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Chapter 7

GARCH Option Pricing and
Hedging

7.1 Introduction

This chapter builds on the results of chapter 6. European option on stocks
with GARCH volatility is priced under the LRNVR. The delta hedge for
such options is also derived.

Delta hedging is defined in Hull [23] as a hedging scheme that is designed
to make the price of a portfolio of derivatives insensitive to small changes in
the price of the underlying.

In the last section some of the properties of the most widely used GARCH
process, the GARCH(1, 1) process is discussed.

7.2 Option Pricing under the LRNVR

The stock price process under LRNVR was discussed in the previous chapter.
The machinery to model stocks with GARCH volatility can also be adapted
to price European options.

Theorem 7.2.1 GARCH option price. The price of a Furopean call option
on a non-diidend paying stock, S, expiring at T under LRNVR at time ¢
s

CF = T EQ [max(Sy — K), | Fii]

where max (r), is the maximum between z and 0. Note that the pa-
rameters T' and ¢ in this context is in terms of time i.e. fractions of with
the days of the year as the denominator, not as the discrete position of a
variable or element of a process.

Proof. See theorem 5.4.2, since e~™8; is a martingale under the Q
measure. W
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Theorem 7.2.2 Delta hedge under LRNVR. The delta hedge for a stock
with a European call option is

Af = e~ (T-trgQ [—"1 (Sp> K] lﬁ——l}

where 11g,.> k| s an indicator function and K the ezercise price of the option.
Proof. From corollary 6.8.2

T
ST—Stexp((T 15)7'—l Z 0s+ Z Es)

s:t+1 s=t+1
define

Yir=(T-t)r—3 S ot Y6,

3—t+1 #=t+1

then
E?[S7] = E? [Syexp (Yir)]

The GARCH option price for a Furopean option proved in theorem 7.2.1
now is

Czc (St) = g-(T-‘t)TEQ [max (Steyt»ff' i K)+ l ]:t-l]

The delta hedge is the first partial derivative of the option price with respect
to the underlying asset price. The strategy ts to approximale this derivative
with the function CC. For an arbitrary h > 0

CF (S¢+h) — OF (S0)
= ~T-OrpQ [max ((5: + h) &eT — K)+
- max (Stey"'r - K)+ ] fg_.l]

oD
- e-(T—t)r/ max (S, + h) e — K), (7.1)
—00
—max (Ste¥ ~ K)  dF (y | )

where F (y | Ft) is the cdf of Vi under Q. With an indicator function we
can express the mazx function

max ((S; + h) €T — K) , = ((S; + k) e T - K) L (g e )T — K0y

Consider that h > 0 then

(St +h)e''T —K >0
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can be rewrilten as

K

Yt,'I‘ T —

¢ (S: + h)

K
= IneT >n——v

Yor = lne®®>Inremms
stmilarly

ST — K >0

can be rewritien as
, K
Yir=1In T >In—.
S;

Equation 7.1 then becomes

00
e-—(T—t)r/ (Se+h)e! — KdF (y| Ft)

In 55w
¢
OO
—e~ Tt Sie? — KdF (y | Ft)
In '5—{
in £
= ¢ T-0r / t SV — KdF (y | F)
In 5755
OQ
e~ (T—tr / heYdF (y | Ft).
In '(-.‘S—I-{l-—hf
|3 4
Since
n £
lime— (Tt / St~ KdF(y|F) =0
h—Q 1o edS.
[GED)]
the
i O (8e+ 1) = CE (S)
h—0 h
o0
- [7 a5
In é%

= e TE? [Vs,5 k]
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This argument could similarly have been proven from the left for h < 0.

Thus
dCy

a5 - o

= e_(T_t)rEQ [3”1[8T>K1]'

This completes the proof. ®
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The delta hedge of a stock and a European put option can be derived
similarly. The delta hedge is

A —6*(Tﬁz)rEQ [—1 K>8r] lft.. ]

7.3 Some Properties of the GARCH(1,1) Process
under LRNVR

Theorem 7.3.1 Under measure ) innovations of the GARCH process is
x% (1) distributed with non-centrality parameter \.
Proof. From theorem 6.8.1 we have

or=ag+a(f - )\Gt-l)z +Bo;_y
where

€lFe1 ~ N (0,07)
thus

—g-t'lft_l ~ N(0,1)
gy

The innovations of the GARCH process under LRNVR is

2
af = og+a(by— o) +Baiy
&- 2
= og+acr_, (-—t;- - /\) + Bo?_,
01

then

lagmao_gz .g_t“_l__,\ ?

o af_,l o O¢.1
where

g, N

which completes the proof. =

Theorem 7.3.2 Stationary (unconditional) variance of a GARCH process.
If

W< (luz_ﬂ)

under probability measure Q then
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1. The stationary variance of &,

g
var = >
€)=1z (1+A)a-3
2. &, is leptokurtic
3. The
—2A
cov? (§.§_’03+1> — 02005
oy 1-(14X3)a-p

Proof. Proof of part 1.
Under the @ probability measure

2
o} = ata (€1~ /\f’t—-I) +foi_
2
= ay+aoy (étl' - )*) +fot,
Tt-1
let
7 = é‘é - A
14
then
o} = ao+aol 7+ Pl

= a0+t (azf_| +B)

Using this relationship

or ) =ao+07 o (a2, + B)

thus
07 = ap+ (aw+ol,(al, +8)) (azt_, +B)
ag + ap (O-‘zf—l +8) + o7 5 (azzg—2 +B) (O‘zf?—l + B)
and further
o7 = ag+og(azt ; +p)

+ (a0 + 073 (azf 3+ B)) (azt_y + B) (azf_, +8)
= og-+ ap (012752_1 + ,6) + ag ((XZE_Q + ;B) (C‘tz?__l + ﬂ)
+07_3 (azt_3+ B) (azi_y + B) (azt., + B)

2 &k 3
= a0 |1+ Y T] (st i+ B)| + 025 ][] (edfi+A)
k=1

k=11i=1
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Then by substituting previous equations for the variance from time t — 1
to time 0 we obtain

-1 k
of = ao |1+ [[(edi+8)|+0} II (azi_i+ B) (7.2)
k=1 3==1
t—1
= ao ) Gr+0iG: (7.3)
k=0
where
k
Gy, = H (az?_i + ,3) (7.4)
=1
Gr—-1 (azt_y + B)
Go = 1

From theorem 7.3.1 and the discussion on the chi-square distribution in sec-
tion 2.5.3

2
zfz(—f;—i~—/\)

18 chi-square distributed with one degree of freedom and non-centrality para-
meter A, since

2t | Fi—1 R N (0,0‘%)

Thus from the tower property of conditional expectation and theorem 2.5.8
ER[ER [} | Fii] | Fo] = E° [} | Fo)
1+ a2
Now from equation 7.4 fort >k

k

Gk = H (CYZ?_,i + ﬁ)

i=1

and the conditional expected value of Gy,

E2[Gy | Fo] = [H (ez_i +B) m}

Since z and z, are independently distributed for all applicable r,s. 22 and

22 are also independent (see theorem 2.4.9 ). This allows us to write

cov (azt; + Bazi_;j+B) =0
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which follows from theorem 2.4.9 such that

A
EQ[Gy | Fo] = J]E? [(azti+B) | Fo]

i=1

k
= JJe(t+2)+8
i=1

= [a(t+2) +4]"

Using this result we can write the conditional expectation of equation 7.2

E° [cr';" | Fol
-1 k ‘ ¢ ,
_ [ao [1 ST s +m} +3]] (ot ) | 5o
k=11i=1 k=1

I

aogf[a(l+,\2)+ﬂ]k+ag [ (1+2%) + 8]

Using the condition that

kl)\1<1/(i:_';2£l

the term

a(1+,\2)+ﬂ<a(l+g—:—z:-@)+ﬁ=l

The stationary variance is the imit of t to infinite of E [0%] . By again using
the tower property of conditional expectation

E° [EQ [0% | .70]] = E@ [o*f]

oG
. k
B P = o) [e(1+ ) 4
g

a(1+A%) +8

Proof of part 2.

We need to prove that E9 [521] >3 (EQ [f?])g since
& | Fo Q'N(ngf)

In theorem 2.5.9 it was proved that
ER [} | Fo] =3+ 6)% + \*
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thus fort > k
@ [Gﬁ | Fol

_ ( ot 4] ufo}
- |1

azt—~z + &8 ]

Li=1

Since

2
(59

1is noncentral chi-square distributed with 1 degree of freedom and non-centrali-
ty parameter A. Again as in part 1, it follows from theorem 2.4.9 that

cov ((az?_i + ﬂ)z, (aszj + ,8)2) =0
foralli,j € {0,1,..,k} andi# j. Then

L0717

i=1

=T[5 [(osti+ 8 1)

i::l
= HEQ o2t 4+ 2022+ 5% Fol
k

= T [e? (3+65+X%) + 208 (1+2) + 7]

3=l
= [0 (3+6X% +2%) + 208 (1 + %) +47°
For notational purpoeses define

u = o (34602 +2%) 4208 (1 +4?) +4°

then
u=1?+20° (1+2)%) a? (7.5)
and

u > v
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since all terms of equation 7.5 are positive.
Fork>j

E?[G4C; | Fol
Mk J
= E9 H (azf_,- + B) H (az?_z— +0) | fojl

i=1 i=1

J

= EQ O!Zg_, + ﬂ H (azt—t + )8
_i—~1 t=j+1

By theorem 2.4.9

con [(cs B (04 =

foralli,j €{0,1,..,k}, k>j. Thus

J k
B2 (T (e +8)" T] (ezts+8) | Fo
i=1 i=f+1

= HEQ [ @zl ; +[3 2 fo] H E? [(azi_; +B) | Fo]
i=j-+1
= u:"vk—’ ]

Then the conditional expected value of o}, the square of the GARCH process
under LRNVR at time t follows from equation 7.3

E° [ag | }-0]
[ t—1 2
= E9 (ao > Gy +ch¢) 1 fo}
| k=0
i t—1 2 -1
= EQ (ng Z Gk) - 20’%(1" ((X() ZGk) -+ (Uth)Z l f()]
k=0 k=0

t—1 2 -1
- () ]t
k=0

k=0
+oE? [GF | F)

t-1 t—1 k-1
= ofu +2aoogzuk vk o {Zu +QZZLLJ k= 3} (7.6)
—0 k=0 j=0

where the third term is a common mathematical expansion. The properties
of geometric series (see Haggarty [21]) are used to simplify equation 7.6:
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1. Geometric series

t-1
k 1“"ut
D v =7
— 1
k=0 ¢

2. Geometric series where v' is independent of the summation

t—1 2
S = Sty
v
k=0 == ()
u\t
t (1 — (") )
= =
v
ut — ot
= v
u—v

3. Geometric series using point 2, where J% is independent of the sum-
mation

t—1 k-1 t—1 .
TS ik = YV
k=05=0 k= YU
o . t—1 .
- W~
[ k=0

v 1—ut 1o
T u—v\l-u 1—w
Equation 7.6 is simplified such that
ER [a} | Fol

t_ oyt

u
= agut + 2&0030 py—

ol l-u‘+2 v fl-ut 1-2
o [ u—v\l-u 1-—v
Now, to derive the value of the unconditional kurtosis of €;, we take the limit
of E9 [0} | Fo. If we remember that u > v and assume that u > 1 then

E? [0‘?] = tlir{.]oEQ [O‘g ]fo] = 00 (7.7)
and ifu <1

N (1 - ’v)
Jm 59 (o} | Fo] = o=
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since

1—ut v fl—ut 1-—0
:'Egoao[l-u+2u——v(l-u”1—1})]
N U S Tk ek od
- tl—lolgazao[u-v(l—u 1~ )| 1.

= 29 [u—v (l-—u 1~—v)]+ 1—u

_ 20 (1-v)—(1—w) 1

= af [u—'u (1-u)(1—wv) *1 —u]
2v uU—v 1

= agl:‘zz—v(l~'zs)(1—v)+1—tz]

_ 2[ Ww+1l—v ]__ ad(1+v)
T -w(l-v)] -w(d-v)
= E9[o}] (7.8)

Since o‘f 18 Fi_1 measurable under @ and

S 72N
T

) EC ] = BR[EC[ | 7]
- ool
= 3E%[of],

where

(e

18 the kurlosis under ().
Finally, from equation 7.7 it is clear that £, is leptokurtic if u > 1. If
u < 1 then

_ a%(l—}—v)
B = 3a iy

21\ 2
&)
from the definition of v. Sinceu>v >0

E9 [¢f] > 3(E? [¢])°
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Proof of part 3.

From theorem 6.8.1 equation 6.16 we have

2
of =ag+a(f_— A1) + Poi,

and
&\ Fe1 ~ N (0,0%)
Thus
§-t-cr2 = -—-—ao +a—— (& — Ao )2+ﬂ
ot o -
and
EX Fi"%ﬂlft—l] =
ef
since
E g Fia] =
Then
EQ [Gﬂ d A(,Fg

€a

E9 Lta +a— (&, — Ao )2—}—5 02| Fii ]

or [af} (& — Aoy)? l:r]

17|

— aE® L € — 2,00+ (Aoy) )lfzwl]

= [ 2/\53 + ,\ ftO't[Jﬂ:a— ]
gy

- %EQ [ﬁt lft-l]

— 2aME® [£%|fz-1] + aX?o B9 [¢,|Fi1]

since oy 18 Fi—1 measurable, the

E? [aé' (& — Aoy
ot

= —2a)ME® [f?[ft..l]
= —2alo?.

)? 13[}—1]
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Finally,
Q& 2
cov [at N U£+1]

_ B ‘éogl] e [it] B2 [o,]

| Ot (4

= EQ §_t. 2
_Ot”wl

= E9 _EQ [gtof.;-zlﬁ—l”

Tt

the tower property of conditional expectation. The

COUQ [%a g§+1]
= E¢ [EQ [aé—‘- (& — May)? Ift—l]]
t

= E9[-2a)0}]
= —2a)\E9 [o}]

—~2Aqpe
1-(1+ 3-8
by the proof of 2. ®
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