent states. The following property of Q is useful in disease

models:

The expected number of visits from transient state i to transient state j before
(9)
moving to a recurrent state is equal to the (i, /)™ element of (I — Q).

In Equation (9), the expected number of visits to a state can also be interpreted as the amount

of time spent in the state.

Definition 27

The expected number of time units that the process will be in a state in a single visit is

called the mean sojourn time of state i.

The sum of the i™ row of (I — Q)~! is the expected amount of time for which the process
remains in transient states before moving to a recurrent state if the system starts in the i

transient state.

For example, if we have a disease that can be approximated by a stationary Markov chain

with sample space

{DiseaseFree, BeningTumour, MalignantTumour, Metastasis, Death}
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and TPM
[ 0.7 O 2 0.05 0 0.05]
0.6 0.1 0.05 0.15
=10.05 0 4 025 03] (10)
[0 05 o 0.5 0.45
0 1

we then have that

0.7 02 005 O

0=|06 01 01 005
005 0 04 025[

005 O 0 0.5
and so

6.38 1.42 0.78 0.52

11
(I—-Q)1= 439 2.09 0.71 0.57 ()
0.80 0.18 1.76 0.90(
0.64 0.14 0.77 2.05
The sum of the rows of the matrix in Equation (11) are given by
4 9.10
- 7.75
ZU ~ Qi = |3.64] (12)
J=1 291

So if a patient enters the model in the DiseaseFree state, he/she is expected to stay in the
DiseaseFree state for 6.38 time units, be in the BenignTumour state for 1.42 time units, be
in the MalignantTumour state for 0.78 time units and be in the Metastasis state for 0.52
time units. After all these visits to the transient states, the patients is expected to move to the
death state. It is therefore expected that such a patient will be alive for 9.10 time units from
entering the model in the DiseaseFree state. Similarly, a patient entering the model in the
BenignTumour state, is expected to live for 7.75 time units. The life expectancy for
patients entering the model in the MalignantTumour or Metastasis follow similarly from

Equation (12).

Another useful application of (I — Q)™ is the ease at which the total cost of treatment before

death can be calculated if the cost per cycle of being in each of the transient states is known.
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For a patient entering the model in state i, the total cost of treatment can be estimated with

jeigI— Q)_lij where ¢; is the cost per time unit spent in state j and (I — Q)_lij is the
(i, )™ element of (I — Q)~*. Similar methods can be used if an estimate of the quality of life
of patients is known in each state to calculate the life expectancy of patients weighed by the

quality of life of the patients in each state.

There are some disease models in which none of the states communicate and all states, except
the absorbing death state, are transient. Such models are called progressive models and apply
to diseases where patients are in states from which they cannot be cured and the only possible
movement is to for the patient to stay in the same state or move to a state of more severe
disease. Examples of such models include Sweeting!'®?, Klotz®” and Perez-Ocon'™®. 1t
should be noted that (I — Q)™ can still be used for calculating the total number of time units
a patient is alive, and therefore the total cost before death, for such diseases if the Q matrix is
constructed appropriately. If the Q matrix is the sub matrix of the TPM such that it contains
the transition probabilities of moving between all the “alive” states, Equation (8) will still
hold since Q will be a upper triangular matrix for which the diagonal elements will be less
than 1 (since there will always be a nonzero probability to die and P is a stochastic matrix)
and therefore (I — Q)™ will exist. This is explained by altering the process considered

above. Assume again that the states of a Markov process are
{DiseaseFree, BeningTumour, MalignantTumour, Metastasis, Death}.

These states are assumed to be ordered from the least severe disease state to the most severe

disease state followed by death. Assume we have the following TPM:

06 02 0.05 0.1 0.05

0.7 0.1 0.05 0.15
0 045 025 0.3} (13)

0 0 0.65 045
0 0 0 1

0
P=]0
0
0

The TPM in Equation (13) implies that patients cannot move back to states of less severe
disease and this is illustrated by the upper triangular form of the matrix. The @ matrix with

transition probabilities between transient states from Equation (13) is as follows:
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0.6 0.2 005 0.1
o=|0 07 01 005

0 0 045 025/

0 0 0 065

and so

25 167 033 1.19

_m-1_|0 333 061 091
=7 =g "0 182 130| (1)
0 0 0 286
The sum of the rows of the matrix in Equation (14) are given by
4 5.68
_ 4.85
=1 2.86

We now see that patients that enter the process in the BeningTumour state are expected to
spend O time units in the DiseaseFree state as expected. Patients from the Markov chain
defined by Equation (13) are expected to live 5.68 time units when entering from the
DiseaseFree state which is less than the life expectancy of patients entering the
DiseaseFree state in the Markov chain represented by Equation (10). If we compare
Equations (12) and (15), we see that the progressive model described by Equation (13) is
associated with a more severe disease than that of model described by Equation (10) due to a

lower life expectancy in all states.
2.2.2 Markov jump processes

As previously mentioned, Markov jump processes are a specific type of Markov process
whereby the time parameter is continuous but with the understanding that the property stated

in Equation (2) still holds. Some of the properties of Markov jump processes will be

26]

discussed below; all of which are taken from the textbook by Doob® unless stated otherwise.

A stochastic process {X;;0 < # < oo} defined on the probability triple (Q,F,P) will be

considered for all the discussions on Markov jump processes.

The transition probabilities of Markov jump processes can also be written in terms of a TPM
so that p;;(s,t) = P[X, = j|X; = i] is the (i, )™ entry of P& PGS) js understood to be the
identity matrix.

CA Marais

23138514



UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

4
=Y

ﬂ UNIVERSITEIT VAN PRETORIA

S 3
Qo

The Chapman-Kolmogorov equations are still valid for the Markov jump process and so

Equation (4) also holds for Markov jump processes.

Due to the continuous time nature of Markov jump processes, it is more convenient to think

of time in very small intervals.

Definition 28

By making the time intervals small enough, we work with the rate of change of the
transition probability and thereby define the transition rate (also known as transition

intensity) at time £ as follows:

- pij(t,t + At) — p;; (£, 1)

aij (t) - Alé—>0 At
bij (t't + A’t) ,p o . (16)
At—0 At i
_ pjtt+A)-1
AI}I—I}O At ifj=

Fori # j,p;j(#,%) in Equation (16) is equal to zero since the probability to move between two

states is zero if no time has elapsed.

Let A(t) be the matrix such that the (i, /)™ element is a; j(£). The matrix A(%) is called the
transition rate, or transition intensity, matrix. The diagonal entries of the transition rate

matrix have the following property:

@) == ) ay(t).

(17)
KEW,
ki
. 1-py(tt+AL)
Let a;(¢) = Alér_)no”T = Zk:rgo a (t).
We can write the following properties of the TPM and the transition rate matrices:
0
— ptt+it) — P(t,t+At)A(t) (18)
0t
0 e+t A
aP( EHA) = _ A (g)PUEtHAL) (19)
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Equations (18) and (19) are called the Kolmogorov forward and Kolmogorov backward

equations respectively.
2.2.2.1 Some results for stationary processes
For the case of a stationary process we have

pij(t,t + At) — p;j (%, 1)

a;j(t) = Alim

-0 At
. p;j(0,At) — p;;(0,0)
= lim
A0 At
. pij(At) —p;;(0)
= lim
A0 At
= al’j, say

and so we simplify the notation such that the transition rate matrix of a stationary process is

written as A.

In an attempt to solve the differential equation in Equation (18) we define the following

matrix function:

Xi
il with X° = 1. (20)
i=0

Equation (20) can also be written conveniently as:

> X .
e(t=9)X = Z T (t —s). (21)

=0
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If we take the derivative of Equation (21) with respect to t we get the following:

> xi
ie(t—S)X = EZ)FT(t —s)i

at dtLa i
1=0
XL .
=) =9
i=0
=X .
= Z e (E =)
— |
i=1 (i—1)!
= xit1 .
=) = E-9)X
— |
i=1 (i—1)!
XL .
=) g t=9x
i=0
= e(t=5)Xx (22)

We assume that the differential operator in Equation (22) can be taken into the infinite sum.
Equation (22) indicates that

P(S:t) = e(t_S)A (23)

is a solution to the Kolmogorov forward equations in the case where the process is stationary.
We therefore have the following equation for calculating the TPM for movements in t time

units from the transition intensity matrix:
P® = g4t (24)
where the exponential matrix function is defined in Equation (21).

Equation (23) can be used to estimate the TPM of a Markov chain based on the estimation of

the transition intensity matrix of a Markov jump process for any discretization of time.
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The following property of the relationship shown in Equation (24) is useful:

O i
P(t)=zAt
i
i=0
A%t? A3t
=+ At+——+—

t ) ) N
-+ Bdiag(d,®, ..., d,")B 15

= BIB! + Bdiag(d,, ...,d,)B™! o

t3
+ Bdiag(d,®, ...,6153)1;'-1§ + o

where dy, ..., ds are the eigenvalues of A and B is a matrix of which the i column is the

eigenvector associated with the i eigenvalue d; of A. Now, we have:

o diti ditt
Pt =B Zdiag (1_—',..., i > B1
o i! i!
(odid odid] L, (25)
=B dmg(Z m ,...,Z T ) B
=0 1=0

= B[diag(e®?t,...,e%H)]B L.

The property shown in Equation (25) is stated in the article by Kalbfleisch and Lawless®® and

derived in this dissertation for completeness.

Doob™ proves the following three properties for a separable' stationary Markov jump
process which will be used in deriving the ML estimator of a stationary Markov jump

process.

1. If the process starts in a certain state at time £, the probability that the process will

stay in that state for T time units is as follows:
P[X; =ity <t <to+7|X; =i] = e (26)

The time to transition out of a state i therefore has an exponential distribution with

parameter «;.

' The interested reader is referred to page 50-51 of Doob® for a definition of a separable Markov process. All
Markov processes will be assumed to be separable for the purposes of this dissertation.
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2. Consider the separable Markov jump process with initial state X, =i and a; > 0. A
sample function discontinuity exists with probability one for some > £,. If we

know the sample discontinuity is in the interval [£,, £, + T), then we have
. . aij
P[Xeyur = jlXe, = i] = 21 (27)

3. Almost all sample functions are step functions with a finite number of
(28)
jumps in any finite time interval.

2.3 Basics of survival analysis and terminology

Survival analysis, in laymen’s terms, consists of the study of the time until a specific event
occurs. Examples include the study of the time until manufactured units fail to perform a
specific duty, the time until death of a human or animal, the time until a person is involved in
a car crash leading to an insurance claim or the time until a person’s health deteriorates to a
specific state of worse health. This dissertation is focussed on health applications of survival
analysis, but many of the concepts and techniques introduced have applications in other

sciences.

Only a short overview of some of the terminology and concepts in survival analysis is
provided. These concepts and definitions are all based on the book by Collet!'®]. As
mentioned by Collet a more detailed account of survival analysis can be found in the book
The Statistical Analysis of Failure Time Data written by Kalbfleisch and Prentice, published
in 19805,

Survival data often consists of a sample of research units thought to be representative of the
population under study for which the time until a specific event occurs is measured. In
medical applications this is done by recruiting patients during a recruitment period and then
studying the patient until the event under study occurs. This is known as a clinical trial. Due
to practical and financial constraints clinical trials are planned to stop at a specific date. It is
therefore possible that the event under study has not occurred in some patients by the time the
study ends. The time until event is therefore censored for such patients. There are two types

of censoring which are used in this dissertation and these terms are defined below.
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Definition 29

Right censoring occurs when the time until the event is not measured, but it is known

to be at least a certain amount.

In clinical trials, right censoring typically occurs when the time until death is measured and
patients are still alive by the time the study ends. Patients may also chose to withdraw from a

clinical trial before the event under study is measured.
Definition 30

Interval censoring occurs when the time to an event is not known exactly, but it is

known to be within a specific time interval.

Interval censoring can for example occur if the time until cancer recurrence is studied and a
patient is monitored at the start of the study and one year later. If it is known that the cancer
has not recurred at the start of the study, and it has recurred by the end of the first year, but
the exact date of recurrence is unknown, the recurrence time is known to be between the start

of the study and one year later and is therefore interval censored.

In survival analysis the time to an event is a stochastic variable. For the purposes of this
introductory section on survival analysis we denote the time to event stochastic variable as T
and the realisation thereof as t. If we let the probability distribution function of T be denoted

by f(t), we have the following cumulative distribution function for T':

F(t) = P[T < t] = ff(u)du.
0

F (t) can therefore be interpreted as the probability that the time to an event is at most t.
Definition 31

The survival function, S(t), is defined as the probability that the event does not occur

by time t. The survival function is therefore equal to P[T > t] = 1 — F(t).

CA Marais

23138514



&
&
ﬂ UNIVERSITEIT VAN PRETORIA

@), UNIVERSITY OF PRETORIA 41
Qo

YUNIBESITHI YA PRETORIA

Definition 32

The hazard function, h(t), is defined to be the limiting probability that an event will
happen between time t and time t + At, given that the event has not happened up until
time t, divided by At. The hazard function is defined to be

Pt <T <t+At|t>T]

o=

At
— P[<T<t+At) &(t=T)] 1
= AtS0 At P[t=T]
. P[t<T<t+At] 1
= lim .
At->0 At P[t > T]

The hazard function is therefore a rate and not a probability and takes on any value in the
interval [0, ).

P[t<T<t+At] .
18

The second step in the above derivation arises from Equation (1). The limp;_,, "

the derivative of F(t) and so we have

h(t) = 1) (29)

S

since P[t = T] = S(t). Noting that S'(t) = %{1 — F(t)} = —f'(t) we see that if we let

h(t) = —%m(sa)) (30)
we get
__ld . f®O
"0 = s acr’ ™ = 5@

which satisfies Equation (29). Equation (30) therefore provides a method for calculating the

hazard function if the survival function is known. We therefore also have that

f(t) = h(t)S(t). (31)

If one consider the time until a person dies, the hazard rate at time ¢ is the limiting probability
that the person dies at time t + At given that the person is still alive at time ¢ divided by At,
Le.

Pt <T<t+At|t >T]

h(t) = Aliglo At ' 2
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For a two state Markov process with “Alive” and “Dead” states, the transition intensity at

time t is the derivative of the transition probability from alive to dead at time ¢, i.e.

PAlive Dead (Lt +AL)
At )

P[t < T < t+ At|t = T] in Equation (32) since p4ipe peaa (t, t + At) implies that a person is

X 4live Dead (t) = hmAt—»O But  Paiive pead (t, t+ At) is the same as

still alive at time t and will be dead by time t + At. We therefore see that the transition
intensity from state i to state j can be interpreted as the hazard rate for the event that will

cause the process to move from state i to state j.

Definition 33

The cumulative hazard function, H(t), is defined to be
t
HO) = [ hawdu
0
From Equation (30) we see that H(t) can be written as

H()

J- {— % ln(S(u))} du

—ln(S(u))|g
—In(S@®) + In(5(0))
— ln(S(t)) + in(1)

— ln(S(t))

and so S(t) = e7H®,

A well known concept in survival analysis is the non-parametric Kaplan-Meier (KM)
estimate of the survival function. The KM estimate of the survival function is also called the
product limit estimator. The KM estimator is briefly described for completeness since it is a
well known concept in survival analysis and the interested reader is encouraged to read pages

19 to 31 of Collet"® for more information.

Suppose n individuals are studied until an event occurs with the following survival times
t1,ty, ..., t, where ¥ < n of these survival times are observed exactly and the rest are right
censored. Assume it is possible for some individuals to have the same survival time. Let
tay t2y ot be the r ordered survival times. We denote by n; the number of individuals
for whom it is known that the event has not occurred just before time t(;. Each n; therefore
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includes the individual(s) for whom the event is observed at time ¢;y but excludes survival
times that are right censored and less than ¢;). Let d; denote the number of individuals for
whom it is known that the event occurs at time t(;. The KM estimate of the probability of no

eventup to time t , if t € [t(k), Ek+1)) 5 1S:

The standard error of the KM estimate is estimated as follows:

k
. . d;
(10)=50 ) Ty

The KM estimate of the hazard function at time ¢, where t € [t(), t(k+1)) 1S given by:

dy

h(t) = :
M (k1) — Ek))

Another well known concept in survival analysis is the Cox proportional hazard model. This
is used to determine the effect of characteristics associated with individuals on the hazard
rate. One may for example want to determine the risk of smoking and diabetes on strokes as

[23] 19]

done in the Framingham heart study The Cox proportional hazard model"™” provides a

method for estimating the effect of covariates on the hazard function.

Proportional hazard can be understood as follows. Suppose the hazard function is computed
for two groups of individuals, say Group A and Group B. Now we let h,(t)and hg(t) be the
respective hazard functions of the two groups and we write hy(t)and hg(t) relative to each

other in what is known as the proportional hazards model as

hy(t) = 6hg(t).
where 6 is known as the relative hazard or hazard ratio. It is clear that

6 > 1 implies h,(t) > hg(t) and 8 < 1 implies h,(t) < hg(t).

The hazard function of Group A can therefore be calculated by the hazard function of Group
B multiplied by the relative hazard. This idea is generalised to the Cox proportional hazard

model where the hazard function of individual i at time t is written as
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hi(t) — ho(t)e(31Z1i+3222i+“'+3p2pi)_ (33)

where {le-,zzl-, ...,zpl-} are p covariates of the i™ individual and {,81, Ba, s ,Bp} are the effects
of the covariates on the hazard function. Here h,(t) is known as the baseline hazard and

represents the hazard of an individual for which B, zy; + B,2z5; + -+ + Bpz,; = 0.
2.4 Discussion

We provided the definitions of Markov chains and Markov jump processes, {X;; 0 < £ < oo},
with the domain of £ being discrete and continuous respectively. We write X, for the state of
the process at time £ and reserve the use of the symbol £ to indicate the time at which the
state of the process is considered. We will use the symbol t to indicate the time between
events such that t can be calculated by the difference between two times for which the state

of the process is considered.

We provided definitions of censoring in Section 2.3 and will illustrate this with data from a

heart transplant sample studied by Klotz and Sharpless®”.

In the study by Klotz and Sharpless”” heart transplant patients were assumed to be disease
free after a heart transplant and were invited to be investigated on a yearly basis after the
surgery. The disease status of these patients were then categorised based on the extent to
which their major vessels narrowed. Patients are categorised as 1 = Disease free,2 =
Mild disease or 3 = Moderate to severe disease. Patients that died were classified as

being in state 4.

Klotz and Sharpless”” observed 240 patients which were followed up for up to nine years.
The studied recorded the state of patients that underwent heart transplant surgery from
January 1979 until May 1990. From 1983 it was decided that patients should be recalled two
years after the surgery and that those that were disease free after two years should be
followed up every second year and patients with some form of disease were invited to come
for investigations every year. The observations of the 240 patients are displayed in the article
by Klotz and Sharpless[57] and the first 20 observations are shown in Table 2 to illustrate the
practical difficulties of dealing with censored data. Table 2 shows the state of patients after
the heart transplant, £,, one year after the transplant, £;, and so on. For the purposes of

discussion the events between %, and £; will be referred to as occurring in the first year,
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between £; and %, as the second year and other references to time following similarly. Table
2 shows that patient 1 was observed every year until death six years after the heart transplant,
i.e. death in the seventh year. We know that patient 5 was in state 1 from the surgery until the
seventh year and in state 3 in the ninth year. Patient 5 could have been in state 1,2 or 3 in the
eight year but the exact state is censored. This is therefore an example of interval censoring.
Patient 6 is known to be in the state 3 in the third year and we know the patient died in the
fifth year. Since patients can only move to state 4 from state 3 one can assume that patient 6
was in state 3 in the fourth year since time of death is usually observed with accuracy up to
one day as noted by Kay®®. In practice such an assumption should be validated with the data

1571 did not mention the accuracy at which death times were

source and Klotz and Sharpless
recorded. The state of patient 7 was not recorded for the second year but we know that this
patient was in state 1 in the first and third years and therefore we know the patient was in
state 1 in the second year based on the possible transitions of the Markov process. Thus even
though the state of patient 7 was not observed in the second year the true value of the state of

the patient is not censored.

There are many other patients in the sample of Klotz and Sharpless”®” but all these cases will
not be discussed since the aim was just to indicate the types of censoring one may encounter

in practice.
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PatientlD | £, | £, |, | t5 | £, | 5 | te | £5 | 25 | %o
1 1] 1 2 2 2 3 4
20 1| 1] 3| a
3 1] 1 1 1 1 1 2 3 3 4
4 1| 4
5 1] 1 1 1 1 1 1 3 4
6 1] 1 3 4
7] 1 1] 1] 1
8 1] 1 1 1 1 1
9 1| 4
10 1] 1 1 1 2 2 4
11 1] 1 1 1 1 1 1
120 1| 1| 2| 3| 4
13 1] 1 1 1 2 2 2 3 3
14 1| 1] 1| 4
15 1] 1 4
16 1] 1 1 1 1 1 2 2 2
17 1| 4
18 1] 1 4
19 1] 1 1| 2| 3 3
20 1] 1 1 2

Table 2: Sample of 20 observation of the heart transplant patients[57].

1 = Disease free, 2 = Mild disease, 3 = Moderate or severe disease, 4 = Death

We indicated two methods in Section 2.2.2.1, Equations (24) and (25), to calculate the TPM
matrix for a time period based on the transition intensity matrix of a stationary Markov jump
process. Equation (24) involves a infinite sum which will be approximated with finite
number of terms in practise. The estimated TPMs calculated from a different number of
terms in the summation of Equation (24) converge as the number of terms increase. Equation
(25) has an advantage over Equation (24) in that one does not have to approximate an infinite
sum, but has the potential disadvantage that it can be computationally intensive to calculate
the eigenvalues and eigenvectors of a matrix and the inverse of the matrix of eigenvectors.
We investigated this by using Equation (24) with a different number of terms in the
summation and also Equation (25) to calculate the TPM in one time period of a Markov jump

process with transition intensity matrix given as
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—36 08 13 04 09 02

-32 03 0.2 14 0.1

2
3 14 -31 07 05 02

. 34
i —35 04 1.1 (34)

1.2 |
1.2 0.7 0.5 -—-29 04
0 0 0 0 0 0
The structure of the model was chosen so that it has one absorbing state but is more complex
than a three state model so that the effect of processes with a bigger state space can be
investigated and the entries of Equation (34) were chosen arbitrarily. The estimated TPM and
the respective process time is show in Table 3 below. The computation time can be

calculated in R using the proc.time() function.

Table 3 indicates that Equation (24) produces consistent estimates for the TPM when 20 or
more terms are used in the summation. We see that the TPM calculated with 10 terms in the
summation of Equation (24) produces an invalid TPM since some of the entries are less than
zero which are inconsistent with the properties of probabilities (See Definition 11). The
eigenvalues and eigenvectors of the transition intensity matrix in Equation (34) were complex
numbers, but due to the nature of Equation (25) it does not produce transition probabilities
that are complex numbers. We see that the same TPM was estimated with Equations (24) and
(25) when 20 or more terms are used in the summation of Equation (24) and that there is a

small difference in calculation time between using Equation (25) compared to Equation (24).

We choose to use Equation (24) with 30 terms in the summation when calculating the TPM

from a stationary transition intensity matrix.
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Approach for
calculating
TTPM

TPM

Run time

(seconds)

Equation (24)

with 10 terms

Equation (24)

with 20 terms

Equation (24)

with 30 terms

Equation (24)

with 40 terms

Equation (25)

|

0.0976
—0.047
0.2503
—0.0099
0.1802

0

[0.1151
0.1128
0.0987
0.0728
0.0881

[0.1151
0.1128
0.0987
0.0728
0.0881

[0.1151
0.1128
0.0987
0.0728
0.0881

[0.1151
0.1128
0.0987
0.0728
0.0881

0

0.3027

0.2407
0.0831

0.2422
0.155

0

0.1943

0.2163
0.2000

0.1444
0.1890

0

0.1943

0.2163
0.2000

0.1444
0.1890

0.1943

0.2163
0.2000

0.1444
0.1890

0

0.1943

0.2163
0.2000

0.1444
0.1890

0

0.0993

0.3077
0.1344

0.0775
0.0657

0

0.1633

0.1509
0.1724

0.1293
0.1408

0

0.1633

0.1509
0.1724

0.1293
0.1408

0.1633

0.1509
0.1724

0.1293
0.1408

0.1633

0.1509
0.1724

0.1293
0.1408

0

0.1406

0.0805
0.0280

0.1805
0.0708

0

0.0888

0.0856
0.0916

0.0898
0.0838

0.0888

0.0856
0.0916

0.0898
0.0838

0.0888

0.0856
0.0916

0.0898
0.0838

0.0888

0.0856
0.0916

0.0898
0.0838

0

0.1071

0.1835
0.2340

0.0911
0.2278

0

0.1818

0.2020
0.1755

0.1288
0.1986

0.1818

0.2020
0.1755

0.1288
0.1986

0.1818

0.2020
0.1755

0.1288
0.1986

0.1818

0.2020
0.1755

0.1288
0.1986

0

0.2527

0.2345
0.2702

0.4185
0.3005
1

0.2568]

0.2325
0.2618

0.4349
0.2996

0.25687

0.2325
0.2618

0.4349
0.2996

0.25687
0.2325
0.2618
0.4349
0.2996

0.25687

0.2325
0.2618

0.4349
0.2996

1

S

0.01

0.01

0.01

0.01

0.03

Table 3: Comparison of methods for calculating the TPM from the transition intensity matrix

2.5 Summary

We have defined a probability measure that can be used to calculate the probability of a

certain event of an experiment. We defined a probability triple which consists of a space of all

possible outcomes of an experiment and the measure of the probability of any subset of
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events in the set of possible outcomes. We defined a random variable and a stochastic
process in terms of the probability triple. We discussed the Markov chain and jump processes
which are specific types of stochastic processes and provided some results for Markov
processes that can be used to calculate the amount of time that patients are expected to live if
they have a certain disease, when modelled as a Markov process. Markov chains are defined
in terms of the TPM and Markov jump processes are defined in terms of the transition
intensity matrix. We derived and compared two methods, Equations (24) and (25), to
estimate the TPM from the transition intensity matrix. It was illustrated that these methods
provide similar TPMs when more than 30 terms are used in Equation (24) and that Equation

(25) 1s not much more computationally intensive when compared to Equation (24).

Some topics from survival analysis were discussed and the definitions of censoring was

explained with reference to a heart transplant study by Klotz and Sharpless?”.
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Chapter 3: Maximum likelihood estimation of the

parameters of Markov processes

3.1 Introduction

A valuable result has been given in Section 2.2.1 that can be used for calculating the total
amount of time that a stationary Markov chain will be in transient states before moving to
recurrent states. There is no explicit formula that can be used in the case of a nonstationary
Markov chain, but it is possible to simulate the chain with a specific initial distribution vector
and then calculating the distribution vector over time and thereby determining the amount of
time it will take the process to move through all the transient states. Similar simulation
methods can be used, if the parameters of a Markov jump process are known, to determine
the amount of time the process spends in transient states before moving to the recurrent state.

These methods are however only possible if the TPM is known.

This chapter will discuss ML methods for estimating the TPM of Markov chain and Markov
jump processes with reference to the articles by Anderson and Goodman™ and Albert!"!
respectively. The ML estimator of Markov jump process will be further discussed by

14 Wwhich is an alternative, more intuitive,

providing the ML estimator of Tuma et al.l
derivation of the ML estimators given by Albert”. The possibility of including covariate

effects in the estimator of Tuma et al. will also be shown.

The ML estimators of Markov jump processes will then be extended by relaxing the
assumptions made on the observation scheme of the processes so that state transitions do not
have to be observed exactly. We will discuss the methods by Kalbfleisch and Lawless™
which assumes all process are observed at the same irregular time points and also the method
of Kay®® for which all observations can be made at possibly different irregular time points.
Notes will be made on how covariate effects can be included in these methods. The methods
of Kalbfleisch and Lawless”® and Kay"® are discussed since they are used in the msm

[49]

package for R developed by Jackson""" and we would like to explain the methodology of

Jackson since this R package is so widely used, as previously mentioned.
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3.2 Discrete time: Markov chains

As mentioned in Section 1.3.2.1, the first estimation procedure for the TPM of a Markov
process is the 1957 paper by Anderson and Goodman'®. In this paper a ML estimator for the
TPM of a stationary and nonstationary Markov chain is derived. It is assumed that the
process is observed at a finite number of equidistant time points and that the process has
discrete states. No restrictions are made on the number of equivalence classes of the Markov

Process.

Suppose that a sample of n Markov chains defined on (£, F, P) with . states is observed until
time T, ie. {X1, X%, .., X+ X2, X2, ..., X%, .., X, X2, ..., X*}. We denote by {X3,X2,..., X5}

the starting point of each observed process.

From the initial state each process can make 87 possible transitions. The probability of such

a sequence of transitions is given by
Pxixi(ODDyixi(12) Dyt i (T=1,T) (35)

for the i™ observed process due to the Chapman-Kolmogorov equation.

Equation (35) simplifies if the process is stationary by writing Pxi_ xi t-1,72)= Pxi

i
—1X¢

Now, let ny x, x, . x, be the number of processes for which the sequence of states observed

in the experiment is X,, X1, X5, ..., X7 . An example of possible observations for a process

with 8 = 3 states is shown in Table 4.
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Observation ID Time State occupied

001 0 1
001 1 1
001 2 2
001 3 1
001 4 3
002 0 1
002 1 3
002 2 3
002 3 1
002 4 2
003 0 1
003 1 1
003 2 2
003 3 1
003 4 3

Table 4: Sample observations

For the sample observations shown in Table 4 we will have n;1,,3 =2 and ny33,, = 1.
Now, let ng (£ — 1,%) represent the number of individuals that are in state g at time £ — 1

and in state j at time £ (also known as transition counts) and let

8

ng(t —1,4) = anj(t— 1,tH)yvt=1,..,T
j=1

and

T

Tlgj = anj(’t— 1,’[7)

t=1

With reference to the sample data shown in Table 4 we will have the following values for the

defined statistics:
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n,1(0,1) =2 n,(0,1) =3 Ny =2
ni,(1,2) =2 n,(1,2) =2 Ny, =3
n,1(2,3) =2 n,(3,4) =3 ny3 =3
ni3(3,4) =2 n,(2,3) =2 Ny =2
n13(01) =1 n;(1,2) =1 ng, =1
n33(1,2) =1 n;(2,3) =1 ngz =1
n;1(2,3) =1

ni,(34) =1

Table 5: Transition counts for sample data

Now, if we have observed a process with 8 states for T time periods and on n individuals
there are 8 X T X n possible outcomes for the experiment. The likelihood function for all

these outcomes is as follows:

L(P|X) = n[pxo,xl (0,Dpx, x,(1,2) .. bxp_, %, (T — 1,T)]nX°'X1‘X2""'XT (36)

where the product is taken over all the 8 X T X n possible combinations of X,, X1, X5, ..., X7.

Equation (36) can also be written as:

L(Plx) = (H[pXo'Xl (0,1)]”X0,X1,X2,...,XT) (l_l[pXT—1,XT(T _ 1, T)]nXO'XIrxz.---.XT)
[ Nxo,x,(0,1) .
B r [pXé'X{] o 1_[ [pXT—LXT]nXT_l’XT(T L)

X0, X1 Xr—1.XT
T

= [ L[] [poste -y, o

t=1 g=1 j=1

We therefore only need to have the transition counts, ng j(t —1,%), to formulate the
likelihood function. We therefore have that ng;(¢# — 1,£);9,j =1..8¢t =1,..,T forms a

set of sufficient statistics for determining the ML estimators of a Markov chain.
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The ML estimator for a stationary process will be discussed first and then generalised to the

nonstationary case.

For a stationary process we have that p,;(f — 1,%) = py; V£ = 1,..., T and so the likelihood

function in Equation (37) simplifies to:

T 8 8
Le =] | py ML)
t=1 g=1 j=1
(38)
8 8
= pg].ngj
g=1 j=1

Now the likelihood in Equation (38) should be maximised by finding the values for pg; that
maximises the function under the restrictions that .7, pg; = 1and 0 < py; < 1. For a fixed
value of g in pg;; j = 1, ..., 8, the transition probabilities are the same as that of a multinomial

n

distribution that has been repeated n; = Y5_; ng; times with observations ngq,n,

gl» 2 wen n

» Htgs-

As shown in Appendix 1, the ML estimators of this multinomially distributed process are

n

— _ Ygj
Pg]—n
g

(39)
Yioing(t —1,%)

Xl Zieange(t — 1,8)

For a nonstationary process one could consider ng;(¢# — 1,%) for a fixed g and £. Then the
observations ng(f — 1,%),ng(t — 1,%),...,ng,(f —1,£) are the outcomes of a
multinomial experiment that has been repeated n, (¢ — 1, %) times with probabilities pg (£ —
1L,1), pg2(t — 1,%), ...,pgs(t —1,%). So following similar arguments as above, we have

that the ML estimator of a nonstationary Markov chain is

. ngi(t —1,%)

: (40)
k=1 Ng(t — 1, 1)

The ML estimators in Equations (39) and (40) make intuitive sense as the transition
probability from state i to state j is estimated by the relative frequency of transitions from
state i to state j. It should be noted that Equations (39) and (40) are valid for all Markov
chains, irrespective of whether the chain is irreducible or not. Intuitively, it may seem that
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one would require a large sample size to implement Equation (40) but we show in Section
4.3.2 that the nonstationary estimator can work with relatively small sample sizes. This may
however be specific to the process we implemented and it is adviced in practice that a
simulation study be conducted on a process with a set of possible parameters for a process
being studied if the sample size of a nonstationary process needs to be determined. It is
expected that process with states that will be occupied for relatively short time periods should

have bigger sample sizes than process in which all states are occupied for longer time periods.

Anderson and Goodman investigated the asymptotic distribution of the ML estimators and
indicated that \/H(p’g\] — Dy j) has a limiting normal distribution with mean 0 and variance

Pgj(1-pg;)
bg

where ¢y = Yoy Dic1MkPrg(t —1,%) and 1, represents the population
proportion of processes for which the initial state is state k. For the & fixed, the variables
gy (p’g\] — Py j) are asymptotically independent and have the same limiting distribution as
other functions of the probabilities of a multinomial distribution with 8 samples, each of size
n¢,. Anderson and Goodman uses the asymptotic distribution of the estimated transition
probabilities to test hypothesis about the probabilities. These fall outside the scope of this

dissertation and the interested reader is referred to Section 3 of the article by Anderson and

Goodman™ for more details.
3.3 Continuous time: Markov jump processes

The ML estimator of the transition rate matrix of a Markov jump process {X;; 0 < £ < oo}
defined on (€, X, P) and based on n observations during the time interval [0,T), will be
discussed based on the article by Albert. The ML estimator provided by Albert is only
applicable to stationary processes and therefore this discussion will focus on stationary
processes with some comments and suggestions being made about nonstationary processes.
The method of Albert is based on a sample of Markov jump processes for which the state

transitions are recorded exactly.

Similarly to the ML estimator of a Markov chain discussed in Section 3.2, we need to
construct a likelihood function for the outcomes of a Markov jump process. The continuous
time aspect of the Markov jump process makes the likelihood function more complicated than

its discrete time counterpart since there is no upper limit on the number of transitions that can
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occur in a given time interval. We will therefore first construct a set of all possible sample

functions for a Markov jump process that make k jumps in the time interval [0, T).

The article by Albert derives the likelihood function by writing the probability of an outcome
of a Markov jump process in terms of an integral over a set of possible values the process can
obtain in the time interval [0,T). The likelihood function is then derived using results from
measure theory and finally maximised so that the ML estimators can be obtained. The
derivation of the probability of an outcome of the process in terms of an integral will be
discussed in detail. The steps involved in obtaining the likelihood function from this integral
will not be discussed in detail since this involves extensive results from measure theory which

fall beyond the scope of this dissertation.
Notation

Consider a Markov jump process with .8 states that is observed for the time interval [0, T).
Suppose that n outcomes of this experiment are observed and denote an outcome by w € Q.
Now let £;(w) be the time of the i™ jump of the process with #,(w) = 0. We write X;(w) for
the state of the process after the jump made at time £;(w) so that X,(w) is the starting state of
the process. Now, let T;(w) = %;,,(w) — £;(w) be the time spent in state X;(w). The
realisation of the stochastic variable T;(w) will be written as t;(w). The stochastic variable
K(T) represents the total number of jumps observed in [0, T) and its realisation is the largest

integer k such that £, (w) < T. The observed process can therefore be written as follows:

{Xi(0),0 <t < T} = {(Xo (), To(@)), e, (Kp-1 (@), Tye—1 (@), Xy (@)} (41)

We therefore know the process jumped to state X; (w) at some time 44 (w) < T and is still in
this state at time T but we do not observe the amount of time spent in this final observed state

since the process is only observed until time T.

The ML estimator for the Markov jump process will be derived in terms of the transition rate
matrix A. Only the off diagonal elements of A will be estimated since that the diagonal

elements can be calculated using Equation (17). To simplify notation later on we define

. 0 ifj =i
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We will write a;; as (i, j) to simplify notation and similarly, we write a;; as a”(i,j) and a;

as a(i).

Set of possible sample functions and measures of the these sets

Let the state space be represented by the set of integers W, = {1,2, ..., 8}. For an observed

process with n jumps in [0, T), the set of all possible sample functions can be represented by

k
we=|[ [mern|ew 2)
j=1

]

where R denotes the real line and & a product of sets. The set of sample functions is then a
vector consisting of the initial state, the states of the process at each jump and the length of
time between jumps. Referring to the sample function discussed in Section 2.1, the part in
brackets in Equation (42) is therefore represented by the first five solid horizontal lines in
Figure 2 and the extra set with which the brackets in Equation (42) is multiplied by the last
solid line. The set of possible sample functions can therefore be thought of as all the possible
solid lines that can be filled into a figure similar to Figure 2 where it is understood that all the
different lengths of the solid lines are included in the set of possible sample functions.

Equation (41) is therefore an element of the set described by W,.

Now that we have defined the product set of the possible outcomes of the process, W, we

define

o8} n
ozz H(Cxl) X C (43)
n=0|j=1

to be a measure on the space of all possible sample functions, for all possible values of k.
Here [ is the Lebesgue measure on R and € a counting measure as defined in Definition 14
and Definition 10 respectively. The full measure-theoretic construction of ¢ can be found in
the article by Albert*. The measure o is therefore constructed to measure the state of the
process and the time spent in the state for an observed Markov jump process with k

transitions and o is defined for all possible values of k.
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The probability of an event as an integral

In the article by Albert* the following is shown:

PIK(T) = k,Xo = %0, Top < Ty ees Xpm1 = X1, The1 < Thm1, Xi = X |

= P[XO = xo]e_a(xk)T

k-1
X f 1_[ a*(xj,xj+1)e‘[“(xf)"“(xk)]tf dt; if k>0

Sk j=0
— L Vk-1
Where Sk —_ {(to, tl’ ""tk—l)' j=0 t] < T & 0 S t] S T]}

Equation (44) is not written in terms of w to simplify the notation. Therefore X; is considered

to be the same as X;(w). Now, if k = 0 Equation (44) becomes

P[K(T) = 0,X, = xo ] = P[K(T) = 0|X, = x0]P[X, = %o]
P[X; = xo, K(T) = 0|Xo = x0]P[Xy = x0] (5)
P[Xy = xo V¢t €[0,T)|Xo = x]P[Xo = xo]

e~ “C0TP[Xy = xo]
The last step in this derivation comes from the result in Equation (26).

Now, consider the case where k > 0. Since we are assuming the Markov property we have

that

P[Xk = xk|Xk_1 = Xk—1, ...,XO = X, Tk—l < Tk—1s "'ITO < To]

= P[Xy = xp|Xp1 = Xp—1, Tee1 < Teal,
and from Equation (27) we have

a* (Xg—1, Xg)

P[Xx = x| Xp—1 = Xp—1, Ti—q < T—1] = 2oy

Therefore
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P[Xk s xlek_l == xk_l, ""XO = xo, Tk—l < Tk_l, "'PTO < To]
a* (Xy—1, X1) (46)

a(Xp-1)
Now, consider the following probability
P[Tk < Tk|Xk = Xg, ...,XO = xO,Tk_l < Tk—-1, ""TO < To]. (47)

From the Markov property and since we are considering a stationary process, Equation (47)

becomes
P[Tk < Tk|Xk = Xk, ""XO = XOITk—l < Tk-1» ...,TO < To] = P[Tk < Tk|Xk = xk].

The probability P[T; < 7|X); = xi] is equivalent to the probability of leaving state X}, in the

time interval [Ty _q, Tx—1 + Ti]. From Equation (26) we have that
P[Tk < ‘L’k|Xk = xk] =1- e_“(xk)fk

since e ~**K)%k js the probability to remain in state X}, in the time interval [T,_;, Tye—1 + Ti]

given that Xj, = xy.
Therefore we have

PIT, < 1| X = Xpy oy Xo = %0, Tiee1 < Tty oy Top < Tol = 1 — e 7G0Tk, (a8)
Using the results from Equations (46) and (48) we have

P[Xy = 23, T < Ty X1 = Xpem1, Tim1 < Tpmy - Xo = %0, To < 7]
= P[T), < 4| Xy = Xy oor Xo = X0, Ti—1 < Tio—1, -0r To < To]
X P[Xy = %k, X1 = X1, Tiee1 < Tiety o0 Xo = %0, Ty < To]
= (1 — e @) PIX), = x4 |Xp_1 = Xg_1, Tyt < T, - Xo = %o, To < To)
X P[Xg—y = Xp—1, Tpm1 < Tpm1y -, Xo = %0, To < 7o)
a*(xy—1, i)
a(xg-1)

X P[T_1 < To1|Xk—1 = Xp—1, X2 = X2, Th—z < Tg—z, o, Xo = X0, To < To]

= (1 - e~etwm)

X P[Xg—y = Xp—1, X2 = X2, Tkz < T—z, -, Xo = %o, To < 7o
— (1 _ e_a(xk)Tk)M(l _ e—a(xk—ﬂfk—l)
a(xg-1)
X P[Xyg—y = xp_11Xk—2 = Xp—2, Tg—2 < T2, -, Xo = %0, To < 7]
X PlXy—o = X2, Ti—z < Ty s Xo = %0, Tg < 7o)

CA Marais

23138514



UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

O

=

“ UMIVERSITEIT YAN PRETORIA

S 60
et

= (1 — e—a(Xk)Tk)M(l _ e—a(xk_l)rk_l) M
a(Xg-1) a(x,_2)

X P[Xk—Z = xk_z,Tk_z < Tk—2, ...,XO = Xy, TO < To]

— (1 _ e_a(xk)Tk) a (xk 1'xk) (1 _a(xk—1)77k—1) a*(xk—z'xk—l) (1 _ e_a(x1)771) a*(xpxz)
a(xp-1) a(x-2) a(x;)

X P[Xl = xl,XO = xO,TO S To]

=(1- e—a(xk)rk)w( — eetrTin) @ (e, Xi-1) (1 - e~etem) a”(x, x3)

a(xg-1) a(xg-2) a(xq)
X P[TO S T0|X0 = xO, X1 = xl]P[XO = xO, Xl = xl]
— (1 _ e_a(xk)Tk) a (xk 1'xk) (1 _a(xk—1)77k—1) a (xk—Z'xk—l) (1 _ e_a(x1)771) a (xpxz)
a(xg-1) a(xg—2) a(x;)
X (1— e ®®0)%) P[ X, = x;|Xy = x0]P[Xo = xo]
_ (1 _ e_a(xk)rk) a (xk 1)xk) (1 _a(xk—l)fk—l) a (xk—Zixk—l) (1 _ e_a(xl)fl) a (x1:x2)
a(xx-1) a(xx—2) a(xq)
_ a”(xg, X1)
x (1 — e~ (X070 ————P[Z, = x,]
( ) a(xo) 0 0

= ( —a(xk)Tk) 1_[{ (;C](;CXJ)H) 1-— e_“(xj)fj)} P[Xy = x,].
]

We therefore have that

P[Xk == xk, Tk S Tk,Xk_l s xk_l, Tk—l S Tk_l, ""XO == xo, TO S To]

—(1- —a(xkﬁk)n{ (x],x]ﬂ)( _e_a(xj)f,.)}P[Xo ey @

a(x

Now we would like to write Equation (49) as a integral over all the values of t; € [O, rj] Vj =

0, ..., k and then integrate over all values of 7, so that a probability equation can be obtained

that does not contain a condition for T. To do that we notice that
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k-1
gk+1 a*(xﬁly+1) —a(x))t; Gt
dty ... 0ty 1_[{ a(xj) (1 — e~ *\¥j 1)} (1 — e~aGity)
Jj=0

k-1
= na*(xj,xj_,_l)e_“(xj)tj a(xk)e_a(xk)tk-_
j=0

(50)

Equation (50) is therefore the antiderivative of

k-1

l_[ {a(;c](xjcj)+1) (1 _ e—a(xj)tj)} (1 _ e—a(xk)tk)

Jj=0
with respect to t; and so Equation (49) can be represented as a multi-integral with respect to

to, . tk of

k-1

a*(xj,xj+1)e_“(xi)ti a(x,)e *@pP[X, = x,].
2

]

We know that T, will be in the interval [T — ;f;(} tj,©). Therefore if we integrate over

[T — Z;‘;& tj, ), Equation (49) does not contain a T}, term anymore and becomes

P[Xy = xp, Th—1 < Th—1, Xp—1 = Xg—1, -, Xo = %0, Ty < 7o)

To Tk-1 0 k—1 (51)
=[] P = alatuwe s [ e (ggan)e < ds .t
00 gk j=0

Now, perform the innermost integration of Equation (51) by integrating out ¢ :

P[Xy = xp, Xp—1 = Xp—1, Thk—1 < Tg—1, o, Xo = X0, To < To]

To Tk—-1 ) k—1
= f f f a(z,)e *@Tdt, + P[X, = x,] 1_[ a*(xj,xjﬂ)e'“(xi)tf dty_q ...dty
0 0 T_Zj‘:_ol t]' j=0
To Tk-1 k-1
= ] f {—e_a(xk)tk|T_Z§=_& t]} P[XO = xo] H a*(x], x]'+1)e_a(xj)tj dtk—l dto
0 0 j=0
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To Tk-1
=] ] {—e_a(xk)oo+ e_“(xk)(T—Zfz_&tj)}
o 0
k-1
X P[Xy = x] Ha*(xj,xj+1)e‘“(xj)tj dty_q ...dt, (52)
j=0

Tk-1

To k-1
k_
= f f {e_“(xk)Tea(xk)Zf:(} tj}P[Xo = xo] 1_[ a*(xj,x]'ﬂ)e_a(xj)tj dty_q ...dtg
0 j=0

o

To Tk-1 k-1
= P[Xy = x] f J— e~ ®(x)T 1_[ a*(xj,Xj+1)e_[a(xf)_“(xk)]tj dty_q ...dto.
0 0 j=0

If we specify the area of integration in Equation (52) to be over the set S, which is defined in

Equation (44), we get

P[K(T) - k,Xk = xk,Xk_l == xk_l, Tk—l S Tk_l, ...,XO - xO, TO S To]

k-1
= P[X, = xo] f e~ %xT 1_[ a*(x), xj,1 e~ €D =aGO g, dt,
Sk Jj=0

since the set Sy implies that K(T) = k by specifying Z;?;(} tj < T. This integral is understood

to be a multi-integral.
To summarise, we have shown that

PIK(T) =k, Xo = x0,To < Ty e» Xppm1 = X1, Ti—1 < Tp—1, Xie = X |

{ e~ 2@)Tp[X, = x,] ifk=0
_ 4 k-1 (53)
- lf P[X, = xo]e‘“(xk)T1_[a*(xj,xj+1)e‘[“("f)‘“(xk)]tf dty_qy ..dty if k> 0
Sk j=0

which proves Equation (44).

Albert shows that for an event B of the Markov jump process we have the following

probability distribution function:

PIB] = j i) do ()
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where
e~ “X)TP[X, = x,] if v=_(x)
n-1
fA(U) = P[XO _ xo]e—a(xk)T 1_[ (Z*(Xj,Xj+1)€_[a(xf)_a(xk)]tf if v = ((xO: to)’ . (xk—l' tk—l)'xk)
j=0

The maximum likelihood estimators

The likelihood function of n realisations, vq,vV,,...,V,, of the Markov jump process

{X;(w),t = 0} can be written as

130 = [faew.
h=1

For n observations, let K;n)(i, J) be the number of transitions from state i to state j and
c/l(Tn) (i) the total amount of time that the process is in state i. Taking the natural logarithm of

qun) we get

In (L§Y) = nin(P[X, = x{]) - Z a(x)T
h=1

n k-1 n k-1 (54)
+ z In (a*(x]h,xjhﬂ)) — Z Z[a(xjh) — a(xp)|ef.
n=1j=1 h=1j=1

The first term in Equation (54) does not depend on A and will therefore be denoted by C,

since it does not affect the likelihood in terms of A.

The terms in the summation of Zﬁ=12§'€=_11 In (a*(xjh,x]hﬂ)) will only be nonzero over the

values of i, j for which a jump is observed form state X; to X; such that X; # X; € (1, ...8).

Therefore Yj_, X1 In (a*(xjh, xjhﬂ)) can be written as Y7_; X1 K;n)(i,j)ln(aij).

i%j
The last term of Equation (54) can be written as
n k-1 n k-1 n k-1
— z Z[a(x]-h) — a(x,’j)]tjh = - Z a(xjh)tjh + Z Z a(x,?)tjh. (55)
h=1j=1 h=1j=1 h=1j=1
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The last term of Equation (55) depends on j only through t;. Therefore the second term of

Equation (54) and Equation (55) can be joined,

n k-1 n k-1

Z a(x)T Z Z a(x! )t + Z Z a(xp)t)
a(x)tf + Z a(xM)| T Z tf

Here, T — ;‘;11 tj is the amount of time observed for the last state visited for each observed

(56)

?¢‘

-1

ﬁM:

1j=1

process. Therefore Equation (56) can be written as

— i kzla (x)ef z a(xf)| T kz_l = —i A(Tn)(i)ai.
h=1 j=1 h=1 j=1 i=1

The likelihood function in Equation (54) can therefore be written as

In (L(n)) =C, + Z Z KM, NDin(a;;) - z AM (D a; (57)

i=1j=
li]

Albert states that the Halmos-Savage factorization theorem can be applied to Equation (57) to

prove that the set {K (n) @, ), c/l(n) (l)} is a sufficient statistic for A. The interested reader

is referred to [44] for more information on the Halmos-Savage factorization theorem.

Differentiating the likelihood function in Equation (57) with respect to @;; we note that
d (@) d Z { %7
—(a;)) = =— ai;i |=1,i+]j.
daij ' daij oy Y
Therefore, we have

din (L3”) _ Ki" (@)
daij a

— AW i #j. (58)
Cll'j

~ (M)

Setting Equation (58) equal to zero and solving for & a;;” we get that for i # j
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NN K}”)(i,j)

o c/l(n)(i) EFE T 59
T

& is then calculated, similarly to Equation (17), as follows:

2]
~(m) _ ~(n)
a; = _E a;j - (60)

i*j

The article by Albert also provides results of the large sample properties of the ML estimators
which is stated below without proof. The interested reader is advised to consult the article of

Albert for more details of the derivation of these results.

The sample size of a stochastic process can increase by increasing the number of observed
processes (n), or by increasing the time for which the process is observed (7). The ML
estimator of a Markov jump process has the following four properties which comes directly

from the paper by Albert!:

1. For a fixed value of T, limy,_, di(;l) = a;; if the probability of state i being occupied

at least once is greater than zero

1
2. For a fixed value of T, the set of random variables {ni(&i(?) —aij)}_ ~are
i#]

independent and asymptotically normally distributed with zero mean and variance
equal to a;;/ fOTP[Xt = i]dt if every state has a positive probability of being

occupied.

3. For n fixed, lim;_, c’fi(;l) = aj if one of the eigenvalues of A is zero and if all the

cofactors on the diagonal of A are positive. The (i, )™ cofactor of a square matrix is

calculated as (—1)(i+j)Cij where Cj; is the determinant of the matrix formed by

removing the i"™ row and j™ column of the matrix'®*.

1
4. For n fixed, the joint distribution of the set {TE(&(”) Gi,)) - a(i,j))}, s
i#]
asymptotically independent and normally distributed with zero mean and variance
equal to a(i,j)p/A®D where p is the product of all non zero eigenvalues of A and

AW is the cofactor of A.
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3.4 Alternative derivation of likelihood function by Tuma et al

Tuma et al."® has an alternative method to derive the likelihood function which does not
delve into the extensive measure theory used by Albert!”. The approach of Tuma et al. is
focussed on the idea of providing a likelihood function that can handle right censored data
and that all state transitions are recorded exactly when they occur. A brief overview of the

likelihood function derivation by Tuma is provided below.

1 if the m*™ transition of the i™ subject is observed

Letwy,; = .
m {O if the m™ transition of the i™" subject is censored

Consider for example the it subject observed in a sample of Markov jump process with three
states. Now suppose for example that the process is in state 1 at time £, then moves to state
2 at time %, followed by a move back to state 1 at time £, and then the process stays in the
this state until the study ends. The time in state 1 from time %, is therefore right censored.

For the example described we have {wy;, w,;, w3;} = {1,1,0}.

Now, let

L {1 if the m™ transition of the i*" subject is observed and consists of a jump to state ;
™o otherwise

where v j; 18 understood to equal unity if the i™ observed subject starts the process in statej.
Tuma et al. begins their derivation of the likelihood function by considering first the

information arising from the first jump observed for each subject. Assume n processes are

observed. The likelihood contribution following the first jump is”

Wi)Voji W1iVoji a (tO) Wiioji
L= 1_[ 1_[{ G (t1|to)](1 ) [f] (t1|t0)] l_[ [ oijk(to) } (1)

i=1 j

. 1-w1)voji . . .
For the i" subject, [G; (t1|t0)]( Widvoji represents the survival function in the first state and

this term is only different from one if the first transition is not observed (i.e. censored) in

which case all the other terms in Equation (61) are equal to one. This implies that the only

[103]

’It should be noted that the paper by Tuma et al. is believed to contain a typing error since

W1iVoji —W1iV0ji
" I:ajk(to):l 1iv0ji ajk(to)] 1iv0ji

is written as [[5_ [
1 aj(tg) Hk_l a;j(to)
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information added to the likelihood function if the first transition is censored is the

probability that the process stays in state j at least up to time %;.

If however the first transition is observed, [G]- (tllto)](l_wli)voﬁ equals unity and does not

add any information to the likelihood function. In this case [fj (t1|t0)]wliv0j " is the
probability that the process leaves state j at time £, after the process was in state j at time %,.

ajk(to) Wiiboji ]k( 0) .
h
a;(to) WRETE o ko)

This probability is multiplied by [[;-; [ is the probability that the

process transitions from state j to state k € (1, ...,8).

Each subject similarly contributes in this manner to the likelithood function. Now, from

Equation (31), we have f;(#1]%,) = a;(%,)G;(*1]%). Equation (61) can therefore be written

as follows:
- - Wailnii
a; ;t— 1iv0ji
L = [G (’t‘ﬂto)](l W1l)v011[f] (’ﬁ"%)]wuvo]l 1_[ ]k( o)
=1 )" a;(to)
i=1 j=1
- - WaiVqnii
a t 1i¥0ji
= [G; (’f1|7£‘0)](1 W1i)Voji (1) 100 G, (£ | £g) Wrivosi 1_[[ ik (to)
B a;(to)
i=1 j=1
n 8 5
=1 j=1 k=1

The likelihood function of the second transition follows similarly and equals

W2i)V1ji W2iV1ji a; (t ) Vet
L= 1_[ l_[{[G (tZItl)](l ) [fj (t2|t1)] 1_[ [ Cijk(’h) }

111

i=1 j=

Continuing with this reasoning, the likelihood function of all m jumps for each subject equals

n o)

H{[G (’tml’tm 1)](1 Wmi)Vm— 1]1[]_-](){: |tm 1)]Wmt17m 1,ji

i=1 m=1 j=1

[Jfeer=
X _
k=1 a] (tm—l)
T (62)
Um— Jji ) -
{[G](tmltm—ﬂ] I ajk(fm_l)wmtvm—l,]l}.

s
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If the transition rates are stationary we have that the time between transitions follows an

exponential distribution, as shown in Section 2.2.2.1, and therefore Gj(tm|tm_1) =

e~ (m=tm-1)%j and so Equation (62) becomes

8

8
1_[ {[e_(tm_tm_l)aj]vm_l'jiajk (tm_l)WTHivm—l,]'i}_ (63)
i=1 m=1 j=1 k=1

Now, taking the natural logarithm of Equation (63) we get

8

In(L) = Z Z Z {_(tm - tm—l)a’jvm—l,ji + Wmivm—l,jiln (ajk(tm—l)) } (64)

The first term in Equation (64) will only be different from zero if the (m — 1)™ jump is to
state j and subsequently XL Y7_1 Xioq k=1 (fm — tn—1)@jVm_1,j; is the same as the
amount of the time the process spends in state j multiplied by «; and then the sum over all

values of j € (1, ..., 8).

The last term in Equation (64) will only be different from zero if the m™ observed transition
is from state j to state k. Therefore YL, ¥ 0_1 Xitq Xikeq WmiVm-1,jiln (ajk(tm_l)) is, for
j. k € (1,...,8), equal to the number of times the process is observed to transition from state j

to state k multiplied by In ( e (f-1))-

We therefore see that Equation (64) is equivalent to Equation (57). The way in which Tuma
et al. therefore proposes to handle right-censored observations is the same as that of Albert™.
Tuma et al. does not provide a closed form expression of the values of aj;, that maximise the
likelihood function, but mentions that a FORTRAN computer program has been written that

can maximise the likelihood function.

The likelihood function of Tuma et al. does however provide the flexibility of specifying any
distribution for the time spent in the j™ state which makes it possible to work with a

nonstationary process.

Another advantage of the likelihood function proposed by Tuma et al. is that they mention

that the transition rate can be estimated in terms of covariates, i.e. by specifying:

_ .0z
Qj, = e’k
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where 6, is a vector of parameters associated with characteristics, z, of the units being
studied. For patients, these characteristics can, amongst others, be smoking status and blood

pressure. This flexibility in the transition rate can easily be added to the likelihood function of

Albert by writing Equation (57) as

n
In(L§Y) = C, + Z Z Z K™, )6, 2, — Z AT (D ey (D) (©3)
h=1\ i=1j= ‘/
1¢J

where K;h) (i,j) is the total number of transitions from state i to state j for the r™t
process, c/l(Th)(i) is the total amount of time the h™ process spent in state i, ay (i) =

Yki e%ik Zn and zy, is the vector of covariates for the h™ process.
3.5 The method of Kalbfleisch and Lawless for irregularly observed data

Kalbfleisch and Lawless!”*! define a likelihood function for a Markov jump process for which
all processes in a sample are observed at the same irregular time points. Their method
considers all the observed time points in a sample and that transitions can occur at the time of
observation or during the start and end of an observation interval. The likelihood of
observing all the transitions in the sample is then calculated similarly as in Equation (37). If

the process is observed at times £, £1, ..., £, the likelihood is
m
=1

where n;;(;_1,%;) is the number of transitions from state i to j in the time interval [£;_4, %]

8

l_[pl,m YD (56
=1 j

i

as used in Section 3.2. Taking the natural logarithm of Equation (66), we get the log

likelihood function:

In(L) =
1

8 8
Zznij(tl—lx’tl)ln [pij(’tl—litl)]- (67)

m
=1i=1j=1

The approach by Kalbfleisch and Lawless considers all non-zero entries of the transition
intensity matrix to be entries of a vector 8. For example, for the three state model with one

absorbing state discussed in Section 4.2, 8 = (A4, Uy, Ay, Uy) if we let
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el 21 A 251
A= Az —A— U Y2
0 0 0

Equation (67) should now be maximised with respect to 8. Kalbfleisch and Lawless proposes
the use of a Gauss-Newton method which requires the derivative of Equation (67) with

respect to 8. Recalling Equation (25) we have

P® = Bdiag(e®?, ..., e%t)B!
where d, ...,d; are the eigenvalues of A and B is a matrix with columns containing the
eigenvectors of A in the same order as d, ..., d,. Kalbfleisch and Lawless shows that if we

calculate 22 and let 6™ = B2 B~1 we get
26 26,

u

oP®
a0,

= BV,B! (68)

where V,, is a 8 X & matrix with (i, /)" entry

(edit _ edjt) o .
gij(u)de ifi#j

giiWtedt ifi=j
and g;;® is the (i, )" entry of .
We therefore have an easy method for calculating the derivative of P(® if we differentiate A
with respect to 8. Kalbfleisch and Lawless proposes the following optimisation algorithm to
estimate 9:
Oiter = Oiter—1 + M(eiter—l)_ls(giter—l) ; iter =01, ... (69)

where

e 0, is a set of initial values for the parameters to be estimated;

e S(0) is the b dimensional vector with u™ entry

5,(0) = aln (L) Z Z Z apl;oitl()tl/)ae

=1i=1j=

) apij
where t; = £; — %;_; and Equation (68) can be used to calculate Z]T(tl); and
u

e M(0)is the b x b matrix with (u, v)™ entry
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nxtllJﬁ)apu(ﬁ)apu(ﬁ)
1‘”(9)‘222 py) 06, 06,

1i=1

B

where n;(£,_4, %) = Xi_1n;j(£,-1,%,) as used in Section 3.2. The algorithm is repeated until
O;ter and 0;.,_, are sufficiently close and thereafter the last value of 0., becomes the
estimate of @, i.e. 8. The matrix M (@)_1 is an estimate of the asymptotic covariance matrix
of ©. Furthermore it is indicated that the mean sojourn time in state i is estimated as

~\—1 . . . . . . .
- aii(e) and the asymptotic variance of the sojourn time is estimated with

2 (6)- Z Z da;;(0) 60(11(0) M (6)

u=1v= 0=0

where M¥¥(8) is the (u, )" entry of M(6)~1.

Kalbfleisch and Lawless mention that the proposed algorithm can be used in the case of right
censored data with the understanding that n;(#;_4,%;) is the number of subjects in state i at
time #;_; for whom the state occupied at time %; is known. Unlike the methods of Anderson
and Goodman'®, Albert"* and Tuma et al.'*, the algorithm of Kalbfleisch and Lawless does

therefore not use the information of the amount of time spent in a state if the time is censored.

Covariates are included into the model by specifying the transition intensities to be functions

of a covariate vector Z = (Z 1r oo Zp) in the following manner:

A@Z) = (ay(@)

with
@;j(Z) = % Bu ifi+]
a;(Z) = _Zaij(z) ifi=j
i+j

and where B;; are the covariate effects associated with the transition from state i to state j.

Say r distinct sets of covariates are observed in a sample of n subjects. Then r different

transition matrices can be formed:

Ay = AZy) = (@;(Zn); he(,...)
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If we let ng-l) (t;—1,t;) be the number of subjects with covariates Z}, that transitioned from

state i to state j between £;_; and £; we can write the likelihood in Equation (67) as

3

In(L) = Z Z nE}’) (ti—1,8) In [py;(wy, Zp)] - (70)

m 8
I=11i=1/=1

Equation (70) can be maximised using Equation (69) with S(8) = ¥ _, S™(B) and

M=Y"_ MM(B). The algorithm described above will increase computationally as 7

increases. It is therefore advised that covariates be grouped.

Kalbfleisch and Lawless used a Pearson-type test for goodness-of-fit which will be discussed

in Section 3.7.

3.6 The method of Kay and Jackson when processes are observed at different irregular

time points

Kay"® provided a method for ML estimators of a Markov jump process of which all
processes in a sample are observed at possibly different irregular time points. Such data will
cause interval censored data since the time of state transitions will be known to be in a certain
interval but the exact time of transition will be unknown. If the state of the process is
measured at two time points, the state of the process is not necessarily known between these

observation times.

Kay suggested that the true “alive” state from which a disease model makes a transition to the
death state is often unknown due to irregular observation times, but the time at which the
transition to the death state occurs is often known with precision of up to one day. Kay used
his methods to estimate the parameters of a process with three transient states indicating

cancer stages and a death state.

Consider a stationary disease process with & states of which the s™ state is the death state. If
k transitions are observed for the h" patient, h € (1, ...,n), but the last observed transition is
not to the death state thereby making the time to death censored and it is known that the

process is still in the state Xg(% at the end of the observation period, the likelihood

contribution of such an observation is
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kW -1
1 = l_[ PX(h)X(h) t; )) h=1,..,n (71)

i+1

If, however the k™ transition of the h™ patient is to the death state but the state of the process

immediately before dying is unknown, the contribution to the likelihood function is

kW—2

(h) — (h) .
l 1_[ [PX(h)Xl(E ]ZPX,% ND tk(h)_1 1)PXi(h),X5(1),

(72)

Kay states that in some instances it may be known that the process in the not in the death
state at time T but the exact state of the process (i.e. in which of the transient states the

process is in) is unknown. In this case the likelihood contribution of such a observation is:

k(M —1

W = ®) b=

= ] [ ]pr,&'a) o (T=t) A=t
i= =

The full likelihood is then created by taking the product of all the I terms and Kay states

that the likelihood can be maximised using Newton-type methods.

In the documentation of the R library msm, Jackson*’ alters Equation (72) and writes the

likelihood contribution if the process enters the death state from an unknown “alive” state as

k(M -2
() — [ ] (m) (73)
0= | | [pamaon (e Pxa, x® (b ) Oy,

i=0 i#s

Kay inherently argues that if the last observed state is X ((,2) and the process is known to

move to the dead state at time t((h) the likelihood contribution consist of the probability to

move from state X &%_1 to any another “alive” state in tlif(l,z)_l — 1 time units multiplied by

the probability to move from this state to the death state on one time unit. This is because
Kay considers the time of death to be recorded with precision up to one day. Jackson on the
other hand considers the likelihood contribution to equal the probability of moving from state

X ’Ef(%_ , to some “alive” state Xi(h),i # 8 1n t}(:(l,)l) time units and then instantaneously moving
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to the death state. Otherwise, Jackson uses the same approach as Kay for dealing with
censoring. Jackson provides flexibility for observation times that are recorded with exact
precision and where the state of the process is always observed when a transition is made.

The likelihood function for such an observed process will be as follows:

kM

(h) = (h)) 74
=] [ (7)o ™
=0
The msm library has an option using Equation (74) to calculate the likelihood function if the
exact transition times are observed by stating exacttimes=TRUE. Jackson states that richer
methods like the Cox regression model introduced in Section 2.3 can be used if exact

transition times are known.

3.7 Analysing the goodness-of-fit of the model

Jackson!*”!

mentions two methods that can be used to assess the goodness-of-fit of a model
such as ours. The first method consists of a graphical comparison of the expected number of
patients (from the n observed processes) in a state with the observations at various time
points. To calculate the observed number of patients in a state at time 7*, if 7 falls between
two observed time points, one can assume that the process is in the state observed prior to ™.

The validity of this assumption will depend on how often the process is observed.

In the case of a stationary Markov chain Equations (5) and (7) can be used to calculate the
expected number of patients in each state at time t* if the distribution vector of Equation (5)
is set equal to the number of patients in each of the states at time £,. Equation (6) can be
used in a similar manner for nonstationary Markov chains. Equation (23) can be used to
calculate the TPM matrix from a transition intensity matrix in the case of a stationary Markov
jump process and then Equation (5) and can be used as described above to calculate the
distribution vector at time t*. If the transition intensity matrix of a nonstationary Markov
jump process can be categorised into a number of stationary matrices, the TPM of each of
these intensity matrices can be calculated with Equation (23) and then Equation (6) can be
used in a similar manner as described for the nonstationary Markov chain to calculate the
expected number of patients in each state at time 7*. The observed and estimated number of

patients in each state can then be compared graphically for various values of 7* with the use
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of the plot.prevalence.msm function in the msm package of R. If the observed and estimated

state prevalence values are close it is an indication of a good fit.

The second method mentioned by Jackson uses the observed and expected number of
processes in a Pearson-type goodness-of-fit test statistic which was discussed by Aguirre-

Hernandez and Farewell®. Kalbfleisch and Lawless?®”

also used a Pearson-type test for
goodness-of-fit, and Aguirre-Hernandez and Farewell” added to the ideas of Kalbfleisch and
Lawless. Kalbfleisch and Lawless calculated the observed and expected number of patients
transitioning between states i and j for each time interval t; based on the estimated process
parameters. The expected number of transitions from state i to j in the time interval [},_4, £3,)

is calculated as
8
Eijn = B (£p-1,%1) z ny;(£h—1, )
j=1

and then the goodness-of-fit test statistic is calculated as

& 8 m (0 E )2
=) 0 ™
i=1j=1h=1 Lk
The subscript KL in Ji; of Equation (75) is used to indicate it is the test statistic introduced
by Kalbfleisch and Lawless. O;jy, is the number of patients that transitioned between states i
and j in the time interval [£;,_4, %) in the sample. Kalbfleisch and Lawless states that the test

statistic follows an asymptotic chi-square distribution and uses this to test for the significance

of the goodness-of-fit.

Aguirre-Hernandez and Farewell consider groups of patients based on their characteristics
(covariates) and calculates the observed and expected number of transitions for each group.
The grouping of observed and expected transitions also consists of intervals on the time axis
and the time spent in a state. The observed number of transitions between state i and j in one

such group, say [, is then calculated as

01 = Z [Xe,,, =), Xe, = 1] (76)

where the summation is taken over all units in group [ and over all values of time included in

the grouping. Here I[] is an indicator function. The expected number of transitions in group
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[ is calculated by determining the estimated probability to transition from state i to j for each
patient in group [ and then summing over all patients in group [. The expected number of

transitions is

Ei,]’,l = Z p[XfiH :j’Xfi = i]' (77)
L[titiy1)€l

The condition of [£;£;,,) €l in the summation of Equation (77) indicates that only time

intervals included in group [ should be included in the summation.

The Pearson-type goodness-of-fit test statistic is then calculated with the following formula:

o Z (041 = Ei,j.z)z
AF — l Ei,j,l .

Aguirre-Hernandez and Farewell state that 7, does not follow a chi-square distribution since
the estimated transition probability can differ for each process. They therefore estimate the
distribution of Tz by forming bootstrap samples. Each bootstrap sample is formed by
simulating n Markov processes based on the estimated parameters, 8, and then estimating the
process parameters again and calculating 0; ;; and E; j; based on the bootstrap sample and
process parameters estimated from the bootstrap sample respectively. Chapter 4 will discuss
how a Markov chain and jump process can be simulated from the process parameters. A
(1 — a@)100% confidence interval for the test statistic is then formed from the sampled
distribution of the test statistic and the model is said to have a significantly good fit if the

observed value of 7 is contained in the confidence interval.

The Pearson-type goodness-of-fit test with bootstrap samples can be calculated with the

pearson.msm function of the msm package by specifying the boot=TRUE option.
3.8 Discussion

We have discussed various ML methods for the estimation of the parameters of Markov
processes and indicated the influence of the timing of observations on the likelihood function.

The possible observations schemes of a Markov process are summarised below:

e All state transitions are observed exactly. The estimator of Albert which is

discussed in Section 3.3 can be used for such data if the effect of covariates on
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transition rates are not investigated. The estimator of Tuma et al.!'®! which is

discussed in Section 3.4 can be used if the effects of covariates are of interest.

e The states of all processes are observed at the same equidistant time points. The
estimator of Anderson and Goodman'®! which is discussed in Section 3.2 can be used

for such data.

e The states of all processes are observed at the same, but not necessarily

[53

equidistant time points. The estimator of Kalbfleisch and Lawless"™ which is

discussed in Section 3.5 can be used for such data.

e The states of all processes are observed at possibly different time points which

[56

are irregular. The methods of Kay"® and Jackson!*! which are discussed in Section

3.6 can be used for such data.

The methods of Albert'™ and Anderson and Goodman'®! provide closed form expressions for
the ML estimators of the Markov process parameters whereas the estimators of Tuma et
all'"" Kalbfleisch and Lawless”™, Kay®® and Jackson'*' are found by using iterative
optimisation procedures to find the values of the parameters that maximise the likelihood
function. Kalbfleisch and Lawless”” provide an optimisation algorithm in their article and
functions like the n/m function in R can be used to find the parameters that maximise the

104 [49]

likelihood functions of Tuma et al.!'*", Kay®® and Jackson'*"".

We have discussed one nonstationary ML estimator of a Markov process for which all
processes are observed at the same equidistant time points. This is the nonstationary
estimator of Anderson and Goodman'® which was discussed in Section 3.2. Aalen et al'
used a similar approach in estimating nonstationary transition probabilities, but indicated that
the time points at which observations are made do not have to be equidistant. Aalen et al.
indicates that the TPM of a nonstationary Markov chain for the interval [s,t] should be
estimated by splitting [s, t] into a partition of time {t,,} such that each observed transition in
the interval [s, t] is contained in a unique time interval. The estimated TPM for the interval

[s, t] then becomes:

Pt — 1_[ Pltmtmss).

S<tm<tm41st
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Tuma et al.!"* provided a likelihood function for which the transition rates of a Markov jump
process can be estimated as a function of covariates. Tuma mentions that the function can be
applied to include the effect of time on transition rates. Consider for example a three state

Markov jump process of which the transition from state i to state j is written as a;; =

ePo+Pit  The effect of time on transition rates can therefore be estimated by finding the ML
estimates of B, and [; with the use of optimisation methods such as the n/m function in R.
The type of function used to link the transition rate to time, efo*F1t in this example, will
depend on the relationship between time and the transition rate and it is suggested that
process parameters be estimated for various link functions with the outcome of each method

being compared using the observed and expected state prevalence plots described in Section

3.7.

Another approach to handling nonstationary process in the approach of Tuma et al."*¥ is by
specifying a survival function other than the exponential for the time spent in the jth state in

Equation (62).

In dealing with nonstationary processes, Kalbfleisch and Lawless”®®! and Ocana-Riolal®"]

suggested that the transition intensity matrix be split into piecewise homogenous transition
intensities which are stationary over certain time intervals. Ocana-Riola goes further to
suggest a method whereby different homogenous transition intensity matrices are estimated
between all time periods for which transitions were observed. If any two consecutive
transition intensity matrices are the same, the one observation time is ignored and the
homogenous transition intensity matrices are calculated again. This process continues until
all consecutive transition intensity matrices are different. This method may however be
impractical if the time period between transitions are small and many different time periods

are observed of which most give different transition intensity matrices.

It is also possible that the transition rate may not depend on the time from the start of the
process, but on the time spent in a state. Such models are called semi-Markov models and are
described in Meira-Machado et al.”®! A discussion of methods that deals with this type of
processes will not be provided since it falls outside the scope of this dissertation but software

will be mentioned in the concluding chapter that can incorporate semi-Markov processes.

The summary of the methods that have been given so far suggests that the treatment of time

in Markov processes, discrete or continuous, be determined by the data available. One may
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however wish to work with a Markov chain process even though a Markov jump process was
estimated from the data and vice versa. Calculating the TPM from a transition intensity
matrix has been described in Chapter 2 so it is possible to estimate the parameters of a
Markov chain process even if the process has been observed in such a way that would suggest
a Markov jump process be used to estimate the process parameters. If the data is however
used to estimate a TPM, it is not always possible to construct the corresponding transition
intensity matrix.  This is known as the problem of embeddability and is discussed by,
amongst others, Singer and Spilerman'®”. An example of a TPM that is not embeddable is
provided in Equation (78) below. This example is used in the article of Singer and

Spilerman'®”’.

P =1037 045 0.18

0.20 0.60 0.20

(78)

0.15 0.35 0.50]

If 8 =2 the TPM, P, is embeddable if and only if tr(P) > 1. There is however not a
general set of rules if 8 > 2 that can be used to determine of a TPM is definitely embeddable,

but in Section 3.1 of the article by Singer and Spilerman'®”’

some rules are provided which be
used to determine if a TPM cannot be embedded as a transition intensity matrix. These rules

will not be discussed in detail here, since this falls outside the scope of this dissertation.

As mentioned by Kalbfleisch and Lawless!

, embeddability does not have an influence on
the estimation of the transition intensity matrix nor does it give an indication of the goodness-
of-fit of the estimates. The methods provided in Chapter 3 can be used to estimate the
transition intensity matrix from equidistant observations, with the methods depending on the
assumptions being made on when the transitions occurred relative to the observation time.
This will be explored in Chapter 4 where a Markov jump process will be fitted to data
observed at equidistant time points and then the TPM will be derived from the transition

intensity matrix and compared to the TPM estimate of the Markov chain methods from

Section 3.2.

When state transitions of a Markov jump processes are not observed exactly, the likelihood
function contains transition probabilities based on the duration between observations. See for
example the approach by Kay and Jackson discussed in Section 3.6. When optimising
likelihood functions that contain transition probabilities in terms of transition intensities like

in Equations (71), (72), (73) and (74), one can calculate the corresponding transition
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probability for every transition rate using Equations (24) or (25) if the process is stationary.
Tuma et al'® gives the transition probabilities of a three state stationary Markov jump
process with one absorbing state in terms of the transition rates and not in matrix notation.
Consider for example a stationary Markov jump process with transition intensity matrix given
by:

oy A1z g3

a1 Az QA3
0 0 0

A=

The corresponding transition probability of a move from state j to state k in t time units is
then given by:
1 81t 8t
p;i(t) = 5 5 [(ak + 61)ett — (ay + 5,)e’2 ]
1~ 0z

a.
pi(t) = =25 [e%1t — e%2t];j = k
5, — 6,

1
p]3(t) = 1 + - o [(a]'s + 52)661t - ((Z]3 + 51)662t];j ¢ 3

61— 6,
p33(t) =1
with

1
6; = ) [“1 +a; + \/(“1 —ay)? + 4'0512“21]

1
51 = _E [al + a, — \/(al - az)z + 4‘“12“21].

It is stressed by Tuma that Equation (79) is only valid for a three state Markov jump process
of which the third state is an absorbing state. Kay"® and Kalbfleisch® also used Equation
(79) to write the transition probabilities of a three state system with one absorbing state in
terms of the transition intensities. Kay notes that obtaining transition probabilities in a format
similar to Equation (79) for a process with more than three states is nontrivial and suggests

that Equation (25) be used in such cases.

When estimating the transition rates of a three state Markov jump process with one absorbing
state using an iterative optimisation method one therefore has the option of obtaining

transition intensities and forming a TPM in the likelihood, or using Equation (79) to calculate
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transition probabilities in the likelihood. These alternatives will be explored in Section 4.5

and compared in terms of accuracy and computation time.

! use information on the number of transitions

The methods of Anderson and Goodman'®
observed and right censoring does not influence their methods. When including time in the
estimators however, the treatment of right censored time in a state becomes a matter to
question. Albert™, Tuma et al.l'Y, Kay[56] and Jackson™” includes the time spent in the last
state in the likelihood function even if the time is censored whereas Kalbfleisch and

1031 §t was stressed

Lawless™ do not. In another article of which Tuma was the lead author!
that the time spent in the last observed state should be included in the likelihood even if it is

censored.

Markov processes will be simulated in Chapter 4 for a specific set of process parameters so
that the parameters estimates can be compared to the true data generating parameters. The
goodness-of-fit methods discussed in Section 3.7 will also be used to analyse the fit of the
models and then comments will be made on the ability of the goodness-of-fit methods to

assess the model fit.
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Chapter 4. Implementation of methods

4.1 Introduction

The theory for estimating the parameters of Markov processes under various assumptions
regarding the observations of the Markov process were described in Chapter 3. We will now
simulate Markov processes and implement these methods to estimate the parameters under

various assumptions of the observation scheme.

The parameters of processes for which the exact time of state transitions are recorded can be
estimated with the use of the methods of Albert* and Tuma et al.[m], which were discussed
in Sections 3.3 and 3.4. These methods will be implemented first by simulating a Markov
jump process and estimating the transition intensities based on the simulated data. The ability
of these methods to estimate covariate effects on transition intensities will also be

investigated.

The next type of observation scheme that will be considered is that of processes for which all
observations are made at equidistant time points and this can be described by Markov chains
due to the discretization of time. We will simulate Markov chains and implement the

methods of Anderson and Goodman which were discussed in Section 3.2.

Next we will consider an observation scheme where all processes are observed at the same
irregular time points. For this we will simulate Markov jump processes that are observed at
predefined time points and use the methods of Kalbfleisch and Lawless’™ to estimate the

parameters of these processes.

The last observation scheme that will be investigated is the case where all processes are
observed at possibly different irregular time points. For this we will simulate Markov jump
processes and observe each process at different randomly chosen time points and then use the

[53]

methods of Kay!”*! and Jackson!*” to estimate the process parameters.

All estimated parameters will also be compared to that of the msm package of R. The true
process parameters will always be known so it is straightforward to analyse the goodness-of-
fit. The methods discussed in Section 3.7 will also be used to analyse the goodness-of-fit and

the ability of these methods to analyse goodness-of-fit will be discussed.
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The methodology used to simulate Markov processes is described next. Separate strategies

were used for simulating Markov chains and jump processes.
4.1.1 Simulating a Markov chain

Given the TPM of a Markov chain and the current state of the process, the state of the process

at the next time point can be simulated as follows:

1. If the current state of the process is state j, row j of the TPM vector, (pjl, Djzs e pjé),

provides the probabilities that the process will be in each of the states at the next time

point.

2. Generate a random variable from a multinomial distribution with sample size one and
probability vector (pjl,pjz, e Dj 5). The value of the random multinomial variable
indicates the state of the process at the start of the next time point with the

understanding that the process can be in the same state as at the current time point.

The above algorithm can be repeated for as many time points and number of samples as

required.
4.1.2 Simulating a stationary Markov jump process

As shown in Equation (26), if a stationary Markov jump process is currently in state i the

time until the state of the process changes follows an exponential distribution with rate
parameter @; = Ykew, @jk. The probability that this will result in a jump to state j # i is %
k#i i
For a stationary Markov jump process that just moved to state i, the time in state i can
therefore be simulated by generating a random exponentially distributed variable with rate

parameter «;. The state of the process after the transition can be simulated as a multinomially

distributed variable with sample size one and probabilities {%, i #] }

4.2 Exactly observed transitions

We begin by describing a Markov jump process for which the transitions are observed exactly

and implement the method suggested by Albert and discussed in Section 3.3. The method of

104

Tuma et al.'® discussed in Section 3.4 was then used to include the effect of covariates on

transition intensities.
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4.2.1 Exactly observed transitions based on estimator by Albert

Example |

A Markov jump process with three states where all patients start the process in state 1 and

transition intensity matrix given as

02 -04 0.2
0 0 0

(80)

—0.35 0.15 0.2]

was simulated . It was assumed that state transitions are observed with exact precision. This
transition intensity matrix represents a process where states 1 and 2 communicate and
movements from states 1 and 2 to state 3 are possible, with state 3 being an absorbing state.

This can be thought of as being a {well, ill, dead} disecase model.

The process was run with n = 1000 and T = 50 where n refers to the number of processes
sampled and T refers to the maximum observation time for each process. The transition
intensity matrix was then estimated using Equations (59) and (60) and the estimated transition
intensity matrix is

A —0.3389036  0.1420505 0.1968531

A=10.1860823 —0.3989666 0.2128843|. (81)

0 0 0

It took the process on average 4.97 time units to move to the absorbing state and all the
simulated processes were in the absorbing state at time T = 50. The process was run for the

possible combinations of n = 100,1000 and T = 5,10 and the results of the estimator as

described by Albert is shown in Table 6. It should be noted that c/l,(rk) (i) in Equation (59)

represents the amount of time that state i was occupied during the experiment by the n
samples and it includes the observed amount of time spent in the last state even if the actual

time in the state is censored. This was described in deriving Equation (55).

The crudeinits.msm function in the msm package also estimates the (i, j)th transition intensity
by dividing the number of transitions from state i to j by the amount of time spent in state i.
The estimates calculated from the simulated data were compared to that the of crudeinits.msm

function and were verified as being the same. The estimated transition intensity matrices are
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compared with the true process parameters by calculating the sum of squared differences
between estimated and actual parameters for all the elements of the transition intensity

matrices. This quantity will be denoted as “SSD” and is shown in Table 6.

Scenario Parameters Estimated transition intensity matrix SSD
= 1000 [-0.3506 0.1473  0.2043

1 _ 10 A=101966 —0.4103 02137| [0.0003220456

0 0 0

= 1000 ~ [-03490 0.1488 0.2003

2 ~ A=101535 -0.3608 0.2073| [0.003752216
=5 0 0 0
= 100 03761 0.1436 0.2325

3 A=101297 -03612 0.2315] 0.00923141
= 10 0 0 0
= 100 [-03424 0.1484 0.1941

4 A=10.1883 —0.4623 0.2740 0.00958304
=5 0 0 0

Table 6: Estimated transition intensity matrices

Table 6 shows that Equations (59) and (60) provide accurate estimates of the transition
intensities even if the sample size and total observation time decrease to the parameters
considered. The reduction in total observation time from 10 to 5 time units with n = 1000

produces a relatively big difference in SSD when compared to the case when n = 100.

The advantage of observing transitions exactly compared to panel data that are observed at
equidistant time points was compared by producing a transition count matrix (TCM) that
would have been observed if the data was only observed at the end of each time period.
The estimated TPM from the panel data (TPMp;screte) 1S shown in Table 7. The estimated
one step TPM for the transition intensity matrix in Equation (81) (TPMgyac¢) is calculated
using Equation (24) and also shown in Table 7. The true one step TPM based on Equation
(80) (TPM ) is also shown in Table 7.
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0.7138 0.1043 0.1819
TPMpiscrete = |0.1381 0.6559 0.2032
0 0 0

0.7143 0.1012 0.1845
TPMgyqce = 10.1351 0.6733 0.1916
0 0 0

0.7151 0.1036 0.1813
TPMy,,. = |0.1382 0.6806 0.1813
0 0 0

Table 7: TPM matrices based on panel observations, exact observations and the true one step process TPM

Table 7 shows that the TPM estimated from exactly observed transitions are closer to the true

one step TPM of the process when compared to what would be calculated from panel data.

Example 11

The possible gain in accuracy of the estimated process parameters by observing transitions
exactly compared to panel data was further investigated by considering a more complicated
process. Therefore a process with four transient states and one absorbing state was
considered. The transition intensity matrix used for this is shown in Equation (82). This was
chosen such that patients have a small probability to enter state 4 and once they do they will
move out of the state quickly. This was chosen to assess how many transitions to state 4
would be missed if the process is only observed at fixed time intervals. The process was run
with a small sample size (n = 100) and with T = 5 to make sure some process will not be in
the absorbing state by the time observation ends since we want to assess how well the process

can predict state prevalence beyond observation time.

[-1.13 02 0.8 0.03 0.1
08 -111 0.2 0.01 0.1
A=| 04 09 —142 002 0.1 (82)
l 1.3 0.8 05 —2.68 0.08J
0 0 0 0 0

The estimated one step TPM from observing the process only at discrete time points
(TPMp;screte), the estimated one step TPM derived from the estimated transition intensity
matrix (TPMgyqee) and the true step TPM (TPMryy.) is shown in Table 8. The state

prevalence calculated from these TPMs are shown in Figure 3.
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04178 0.1867 0.2756 0.0133 0.1067
0.3412 0.3529 0.2471 0.0118 0.0471]

TPMpiscrete =|[ 06255 0.2778 0.4000 0 0.0833I
: 0 0 0.5 0
l 0 0 0 0 1 J

[0_4485 0.1709 0.2865 0.0076 0.0865

03290 0.3916 0.1893 0.0058 0.0844
TPMgy e = 02367 02604 04011 0.0074 0.0943|

[0-4586 0.1854 0.2008 0.1022 0.0530
0 0 0 0 1

04387 0.1921 02663 0.0078 0.0950]

[03119 04197 0.1677 0.0055 0.0950
TPMyyye = l02467 03072 03448 0.0062 0.0951‘

0.3550 0.2605 0.2222 0.0740 0.0886
0 0 0 1

Table 8: TPM matrices based on panel observations, exact observations and the true one step process TPM

Table 8 indicates that TPMg, 4 is closer to TPMyyy,e than TPMp;serere With the SSD being
0.246284 and 0.360099 respectively. We also see that none of the transitions from state 3 to
state 4 were observed by the panel data but it was observed in the exact transitions.
Furthermore, only transitions from state 4 to states 1 and 4 were observed in the panel data.
The lack of observing transitions from and to state 4 lead to wrong state prevalence in state 4

for the panel data as seen in Figure 3.
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Figure 3: State prevalence. (blue line: based on TPMp;screte, green line: TPM g, .. and black line:
TPMTrue
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4.2.2 The inclusion of covariate effects based on estimator by Tuma

1.4 \was discussed in Section 3.4. This method is based on

The ML estimator of Tuma et a
observations that are made exactly when transitions occur and it was shown that the
likelihood function of Tuma et al. is the same as that of Albert™*. The estimator by Tuma et
al. does not provide a closed form expression for the transition intensity estimates like that of
Albert, but provides for easy addition of covariates to the likelihood function. The ML
estimates can then be found by maximising the likelihood function using optimisation

methods like that of the n/m function in R.

We start by considering a process without any covariate effects and whereby state transitions
are observed exactly. This is similar to Example I and is done to assess the power of the n/m
function to maximise the likelihood function. A three state Markov jump process with
transition intensity matrix as in Equation (80) was simulated with T = 50 and n = 1000.

Then the likelihood function in Equation (57) was maximised using the n/m function in R.
This requires the calculation of the TCM, K;n), and the amount of time spent in every state
A(Tn)(i),i = 1,...8. The likelihood function was written in R such that the elements in the

transition intensity matrix that had to estimated were elements of a vector @ = (A4, iy, Ay, U3)
so that the transition intensity matrix can be written as
M- A H1

A= Az —Ay —l Haf
0 0 0

(83)

The nlm function in R is an iterative method that requires a set of initial values for the
parameters  being  estimated. The initial parameters were chosen as
6, = (0.2,0.15,0.15,0.25) which are close to but not equal to the true process parameters,
Orrue = (0.15,0.2,0.2,0.2). The parameters were estimated on the same data that was used
to produce the estimated transition intensity matrix in Equation (81) and produced the

following estimate for the transition intensity matrix

A —0.3389027 0.1420500 0.1968527
A= 101860818 —0.3989656 0.2128838 (84)
0 0 0
which is the same as Equation (81) up to four decimal points. We therefore see that using the

nlm function in R to maximise the likelihood function in Equation (57) produces satisfactory

results. The effect of the starting value on the estimates was assessed by using 6y =
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(1,1,1,1) as initial vector and this produced results which were equal to Equation (84) up to

six decimal points.

Example 111

Next, the methodology proposed by Tuma to estimate the effect of covariates on transition
rates was investigated. The same transition intensity matrix as Equation (80) was used to
simulate processes, with the exception that the probability to move from state 1 to state 2 was

assumed to be influenced by a binary variable z such that

A1y = eP1z2,0tB12,12

For this example, the binary variable z represents the gender of a patient and will therefore be
denoted by Sex from here after with Sex = 1 representing a female patient and Sex =0 a
male patient. Then ef120*P121 would represent the transition intensity from state 1 to state 2
of a female and ef120 that of a male patient. The transition intensity when the covariates are
equal to zero, i.e. ef120 in this example, will be called the baseline transition intensity. The
other non-zero off-diagonal transition intensities in Equation (80) were assumed to be
independent of gender, or any other covariate effects, and were also written in the exponent.
The simulated transition intensity matrix can therefore be written as
—eP120tPi2a5ex _ gP1zo  pPr20tP1z15ex  pPizg
A= eP210 —eP210 — P30 P23
0 0 0
and the objective now becomes to estimate 8 = (,812,0, B12.1, P13,0: P21,00 ﬁ2310). The sample
was simulated with n = 1000, T = 50 and f,,; = 0.4. The transition intensity from state 1
to state 2 of female patients is therefore ef121 = ¢%4 = 1.491825 times, or roughly 50%,
greater than that of males. The gender of each patient was simulated from a Bernoulli
variable with parameter p = 0.7 so that we obtain a sample with 70% females. The
equivalent values of B o, B130, 21,0, B23,0 to obtain a similar transition intensity matrix as in

Equation (80) were

Pi20 = In(0.15) = —1.89712
(85)
Biso = Ba1,0 = B2z = n(0.2) = —1.60944
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so that the male patients were simulated from the same transition intensity matrix as Equation

(80).

The likelihood function in Equation (65) was maximised with respect to the simulated values
which required that a TCM for all 1000 simulated patients had to be calculated individually
and also the state occupation times of each patient. This can be simplified by only calculating
the TCM of all the males and females and also the total state occupation times for the males
and females but this was programmed in R in a more general way so that continuously valued

covariates could be added with ease.

The initial value for the nlm function was set to Oy = (In(0.2),0.7,In(0.15),
[n(0.15),1n(0.2)) so that the results could be compared to the example discussed above
where the gender effect was not taken into account and the likelihood was maximised using

the n/m function.

The likelihood function was optimised using the n/m function in R and the estimated and true
values of the parameters are shown in Table 9. The parameters were also estimated with
0y = (In(2),1.5,In(2), In(2),In(2)) as starting value and the results of this is also shown in
Table 9.

Parameter True value Estimated value with 8, | Estimated value with
as starting value 0, as starting value
B12,0 —1.89712 —2.0051925 —2.0051859
B13,0 —1.60944 —1.6403000 —1.6402966
B210 —1.60944 —1.6415876 —1.6415959
B230 —1.60944 —1.6115572 —1.6115529
P21 0.4 0.5337707 0.5337633

Table 9: Estimated and actual values for jump process with gender (312,1) effect for different starting values

for the nim function

The estimated process parameters with @y as starting value produces the following estimated

transition intensity matrix for the females
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. —0.4235213 0.2295989 0.1939224
A= (01936712 —0.3932494 0.1995782 (86)
0 0 0
and the following estimated transition intensity matrix for the males
A —0.3285562 0.1346338 0.1939224
A= 01936712 —0.3932494 0.1995782]|. (87)

0 0 0

Equation (87) is similar to Equation (84) indicating a good fit of the transition intensity
matrix for the males. The estimated gender effect, 312,1 = 0.5337707, is 30% higher than

the true gender effect 51, 1 = 0.4 and therefore overestimated.

We see that the estimates resulting from 0g and 6y as initial value in the n/m function were

I recommends that

similar indicating the initial values do not have a big effect. Jackson*’
initial values of transitions intensities be set equal to the estimates of Equations (59) and (60).
It is therefore recommended that the parameters of the transition intensities that are not
functions of covariates be set to the natural logarithm of the estimates from Equations (59)
and (60). When providing initial estimates for the binary variable one should investigate the
effect of various “reasonable” parameter estimates, preferably based on prior knowledge of
the process if possible. If we denote the initial value of the covariate effect by ﬁ12,1’ the
proportion of females in the sample as Sex, and the estimate of Equations (59) and (60) for
the transition intensity from state 1 to state 2 with no covariate effect by &, ,, the initial value
for the baseline transition from state 1 to state 2 should be set equal to In(@;,) — ﬁlz‘lm.
Various values of E12,1 were considered as initial values in the n/m function with the rest of
the initial values calculated as described above. It was observed that estimates similar to that
of Table 9 were obtained when —15 < ﬁ12,1 < 30. ﬁ12,1 = —15 and ,[?12,1 = 30 implies that
the transition intensity from state 1 to state 2 of females will be respectively 3.059023 X
1077 and 1.068647 X 103 times that of males. If it is known from prior knowledge that the
transition intensity of females cannot be less than 3.059023 x 1077 or more than

1.068647 x 10*3 times that of males it would make sense to use —15 < 81, < 30 when

obtaining the ML estimates.

The msm package can estimate covariate effects by specifying covariates in the msm

function. The msm package estimates the covariate effect for all transition intensities with a
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95% confidence interval. The following estimated covariate effects were obtained with the

msm package:

0 0.5338 (0.3585; 0.7090)  0.0695 (—0.0905; 0.2295)
—0.2366 (—0.4767; 0.0035) 0 0.1083 (—0.1495; 0.3661)|. (88)
0 0 0

We see that gender effect on the transition intensity from state 1 to state 2 estimated by the
msm function is the same as that estimated by the n/m function. Furthermore we see that it is
the only element of Equation (88) for which the 95% CI does not contain zero indicating that

the effect is significant.

Example IV

Next, the addition of a continuous valued covariate was assessed by adding an age effect on
the transition intensity from state 1 to state 2. Age here represents the age at study initiation
and therefore remains constant for each patient throughout the study. One thousand Markov
jump processes with T = 50 and the following transition intensity matrix were simulated,

—ePrzotPizaSextBippA9e _ oBi30  pPraotPiziSexthizaAge Bz
A= ePa10 —eP210 — gP230 eP23o |-
0 0 0

P12,2 represents the effect of age on the transition rate and was simulated with B, , = 0.05.
This means that the transition intensity from state 1 to state 2 would be e%%> = 1.051271
times or roughly 5% more for every unit increase in age. Age represents a age vector and
Sex is the gender vector with Sex = 1 being female and Sex = 0 being male. The process
was again simulated with 8;; ; = 0.4. Gender was simulated from a Bernoulli variable with
probability parameter 0.7 and age was simulated from a Unif (0,100) variable. The value of

the other parameters for the simulation were chosen as follows:

P20 = n(0.15) = —1.89712

Bizo0 = Bz10 = Paso = n(0.2) = —1.60944.

The transition intensity from state 1 to state 2 as a function of age and gender is shown in

Figure 4.

CA Marais

23138514



UNIVERSITY OF PRETORIA %94
YUNIBESITHI YA PRETORIA

%
=

ﬂ UNIVERSITEIT VAN PRETORIA

\ 4

o]
2
* Female
* Nale

o
2 8 -
i L]
Jab}
®
w
=
o
L
z o
£ 2 7
= =
o
3
I
AT
= [Fg]

o

T T T T T T
0 20 40 50 20 100
Age

Figure 4: Transition intensity from state 1 to state 2 as a function of age and gender

The goal now is to find ML estimates for the vector 8 = (,812,0, B12,1, P12,2, P13,00 B21,0s ,823,0).
The likelihood function in Equation (65) was maximised with the n/m function with 8 =
(In(0.2),0.7,0.1,[n(0.15), In(0.15), In(0.2)) as initial value. The estimated and true values
of the parameters are shown in Table 10. The effect of the starting value for the n/m function
was assessed by using 8y = (In(2),1.5,1,In(2),In(2),n(2)) and these estimates are also
shown in Table 10.
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Parameter True value Estimated value with 8 | Estimated value with
as starting value 0, as starting value
P12,0 —1.89712 —1.8287992 —0.2259975
P13,0 —-1.60944 —1.55452127 0.6931472
B210 —-1.60944 —1.5735262 0.6931472
B23.0 —-1.60944 —-1.61257911 0.6931472
P121 0.4 0.30857580 0.5808551
P122 0.05 0.04998602 —89.9771531

Table 10: Estimated and actual values for jump process with gender (312,1) and age
([312,2) effect with different starting values for the nIm function

Table 10 indicates that reasonable parameter estimates were obtained when 8, was used as
initial value in the n/m function. Similarly to Example III, we see that the choice of initial
value in the n/m function can have a big influence on the parameter estimates. We have made
suggestions in Example III for choosing initial values of the parameters corresponding to
transition intensities that are not functions of covariates and also for effects associated with
binary variables. When choosing the initial value for f;,, and B;,; in this example an
approach was investigated in which the estimated gender effect estimated in Example III was
used as initial value, i.e. /3712,1 = 0.5337752, and various initial values for f;,,, were
considered. If we denote the initial estimate of the age effect by E12,2 and the mean age in the
sample by Age, the corresponding initial estimate of
Pizo would be Pz =In(@;) — Bi215ex — f1,,Age with &, having a similar
interpretation as in Example ITI. We saw that similar estimates to Table 10 with @ as initial
value were obtained when [3’122 was within the interval [—0.25,0.35]. If 312,2 = —0.25 the
transition intensity of a person of age 100 would be e~%25*100 = 1388794 x 10~ times
than that of a new born. Similarly, if 312,2 = 0.3 the transition intensity of a person of age
100 would be %3190 = 1586013 x 101° times than that of a new born. Practitioners
should ask themselves if these estimates sound reasonable when using values ,512,2 =

(—o0,—0.25) U (0.35, o) as initial values.
The msm packages estimated the following effects of gender on the transition intensities
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0 0.3084 (0.1113;0.5056) —0.05258 (—0.6614;0.5562)
[—0.1206 (—0.3993; 0.1582) 0 0.1192 (—0.1623; 0.4008) ] (89)
0 0 0

and the following effects of age on transition intensities,

0 0.04999 (0.04637;0.05361) —0.0015 (—0.0106;0.0077)
[0.0024 (—=0.0027;0.0075) 0 —0.0035 (—0.0087; 0.0017)]. (90)
0 0 0

The brackets in Equation (89) and (90) represent a 95% CI for the covariate effects. Equation
(89) and (90) indicates that the effects of gender and age are only significant in the transition
intensities from state 1 to state 2. Furthermore, we see that the covariate effects estimated by
the msm function are similar to that in Table 10 when 6, was used as initial value in the n/m

function.
4.3 Processes that are observed at equidistant time points

We showed in Section 3.2 that the parameters of processes that are observed at equidistant
time points can be estimated by considering the processes to be Markov chains and then
estimating the transition probabilities of such processes. The methodology discussed in
Section 4.1.1 was used to simulate Markov chains. Equations (39) and (40) were then used to
estimate the TPMs so that the ability of Equations (39) and (40) as estimators can be
investigated to provide robust estimators. A stationary and nonstationary Markov chain were

considered and are discussed separately.
4.3.1 Stationary Markov chain

Example V

A stationary Markov process with five states, of which the fifth state is absorbing, was
considered for the estimation of a stationary process. The absorbing state resembles the death
state of a disease model and the states are ranked by severity of disease with the first state
representing the least severe form of the disease. The transition probabilities were chosen
such that the probability to enter the absorbing state increases as disease severity increases to
resemble a disease model whereby the risk of death increases as patients move to more severe
disease states. The probability to move back to states of less severe disease decreases as the

disease severity increases to simulate a disease where the chances of being cured decreases as
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the severity of disease increases. The TPM used to simulate the process is shown in Equation

91).

07 01 0.05 005 0.1

013 0.2 035 02 0.12
p=101 005 01 05 0.25 (91)

0.05 005 01 04 04
0 0 0 0 1
Using Equation (9), we estimate that if the process starts in state 1 it will take 6.07 time units
before entering the absorbing fifth state. First, n = 1000 Markov chains were sampled, each
with T = 50 to ensure that all chains reach the absorbing state. All processes were started in
state 1. A frequency count matrix (FCM) was calculated such that the (i, j)th element of the
FCM represents Y.r_; n; j(t —1,t). The msm package of R has a function statetable.msm
which also calculates a FCM and we checked our FCM with that of the statetable.msm
function to ensure that it was calculated correctly. Once the FCM is constructed it is
straightforward to implement Equation (39) to estimate the TPM. The estimated TPM for this

process is as follows

[0.715 0.102 0.042 0.050 0.091y
[0.125 0.180 0.364 0.213 0.118]
P =10.098 0.049 0.094 0.455 0.305]. (92)
l0.045 0.038 0.105 0393 0.419
0 0 0 0 1

If we compare Equations (91) and (92), it seems like the ML estimator is a robust measure for
estimating the TPM of a stationary Markov chain. As a measure for the goodness-of-fit of the

estimated TPM, the observed and expected cell prevalence of each state is shown in Figure 5.
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Figure 5: Observed and expected state prevalence for process with parameters in Equation (91) with
n = 1000, T = 50. Red dots: Observed prevalence, blue lines: Expected prevalence

Figure 5 indicates that the expected state prevalence provides a good fit to the observed state
prevalence. We also see that it was not necessary to observe the process for more than 30

time units, since most processes reached the absorbing state by then.

The average time for each simulation to move into the absorbing state since starting the
process was 6.153 time units with an interquartile range of 8 — 3 = 5. The sample mean time
to enter the absorbing state is thus close to the 6.07 calculated for the true process parameters.
Next, the process was simulated with T = 3 and T = 8 to assess the effect of observing a

chain for time periods at which 25% and 75% of the chains are expected to have reached the
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absorbing state respectively. The number of chains simulated, n, was set to 1000, 500 and

100 for these simulations so that the effect of sample size on the estimates could also be

determined. The estimated TPMs for these values of T are shown in Table 11. The SSD’s
for all estimated parameters are shown in Table 12, sorted by increasing SSD’s.
n T =23 T=8
r0.705 0.099 0.051 0.045 0.0997 r0.713 0.102 0.041 0.049 0.0947
_|0.107 0.198 0385 0.166 0.144| |  ]0.117 0.179 0.362 0.222 0.119
1000 | P=10.053 0.084 0.084 0.481 0.298| | P =/0.077 0.046 0.082 0.503 0.292
0.021 0.071 0.114 0.357 0.436 0.049 0.053 0.105 0.401 0.392
0 0 0 0 1 J 0 0 0 0 1
r0.699 0.108 0.052 0.040 0.1 7 0.712 0.101 0.041 0.051 0.0941
_|oa125 0205 0375 0.116 0.179|| _ [0.110 0.150 0.405 0.229 0.106
500 | P =]0.063 0.127 0.079 0.460 0.270| | P =(0.080 0.050 0.070 0.490 0.310
0.031 0.092 0.092 0.308 0.477 0.037 0.054 0.097 0.437 0.374
0 0 0 0 1 J 0 0 0 0 1
0.703 0.110 0.073 0.009 0.1057 r0.738 0.099 0.047 0.039 0.0787
_|o0.182 0273 0.273 0.136 0.136| | = |0.137 0.137 0.431 0.196 0.098
100 | P=]0.071 0.286 0.071 0.500 0.071| | 2 =(0.059 0.137 0.118 0.373 0.314
0 0.3 0.1 0.4 0.2 0.034 0.034 0.103 0.448 0.379
0 0 0 0 1 0 0 0 0 1

Table 11: Estimated TPM of process with parameters in Equation (91)

n T SSD

1000 50 0.00681108
1000 8 0.004270605
1000 3 0.01439214
500 8 0.01452945
500 3 0.03762921
100 8 0.04632581
100 3 0.2146737

Table 12: SSD for process with parameters shown in Equation (91)
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Table 12 shows that for the values of T and n being compared, the parameters are estimated
with more accuracy if the number of samples is increased, compared to increasing the time
for which the process is monitored. Table 12 shows a better fit for n = 1000 when T = 8
compared to when T = 50 which is counterintuitive. Eventhough the estimates for T = 8 and
T = 50 are relatively similar, the transition rate from state 3 to state 4 is estimated more
accurately with T = 8 when compared to T = 50 and this difference in accruracy is big
enough to make the SSD for T = 8 smaller than that of T = 50. It is expected that this
pneomenon will not always happen in practise and it is therefore still desired to have T as
large as practically possible, but we see that there may be a threshold value for T after which
an increase of T beyond such a threshold will not lead to a great gain in accuracy. The
observed and expected state probabilities for the process simulated with n = 100,T = 3 is
shown in Figure 6 which indicates a good fit to prevalence in states 1,2,4 and 5 up to three
time units. The plot is shown for n = 100,T = 3 to indicate the fit for the model with the
greatest SSD.
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Figure 6: Observed and expected state prevalence for process with parameters in Equation (91) with
n = 100,T = 3. Red dots: Observed prevalence, blue lines: Expected prevalence

A process with a low probability of entering one of the states was simulated to analyse the
effect of T and n on the ability to provide robust estimates of the process parameters if one of

the states has a low probability of being observed. The following process was simulated
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(93)

The probability to enter state 4 is low for the process described by Equation (93). The

expected time from entering into state 1 until a move into the death state is 6.03 time units as

estimated by Equation (9). The estimated TPM with T = 50 and n = 1000 is shown in

Equation (94).

718
091
111
038

A~

P=

cooo

0.104

0.278
0.044

0.048
0

0.041

0.370
0.484

0.102
0

0.048

0.049
0.062

0.392
0

0.0897

0.211

0.299].

0.421
1

|

(94)

The estimated TPM in Equation (94) provides a good fit to the TPM in Equation (93). The

influence of less observations and a smaller observation time was investigated on the TPM in

Equation (93). The estimated TPM for various values of T and n is shown in Table 13 and

the SSDs are shown in Table 14.

CA Marais

23138514



g%
A A

UMIVERSITEIT YAN PRETORIA

UNIVERSITY OF PRETORIA 103
YUNIBESITHI YA PRETORIA
n T=3 T=28
r0.711 0.095 0.053 0.046 0.0957 0.714 0.100 0.044 0.049 0.0927
_|0.114 0275 0358 0.041 0.212 |  ]0.095 0282 0.379 0.054 0.190
1000 | P =10.105 0.056 0.457 0.043 0.340| | P =(0.105 0.042 0.498 0.059 0.296
0.020 0.040 0.140 0.320 0.48 0.036 0.065 0.092 0.376 0.432
0 0 0 0 1 0 0 0 0 1
0.711 0.107 0.053 0.039 0.0897 0.709 0.105 0.045 0.049 0.0927
_|0.123 0.298 0316 0.053 0.211| |  [0.107 0.249 0.423 0.043 0.178
500 | P=]0.107 0.080 0.387 0.040 0.387| | P =]0.096 0.038 0.504 0.058 0.303
0.045 0.023 0.091 0.364 0.477 0.013 0.057 0.107 0.371 0.453
0 0 0 0 1 J 0 0 0 0 1
0.698 0.108 0.086 0.014 0.0957 0.706 0.121 0.049 0.035 0.0897
_|0.190 0.238 0.286 0 0.286| | _ |0.123 0.211 0.456 0.035 0.175
100 | P=|010 0.15 0.45 0 030]| | P=]0.055 0.068 0.438 0.014 0.425
0 0 0.25 0.75 0 0.042 0 0.083 0.542 0.333
0 0 0 0 1 0 0 0 0 1

Table 13: Estimated TPM of process with parameters in Equation (93)

Table 13 indicates that when 100 observations of the process with a small probability to enter
state 4, is made, the estimated TPM suggests that it is not possible to enter state 4 from states
2 and 3 when T = 3. In this scenario it also seems like it is not possible to enter the
absorbing state from state 4 since this was not observed. Table 14 indicates again that for the
values of T and n considered, a smaller sample size has a greater influence on the accuracy of
the estimators when compared to the observation time. The observed and expected state
prevalence for the process is shown in Figure 7 which indicates that the estimated parameters
provide a good approximation for the prevalence in states 1, 2, 3 and 5. Figure 7 fails to
indicate the estimated parameters’ inability to describe movements to and from state 4. This
indicates that the observed and expected state prevalence plots as a measure of goodness-of-

fit may not be lacking when data is scarce and the probability of entering some states are

small.
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T SSD

1000 50 0.002887786
1000 8 0.003914031
1000 3 0.02025226
500 8 0.01406290
500 3 0.03176102
100 8 0.07185263
100 3 0.3536935

Table 14: SSD for process with parameters shown in Equation (93)
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Figure 7: Observed and expected state prevalence for process with parameters in Equation (93) with
n = 100, T = 3. Red dots: Observed prevalence, blue lines: Expected prevalence
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4.3.2 Nonstationary Markov chain

Example VI

A nonstationary five state Markov process was implemented by assuming that the survival
time in the first state follows a Weibull(A = 0.2, y = 2.5) distribution. The Weibull
distribution was used since it is often used in survival analysis and since it has a heavy tail.
The parameters of the Weibull distribution were chosen so that the hazard function would
increase exponentially over time to clearly show that treating this process as stationary would

be incorrect. The hazard function for a Weibull distribution is given by
h(t) = AytY~L.

The Weibull hazard function for the parameters A = 0.2, y = 2.5 is plotted in Figure 8.
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Figure 8: Hazard function for Weibull distribution withA = 0.2,y = 2.5

We calculate the probability to stay in state 1 at every time point as follows:
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—(A(t+1))Y —(0.2(t+1))%5
St+1) _¢ ) _¢ — e—(0.2(t+1))2-5+(0.2t)2-5_ (95)

S(t) T ey T p—(0.20)%5

(tt+1) _
Pl 1 -

The form of the hazard and survival function for the Weibull distribution was taken from

Collet!®!,

The transition probabilities from state 1 to states 2, 3 and 4 were all assumed to be a third of
0.8(1 — PI(E'HI)) so that Pl('g’tﬂ) =0.2(1 - Pl(ﬁ'tﬂ)). All the transition probabilities from
state 1 were therefore time dependent. The rest of the TPM was assumed to be the same as
that of Equation (91). The system was simulated 1000 times with T =50 and the
nonstationary TPM was estimated using Equation (40). The nonstationary TPM estimator
provides an estimated TPM for every time step. The “/is” variable type in R was used to
estimate the TPM at every time point. This variable type acts like a vector of which each

element can be of a different type, including matrices.

The observed and expected state prevalence from the estimator is shown in Figure 9 which

indicates that the estimated transition probabilities fit the process well.
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Figure 9: Observed and expected state prevalence of nonstationary Markov chain estimated by Equation
(40). Red dots: Observed prevalence, blue lines: Expected prevalence

The nonstationary process was also estimated by ignoring the time dependence and using
Equation (39) to estimate the process as if it is a stationary process. This was done to get an
idea of the error one can make when assuming a process is stationary when the underlying
process is nonstationary. The observed and expected state prevalence is shown in Figure 10
which indicates that treating the data as being from a stationary process fails to reproduce the
observed state prevalence. We therefore see that the graphs of expected and observed state
prevalence can be an indicator of whether a process should be treated as nonstationary or

stationary.
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Figure 10: Observed and expected state prevalence of nonstationary Markov chain estimated by Equation
(39). Red dots: Observed prevalence, blue lines: Expected prevalence

One would expect the ability of the Equation (39) to accurately estimate the TPM to decrease
as the sample size decreases. This is because the TPM is calculated at every time point and a
small sample size was already seen in Section 4.2 as a potential problem in estimating a TPM

when it is estimated for all time periods in a sample.

The sample size was therefore reduced to 500 and 100 and the nonstationary TPMs were

estimated. The observed and expected state prevalence for these two scenarios are shown in
CA Marais
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Figure 11 and Figure 12 which indicates that the nonstationary estimator of the TPM
produces a good fit to the observed data even when the sample size is reduced. It is still
difficult to determine the fit of the estimates to the true data generation process and therefore
the true state prevalence as calculated by the actual TPM was added to the plots as a green
line. From this we see that the estimated process parameters provide a good fit to the data
even with a sample size of 100, with the fit of the sample with 500 processes being better as
one would expect. The number of time points was also reduced to assess the effect of this on
the estimates. The observed and expected state prevalence plots are shown in Figure 13 and
Figure 14 which indicates a good fit to the observed data. However, Figure 13 and Figure 14
also indicate the nonstationary estimator can over fit the data since the observed and expected

state prevalence are the same, which may mislead one to think it is a perfect fit.
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Figure 11: Observed and expected state prevalence of nonstationary Markov chain (n = 500, T = 50)
estimated by Equation (40). Red dots: Observed prevalence, blue lines: Expected prevalence, green lines:
true prevalence

CA Marais

23138514




%
=
UNIVERSITEIT VAN PRETORIA

H..l UNIVERSITY OF PRETORIA 112
Cud

YUNIBESITHI YA PRETORIA

State1 State?
(]
T= =
(o)
\:D_ _ —_
k] [} L] o
[&] [&] o
I g5 2]
5 S 8
a ] = /
— — o o
o | e s e i =2 _—L
o T T T T T T o T T T T T T
] 2 4 G g 10 12 u] 2 4 G i 10 12
Time Titme
State3 Stated
o _a/‘ = |
BT o & ]
= C -
o 7 o
£ 54 L=
b o o [ =
o N =) _
— — N =
8 —| & \/D [o I ] 8 — c—D/ 5 (=]
= [ [ [ I I I I = [ [ [ I I I [
u] 2 4 =1 g 10 12 a 2 4 ] g 10 12
Titme Time
Stated
= =
o
[ =T
[E]
c -
o
oo
E o)
o -
g — g

Time

Figure 12: Observed and expected state prevalence of nonstationary Markov chain (n= 100, T= 50) estimated
by Equation (40). Red dots: Observed prevalence, blue lines: Expected prevalence, green lines: true
prevalence
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Figure 13: Observed and expected state prevalence of nonstationary Markov chain (n= 100, T= 8) estimated
by Equation (40). Red dots: Observed prevalence, blue lines: Expected prevalence, green lines: true
prevalence
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Figure 14: Observed and expected state prevalence of nonstationary Markov chain (n= 100, T= 3) estimated

prevalence

Kalbfleisch and Lawless
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by Equation (40). Red dots: Observed prevalence, blue lines: Expected prevalence, green lines: true

4.4 Processes that are observed at the same irregular time points: The method of

The ML estimator of Kalbfleisch and Lawless””! was discussed in Section 3.5. Kalbfleisch
and Lawless provided a quasi-Newton algorithm which maximises the log-likelihood function
of a Markov jump process of which all observations were made at equal irregular time points.

Kalbfleisch and Lawless provide an example in their article of a three state Markov jump
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process in which the smoking behaviour of children were observed at four time points. The
states in the process were “child has never smoked”, “child is currently a smoker”, and “the
child has smoked but has stopped now”. All the children in the sample started the process in
state 1 and the process was observed times £; = 0.15,%, = 0.75,43 = 1.1,4, = 1.9. The
TCM was provided at each of these observation times. The algorithm of Kalbfleisch was
programmed in R and tested with the example provided by Kalbfleisch and identical

estimated transition intensities were obtained.

Example VII

We extended Example I by simulating a Markov jump processes with transition intensity
matrix in Equation (80) with n = 1000 and observation times at £; = 0.5,%, = 1.2,%3 =
2,t, =251t5 =3.1,t5, =4,%;, = 5.1,43 = 5.7,49 = 6.9 and all processes starting in state
1. These observation times were chosen such that that they are not equidistant and so that
T = 6.9 which is beyond the average time in takes the process to reach the absorbing state

(4.97 time units as shown in Example I).

The algorithm of Kalbfleisch considers all non-zero off-diagonal entries of the transition
intensity matrix as entries into a vector @ which has to be estimated. For this example we will

let @ = (A4, Uy, Xy, ) so that the transition intensity matrix is identical to Equation (83).

The algorithm of Kalbfleisch requires the partial derivates of A with respect to the elements

of @ which are shown below.

4 _ [0 0
0y 0 0 0
aa  [-1 0 1]
—=1]0 0 0
o o o o

a [0 %
04, 0 0 0
oA 0 0 0
—=10 -1 1
o2 o o o
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The algorithm was started with initial vector 8, = (0.2,0.15,0.15,0.25) which was chosen to
be different from but close to the true process parameters, 07,4, = (0.15,0.2,0.2,0.2), as a
first attempt to assess the ability of the algorithm to converge to @r,,.. The values of the

next two steps in the procedure described by Equation (69) are as follows
6, = (0.1487,0.2018,0.2001,0.2043)
6, = (0.1486,0.2010,0.2005,0.2031).

We see that 04 is already close to 07, and that 8, does not differ much from 64 which

shows that the algorithm is successful in estimating 8¢, and does so within one step.

The effect of initial values on the algorithm was analysed by choosing 64 = (1,1,1,1). The

next five steps in the algorithm are shown below,

0, = (—1.5989,-0.0754,—-1.3697,—0.1521)
0, = (—1.7886,0.0728,—1.4208,—0.0072)
0; = (—1.986,0.2455,—1.4801,0.1615)
0, = (—2.1923,0.4395,—-1.5460,0.3533)
0 = (—2.4073,0.6530,—1.6158,0.5631).
We see that the 6; vectors do not converge when 6y = (1,1,1,1). The tenth iteration

produced the following parameter estimate
60,0 = (—3.9586,2.5165,—2.2218,2.4206).
So it seems that the process is not converging. The eighteenth iteration produced

0.3 = (—400.2001,594.4464,—-194.8836,583.8143)

and the M(60,g) matrix was singular which meant that 849 could not be calculated since the
inverse of M(6g) needs to be calculated. We therefore see that the initial value can
influence the estimated process parameters when the Kalbfleisch and Lawless estimator is

used.

If we calculate the initial (i, /)™ transition intensity by dividing the number of transitions from
state i to j by the amount of time spent in state i (the same as the estimator by Albert!"!
discussed in Section 3.3), we get 8y = (0.1125,0.1864,1452,0.1866) with the next three
steps being
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0, = (0.1471,0.2009,0.1976,0.2032)
0, = (0.1486,0.2010,0.2005,0.2031)
6; = (0.1486,0.2010,0.2005,0.2031).

We see that the third and second iterations produced the same estimates indicating that the
parameters converged quickly. We also see that the estimated parameters are close to Oryye-
Similarly to Example IIT and Example IV, we see that using the estimator of Albert as initial

values for the Kalbfleisch estimator may help when estimating the transition intensities.

4.5 Estimator by Kay and Jackson

Kay"*

considered a ML estimator of a Markov jump process where all processes are
observed at possibly different irregular time points. The methods by Kay was specifically
focussed at dealing with censored transition times states. Censored states can occur if not all

state transitions are observed. In the example of Klotz and Sharpless[57]

we saw for example
in Table 2, that the patient with PatID = 5 was in state 1 at time £ and in state 3 at time £g
but we do not know if the patient had moved to state 2 in between times £, and £g, nor do we
know the exact time at which the patient moved to state 3. This is typical if a process is not
observed exactly when state transitions occur. The method of Kalbfleisch and Lawless™,
discussed in Section 3.5 and implemented in Example VII, can be used if all processes are
observed at the same time points, even if the time points were not equidistant. The method of

Kay extends this by relaxing the assumption that all processes have to be observed at the

same time point.

Equation (71) shows the likelihood function for every “alive” state observed. The estimator
of Kay states that one expects the death of a patient to be recorded within a day and therefore
uses Equation (72) as the likelihood function which incorporates all the possible states to
which a patient could move from their last observed alive state and then dying within one day

from that state.

A stationary three state Markov jump process will be investigated with the effect of using a
TPM in the likelihood function being compared with that of using Equation (79) in the

likelihood to calculate transition probabilities in the likelihood function.
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Example VIII

A Markov jump process similar to Example I was simulated with the observation times being
randomly chosen for every patient from an Unif (0.5,1.5) distribution so that the expected
value of the time between observations would be one time unit with a range of 0.5 to 1.5 time

units. One time unit is thought to represent one year in this example and so the (1) time unit

in Py x, (1) in Equation (72) was specified to be % = 0.00274. Equation (80) was used as

the true transition intensity matrix in the simulation with n = 1000 and T = 50. The n/m
function was used to optimise the likelihood function and the initial values of the iterative
process was set equal to the number of transitions from state i to j divided by the amount of
time spent in state i (the same as the ML estimator based on exactly observed state transitions
discussed in Section 3.3). When using the default values for n/m function we did not estimate
transition rates which seemed reasonable. This problem was overcome by specifying that the
difference in successive values of the parameter estimates do not exceed 0.1 units by
specifying the option stepmax=0.1 in the nlm function, so as to prevent big jumps in

successive estimates.

The estimated parameters are provided in Table 15 for the scenario where a TPM is used in
the likelihood function (Scenario 1) and where Equation (79) is used to calculate transition
probabilities in the likelihood (Scenario 2). The computation time in seconds and SSD are

also shown in Table 15.

Scenario | Estimated transition intensity matrix | Computation time | SSD
(seconds)
1 _ [-0.3062 0.1107 0.1955] |36.41 0.004700923
A=101475 —-0.3671 0.2196
0 0 0
2 _ [-0.4216 0.2065 0.2151] |12.74 0.0062628
A=10.1467 —0.3454 0.1987
0 0 0

Table 15: Estimated transition intensity matrices based on estimator by Kay with Equation (72) as likelihood
function. Scenario 1 uses the TPM in the likelihood function and Scenario 2 uses Equation (79) in the
likelihood function

Table 15 indicates that using the TPM in the likelihood function provides more accurate

estimates of the transition intensity matrix compared to using Equation (79). Using the TPM
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in the likelihood function does however require more computation time (almost three times
more). We see that transition rate from state 1 to state 2 was estimated with the least

accuracy in both scenarios.

In the likelihood function of Jackson, the timing of patients that die are assumed to be
recorded exactly and therefore proposes that one should use Equation (73) as likelihood
function which differs from Equation (72) in that the transition intensity from the state before
death is used instead of the transition probability in one day. The influence of this was
investigated by using the same simulated data to generate Table 15, but with Equation (73)
being used as likelihood function instead of Equation (72). We estimated the same transition
intensity matrices as in Table 15 but with the computation time of optimising the likelihood
function of Jackson being 10.71 and 12.54 seconds compared to 36.41 and 12.74 for the

likelihood function of Kay for scenarios 1 and 2 respectively.

We therefore see in this example that there is not a difference in the accuracy of estimated
transition intensities when assuming the transition probability from an alive state to dead in
one day or using the transition intensity from an alive state to death, but that there is a gain in

computation time.

Example IX

The estimated transition intensity matrices in Table 15 were based on the assumption that the
time of death will be recorded within one day with one time unit in the simulation
representing one year. The effect of observing transitions to the death states within one day
was investigated by simulating the same process as in Example VIII but without transitions to
the death state being observed within one day. The same methodology was used for
implementing the n/m function in R as in Example VIII. Equation (71) was used as the
likelihood function so that all observations were treated as the same and the difference in
using the TPM in the likelihood compared to using Equation (79) was again assessed in terms
of accuracy and computation time. The estimated transition intensity matrices of this
approach is shown in Table 16 with scenario 1 representing the approach were the TPM is
used in the likelihood function and scenario 2 representing the case where Equation (79) is

used in the likelihood function.
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Scenario | Estimated transition intensity matrix | Computation  time | SSD
(seconds)
1 ~ [-0.3975 0.1905 0.2071] | 58.36 0.003983
A=10.1523 —0.3568 0.2045
0 0 0
2 ~ [-0.2161 0.0635 0.1526] | 4.48 0.011615
A=10.2054 —0.4484 0.2431
0 0 0

Table 16: Estimated transition intensity matrices based on estimator by Kay with Equation (71) as likelihood
function. Scenario 1 uses the TPM in the likelihood function and Scenario 2 uses Equation (79) in the
likelihood function

We see again that using the TPM in the likelihood function provides more accurate estimates
of the transition intensities compared to using Equation (79), with the former method taking
more than 10 times the computation time than the latter method. When comparing Example
VIII and Example IX we see that observing transitions to the death state within one day does
not provide more accurate estimates than not observing such transitions exactly. This
difference in accuracy is small when using the TPM in the likelihood function (Scenario 1 of
Example VIII compared with that of Example 1X) and much bigger when using Equation (79)
in the likelihood function (Scenario 2 of Example VIII compared with that of Example 1X).

Example X

The transition intensity matrix was estimated with the msm function in the msm package on
the simulated data of Example VIII where transitions to the death state were observed exactly.
When transitions to the death state are observed exactly, this is stated in the msm function as
death=3 (because the death state was state 3). The estimated transition intensity matrix is

shown as Scenario A in Table 17.

The simulated data of Example IX where transitions to the death state were not necessarily
observed exactly were also used in the msm function to estimate the transition intensity
matrix. This is shown as Scenario B in Table 17. The computation time and SSD for

scenarios A and B described above are also shown in Table 17.
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Scenario | Estimated transition intensity matrix | Computation time | SSD
(seconds)
A ~ [-0.3465 0.1514 0.1951] |6.28 0.000332
A=101977 —-0.4151 0.2174
0 0 0
B ~[-0.3408 0.1474 0.1934] |6.44 0.000661
A=10.1900 —-0.4126 0.2226
0 0 0

Table 17: Estimated transition intensity matrices with the msm function based on observations for which the
transition to the death state was observed exactly (Scenario A) and for data for which the transition to the
death state was not necessarily observed exactly (Scenario B)

Table 17 indicates that the msm function provides more accurate estimates when transitions to
the death state are observed exactly (Scenario A) compared to the case where such transitions
are not observed exactly (Scenario B). The difference in computation time is small between
Scenarios A and B with the transition intensities of Scenario A being estimated quicker.
When comparing Table 17 with Table 15 and Table 16 we see that the msm function is more
accurate and time efficient in estimating the process parameters compared to the likelihood
functions we programmed in R. Furthermore we see that the msm is more successful in using
data in which the transitions to the death are observed exactly compared to the functions we
programmed in R. We suspect that the author of the msm package has invested great effort in
methods that more successfully optimise the likelihood functions than those used by us.
Methods for more effectively optimising the likelihood function should be an interesting area

of investigation for future research.

4.6 Discussion

We saw that the methods of Albert® and Tuma et al.['*¥

are accurate in estimating the
transition intensities of a Markov jump process when state transitions are observed exactly
even for a small sample. We saw that the accuracy of the estimators increases more by
increasing the observation time compared to increasing the sample size. When comparing the
methods wherein state transitions are observed exactly with that of equidistant time points we
saw that there is not a big increase in accuracy for processes with three states where all states

have relatively big chance of being visited. For processes with more states of which one of
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the states has a small probability of being occupied, much information is lost if the process

transitions are not observed exactly.

When including covariate effects in a model, it is always important to use several starting
values for all parameters being estimated to get an idea of the effect of starting values on the
estimates. We described an approach for obtaining initial values in Example III and Example
IV whereby several values for the initial values were used and then “reasonable” values were
used as initial values for covariate effects. In both these examples we saw that using zero as
an initial value in the n/m method would provide good estimates of the true covariate effects.
The default starting value in the msm package for starting values of covariate effects is zero
and this may be a good value to use when estimating covariate effects. It is still important to

investigate the effects of other initial values on the estimates.

For a stationary Markov chain, we see that process parameters may not be estimated
accurately if the sample size is small and/or the probability of the process to enter a specific

state is small.

The nonstationary Markov chain estimator can be seen as a non-parametric type of
distribution since no assumptions are made on the structure of the transition probabilities.
This works well only if one is interested in interpolating state probabilities, but it is not
possible to extrapolate state prevalence. Prior knowledge about the shape of nonstationary

transition probabilities may be useful if one wants to extrapolate state prevalence.

The observed and expected state prevalence plots can be used to suggest if a nonstationary
process should be used when a process was wrongfully treated as being stationary. These
plots do however not always provide a robust view of how well the true process parameters
were estimated and can be misleading when the nonstationary TPM estimator of Markov

chain is implemented.

The method of Kalbfleisch and Lawless"™ provided accurate estimates of the process
parameters and converged quickly in some cases but is sensitive to the starting values in the
algorithm. We saw that using initial values that are similar to the method of Albert
produced accurate estimates of the process parameters. The ability of the method by
Kalbfleisch and Lawless to estimate the process parameters depends on the possibility of
calculating eigenvalues and eigenvectors of the transition intensity matrix for the estimated

parameters at each step of the algorithm. This may produce problems, since the transition
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intensity matrix in Equation (82) for example has complex eigenvalues resulting in transition

estimates that are complex numbers.

The methods of Kay™® and Jackson'"! to estimate transition intensities worked well and we
saw that it was more effective to use the TPM in the likelihood function compared to
Equation (79), but that it is computationally more intensive. We indicated that the methods of
Kay and Jackson to include the information of transitions to the death state being recorded
with one day or exactly produced the same estimates for the transition intensities. We
obtained similar estimates for the transition intensities when compared to the msm package,
but the msm package produced more accurate estimates, is less computationally intensive and
uses the information of deaths being recorded exactly more effectively than our attempts. We

therefore encourage the use of the msm package.

Nonstationary Markov jump processes were not estimated as this falls outside the scope of
this dissertation and may be considered for future research. As suggested by Kalbfleisch and

53 . 81 .. . . . .
53] and Ocana-Riola™", several transition intensity matrices can be considered over

Lawless
time periods for which a process is stationary. One could also include the effect of time on
transition rates as a covariate effect as described in Section 2.4. In progressive models, one
could fit a parametric, or Cox-type survival model to the event times which can be chosen to
be nonstationary. Fitting nonstationary models to processes that are not progressive and for
which the transition intensity matrices cannot be split into stationary intensity matrices may
be troublesome. The users of such models may want to start by trying to model the diagonal
entries of the transition intensities as parametric hazard functions and considering the off-
diagonal entries as constant with one of the entries estimated as the difference between one

and the sum of the other entries in a row. This will most likely be a non-trivial process

involving a trial and error based approach to find the best hazard function for each state.

We describe one final example in which we simulated a five state process with covariate
effects and where each process is observed at potentially different irregular time points. This
is done to summarise all the observation and process possibilities described. The example
will be conducted with the sole use of the msm package since we indicated that it is a very
efficient package and we would like to assess how well it can estimate the parameters of a

more complex situation than described in any of the examples above.
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Example XI

A Markov jump process with five states was simulated with observations times being
different for all processes and randomly chosen from a Unif (0.5,1.5) distribution. An age
and gender effect similar to that of Example IV was assumed for the transition intensity from
state 1 to state 2. The remaining entries in the transition intensity matrix are shown in
Equation (96). The transition from state 1 to state 1 is calculated as one minus the sum of the
other transition intensities in row 1 of the matrix as is therefore indicated as # in Equation
(96). The ftransition from state 1 to state 2 was simulated with B, =0.2,01,1 =
0.4, 512> = 0.05 and n = 1000 process were simulated with T = 50. The age of patients
were simulated from a Unif(0,100) distribution and gender was simulated from a

Bernoulli(0.7) distribution with 1 representing females and 0 representing males.

[ # eProtPraaSexthi 49e 08 03 0.1]
|0.8 12 02 01 01|
A=|04 0.9 -16 02 0.1 (96)
0.2 0.4 03 -1.7 08
0 0 0 0 1

The process parameters were estimated with the use of the msm function and by specifying
the covariates effects and that transitions to the death state were observed exactly. The
estimator of Albert*! was used for initial values of the transition intensities with the initial
values of the covariate effects set to zero. It took 18.5 minutes to for the msm procedure to

estimate the parameters. The estimated transition intensity matrix is shown in Equation (97).

A
[—0.6714 90.1564+0.1707Sex+0.02388Age 0.2207 0.1787 0_1157]
0.8746 —1.244 0.168 0.0665 0.1349
=| 0.1838 0.4616 —0.9113 0.0813 0.1846 (97)
0.1848 0.2471 0.0807 —1.027 0.5145
0 0 0 0 1]

When comparing Equations (96) and (97) we see that the transition intensities from state 1 to
3, from state 3 to 1, from state 3 to 2, from state 4 to 2 and from state 4 to 5 were not
estimated accurately, but the other transition intensities were estimated accurately. We also

see that the covariate effect of gender was underestimated and similarly for age. We

CA Marais

23138514



UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

&

=

ﬂ UNIVERSITEIT VAN PRETORIA

'. 125
Qe

therefore see that all transition intensities and the covariate effects are not always estimated

accurately.

The standard error of estimates generated by the msm package is derived from the hessian
matrix of the optimisation method and this matrix needs to be positive definitive to provide
standard errors. For simulated data, the msm function could not provide standard errors for
the covariate effects since the hessian matrix was not positive definite and we can therefore

not comment on the significance of the covariate effects.

We used the plot.prevalence.msm function in R to plot the observed and expected state
prevalence and this is shown in Figure 15. The length of stay in each state based on the
estimated parameters in R can be calculated with the foflos function. From the sample we
calculated that the expected number of time units that the process is in transient states is 6.36

time units and the estimated time in the transient states is 6.67 time units.
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Figure 15: Observed and expected state prevalence for Example XI

Figure 15 indicates that the process estimates state prevalence well and we also saw that the
number of time units in the transient states were estimated accurately. Figure 15 fails to
indicate that the transition intensities from state 1 to 3, from state 3 to 1, from state 3 to 2,

from state 4 to 2 and from state 4 to 5 were not estimated accurately.

We used the pearson.msm function with the boot=TRUE option to determine if the process
provides a good fit to the data but the procedure could not calculate p-values. We therefore

see that it is not always possible to use the Pearson-like test discussed in Section 3.7 to assess

goodness-of-fit.

CA Marais

23138514



UNIVERSITY OF PRETORIA 127
YUNIBESITHI YA PRETORIA

4

=Y

ﬂ UNIVERSITEIT VAN PRETORIA
Qo

4.7 Summary

We compared various methods for estimating the parameters of Markov processes and
indicated that the msm package of R is a useful tool in estimating process parameters. When
simulating a Markov jump process with five states and covariate effects and where all
processes are observed at possibly different time points we saw that methods discussed may
not always be able to make inference on covariate effects, but are useful in estimating state
prevalence and the number of time units the process is in transient states. This means that
Markov processes should be able to provide good estimates of life expectancy and the
number of people in each stage of a disease over time so that the morbidity and potential
financial effects can be estimated. The methods described also enable the use of censored

data to estimate the parameters of Markov processes.

Most of the methods discussed involve the estimation of the parameters of Markov jump
processes, and Equation (24) can be used to calculate the appropriate TPM should one prefer

to work with a Markov chain process.
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Chapter 5: Conclusion

5.1 Introduction

Markov models are being used in health economics as a tool to predict the financial and
societal impact of diseases and the treatment thereof. We have shown an example of how
Markov models can be used to calculate the life expectancy and financial impact of a patient
with a disease if such a disease is modelled as a Markov process. The primary focus of this
dissertation was to investigate methods to estimate the parameters of such Markov models.
The methods were discussed with special focus on disease models, but can be generalised to

other stochastic processes modelled as Markov processes.

Maximum likelihood methods were discussed and implemented based on various types of
observation schemes where the state of patients is recorded at various time points as

longitudinal data. Tuma et al.!"®¥

suggests that ML estimators are favourable to work with
due to their good large sample properties, quantities derived from ML estimates are also ML

estimates of the quantities and ML methods make it possible to include censored information.

We indicated that the likelihood function depends on the timing of observations and provided
and implemented various likelihood functions based on different observations schemes. An
in-depth discussion was provided for the theory behind estimating the parameters of
processes for which the transitions between states are observed exactly (Section 3.3) and
when the state of all processes in a sample are observed at fixed equidistant time points
(Section 3.2). These methods have closed form expressions for the ML estimators and are
easily calculated. The inclusion of covariate effects on transition intensities of processes
where state transitions are observed exactly were discussed in Section 3.4. We also provided
estimators for Markov processes where the state of all processes are observed at the same
equidistant time points (Section 3.5) and when the state of each process is observed at
possibly different and not equally spaced time periods. The methods of Sections 3.4, 3.5 and
3.6 do not provide closed form expressions for the process parameters and must be estimated

using iterative optimisation functions such as the n/m function in R.

The methods were discussed under the assumption of parameters that are constant over time,

1.e. stationary processes, with some suggestions being made on handling nonstationary
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processes in Section 3.8. Methods for handling censored transition times and states were also

discussed.

The primary objective of this dissertation was not to give an in-depth discussion of goodness-
of-fit methods and so two goodness-of-fit methods used in the msm package were discussed
in Section 3.7 and implemented in Chapter 4. Tuma et al.!"® discusses an additional
goodness-of-fit method that was not implemented in this dissertation and could be considered
for future research. They also suggest that in addition to compared and expected transition
prevalence one compare observed and expected number of movements between states and
also the number processes that are in a specific state for different time periods
simultaneously. We indicated that the Pearson-like goodness-of-fit method does not always
provide indicative results and that the observed and expected state prevalence plots can be
used to indicate if the assumption of a stationary process is viable. The observed and
expected state prevalence plots do not however necessarily indicate if all the transition

intensities are estimated accurately.

We indicated that the msm library of R created by Jackson!*”! provides a powerful tool that

practitioners can use when working using Markov processes in disease modelling.

There is a vast amount of literature available in the field of biostatistics on methods used in
disease modelling and it was beyond the scope of this dissertation to provide a comprehensive
discussion of all such methods. Section 5.2 provides a discussion of some methods used in
estimating the parameters of Markov parameters which were not discussed in the dissertation.
In Section 5.3 we provide an short discussion on alternative methods that can be used in
disease modelling when the Markov processes described in the first four chapters of this
dissertation are not valid. A thorough discussion of these methods are not provided, but the
methods are merely mentioned to give the reader an idea of other methods that are available

in the field of disease modelling.

The dissertation concludes with a summary in Section 5.4.
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5.2 Literature not discussed

The methods and examples discussed in this dissertation were chosen such that it is not
restricted to progressive models. This is because standard survival methods may be used for
such diseases. Consider for example a model with {Well, Ill, Dead } as state space such that
a patient can move from the Well state to the /1l state or the Dead state and from the Ill state
to the Dead state but not back to the Well state. As discussed by Meira-Machado et al.l’],
Kaplan Meier and Cox type methods can be used to estimate the transition rate from the Well
state to the Dead state by considering transitions to the [ll state as right censored

observations.

A method was described for handling nonstationary processes when the processes are
observed at equidistant time points and treated as a Markov chain process in Section 3.2.
Other methods were mentioned for dealing with nonstationary data when the processes are
treated as Markov jump processes. Hubbart et al.*”! mentions a method by which
nonstationary processes are written as stationary processes following a time transformation.
This method is not discussed in detail in the dissertation and the interested reader is refered to
the article for further details. The incorporation of time dependent transition rates is a
possible area for future research and has not received much attention as mentioned by

Hubbart et al.

Alternative statistical software for the use of multi-state processes in disease modelling has

l'in the form of a package for R called tdc.msm'®®.

been developed by Meira-Machado et al.!
This package can handle semi-Markov processes, time independent and dependent covariates
in Cox type models and nonstationary Markov processes with piecewise constant parameters.
Other software available includes a SAS algorithm written by Hui-Min et al.'**! and a SAS
module created by Chang et al.!'*! which can also be used for multi-state modelling of
Markov processes. The algorithm of Hui-Min et al can handle stationary and nonstationary
processes, and provide a 95% confidence interval for estimates but is not discussed in detail
in this dissertation since it is only valid for progressive processes. The module of Chang et

[14]

al."™ can estimate covariate effects and state prevalence but cannot handle nonstationary

data. The module uses the Pearson-type test for goodness-of-fit and also a cross-validation

procedure where g of the data is used to fit the parameters and the remaining § is used to test
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the predictions. It is not clear from the description of Chang et al. if their module can handle

processes that are not progressive.

A thorough investigation of the methods used in these software packages is not provided and

is a possible topic for future research.

It was shown in Section 4.3 that when data is scarce or some states have a relatively small
probability of being entered ML estimators can lead to inaccurate estimates. Furthermore, all
the methods discussed in the first four chapters were based on longitudinal data, but this may
not always be available. In some cases only the number of subjects in each state is known at
each time point, but not the specific transition path of each subject. This type of data is called
aggregate data, or macro data. In another article by Kalbfleisch and Lawless”> which is not
discussed in the dissertation a least squares estimator of transition intensities for aggregate

data is provided.

Bayesian estimation methods also provide a possible solutions to handling aggregate data
when prior information is available on the process parameters and this is discussed in Section

5.2.1.
5.2.1 Bayesian estimation methods

Billard"” and Meshkani’” are some of the most referenced contributors for Bayesian
methods. Their work is however not specifically aimed at disease modelling and they
assumed a matrix beta prior distribution which requires the assumption that none of the
transition probabilities are zero. This implies that the models cannot have an absorbing state
and therefore makes it irrelevant to disease modelling since disease models mostly have a

death state.

Bayesian methods for aggregate data is discussed in a textbook entitled Estimating the
Parameters of the Markov Probability Model from Aggregate Time Series Data® by Lee et
al. In this textbook methods are discussed for aggregate data, but similar to the work by
Billard et al.!" and Meshkani et al." a matrix beta prior distribution is assumed which is not

applicable to disease models.

An overview of some of the Bayesian methods is provided below in the case where disease

models are estimated without an absorbing death state. This could be the case for example
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where a disease for which a few possible events are possible but where the mortality rate

following any of these events are negligible.

Since a matrix of parameters will be estimated in the Markov chain a prior distribution of a
matrix will be used to estimate the posterior distribution of the matrix of parameters. One
such prior distribution that can be used is the matrix beta distribution. For clarity the matrix
beta distribution will be discussed below before commencing with the discussion of Bayesian

estimation methods.
5.2.1.1 Matrix Beta distribution

The random row vector, p; of dimension 7, is said to have a multivariate beta distribution

with parameters (a;q, a;5, ..., a;;), if the probability distribution function of p; is given by

F(Zk 1Gik)

ajr—1 — _
o e pac %" where T(r) = (r = 1),

f(pilﬂ Pi2, "'rpir) =

Now, if [ independent row vectors, each of dimension r and with a multivariate beta
distributions, are stacked underneath each other in a [ X r matrix P we say the matrix P has a
matrix beta distribution with parameters A = [ai j]. The pdf of P is found by multiplying the

pdf’s of the [ independent row vectors to obtain
[0 _ HHF(Zk 1alk) a1 08)
F(alk)
i=1 k=

The expected value of a matrix is equal to the expected value of its elements. Therefore the

expected value of P is given in terms of its elements. The variance of the elements is also

provided.
E(p; 99
(piy) = Z au (99)
_ E(Pij)[l — E(py)]
Var(pij) = J a1 (100)
5.2.1.2
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5.2.1.3 TPM with matrix beta prior

Let’s assume that the 8 X 8 TPM of a Markov chain, P, has a prior matrix beta distribution
with parameters A = [al- j]. We know that the likelihood function of n observations (in terms

of the transition count matrix F) is given by
L= 2 (101)

Now taking the product of Equations (98) and (101) and using only the terms involving p;;

the posterior distribution of P is proportional to
8 8
fiitaii—-1
d(P|A,F) anﬁ’ 1
i=1 j=1
Therefore we have that the posterior distribution of P is matrix beta with parameter
A =(F+A).

Under squared error loss the estimate of P is given by the expected value of the posterior

distribution. The expected value of a matrix beta distribution is given in Equation (99).
Therefore the Bayesian estimator of the TPM is given by

pii = fij + @i
YTi(fy +ay)

(102)

5.2.1.4 Implementing the Bayesian estimator

Equation (102) provides the Bayesian estimator which can be implemented if the FCM, F,
and the matrix of posterior parameters A are known. The FCM can be calculated from the
observed data, but the value of A may be unknown. Billard et al.!'"” provided a ML estimator
for A when n FCM’s have been observed in the past and a new FCM becomes available. The
information from the old data (expressed as (Fj, F,, ..., F,) is then used to estimate A and the

new FCM matrix is used as F = F,,,1 in Equation (102).
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Applying this to disease modelling could however be troublesome. There are two
possibilities for accessing past data. The most obvious is that the FCM of n previously
Markov chains for patients with similar characteristics is available. This will typically not be
the case in clinical data due to the high costs of performing clinical trails, which results in
predominantly new clinical trials being done everytime. Therefore if a new group of patients
are being observed in a clinical trial, the TPM estimated for them will be unique and most

often previous data will not be available.

The other possibility for past data is to consider the FCM for each patient (or randomly
chosen groups of patients) separately and apply the techniques of Billard et al. This will be
discussed next since the possibility follows directly from application of the methods in

Billard.

Assume that n independent Markov chains with the same TPM are observed which
corresponds to the health progression of n comparable patients up to time 7. Now randomly
divide the data into k + 1 < n subsets of patients. The k + 1 subsets are used to be
consistent with the notation provided by Billard et al. For each subset, calculate the FCM so
that the following matrices are available: (F, F,, ..., Fy, Fy+1) and then calculate the TPM
matrix based on the methods of Billard et al with the (n + 1)™ sample corresponding to the
(k + 1)™ subset of patients from the clinical trial. Repeat this procedure multiple times so
that a bootstrap sample of TPM’s is created. The average of bootstrap sample can then be

used as an estimate of the TPM.
5.3 Alternative methods used in disease modelling

Markov processes are not always appropriate to model the disease progression of patients nor
to answer all the questions a researcher may want to investigate in terms of disease
modelling. It is therefore important to be aware of situations where Markov processes, as

discussed in this dissertation, should be avoided.

The Markov property may not always be valid when transition probabilities depend on the
history of patients. Meira-Machado et al.””! mentions that there is not much literature
available on the estimation of transition rates of non-Markov models but provides an
overview of the literature that is available. They also mention that the Markov assumption

can be validated by including a covariate representing the history of a patient and testing if
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this variable is significant. This can be done by using a binary variable to indicate if a patient
was in a certain state previously. Processes for which the Markov assumption does not hold
can be modelled by introducing more states which represent the history of patients. Consider
for example a process with three states Well, Ill, and Dead where patients can move back to
the Well state after being in the /1l state. We expect the probability of moving to the Dead
state from the Ill state to be greater than that of from the Well state. If however the
probability of moving to the dead state is increased after being in the Il state but less than in
the 11l state a Well after Ill state can be added to the model. The Ill state is then called a

tunnel state.

We discuss two other situations in more detail below where the Markov processes described
in this dissertation are not valid and for which the possible solution is more complicated than

that described in the paragraph above.
5.3.1 Hidden Markov models

Hidden Markov models can be used when the true state of a process is not observed directly
but another variables are observed which provides information on the true state of the
process. This includes the case where the state of the system is observed with some error
caused for example by misclassification of a measurement procedure!'”. Consider for
example a sequence of measurements, {Y;}, which are related to the state of a Markov process
{X,} through the function P[Y|X]. {X,} is therefore the hidden Markov process. Given the

state of the hidden process at time %, it is assumed an observation Y, is independent of the

state of the hidden process prior to £. We therefore have
P[YelXe, Xe—1, o, Xol = P[YelXe] = f(ylx).

The goal is now to find the parameters of the hidden process that will maximise likelihood of

observing an outcome Y = {Y,,Y;, ..., Y7}, i.e.

PIY] = ) PIYIXIPLX]

where W, represents the state space of {X,}. Bureau et al!'’! provides a more thorough
discussion of Hidden Markov processes and the estimation of the parameters of the process
with the inclusion of covariate effects.
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The msm package has the ability to estimate the parameters of hidden Markov models and has

been used by, amongst others, Mekonnen et al.l’””!

. Mekonnen et al. investigate the effect of
lower CD4 counts on the life expectancy in a population of Ethiopian factory workers and

used a hidden Markov model to account for the misspecification of CD4 counts.

Hidden Markov models are also used frequently in speech and optical recognition as

indicated in the literature review in Section 1.3.
5.3.2 Dynamical systems models

The methods discussed in the first four chapters of this dissertation concern what is also
known as cohort model. Such models consider a fixed amount of patients and model these
patients over a period of time, typically until they are dead. The interaction between patients
is ignored and the possible increase or decrease in the incidence of a disease is ignored. For
infectious diseases the interaction between patients does however make a difference and the
incidence of infectious disease can be seasonal. Consider for example influenza which
typically occur between autumn and spring resulting in fluctuating incidence rates. One
could use a cohort model to estimate the effect of some medical intervention, like
vaccination, that reduces the severity of influenza on the life of patients that get the disease.
Such a cohort model will however fail in including the possible effect of a reduced spread of
the disease cause by vaccinated patients being less infective. Disease models which include
patients interaction and where there is a constant in and outflow of patients are called
dynamic models. Examples of such models are SIR type models which consider each patient
to be susceptible, infectious or resistant; thus the name SIR models. These models are also a
type of compartmental model, but allows for more flexibility in stating the rate at which
patients move between states and does not necessarily satisfy the Markov assumption. SIR
models are typically modelled as a system of partial differential equations of which the steady
state distribution of the number of patients in each of the three compartments in the model is
of interest. These models are also used to calculate what is called the basic reproduction
number, written R, which represents the expected number of secondary people infected with
a disease when one infective person is introduced into a population where everyone is

susceptible. The disease is said to be endemic if Ry > 1.

Hethcote!* provides an overview of some of the methods involved in the modelling of
infectious diseases. The “classic endemic model” discussed by Hethcote will be overviewed
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briefly to give an example of a SIR model and the interested reader is referred to the article
by Hethcote for more details. We will consider a system where people can enter the
susceptible state by being born, exit the susceptible state by moving to the infectious state or
by dying. People therefore enter the infectious state by becoming infective from the
susceptible state and can move to the resistant state when their infectious period ends or they
exit the system when they die. Patients enter the resistant state from the infectious state when
their infectious period ends and they stay in this state until they die. The rate of births is
denoted by u and the mortality rate is assumed to be equal to the birth rate so that the number
of people in the population stay constant. The mortality rate is therefore also p. The rate at
which people move from the susceptible state to the infectious state is dependent on the
contact rate between infectious and susceptible. The contact rate of people is denoted by 8
and it is assumed that one contact between an infectious and susceptible person causes the
susceptible person to become infectious. The parameter § can be rescaled if the probability

that such a contact does causes a susceptible person to become infectious is less than one.

. . . . 1 . .
The duration of infectiousness is denoted by ; so that people move from the infectious state

to the resistant state at a rate y. The system of differential equations is shown in Equation

(103).

ds N IS ¢

M BN U

ar_ IS I —uS

dt—ﬁN Yl —u

R

— =yl —uR (103)
FrinR ity

S(0)=5,=>0

100=1,=>0

R(0) =Ry, =0

N(t) =S(t) +1(t) + R(t)

The aim is now to find the solutions to the system in Equation (103), i.e. S(t), I(t), R(t). The

system can be simplified by considering the proportion of people that are susceptible,
infectious and resistant, s(t) = %, i(t) = %, r(t) = % and then only solving for two of
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these quantities in a new systems of differential equations since s(t) + i(t) +r(t) = 1.

Hethcote indicates that the basic reproduction for the system in Equation (103) becomes

B

R, = .
" T y+u

5.4 Summary

We have discussed methods that can be used in disease modelling based on assumptions
regarding the data and for diseases where patient interaction does not influence the effect of
the disease and treatment thereof on society. These methods can be used when one is
interested in estimating the morbidity, mortality and financial effect of diseases and different

treatment options.

The methods are discussed based on longitudinal data where patients are followed for a
period of time and where the state of each patient is known at certain time points.
Furthermore we assume the state of each patient is known with complete certainty at each
observation. The methods were discussed under the assumption of stationary Markov

processes with suggestions being made on the treatment of nonstationary processes.

The methods were discussed and implemented for various observation schemes and it was
indicated that Markov process can provide good estimates of the percentage of patients
expected in each of the disease states. This information can be used if the cost and quality of
life of being in such a state is known to estimate the total cost of patients, the quality of life of
patients and the life expectancy of patients. The methods discussed can estimate the effect of
covariates on process parameters, but we indicated that such estimates are not always

estimated accurately unless state transitions are observed exactly.

Suggestions were made for the treatment of aggregate data, diseases where the state of
patients are not known with complete certainty at every observation and diseases where

patient interaction plays a role.
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Appendix
1. Maximum likelihood estimation of a multinomial distribution

The proof of the ML estimator for a multinomial distribution is based on the proof found on

page 21 of the textbook Categorical Data Analysis by Argest A.

Consider a multinomial experiment of n trials, each of which has 8 possible outcomes with

probabilities pq, py, .-, Ds-

If n observations from a multinomial experiment is available such that x; is the number of

times that the i possible outcome realised, the likelihood function of this process is

8—1
i=1 Xi

n!
L(plx) = AL 171P2"2 o ps—1 (1 _Zpl - (104)

12 A2y weny

Taking the natural log of Equation (104) and omitting the terms without probabilities we get

8—1 8—1
L(plx) = x; In(py) + -+ + x5-1 In(ps-1) + (n - Z xi) In(1- Z Pi)- (105)
i=1 i=1

Now, to find the ML estimate of p;, we differentiate Equation (105) with respect to p; and set

equal to 0 to obtain

dE@lx) _ %  (n—Tiix)
dp; P, 1-Xiih

5(-20)-(-2)p

= x;(P5) = (x,)D). (106)

=0

Now sum both sides of the equality over all values of j and remembering that }.7_, p, = 1,

we get

imm=iwm
j=1

j=1
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= n(p;) = x,

— xé
ﬁpé:;

Substituting Equation (107) into Equation (106) we get

xﬁ ~
= Xj ; = (xs)p]

%
=p, =—.
b=
This concludes the proof.
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2. Rcode

rm(list=Is(all=TRUE))
mPower <- function(x, n) {

power <- X
if (n>1){
for (i in 2:n) {
power <- power%*%x
}
}
return(power)

}

pMatrix <- function(Q,nlim=30,t) {

P <- matrix(0,nrow=nrow(Q),ncol=ncol(Q))

diag(P) <-1

for (nin 1:nlim) {
sum <- mPower(Q,n)*(t*n)/factorial(n)
P<-P+sum

}

return(P)

}

QTime <- rbind(c(-3.6,0.8,1.3,0.4,0.9,0.2),¢(1.2,-3.2,0.3,0.2,1.4,0.1),¢(0.3,1.4,-3.1,0.7,0.5,0.2),¢(0.3,0.5,1.2,-

3.5,0.4,1.1),¢(0.1,1.2,0.7,0.5,-2.9,0.4),c(0,0,0,0,0,0))
apply(QTime,1,sum)

tpm <- proc.time()
pMatrix(QTime,nlim=10,t=1)
proc.time() - tpm

tpm <- proc.time()
pMatrix(QTime,nlim=20,t=1)
proc.time() - tpm

tpm <- proc.time()
pMatrix(QTime,nlim=30,t=1)
proc.time() - tpm

tpm <- proc.time()
pMatrix(QTime,nlim=40,t=1)

proc.time() - tpm

tpm <- proc.time()

eigen(QTime)Svector%*%diag(exp(eigen(QTime)Svalue*1))%*%solve(eigen(QTime)Svector)

proc.time() - tpm

rm(QTime)
rm(tpm)

#####Simulate Markov chaint#####

RecordLongData <- function(TPM,AbState, InitialState,k,T,TimeSteps=1,saad) {

States <- 1:ncol(TPM)
set.seed(saad)
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nStates <- ncol(TPM)
Obs <- ¢(1,InitialState,0); #Obs: PatID|State|Time at which Pat go in

for (PatID in 1:k) {
if (PatID > 1) Obs <- rbind(Obs,c(PatID, InitialState,0))
CurrentState <- InitialState
for (time in seq(0+TimeSteps, T, TimeSteps)) {
if (CurrentState = AbState) {
Probs <- TPM[CurrentState ,]
Pos <- rmultinom(1,1,Probs)
NewsState <- States[Pos==1]
Obs = rbind(Obs,c(PatID,NewState,time))
CurrentState <- NewState
}
}
}
return(Obs)

}

H####H#Function for nonstationary chain#t

RecordLongDataNonStat <- function(TPM,AbState,InitialState,k,T,TimeSteps=1,saad) {
set.seed(saad)
nStates <- ncol(TPM)
States <- 1:nStates
Obs <- ¢(1,InitialState,0); #Obs: PatID|State|Time at which Pat go in
for (PatID in 1:k) {
if (PatID > 1) Obs <- rbind(Obs,c(PatID,InitialState,0))
CurrentState <- InitialState
for (time in seq(TimeSteps,T,TimeSteps)) {
TPM[1,1] <- exp(-( (0.2*time)"2.5+(0.2*(time-TimeSteps))*2.5))
Rem <- 1-TPM[1,1]
TPM[1,2:(AbState-1)] <- rep(Rem*0.8/(nStates-2),nStates-2)
TPM[1,AbState] <- 1-sum(TPM[1,-AbState])
if (CurrentState != AbState) {
Probs <- TPM[CurrentState ,]
Pos <- rmultinom(1,1,Probs)
NewState <- States[Pos==1]
Obs = rbind(Obs,c(PatID,NewState,time))
CurrentState <- NewState

}
}
return(Obs)

}

HitHHH ) UMD processHitiHHHEHHH "

RecordJumpProcess <- function(Q,k,InState,AbState, T,saad) {
States <- 1:ncol(Q)
set.seed(saad)
for (Patin 1:k) {
CurrentState <- InState
CumTime<-0
PatData <- c(Pat,CurrentState,0)
sentOuter<-1
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while(sentOuter == 1) {
timeJump <- rexp(1,rate=-Q[CurrentState,CurrentState])
CumTime <- CumTime + timeJump
if (CumTime < T) {
NewsStateProbs <- Q[CurrentState,]/(-Q[CurrentState,CurrentState])
NewStateProbs[CurrentState] <- 0
Pos <- rmultinom(1,1,NewStateProbs)
NewState <- States[Pos==1]
PatData <- rbind(PatData,c(Pat,NewState,CumTime))
CurrentState <- NewState
if (CurrentState == AbState) sentOuter <- 0
}
if (CumTime >=T) {
PatData <- rbind(PatData,c(Pat,CurrentState,T))
sentOuter<-0
}
}
if (Pat == 1) Obs <- PatData
else Obs <- rbind(Obs,PatData)
}
return(Obs)
}

#i###Include effect of gender on transition rate####

RecordJumpProcessGenderEffect <- function(Q,GenderVector,GenderEffect,k,InState,AbState, T,saad) {
States <- 1:ncol(Q)
B012 <- log(Q[1,2])
set.seed(saad)
for (Patin 1:k) {
Q[1,2] <- exp(B012+GenderEffect*GenderVector[Pat])
Q[1,1] <- -sum(Q[1,-1])
CurrentState <- InState
CumTime <-0
PatData <- c(Pat,CurrentState,0)
sentOuter<-1
while(sentOuter == 1) {
timeJump <- rexp(1,rate=-Q[CurrentState,CurrentState])
CumTime <- CumTime + timeJump
if (CumTime < T) {
NewsStateProbs <- Q[CurrentState,]/(-Q[CurrentState,CurrentState])
NewStateProbs[CurrentState] <- 0
Pos <- rmultinom(1,1,NewStateProbs)
NewState <- States[Pos==1]
PatData <- rbind(PatData,c(Pat,NewState,CumTime))
CurrentState <- NewState
if (CurrentState == AbState) sentOuter <- 0
}
if (CumTime >=T) {
PatData <- rbind(PatData,c(Pat,CurrentState,T))
sentOuter<-0
}
}
if (Pat == 1) Obs <- PatData
else Obs <- rbind(Obs,PatData)
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return(Obs)
}

H#####Include effect of age and gender on transition rate#####

RecordJumpProcessGenderAgeEffect <-
function(Q,GenderVector,GenderEffect,AgeVector,AgeEffect,k,InState,AbState,T,saad) {
States <- 1:nStates
BO12 <- log(Q[1,2])
set.seed(saad)
for (Patin 1:k) {
Q[1,2] <- exp(B012+GenderEffect*GenderVector[Pat]+AgeEffect* AgeVector[Pat])
Q[1,1] <--sum(Q[1,-1])
CurrentState <- InState
CumTime <-0
PatData <- c(Pat,CurrentState,0)
sentOuter<-1
while(sentOuter == 1) {
timeJump <- rexp(1,rate=-Q[CurrentState,CurrentState])
CumTime <- CumTime + timeJump
if (CumTime < T) {
NewsStateProbs <- Q[CurrentState,]/(-Q[CurrentState,CurrentState])
NewsStateProbs[CurrentState] <- 0
Pos <- rmultinom(1,1,NewStateProbs)
NewState <- States[Pos==1]
PatData <- rbind(PatData,c(Pat,NewState,CumTime))
CurrentState <- NewState
if (CurrentState == AbState) sentOuter <- 0
}
if (CumTime >=T) {
PatData <- rbind(PatData,c(Pat,CurrentState,T))
sentOuter<-0
}
}
if (Pat == 1) Obs <- PatData
else Obs <- rbind(Obs,PatData)
}
return(Obs)
}

HHHEHHHEHEHEHEHE Stationary Markov jump proceesH##tH
###Examples 1 and 2

QSim <- rbind(c(-0.35,0.15,0.2),¢(0.2,-0.4,0.2),c(0,0,0)); #Example 1
QSim <- rbind(c(-1.13,0.2,0.8,0.03,0.1),¢(0.8,-1.11,0.2,0.01,0.1),c(0.4,0.9,-1.42,0.02,0.1),¢(1.3,0.8,0.5,-
2.68,0.08),c(0,0,0,0,0)); #Example 2

DeathState <- ncol(QSim)
nStates <- ncol(QSim)
NumPatients <- 100
MaxTime <- 5

InState=1

TPM <- pMatrix(Q,nlim=30,t=1/999999999999)
eye <- matrix(0,nrow=2,ncol=2)
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diag(eye) <- 1
sum(solve(eye-TPM[1:2,1:2])[1,])/999999999999

JumpData <-
RecordJumpProcess(Q=QSim,k=NumPatients,InState=1,AbState=DeathState, T=MaxTime,saad=1010)
table(JumpDatal,2])

NSample <- matrix(ncol=ncol(QSim),nrow=nrow(QSim),0)
ASample <- rep(0,nStates)

for (rcount in 2:nrow(JumpData) ) {
if (JumpData[rcount,1] == JumpData[rcount-1,1] ) {
NSample[JumpData[rcount-1,2],JumpData[rcount,2]] <- NSample[JumpData[rcount-
1,2],JumpDatalrcount,2]] + 1
ASample[JumpData[rcount-1,2]] <- ASample[JumpData[rcount-1,2]] + (JumpData[rcount,3]-
JumpData[rcount-1,3])
}
if (JumpData[rcount,1] == (JumpData[rcount-1,1] + 1) ) {
ASample[JumpData[rcount-1,2]] <- ASample[JumpData[rcount-1,2]] + (MaxTime-
JumpData[rcount-1,3])
}
}
ASample[DeathState] <- ASample[DeathState] + (MaxTime - JumpData[nrow(JumpData),3])
sum(ASample)

sum(ASample[-ncol(QSim)])/NumPatients
QHat <- matrix(ncol=ncol(QSim),nrow=ncol(QSim))
for (i in 1:ncol(NSample)) {

for (j in 1:ncol(NSample)) {
if (i 1= j) QHat[i,j] <- NSample[i,jl/ASamplel[i]

}

QHatl[i,i] <- -apply(QHat,1,sum,na.rm=TRUE)[i]
}
QSim
QHat

sum((QHat - QSim)*2)

#Estimates from msm
library(msm)

ObsDF <- data.frame(JumpData)

names(ObsDF) <- c("PatID","State","Time")

#statetable.msm(State,PatID,data=ObsDF)

FirstQ <- rbind(c(-1.4,0.2,0.8),c(0.8,-1.2,0.2),¢(0,0,0))

#FirstQ <- rbind(c(-1.4,0.2,0.8,0.3,0.1),c(0.8,-1.2,0.2,0.1,0.1),c(0.4,0.9,-1.6,0.2,0.1),¢(0.2,0.4,0.3,-
1.7,0.8),¢(0,0,0,0,0))

Qmsm <- crudeinits.msm(State~Time,PatID,data=0bsDF,qmatrix=FirstQ )
Q.msm <- msm(State~Time,PatID,data=0bsDF,gmatrix=FirstQ,exacttimes=TRUE )

totlos.msm(Q.msm)
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#What if we observed the data only every time point and treated it as discrete data?
#Extract discrete time point observations

for (Pat in 1:NumPatients) {
PatData <- JumpData[JumpData[,1]==Pat,]
PatDiscr <- c(Pat,InState,0)
for (time in 1:MaxTime) {
Pos <- PatData[PatData[,3]<=time,]
if (length(Pos) == 3) LastState <- c(Pat,Pos[2],time)
if (length(Pos) > 3 ) LastState <- Pos[nrow(Pos),]
#if (length(PatDiscr) == 3) testRow <- PatDiscr
#if (length(PatDiscr) > 3) testRow <- PatDiscr[nrow(PatDiscr),]
#if ( sum(testRow - LastState) != 0 ) PatDiscr <-
rbind(PatDiscr,c(Pat,LastState[2],time))
PatDiscr <- rbind(PatDiscr,c(Pat,LastState[2],time))
}
if (Pat == 1) DiscrObs <- PatDiscr
if (Pat > 1) DiscrObs <- rbind(DiscrObs,PatDiscr)
}

#Fit TPM
TCM <- matrix(ncol=ncol(QSim),nrow=nrow(QSim),0)

for (rcount in 2:nrow(DiscrObs) ) {
if ( DiscrObs[rcount,1] == DiscrObs[rcount-1,1] ) {
TCM[DiscrObs[rcount-1,2],DiscrObs[rcount,2]] <- TCM[DiscrObs[rcount-
1,2],DiscrObs[rcount,2]] + 1
}
}

TPMHat <- matrix(0,nrow=nrow(QSim),ncol=nrow(QSim))

for (i in 1:nrow(QSim)) {
for (j in 1:nrow(QSim)) {
TPMHatfij] <- TCMIij]/apply(TCM, 1,sum)[i]
}

}
DiscrTPMHat <- TPMHat

ExactTPMHat <- pMatrix(QHat,t=1)
TrueTPMHat <- pMatrix(QSim,t=1)
#The TPM of QHat is closer to the TPM of Q than TPMHat

#Calculate true state prevalence and plot estimated prevalence on that

maxTime <- 30
TrueDistr <- t(as.matrix(rep(0,ncol(TPMHat))))
TrueDistr[InState] <- 1

DiscreteDistr <- TrueDistr
ExactDistr <- TrueDistr

PrevMatrix <- matrix(0,nrow=ncol(TPMHat),ncol=5)
PrevMatrix[,1] <- 1:5
PrevMatrix[,3] <- TrueDistr

CA Marais

23138514

146



UNIVERSITY OF PRETORIA 147
YUNIBESITHI YA PRETORIA

e
=
ﬂ UNIVERSITEIT VAN PRETORIA
QP
PrevMatrix[,4] <- DiscreteDistr
PrevMatrix[,5] <- ExactDistr

for (time in 1:maxTime) {
TrueDistr <- TrueDistr%*%TrueTPMHat
DiscreteDistr <- DiscreteDistr%*%DiscrTPMHat
ExactDistr <- ExactDistr%*%ExactTPMHat

PrevMatrix <-
rbind(PrevMatrix,cbind(1:5,rep(time,ncol(TPMHat)),t(TrueDistr),t(DiscreteDistr),t(ExactDistr)))
}

PrevMatrix <- data.frame(PrevMatrix)
names(PrevMatrix) <- c("State","Time","TruePrev","DiscrPrev","ExactPrev")

Statel <- PrevMatrix[PrevMatrix[,1]==1,2:5]
State2 <- PrevMatrix[PrevMatrix[,1]==2,2:5]
State3 <- PrevMatrix[PrevMatrix[,1]==3,2:5]
State4 <- PrevMatrix[PrevMatrix[,1]==4,2:5]
State5 <- PrevMatrix[PrevMatrix[,1]==5,2:5]

par(mfrow=c(3,2))

plot(State1STime,State1STruePrev,type="1",col="black",xlab="Time",ylab="Prevalence",main="State1")
lines(State1$Time,State1S$DiscrPrev,col="blue")
lines(State1$Time,State1SExactPrev,col="green")

plot(State2$Time,State2STruePrev,type="1",col="black",xlab="Time",ylab="Prevalence",main="State2")
lines(State2STime,State2SDiscrPrev,col="blue")
lines(State2$Time,State2SExactPrev,col="green")

plot(State3STime,State3STruePrev,type="1",col="black",xlab="Time",ylab="Prevalence",main="State3",ylim=c(
0,0.3))

lines(State35Time,State3S$DiscrPrev,col="blue")

lines(State3$Time,State3SExactPrev,col="green")

plot(State4STime,State4STruePrev,type="1",col="black",xlab="Time",ylab="Prevalence",main="State4" ,ylim=c(
0,0.015))

lines(State4STime,State4SDiscrPrev,col="blue")

lines(State4$Time,State4SExactPrev,col="green")

plot(State55Time,State5STruePrev,type="1",col="black",xlab="Time",ylab="Prevalence",main="State5")
lines(State55Time,State5SDiscrPrev,col="blue")
lines(State5$Time,State5SExactPrev,col="green")

#Maximise the likelihood function with the nlm method

likeNoCov <- function(Beta) {
logl<-0
BetaCount <-1
for (j in 1:nStates) {
if (j != DeathState) {
sum2<-0
for (k in 1:nStates) {
if (j1=k){
logl <- logl + NSample[j,k]*log(Beta[BetaCount])
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sum2 <- sum2 + Beta[BetaCount]
BetaCount <- BetaCount + 1
}
}
logl <- logl - ASample[j]*sum2
}
}
return(-logl)

}

As <- ¢(-0.205,0.02,0,0.2,-0.025,0,0.05,0.05,0)

As <-¢(0.3,0.3,0.1,0.2)

As <-rep(1,4)

As <-¢(0.2,0.15,0.15,0.25)

As <-¢(0.2,0.8,0.3,0.1,0.8,0.2,0.1,0.1,0.4,0.9,0.2,0.1,0.2,0.4,0.3,0.8)
As <- ¢(0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5)

#Data <- rbind(NSample,ASample)
library(stats4)
nim(likeNoCov,p=As)

HEHHHEHEHE " Stationary Markov jump procees with gender effect##H##HEHHHEHEHHEH T
#Example 3

QSim <- rbind(c(-0.25,0.1,0.15),¢(0.01,-0.16,0.15),¢(0,0,0))

QSim <- rbind(c(-2.5,2,0.5),¢(1.5,-2,0.5),¢(0,0,0))

QSim <- rbind(c(-1.4,0.2,0.8,0.3,0.1),¢(0.8,-1.2,0.2,0.1,0.1),¢(0.4,0.9,-1.6,0.2,0.1),¢(0.2,0.4,0.3,-
1.7,0.8),¢(0,0,0,0,0))

QSim <- rbind(c(-0.35,0.15,0.2),¢(0.2,-0.4,0.2),c(0,0,0))

#Generate gender

NumPatients <- 1000

set.seed(1604)

Gender <- rbinom(n=NumPatients,size=1,prob=0.7)
GenderEffect <- 0.4

exp(GenderEffect)

#texp(Gender*GenderEffect)

DeathState <- ncol(QSim)
nStates <- ncol(QSim)

NumPatients <- 1000
MaxTime <- 50

JumpData <-
RecordJumpProcessGenderEffect(Q=QSim,GenderVector=Gender,GenderEffect=GenderEffect,AbState=DeathS
tate,InState=1,k=NumPatients,T=MaxTime,saad=1010)

NSample <- vector("list",NumPatients)
ASample <- vector("list",NumPatients)

for (Pat in 1:NumPatients ) {
NSample[[Pat]] <- matrix(0,nrow=nStates,ncol=nStates)

ASample[[Pat]] <- matrix(0,nrow=nStates,ncol=1)

PatData <- JumpData[JumpDatal[,1] == Pat,]
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for (rcount in 2:nrow(PatData) ) {
NSample[[Pat]][PatData[rcount-1,2],PatData[rcount,2]] <- NSample[[Pat]][PatData[rcount-
1,2],PatData[rcount,2]] + 1
ASample[[Pat]][PatData[rcount-1,2]] <- ASample[[Pat]][PatData[rcount-1,2]] +
(PatData[rcount,3]-PatData[rcount-1,3])
}
ASample[[Pat]][PatData[nrow(PatData),2]] <- ASample[[Pat]][PatData[nrow(PatData),2]] + (MaxTime -
PatData[nrow(PatData),3])

}

testSumN <- matrix(0,nrow=nStates,ncol=nStates)
testSumA <- matrix(0,nrow=nStates,ncol=1)

for (i in 1:NumPatients) {
testSumN <- testSumN + NSample[[i]]
testSumaA <- testSumA + ASample|[[i]]
}

sum(testSumA)
QHat <- matrix(ncol=ncol(QSim),nrow=ncol(QSim))
for (i in 1:ncol(testSumN)) {

for (j in 1:ncol(testSumN )) {
if (i 1= j) QHat[i,j] <- testSumN[i,jl/testSumA[i]

}

QHatl[i,i] <- -apply(QHat,1,sum,na.rm=TRUE)]i]
!
QSim
QHat

#Gender = 1 is in NSample[[1]] and Gender = 0 is in NSample[[2]]. ASample is similar

likeGender <- function(Beta) {
logl<-0
for (PatCount in 1:NumPatients) {
BetaCount <- 2
for (j in 1:nStates) {
if (j != DeathState) {
sum2<-0
for (k in 1:nStates) {
if(j==1&k==2){
logl <- logl +
NSample[[PatCount]][1,2]*(Beta[1]+Beta[length(Beta)]*Gender[PatCount])
sum2 <-sum2 +
exp(Beta[1]+Beta[length(Beta)]*Gender[PatCount])
Yelseif (j 1=k ) {
logl <- logl + NSample[[PatCount]][j,k]*Beta[BetaCount]
sum2 <- sum2 + exp(Beta[BetaCount])
BetaCount <- BetaCount + 1
}

}
logl <- logl - ASample[[PatCount]][j]*sum?2
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return(-logl)

}

B121Guess <- -15
exp(B121Guess)

Betas <- c(log(c(0.2,0.15,0.15,0.2)),0.7)
Betas <- c(log(c(2,2,2,2)),1.5)
Betas <- c(log(QHat[1,2])-B121Guess*mean(Gender),log(c(QHat[1,3],QHat[2,1],QHat[2,3])),B121Guess)

Betas <- c(rep(log(0.5),4),1.2)

As <-¢(0.2,0.8,0.3,0.1,0.8,0.2,0.1,0.1,0.4,0.9,0.2,0.1,0.2,0.4,0.3,0.8)
As <- ¢(0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5)

Betas <- c(rep(log(0.5),16),1.2)
Betas <- c(log(c(0.4,1,0.5,0.5,0.2,0.4,0.1,0.3,0.5,1.4,0.1,0.4,0.6,0.2,0.5,0.2)),0.4)
Betas <- c(log(c(0.2,0.8,0.3,0.1,0.8,0.2,0.1,0.1,0.4,0.9,0.2,0.1,0.2,0.4,0.3,0.8)),0.4)

library(stats4)

test <- nim(likeGender,p=Betas)
exp(testSestimate)

QMale <- rbind(c(-exp(testSestimate)[1]-
exp(testSestimate)[2],exp(testSestimate)[1],exp(testSestimate)[2]),c(exp(testSestimate)[3],-
exp(testSestimate)[3]-exp(testSestimate)[4],exp(testSestimate)[4]),c(0,0,0))

QFemale <- rbind(c(-exp(testSestimate[1]+testSestimate[5])-
exp(testSestimate)[2],exp(testSestimate[1]+testSestimate[5]),exp(testSestimate)[2]),c(exp(testSestimate)[3],-
exp(testSestimate)[3]-exp(testSestimate)[4],exp(testSestimate)[4]),c(0,0,0))

QMale
QFemale

#What does msm give?

library(msm)

ObsDF <- data.frame(JumpData)
names(ObsDF) <- c("PatID","State","Time")

ObsDFSSex <- Gender[ObsDF[,1]]

#statetable.msm(State,PatID,data=ObsDF)
FirstQ <- rbind(c(-1.5,0.2,0.8),c(0.8,-1.4,0.2),c(0,0,0))

FirstQ <- rbind(c(-1.5,0.2,0.8,0.3,0.5),¢(0.8,-1.4,0.2,0.3,0.1),¢(0.8,0.1,-1.3,0.3,0.1),¢(0.8,0.2,0.3,-
1.4,0.1),¢(0,0,0,0,0))

Qmsmin <- crudeinits.msm(State~Time,PatID,data=0bsDF,gmatrix=FirstQ )

Qmsm <-
msm(State~Time,PatID,data=0bsDF,gmatrix=QmsmlIn,exacttimes=TRUE,opt.method="nIm",covariates="Sex)

gmatrix.msm(Qmsm,covariates=list(Sex=1))

HEHHHHEHHEHE#HE Stationary Markov jump procees with gender and age effecti###i#HHHHHEHHEHHEH
#Example 4
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QSim <- rbind(c(-0.25,0.1,0.15),¢(0.01,-0.16,0.15),¢(0,0,0))
QSim <- rbind(c(-2.5,2,0.5),¢(1.5,-2,0.5),c(0,0,0))
QSim <- rbind(c(-1.4,0.2,0.8,0.3,0.1),¢(0.8,-1.2,0.2,0.1,0.1),c(0.4,0.9,-1.6,0.2,0.1),¢(0.2,0.4,0.3,-
1.7,0.8),¢(0,0,0,0,0))
QSim <- rbind(c(-0.35,0.15,0.2),c(0.2,-0.4,0.2),¢(0,0,0))

NumPatients <- 1000
MaxTime <- 50

#Generate gender

set.seed(1604)

Gender <- rbinom(n=NumPatients,size=1,prob=0.5)
GenderEffect <- 0.4

exp(GenderEffect)

#texp(Gender*GenderEffect)

#Generate age

set.seed(1604)

Age <- runif(h=NumPatients,min=0,max=100)
AgekEffect <- 0.05

exp(AgeEffect)

#exp(Age*AgeEffect)

AgePlot <- Age[order(Age)]

plot(AgePlot,exp(QSim[1,2]+AgePlot*AgeEffect+GenderEffect),type="l',col='green’,ylab='Transition intensity
from state 1 to 2',xlab="'Age’)

lines(AgePlot,exp(QSim[1,2]+AgePlot*AgeEffect),col='blue')
legend(x=50,y=250,c('Female’,'Male'),col=c('green’,'blue'),pch=18)

DeathState <- ncol(QSim)
nStates <- ncol(QSim)

JumpData <-
RecordJumpProcessGenderAgeEffect(Q=QSim,GenderVector=Gender,GenderEffect=GenderEffect,AgeVector=
Age,AgeEffect=AgeEffect,AbState=DeathState,InState=1,k=NumPatients, T=MaxTime,saad=1010)

NSample <- vector("list",NumPatients)
ASample <- vector("list",NumPatients)

for (Pat in 1:NumPatients ) {
NSample[[Pat]] <- matrix(0,nrow=nStates,ncol=nStates)
ASample[[Pat]] <- matrix(0,nrow=nStates,ncol=1)
PatData <- JumpData[JumpDatal,1] == Pat,]
for (rcount in 2:nrow(PatData) ) {
NSample[[Pat]][PatData[rcount-1,2],PatData[rcount,2]] <- NSample[[Pat]][PatData[rcount-
1,2],PatData[rcount,2]] + 1
ASample[[Pat]][PatData[rcount-1,2]] <- ASample[[Pat]][PatData[rcount-1,2]] +
(PatData[rcount,3]-PatData[rcount-1,3])
}
ASample[[Pat]][PatData[nrow(PatData),2]] <- ASample[[Pat]][PatData[nrow(PatData),2]] + (MaxTime -
PatData[nrow(PatData),3])

}
CA Marais

23138514



UNIVERSITY OF PRETORIA 152
YUNIBESITHI YA PRETORIA

<
=
“ UNIVERSITEIT VAN PRETORIA
et
testSumN <- matrix(0,nrow=nStates,ncol=nStates)
testSumA <- matrix(0,nrow=nStates,ncol=1)

for (i in 1:NumPatients) {
testSumN <- testSumN + NSample[[i]]
testSumA <- testSumA + ASample|[[i]]

}

sum(testSumaA)
QHat <- matrix(ncol=ncol(QSim),nrow=ncol(QSim))
for (i in 1:ncol(testSumN)) {

for (j in 1:ncol(testSumN )) {
if (i 1= j) QHat][i,j] <- testSumN[i,j]/testSumA[i]

}

QHat[i,i] <- -apply(QHat,1,sum,na.rm=TRUE)[i]
}
QSim
QHat

likeGenderAge <- function(Beta) {
logl<-0
for (PatCount in 1:NumPatients) {
BetaCount <- 2
for (j in 1:nStates) {
if (j != DeathState) {
sum2<-0
for (k in 1:nStates) {
if (j==1&k==2){
logl <- logl +
NSample[[PatCount]][1,2]*(Beta[1]+Beta[length(Beta)-
1]*Gender[PatCount]+Beta[length(Beta)]*Age[PatCount])
sum2 <- sum2 + exp(Beta[1]+Beta[length(Beta)-
1]*Gender[PatCount]+Beta[length(Beta)]*Age[PatCount])
Yelseif (j1=k) {
logl <- logl + NSample[[PatCount]][j,k]*Beta[BetaCount]
sum2 <- sum2 + exp(Beta[BetaCount])
BetaCount <- BetaCount + 1
}
}
logl <- logl - ASample[[PatCount]][j]*sum?2

}
}
return(-logl)

}

As <- ¢(0.2,0.8,0.3,0.1,0.8,0.2,0.1,0.1,0.4,0.9,0.2,0.1,0.2,0.4,0.3,0.8)
As <- ¢(0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5,0.5)
Betas <- c(log(c(0.2,0.15,0.15,0.2)),0.7,0.1)

Betas <- c(log(c(2,2,2,2)),1.5,1)

B121Guess <- 0.5337752

B122Guess <-0.35

exp(B122Guess*100)
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Betas <- c(log(QHat[1,2])-B121Guess*mean(Gender)-
B122Guess*mean(Age),log(c(QHat[1,3],QHat[2,1],QHat[2,3])),B121Guess,B122Guess)
nim(likeGenderAge,p=Betas)Sestimate

Betas <- c(rep(log(0.5),16),1.2,1.05)
Betas <- c(log(c(0.4,1,0.5,0.5,0.2,0.4,0.1,0.3,0.5,1.4,0.1,0.4,0.6,0.2,0.5,0.2)),0.4,0.05)
Betas <- c(log(c(0.2,0.8,0.3,0.1,0.8,0.2,0.1,0.1,0.4,0.9,0.2,0.1,0.2,0.4,0.3,0.8)),0.4,0.05)

library(stats4)

test <- nim(likeGenderAge,p=Betas)
exp(testSestimate)

#What does msm give?

library(msm)

ObsDF <- data.frame(JumpData)
names(ObsDF) <- c("PatID","State","Time")
ObsDFS$Sex <- Gender[ObsDF[,1]]
ObsDFSAge <- Age[ObsDF[,1]]

#statetable.msm(State,PatID,data=0ObsDF)

#FirstQ <- rbind(c(-1.5,0.2,0.8,0.3,0.5),¢(0.8,-1.4,0.2,0.3,0.1),¢(0.8,0.1,-1.3,0.3,0.1),¢(0.8,0.2,0.3,-
1.4,0.1),¢(0,0,0,0,0))

FirstQ <- rbind(c(-1,0.2,0.8),c(0.8,-1,0.2),¢(0,0,0))

Qmsmln <- crudeinits.msm(State~Time,PatID,data=ObsDF,qmatrix=FirstQ )

Qmsm <-
msm(State~Time,PatID,data=0bsDF,gmatrix=QmsmlIn,exacttimes=TRUE,opt.method="nIm",covariates="Sex+A
ge)

gmatrix.msm(Qmsm,covariates=list(Sex=0,Age=0))

HEHEHEHHEHEHHHEHE HHE Stationary Markov Chaintf#HHEHHHHEHEFH HHEFHHEHEHEHE
#Example 5

TPM <-
rbind(c(0.7,0.1,0.05,0.05,0.1),c(0.13,0.2,0.35,0.2,0.12),¢(0.1,0.05,0.1,0.5,0.25),¢(0.05,0.05,0.1,0.4,0.4),¢(0,0,0,0,
1))

TPM <-
rbind(c(0.7,0.1,0.05,0.05,0.1),c(0.1,0.3,0.35,0.05,0.2),¢(0.1,0.05,0.5,0.05,0.3),c(0.05,0.05,0.1,0.4,0.4),¢(0,0,0,0,1
)

apply(TPM,1,sum)

#How long does it take for the process to reach the death state if the process starts in state 1?
Que <- TPM[1:(nrow(TPM)-1),1:(nrow(TPM)-1)]

eye <- matrix(0,ncol=ncol(Que),nrow=nrow(Que)); diag(eye) <- 1

sum(solve((eye - Que))[1,])

InitialState=1

K=100

AbState <- 5

StatMarkovChain <- RecordLongData(TPM=TPM,AbState=AbState,InitialState=InitialState, k=K, T=3,saad=1010)

#Calculate the transition counts

TCM <- matrix(ncol=ncol(TPM),nrow=nrow(TPM),0)
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for (rcount in 2:nrow(StatMarkovChain) ) {
if ( StatMarkovChain[rcount,1] == StatMarkovChain[rcount-1,1] ) {
TCM[StatMarkovChain[rcount-1,2],StatMarkovChain[rcount,2]] <-
TCM[StatMarkovChain[rcount-1,2],StatMarkovChain[rcount,2]] + 1
}

}
TCM[nrow(TPM),ncol(TPM)] <- 1

#Make sure we get the same estimate for the FCM as that calculated by statetable.msm
library(msm)

ObsDF <- data.frame(StatMarkovChain)
names(ObsDF) <- c("PatID","State","Time")
statetable.msm(State,PatID,data=0bsDF)

TPMHat <- matrix(0,nrow=nrow(TPM),ncol=nrow(TPM))
for (i in 1:nrow(TPM)) {
for (jin L:nrow(TPM)) {
TPMHat][i,j] <- TCM[i,jl/apply(TCM,1,sum}][i]

}
}
TPM
round(TPMHat,3)

SSD <- sum((TPM-TPMHat)A2)
apply(TPMHat,1,sum)

#How long did it take the process to reach the absorbing state?

SurvTime <- StatMarkovChain[StatMarkovChain[,2] == AbState, 3]
#Did everybidy die?
length(SurvTime)

summary(SurvTime)
#Make observed vs Expected plot

maxTime <- max(StatMarkovChainl[,3])
ExpDistr <- t(as.matrix(rep(0,ncol(TPM))))
ExpDistr[InitialState] <- 1

for (time in 0:maxTime) {
TimePrev <- data.frame(table(StatMarkovChain[StatMarkovChain[,3]==time,2]))
TimePrevSObs <- TimePrev[,2]/K
TimePrev[,1] <- as.numeric(TimePrev[,1])
for (stateCount in 1:ncol(TPM)) {
if(is.na(match(stateCount ,TimePrev[,1]))) TimePrev <- rbind(TimePrev,c(stateCount,0,0))
}
TimePrev <- TimePrev[order(TimePrev[,1]),]
TimePrev[AbState,3] <- 1-sum(TimePrev[TimePrev[,1] |= AbState,3])

TimePrevSExp <- t(ExpDistr)
ExpDistr <- ExpDistr%*%TPMHat
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if (time == 0) PrevMatrix <- cbind(TimePrev[,c(1,3,4)],rep(time,nrow(TimePrev)))
if (time > 0) PrevMatrix <- rbind(PrevMatrix,cbind(TimePrev[,c(1,3,4)],rep(time,nrow(TimePrev))))
}
names(PrevMatrix) <- c("State","ObsPrev","ExpPrev","Time")
Statel <- PrevMatrix[PrevMatrix[,1]==1,2:4]
State2 <- PrevMatrix[PrevMatrix[,1]==2,2:4]
State3 <- PrevMatrix[PrevMatrix[,1]==3,2:4]
State4 <- PrevMatrix[PrevMatrix[,1]==4,2:4]
State5 <- PrevMatrix[PrevMatrix[,1]==5,2:4]

par(mfrow=c(3,2))

plot(State1$Time,State1SObsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State1")
lines(State1STime,State1SExpPrev,col="blue")

plot(State2STime,State2S0ObsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State2")
lines(State2STime,State2SExpPrev,col="blue")

plot(State3STime,State3SObsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State3")
lines(State35Time,State3SExpPrev,col="blue")

plot(State4STime,State4SObsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State4")
lines(State4STime,State4SExpPrev,col="blue")

plot(State5STime,State550bsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State5")
lines(State55Time,State5SExpPrev,col="blue")

HEHEHEH N onstationary Markov Chain#tH#HEHEHHHHEHEHEHHHEHEHHEHEHEHE
#Example 6

H#TPMSim <-
rbind(c(0.7,0.0,0.01,0.01,0.01),¢(0,0.33,0.35,0.31,0.01),¢(0,0.29,0.2,0.5,0.01),c(0,0.14,0.45,0.4,0.01),¢(0,0,0,0,1
)

TPMSim <-
rbind(c(0.7,0.01,0.01,0.01,0.1),¢(0.13,0.2,0.35,0.2,0.12),¢(0.1,0.05,0.1,0.5,0.25),¢(0.05,0.05,0.1,0.4,0.4),c(0,0,0,
0,1))

XTime <-1:20
Hazard <- 0.2*2.5*XTime"1.5
plot(XTime,Hazard,type="l' xlab='Time',ylab="Hazard function')

InitialState=1

K <- 100

AbState <- 5

NonStatMarkovChain <-

RecordLongDataNonStat(TPM=TPMSim,AbState=AbState, InitialState=InitialState, k=K, T=3,saad=1010)

#Calculate the transition counts and probabilities

MaxTime <- max(NonStatMarkovChainl[,3])
TCMList <- vector("list",MaxTime)
TPMList <- vector("list",MaxTime)

for (timeCount in 0:(MaxTime-1)) {
TimeData <- NonStatMarkovChain[NonStatMarkovChain[,3]==timeCount |
NonStatMarkovChain[,3]==timeCount+1,]
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TCM <- matrix(ncol=ncol(TPMSim),nrow=nrow(TPMSim),0)
for (rcount in 1:(nrow(TimeData)-1) ) {
if ( TimeData[rcount,1] == TimeData[rcount+1,1] ) {
TCM[TimeData[rcount,2], TimeData[rcount+1,2]] <-

TCM[TimeData[rcount,2],TimeData[rcount+1,2]] + 1

}

}
}
TCM[AbState,AbState] <- 1
TPMEst <- TCM
for (rows in 1:nrow(TCM)) {
if (sum(TCM[rows,]) > 0) TPMEst[rows,] <- TCM[rows,]/sum(TCM[rows,])
}
TCMList[[timeCount+1]] <- TCM
TPMList[[timeCount+1]] <- TPMEst

#Compare observed and expected graphically

ExpDistr <- t(as.matrix(rep(0,ncol(TPMSim))))
ExpDistr[InitialState] <- 1
TrueDistr <- ExpDistr

nStates <- ncol(TPMSim)

for (time in 0:(MaxTime-1)) {

}

TimePrev <- data.frame(table(NonStatMarkovChain[NonStatMarkovChain[,3]==time,2]))
TimePrevSObs <- TimePrev[,2]/K
TimePrev[,1] <- as.numeric(TimePrev[,1])
for (stateCount in 1:ncol(TPMSim)) {
if(is.na(match(stateCount ,TimePrev[,1]))) TimePrev <- rbind(TimePrev,c(stateCount,0,0))
}
TimePrev <- TimePrev[order(TimePrev[,1]),]
TimePrev[AbState,3] <- 1-sum(TimePrev[TimePrev[,1] != AbState,3])

TPMTrue <- TPMSim

TPMTrue[1,1] <- exp(-( (0.2*(time+1))A2.5+(0.2*time)"2.5))
Rem <- 1-TPMTrue[1,1]

TPMTrue[1,2:(AbState-1)] <- rep(Rem*0.8/(nStates-2),nStates-2)
TPMTrue[1,AbState] <- 1-sum(TPMTrue[1,-AbState])

TimePrevSExp <- t(ExpDistr)
TimePrevSTrue <- t(TrueDistr)

ExpDistr <- ExpDistr%*%TPMList[[time+1]]
TrueDistr <- TrueDistr%*%TPMTrue

if (time == 0) PrevMatrix <- cbind(TimePrev[,c(1,3,4,5)],rep(time,nrow(TimePrev)))
if (time > 0) PrevMatrix <- rbind(PrevMatrix,cbind(TimePrev[,c(1,3,4,5)],rep(time,nrow(TimePrev))))

rm(nStates)

names(PrevMatrix) <- c("State","ObsPrev","ExpPrev","TruePrev","Time")
Statel <- PrevMatrix[PrevMatrix[,1]==1,2:5]

State2 <- PrevMatrix[PrevMatrix[,1]==2,2:5]

State3 <- PrevMatrix[PrevMatrix[,1]==3,2:5]

State4 <- PrevMatrix[PrevMatrix[,1]==4,2:5]

State5 <- PrevMatrix[PrevMatrix[,1]==5,2:5]

CA Marais

23138514



UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

4
=
ﬂ UNIVERSITEIT VAN PRETORIA
. 157
St

par(mfrow=c(3,2))

plot(State1$Time,State1SObsPrev,type="p",col="red", xlab="Time",ylab="Prevalence",main="State1")
lines(State1$Time,State1SExpPrev,col="blue")
lines(State1$Time,State1STruePrev,col="green")

plot(State2STime,State2SObsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State2",ylim=c(0,
0.08))

#plot(State2STime,State2S0bsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State2")
lines(State2$Time,State2SExpPrev,col="blue")

lines(State2$Time,State2STruePrev,col="green")

plot(State3STime,State3$0bsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State3",ylim=c(0,
0.04))

#plot(State3STime,State350bsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State3")
lines(State3STime,State3SExpPrev,col="blue")

lines(State3$Time,State3STruePrev,col="green")

plot(State4STime,State4SObsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State4",ylim=c(0,
0.06))

#plot(State4STime,State4SObsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State4")
lines(State4$Time,State4SExpPrev,col="blue")

lines(State4STime,State4STruePrev,col="green")

plot(State5STime,State550bsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State5")
#plot(State5STime,State550bsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State5")
lines(State55Time,State5SExpPrev,col="blue")

lines(State55Time,State55TruePrev,col="green")

#What would happen if we treat the process as stationary?
#Calculate the transition counts and probabilities
TCM <- matrix(ncol=ncol(TPMSim),nrow=nrow(TPMSim),0)

for (rcount in 2:nrow(NonStatMarkovChain) ) {
if ( NonStatMarkovChain[rcount,1] == NonStatMarkovChain[rcount-1,1] ) {
TCM[NonStatMarkovChain[rcount-1,2],NonStatMarkovChain[rcount,2]] <-
TCM[NonStatMarkovChain[rcount-1,2],NonStatMarkovChain[rcount,2]] + 1
}

}
TCM[AbState,AbState] <- 1

TPMHat <- TCM

for (i in 1:nrow(TPMSim)) {
TPMHat[i,] <- TCM[i,]/sum(TCM[i,])
}

TPMHat

#Make observed vs Expected plot
maxTime <- max(NonStatMarkovChain[,3])
ExpDistr <- t(as.matrix(rep(0,ncol(TPMSim))))
ExpDistr[InitialState] <- 1
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for (time in 0:maxTime) {

}

TimePrev <- data.frame(table(NonStatMarkovChain[NonStatMarkovChain[,3]==time,2]))
TimePrevSObs <- TimePrev[,2]/K
TimePrev[,1] <- as.numeric(TimePrev[,1])
for (stateCount in 1:ncol(TPMSim)) {
if(is.na(match(stateCount ,TimePrev[,1]))) TimePrev <- rbind(TimePrev,c(stateCount,0,0))
}
TimePrev <- TimePrev[order(TimePrev[,1]),]
TimePrev[AbState,3] <- 1-sum(TimePrev[TimePrev[,1] != AbState,3])

TimePrevSExp <- t(ExpDistr)

ExpDistr <- ExpDistr%*%TPMHat

if (time == 0) PrevMatrix <- cbind(TimePrev][,c(1,3,4)],rep(time,nrow(TimePrev)))

if (time > 0) PrevMatrix <- rbind(PrevMatrix,cbind(TimePrev[,c(1,3,4)],rep(time,nrow(TimePrev))))

names(PrevMatrix) <- c("State","ObsPrev","ExpPrev","Time")
Statel <- PrevMatrix[PrevMatrix[,1]==1,2:4]
State2 <- PrevMatrix[PrevMatrix[,1]==2,2:4]
State3 <- PrevMatrix[PrevMatrix[,1]==3,2:4]
State4 <- PrevMatrix[PrevMatrix[,1]==4,2:4]
State5 <- PrevMatrix[PrevMatrix[,1]==5,2:4]

par(mfrow=c(3,2))

plot(State1$Time,State1SObsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State1")
lines(State1$Time,State1SExpPrev,col="blue")

plot(State2STime,State2SObsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State2")
lines(State2STime,State2SExpPrev,col="blue")

plot(State3STime,State3SObsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State3")
lines(State35Time,State3SExpPrev,col="blue")

plot(State4STime,State4SObsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State4")
lines(State4STime,State4SExpPrev,col="blue")

plot(State5STime,State550bsPrev,type="p",col="red",xlab="Time",ylab="Prevalence",main="State5")
lines(State55Time,State5SExpPrev,col="blue")

HEHEH KA bfleisch estimator# i HEHEHHEHEHEHE
#Example 7

#Start with 3 state process

#Q <- rbind(c(-0.25,0.1,0.15),c(0.1,-0.25,0.15),¢(0.1,1.2,-1.3))

#Q <- rbind(c(-0.25,0.1,0.15),¢(0.1,-0.25,0.15),¢(0,0,0))

QSim <- rbind(c(-0.35,0.15,0.2),c(0.2,-0.4,0.2),c(0,0,0))

QSim <- rbind(c(-1.13,0.2,0.8,0.03,0.1),c(0.8,-1.11,0.2,0.01,0.1),c(0.4,0.9,-1.42,0.02,0.1),c(1.3,0.8,0.5,-
2.68,0.08),¢(0,0,0,0,0))

NumpPatients <- 1000
DeathState <- ncol(QSim)
nStates <- ncol(QSim)
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InState <-1
MaxTime <- 10

JumpData <-
RecordJumpProcess(Q=QSim,k=NumPatients,InState=InState,AbState=DeathState, T=MaxTime,saad=1010)

ObTimes <- ¢(0.5,1.2,2,2.5,3.1,4,5.1,5.7,6.9)
#Get state of the process at observation times

for (Pat in 1:NumPatients) {
PatData <- JumpData[JumpData[,1]==Pat,]
PatDiscr <- c(Pat,InState,0)
for (time in ObTimes) {
Pos <- PatData[PatDatal[,3]<=time,]
if (length(Pos) == 3) LastState <- c(Pat,Pos[2],time)
if (length(Pos) > 3 ) LastState <- Pos[nrow(Pos),]
PatDiscr <- rbind(PatDiscr,c(Pat,LastState[2],time))
}
if (Pat == 1) DiscrObs <- PatDiscr
if (Pat > 1) DiscrObs <- rbind(DiscrObs,PatDiscr)

#Calculate transition counts (Nijl) at observed time points

#MaxTime <- ObTimes[length(ObTimes)]
Countinfo <- vector("list",length(ObTimes))

for (timeCount in 1:length(ObTimes) ) {
CurrentTime <- ObTimes[timeCount]
PrevTime <- ifelse (timeCount ==1, 0, ObTimes[timeCount-1])

TimeData <- DiscrObs[DiscrObs[,3]==CurrentTime | DiscrObs[,3]==PrevTime,]
TCM <- matrix(0,ncol=ncol(QSim),nrow=nrow(QSim))
for (rcount in 1:(nrow(TimeData)-1) ) {
if ( TimeData[rcount,1] == TimeData[rcount+1,1] ) {
TCM[TimeData[rcount,2], TimeData[rcount+1,2]] <-
TCM[TimeData[rcount,2],TimeData[rcount+1,2]] + 1
}
}
CountlInfo[[timeCount]] <- TCM

}

#Check CountInfo

NTestSum <- matrix(0,nrow=ncol(QSim),ncol=ncol(QSim))
for (i in 1:length(Countinfo) ) {
NTestSum <- NTestSum + CountiInfo[[i]]

}

library(msm)
NTestSum
ObsDF <- data.frame(DiscrObs)
names(ObsDF) <- c("PatID","State","Time")
QShape <- rbind(c(-1,0.2,0.8),c(0.8,-1,0.2),c(0,0,0))
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QShape <- rbind(c(-1.7,0.2,0.8,0.3,0.4),c(0.8,-1.2,0.2,0.1,0.1),¢(0.8,0.2,-1.2,0.1,0.1),c(0.8,0.1,0.2,-
1.2,0.1),¢(0,0,0,0,0))

statetable.msm(State,PatID,data=ObsDF)
crudeinits.msm(State~Time,PatID,data=ObsDF,gmatrix=QShape)

ADerT <- vector("list",4)

ADerT[[1]] <- rbind(c(-1,1,0),rep(0,3),rep(0,3))
ADerT[[2]] <- rbind(c(-1,0,1),rep(0,3),rep(0,3))
ADerT[[3]] <- rbind(rep(0,3),c(1,-1,0),rep(0,3))
ADerT[[4]] <- rbind(rep(0,3),c(0,-1,1),rep(0,3))
#ADerT[[5]] <- rbind(rep(0,3),rep(0,3),c(1,0,-1))
#ADerT[[6]] <- rbind(rep(0,3),rep(0,3),c(0,1,-1))

ADerT <- vector("list",16)

ADerT[[1]] <- rbind(c(-1,1,0,0,0),rep(0,5),rep(0,5),rep(0,5),rep(0,5))
ADerT[[2]] <- rbind(c(-1,0,1,0,0),rep(0,5),rep(0,5),rep(0,5),rep(0,5))
ADerT[[3]] <- rbind(c(-1,0,0,1,0),rep(0,5),rep(0,5),rep(0,5),rep(0,5))
ADerT[[4]] <- rbind(c(-1,0,0,0,1),rep(0,5),rep(0,5),rep(0,5),rep(0,5))

ADerT[[5]] <- rbind(rep(0,5),c(-1,1,0,0,0),rep(0,5),rep(0,5),rep(0,5
ADerT[[6]] <- rbind(rep(0,5),c(-1,0,1,0,0),rep(0,5),rep(0,5),rep(0,5
ADerT[[7]] <- rbind(rep(0,5),c(-1,0,0,1,0),rep(0,5),rep(0,5),rep(0,5

)
)
)
ADerT[[8]] <- rbind(rep(0,5),c(-1,0,0,0,1),rep(0,5),rep(0,5),rep(0,5)

), )
), )
), )
), )
ADerT[[9]] <- rbind(rep(0,5),rep(0,5),c(-1,1,0,0,0),rep(0,5),rep(0,5))

ADerT[[10]] <- rbind(rep(0,5),rep(0,5),c(-1,0,1,0,0),rep(0,5),rep(0,5))
ADerT[[11]] <- rbind(rep(0,5),rep(0,5),c(-1,0,0,1,0),rep(0,5),rep(0,5))
ADerT[[12]] <- rbind(rep(0,5),rep(0,5),c(-1,0,0,0,1),rep(0,5),rep(0,5))

ADerT[[13]] <- rbind(rep(0,5),rep(0,5),rep(0,5),c(-1,1,0,0,0),rep(0,5))
ADerT[[14]] <- rbind(rep(0,5),rep(0,5),rep(0,5),c(-1,0,1,0,0),rep(0,5))
ADerT[[15]] <- rbind(rep(0,5),rep(0,5),rep(0,5),c(-1,0,0,1,0),rep(0,5))
ADerT[[16]] <- rbind(rep(0,5),rep(0,5),rep(0,5),c(-1,0,0,0,1),rep(0,5))

GFunction <- function(B) {
G <- vector("list",16)
for (iin 1:16) {
G[[i]] <- solve(B)%*%ADerT[[i]1%*%B
}
return(G)
}

VFunction <- function(G,D,t) {
V <- vector("list",16)
for (iin 1:16) {
V[[i]] <- matrix(0,ncol=ncol(QSim),nrow=nrow(QSim))
for (j in 1:ncol(QSim) ) {
for (k in 1:ncol(QSim) ) {
if (j !=k) VI[il10,k] <- GI[i]1[},k]1*( exp(D[jl*t) - exp(D[k]*t) )/(D[j] - D[KI)

if (j == k) VI[i]][},k] <- GI[i]][j,k] *t*exp(D[j]*t)
}

}
return(V)
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SFunction <- function(QEst,G,D,B) {
S <- matrix(0,nrow=16,ncol=1)
for (ParNum in 1:16) {
som<-0
for (Lin 1: length(ObTimes)) {
for (j in 1:ncol(QEst) ) {
for (k in 1:ncol(QEst) ) {
time <- ifelse(L == 1, ObTimes[L],0bTimes[L]-ObTimes[L-1])
Pjk <- pMatrix(QEst,nlim=30,t=time)][j,k]
Der <- (B%*%VFunction(G,D,time)[[ParNum]]%*%solve(B))[j,k]
#if (Pjk > 0.0001) som <- som + CountInfo[[L]][j,k]*Der / Pjk
som <- som + CountInfo[[L]][j,k]*Der / Pjk

}
}
S[ParNum] <- som
1

return(S)

}

MFunction <- function(G,D,B,QEst) {
M <- matrix(0,nrow=16,ncol=16)
for (uin 1:16) {
for (vin 1:16) {
som<-0
for (Lin 1: length(ObTimes)) {
for (j in 1:ncol(QEst) ) {
for (k in 1:ncol(QEst) ) {
time <- ifelse(L == 1, ObTimes[L],ObTimes[L]-ObTimes|L-
1))
Pjk <- pMatrix(QEst,t=time)[j,k]
DerU <- (B%*%VFunction(G,D,time)[[u]]1%*%solve(B))[j,k]
DerV <- (B%*%VFunction(G,D,time)[[v]]%*%solve(B))[j,k]
Ni <- sum(CountInfo[[L]][j,])
#if (Pjk > 0.0001) som <- som + Ni * DerU * DerV / Pjk
som <- som + Ni * DerU * DerV / Pjk

}
}
M[u,v] <- som
1
1
return(M)

}

#ThetaCurrent <- exp(as.vector(c(0.15,0.2,0.15,0.2,0.2,1)))

ThetaCurrent <- (as.vector(c(0.20,0.15,0.15,0.25)))

ThetaCurrent <- (as.vector(rep(1,4)))

ThetaCurrent <- (as.vector(c(0.1125,0.1864,0.1452,0.1866)))

ThetaCurrent <-
(as.vector(c(0.2069,0.3508,0.0136,0.1010,0.3588,0.1711,0.0053,0.1082,0.2868,0.3869,0.0103,0.0882,0.4219,0
.1266,0.2532,0.1477)))
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for (iterin 1:4) {

#QEst <- rbind(c(-ThetaCurrent[1]-
ThetaCurrent[2],ThetaCurrent[1],ThetaCurrent[2]),c(ThetaCurrent[3],-ThetaCurrent[3]-
ThetaCurrent[4], ThetaCurrent[4]),c(ThetaCurrent[5], ThetaCurrent[6],-ThetaCurrent[5]-ThetaCurrent[6]))
#QEst <- rbind(c(-ThetaCurrent[1]-
ThetaCurrent[2],ThetaCurrent[1], ThetaCurrent[2]),c(ThetaCurrent[3],-ThetaCurrent[3]-
ThetaCurrent[4],ThetaCurrent[4]),c(0,0,0))
QEst <- rbind(c(-ThetaCurrent[1]-ThetaCurrent[2]-ThetaCurrent[3]-
ThetaCurrent[4],ThetaCurrent[1], ThetaCurrent[2],ThetaCurrent[3],ThetaCurrent[4]),c(ThetaCurrent[5],-
ThetaCurrent[5]-ThetaCurrent[6]-ThetaCurrent[7]-
ThetaCurrent[8],ThetaCurrent[6], ThetaCurrent[7],ThetaCurrent[8]),c(ThetaCurrent[9],ThetaCurrent[10],-
ThetaCurrent[9]-ThetaCurrent[10]-ThetaCurrent[11]-
ThetaCurrent[12],ThetaCurrent[11],ThetaCurrent[12]),c(ThetaCurrent[13],ThetaCurrent[14],ThetaCurrent[15],-
ThetaCurrent[13]-ThetaCurrent[14]-ThetaCurrent[15]-ThetaCurrent[16],ThetaCurrent[16]),c(0,0,0,0,0))

B <- eigen(QEst,symmetric=FALSE)S$vectors

D <- eigen(QEst,symmetric=FALSE)Svalues

G <- GFunction(B)

ThetaNew <- ThetaCurrent + solve(MFunction(G,D,B,QEst))%*%SFunction(QEst,G,D,B)
print(round(ThetaNew,4))

#if (is.complex(ThetaNew)) ThetaNew <- Re(ThetaNew)

ThetaCurrent <- ThetaNew

}
ThetaCurrent

ThetaCurrent <- as.vector(c(0.21693,0.09228167,0,0.36539406))
#Try example in article

rm(list=Is(all=TRUE))

NSample <- vector("list",4)

NSample[[1]] <- rbind(c(93,3,2),¢(0,8,10),c(0,1,8))
NSample[[2]] <- rbind(c(89,2,2),¢(0,7,5),c(0,5,15))
NSample[[3]] <- rbind(c(83,3,3),¢(0,9,5),c(0,2,20))
NSample[[4]] <- rbind(c(76,3,4),c(0,6,8),c(0,0,28))

ADerT <- vector("list",3)

ADerT[[1]] <- rbind(c(-1,1,0),rep(0,3),rep(0,3))
ADerT[[2]] <- rbind(rep(0,3),c(0,-1,1),rep(0,3))
ADerT[[3]] <- rbind(rep(0,3),rep(0,3),c(0,1,-1))

Times <- ¢(0.15,0.6,0.35,0.8)

GFunction <- function(B) {
G <- vector("list",3)
for (iin 1:3) {
G[[i]] <- solve(B)%*%ADerT[[i]1%*%B
}
return(G)
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VFunction <- function(G,D,t) {
nStates <- 3
V <- vector("list",3)
for (iin 1:3) {
V[[i]] <- matrix(0,ncol=nStates,nrow=nStates)
for (j in 1:nStates) {
for (k in 1:nStates) {

if (j 1= k) VI[i]10,k] <- G[[i]10,k]*( exp(DLj]*t) - exp(D[k]*t) )/(D[j] - D[K])
if (j == k) VI[i]][,k] <- GI[i]10,k]*t*exp(D[j]*t)

}
}

return(V)
}

SFunction <- function(QEst,G,D,B) {

S <- matrix(0,nrow=3,ncol=1)
for (ParNum in 1:3) {
som<-0
for (Lin 1:length(Times)) {
time <- Times][L]
for (j in 1:ncol(QEst) ) {
for (k in 1:ncol(QEst) ) {
Pjk <- pMatrix(QEst,nlim=30,t=time)][j,k]
Der <- (B%*%VFunction(G,D,time)[[ParNum]]%*%solve(B))[j,k]
if (Pjk >0.0001) som <- som + NSample[[L]][j,k]*Der / Pjk

}
}
S[ParNum] <- som

}

return(S)

}

MPFunction <- function(G,D,B,QEst) {
M <- matrix(0,nrow=3,ncol=3)
for (uin 1:3) {
for (vin 1:3){
som <- 0
for (Lin 1:length(Times)) {
for (j in 1:ncol(QEst) ) {
for (k in 1:ncol(QEst) ) {
time <- Times|L]
Pjk <- pMatrix(QEst,t=time)[j,k]
DerU <- (B%*%VFunction(G,D,time)[[u]]1%*%solve(B))[j,k]
DerV <- (B%*%VFunction(G,D,time)[[v]]%*%solve(B))[j,k]
Ni <- sum(NSample[[L]][j,])
if (Pjk >0.0001) som <- som + Ni * DerU * DerV / Pjk

}
}

M[u,v] <- som
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}
}
return(M)
}

ThetaCurrent <- as.vector(c(0.2,1.26,0.27))
for (iter in 1:15) {

QEst <- rbind(c(-ThetaCurrent[1],ThetaCurrent[1],0),c(O,-
ThetaCurrent[2],ThetaCurrent[2]),c(0,ThetaCurrent[3],-ThetaCurrent[3]))

B <- eigen(QEst,symmetric=FALSE)Svectors

D <- eigen(QEst,symmetric=FALSE)Svalues

G <- GFunction(B)

ThetaNew <- ThetaCurrent + solve(MFunction(G,D,B,QEst))%*%SFunction(QEst,G,D,B)

#if (is.complex(ThetaNew)) ThetaNew <- Re(ThetaNew)
#ThetaNew[ThetaNew < 1] <- 1

print(ThetaNew)

ThetaCurrent <- ThetaNew

}
exp(ThetaCurrent)

QHat <- rbind(c(-0.136,0.136,0),c(0,-2.28,2.28),¢(0,0.470,-0.470))
pMatrix(QHat,nlim=30,t=0.15)[3,3]*9

HHEHHHHEH KAy estimatori T
#Examples 8 - 10

#Start with 3 state process and with no censoring to see if function works

QSim <- rbind(c(-0.35,0.15,0.2),c(0.2,-0.4,0.2),¢(0,0,0))
QSim <- rbind(c(-1.13,0.2,0.8,0.03,0.1),c(0.8,-1.11,0.2,0.01,0.1),c(0.4,0.9,-1.42,0.02,0.1),c(1.3,0.8,0.5,-
2.68,0.08),¢(0,0,0,0,0))

NumPatients <- 1000
DeathState <- ncol(QSim)
nStates <- ncol(QSim)
InState=1

NumPatients <- 1000
MaxTime <- 50

JumpData <-
RecordJumpProcess(Q=QSim,AbState=DeathState,InState=InState, k=NumPatients, T=MaxTime,saad=1010)

#Extract discrete time point observations with death being observed within one day

for (Pat in 1:NumPatients) {
PatData <- JumpData[JumpData[,1]==Pat,]
PatObs <- c(Pat,InState,0)
CumTime<-0
sent <-1
while (sent ==1) {
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NewTime <- runif(1,min=0.5,max=1.5)
#NewTime <- max(rexp(1,rate=1),1/365)
CumTime <- CumTime + NewTime
Pos <- PatData[PatData[,3]<=CumTime,]
if (length(Pos) == 3) LastState <- Pos
if (length(Pos) > 3 ) LastState <- Pos[nrow(Pos),]
if (LastState[2] != DeathState) LastState[3] <- CumTime
PatObs <- rbind(PatObs,LastState)
if (LastState[2] == DeathState | CumTime > MaxTime) sent <- 0
}
if (Pat == 1) DiscrObs <- PatObs
if (Pat > 1) DiscrObs <- rbind(DiscrObs,PatObs)

#Extract discrete time point observations with death not necesarily being observed within one day

for (Pat in 1:NumPatients) {

}

PatData <- JumpData[JumpData[,1]==Pat,]
PatObs <- c(Pat,InState,0)
CumTime<-0
sent <-1
while (sent ==1) {
NewTime <- runif(1,min=0.5,max=1.5)
#NewTime <- rexp(1,rate=1)
CumTime <- CumTime + NewTime
Pos <- PatData[PatData[,3]<=CumTime,]
if (length(Pos) == 3) LastState <- Pos
if (length(Pos) > 3 ) LastState <- Pos[nrow(Pos),]
LastState[3] <- CumTime
PatObs <- rbind(PatObs,LastState)
if (LastState[2] == DeathState | CumTime > MaxTime) sent <- 0
}
if (Pat == 1) DiscrObsNoDeath <- PatObs
if (Pat > 1) DiscrObsNoDeath <- rbind(DiscrObsNoDeath,PatObs)

likeKayNoCenMatrixNLM <- function(As) {

QEst <- matrix(0,nrow=5,ncol=5)
QEst[1,2] <- As[1]

QEst[1,3] <- As[2]

QEst[1,1] <- -sum(QEst[1,-1])

QEst[2,1] <- As[3]
QEst[2,3] <- As[4]
QEst[2,2] <- -sum(QEst[2,-2])

like <-0
for (Pat in 1:NumPatients) {
PatData <- DiscrObsNoDeath[DiscrObsNoDeath[,1] == Pat,]
for (rcount in 2:nrow(PatData) ) {
tyd <- PatData[rcount,3] - PatData[rcount-1,3]
TPMtemp <- pMatrix(QEst,nlim=30,t=tyd)

Add <- TPMtemp[PatData[rcount-1,2],PatData[rcount,2]]

like <- like + log(Add)
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}

return(-like)

}

likeKayNoCenPFunctionNLM <- function(As) {

Alpha <- matrix(0,ncol=3,nrow=3)
Alpha[1,2] <- As[1]

Alpha[1,3] <- As[2]

Alpha[1,1] <- -sum(Alpha[1,-1])

Alpha[2,1] <- As[3]
Alpha[2,3] <- As[4]
Alpha[2,2] <- -sum(Alpha[2,-2])

R <- c(-Alpha[1,1],-Alpha[2,2])

Lambdal <- -(R[1]+R[2] + sqrt( (R[1]-R[2])*2 + 4*As[1]*As[2] ) )/2
Lambda2 <- -(R[1]+R[2] - sqrt( (R[1]-R[2])*2 + 4*As[3]*As[4] ) )/2

like <-0
for (Pat in 1:NumPatients) {
PatData <- DiscrObsNoDeath[DiscrObsNoDeath[,1] == Pat,]
for (rcount in 2:nrow(PatData) ) {
tyd <- PatData[rcount,3] - PatData[rcount-1,3]
CurSt <- PatData[rcount-1,2]
NewsSt <- PatData[rcount,2]

if (NewSt == CurSt) Add <- ( (R[-CurSt]+Lambdal)*exp(Lambdal*tyd) - (R[-
CurSt]+Lambda2)*exp(Lambda2*tyd) )/(Lambdal - Lambda2)

if (NewSt == DeathState) Add <- 1+ ( (Alpha[CurSt,3] +
Lambda2)*exp(Lambdal*tyd) - (Alpha[CurSt,3] + Lambdal)*exp(Lambda2*tyd) ) / (Lambdal - Lambda2)

if (NewSt = DeathState & NewsSt != CurSt) Add <- (
Alpha[CurSt,NewSt]* (exp(Lambdal*tyd) - exp(Lambda2*tyd)) ) / (Lambdal-Lambda2)

like <- like + log(Add)
}
return(-like)

}

likeKayWithCenMatrixNLM <- function(As) {

QEst <- matrix(0,nrow=5,ncol=5)
QEst[1,2] <- As[1]

QEst[1,3] <- As[2]

QEst[1,1] <- -sum(QEst[1,-1])

QEst[2,1] <- As[3]
QEst[2,3] <- As[4]
QEst[2,2] <- -sum(QEst[2,-2])
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PosStates <- 1:ncol(QEst)
like <-0
for (Pat in 1:NumPatients) {
PatData <- DiscrObs[DiscrObs[,1] == Pat,]
for (rcount in 2:nrow(PatData) ) {
if (PatData[rcount,2] != DeathState) {
tyd <- PatData[rcount,3] - PatData[rcount-1,3]
TPMtemp <- pMatrix(QEst,nlim=30,t=tyd)
Add <- TPMtemp[PatData[rcount-1,2],PatData[rcount,2]]
like <- like + log(Add)
}
if (PatData[rcount,2] == DeathState) {
tyd <- PatData[rcount,3] - PatData[rcount-1,3]
TPMMissingJump <- pMatrix(QEst,nlim=30,t=tyd-1/365)
TPMDeathJump <- pMatrix(QEst,nlim=30,t=1/365)
for (stateCount in PosStates[PosStates!=DeathState] ) {
Add <- TPMMissinglump[PatData[rcount-
1,2],stateCount]*TPMDeathJump[stateCount,DeathState]
like <- like + log(Add)
}

}

return(-like)

}

P13 <- function(A13,lambdal,lambda2,tyd) {

PR <- 1+ ( (A13+lambda2)*exp(lambdal*tyd) - (A13+lambdal)*exp(lambda2*tyd) ) / (lambdal-
lambda2)

return(PR)
}

P23 <- function(A23,lambdal,lambda2,tyd) {

PR <- 1 + ( (A23+lambda2)*exp(lambdal*tyd) - (A23+lambdal)*exp(lambda2*tyd) ) / (lambdal-
lambda2)

return(PR)
}

P11 <- function(R2,lambda1l,lambda2,tyd) {

167

PR <- ( (R2+lambdal)*exp(lambdal*tyd) - (R2+lambda2)*exp(lambda2*tyd) )/(lambdal - lambda2)

return(PR)
}

P22 <- function(R1,lambdal,lambda2,tyd) {

PR <- ( (R1+lambdal)*exp(lambdal*tyd) - (R1+lambda2)*exp(lambda2*tyd) )/(lambdal - lambda2)

return(PR)

P12 <- function(A12,lambdal,lambda2,tyd) {
PR <- (A12*(exp(lambdal*tyd) - exp(lambda2*tyd)) ) / (lambdal-lambda2)
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return(PR)

}

P21 <- function(A21,lambdal,lambda2,tyd) {
PR <- (A21*(exp(lambdal*tyd) - exp(lambda2*tyd)) ) / (lambdal-lambda2)
return(PR)

}

likeKayWithCenPFunctionNLM <- function(As) {

A12 <- As[1]
Al13 <- As[2]
A21 <- As[3]
A23 <- As[4]

R <- c(A12+A13,A21+A23)

Lambdal <- -(R[1]+R[2] + sqrt( (R[1]-R[2])*2 + 4*A12*A21 ) )/2
Lambda2 <- -(R[1]+R[2] - sqrt( (R[1]-R[2])*2 + 4*A12*A21))/2

like <-0
for (Pat in 1:NumPatients) {
PatData <- DiscrObs[DiscrObs[,1] == Pat,]
for (rcount in 2:nrow(PatData) ) {
tyd <- PatData[rcount,3] - PatData[rcount-1,3]
CurSt <- PatData[rcount-1,2]
NewsSt <- PatData[rcount,2]

if (NewSt == CurSt) Add <- ( (R[-CurSt]+Lambdal)*exp(Lambdal*tyd) - (R[-
CurSt]+Lambda2)*exp(Lambda2*tyd) )/(Lambdal - Lambda2)

if (CurSt == 1 & NewSt == 3) Add <- P11(R[1],Lambdal,Lambda2,tyd-
1/365)*P13(A13,Lambdal,Lambda2,1/365)+P12(A12,Lambdal,Lambda2,tyd-
1/365)*P23(A23,Lambdal,Lambda2,1/365)

if (CurSt == 2 & NewSt == 3) Add <- P21(A21,Lambdal,Lambda2,tyd-
1/365)*P13(A13,Lambdal,Lambda2,1/365)+P22(R[2],Lambdal,Lambda2,tyd-
1/365)*P23(A23,Lambdal,Lambda2,1/365)

if (CurSt == 1 & NewSt == 2) Add <- P12(A12,Lambdal,Lambda2,tyd)
if (CurSt == 2 & NewSt == 1) Add <- P21(A21,Lambdal,Lambda2,tyd)

#if (is.na(log(Add))) print (Pat)
like <- like + log(Add)
rm(Add)

}

return(-like)

likeJacWithCenMatrixNLM <- function(As) {
QEst <- matrix(0,nrow=5,ncol=5)
QEst[1,2] <- As[1]
QEst[1,3] <- As[2]
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QEst[1,1] <- -sum(QEst[1,-1])

QEst[2,1] <- As[3]
QEst[2,3] <- As[4]
QEst[2,2] <- -sum(QEst[2,-2])

PosStates <- 1:ncol(QEst)

like <-0
for (Pat in 1:NumPatients) {
PatData <- JumpData[JumpDatal[,1] == Pat, ]
for (rcount in 2:nrow(PatData) ) {
if (PatData[rcount,2] != DeathState) {
tyd <- PatData[rcount,3] - PatData[rcount-1,3]
TPMtemp <- pMatrix(QEst,nlim=30,t=tyd)
like <- like + log(TPMtemp[PatData[rcount-1,2],PatData[rcount,2]])
}
if (PatData[rcount,2] == DeathState) {
tyd <- PatData[rcount,3] - PatData[rcount-1,3]
TPMMissinglump <- pMatrix(QEst,nlim=30,t=tyd)
for (stateCount in PosStates[PosStates!=DeathState] ) {
like <- like + log(TPMMissinglump[PatData[rcount-
1,2],stateCount]*QEst[stateCount,DeathState])

}
}

}

return(-like)

}
likeJacWithCenPFunctionNLM <- function(As) {

Al12 <- As[1]
A13 <- As[2]
A21 <- As[3]
A23 <- As[4]

R <- c(A12+A13,A21+A23)
Lambdal <- -(R[1]+R[2] + sqrt( (R[1]-R[2])*2 + 4*A12*A21 ) )/2
Lambda2 <- -(R[1]+R[2] - sqrt( (R[1]-R[2])*2 + 4*A12*A21))/2

like <-0
for (Pat in 1:NumPatients) {
PatData <- DiscrObs[DiscrObs[,1] == Pat,]
for (rcount in 2:nrow(PatData) ) {
tyd <- PatData[rcount,3] - PatData[rcount-1,3]
CurSt <- PatData[rcount-1,2]
NewsSt <- PatData[rcount,2]

if (CurSt == DeathState) print("Error")
if (NewSt == CurSt) Add <- ( (R[-CurSt]+Lambdal)*exp(Lambdal*tyd) - (R[-
CurSt]+Lambda2)*exp(Lambda2*tyd) )/(Lambdal - Lambda2)
CA Marais

23138514



UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

4
=Y

ﬂ UNIVERSITEIT VAN PRETORIA

Qo

if (CurSt == 1 & NewSt == 3) Add <-
P11(R[1],Lambdal,Lambda2,tyd)*A13+P12(A12,Lambdal,Lambda2,tyd)*A23

if (CurSt == 2 & NewSt == 3) Add <-
P21(A21,Lambdal,Lambda2,tyd)*A13+P22(R[2],Lambdal,Lambda2,tyd)*A23

if (CurSt == 1 & NewSt == 2) Add <- P12(A12,Lambdal,Lambda2,tyd)
if (CurSt == 2 & NewSt == 1) Add <- P21(A21,Lambdal,Lambda2,tyd)

like <- like + log(Add)
rm(Add)

}

return(-like)

}

#Get initial values from msm

library(msm)
ObsDF <- data.frame(DiscrObs)
ObsDFNoDeath <- data.frame(DiscrObsNoDeath)

names(ObsDF) <- c("PatID","State","Time")
names(ObsDFNoDeath) <- c("PatID","State","Time")

QShape <- rbind(c(-1,0.2,0.8),¢(0.8,-1,0.2),c(0,0,0))
QShape <- rbind(c(-1.7,0.2,0.8,0.3,0.4),¢(0.8,-1.2,0.2,0.1,0.1),¢(0.8,0.2,-1.2,0.1,0.1),¢(0.8,0.1,0.2,-
1.2,0.1),¢(0,0,0,0,0))

Qln <- crudeinits.msm(State~Time,PatID,data=0bsDF,gmatrix=QShape)
QInNoDeath <- crudeinits.msm(State~Time,PatlD,data=ObsDFNoDeath,gmatrix=QShape)

ptm <- proc.time()
QMSM <- msm(State~Time,PatID,data=0ObsDF,gmatrix=Qln,death=3)
QMSMTime <- proc.time() - ptm

ptm <- proc.time()
QMSMNoDeath <- msm(State~Time,PatID,data=ObsDFNoDeath,gmatrix=QlIn)
QMSMNoDeathTime <- proc.time() - ptm

As <- C(an[llz]lQIn[113]’Q|n[211]IQIn[213])
AsNoDeath <- c(QInNoDeath[1,2],QInNoDeath[1,3],QInNoDeath[2,1],QInNoDeath[2,3])

As <-

170

c(Qin[1,2],QIn[1,3],QIn[1,4],QIn[1,5],QIn[2,1],QIn[2,3],QIn[2,4],QIn[2,5],QIn[3,1],QIn[3,2],QIn[3,4],QlIn[3,5],Qln

[4,1],QIn[4,2],QIn[4,3],QIn[4,5])
library(stats4)

ptm <- proc.time()
Estl <- nim(likeKayNoCenMatrixNLM,p=AsNoDeath,stepmax=0.1)
Est1Time <- proc.time() - ptm

ptm <- proc.time()
Est3 <- nIm(likeKayNoCenPFunctionNLM,p=AsNoDeath,stepmax=0.1)
Est3Time <- proc.time() - ptm
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ptm <- proc.time()
Est5 <- nIm(likeKayWithCenMatrixNLM,p=As,stepmax=0.1)
Est5Time <- proc.time() - ptm

ptm <- proc.time()
Est7 <- nIm(likeKayWithCenPFunctionNLM,p=As,stepmax=0.1)
Est7Time <- proc.time() - ptm

ptm <- proc.time()
Est9 <- nim(likeJacWithCenMatrixNLM, p=As,stepmax=0.1)
Est9Time <- proc.time() - ptm

ptm <- proc.time()
Est11 <- nim(likeJacWithCenPFunctionNLM,p=As,stepmax=0.1)
Est11Time <- proc.time() - ptm

GetMatrix <- function(vec) {
TIM <- matrix(0,nrow=3,ncol=3)
TIM[1,2] <- vec[1]
TIM[1,3] <- vec[2]
TIM[1,1] <- -sum(TIM[1,-1])

TIM[2,1] <- vec[3]
TIM[2,3] <- vec[4]
TIM[2,2] <- -sum(TIM[2,-2])
return (TIM)
}

GetMatrix <- function(vec) {
TIM <- matrix(0,nrow=>5,ncol=5)
TIM[1,2] <- vec[1]
TIM[1,3] <- vec[2]
TIM[1,4] <- vec[3]
TIM[1,5] <- vec[4]
TIM[1,1] <- -sum(TIM[1,-1])

TIM[2,1] <- vec[5]
TIM[2,3] <- vec[6]
TIM[2,4] <- vec[7]
TIM[2,5] <- vec[8]
TIM[2,2] <- -sum(TIM[2,-2])

TIM[3,1] <- vec[9]

TIM[3,2] <- vec[10]
TIM[3,4] <- vec[11]
TIM[3,5] <- vec[12]
TIM[3,3] <- -sum(TIM[3,-3])

TIM[4,1] <- vec[13]
TIM[4,2] <- vec[14]
TIM[4,3] <- vec[15]
TIM[4,5] <- vec[16]
TIM[4,4] <- -sum(TIM[4,-4])
return (TIM)

CA Marais

23138514

171



UNIVERSITY OF PRETORIA 172
YUNIBESITHI YA PRETORIA

4

=Y

ﬂ UNIVERSITEIT VAN PRETORIA
Qo

GetMatrix(As)
GetMatrix(Est1Sestimate); Est1Time
GetMatrix(Est3Sestimate); Est3Time
GetMatrix(Est5Sestimate); Est5Time
GetMatrix(Est7Sestimate); Est7Time
GetMatrix(Est9Sestimate); Est9Time
GetMatrix(Est11Sestimate); Est11Time

SSD1 <- GetMatrix(Est1Sestimate) - QSim; diag(SSD1) <- 0; sum(SSD1/2)
SSD3 <- GetMatrix(Est3Sestimate) - QSim; diag(SSD3) <- 0; sum(SSD3/2)
SSD5 <- GetMatrix(Est5Sestimate) - QSim; diag(SSD5) <- 0; sum(SSD5”2)
SSD7 <- GetMatrix(Est7Sestimate) - QSim; diag(SSD7) <- 0; sum(SSD7/2)
SSD9 <- GetMatrix(Est9Sestimate) - QSim; diag(SSD9) <- 0; sum(SSD9”2)
SSD11 <- GetMatrix(Est11Sestimate) - QSim; diag(SSD11) <- 0; sum(SSD11/2)

GetMatrix(Est1Sestimate
GetMatrix(Est3Sestimate) - QSim

( -QSim

(
GetMatrix(Est5Sestimate) - QSim

(

(

(

sum(
sum(
sum(
sum(
sum(

sum(

—_— — ~— ~—

GetMatrix(Est7Sestimate) - QSim
GetMatrix(Est9Sestimate) - QSim)A2)
GetMatrix(Est11Sestimate) - QSim)A2)

_a_aamE==

QMSMNoDeath

SSDQMSM <- QMSMSQmatricesSbaseline - QSim; diag(SSDQMSM) <- 0; sum(SSDQMSM~2)
SSDQMSMNoDeath <- QMSMNoDeath$QmatricesSbaseline - QSim; diag(SSDQMSMNoDeath) <- 0;
sum(SSDQMSMNoDeath”2)

ptm <- proc.time()

Estl_5state <- nim(likeKayNoCenMatrixNLM,p=As,stepmax=0.1)
Est1Time_5state <- proc.time() - ptm

ptm <- proc.time()

Est5_5state <- nim(likeKayWithCenMatrixNLM,p=As,stepmax=0.1)
Est5Time_5state <- proc.time() - ptm

ptm <- proc.time()

Est9_5state <- nim(likeJacWithCenMatrixNLM,p=As,stepmax=0.1)

Est9Time_5state <- proc.time() - ptm

QMSM_5state <- QMSM
QMSMNoDeath_5State <- QMSMNoDeath

H#it#tH#HEXample 11: 5 state process with age and gender effect with transitions not observed exactly

QSim <- rbind(c(-1.4,0.2,0.8,0.3,0.1),c(0.8,-1.2,0.2,0.1,0.1),¢(0.4,0.9,-1.6,0.2,0.1),¢(0.2,0.4,0.3,-
1.7,0.8),¢(0,0,0,0,0))

NumPatients <- 1000
MaxTime <- 50

#Generate gender
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set.seed(1604)
Gender <- rbinom(n=NumPatients,size=1,prob=0.7)
GenderEffect <- 0.4

#Generate age

set.seed(1604)

Age <- runif(n=NumPatients,min=0,max=100)
AgeEffect <- 0.05

DeathState <- ncol(QSim)
nStates <- ncol(QSim)
InState <- 1

JumpData <-
RecordJumpProcessGenderAgeEffect(Q=QSim,GenderVector=Gender,GenderEffect=GenderEffect,AgeVector=
Age,AgeEffect=AgeEffect,AbState=DeathState,InState=1,k=NumPatients, T=MaxTime,saad=1010)

#Extract discrete time point observations with death being observed within one day

for (Pat in 1:NumPatients) {
PatData <- JumpData[JumpData[,1]==Pat,]
PatObs <- c(Pat,InState,0)
CumTime <-0
sent <-1
while (sent ==1) {
NewTime <- runif(1,min=0.5,max=1.5)
CumTime <- CumTime + NewTime
Pos <- PatData[PatData[,3]<=CumTime,]
if (length(Pos) == 3) LastState <- Pos
if (length(Pos) > 3 ) LastState <- Pos[nrow(Pos),]
if (LastState[2] |= DeathState) LastState[3] <- CumTime
PatObs <- rbind(PatObs,LastState)
if (LastState[2] == DeathState | CumTime > MaxTime) sent <- 0
}
if (Pat == 1) DiscrObs <- PatObs
if (Pat > 1) DiscrObs <- rbind(DiscrObs,PatObs)
}

library(msm)

ObsDF <- data.frame(DiscrObs)
names(ObsDF) <- c("PatID","State","Time")
ObsDFS$Sex <- Gender[ObsDF[,1]]
ObsDFSAge <- Age[ObsDF[,1]]

FirstQ <- rbind(c(-1.5,0.2,0.8,0.3,0.5),c(0.8,-1.4,0.2,0.3,0.1),¢(0.8,0.1,-1.3,0.3,0.1),¢(0.8,0.2,0.3,-
1.4,0.1),¢(0,0,0,0,0))

Qmsmln <- crudeinits.msm(State~Time,PatID,data=ObsDF,qmatrix=FirstQ )
ptm <- proc.time()
Qmsm <- msm(State~Time,PatID,data=0bsDF,gmatrix=Qmsmin,death=5,covariates="~Sex+Age)

proc.time() - ptm

gmatrix.msm(Qmsm,covariates=list(Sex=0,Age=0))
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par(mfrow=c(3,2))
plot.prevalence.msm(Qmsm, maxtime = 30)

ptm <- proc.time()
LoS <- totlos.msm(Qmsm)
proc.time() - ptm

LoS[1]+LoS[2]+LoS[3]+LoS[4]

test <- DiscrObs[DiscrObs[,2]==DeathState,]
summary(test[,3])

test <- JumpData[JumpData[,2]==DeathState,]
summary(test[,3])

#Do pearson's test

ptm <- proc.time()

GoodFit <- pearson.msm(Qmsm,boot=TRUE)
proc.time() - ptm; #21003 seconds (5.8 hours)
ptm <- proc.time()

GoodFit2 <- pearson.msm(Qmsm,boot=TRUE,covgroups=1)
proc.time() - ptm
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