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1 Introduction

In |4], the authors propose a portfolio optimization model under concave
transaction costs employing "absolute deviation” as a measure of risk as out-
lined in [3]. It is further shown in [3], by applying the model to historical data
of NIKKEI 225, that the ”"mean-absolute deviation model” (MAD) removes
most of the difficulties associated with H. Markowitz’ mean-variance (MV)
model which leads to tedious quadratic programming. The MAD model leads
to a linear programming instead of a quadratic one, thus enabling us to solve
a large-scale programme of more than 1 000 stocks at a faster and eflicient
way.

The standard Markowitz MV model [6] bases itself upon the assumptions
that: (1) the distribution of the rate of return is multivariate normal, or
(2) the utility of the investor is a quadratic function of the rate of return;
assumptions which do not necessarily hold in practice.

Investors prefer a positively skewed distribution to a negative one, if the
expected value and the variance are the same. Moreover, some investors
prefer a distribution with larger skewness at the expense of larger variance,
meaning to say utility functions of investors are not quadratic. In the late
50's, Samuelson [10] suggested the importance of the third moment in port-
folio optimization. As recent as 1992, Maghrebi [13] tested the skewness
preference and persistence hypothesis based on the extended CAPM which
incorporates the effect of the third moment of the rate of return using the
data of Tokyo Stock Exchange. He reported that investors have a preference
for positive skewness in their portfolios and that it is not rejected that pos-
itively skewed assets in one period are likely to remain positively skewed in
the next period.

In 1995 [2] the authors proposed a mean-variance-skewness (MVS) port-
folio optimization model as a natural extension of the classical MV model to
the situation where the third order term is not negligible. Earlier on in 1993
[1] the authors had proposed the mean-absolute-deviation-skewness (MADS)
model and demonstrated that this model generates a portfolio with a large
third moment very quickly.
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It is the intention of this project to extend further the MADS model to
take into consideration transaction costs. We will assume under MADS that
the amount of investment is below the critical point a; where the transac-
tions cost function is a well specified concave function. We also assume that
short-selling (borrowing) is not allowed. We will derive a fairly large-scale
non-linearly constrained minimization problem using special techniques. For-
tunately, due to ongoing advances in programming softwares, we are now able
to solve some large-scale programming problems within a short space of time,
and it is our hope that the system proposed in [1] can also be adjusted to
solve our problem.
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2 Mean Variance Portfolio Theory

As a first example of a portfolio problem, we consider standard mean-variance
optimization. Historically, this was one of the earliest problems considered,
and it is important because mean-variance analysis provides a basis for the
derivation of the equilibrium model known variously as the capital asset
pricing model (CAPM), Sharpe-Lintner model, Black model, and the two-
factor model. Mean-variance analysis is fully consistent with expected utility
maximization but only under special circumstances as will be seen later.

2.1 Describing the probability distributions

In the standard mean-variance portfolio problem, the treatment of risk is
limiting in that it takes the variance (or equivalently the standard deviation)
of portfolio returns as an adequate risk measure. The question we pose is
"how else can one best describe the uncertainty of portfolio rates of return”?
In principle, one could list all possible outcomes for the portfolio over a
given period. If each outcome results in a payoff such as a R1 profit or rate
of return , then this payoff value is the "random variable” in question. A list
assigning a probability to all possible values of the random variable is called
the " probability distribution” of the random variable.

The reward for holding a portfolio is typically measured by the expected
rate of return across all possible scenarios (next section). Actually, the ex-
pected value or mean is not the only candidate for the central value of a
probability distribution. Other candidates are the median and the mode.

The median is defined as the outcome value that exceeds the outcome
value for half the population and is exceeded by the other half. Whereas the
expected rate of return is a weighted average of the outcomes, the weights
being the probabilities, the median is based on the rank order of the outcomes
and takes into account only the order of the outcome values rather than the
values themselves.. The median differs significantly from the mean in cases
where the expected value is dominated by extreme values. An example is the
income (or wealth) distribution in a population. A relatively small number
of households command a disproportionate share of total income (wealth).
The mean income is " pulled up” by these extreme values which makes it non-
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representative. The median is free of this effect, since it equals the income
level that is exceeded by half the population, regardless of by how much.

Finally, a third candidate for the measure of central value is the mode,
which is the most likely value of the distribution or the outcome with the
highest probability. However, the expected value is by far the most widely
used measure of central or average tendency.

Lets turn to the characterization of the risk implied by the nature of the
probability distribution of returns. The idea is to describe the likelihood and
magnitude of ”surprises” (deviations from the mean) with as small a set of
statistics as is needed for accuracy. The easiest way to accomplish this is to
answer a set of questions in order of their informational value and to stop
at the point where additional questions would not affect our notion of the
risk-return trade-off.

The first question is "what is a typical deviation from the expected
value?” A natural answer would be, "The expected deviation from the ex-
pected value is —.” Unfortunately this answer is meaningless because it is
necessarily zero: positive deviations from the mean are offset exactly by
negative deviations.

There are two ways of getting around this problem. The first is to use the
expected "squared deviation” from the mean, which is simply the variance
of the probability distribution. The second is to use the expected ”absolute”
value of the deviation. This is known as MAD (mean-absolute-deviation)
which will be seen later and forms the backbone of this present work.
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2.2 Expected return of a portfolio

We assume the standard assumption that the class of potentially optimal
portfolios are those with greatest expected return for a given level of variance,
and, simultaneously, the smallest variance for a given expected return, and
no short-selling. The return on a portfolio of assets is a weighted average of
the return on the individual assets, the weight applied to each return being
a fraction of the portfolio invested in that asset. If z; is the amount invested
in the ith asset, and R, the return on the portfolio, we have:

n
R, =) =R, (1)
i=1
where K; is the return on the asset i and i =1,...,n

The expected return therefore becomes a weighted average of the expected
returns on the individual assets:

E(R) = E[> xRl

i=1

i=1
= zn:.’ﬂi?"i (2)
i=1
where r; = E(R;).

2.3 Variance of a portfolio

The variance of a portfolio is given by:

‘73 = E[Rp - Tp]g

n n n
= D zol+) D mToy
i=1 i=1j=1
n n

= Z Z 04 TiT; (3)

i=1j=1
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where Y7, 7207 captures the variance terms and the remainder captures
the covariance terms.

Let Mgy be the investor’s total fund and p be the minimal rate of return
he requires. His objective is therefore to minimize risk while getting back at
least his minimal expected return. Thus Markowitz employed the standard
deviation as a measure of risk to solve the classical MV problem (We shall
consider n assets right through):

Minimize E[(Z Rjr; — E[Z le‘j])z]
j=1

=1
Subject to  E[Y_ Rjz;| > pMy
Z.Zj = A/f(;
i=1

z; >0 (4)

Since o;; = cov|R;, R;], our problem reduces to:

n n
Minimize 3> 0i;a,x;

i=1 j=1
Subject to Y rjz; > pMy (3)
5=1
Z ;= Affo
—t
Z; Z 0

Among the factors that discredited the application of Markowitz’ model
was the computational burden associated with it. For a portfolio of only
n stocks, we need to calculate n(n — 1)/2 standard deviations. Thus for
S&P500 an amount of 124 750 is required.
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3 Review of large-scale portfolio optimization

From now onwards we normalize our problem by considering the z;’s as
fractions of the total fund, rather than the amount, corresponding to each
asset j. Thus we want to solve:

n n
Minimize Z Z 04 TiT;
i=1 je=l

Subject to > riz; > p (6)
je=1

ij =1
j=1

$j>0

If n is small, we can use many standard algorithms to solve the above.
When n is over a few thousands, the problem becomes more complex mainly
due to the fact that the o;;’s are usually non-zero for all 4,5 and that the
number of arithmetic operations to solve the programme depends on the
number of non-zero coeflicients contained in the model as well as the number
of variables.

Perold and Markowitz obtained an alternative representation of a quadratic
programme by using a multi-factor model. Assume:

Ri=o+BuFi+... +8icFr+e,i=1,...,n (7)

where Fy is the k-th random factor; 4, [3;; are constants, ¢; is a random
disturbance with mean zero and cov[F, 6] =0,k =1,... K

Theorem 3.1 Let 0;* = El%), f.s = cov|F,, F,], then the above relation
leads to the following expression:

n n n n K

n K
Z Z O3 TiTj = Z oz + Z Z Z Z JrsBir BysTiT; (8)
i=1

i=] j=1 iz=] j=1r=1s=1

10
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Proof

n n n

Z Z O5T;x; = Z[ailxixl + TLiTa + . . .+ CinliZy)

i=1 j=1 iz=1
= (01%12 + 01221Z3 + ... 11 Zn) +
(ngxgxl + (}'223222 + ... O’anziﬂn)
+ .o+ (O TnTy + OpoZnZe + ...+ 0'“23:,12)
== (012$12 + 0223:22 + ... 0'1123}1;2) +
[o122122 + O3Tiz3 + . ..
F O Z1Ly + 021 T2Zy + . .. OgnXoly + o1 T3y + ...

+.ot o-n(n—l)xnxnﬂlj
n K

n n K
= Z o’z + Z D23 covlFr, Fy|BinBiatiz;

fr=l i=1 j=1r=1 s=1
n n K

n K
= Z Jigxiz + Z Z Z Z frsﬁirﬁjsxixj. (9)

im=1 i=1 j=1r=1 s=1

If we let yx = 37, OjxZj,k = 1,..., K, our problem reduces to:

n K K
Minimize > 0222+ frstrls

izl r=] g=]

n
Subject to Y rjz; > p

o
—

NE

ﬁjkmj — Y = 0 (10)

=1

[
il

B

szl

[
B‘

>0

3]
[Ny

11
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Because K << n, this programme can be efficiently solved by using,
for example, the sparse matrix techniques developed by Pang and Perold.
Taking into account transaction costs cj(z;) we get the programme:

n K K
Minimize Y 0z + DD frotels

jz=1 r=] =1
n
Subject to (riz; —cj(z;)) > p
j=1
Zﬁjka:j—yk=0 (11)
j=1
n
Z ;= 1
j=1
T > 0
Z ai;x; 2 b;
j=1
l’- <z; <y

(12)

where the last two correspond to institutional constraints. The model ap-
pears nice from a theoretical viewpoint, but it has not found the doors open
in the practitioners’ homes.

3.1 Problems with Markowitz’ model

Markowitz’ model itself was not used extensively by practitioners as a tool
for optimizing a large-scale portfolio. According to one fund manager of a
leading security company in Japan, the problems containing more than 200
variables are rarely solved in practice because of the following:

Computational burden. To build a model, we have to calculate n(n—1)/2
constants o;;'s through historical data or through some future projection. We
would not be surprised if practitioners felt that this computation is quite a
tedious task. Furthermore, solving a large-scale dense quadratic program-
ming problem like the one just seen where almost all o;;’s are non-zero is

12
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very difficult if n is over, say 500. This computational difficulty can be sub-
stantially alleviated through the use of the factor (index) models (Sharpe
1963, Perold 1984) and sparse matrix techniques (Pang 1980, Perold 1984),
but it is still not easy to obtain an optimal solution of a large-scale quadratic
programming problem on a real-time basis.

Investor perception. Many practitioners were not fully convinced by the
validity of the standard deviation as a measure of risk. They were certainly
unhappy to have small or negative profit, but as we know, they feel happy
to have larger profits. This means that the investors’ perception against risk
is not asymmetric around the mean. Unfortunately, recent studies on stock
prices in Tokyo Stock Market revealed that most R;’s are not normally nor
symmetrically distributed. Thus we need to consider the third moment of
the distribution in addition to the first and the second. So we can view
Markowitz’ model as a great motivation to the main task we wish to solve.

Transaction/Management cost and cut-off effect. An optimal solution x*

of a large-scale quadratic programming problem seen in the previous section
usually contains many non-zero elements. In fact at least 100-200 compo-
nents of the solution are expected to be positive when n is over 1000. This
means that an investor has to purchase many different stocks, most of which
are just a fraction of a percent of the total fund. This is very inconvinient in
practice since we have to pay significant amount of transaction costs to buy
many different stocks by a small amount. On the other hand we may not be
able to purchase small amounts of stock below minimum transaction units.
Thus we have to round the numbers to the integer multiples of this mini-
mal unit or else we have to solve an integer quadratic programming problem
which is intractable when n is larger than 20, for example.Thus we are forced
to eliminate stocks with smaller weight to get around the difficulty. But then
this cut-off process distorts the portfolio to an extent that the resulting stan-
dard deviation is considerably larger than the one obtained through an exact
model. In summary, even though Perold’s ” Optimizer” is widely used by
practitioners to solve problems of the type above when c;(z;) = 0,
(1) we have to introduce as many as one hundred factors to obtain a good
statistical fitting, making the process time consuming and tedious. It has
been reported that it takes several hours to solve the above programme for
n bigger than a few thousands.

13
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(2) it contains n quadratic terms, making it difficult to solve for n bigger
than a few thousands, at least until recently.

(3) the optimal solution usually contains many positive = variables which
then requires us to spend time eliminating a portion of variables to organize
a manageable size of assets.

(4) many investors were not convinced of the validity of the quadratic risk
function.

In [15], the author proposed an approximation scheme which can partic-
ularly take care of the transaction costs and the constraints associated with
minimal transaction units. Also, he demonstrated that this scheme is very
effective for the model consisting of up to 500 stocks. I[n brief, large-scale
portfolio optimization using Markowitz’ model has been considered imprac-
tical not only because of the reasons above but also because of the com-
plications inherent in the implementation of the solution. To address this
problem of large-scale optimization, the absolute deviation model has been
recently proposed as a substitute to the standard deviation, as a measure of
risk. This is the objective of the next section.

14
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4 Mean absolute deviation model

The purpose of this section is to introduce a portfolio optimization model
L, or better known as MAD, that removes most of the difficulties associated
with the classical Harry Markowitz’ model.

4.1 Compound [, risk function

Let

Wa(T1,. .., Tn) = E| EE? Rjz; '“E[Zn: Rizj|| | —akE|| i Rﬂﬂj"E[i Rjz;l]4]

j=1 j=1

(13)
where « is a positive parameter representing the degree of risk aversion of
an investor and

fe={5 420 (14)
=1 % £ (15)

See corresponding graphs on next page.

15
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Table of graphs.

Figure 4.1a : The graph of |¢|-

Figure 4.1b. The graph of |£]

16
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Theorem 4.1 If (Ry,..., R,) are multi-variate normally distributed with
mean (fi1, ..., tn) and variance-covariance matriz Y, = (0y;) then

11— 0 1
o(Z1y ey Tn) = \ﬂ%){ZZ 5%}

i==1 g=1

]l -«
\/EZ:A')

Proof. Perold shows that the random variable ¥ = 3°%_| R;z; is normally
distributed with

o (16)

(o*) = (3 1y, 3 “fﬁmixj) (17)

Therefore

k3

E[S Rz E[z: Ryz)l-] - aE[| 3" Rjz; — E[z Ryz;]ly]

j=1 j=1

= E|Y ~ E[Y]l-] - aE[Y — E[Y]|,]

i

wa(:cl, P ,zn)

=1/V2ra?[[°  u exp(—%)du —aflu exp(—%)du}
=0(l—a)/2m)/* m

which shows that minimizing variance is the same as minimizing w, if
a < 1and (Ry,..., R.) are multi-variate and normally distributed.

Our next step is to try and represent w, using historical data from some
future projection. We shall assume also that the expected value of the ran-
dom variable can be approximated by the average derived from these data.

Let 7, be the realization of random variable R; during time period t =
1,...,T. In particular let

rp = E[R]

1 T
t=1

17
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Then
7‘(‘7:17 11"11) = E[Z R]$3
j=1
= D 15T (19)
J=1
and
wa(T,-- %) = E[} Rz — B} Ryzjll] — aE(| 3 Ryz; — B[} Ryzsl4]
= B YRz, — Y ElR ;|- - aB( Y Byz; - X ElRylzy1s]
= _Z{}Z (rje — 13)z5]- —al Z(’"z’t'—rj)a"j“} (20)
t==1 =1 7=1
If we let
& = (s —75)z; (21)
j=1
and
92(&) = [£]- — alél+ (22)
Thus
1 T
Wa = 7 S{l&]- — aléls}
t=1
1 ;
= 720 (23)
tr=1
For « = ~1 we have the absolute value L, risk while o = 0 is associated

with the investor who cares about "below average” returns, and a > 0 is

18
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associated with the investor whose "below average” returns are compensated
by some "above average”returns and specifically for @ > 1 the investor is
viewed as prone to risk. Refer to tables of graphs below and on the next
page for the corresponding graphs of g(.) for some different values of c.

Figure 4.2a) Graph of g.1(£) Figure 4.2b) Graph of go(£)

19
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Going back to our portfolio problem, now replacing the quadratic risk
function by compound Lj risk function wy, and letting ay = 15 — 15,7 =
I,...,nt=1...., T we get the programme:

T n n
[Po] : Minimize > {| Y apz;- —al ) ajx;le}
=1

fom ] 3:’:’1

Subject to Y rjz; > p
i=1

2 X =1 (24)
F=1
Zj 2 0

We show that the class P, of such portfolio optimization problems have
the same optimal solution for all & € (0,1) U (1, +o0)

Figure 4.2c) Graph of g1,2(§) Figure 4.2&) Graph of g3(¢)

20
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Theorem 4.2 The class of optimization programme [P, have the same op-
timal solution for all o € (0,1). Also they have the same optimal solution

forall o > 1.

Proof
Note that

Thus

since

1
e = 506+9)
1
6 = ;-9
1 T
7 2 l6l- - eleds}
1 Z 1{ ,
?25 ([€e] = &) — a(]€e] + &)}
11— 1
72— e - +a &) (25)
t=1
1 1-aXf & l1+a ™
?{ 9 ; |j2-:_lajt$j‘ - B ;;ajtmj}
ll-a & &
T 2(1; 2o

M=

.E,]:x
[

NE

o+
Il
—
“
Il
—
.
Il
Pt
o

Z (rje —r5)z

=1

i
NE

.’Ej(TT'J' - T’I']‘) (26)

il
oo
ﬂ‘

Thus for fixed T', minimizing w, is the same as minimizing 37, | Ty 45T |, Vo <

1. Also for fixed T it is equivalent to maximizing Zthl | 2=

la]-ta:j|,Va > 1.1

21
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So our portfolio problem becomes split into two according to alpha.
For o < 1 we get the programme:

T n
[Pa]Minimize 3|3 aja;l

t=1 j=I

7
Subject to Z TiT; > P
j=1

k]
=1
Ty :_> 0
For o > 1:
T n
[Pa,)Mazimize > [ a;zl
t=1 j=1
n
Subject to Y riz;>p
=1
Jn
Sa=1 (28)
=1
.’Bj Z 0

The second programme cannot be converted into a linear programme. Note
that the objective function is convex.

Theorem 4.3 There exists an optimal solution X;* of [Pa,, for which at most
two indices j satisfy x;" > 0.

Proof Since the objective function of the programme is convex, there exists
an optimal solution among extreme points of the feasible region, which has
the stated property.l

22
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We go back to [Py, |, letting 4, = ) 2i=1Q5%;|, we can convert it to:
T
Minimize Z Y
t=1

T n
Subject to  y — ZZajtxj >0

t=17=1

T n
yt+zzajt$j >0

t=1 j=1

M=

TiL; 2 p (29)
1

.
Il

B

zj=12;20,5=1,...,n;t=1,...,T

[
il
—

whose dual is

Mazimize 21+ 23
T

Subject to 2 Zaﬁég +7riz1+ 22 <0
t=1

0<& <120 (30)
which is easier to solve than [P,,].
4.2 Mean absolute deviation model

A special case is when o = —1 (see table of graphs) Letting w,—_1 = W(z),
we denote the absolute deviation function by:

W(2) = B Y. Bye; - B3, Ry Gy

Theorem 4.4 If (Ry,..., R,) are multi-variate normally distributed, then

W(z) = \/ga(:c).

23
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Note that this is a special case of Theorem 4.1. Thus our problem reduces
to the linear programme:

Minimize  Wi(z) = £ i Ryz; - B[S Ry

=1

Subject to Z E(R;)z; > p (32)

j=1

ZE:;' =1
3

Let r;, be the realization of the random variable R; during a time period
t=1,...,T and let

ri = E[R)
1 T

Hence we can approximate W (z) by:

W(z) = ZR‘TJ ZR%“}

- E| >: Riz; - [}: B[R, (34)
= E Z: Riz; — [éﬁxﬂﬂ
- T Z J_erzjxj Z?g:g)l

1 T
= Z ij Ty — 75|

t

24



UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

b
W UNIVERSITEIT VAN PRETORIA
Qe

Letap=rp—1;,0=1,...,mt=1,...,T
Then our portfolio problem becomes:

1 i ~
Minimize W(z)= = z | Zﬁjﬂﬂ
T35 3
Subject to Y riz; > p
i=1
i=1
CEj 2 0

Let y. = | 7., a;:z;|. Thus we have the standard linear programme:

1T
Minimize  W(z) = T Su

t==1

Subject to Y r;z; > p
i=1

v+ Eaﬁ%‘ >0

i=1
n
Ye = D 05T >0
j=1
iL‘j Z D
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We can certainly add transaction costs and linear institutional constraints
to obtain:

T
[Puap|Minimize Y
=1

n

Subject to > {r;z; —c;(z;)} = p

=1

n
Y — Z a;z; > 0
i=1

n
Ut + Z Q;:T4 ?_‘ 0
j=1

n
>z=12; >0 (37)
j=1

n
Z&ijx.ﬁ Z Z)t;],l = 1,...,?’%
j=1
{}‘ S I; _<_ Uj
In [3] it is shown that the portfolios generated by the above programme are
easy to construct because of the following advantages of the mean absolute
deviation model :
(1) It can be solved much faster than its counterparties, the MV model,
since it is a linear programme (when ¢;(z;) is linear)
(2)Its optimal solution contains no more than (T +2) assets with positive
weights ,
(3) It can incorporate all the other features like transaction and institu-
tional constraints (we look at how to deal with the non-linear ¢;(z;) next).

4.2.1 Method for solving [Py ap]

We look at how we can tackle our programme with the inclusion of the non-
linear costs function ¢;(z;). We let

n n n
F o= {(xy):y— 2 a;z; >0y + > apr; >0 z;=1;
j=1 j=1 j=1

T; > 0?2@5%’ > bil; < z; <wysy > 0} (38)
j=1
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Z Yt

t==]1

Y {rizi—ci(z)} > p
=1

(x,y) € F

Zl‘j =1
F=1

(39)

Approximate the concave non-decreasing transaction costs function by a lin-
ear under-estimating function é;0z; and solve the programme:

[Prrap, | Minimize

Subject to

Let x* be the optimal solution t

Z W
t=1
n

> {riz; — zi} = p

=1
(x,y)€F

n
2zi=L1<z; <y
=1

(40)

o the above programme. If Y {c;(z;*) —

dj0z;*} < € then d;0z; is a good approximation of ¢;(z;) and the problem is

solved.

Suppose its not a good approxim

[ljv ﬁ%].

ation. Divide [[;,u;] into two equal parts

] and [23% 1;] and solve two linear sub-programmes by under-estimating

c;j(z;) by two linear functions §;,z; and d;,z; and solve:

[Prap,|Minimize

Subject to

T
>
t=1

n

> Az —dnzi} > p

=1
(x,y) € F
:!j + uy

n
ij::l,ij gi):j <
7=1

(41)
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and

T
[Parap,|Minimize Z n
t=1

n

Subject to Y {rju; — 6px;} > p

j=1

(x.y)eF

Sry=1,2 —;u} <z < uy (42)
j=1

Let {x;*, x2*) be the optimal solution to { Pyap,, Paap,)- If E?:l{t?j(%*)—
d;Ti*} < e,1=1,2 then §;;z; is a good approximation of our costs function
and we compare our solutions to get the ultimate solution to our problem.
If otherwise, we continue the process by increasing the number of iterations
and fathoming sub-programmes accordingly.

Linear under-estimation of the cost function

Costs
A

;e
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5 Utility Theory and Risk Aversion

" Utility” is used as a measure of ”happiness” to compare competing invest-
ment portfolios based on the expected return and risk of those portfolios.
The utility score is then used as a means of ranking portfolios:- higher utility
scores imply higher expected return, and lower utility scores imply higher
volatility.

The standard consumer’s allocation problem is for consumers to choose
the most preferred complex in the feasible set. They wish to maximize util-
ity or "happiness” subject to their budget constraints. Extending utility
maximization to situations involving risk, the investor expects the greatest
of happiness with minimal or no risk. Put in short, the investor wishes to
maximize expected utility subject to minimal risk.

What do we mean by risk aversion? A decision maker with a von Neumann-
Morgenstern utility function is said to be "risk averse” (at a particular wealth
level) if he is unwilling to accept every actuarially fair and immediately re-
solved gamble with only wealth consequences, that is, those that leave con-
sumption good prices unchanged. If the decision maker is risk averse at all
(relevant) wealth levels, he is globally risk averse.

Lets examine a little bit the rationale behind the contention that investors
are risk averse. Recognition of risk aversion as central in investment decisions
goes back at least to 1733. Daniel Bernoulli, one of a famous Swiss family
of distinguished mathematicians spent the years 1725 through 1733 in St
Petersburg where he analyzed the following coin-toss game. To enter the
game one pays an entry fee. Thereafter a coin is tossed until the first head
appears. The number of tails, denoted by n, that appears until the first head
is tossed is used to compute the pay-off, $R to the participant, as :

R(n) = 2 (43)

The probability of no tails before the first head (n = 0) is 1/2 and the
corresponding pay-off is 2° = §1. The probability of one tail and then heads
(n=1)is 1/2 x 1/4 with pay-off 2! = $2. The probability of two tails and
then heads (n = 2) is 1/2 x 1/2 x 1/2 etc.
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Thus the expected pay-off is therefore:

E(R) = i‘a Pr{(n)R(n)

= 1/2+1/2+... (44)
= 00

The evaluation of this game is called the " St Petersburg Paradox”. Although
the expected pay-off is infinite, participants obviously will be willing to pur-
chase tickets to play the game only at a finite, and possibly quite modest,
entry fee.

Bernoulli resolved the paradox by noting that the investors do not as-
sign the same value per dollar to all pay-offs. Specifically, the greater their
wealth, the less their ”appreciation” for each extra dollar. We can make this
insight mathematically precise by assigning a welfare or "utility value” to any
level of investor wealth. Our utility should increase as wealth is higher, but
each extra dollar of wealth should increase utility by progressively smaller
amounts. The utility function here refers not to investors’ satisfaction with
alternative portfolio choices but only to the subjective welfare they derive
from different levels of wealth. Modern economists would say that investors
exhibit " decreasing marginal utility” from an additional pay-off dollar.

Von-Neumann and Morgenstern adapted this approach to investment the-
ory in a complete axiomatic system in 1946, details of which we shall not
bother look into in this report.

5.1 The von Neumann-Morgenstern utility theory

Lets assume that we have a risk-less asset with return Ry and n risky as-
sets with stochastic returns R;. Then the overall return on the portfolio is
R,(x) = R(x). Let U : R — R be a utility function.

Definition 5.1 (optimal efficient portfolio) A portfolio x* is called op-
timal relative to the N-M utility U : R — R if it is a solution of the opti-
mization problem

Mazimize E{U[R(x)]}
Subject to 3o zi=1 (45)
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But R(x) := Y, z;R;. Thus the problem reduces to (max = maximize):

ma:vE{U[zn: z;Ri]} =mazE{U[Ry + zj:l z;R; — Ry}

i=]

= mazE{U[Rp +zn:$iRL' - Rozn:xz]}

= mazE{U[Ry + i}zi(}?ﬂ- — Ro)]} (46)

Proposition 5.1 x* is optimal relative to U iff

E{U'[R(x")|(R; — Ro)} =0 (47)
Proof
By forming the Langrangian

L=EU)+ 1= z) (48)

i=1
we get the first order conditions

oL

7w = EWWOR]-A=0 (49)
oL =
i 1—;@-:0 (50)

and since we have a riskless asset in our portfolio, it is convinient to use the
second condition to write the first as:

BV wR))(R: — Ro)} = 0 gy
E{UR)|(R — R)} =0 52)

and if x* is an optimal solution, Y, z; R; = x*, then E{U'[R(x*)](R; —
Rp)} = 0. The other direction follows.H
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5.2 Economic properties of utility functions

1. Utility increases as end of period wealth increases, thus U’(.) > 0.

2. The second property takes into account the investor’s taste for risk
i) if the investor is averse to risk then U”(.) < 0, i.e the investor rejects fair
gamble.

ii) if the investor is risk neutral then U”(.) = 0, i.e he is indifferent to fair
gamble.

1ii) otherwise U”(.) > 0 and the investor selects a fair gamble.

3. The third is related to the question: if the investor’s wealth increases,
will more or less wealth be invested in risky assets?
i) if the investor increases the amount in risky assets as wealth increases,
then he exhibits decreasing absolute risk aversion.

ii) if the investor’s investments remain unchanged as wealth increases then
he manifests constant absolute risk aversion.

iii) otherwise, he exhibits increasing absolute risk aversion. Absolute risk
‘aversion is measured by the function:

___Ull(w>
Alw) = T w) (53)
4. The last property seeks to answer the question: how does the percentage
of wealth invested in risky assets change as wealth changes? This is relative
risk aversion. Its measure is the function:
—wlU" (w)
U'(w)

The class of NM utility functions is important in risk theory and its known
as HARA (hyperbolic absolute risk aversion) or LRT (linear risk tolerance)
class of utility functions. Its characterized by

R(w) = = —wA(w) (54)

aw

11—
Ulw) = —— +57,6>0 55
(@) = 1 + ) (55)
with absolute risk tolerance function
i w
T(w) = m == 'l—:':; + ba (56)

which is linear as the name suggests. We get different special functions each
corresponding to some <y and/or b value(s).We shall not occupy ourselves
analyzing them.
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5.3 Higher-order derivatives of the utility function

Theorem 5.1 If investors are consistent in their first m preferences (each
of the first m derivatives of U is uniformly positive, negative, or zero) over
an unbounded positive domain of w, then the derivatives must alternate in
s1gNs, 1.€

(-1 U w) <0,i=1,...,m (57)
Proof We prove this result by induction. Define f,(w) = (—1)*U"(w) and
assume that fi(w) < 0 for i = 1,...,n. Using the mean value theorem we
get

fa(wz) = faoa(wi) + fr (W) (we ~wy)

= far(wi) = falw")(we — w1) (98)
for some w* in [w;,ws]. Now assume (—1)U%w) < 0,72 = 1,...,m is false
for n + 1; that is

fari()=—fa() =0 (59)
Then
falw®) < fulw) (60)
thus
Saa(wr) > foa(wy) — folw)(we — wr) (61)
Now choose wg > w; + fif::—(%%‘l This choice is possible since the ratio is
positive and the domain of interest is unbounded above. Substituting gives
us
Sno1(wn)

Jar{wz) > faa(wy) — folwn) =0 (62)

fn(wl)

which contradicts our assumption. W

33



4

w UNIVERSITEIT VAN PRETORIA
O UNIVERSITY OF PRETORIA
Gt

YUNIBESITHI YA PRETORIA

6 Skewness and portfolio analysis

Elton and Gruber in [8] referring to the importance of skewness in portfolio
analysis said. ”...this developmental work has not been done. Thus practical
portfolio analysis in three moments must await development of a set of an-
alytical techniques for estimnating and solving problems involving skewness”.
In this respect, a number of authors have proposed selecting portfolios on the
basis of the first three moments of return distributions rather than the first
two. Skewness is a measure of the asymmetry of a distribution. The normal
distribution has zero skewness since the shape of the distribution above the
mode is a mirror’s image of the shape below the mode. The log-normal dis-
tribution in the diagram below has positive skewness. Point A indicates the
mode. The log-normal has more observations above this value than below.
It is said to be skewed towards high values or exhibit positive skewness. Re-
searchers in skewness believe investors should prefer positive skewness. All
else constant. they should prefer portfolios with a larger probability of very
large payoffs. This is not only logical but also consistent with the empirical
evidence that investors are risk averse and looking for higher returns.

Figure 6.1: The log-normal distribution

Prob. of return
A

Return
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Skewness usually means the third central moment divided bv the cube of
the standard deviation, i.e if K is a random variable then:

E[R - E[R]}?
B{(R - E(R))]}
but in general it is the un-normalized third central moment :
m* = E[R - E(R)® (64)

Although the variance measures the average squared deviation from the
expected value, it does not provide a full description of risk. To see why.
consider two log-normal distributions for rates of return on a portfolio (See
tables of graphs on next page). A and B are probability distributions with
identical expected values and variances. The graphs show that variances are
identical because probability distribution B is a mirror image of A. What
is the empirical difference between A and B? A is characterized by more
likely but small losses and less likely but extreme gains. This pattern is
reversed in B. The difference is important. When we talk about risk, we
really mean "bad surprises”. The "bad surprises” in A, although they are
more likely, are small (and limited) in magnitude. The ones in B could be
extreme, indeed unbounded! A risk averse investor will prefer 4 to B on
these grounds; hence it is worthwhile to quantify this characteristic. The
asymmetry of the distribution is called "skewness”, and is measured by the
third central moment m? seen above in this section.

Cubing the deviations from the expected value preserves their signs, which
allows us to distinguish good from bad surprises. Because this procedure
gives greater weight to larger deviations, it causes the "long tail” of the
distribution to dominate the measure of skewness. Thus the skewness of the
distribution will be positive for a right-skewed distribution such as A and
negative for a left-skewed distribution like B. To summarize. or rather to
introduce, the first moment represents the reward. The second and higher
moments characterize the uncertainty of the reward. All the even moments
(variance, m*etc) represent the likelihood of extreme values. Larger values
for these moments indicate greater uncertainty. The odd moments ( m?, m?,
etc) represent measures of symmetry. Positive numbers are associated with
positive skewness and hence are desirable.
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Log-normal distributions for rates of return on a portfolio
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A
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6.1 A mean-variance skewness model

Let R be the random variable representing rate of return of the assets S;
and let z; be the fraction of the fund to be invested in asset S;. The rate of
return of the portfolio x = (zy,...,z,) is given by:

R@) =Y Rz, (63)

=1

Let U = U(R(z)) be the investor’s utility function. Then, as seen in
the previous section, his portfolio optimization problem is to maximize his
expected happiness subject to his budget constraints. In other words, he
wishes to:

Mazimize  E|U(R(z))]
Subject to ij =1

Assume that U(.) can be approximated by the third order Taylor’s ex-
pansion around the mean r(z) of R(z). Thus

U(RG) = Ulr(e) + U @)IR() - rla)) +
4 SUME)RE) — @] + ZU" (@) [RE) ~ @) (67

Thus applying E(.) we get:

lﬁUUﬂmﬂlxCHN$D+%U%N¢DEKR&J—NxDﬂ+éU”&¢ﬂ)EKR@ﬁ*N$Dﬁ

(68)
since E[R(z)] = r(z).
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So the maximal value of the expected utility can be obtained by solving

Mazimize  E[U(R(z))]

Subject to  E(R(z)) =r (69)
Z.’L‘j = 1,1'] >0
=1

Maximizing the objective function here is simply reduced to maximizing only
the last term E[(R(z)—r(z))?] since U (r(z)) is a constant and $U” (r(z)) E[(R(z)—
r(z))?] < 0. Therefore formulating our MVS problem we wish to:

Mazximize E[(R(z) —7(x))’]
Subject to [(R(a: —( :c))zJ
R(X)] = (70)

éL‘j‘:l;&TjZO

- 2 2

=1

W,

which can also be written in the following way letting:

VIR(z)] = E[(R(z)-r(z))’]
YR@)] = E[(R()-r(z))’] (71)

where 7, 0 are given parameters:

Mazimize  y[R(z)]
Subject to  E[R(z)] =17
[R(z)] = o (72)

Let x*(r, o) be an optimal solution of this parametric programme and let
v*(r,o) be the associated maximal value of v[R(z)]. Then we have:

BU(R@)] = U(r(@)) + 50"(r(@))o? + U (r(@)1y'(ro) ()
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Thus we could be able to obtain an approximate optimal value of E[U(R(z))
if we can parametrically calculate the "eflicient surface” v*(r, o). Let

rj = E[Rj]

oi; = El(R;—r)(R; —1;)] (74)
Yige = El(R; —r:)(Ry —75)(Bx — )]

Thus our MVS problem can now be written as:

n n n
Mazimize D3 wkzmizste
=] je=1 k=]
i3 T
Subject to > oyziz; = 0°

i
AN
it
I

TiT; =T (73)

I

<
ll*

z;=1z; >0

i=

s
1

Unfortunately both forms of our MVS problem are typical non-concave max-
imization problems whose global maximum cannot be calculated by state-of-
the-art non-linear programming algorithms. Also it is virtually impossible to
collect the ~y;x when n is over one thousand, not to mention the ;;. Hence
we need to introduce some kind of approximation to convert an intractable
problem into a tractable one.
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7 Mean-absolute-deviation-skewness model with
transaction costs

In the standard portfolio analysis, it is assumed that the investor is risk
averse and that his utility is a function of the mean and variance of the
return of the portfolio, or can be approximated as such. It turns out that
the third moinent plays an important role if the distribution of the rate of
return of the assets is asymumetric around the mean. As mentioned earlier, an
investor would prefer a portfolio with larger third moment if the mean and
the variance are the same. In this section we propose a portfolio with a large
third moment under the constraints of the first and the second moments, and
concave transaction costs. We wish to formulate and and propose a solution
to a programme with among the constraints. a strictly concave function.

An investor has to pay a certain amount of fees when investing (or dis-
investing). Let z; be the amount of investment in asset j. Let ¢;(z;) be the
transaction costs associated with investing in asset j. ¢;(x;) is non-decreasing
and concave up to some point a;. The total transaction costs is therefore
Y j=1 (). See graph below.

Transaction costs function

Trans. Costs 4

Ci(x)

&

Amount of transactions
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We now proceed to approximate the third moment and intreduce our
model.
Let

0 : uw>0 e
g{u) :{ B el (76)

See graph below. We define the lower semi-third moment of a random vari-
able R by:

v-(R) = Elg(R — E[R])] )

[nstead of optimizing the third moment in the previous section, we will
optimize the lower semi-third moment of the rate of return of the portfolio.

Minimize  vy_(R(z))
Subject to E[R(z)l =7
V[R(z)] = o*

n

>ozi=1 {78)

=1

Figure 7.2
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We wish to replace the non-convex constraint in terms of variance by
"absolute deviation” as seen earlier on.

WIE] = E[|R — E[R]|] (79)

Then we obtain the programme:

Minimize  ~y_(R(z))
Subject to  E[R(z)]

Soap=1 (80)

where w is some specified risk.

[f x* is an optimal solution to the above programme, then the portfolio
x* is expected to have a shorter tail to the left of the mean. Hence it will be
expected to have a relatively big positive third moment.

But .
R(z) = ) Ryz; (81)
=1

and
v-(R) = E[g(R— E(R))
= E[g(; Rz; — E(Z‘l Rjz;))]

= E[Q(il R;z; — irjxj)l (82)
1= 1=
- E[g(}é(&z; —ryz;)]

- E[g(fjlm,- — 1))

42



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

@Eﬁé

We wish to replace the non-convex constraint in terms of variance by
7absolute deviation” as seen earlier on.

WIR] = E[|R — E[R]|| (79)
Then we obtain the programme:

Minimize  ~vy_(R(z))
Subject to  E[R(z)] =7

W(R(z)] € w
Yozi=1 (80)
530

where w is some specified risk.

If x* is an optimal solution to the above programme, then the portfolio
X" is expected to have a shorter tail to the left of the mean. Hence it will be
expected to have a relatively big positive third moment.

But

R@:é&% (81)
and "
1(R) = Elg(R—B(R)
- E[g<§; Ryz; — B3 Ryzy)

i=1

= E[g(i Rjz; — En: 75%;5)] (82)

=1 =1

= 3[9(2(31%’ —752;5))]

= E[g(3 (R —rj)z;)]

=1
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So that our problem becomes:
Minimize  Elg(}_(R; — rj)z;))
Subject to W(_ Rjz;) S w

En: Ty =T (83)

7
LL’;ZO

This is a non-linear programming problem because the preference function
is concave. We replace g(.) by a piecewise linear concave function G(.) where:

Gu) = —ju—pi|. —aju—py| ,a>0,p > py (84)
and
. 0 v>0
vl = { —u v <0 (85)

Thus we obtain the problem:

Minimize E[Y_ Riz; — pi|-] + E[| > Riz; — pa|-.|

i=1 7=1

Subject to W(>_ Rjz;) <w (86)
i=1

n
Z zjj =T
=1

n
ZCIZ]‘ = 1;.’1,']' _>_‘ 0

j=1
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1 T n
= TiT; — P1|-
T*lgig it ll
1 L& .
P J— s — '__
T~1§‘§;’"’” p2|

ES Ryas - pil-] + Bl Y- Rz — gl

i=1
1

(us + avy)

| DTz = pal-
J=1

13 s — pal-

7=1

B[ Rjxz; — Y rjzj]
J=1 F=1
1 T n n
ﬁz | DT — )15
t=1 Fe=1 j=1
1 T n
| (rse — 7)1

t=1 j=1

T-1

1 T
T—' tgl&t

B[S, Riz; - pil-]
=1
E[|Y_ Rjz; — pa|-]
=1
Thus
Elg(}>_ Ryz;)] = E[G(Y Rjz;)]
F=1 F=1
= 2
1 Z
- T-1 §
1 T
T T-1 ;
where
U
Ut
On the other hand
W Rz;) =
7=1
<

w
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(88)

n T n
| D razi — ol + a7 DD T — pal-
1 =1 =l j=1

(89)
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where | 30, (rje — 75)7;] = &

Now if ¢;(z;) is a concave function representing the expected transaction costs
associated with the investment then our expected return with transaction
costs is transformed to:

n
2z =iz =7 (93)
J=1
where again 7 is the given parameter of rate of return.
Substituting accordingly we get the non-linear programming problem:

T
Mirimi
inimize  m— z:l(Ut + av,)
1 T
Subject to  ——— & <w
T-1i3

n
U + Z TN T 2 P2 (94)

i=1
n
Z&B‘j =lLu>0v20§>00<z; <apt=1,...,T,
j=1
Which can be transformed into:

T
Minimize Y
g1

) 1 T n i3
Subject to  F = {(x,Yy): T—1 Zﬁe <w;u + erng > p1v+ ertxj > po;
t=1 j=1 =1

n
Sozi=1Lu >0, >0&>0,0 <z; < ay}

=1
2 iz —ci(zy)] =7

j=1

% >0,0<z; <aq; ' (95)
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where y, = u; + av,.

This program is non-linear because of the transactions cost function, and
thus it will not be possible to apply directly conventional methods to solve
it. We suggest the following method to tackle it. It should be noted however
that if a solution is not encountered early, the method can be tedious but a
computer programme should iron out this hurdle.

7.1 An algorithm for the solution of the problem

Replace ¢;(z;) by an underestimating linear function d;z; and solve the stan-
dard linear programme F, by the simplex method, taking into account that
we require higher returns than expected:

T
[Po] - Minimize )y
t==1
Subject to  (x,y) € F

Dol = izl > (96)

7=1
0<z;<o;y=0

Let xq* be the optimal solution to Fy. If 37_,[c;(zo*) ~ d;30"] < € then
d;x; is a good approximation of c;(z;) with error less than a chosen € and
X" is the optimal solution to our problem.

Now, suppose that 3.7_[c;j(z0*) — 6;20*] < € is not true. Subdivide the
interval [0;a;] into two equal intervals [0, %] and [, q;] Solve two linear
sub-programmes P, and P;:
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Graph showing iterated under-estimations of the concave transactions

cost function.

Figure 7.3: Linear under-estimation of the costs function

Costs
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|
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T
[P : Minimize >y,
te=1
Subject to  (x,y) € F
> [z — dz5) >

T
[Py : Minimize >
to=]

Subject to  (x,y)€F

D [z — Gz > r

=1

Y cr <any>0 (98)
9 =T = 5 Y 2 e

For P, and B,; approximate c;(x;) each by an underestimating linear function
djnz;; h = 1,2 and solve the programmes:
T
[P} : Minimize >y,
t=1

Subject to  (x,y) € F

Dolrjzs — ) >

J=1
ogx;s%’i;ytzo (99)

T
[Py : Minimize Z'yt
=1
Subject to  (x,y) € F

D olriz; = Gpas] = v

=1
or)

5 ST <5y 20 : (100)
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Let {x;*;%2*} be an optimal solution to {Py; Po}. If ¥[c;(z;*) — dnzs™] <
€, then d;,z; is an approximation of ¢;(x;) with error less than ¢ The solution
is therefore S = min{x;*; x2*} because we are dealing with a minimization
problem.

It may happen that some of the resultant sub-programmes have no solu-
tions, in which case they are fathomed. If d;,z; is not an approximation of
¢j(z;) then repeat the process with more iterations as shown on the graph.

8 Back-Testing MADS

In [1] the authors did some numerical experiments of MADS (without trans-
action costs ofcourse). They used historical data of the Tokyo Stock Ex-
change with the aim of checking whether this model actually generates a
portfolio with large skewness.

They prepared three sets of data D;, D, and Ds, all of which consist(ed)
of 36 data representing the rate of return of 224 stocks for 36 months. D;
covered three years from 1984 to 1986, while D, and D; covered 36 months
from 1985 to 1987, 1986 to 1988, respectively.

They then first solved the MAD model for r = 2.0, 2.5, 3.0% per month
and calculated the minimal absolute deviation.

w(r) = min {W(zn: Rjz;) zn:rjxj =7, izj =1lz; > 0} (101)

j:l j:-_—l g:l

The skewness was negative for all ». They then proceeded to conduct pre-
liminary experiments to solve the MADS for w = 1.10w(r) and found that
the maximal value of the skewness is attained when the parameters in the
objective function of the MADS model are chosen as follows: (o, p1,p2) =
(1.0,7 — 1.0, — 2.0). Then they fixed the value of these parameters at this
level throughout subsequent experiments. Let P(r,w) be the portfolio cor-
responding to an optimal solution of the MADS for fixed value of (r,w).
Also, let k(r,w) be the skewness of the distribution of the portfolio P(r, w).
Refer to the corresponding table for clarity on this issue. The table shows
the value of x(r,w) for data sets Dy — D;. We see from this that x(r,w)
increases as w increases. Particularly the skewness of the portfolio associ-
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r | w(r) | Standard Dev. | Skewness
D; | 2.0]0.8350 2.048 -1.252
2.5 | 0.8400 1.969 -2.226
3.0 | 0.4270 1.961 -3.060
D, | 2.0 | 0.8440 1.756 -0.286
2.5 1 0.7990 1.705 -1.121
3.0 | 0.8770 1.866 -1.618
D3} 2.0 | 1.5930 2.840 -0.693
2.5 | 1.2520 2.442 -0.848
3.0 | 1.0710 2.255 -1.220

Table 1: Results showing negative skewness for all r

ated with w = 1.50 x w(r) is always positive, which is contrary to the MAD
portfolio where skewness is always negative.
With the three portfolios

P = P(r,w(r))
P, = P(r,1.20w(r))
Py P(r, o) (102)

il

for » = 3.01% per month, they discovered that the distribution associated
with the MAD portfolio P, has a larger tail to the left of the mean and hence
has a large negative skewness. The distribution associated with P; has a long
tail to the right of the mean. Also, it has a large absolute deviation since the
constraint on the absolute deviation is completely relaxed. The distribution
of P, lies between the other two. In particular, the skewness is much larger
than P, while the absolute deviation is slightly larger than P;. Even though
it appears most investors would prefer P, P3 to P, the preference also is
dependent on the functional form of the utility function.Their experiments
were carried out using the SUN 4/280 system which produced results in less
than one minute for T = 36 and n = 225!
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Skewness i
r | w/w(r) Dy Dy Ds
2 1.0 1-2.252 | -0.287 | -0.693

1.1] 0230 | 0.652| 0.543
1.2 ] 02711 1.187| 1.217
1.5 ] 0.846 | 1.802
2.5 1.0 | -2.226 | -1.121 | -0.848
1.1 |-0.120 | 0.148 | 0.323
1.2 0.206 | 0.707 | 0.850
1.5| 0.537 | 1.520 | 1.637
3 1.0 | -3.060 | -1.618 | -1.220
1.1 | -1.405 | -0.740 | -0.902
1.2 | -0.421 | -0.076 | 0.346
1.5 0.351 | 1.522 | 1.292

Table 2: Values of &(r, w) for data sets Dy to D;

Note: Value for D3 when 7 = 2, w/w(r) = 1.5 not available.
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9 Conclusion

We have seen how various techniques have come into play to reduce some very
difficult optimization problems to more manageable levels. The advances in
computational technologies have helped a lot in the running of some mathe-
matical models and programmes, unfortunately these softwares do not come
cheap.

We have here suggested a model that appears easy to solve, and which
can be used as a practicdl tool to generate a portfolio with larger if not
maximal skewness under the constraints on the first and second moments
of the distribution. Moreover, this model has the advantage that it also
admits the incorporation of other institutional linear constraints. However, it
remains the ambitions of the author to try to produce a computer programme
and, with the availability of data, put to practical test the benefits herein
justified.

It has been noted that we only considered investments up to some point
aj, point of inflection. The reason being that from this point up the trans-
action costs start to unbearably sky-rocket making investment worthless be-
yond this point.
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