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SUMMARY

The Hurst parameter H € [0, 1] is a useful measure for the predictability of stock
prices. The Hurst parameter was estimated for different South African stocks over
different periods of time to determine if there was persistency in the returns. Frac-
tional Brownian motion (fBm) is a Gaussian process that depends on the Hurst
parameter which allows for the modeling of autocorrelation in price returns.

In this dissertation when modeling financial derivatives, the underlying driving
process is replaced with fBm. fBm is not a semimartingale, thus arbitrage cannot
be excluded by the choice of integration theory. The classical theory of stochastic
calculus is not applicable and the solution of the fractional stochastic differential
equation is found using fractional Wick It6 Skorohod integrals.

Fractional Black-Scholes and Black formulas are derived in three different frame-
works where the underlying is driven by fractional Brownian motion in each case.
The mathematics behind the models is discussed, in addition some analysis of the
models is done. It was found that there is a range of possible combinations of Hurst
and volatility parameters corresponding to a given price in the models.

The performance of the models is investigated by using South African futures
option prices and warrants. Assuming a constant Hurst parameter the fractional
implied volatilities were backed out and compared to the market volatilities. We
found simple relationships between the implied fractional volatilities and the market
volatility for each of the models. For fixed Hurst parameters the out-of-sample per-
centage pricing errors and absolute pricing errors are calculated to investigate the

performance of the models.
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CHAPTER 1

INTRODUCTION

In this dissertation we are studying option pricing models when the underlying asset
is driven by fractional Brownian motion. In particular we are investigating European
options on shares and options on futures. A European call option gives the buyer
the right but not the obligation to buy an asset at a certain time in the future for a
predetermined price. A European put option gives the buyer the right but not the
obligation to sell an asset at a certain time in the future for a predetermined price.
The classical Black-Scholes formula is usually used to determine the price when the
underlying is a stock and the Black formula when the underlying is a future on a

stock.

In financial mathematics the Black-Scholes option pricing model consists of a
risky asset, stock S (t), and a risk free asset, a bond. The risky asset is a stochastic
process S (t) which follows a geometric Brownian motion and is defined by the sto-
chastic differential equation dS (t) = pS (t) dt + oS (t) dB (t). In the Black-Scholes
model the returns are independent of each other, i.e. today’s price change has no cor-
relation with previous price changes. Some studies (Mandelbrot, 1967) have shown
long-range dependency does exist between the returns in some markets. It is pro-
posed to replace Brownian motion in modelling derivatives with fractional Brownian

motion B (t).
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Mandelbrot (1977) introduced the term fractals to describe objects related to the
whole and Mandebrot (2006) describes the ten heresies of finance'. When dealing

with chaos, complexity, fractals or probabilities a question that brings to mind if

"God plays dice?" see Carr (2004) .

Long-range dependency has been investigated by many authors®. It has been
shown that many of the emerging markets do exhibit a Hurst exponent that is
larger than %, thus implying that the returns have long-term memory. Cheung and
Lai (1995) investigated long memory in 18 countries and only 5 showed persistent
behaviour. Cajueiro and Tabak (2003) investigated the Brazilian equity market and
found persistency more importantly their results suggest the the Hurst parameter is
time varying even after adjusting for short-range dependency. Cajueiro and Tabak
(2004) investigated 11 emerging markets and the U.S. and Japan, their results con-
cluded significant long range-dependency in Asian countries, less in the Latin Amer-
ican countries, except Chile, the U.S. and Japan were the most efficient. Sadique
and Silvapulle (2001) found persistency in Korea, New Zealand, Malaysia, Singa-
pore, while no or little evidence of persistency was found in Japan, the U.S. and
Australia. The returns of the Standard & Poor’s 500 and the Dow Jones Industrial
Average returns did not display trend reinforcing behaviour see Grau-Carles (2000).

Lo (1989) found little evidence of long term memory in U.S. stock market returns.

Mandelbrot and Hudson (2006) discuss ten heresies of finance.
1. Markets are turbulent 6. Markets are deceptive.
2. Markets are very risky. 7. Time is flexible
Market timing influences
gains and losses.

8. Prices leap.

Markets are uncertain Predicting prices is dangerous

and bubbles will occur. " but future volatility can be estimated.
The idea of financial "value"

has limited value.

5. All markets work the same. | 10.

2Sewell (2011) gives a list of studies.
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Cheung (1993) investigated long memory in foreign exchange rates and found evi-
dence of long-memory. Wei and Leuthold (2000) investigated the agricultural market
and found long memory in the sugar market. Jamdee and Los (2005) and (2007) show
evidence of long memory on European options through a time-dependent volatility.

The South African market showed persistency for some stocks in this dissertation.

Peters (1991) suggests that if a stock time series has a high Hurst exponent, then
the stock will be less risky and there will be less noise in the data set. Motivated by
these results the application of fractional Brownian motion is proposed. Replacing
Brownian motion with the fractional Brownian motion is suggested to reduce model
risk. Fractional Brownian motion is self-similar and captures long-range dependency.
The fractional option pricing models depend on an extra parameter, the Hurst para-

meter H.

The Hurst parameter 0 < H < 1 classifies a time series into three different
groups. If H = % then events follow a random walk. The returns are uncorrelated
and random. If 0 < H < % then the time series is said to have anti-persistent
behaviour, i.e. mean reverting and if % < H <1 then the time series is said to have
persistent behaviour, i.e. trend reinforcing. If the stock prices have a H > % this
shows that long-range dependence exists in the stock prices. Long-range dependency
is the same as a long-memory process where past events have a decaying effect on the
future. Mandelbrot (1982) pointed out two characteristics of the stock market price
behaviour and called them the Noah and Joseph effects. The Noah-effect refers to
the observed instances of large discontinuous jumps in the stock prices, or outliers.
The Joseph-effect refers to the tendency of the stock prices to have long term trends
with non-periodic cycles see Lo (1989) who investigate long term memory in stock

market prices.
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Fractional Brownian motion is a continuous Gaussian process that depends on

1

the Hurst parameter H and is defined by its covariance function. When H = 3

fractional Brownian motion becomes the ordinary Brownian motion.

Mandelbrot and Van Ness (1968) defined a stochastic integral representation of
fractional Brownian motion. When H # 1, B¥ (t) is not a semimartingale, and there-
fore the application of classical It6 calculus is not possible. Incorporating fractional
Brownian motion to price options using pathwise integration theory is not possible as
it allows for arbitrage possibilities. Under pathwise integration fractional Brownian
motion does not have zero expectation, which already implies the possibility of a
riskless gain. Duncan and Pasik-Duncan (1991) introduce another integration theory
based on the Wick product and a so-called Wick It6 Skorohod integral for fractional

Brownian motion. The Wick It6 stochastic integral has a zero expectation.

Delbaen and Schachermayer (1994) proved if the underlying stock price process
is not a semimartingale then there exist a weak form of arbitrage called "free lunch
with vanishing risk". This statement holds true if the definitions of arbitrage, self-

financing and admissibility remain unchanged.

Hu and @ksendal (2000) proposed that, in order to consider non semimartingale
models, one needs to modify the underlying definition of the portfolio value. A Wick
self-financing condition is imposed on the portfolio. The authors derive a closed form
solution to the fractional Black-Scholes formula. The market becomes free of strong
arbitrage and completeness can be shown. Elliot and van der Hoek (2003) derived

similar results as Hu and @ksendal.

Bjork and Hult (2005) criticized the work of both Hu and (ksendal (2003) and
Elliot and van der Hoek (2003), stating that the self-financing strategies used by the

above authors do not have a reasonable economic interpretation. But Bjork and Hult
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did emphasize that they were not against the usage of fractional Brownian motion

in finance, only against the particular application.

Necula (2002) used Wick stochastic calculus to generalize a fractional Black-
Scholes formula to price option from any arbitrary time ¢ to the maturity time
T using quasi-conditional expectations. Using the results of the quasi-conditional
expectations, a fractional risk-neutral valuation theorem is derived and used to price

options.

Mathematically, the approaches of Hu and @ksendal and Necula are correct and
accurate, but when trading in continuous time the Wick It6 integration theory still
admits weak arbitrage. Researchers have proposed that by imposing suitable restric-
tions, arbitrage can be excluded. Cheridito (2002) proved that when using an arbi-
trarily small amount of time between two consecutive transactions, arbitrage can be
excluded from the models. Therefore, it is assumed that investors cannot react imme-
diately when the information is received and, due to the large number of investors,
the prices will be fair. It is suggested to restrict the modeling to a discontinuous

trading strategy.

Rostek (2009) derived a formula for pricing fractional European options using
conditional expectation in a risk preference based pricing approach by assuming a
minimal time between trading strategies. The underlying stock process follows a
fractional Brownian motion. This model also assumes that traders are risk neutral
but they possess some knowledge of the past. Rostek and Schibel (2010) derived
the same model by assuming that participants have a constant relative risk aversion
and trade in discrete time. The investor’s wealth and the stock process follow a
bivariate log-normal distribution. Under assumed investor objectives a stochastic

discount factor is introduced to satisfy an equilibrium condition.
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Bender (2003) proves that the law of one price holds in a market where the stock

is driven by fractional Brownian motion.

Nualart (2001) investigated stochastic volatility models driven by fractional
Brownian motion to price options and showed that the market is incomplete and
martingale measures are not unique. Rogers (1997) states that fractional Brownian
motion is a absurd candidate for pricing options and suggests replacing the process
with similar process that captures long-range dependency of returns while avoiding
arbitrage. Bender, Sottinen and Valkeila (2006) states that it is not sensible to use
just fractional models but an add on of Brownian motion to fractional Brownian
motion should be considered. These models allow less arbitrage possibilities and
they include hedges see Bender, Sottinen and Valkeila (2009). Mishura (2008)
investigated the stochastic calculus behind the mixed models. Bratyk and Mishura
(2008) investigate the application of Brownian motion and fractional Brownian
motion to the modeling of hedge contingent claims and found absence of arbitrage

and incompleteness.

The application of various estimation methods of the Hurst parameter, namely
the aggregated variance method, absolute moments method, Higuchi method, and
the rescaled range analysis, were implemented. The Hurst parameter was estimated
over two periods one before and one after the 2008 market crash, for the whole

period, as well as at yearly intervals for different South African stocks.

The derivation of the fractional Black-Scholes models was studied and key results
and arguments are given for each of the models. We derive a fractional Black model
for all the settings because a majority of the options that are traded in South Africa

are options on futures. Options on stocks are known as warrants in South Africa.
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Using ALSI, SBK and MTN data on calls on futures and warrants, the models are
examined using two different perspectives. Fixing a constant empirical Hurst para-
meter, the fractional implied volatility was backed out. The relationship between the
fractional implied volatilities and the market implied volatilities was studied, and
the out-of-sample pricing comparison was investigated. Keeping a constant Hurst,
the performance of the models is compared with the out-of-sampling pricing per-
formance for different strikes and for different Hurst parameters. The out-of-sample

pricing errors reflect the model’s static performance.

The goal of this dissertation is to understand the mathematical application of
fractional Brownian motion in option pricing. The empirical applicability of these
models and to get a deeper insight into how these models perform compared to the

performance of the classical Black-Scholes and Black formula.

The dissertation is organized in the following way. Chapter 2 paves in the way
by presenting nessary results to option pricing of derivatives where the underlying is
driven by Brownian motion. Chapter 3 presents numerical methods for estimating
the Hurst parameter and provides evidence of dependency in the South African mar-
kets. Chapter 4 provides an introduction to chaos, fractals and fractional Brownian
motion. The Wick product as well as the main theorems are introduced in Chapter
5. Results are presented that are needed for the derivation of the models as well as
an alternative fractional Brownian motion is presented as done by Bender. Chapter
6 deals with Hu and Oksendal’s model. A fractional Black-Scholes option pricing
model is derived and a fractional Black formula is proved. Bjork and Hult’s criticism
is also noted. In chapter 7 Necula’s model is presented. Rostek and Schobel ’s Black-
Scholes model is presented in chapter 8 and a conditional fractional Black formula is
proved. The tools needed for the empirical comparison of the models are presented

in Chapter 9. Application to the ALSI, SBK, MTN calls on futures and warrants
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is shown in chapter 10. In chapter 11 a conclusion follows. Appendices A and B
contains tables of different Hurst parameters for different sectors of the economy.
Appendix C deals with white noise analysis. Appendix D states the Malliavin deriv-
ative and appendix E gives a description of an optimization algorithm. Appendix F
contains MATLAB code that was used. Appendix G gives the tables of the ALSI

pricing errors by option and by day.



CHAPTER 2

OPTION PRICING WITH BROWNIAN MOTION

2.1 INTRODUCTION

Imagine a market with participants such as speculators, arbitrageurs and hedgers
all trying to make a profit at the end of the day, in which Brownian motion is
used to drive the process of the underlying stock. Around 1900, Bachelier, did his
thesis on the pricing of options assuming the stock price follows a Brownian motion
with zero expectation (Merton, 1973) . The Black-Scholes formula allows one to price
derivatives such as European or American call or put options. The price returns are
independent and the distribution of returns is log-normal. But through historical
observation prices returns are known to not be log-normal (Lo and MacKinlay, 1999)
and long term memory can be found. Outliers and catastrophes occur as well which

no Gaussian character will ever capture.

Black and Scholes (1973) derived a formula to price options that assumes a
constant volatility for the underlying. Again through empirical studies the implied
volatility smile was found and volatility surfaces through time shows us different
behaviour. Thus we see that options cannot be correctly priced with a single volatility
thus the Black-Scholes model is incorrect. Regardless though, it is the most popular

means of pricing derivatives in practice.

The Black and Scholes world relies heavily on the assumption of no-arbitrage

which implies that two assets with identical payoffs cannot sell at different prices.

10
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This is a vital assumption otherwise one can make a risk free profit whilst trading.
The participants want to make a risk-free profit thus due to the demand arbitrage
opportunities will quickly disappear. There will be an absence of arbitrage in this
market if and only if there exists a local martingale measure (Bjork, 2004). As an
example of arbitrage, buying bottled water or a slice of cake at a shoppingmall is
substantially more expensive than buying the water at a reservoir and the ingredients
separately and these are forms of arbitrage opportunities. The law of one price
states that if we look at two investments that have the same payoff because of no
arbitrage through the mathematical modeling the two instruments will have the same
price. Efficient markets' are priced in such a way that prices move only when new
information is received. Therefore, it is assumed that investors react immediately
when the information is received and due to the large number of investors the prices

will be fair. But it is obvious that markets are not efficient.

In this chapter the modeling of stock price movements is done using Brownian
motion B (t). For time ¢ greater than zero we have a stochastic process such that
B (t) — B (s) has Gaussian distribution with mean 0 and variance ¢ — s. For each
sample path, B (t) is a continuous function of ¢, yet not differentiable. Some main
definitions and theorems concerning B (t) will be presented here. Integration with
Brownian motion is done using the It6 integral and is important for solving stochastic

differential equations driven by B (t).

IThe assumptions to the Efficient Market Hypothesis are:

1. Investors are rational and risk-adverse.
2. Markets which are made up of large number of investors participate continuously.

3. Today’s prices will only be affected by todays news and the prices are uncorrelated
with yesterdays prices.

4. Investors react immediately when information is received.
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Thereafter we will create a market setup consisting of a risky stock and riskless
government security. The markets operates continuously and is efficient implying

that all relevant information is already contained in the prices.

In this chapter we will be discussing the Black-Scholes formula and the Black
formula, they are used to price vanilla options. An European option gives the
right but not the obligation to exercise the claim on a underlying at maturity
for the strike price. A forward contract amounts to buying or selling today an
underlying with a some delivery date and a future contract is similar to a forward
(Bouchaud and Potters, 2000). The Black formula prices a European option on a
future on an underlying.

The mathematics behind the European call option pricing model as done by
Black and Scholes (1973) by using delta hedging techniques will be discussed here.
The objective is to create a replicating a portfolio consisting of positions in the
underlying and risk free instruments such that this portfolio through arbitrage will
replicate the value of the call option. There are many other ways in which one
can derive the option pricing formula for European options some of which include

expectations, the binomial lattice, change of numeraire or Monte-Carlo simulations.

2.2 STOCHASTIC PROCESS DRIVEN BY BROWNIAN MOTION

2.2.1 BROWNIAN MOTION

Consider the probability space (€2, F;, P), where Q) is the state space of random
events, JF; is the o-field generated by all Brownian motion on €2 and P is the under-

lying measure. We define Brownian motion as

Definition 2.1 (Durret, 1996). A one dimensional Brownian motion starting at

zero is the process B (t), in R and has the following properties:
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1. Let tg < t1 < ... < t, then B(to),B(tl) — B(to),,B(tn) — B(tn_l) are

independent implying that Brownian motion has independent increments.

2. Let s,t > 0 then

P(B(s+1t)— B(s)) :/R\/%exp (-327—;) da

with probability of 1. It follows that B (s +t) — B (s) has a normal distribution

with mean 0 and variance t.

3. B(0) =0 and t — B (t) is continuous.

Properties of one dimensional Brownian motion are

1. If B(0) = 0 then for any ¢ > 0 we have {B (st), 820}i {t%B(s), SZO}

also known as the scaling relation.
2. B (t) is a Gaussian process.
3. E[B(s)]=0,and E(B(s)B(t)) =sAt=min{s,t}.

4. We also have B (t) — B(s) ~ N (0,t — s).

The Markov property states that given the present state B (s) what hap-
pened before s does not matter for predicting what will came next. What hap-
pened before is described by the filtration which is a collection of o-fields: Define
Fi =0 (B(r):r<t); for each t > 0 then for s < t, F; C F;. We say Brownian
motion is measurable with respect to F, and set F? = o (B(r):r <s) and
FF =M= F? which is right continuous. Let C' be a space of continuous coordinate
maps C' = {w : t — w (t)} and C the o-field generated by the coordinate maps, then

for t,5 > 0 and w € Q we let 0 (s) : C' — C be a shift transformation given by

(s) (@) (t) = w (s +1)
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see Durret (1996). Let Y : C' — R is C measurable. The conditional expectation
of Y o0 (s) given F; is the expected value of Y for a Brownian motion starting at

S

B (s).

Theorem 2.1 The Markov property. If s > 0 and Y is bounded and C measurable

then for all z € R* we have
E, [Y o0 (s)|FS] = EpY.

For the proof see Durret (1996, page 9).

2.2.2 116 FORMULA

Let M be a square integrable martingale, M; be a martingale process with
sup,so B [M}?] < oo and My = 0. We denote by M? be the space of all mar-
tingales. Let limy .., £ [M;] = E[My] < oco. Then we endow M? with the inner
product (M,N) = E[M, N,]. It follows that M? is a Hilbert space. A random
step process is a process of the form f (t) = S0 €14, (t) where &, is square
integrable and &, is F;, measurable. The Wiener process W (t) is a martingale with

respect to the filtration F; and we can define a stochastic process by

n—1

(f-W) () =) & W (timr) — W (1))

=1

And is defined to be the L? limit of the stochastic integral

[ reaw ).

For ¢ > 0, a continuous stochastic process £ (t) is called an Ito process if it has the

form

&(T) :g(o)+/0Ta(t)dt+/OTb(t)dW(t)
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where b(t) € M2, for T > 0 and a(t) is F; adapted such that fo la (t)|dt < oo

almost surely for all T > 0 (Brzezniak and Zastawniak, 2006).

Lemma 2.1 A simplified Ito formula in differential notation is given by

of t, W (1))  10*f(t, W (1)) of (t, W (t))
a2 o >dt+ oW @)

0 (W (1)) = ( aw (1)

Proof. For the proof see Brzezniak and Zastawniak (2006, page 196). We apply
stochastic calculus and by the Taylor expansion we have

df (¢, W (t)) = f{t+dt, W ({t)+dW (t))— f(t, W (t))

of (t, W (1)) of (W),  LPf(EW (1)

10 AW (t) + TR R D (dW (1))
of (t, W (t)) LPf(EW () e
de (t) dt+§at2—(t)(dt) +

with dWW (t)dt = 0 and (dt)* = 0. m

Example 2.1 (Brzezniak and Zastawniak, 2006). Let B (-) be a Brownian motion

then

/0 B(s)dB (s) = %BQ () — %t.

Example 2.2 (Durret, 1996). Consider a stochastic differential equation of the form
dX (s) =bX (s)ds+ o X (s)dB (s) which can be rewritten in integral form as

X(t):X(O)+/th(8)dS+O'/tX(8)dB(S) (2.1)
0 0

using stochastic calculus the solution to this equation is a diffusion process with
continuous paths. Let Xy be a real number and B (t) a standard one dimen-
sional Brownian motion and let X (t) = Xoexp (ut + 0B (t)) be the exponential
Brownian motion. Using It6 formula the solution is X (t) = X, + fot pX (s)ds +
fot o X (s) )+ 35/ '02X (s)ds thus we get the solution of the stochastic differen-
tial equation with b (x) = <u + %) x and o (x) = ox. Ezxponential Brownian motion

15 used to represent stock prices.
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2.2.3 GIRSANOV FORMULA

In finance the Girsanov formula gives us the possibility to change between equivalent

measures.

Definition 2.2 (Schoutens, 2003) . An equivalent martingale measure @Q is equiva-
lent to P if they have the same null sets and the discounted stock-price process is
a under the risk neutral measure is a martingale. If the equivalent martingale mea-
sure exists then it is related to the absence of arbitrage while the uniqueness of the

measure is related to market completeness.

X is a continuous semimartingale if X (¢) can be written as M (t) + A (t) where
M (t) is a continuous local martingale and A (t) is a continuous adapted process that
is locally of bounded variation. X (t) = M (t) 4+ A (t) is a continuous semimartingale
if M (t) and A(t) are continuous process with A (0) = 0, and the decomposition
is unique see Durret (1996). We denote the quadratic variation as (X) (t) and the
covariance (X,Y) (¢) is the same under P and Q).

A collection of semimartingales and the definition of the stochastic integral are
not affected by a local change of measure. Two measures ) and P defined on a
filtration F; are said to be locally equivalent if for each ¢ their restriction to F;, @y,

and P, are equivalent, i.e. mutually absolutely continuous. We set

_dQ(t)
oz()—dp—(t).

Theorem 2.2 The Girsanov’s formula states that if X is a local martingale under

the measure P and let A(t) = ft

o @ M (s)d (o, X) (s), then X (t) — A(t) is a local

martingale under the measure Q).

For the proof see Durret (1996, page 91).

A bounded local martingale is a martingale see Durret (1996) .
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2.3 DERIVATIVES DRIVEN BY BROWNIAN MOTION

2.3.1 THE MARKET

Consider a Black-Scholes market with an investment in a money account and a stock
driven by Brownian motion in a continuos setting 0 < ¢ < T'. Let » > 0 be a constant
riskless interest rate and the same for all maturities. Then the money market account

A (t) at time t develops according to the equation
dA(t) = rA(t)dt (2.2)
A0) = 1.
The solution of equation (2.2) is
A(t) = exp (rt) (2.3)

Let pn = p(t) be the drift of the stock and o # 0 be the corresponding volatility.

The stock price process has the following dynamics

dS(t) = p(t)S(t)dt+ oS (t)dB(t) (2.4)
S (0) = Sp>0.
If we let
dB (t) = vdt + dB (t) (2.5)

it follows by the Girvsanov theorem B is normally distributed with zero mean and

variance dt under measure (). Substituting equation (2.5) into equation (2.4) we get
dS (t) = wS(t)dt+ oS (t)dB(t)

= uS(t)dt + oS (t) (dB (t) — 7dt>

= S(t)(u— o) dt+ oS (t)dB (1)



Y
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Q= YUNIBESITHI YA PRETORIA

18

under the equivalent martingale measure (). Setting the market price of risk as

w—r
o

’y:

then it follows

—-T

ds(t) = S(t) (M " (“T)) dt + oS (1) dB (t)
— rS(t)dt+ oS (t)dB(t). (2.6)

If we let H (t,S(t)) = In S (t) then

OH (t,S(t)) 0 OH (t,S(t)) 1 4 O’H (t,5(t) 1
a0 9SS M T a2 sty

It follows from the It6 formula, lemma (2.1) that

1 1 1

H (1,5 (1) = 5550 - 55

(ds (1))’ (2.7)

Substituting equation (2.6) into equation (2.7) we obtain

dH (t, 5 (1)
1

= 30 (rS (t)dt + oS (t)dB (t)> -

= <r - %02) dt + odB (1)

1
52 ()

(S (t)dt + 05 (1) dB (1)) i

N —

Integrating we get

S (t) = Spexp (UB (t) +rt — 30275) . (2.8)

We can create a self-financing portfolio Z (t) consisting of A (¢), delta, in the

risky asset and w (t) in the riskless asset as follows
Z({t)=A@)S(t)+u(t)A(t). (2.9)
We say the portfolio is admissible if

dZ () = A () dS (t) +u (t) dA(1). (2.10)
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2.3.2 VANILLA MODEL ASSUMPTIONS

The assumptions to pricing the Black-Scholes formula and the Black formula are as

follows:

10.

11.

12.

13.

. The stock price follows a geometric Brownian motion and changes in the stock

price follow a Markov process.

. Stochastic differentials are interpreted in the It6 Skorohod sense.

The stock prices are log-normally distributed implying that the returns have

a Gaussian distribution.
There exists a unique equivalent martingale measure under Q).

Absence of arbitrage, no free lunch with vanishing risk and the law of one price

holds.
The market is complete and the efficient market hypothesis holds.

The drift x4 and volatility ¢ are constant and the r is a constant risk-free rate

of interest.
The portfolio is self-financing as in equation (2.9).

The definition of an admissible portfolio is give in (2.10) and is done using the

normal multiplication.

Short selling is allowed and there are no penalties for shortselling.
There are no transactions costs or taxes.

There are no dividends or commissions.

Trading is done continuously.
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14. All securities are perfectly divisible.

15. The option is European implying it can be only exercised at time 7.

2.3.3 BLACK-SCHOLES OPTION PRICING FORMULA

Black and Scholes (1973) derive a call option pricing formula in equilibrium, where
the expected return on the hedged position must be equal to the return on the

riskless asset.

Theorem 2.3 Black-Scholes formula. At time t let S (t) be the underlying stock, K
the strike price and T" the maturity date then the price of an European call option

C(t,S(t)) is given by

C(t,S (1) =S (1) N (d) — Ke " TIN (dy) (2.11)
with
S (t) 2
In(|—=)+r(T—1t)+-0°(T—1)
)
o/ (T —t)
and
In (S—(t)) (T =) = 202 (T — 1)
. K 2
: o/ (T — 1)

where N (x) is the cumulative probability distribution function for a Gaussian dis-

tribution

1 ¢ x?
N(t) = — exp | —— | dx.
( ) vV 2T /_oo P ( 2 )
Proof. Black and Scholes (1973) .

We create a hedged portfolio consisting of a long position in the stock and a short

position in the option. The number of options sold short against one stock long is

1
ac (S0
S (t)
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This is the inverse of the delta of the option where the delta of the option is defined
as the change in the call option with respect to the change of the underlying stock,
i.e. the sensitivity of the portfolio with respect to the option stock price. Thus the

value of this position is

S(t)— (%ﬁ)@))) C(t,S(t)).

Let dt be a increment of infinitesimal time since we can self finance the change in

the value of the portfolio value over a infinitesimal period of time is

ds (1) — (%Z)@))_ dC (.S (1)) . (2.12)

The portfolio value after the change at time ¢ + dt is

S (1) +dS (1) (%ﬁ)@))) C(CLS() +dC (LS (1))

By the It6 formula we have

aC (£, (1))

02C (t, S (t)) aC (t,S (1))
95 () dt +

952 (1) o

dC (.S (t)) = a5 (1) + 50757 (1
(2.13)

substituting (2.13) into (2.12) we have the change

dS(t)—(w>_l WS4 (1) + L0252 (1) LEGS gy
a5 (t) Lacteston

OC (5 ())\ ™' (1 gqn , PC (LS (1) | 9C (1S (1)
- _( 25 (1) ) (5“5() 952 (1) ot )dt'

Because no arbitrage holds the value of this portfolio has to equal to the risk free
return on the investment otherwise there are obvious arbitrage possibilities. The
risk in the hedge position is zero if the short position in the option is adjusted

continuously

AC (1, S W)\ " (1 4oy, P2C(,S())  OC (5 (1))
_( 25 (@) ) (ias(t) 0521 ot )dt




UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Q= YUNIBESITHI YA PRETORIA

Rearranging we have the Black-Scholes partial differential equation

OC (t,S(t)) 1 4.5, 0%C(t,S(t) 9C(t,S (1))
sn T U Hen T T a

rS(t)

Let K be the exercise price, then the call option looks like

1 Call Price

K Stock Price

Call Option

—rC(t,S(t)).

22

(2.14)

thus at time T if S < K the payoff of the call becomes worthless, else if S > K the

payoff of a call is S (t) — C (¢, S (t)). We can write the claim as

X (T) =max{S(T) — K,0}.

(2.15)

The solution of equation (2.14) given boundary conditions (2.15) is done by making

the following substitution

C(t,5(1))

r(th)y o

where

y(u,0) = 0, u<0

The solution follows as

(2.16)

(2.17)
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Substituting (2.17) into equation (2.16) we obtain the price of a European call option

as

C(tS(t) =S ()N (d) — Ke " TIN (dy)

Suppose we create a portfolio X (¢) at time ¢ consisting of a long in a European
put option on a strike K with maturity 7" and a long the underlying stock then the

value of the portfolio becomes
X({t)=P(t,S(t)+S(t).

At time ¢ suppose we also create another portfolio Y (¢) consisting of a long in a
European call option on a strike K with maturity 7" and we long the amount K of a
riskless government security bond A (¢) paying one unit at time 7" then the portfolio

becomes

Y(t)=C (S () +KA(t).
At time T if S(T) < K then portfolio X (T') is worth K — S(T) + S(T) = K
since the put gets exercised. While portfolio Y (T") is worth K since the call expires
worthless. If S (T) > K we have portfolio X (7') is worth S (T') and portfolio Y (T')
is worth S(7T') — K + K = S (T). Thus at time T portfolio X (T") is equal to Y (T)
and since the law of one price holds and we must have at time ¢ the put-call parity

relationship

Pt,S(t)=C(tS(t)+KA({t)—S(t).

Through symmetry a European put option can be derived as

P(t,5(t) = Ke "N (=dy) — S (t) N (—dy).
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2.3.4 BLACK OPTION PRICING FORMULA

The Black formula can be derived using the Black-Scholes option pricing formula by

doing a suitable substitution.

Theorem 2.4 Black formula. The price at every t € [0,T] of an FEuropean call

option with strike price K and maturity T on the futures contact F, is given by

c(t,F(t)=e ™V (F(t)N (dy) — KN (dp))

with
F@)\ 1,
o/ (T —t)
and
hﬂ(F—(t))—1 2(T —t)
dy — K 2
o/ (T —t)

where N (z) is the cumulative normal density function.

For the proof see Bjork (2004, page 104.)

Because the law of one price holds we can create a portfolio consisting of put
options on future contacts and some other ingredients and through arbitrage argu-
ment and symmetry we derive a Black formula for a European put p at time 7" which
is given by

p(t,F(t)=e T (KN (=dy) — F (t) N (—dy)).

2.3.5 THE CLARK-OCONE FORMULA

Consider the filtration {B;,t > 0} generated by a d-dimensional Brownian motion

with B (0) = 0. All local martingales adapted to {B;,¢ > 0} are continuous and
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every random variable X € L? (Q, By, P) can be written as a stochastic integral.
If we let B(t) = (B'(t),..., B4(t)) with B(0) = 0 and we let {5}, ¢ > 0} be the
filtration then by the martingale representation theorem for any X € L? (0, B., P)

there are unique ¢’ which is a predictable process such that

X]+Z/Ooo¢i(s)d3i(s).

The Clark-Ocone formula provides an explicit martingale representation for certain

random variables using the Mallivian derivative see Carmona and Tehranchi (2004) .

Theorem 2.5 For the Clark-Ocone formula we let F = > >° I,(f,) where

which are symmetric in the variables (tq,...,t,). Let ® be the tensor product then we

define

L(f)= > /OT] ’’’’’ ) (1, ooy tn) AM @ .. @ AMP"

(a1, 0m)EI™

and the norm 1is ||F||i2(m = 3% nl || full’. Let the space Dyy C L (Q) with
norm 0% n - nl||fall2 < oo and is dense in L* (). For F € Dy let D be a
operator given by Dy o F => 0" nl,_1 (f&(-,t)), then
+Z/ (Do F|F,_] dMS
ael
where [Dy o F'|Fi—] is the projection of Dy ,F.
For the proof see Lokka (1999, page 12).

Carmona and Tehranchi (2004) derive a hedging formula in the setting of interest

rate option using the Clark Ocone formula.



CHAPTER 3

THE HURST PARAMETER

3.1 INTRODUCTION

In the early 20th century a hydrologist named Harold Edwin Hurst worked on the
Nile river dam project. Hurst’s (1951) plan involved storing the water inflows from
the great lakes into the Nile river basin from the good years for the use in bad years
and this necessitated that the dam needed to be large enough to meet the unexpected
phenomena. Most hydrologists assumed that water inflows were a random process.
Hurst (1956) found that even after shuffling the data the data still approximated
the Gaussian distribution and high and low values clustered, grouped together, more
than the random! process should. Hurst found that there were cycles in the time
series even though the series was non-periodic (Long, 2002). He later found that
most natural systems, like temperature, river discharges and sunspots do not follow

a random walk (Peters, 1991).

The Hurst parameter 0 < H < 1 classifies a time series into three different

groups. If H = % then events follow a random walk, thus present events will not

'Mandelbrot (1997, page 123) categorizes randomess into
1. Mild randomness.
2. Slow randomness.

3. Wild randomness.

26
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influence the future and the returns are independent of each other, see figure 3.1. If
0<H< % then the time series is said to exhibit anti-persistent behaviour, meaning
it is mean reverting, see figure 3.2. If % < H <1 then the time series is said to have

persistent behaviour in other words trend reinforcing, see figure 3.3.

Peters (1991) defines a fractal time series as time series which are statistically
self-similar with respect to time. If you look at the graph of such a time series it
displays jagged lines. An anti-persistance chart would display a time series with many
jagged lines as it is subject to reversals. In other words, if the prices experienced
an up movement then the next movement is more likely to be down and vice versa.
Persistent chart would result in a series that is less jagged and closer to a line. If
the stock prices were up, then there is a higher probability that stock prices will
be up again in the next movement and vice versa. If it is assumed that the Hurst
parameter was 0.6 and that the last move was up, then there is a 60% chance that
the next move will again be up. Today’s returns have some correlation with the past

returns.

Definition 3.1 (Biagini, Hu, Oksendal and Zhang, 2008). A stochastic function

{X () },50 is self-similar if for every a > 0 there exists b > 0 such that
Law (X (at)) = Law (bX (t)) .

In other words the two processes X (at) and bX (t) have the same finite-

dimensional distribution functions. For every choice ty, ..., , in R,
P (X (aty) < xg, ..., X (at,) < xz,) = P (bX (to) < zg,...,0X (t,) < xp)

where 1z, ...,x;1 € R. In other words no matter which level of scale is chosen the

process qualitatively looks the same. Compressing or uncompressing the process by
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Fractional Brownain motion H=0.9

1 I I I
1) a0 100 160 200 260 300

Figure 3.3: Fractional Brownian motion for H = 0.9 showing persistency.

a factor only changes the characteristic of the process up to a scaling. The same

idea is associated when thinking of fractals. See figures 3.4, 3.5 and 3.6. Let b = o=

in the above definition then stochastic function {X (t)},, is a self-similar process
1

with the Hurst parameter H. The quantity D = £ is called the statistical Hurst

dimension of X.

Definition 3.2 (Biagini, Hu, Oksendal and Zhang, 2008). A stationary sequence

(X (n)),ey exhibits long-range dependence if the autocovariance function which is
p(n) = cov (X (k), X (k+n))

satisfies
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Figure 3.4: Anti-persistency. Fractional Brownian motion scaling for H = 0.1 and

a = 10.
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Figure 3.5: Random Walk. Fractional Brownian motion scaling, H = %, a = 10.
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Scaling H=0.9, s==10
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Figure 3.6: Persistent. Fractional Brownian motion scaling, H = 0.9, a = 10.

for some constant ¢ and o € (0,1), then the dependence between the increments

decays slowly as n — oo and

Zp(n):oo.

If the stock prices have a H > % this shows that long-range dependence exists
in the stock prices. Long-range dependency is the same as a long-memory process.
A long-memory process in a data set implies that the present price increment is
autocorrelated with a price increment in the future. This autocorrelation decays

over time and the decay follows the power law
p(n)=H(2H — 1) n*2

where p (n) is the autocorrelation function with lag n (Biagini, Hu, Oksendal and

Zhang, 2008). Figure 3.7 shows the autocorrelation function for different lags and
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Figure 3.7: Autocorrelation function for different lags and different Hurst parameters.

three Hurst parameters, H = 0.51, H = 0.55 and H = 0.6. It can be seen that the
autocorrelation function quickly goes to zero when the Hurst parameter is close to

0.5.2

3.2 NUMERICAL METHODS

Mandelbrot used the rescaled range analysis (R/S) to model the Hurst parameter
for the Nile (Peters, 1991). Rescaled range (R/S) analysis is a common tool for

estimating the Hurst parameter in many applications but this analysis is not reliable

2Econophysics is the study of financial markets using tools froms physics see Bouchaud
(2002), Farmer and Lux (2008), Lo and Mueller (2010), Sharma, Agrawal, Sharma,
Bisen and Sharma (2011) and Stanleya, Amaral, Canning, Gopikrishnan, Lee, Liu
(1999) .Researchers in this field study have also studied correlation in finiancial time series
see for intance Mantegna and Stanley (2000) .
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for small samples (Clark, 2005). Gammel (1997) used the Rescaled Range method to
find correlations in generated pseudo random numbers in Monte Carlo simulations.

Newer methods have been introduced to improve the approximation.

If a statistic f (m) behaves like m*#+% as m — oo for some constant a and b,
then
log f (m) = (aH +b)logm + R
where R is independent of H. The Hurst parameter H is computed by the estimated
slope (aH + b) . Using linear regression for the log plot of f (m) against the log plot
of m should produce a straight line with this slope see Biagini, Hu, @ksendal and
Zhang (2008).

Define a data series X (¢) and let N be the length of the vector X. Divide the

original series X (t) into &k number of blocks of size m for k = 1,2, ..., M, where M =
N

{—] denotes the integer part of —. The mean of each block is taken and a new
m m

aggregated series X (™ is formed

m) () = L S
X (m _mkz

Let the sample average of X, F [X] is
N
1
N Z

Algorithm 3.1 (Biagini, Hu, Oksendal and Zhang, 2008). The aggregated variance

method is based on the self-similarity property of a sample. The variance is given as

Var (X (k) = = 3 (X () — E1X))",

Where V ar (X(m) (k:)) behaves like m*"=2 for large m. In particular, log (Var (X(m) (k))) =
(2H — 2)logm+ R. The estimator of H is obtained by plotting log (Var (X™ (k)))

versus m on a log-log scale.
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Algorithm 3.2 (Biagini, Hu, Oksendal and Zhang, 2008). The absolute moments

(value) method is a generalization of the aggregated variance method and is given by
LM
AM (XM (k) = —— ) | X™ (k) — E[X]
(X 1) = 57 2 |
where AM (X™) (k)) behaves like m™ =" for large m.

Algorithm 3.3 (Montanari, Taqqu and Teverovsky, 1999). The Higuchi method

takes the partial sums Y (n) = Y1, X (i) of the original series. Instead of using

N
non intersecting blocks, a sliding window is used. Let M (i) = { Z] and
m
Nolgs 1 R
L(m)= g . E Y (i +km) =Y (i+ (k—1)m)|
m3 — M (7) p

then L (m) ~ Cm™P, where D = H — 2 and C is a constant. The log-log plot of

L (m) versus m should produce a straight line with a slope of D = H — 2.

Algorithm 3.4 (Biagini, Hu, Oksendal and Zhang, 2008 ). Rescaled range analysis
method uses the time series Xi,.., Xy by dividing the whole series into k non-
intersecting blocks that all contain M elements with M being the greatest integer
that is smaller than % Let Y (t) = 2!, X (i) be partial sums. The range series R
1s calculated as

?

R(t,k) = max {Y(t+i)—Y(t)——(Y(tJrk)—Y(t))}

0<i<k k
7

— min {y@m)-y@s)-E(Y(Hk)—Y(t))}.

0<i<k

The standard deviation of the series is given as

S (k) = %Z (X(z')—%z X(i)) |

The rescaled adjusted range is computed for different numbers of t and k and is

given by
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RS (k) behaves like k™ in distribution for large k values.

Morales, Matteo, Gramatica and Aste (2011) applied the weighted generalized
Hurst parameter which assigns more weight to the more recent events to find stability
or instability in financial companies. This way large outliers in the past influence
the present less. Bayraktar, Poor and Sircar (2008) estimated the Hurst parameter
of the S&P 500 index using Wavelt analysis and their method exhibits robustness

to non-stationarities that are present in the data.
Descriptions of the MATLAB codes used are given in the appendix F.

To investigate the aggregated variance, absolute moments, Higuchi and the
Rescaled Range methods we generated a random walk i.e. H = % Uniformly
distributed random numbers were used for our random walk. The mean and the
standard deviation of the Hurst parameter estimates are given for different sample
sizes, see table 3.1. It was found the more observation the better the Hurst parameter
estimate. When dealing with stocks it is not always possible to obtain historical

data over long periods.

Based on the difficultly of distinguishing dependency from a random walk we

make the following conservative proposal.

Remark 3.1 For 0 < H < 0.25 we say the data series of stock returns displays
a strong anti-persistent behaviour. For 0.25 < H < 0.45 the data series displays a
slight anti-persistent behaviour. For 0.45 < H < 0.55 we say the data series has a
Hurst parameter close to a half, i.e. H ~ % For 0.55 < H < 0.65 the data series
displays a slight persistent behaviour. For 0.65 < H < 1 the data series displays a

strong persistent behaviour.
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Table 3.1: Hurst’s Mean and Standard Deviation.
Aggregated Variance Absolute Moments

N mean | Stdev N mean | Stdev
500 | 0.4705 | 0.0713 | 500 | 0.4730 | 0.0753
1000 | 0.4756 | 0.0619 | 1000 | 0.4754 | 0.0585
10000 | 0.4826 | 0.0310 | 10000 | 0.4846 | 0.0354
Higuchi Rescaled Range
N mean | Stdev N mean | Stdev
500 | 0.4951 | 0.0744 | 500 | 0.6043 | 0.0376
1000 | 0.4957 | 0.0570 | 1000 | 0.5877 | 0.0318
10000 | 0.4962 | 0.0370 | 10000 | 0.5556 | 0.0141

3.3 SOUTH AFRICAN STOCK MARKET

We refer the reader to interesting articles on the South African market by Wentzel
and Maré (2007) who investigate the South African equity market using Extreme
Value Theory. Zhou and Sornette (2008) investigated financial bubbles in 45 indices

between 2003 and 2006 and five indices showed a fast acceleration in prices.

An investigation of the South African market was done in this investigation to
see whether key stocks displayed persistent or anti-persistent behaviour. The South
African economy is an emerging market and there are sectors in which we found high
persistency. The Hurst parameter was investigated for the log returns of 130 stocks.
The data was obtained from Sharenet. We also looked at the Hurst parameter for
the period before the recession and after. The Hurst parameter varies across different

periods.

e The first interval, the whole interval, was from the first date on which we had

data available, for a specific stock, up to 17-Feb-2011.
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Figure 3.8: JSE-ALSI, 1985/03/27-2011/02/17.

e The second interval was from the beginning up to 23-May-2008, and is the
period preceding the recession. The 23rd of May 2008 was the highest value in

the domain of the JSE-ALSH index data which was obtained from Sharenet.

e The third interval was after the crash, from the period 23-May-2008 to 17-Feb-

2011.

Figure 3.8 and figure 3.9 are the All share index (JSE-ALSH) plots from 27-Mar-
1985 till 17-Feb-2011. The investigation of 2, 3 and 4 yearly intervals for persistency
and anti-persistency was done.

One hundred thirty different stocks from 45 sectors were investigated using two
methods, the Higuchi and the absolute moments method. Using the classification

criterion in the remark 3.1 above we found when looking at the whole interval that
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Figure 3.9: JSE-ALSI, 2007/06/01-2011/02/17.

31.54% of the stocks displayed a persistent trend using both methods and that
26.92% of the stocks displayed a persistent trend using one of the methods see figure
3.10. Further, 30% of the stocks displayed a H ~ % trend using both methods while
4.62% of the stocks displayed anti-persistent behaviour using both methods, 5.38%
of the stocks displayed anti-persistent behaviour using one method and 1.54% of the
stocks displayed persistent behaviour for one method and anti-persistent behaviour
for one method, see figure 3.10.

When looking at the interval before the crash till 23 May 2008, 25.23% of the
stocks displayed a persistent trend using both methods and that 25.23% of the stocks
displayed a persistent trend using one of the methods. Further, 30.84% of the stocks

displayed a H ~ - trend using both methods while 5.62% of the stocks displayed

1
2

anti-persistent behaviour using both methods, 6.54% of the stocks displayed anti-
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Figure 3.10: Persistency, H ~ %, Anti-Persistentcy on Whole Interval.

persistent behaviour using one method and 6.54% of the stocks displayed persistent

behaviour for one method and anti-persistent behaviour for one method (see Figure

3.11).

When looking at the interval after the crash, from 23 May 2008 till 17 February

2011, 18.88% of the stocks displayed a persistent trend using both methods, 8.49%

of the stocks displayed a persistent trend using one of the methods, 18.88% of the

stocks displayed a H =~ % trend using both methods while 24.53% of the stocks

displayed anti-persistent behaviour using both methods and 27.34% of the stocks

displayed anti-persistent behaviour using one method. Further, 1.88% of the stocks

displayed persistent behaviour for one method and anti-persistent behaviour for one

method, (see Figure 3.12).
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Figure 3.11: Persistency, H ~ % and Anti-persistency before crash of 23 May 2008.

Percent

Persistency, Normality and Anti-Persistency after crash from 28 May 2008 till 17 Feb 2011
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Figure 3.12: Persistency, H ~ % and Anti-Persistency after crash from 23 May 2008
till 17 Feb 2011.
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Table 3.2: All share index Hurst parameter.
JSE-ALSH Hurst Parameter
_ Aggregated Absolute : .

Period N Variance Moments Higuchi | R/S
27-Mar-85 to 17-Feb-11 | 6462 | 0.4917 0.5143 0.5886 | 0.6019
27-Mar-85 to 23-May-08 | 5775 | 0.4805 0.5043 0.5790 | 0.6134
23-May-08 to 17-Feb-11 | 688 | 0.5300 0.5474 0.5217 | 0.5816

The All share index (ALSI) was investigated using all four methods, see table
3.2. The results of the investigation for the whole period showed H ~ % for the aggre-
gated variance and absolute moments methods while the Higuchi and the rescaled
range analysis showed slight persistency. Looking just at the period before the reces-
sion the same was found. For the period after the recession all the methods except
the rescaled range analysis showed H =~ % Using the absolute moments method and
the Higuchi method the data was divided into two and four year intervals and the
estimated Hurst parameter was plotted, see figures 3.13, 3.14, 3.15 and 3.16. For two
year intervals the absolute moments method estimate appears to be mean reverting
around a Hurst parameter of 0.5 while for two year intervals the Higuchi method
estimate appears to be mean reverting above 0.5. We concluded that the ALSI has
a H=~ % to slightly anti-persistent.

In the metals and minerals sector, Assore Ltd (Assore) showed a strong level of
persistency throughout the interval. The data was divided into 2 yearly intervals from
27-Mar-1985 to 17-Feb-2011 and the Hurst parameter worked out for each interval.

This plotted in figure 3.17, it can be seen that the Hurst parameter is above 0.5 for

the entire interval.
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Figure 3.13: The Hurst parameter for ALSI stock for two year intervals using
Absolute Moment method.
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Figure 3.14: The Hurst parameter for ALSI stock for four year intervals using
Absolute Moment method.
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Figure 3.15: The Hurst parameter for ALSI stock for two year intervals using Higuchi
method.
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Figure 3.16: The Hurst parameter for ALSI stock for four year intervals using Higuchi
method.



Table 3.3: Sector: Metals and Minerals, Stock: Assore Ltd.

Assore Hurst Parameter
Period N Absolute Moment | Higuchi
27-Mar-85 to 17-Feb-11 | 5926 | 0.6244 0.6897
27-Mar-85 to 23-May-08 | 5238 | 0.6262 0.6858
23-May-08 to 17-Feb-11 | 688 | 0.5788 0.5905

1 S S S .

Hurst
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03f R

021 .

01F .

1 2 3 4 5 B 7 &} 9 10 "
2 year interval

Figure 3.17: Stock Assore, Hurst parameter for two year interval.




Table 3.4: Sector: Metals and Minerals, Stock: Merafe Resources Ltd.

Merafe Hurst Parameter
Period N Absolute Moment | Higuchi
20-Jul-88 to 17-Feb-11 | 5635 | 0.4957 0.4940
20-Jul-88 to 23-May-08 | 4947 | 0.4789 0.4766
23-May-08 to 17-Feb-11 | 688 | 0.6443 0.6546

Table 3.5: Sector: Metals and Minerals, Stock: Metorex Limited.

Metorex

Hurst Parameter

Period

N

Absolute Moment

Higuchi

19-Jun-96 to 17-Feb-11

3659

0.5700

0.5627

19-Jun-96 to 23-May-08

2971

0.5227

0.5080

688

0.6992

0.7033

45

23-May-08 to 17-Feb-11

Merafe Resources Ltd (Merafe) and Metorex Limited (Metorex) had a
H = % trend up to the second quarter of 2008 and then rose to a strong persistent
behaviour. The Hurst graph for Merafe is given in figure 3.18.

York Timber Holdings Limited (York) from the forestry subsector had an
overall slight persistency and after the recession the persistency rose. The Hurst
graph of York was plotted for 3 year intervals in figure 3.19.

Adcock Ingram Hlgs Ld (Adcock) from the pharmaceuticals subsector had a

strong persistency trend on the overall interval although when the separate intervals

Table 3.6: Sector: Forestry: Stock: York Timber Holdings Limited.

York Hurst Parameter
Period N Absolute Moment | Higuchi
26-Mar-87 to 17-Feb-11 | 5963 | 0.6224 0.6313
26-Mar-87 to 23-May-08 | 5275 | 0.6858 0.6077
23-May-08 to 17-Feb-11 | 688 | 0.6858 0.7201
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Figure 3.18: Stock Merafe, Hurst parameter for two year interval.
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Table 3.7: Sector: Pharmaceuticals, Stock: Adcock Ingram Hlgs Ld.
Adcock Hurst Parameter
Period N Absolute Moment | Higuchi
06-Sep-85 to 17-Feb-11 | 4233 | 0.7010 0.7397
06-Sep-85 to 23-May-08 | 3545 | 0.7229 0.7367
23-May-08 to 17-Feb-11 | 688 | 0.4733 0.6214

were observed it was seen that there is a drop in the persistency level after the

recession, see figure 3.20.

adcock

el
s
S 05+ + + + +
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1 15 2 25 3 35 4 45 5

3 year interval

Figure 3.20: Stock Adcock Hurst parameter for three year interval.

Telkom SA Limited (Telkom) from the Fixed-line telecommunications sector

had strong persistency over the whole interval, see table 3.8.



48

Table 3.8: Sector: Fixed-Line Telecom Services, Stock: Telkom SA Limited.

Telkom Hurst Parameter
Period N Absolute Moment | Higuchi
04-Mar-03 to 17-Feb-11 | 1991 | 0.6378 0.6218
04-Mar-03 to 23-May-08 | 1303 | 0.5095 0.5890
23-May-08 to 17-Feb-11 | 688 | 0.6188 0.6526

Table 3.9: Sector: Brewers, Stock: Awethu Breweries Ltd.
Awethu Hurst Parameter
Period N Absolute Moment | Higuchi
20-Nov-97 to 17-Feb-11 | 3306 | 0.3648 0.4037
20-Nov-97 to 23-May-08 | 2618 | 0.3709 0.3799
23-May-08 to 17-Feb-11 | 688 | 0.2434 0.2125

In beverages brewers subsector Awethu Breweries Ltd (Awethu) showed
strong anti-persistency (see table 3.9), while Sabmiller Plc (Sabmiller) showed

H =~ % before the crash and slight anti-persistency afterwards (see table 3.10).

Figure 3.21 displays the stock prices for the different South African banks. Before
the global crisis hit South Africa, ABSA Group Limited (Absa) had a H ~
trend, however after the crash of mid 2008 the bank’s Hurst parameter dropped thus

showing an anti-persistent behaviour. For Nedbank Group Ltd (Nedcore), Rand

Table 3.10: Sector: Brewers, Stock: Sabmiller Plc.

Sabmiller Hurst Parameter
Period N Absolute Moment | Higuchi
27-Mar-85 to 17-Feb-11 | 6462 | 0.4833 0.5599
27-Mar-85 to 23-May-08 | 5774 | 0.4808 0.5580
23-May-08 to 17-Feb-11 | 688 | 0.4370 0.4532
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Figure 3.21: South African banks

Merchant Bank Holdings Limited (Rmbh) and Standard Bank Group Lim-
ited (Stanbank), one method showed H =  on the whole interval, before the crash
and anti-persistency afterwards. The other method showed slight persistency on the
whole interval, before the crash and anti-persistency after the crash. Firstrand
Limited (Firstrand) has a H ~ 3 on the whole interval and anti-persistent on
the intervals before the crash and after the crash. Saambou Holdings limited
(Saambou) Hurst parameter was close to % to slightly persistent until the bank col-
lapsed. Capitec (Capitec) displayed persistency on all three intervals using Higuchi
method and the absolute moments method showed H ~ % on the whole interval and

the interval after the crash while anti-persistency before the crash.

From figure 3.21 it is clear that Mercantile Bank Holdings (Mercantil) stock

prices are anti-persistent. The Mecantil data set was divided into 5 groups, first one
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Table 3.11: Sector: Banks, Stock: ABSA Group Limited.

ABSA

Hurst Parameter

Period

N

Absolute Moment

Higuchi

03-Dec-86 to 17-Feb-11

6038

0.4894

0.5473

27-Mar-85 to 23-May-08

5350

0.4834

0.5435

23-May-08 to 17-Feb-11

688

0.3876

0.4180

Table 3.12: Sector: Ba

nks, St

ock: Nedbank Group Ltd.

Nedcor

Hurst Parameter

Period

N

Absolute Moment

Higuchi

27-Mar-85 to 17-Feb-11

6462

0.5321

0.5674

27-Mar-85 to 23-May-08

d7TH

0.5241

0.5689

23-May-08 to 17-Feb-11

688

0.4433

0.4521

3.13: Sector: Banks, Stock: Rand Merchant Bank Holdings Limited.

Rmbh

Hurst Parameter

Period

N

Absolute Moment

Higuchi

25-Nov-92 to 17-Feb-11

4551

0.5280

0.5642

25-Nov-92 to 23-May-08

3864

0.5197

0.5689

23-May-08 to 17-Feb-11

688

0.3676

0.4059

Table 3.14: Sector: Banks, Stock: Standard Bank Group Limited.

Stanbank Hurst

Period N Absolute Moment | Higuchi
06-Sep-85 to 17-Feb-11 | 6356 | 0.4530 0.5603
06-Sep-85 to 23-May-08 | 5669 | 0.4503 0.5591
23-May-08 to 17-Feb-11 | 688 | 0.3809 0.4005

Table 3.15: Sector: Banks, Stock: Firstrand Limited.

Firstrand Hurst Parameter
Period N Absolute Moment | Higuchi
25-May-98 to 17-Feb-11 | 3184 | 0.4631 0.4519
25-May-98 to 23-May-08 | 2496 | 0.4292 0.4295
23-May-08 to 17-Feb-11 | 688 | 0.3896 0.4136

Table 3.16: Sector: Banks, Stock: Capitec.

Capitec

Hurst Parameter

Period

N

Absolute Moment

Higuchi

18-Feb-02 to 17-Feb-11

2253

0.5162

0.6570

18-Feb-02 to 23-May-08

1565

0.4417

0.6256

23-May-08 to 17-Feb-11

688

0.5112

0.7109




IT VAN PRETORIA
Y OF PRETORIA
HI YA PRETORIA

Table 3.17: Sector: Banks, Stock: Saambou Holdings limited.

Saambou Hurst Parameter
Period N Absolute Moment | Higuchi
11-Nov-87 to 07-Feb-02 | 3545 | 0.5501 0.5774

Table 3.18: Sector: Banks, Stock: Mercantile Bank Holdings.

mercantil Hurst Parameter

. Aggregated Absolute ) .
Period N \gfirifnce Moments Higuchi
12-Aug-98 to 17-Feb-11 | 3129 | 0.4671 0.5024 0.4932
12-Aug-98 to 17-Aug-00 | 500 | 0.3479 0.3623 0.4200
18-Aug-00 to 16-Aug-02 | 500 | 0.3108 0.3623 0.4129
19-Aug-02 to 21-Aug-06 | 1000 | 0.3250 0.3197 0.3876
22-Aug-06 to 17-Feb-11 | 1126 | 0.2666 0.3464 0.3298

o1

being the whole interval, the second and third interval has 500 observations, the

fourth interval has 1000 observations while the fith interval has 1126 observations.

Using the aggregated variance, absolute moments and the Higuchi methods a Hurst

close to a half was found for the whole interval while all the other intervals showed

anti-persistency.

Nawrocki (1995) found empirical results that support persistency in a finite finan-

cial data set and no evidence of long term memory assuming an infinite memory series

using Rescaled range method. Davidsson (2011) investigated the Standard & Poor’s

500 data and found that the returns are serially independent while volatility and

expected returns have positive serial correlation.

Results for the other sectors are shown in appendices A and B.



CHAPTER 4

FRACTIONAL BROWNIAN MOTION

4.1 INTRODUCTION

Chaos is the science of the global nature of systems. Generally, Chaos is defined
as a state without order. Mathematically, Chaos is defined as the randomness that
is generated by a simple deterministic system (Peitgen, Jiirgens and Saupe, 2004).
Dynamical systems are systems that move or change in time. Unpredictable systems
are non linear systems that display complexity and irregularity. A definition of a
fractal is an object in which parts are related to the whole (Mandelbrot, 1977).
Leibniz imagined a drop of water containing a universe and within containing another
water droplet with its own universe and so forth. As he said, “To see the world in
a grain of sand” (Gleick, 1998). Chaos, unpredictability and free will create novelty
and novelty is the beginning of new order (Marion, 1999) .

Fractals give structure to complexity and beauty to chaos they are curves whose
dimension are greater than one, (Mandelbrot, 1982). Another important aspect of
fractals is their self similarity property. Fractals such as cauliflower, trees or sea shells
show symmetry across scale. Some time series can be described using fractals, price
charts display self similarity as at finer and finer time scales a resembling pattern
occurs with a constant measure, (Peters, 1991).

A simple example of a fractal is the Koch Curve which is no where differentiable

and has an infinite length in a finite space and the self similarity is built in the

52
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construction process. An example of a random fractal is the Sierpinski Triangle
(Mandelbrot, 1977). The stock price dynamics are driven by Brownian motion in the
Black-Scholes model, which, topologically, is a curve with a dimension of one. Yet,
Brownian motion can be seen as the trail of a fine particle that is constantly moving
up, down, accelerating, stopping; in other words it is in constant irregular motion.
Thus it ends up filling a plane and has a fractal dimension of two (Mandelbrot, 1982).
Fractal time series are time series which are statistically self similar with respect to
time. If you look at the graph of such a time series it displays jagged lines. They
are not one dimensional as they are not straight lines, but neither do they have a
dimension of two as they do not fill a plane. Their fractal dimension is between one
and two (Peters, 1991). The fractal structure of the market is exhibited in the self-
similarity property. Price charts display self-similarity as at finer and finer time scales
a resembling pattern occurs. By zooming in on successive monthly price changes this
pattern may resemble the structure of weekly price changes.

Mandelbrot (1967) investigated the cotton prices and concluded that the price of
cotton did not follow a Gaussian stationary random walk. He applied the Rescaled
Range analysis to approximate the Hurst parameter that measures whether the
prices of the stock markets has any underlying trend. Mandelbrot showed that prices

changes follow a levy stable distribution which is a power law distribution.

Definition 4.1 Sornette (2003) . An observable O depending on x is said to be scale

invariant under x — Az if there is a number i (\) such that
O (z) = nO (\x). (4.1)

The solution of (4.1) is a power law O (x) = x*, where « is

In p
In\’
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Scale invariance in a special case of the self similarity property. In finance, if we

let X () be the stock return and let Pa; [X (t + At) — X (t) = 0] be the probability
of return of the origin as a function of the time change At. Mantegna and Stanley,
(2000) investigate the S&P500 with A (t) taking on values between one minute and
thousand minutes, when plotted on the log-log scale we observe a power law scaling

behaviour.

Definition 4.2 Oswiecimka, Kwapien, Drozdz, Gorski and Rak (2006). Let X (t, At)

X (t+ At) — X (t) be a stationary process such that
E[X (t,At)Y] ~ AtT@+1

where T (q) is the scaling exponent. If T (q) depends on q non-linearly we say that
X (t, At) possesses a multifractal character. If T (q) depends on q linearly we say

that the process is a monofractal.

Fractional Brownian motion is a example of a monofractal.

Mandelbrot (1996) developed a flexible multifractal model of asset returns
(MMAR) that incorporates long-tails and the Lévy-stable distribution. The model
contains long-range dependence in the absolute value of the price returns incre-
ments, while the price returns are uncorrelated as well as long memory in volatility
see Mandelbrot, Fisher and Calvet (1997) . MMAR is a cointinuous-time stochastic
process see Calvet and Fisher (2002) .On a time scale multifractality is defined as a
set of limitations imposed on the stochastic process moments and is scale consistent.

The MMAR is a alternative for ARCH-type models.

Czarnecki and Grech (2009) did multifractal analysis on the Polish stock market

and found that multifractal image is obscured for very long time horizon. Mu, Chen,
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Kertész and Zhou (2009) did multifractal analysis of Chinese stocks. Jamdee and Los
(2005) show that the multifractal model of asset returns is consistent with martingale
pricing. Barunik, Aste, Matteo and Liu (2012) apply the genealized Hurst parameter
to multifractal analysis for different financial data .Ghosh, Jaekel and Petruccione
(2012) investigated the multi-fractal structure of the Johannesburg Stock Exchange

and found presence of the power law in the fluctuations of the returns.

Researchers started applying fractional Brownian motion to many fields, some
of which include hydrology, telecommunications, fluidodynamics, economics and
finance (Gradinaru, Nourdin, Russo and Vallois, 2005). Peters (1991) proposed a

Fractional Market Hypothesis! that combines fractals and chaos theory.

4.2 FRACTIONAL BROWNIAN MOTION

Fractional Brownian motion depends on the Hurst parameter H and is given by the

following definition.

Definition 4.3 (Biagini, Hu, Oksendal and Zhang, 2008). Let the Hurst parameter

H be a constant with 0 < H < 1. A continuous and centered Gaussian process

I'The assumptions to the Fractional Market Hypothesis are:

1. The markets are stable and have sufficient liquidity when it comprises of investors
with different time horizons.

2. Investors stay in their preferred time horizon.
3. Not all information may be reflected in the market prices.

4. A market price trend indicates the changes in expected earnings.

(Peters, 1991)
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{B" (1)

}t>0 for allt,s € R is a fractional Brownian motion (fBm) when it’s covari-

ance function is given as

E[B" (1) B ()] = o (It + 1" — |t = 5 .

h)l»—l

Properties of fractional Brownian motion:

BH(0) = 0.
2. The expectation of fractional Brownian motion is

E[B" ()] =0 for all t > 0.

3. The variance of fractional Brownian motion is

Var [BY ()] = E[B" (1) } E[B" ()]’
— B[B"()B" (1]
- %(m + I e — 2

4. When H = % fractional Brownian motion coincides with the classical Brownian

motion.
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For example, setting H = % and for t > s > 0 the covariance of fractional

Brownian motion is given as

B[BY(0).BE()] = g (It +1s — 1t - s%)
= 2 (1]~ It~ 5]
= SO+ ()~ (t~5)
= L)
= min (s,?).

Fractional Brownian motion B (¢) has stationary increments implying that the
distribution of the increments depends only on the length of the interval and not on
the time they occur. When H = % then fBm has independent increments. When H >
% the increments of fBm are positively correlated and the series exhibits persistent
behaviour. When H < % the increments of fBm are negatively correlated and the
series exhibits anti-persistent behaviour. Fractional Brownian motion is self-similar
in the sense that B (at) has the same distribution law as o B (t) for a > 0. If
H > % then fBm has long-range dependence, implying it has long-memory. If H # %
then fBm is non-Markovian and is not a semimartingale. Fractional Brownian motion
does not have differentiable sample paths.

Figure 4.1 displays paths of fractional Brownian motion for three different Hurst

parameters.

Mandelbrot and Van Ness (1968) defined a stochastic integral representation of

fractional Brownian motion as follows

0 =ca ([ [u-9m - ame+ -9 ) a2

—00
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Figure 4.1: Path of fractional Brownian motion for varying Hurst parameter.
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where cy is the normalizing constant and given as

2HT (4 — H)

Cyg =

and I'(-) is the Gamma function.

to

I'(3+H)T(2-2H)

I
600

1
00 1000

o8

1
For example setting the Hurst parameter H = 3 the normalizing constant reduces
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and fractional Brownian motion becomes the standard Brownian motion as

([ et i ifamer s [[enian o)

—00

- /0 0B (s)

— B(1).

[N
NI

B2 t) = ¢

N

Jakubowski (2009) introduced the idea of a local predictor which shows the

existence of fractional Brownian motion for H > %



CHAPTER 5

Wick-ITO STOCHASTIC CALCULUS

5.1 INTRODUCTION

In stochastic calculus Brownian motion is used as an input variable to the system.
The stock price dynamics depends on an assumed integration theory. In the usual
case we assume the It6 stochastic integral. Since fractional Brownian motion is not
a semimartingale when H # % ordinary stochastic calculus is not applicable so dif-
ferent integration theories have to be applied; a fractional pathwise integral was the
first integral that was introduced to solve the problem. Under pathwise integration
stochastic fractional Brownian motion does not have zero expectation. It was shown
that one can create a replicating portfolio which produces arbitrage possibilities (see
for instance Biagini, Hu, (Jksendal and Zhang, 2008 for the proof) thus pathwise
integration cannot be used in the markets. Another integration theory that is based
on white noise theory has been established. Duncan, Hu, Pasik-Duncan (1991) devel-
oped a Wick calculus universe based on the Wick product, which is denoted by the
symbol ¢. A fractional stochastic integral was introduced, that is defined by means
of the Wick product. Only some basic Wick product properties will be discussed
here. Under this Wick-based integration theory the stochastic integral has a zero

expectation and the market is free from strong arbitrage.

Stochastic integration with respect to fractional Brownian motion for % <H<1

is briefly discussed in the following chapter and only the necessary theorems and

60
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results are presented. Fractional Brownian motion is expressed in terms of fractional
white noise and fractional white noise is the derivative of fractional Brownian motion.
An in-depth discussion of fractional white noise requires technical concepts so we
refer the reader to appendix C for white noise analysis as presented by Hida, Kuo,
Potthoff and Striet (1993) and Grothaus, Kondratiev and Us (1998) who show that
the wick product can be expressed in terms of the S transform. Bender (2003)
contrast an alternative fractional Brownian motion which has the same covariance
structure as the fractional Brownian motion under Biagini, Hu, @ksendal and Zhang
(2008). The Clark-Ocone theorem under Biagini, Hu, @ksendal and Zhang (2008)
is not well-defined therefore we present the Clark-Ocone theorem as presented by

Bender and Elliot (2002).

Dai and Heyde (1996) give a representation of the Itd formula with respect to
fractional Brownian motion and show that the solution of the stochastic differential

equation is unique.

5.2 CONSTRUCTION OF FRACTIONAL BROWNIAN MOTION

In order to obtain the fractional Wick It6 integral a function ¢ is introduced to
handle the existence of the Wick product. For a fixed Hurst parameter % < H<1

and for s,t € R we introduce a function ¢ : R? — R defined by
¢ (t,s)=H2H —1)|t — s> 2.

For s, t > 0 we have (Biagini, Hu, @Qksendal and Zhang, 2008)

/ot /Ot ¢ (u,v) dudv = t*"

/Ot /Osgb(u,v) dudv = % (82H + 25—t — s|2H> : (5.1)

and
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Let S (R) be a Schwartz space' of rapidly decreasing real-valued smooth functions
on R. Let f,g: R — R and if f,g € S(R) then we define the inner product of the

two functions f and g as

(f:9)y = /R/Rf(s)g(t)qﬁ(t,s) dsdt
and the norm as

1= [ [ 5506 05)dsa

which is finite (Biagini, Hu, @Qksendal and Zhang, 2008), i.e.
1£1l < oo

We can now construct a Hilbert space L7 (R) which is the completion of S (R) . One
can similarly construct a Hilbert space Lé (R,) for the positive real numbers. Let
2 =8’ (R) be the dual of S (R) also called the tempered distributions and let B (£2)
be Borel subsets of Q. Denote (w, f) the action of w € &’ (R) on f € S (R), then we
have the map S (R) x &' (R) — R. By the Bochner-Minlos theorem there exists a

probability measure y, on B (€2) such that

[ exp oy () = oo (=5 112

See Biagini, Hu, Oksendal and Zhang (2008).
The expectation under the probability measure p1,, (Biagini, Hu, @ksendal and
Zhang, 2008) is

E,U¢ [<wa f>] =0

(Stein and Shakarchi, 2003) A Schwartz space S (R) on R consists of the sets of all
differentiable functions f so that f and all it’s derivatives f, f”, ..., f® .. are rapidly
decreasing such that for every k,l > 0

sup |z|" | (J:)| < 0.
z€R
And if f € S(R), we have
'y = 4
P =2 csm
and zf (z) € S(R).
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and
B, [, /)] = If1I5

Fractional Brownian motion B¥ (t) is defined on a probability space (Q,ﬂH , u¢),
where F/? is the Borel o-algebra® generated by B (t). Let x be a piecewise function

of the form
1 0<s<¢

Xoyg =9 —1 t<s<0
0  otherwise

then for ¢ € R we define

B (t) = B" (t,w) = (w, Xppg (-))
and B (t) € L? (u,) (Biagini, Hu, Oksendal and Zhang, 2008). Where the space
Ly (u¢) for each p > 1 is the space of all random variables F': 2 — R such that

1N o ) = By 1FI7]7 < 00,

Then there exists a continuous version B (t) of B (t) which is also a fractional

Brownian motion.

5.3 STOCHASTIC INTEGRAL FOR DETERMINISTIC FUNCTIONS

In this section we introduce the stochastic integral of a deterministic function which
is driven by fractional Brownian motion using approximating step functions which
is a piecewise function. Denote L% (R) the subspace of deterministic functions con-
tained in Li (R) . In order to represent a stochastic integral with respect to fractional

Brownian motion we define the integration of a function f which is an element in

2(Bjork, 2004). Let X = R™, then we define the Borel algebra B (R") as the sigma-
algebra which is generated by the class of open sets on R".
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L2 (R). A simple function is the sum of a real constant multiplied by the indi-
cator function and we approximate the integrand by using simple functions. For

0=ty <t; <. <t,<T we partition the interval and let there be a sequence of

functions {f,, (t)} — f(t) such that

fm (t) = Za?‘ (X[O,i—i—l] (t) — X[0,] (t))

is piecewise constant and a; is a sequence of constants. Setting

<W7fm> = w (fm)

= Za?"”w (X[o,zuru (t) = Xjo.4 (1))
= gﬁT@WMMm@D—meMOD

= Z (<w X[0,i+1] () — <W’X[07i] (1))

Taking limit from both sides

/R £y s (@) = tim_ [ fo0a5" @)

m—0o0

and the integral belongs to L? (u¢) . By using the approximating step functions the
pairing is given as

@ )= [ 708" (1)
Then if f and g belong to L% (R), then [, f(s)dB¥ (s) and [, g (s)dB" (s) are

Gaussian random variables with zero mean

E,, [ /R f(t)ydB" (t)} 0, (5.2)



65

variance (see Dasgupta and Kallianpur, 1999)

By, | [ 105" <t>r I (53)

and covariance

B, [ [ £was" @ [ g <s>} -/ t | 1@ a0 ) dus 6.0
(f,9)4

The expectation of B (t) with respect to the measure 11, and using (5.2) is

B, [B"(®)] = Eu, [(w Xp4)]

= 0 (5.5)

For all £, s € R fractional Brownian motion is a Gaussian process {BH (t) } >0 With a

zero expectation. Setting ¢ > s and using (5.1)and (5.3) the covariance of fractional

Brownian motion is given as

The variance follows as (Rostek, 2009)
2
Var [BY (t)] = E,, [B"(t)’] — E,, [B" ()]

= (5.6)
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Exponentials functions ¢ (f) are defined with deterministic integrands f. Then

for any f € L% (R) we define
() = ew( [ rwas @3 [ [ 1670060 dsat)

~ exp (/Rf(t)dBH (t) — % Hin)

then e (f) € L? (p,) for each p > 1. We have that (see Rostek, 2009)

B (H) =1 (57)

It also follows by Rostek (2009) that [;° f (t) dB¥ (t) is normally distributed with
zero mean and variance || f ||§5 and exp ([, f (t) dB¥ (t)) is log-normally distributed

with a mean of exp (% Hin) :

5.4 RESULTS FROM WICK CALCULUS

The preliminary results from Wick calculus are presented in this section; for further
results refer to Holden, Qksendal, Ubge and Zhang (1996) and Biagini, Hu, Qksendal
and Zhang (2008). In the fractional market Hu and (Oksendal (2003) change the

definition of the portfolio value by using the Wick product.

We do not formally expand on the fractional Hida test function space (S), and
its dual, the fractional Hida distribution space (S)}, . Refer theorem (5.6) for the
description of a Hida test function space (S) which is the projective limit and its dual,

the Hida distribution space (S)* which is the Inductive limit®. The Wick product

3(See Kelley and Namioka(1963)). An inductive system has the following: an A index
set with partial ordering =; for each t € A, F; is a linear space; for t = s = r there is a
canonical linear map @5 of Ey into E; such that: Qs 0 Qs = Q- and @y is the identity
map of E; Vt. Let N be the subspace of the direct sum Y {E;,t € A}, then the inductive
limit is defined as the quotient space (> {E:,t € A}) /N which is a space of elements
which of the form x + N where z in Y {E;,t € A}. A projective system has the following:
an A index set with partial ordering =; for each ¢t € A, E; is a linear space; for t 2 s > r



Y
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

W YVUNIBESITHI YA PRETORIA

67
is not the same as normal multiplication and is defined using Hermite polynomials
in R. If we define F,G € (S)}, then the Wick product of F' ¢ G € (S)};. Refer to
appendix C for the construction of the wick product between two distributions in a

generalized Gaussian space as presented by Grothaus, Kondratiev and Us (1998)

Lemma 5.1 (Holden, Oksendal, Ubse and Zhang, 1996 ). The Wick product of F oG
has the following algebraic properties:

a) Commutative law F,G € (S)y
FoG=GoF.

b) Associated law F,G,H € (S)}

Fo(GoH)=(FoG)oH.
¢) Distributive law F, A, B € (S)}

Fo(A+B)=FoA+FoB. (5.8)

d) If F,G,H € (S)} then

(FoG)-H#Fo(G-H).

Although suppose that a least one of F' and G is deterministic e.g. F' = ¢ € R,

then the Wick product coincides with normal multiplication
FoG=F-G.

Another example is if F' = 0, then F' o G = 0. Wick algebra obeys the same rules as

the ordinary algebra for example

(X+Y)?=X242X0Y + Y2

there is a caconical transformation Py of E; into E, such that: Py = P.g o Py and Psg is
the identity transformation Vs in A. The projective limit of the system is the subspace of
the product X {E;,t € A} which consists of all z such that Py (z (t)) = z (s).
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and
exp® (X +Y) = exp® (X) oexp® (V)
(see Pksendal, 1997). The expectation is well defined as
B, [F o) = B,, [F| £, (5.9

Definition 5.1 (Biagini, Hu, Oksendal and Zhang, 2008). The Wick Power of X €
(8)y is
X"=XoXo..0X.

n

Examples include X°° = 1 and X°* = X o X°*=1 for k = 1,2,... .If E, [X] # 0,
we can define the Wick inverse X°(~1) with the following property (see Holden,
(Oksendal, Ubge and Zhang, 1996)

XoXUh =1,
Let f,g € L% (R), then the Wick product of two integral functions is
() o) - ([ f) .
R R R R
and is an element of (S)}; (Biagini, Hu, Oksendal and Zhang, 2008).

Definition 5.2 (Biagini, Hu, Oksendal and Zhang, 2008). Wick exponentials of X
€ (S)y is

provided that the series converges in (S)y.

The following concept will often be used later. For w € €2 being a random variable

and f € L% (R) then

o (1) = exp ()= SUAIE)
S
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(See Biagini, Hu, @ksendal and Zhang, 2008). Denote L? (R ) the subspace of deter-

ministic functions contained in L? (R, ). Moreover for any f € L3; (R ) we have

() = exp? ( /0 " F(yap™ (t))
= oo ([ rwas" 0 - 5I112)
= oo [Troa 05 [T [Tre 0o s).

Wick exponential functions will play an important role when solving stochastic dif-

ferential equations.

5.5 WICK-ITO SKOROHOD INTEGRAL

In the previous section we dealt with integrals of deterministic functions. In this
section we show an extension to the general case. Biagini, Hu, Qksendal and Zhang
(2008) show the fractional stochastic integral of It6 type can be represented using
fractional white noise. We denote fractional white noise at time ¢ as W# (¢) € (S)%
for all ¢t and it is defined in Biagini, Hu, @ksendal and Zhang (2008, page 56). For

0<s<tandt— W¥H(t) is a continuous function from R into (S)}, . Fractional

white noise W# () is integrable in (S)}; and the integral is

t
/ WH (s)ds = B (t).
0
When regarded as a map B (-) : R — (S)}, fractional Brownian motion is differen-
tiable with respect to t,
d

%BH (t) =W (t). (5.10)

Definition 5.3 (Biagini, Hu, Oksendal and Zhang, 2008). Given a function Y :
R — (S)}; such that Y (t) oW (t) is integrable in (S)}; then the fractional Wick-Ito

Skorohod integral is defined as

/Y(t) dB* (t) :/Y(t)oWH () dt. (5.11)

R
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Let F' € LP (114) be a random variable then Rostek (2009) shows

E,, UOTF(S) dB" (s)] = 0.

Example 5.1 (Biagini, Hu, Oksendal and Zhang, 2008). Suppose F; € (S)y and

we set

ZF Tty () -

Then the integral can be expressed as

[ywasro = [ imm Hooseoy (6B (1
_ Z/ ) Ty (8) 0 WH (1) dt
-3 [ nenon
but we see that

m—00

As;j—0 j=0

tit1
/ Fi(w)oWH (t)dt = lim ZF )o WH (¢ (&) (55— sj-1)
t;

where &; € [sj-1,5;] and As; = (s; — sj_1) . Since F; (w) does not depend on t and

by the distributive law for Wick products (5.8) we have

ll_I)Il Z F <> WH ) (Sj — Sj—l) <> ll_I)Il Z WH — Sj— 1) .
Z%ij’% Jj=0 ESJ_O)OO Jj=0
It follows

tiy1

/Y(t)dBH(t) = S R [ W ar

t;

= Y R0 (B (i) - B (1),
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Example 5.2 (Biagini, Hu, Oksendal and Zhang, 2008). Using stochastic Wick cal-

culus we obtain the following integral

/Ot B (s)dB" (s)

~+

! d

—~
Sy
=
~
~
~—
~—
S,
[\

&Y
T
=
&
Sy
T
=

Yo (05" (1) o [ () 8" <u>)

7~ N 7 N

I
[\i:—nmu—x DO = D= N = S S~
S Sy
& =
= =
~— ~—
v o
=
— )
L Sy
S =
N
=y
»

Example 5.3 (Biagini, Hu, Oksendal and Zhang, 2008). Consider a fractional sto-

chastic differential equation, with x, i and o constants, o # 0 which is given as

dX (t) = pX (t)dt+oX (t)dB" (t)

X(0) = z>0.
The stochastic equation can be rewritten as
t t
X (t) = X (0) +/ /LX(s)d8+/ oX (s)dB™ (t).
0 0
Using the Wick Ité Skorohod integral we get
t t
X (t) :X(O)—i—/ uX(s)ds—i—/ o X (5) o WH (5)ds.
0 0
It follows

—X () = puX({t)+oX () WH (1)

= X(t)o(p+oW"(1).
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The solution of this differential equation is similar to that of the ordinary differential

for exponentials function but the ordinary multiplication sign is replaced with the

Wick product.

X (t) = X (0)oexp® (/Otuds+a/OtWH(s)ds)

= wzexp® (ut + 0B (1))

To show that the above is a solution we differentiate

d)flt(t) = % (zexp® (ut + o B (1))
= zexp’ (ut+0B" (1)) o 4 (ut + oB" (1))

dt
= wexp’ (ut +0B" (t)) o (u+ oW (1))

= X(t)o(u+oW"(1).
Using Wick calculus the solution can be rewritten as
X (t) = zexp®(ut+oB" (1))

= zexp® (ut) o exp® (e B (1))

= wexp (ut) exp® (6 BY (1)).

Setting f = oxoy hence (w, f) = oB (t) and using Wick exponentials we have

exp® (0B (1) = exp (JBH () — %a2 /0 t /0 "o (s.) dsdt)
= exp (UBH (t) — %othH > :

It follows that the solution is

1
X (t) = xexp (O’BH (t) + pt — 502t2H> :



Y
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

W YVUNIBESITHI YA PRETORIA

5.6 FRACTIONAL GIRSANOV THEOREM

The fractional Girsanov theorem in finance gives us the possibility of converting
between equivalent measures which describes the probability of fractional Brownian

motion refer to theorem (2.2) for the Girsanov’s formula under Brownian motion.

Theorem 5.1 Let T > 0 and let v be a continuous function with the support, supp

v C [0,T]. Let K a function with K C [0,T] such that for all f € S(R) and the

supp f C [0, T] we have
(K, )y =0 2w
then for 0 <t <T it follows
[ K@ ots0ds =),
On o-algebra FH generated by {BH (s),0<s< T}, define a probability measure
Fg,
dpig

Heo
Then for 0 <t < T it follows that

= exp® {— (w, K)} .

t

B (1) = B (1) +/D ¥ (s) ds

is a fractional Brownian motion under the new measure fi ..

For the proof see Biagini, Hu, Oksendal and Zhang (2008, page 60).

Lemma 5.2 (Biagini, Hu, Oksendal and Zhang, 2008). Wick products on different
white noise spaces. Let p, be the measure on B (t) and let g~ be the new measure
defined by the fractional Girsanov theorem on BY (t) = BH (t) + /t’ysds. Let the
Wick products corresponding to i, and p, ., be denoted by <, and Ozm‘ Then

Fo, G=Fo, G (5.12)

for all F,G € (S)}; -
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5.6.1 QUASI-CONDITIONAL EXPECTATION AND THE FRACTIONAL CLARK-

OCONE THEOREM

When modelling financial instruments, especially when the derivation of the Black-
Scholes option pricing formula is done using expectations, the conditional expec-
tation of the fractional Brownian motion process £, (B (t)|FH] is difficult to
compute due to the correlation with the past. For this reason a system of quasi-
conditional expectations is developed for fractional Brownian motion. The fractional
conditional expectation F is different from the ordinary expectation E. The defini-
tion of quasi-conditional expectation is quite involved and we will therefore not give
it here, refer to Biagini, Hu, @Qksendal and Zhang (2008).

Let FH be the o-algebra generated by fractional Brownian motion for 0 < s <,
then we denote the fractional quasi-conditional expectation of G with respect to F

by E~M¢ [G{]—"tH] . We have for 0 < s <t
B, [B" () |F7] = B (s)

and fractional Brownian motion B (¢) is thus called a quasi-martingale. If G €
L? (p,) then
E% G|F] =G as. & E,, G|F'] =G as.

Unfortunately the normal properties of conditional expectation do not hold. For

instance for the normal conditional expectation if G is F/7 measurable then
E [FG|F]'] = GE [F|F}]

but this may not hold for quasi-conditional expectation (Hu and Peng, 2009).
Another property of conditional expectation that does not hold is monotonicity.
Namely if £; > &,, then

E[&|F1] > B [&)FH] .
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In fact Hu and Peng (2009) show there may be £ > 0 a.s. such that £ (€| 7] <0
with a positive probability. However quasi-conditional expectation will be monotone
on some subsets. The quasi-conditional expectation of the wick product of F,G is
E,, [FoG|F'| = E,, [F|F'| o E,, [G|F].

¢

Denote D¢F = fR s,t) Dy Fdt, where D, F refers to the Malliavin derivative.
Refer to the appendix D for the Malliavin derivative. Let E;’Q (R) denote the com-

pletion of the set of all F-adapted processes f (t) = f (¢,w) such that

1l = B [ [ [ 567 @0 nasa] <, |( Dgf<s>ds)2] .

(5.13)
Lemma 5.3 (Necula, 2002).

a) If we let f € L3 (R) and

ety =ew ([ 16087 )~ 1ol )

then € (t) is a quasi-martingale.
b) Let f € L£;*(R) and
t
_ / £ (s,w)dB (s) (5.14)
0

then M (t) is a quasi-martingale.

We refer the reader to equation (2.5) for the Clark-Ocone theorem. Before we
introduce the fractional Clark-Ocone theorem we have to define the Hida Malliavin

derivative.

Definition 5.4 (Biagini, Hu, Oksendal and Zhang, 2008). Let F' : S’ (R) — R be a
given function and let v € 8" (R). Then F' has a directional derivative in (S)3; in

the direction of v if the following

DIF (w) = hmF(w—l—5’y) G

e—0 g
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exists in (S)y; . The function F : 8’ (R) — R is differentiable if there exists a map
U:R — (S)} such that

V() () =¥ (tw)y (@)

is integrable in (S)};. Then for all v € L* (R) we have

DfF (w) :/R\Il(t,w)v(t) dt.

The stochastic gradient (Hida Malliavin derivative) of F' at t is defined as

dF
DfF(CU) = a(t,&))

= T().

Example 5.4 (Biagini, Hu, Oksendal and Zhang, 2008). If F (w) = (w,f) =
Jo f () dB™ (t,w) then for some f € S(R) and v € L*(R) then the directional

derivative in the direction of v is

Flwtey) - Fw)

H .
DJF(w) = lim

e—0 g
o lwten ) - @)
_ i )
e—0 g
= (7 f)
- /Rfamwdt

It follows by the definition that F s differentiable and the stochastic gradient of
F (w) is given as

D{'F (w) = f (1)
for almost all (t,w).
We say G is FH-measurabley ¢ if

wo [GIF] = G.
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Note that this differs from the usual definition of FH¥-measurability.
Hu and @ksendal (2000) use the fractional Clark-Ocone theorem to show com-

pleteness in the market.

Theorem 5.2 A fractional Clark-Ocone theorem.

a) Let G(w) be FH-measurabley p, then the quasi-conditional expectation

E,, [DIEG|FH] o WH (t) is integrable in (S)}; and
T ~
G(w)=E,,[G] +/ E,, [DIG|FT) o WH (t) dt.
0
b) Suppose G (w) is FH -measurabley . Define
U (t,w) = By, [DY'G|F]
fort € [0,T]. Then
T ~
G(w) = E,, |G +/ E,, [DIG|F]dB" (t).
0
For the proof see Biagini, Hu, Oksendal and Zhang (2008, page 85).

Bender (2003) proves that theorem (5.2) is not well-defined and we give an alter-

native fractional Clark-Ocone theorem in theorem (5.5).

5.7 AN ALTERNATIVE FRACTIONAL BROWNIAN MOTION

In this section we look at Bender (2003)(a), Bender (2003) (b) , Bender (2003) (¢) and
Bender and Elliot (2002) perspective on fractional Brownian motion, the fractional

Clark-Ocone theorem and fractional White noise.



&
&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
A~ 4 qu\szSHHlH PRETORIA

78

5.7.1 SETUP

For 0 < t < oo, let BW (t) and B® (t) be two continuous independent Brownian
motions on a probability space (2, A, P). Let F’ denote the o-field generated by

these two Brownian motions and let N be the Null sets of F’ given as

Let F = o (F'UN) and let (L?) = L? (Q,F, P) be the space of square integrable
random variables on a probability space (€2, F, P) and ||-||, be the norm. For i = 1,2
and 0 < s < ¢, denote F’ (i) the augmentation of the o-fields o (B (s)). Let s,t € R
be real numbers and let 0 < H < 1 be the Hurst parameter, then a continuous
stochastic process B (t) is a called a two sided fractional Brownian motion if it
follows a covariance structure as defined in definition 3.1. When H = 5 we get a two
sided Brownian motion. For i = 1,2 let F®) = ¢ (F' (i) UN) and F” be measurable
process. Let X (t) be ﬁl)—adapted and X (—t) be ]—"t )_adapted measurable process

such that X : Q x R — R and

/Ep [ X2 (t)] dt < .

Lemma 5.4 A process X (t) is a two sided Brownian motion if and only if the

processes XM (t) = X () and X?) (t) = X (—t) are independent Brownian motions.

From lemma 5.4 we set

. BW(t), ift>0
B(t)= Bz (t) = .
B® (—t), ift<0

Define stochastic integrals driven by Brownian motion as a two sided It6 integral

/X t)dB (t /X )dB" /X B® (s) (5.15)

and we have

EPURX(s)dB(s)/RY()dB } EPUX }
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For a,b € R let the indicator function be given as

1, ifa<t<b
L(a,b)(t) = -1, ifb<t<a,

0, otherwise

then we can represent the classical Brownian motion as follows

B(®) :/Rl(o,t) (s)dB (s).

Let f € L? (R) be a deterministic function and denote the Wiener integral by

f<f>—/Rf<t>dB<t>.

For f and g € L? (R) we define the inner product as

(f.9), = / £ (s)g(s)ds

with corresponding norm |-|,. For > 0 the Gamma function is given as

F(m):/ s te " ds.
0

Let
1 .
o1 sf=2  ifs>0
5. 2=
+ )
0 otherwise

then for H # % we define a continuous modified fractional Brownian motion

BY () :f(H/

R

(=92 = (=9 ) an (s

with normalizing constant

RH:F< 2HT (2 — H) )

T(H+1)T(2—2H)

o=

(See Bender (2003) (b), page 3). Denote fractional Brownian motion by B (¢). It

follows the same properties as in chapter 3. Recall that B () not a semi-martingale



.
ﬁ UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Qe YUNIBESITHI YA PRETORIA
80
and consider a partition a =79 < 71 < ... < 7y = b, then for i = 0,.., N , BH (1) is
nowhere differentiable, in fact

BH — BH
lim sup (T) (TO> =00
T—To T —To

We are now going to define the stochastic integral with respect to fractional Brownian
motion.

Consider stopping times 0 < ¢y < t; < ... < t,, for k € R let H, be F,_,
measurable random variables and let Y (0) be a constant. Consider a simple process

of the form

Y (t) =Y (0) + Z Hyl (b, i) (£).

k=1

Consider a stochastic process X which is a semimartingale and has the form (X, 7;) .

Then YX is a stochastic process defined to be

YX =Y (0) X (0) + Y Hi (X (tr) — X (ti1))

and

with F [Y,B”] = 0.
Wick exponentials of [ (f) are defined as

(G I (R

which is an element of (L?) with

1 1 9 u?
Ep[: el () ] :m/Rexp{u—goﬂo—i-m)}du:l
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and E [: el i efD 2] = F[elU9o: e!U+9) ;] = el/:9)o. Bender (2003(b), page 9)
proves that if we let f, converge to f in L? (R), then : e/(/») : converges to : e!/(f) :

in (L?). We can also write

) :exp{/ f(s)dB" ——/ (s }
A= [T renas®o -5 [T reotas)

then from the Girsanov theorem we see that we can use the wick exponential to

define a new measure ) equivalent to P as
dQs =: ') dp

under which (B(l) (t) — [ f(s)ds, B (t)+ [i f(~s ds) for 0 <t < o0 is a
two-dimensional Brownian motion and B (t) + fo s)ds for t € R is a two-sided
Brownian motion (see Bender (2003 (b), page 10)).

We refer the reader to theorem (5.1) for the fractional Girsanov as presented by

Biagini, Hu, @ksendal and Zhang (2008) .

We will now define the S-transform, refer to definition (C.3) in appendix C
for the S-transform in terms of the Wick exponential. The S-transform transforms
stochastic problems into deterministic ones. Let F' € (L?) be a random variable and
let S (R) be the Schwartz space on R, then for n € S (R) the S-transform is defined
as

SF (1) = Egn [F]

which is a mapping from (L?) into S (R) and Ej, is the expectation under the mea-

sure ),. The S-transform is linear and injective. The S-transform of (5.15) is given

(/X )dB (s ) /s 0 (s) ds,

see Bender 2003(b) , page 11.

as
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5.7.2 FRACTIONAL BROWNIAN MOTION

Fractional Brownian motion can be expressed in terms of operators and the indicator
function. We introduce the Riemann-Liouville fractional integral (see Miana (2005)
for further details on the integral ) as the integral provides us with the link to get

the covariance structure of fractional Brownian motion.

For 0 < a < 1 define fractional integrals of Riemann-Liouville type as

(12f) (x) / [z F o)ttt

Let I® (L*) be a space see Bender 2003 (b). Let a € (0,1), 1 <p<a ! ande > 0

and f € I* (LP) then fractional derivatives of Marchaud’s type are

(Iz2f) (z) = lim / fla taﬂxqtt)d

8H0+P l—a

if the limit exist is L” (R). For n € S (R) we have the Riemann-Liouville fractional

derivative
d —a
(L) (5) = - (1) (5)

and Bender (2003 (b), page 29) provides us with a useful integration by parts rule

/R £ (2) (1) (¢) du = / g () (IF) () da

that holds for some conditions and for all t € R and « € (—l 0) U (0, l) we have

27 2

1 a

(1°1(0,8)) (s) = RS [(t— ) = (=9)2] .

Put M to be a martingale with zero expectation and covariance. For 0 < H < 1

define the operators M by

_1
Kyl *f,

RN

NI= D=

H
MIf =
I H =
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with

- 1 2HT (2 — H) :
KH_F(H+§)F<I‘(H+1)P(2—2H)>

see Bender 2003 (b) , page 29.
We summarize some important results.

Lemma 5.5 (Bender 2003 (a), 2003 (b) and 2003 (c)). In some spaces under some

conditions we have
1. M* and M{ are dual operators such that (f,M"g) = (Mf,g),.
2. (f, MH1(0,t)), =[S (M f) (s)ds
3. MY f is continuous.
4. (f,MH1(0,1)), is differentiable.
5. & (f,M"1(0,1)), = MIf(t).
0. ds" (Mfﬂ)( ) = MY (dsnn)( ).
7. BF = I (M*¥1(0,t)) is a fractional Brownian motion.
8. [o f(s)dB" (s)= [, (M"f)(s)dB(s).
9. SB (n) = [y M1y (s) ds.
10. S (Jo £ (5)dB™ () () = Jp f () (MiTm) (s) ds.

11. S(FoG)(n)=SF(n)SG (n).
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5.7.3 FRACTIONAL CLARK-OCONE

Let n € N. We consider an n-dimensional space of symmetric functions and
let L% (R") be the muliti-dimensional analogue of L% (R). For f € LP(R")
and f : R* — Roand for 0 < o < 1 we let I$"f = (I2)®" f be the n-
dimensional Riemann-Liouville fractional integrals which are symmetric; a gen-
eralized version in terms of tensor powers. Define n-dimensional operators as
Mf’"f = K}}]f_%’nf. For H = % the operators ME’” are identity mappings on
the space of measurable functions from R"™ to R™. For 0 < H < % we have a
space L%[/(@) = {I%*H’” f, [ e L*R") symmetric} endowed with a inner product
(f: 92, = (Mf"f, Mfi’"g)o. For 1 < H < 1 we consider the space ’Lm) ‘
which is a multi-dimensional analogue of the space |L% (R")|, this is the space of

symmetric functions f € LP (R™) for some 1 < p < m

Theorem 5.3 Forn € N and if H € (O, %) then f, € L%I (R™) orif H € (%, 1) then

fn € ‘L%I (R™)|. Then we can denote the iterated fractional Ité integral of order n as

L (f) = L (M)

= n‘// / fa(tr, . t,)dB..dB/*_ dB/

For the proof see Bender (2003(b), page 85).

if it exists.

We now present the fractional chaos expansion theorem in terms of iterated

fractional It6 integrals.

Theorem 5.4 For H € (0,%), F € (L?), fo € R and f, € Lg@@) there is a

unique sequence (f,),, eng Such that F' has a fractional chaos decomposition given as

F = Z[H fa) (5.16)

oo

= Zn'// / futr, s ty) dBE ..dBE_ aB[!
R
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which converges in (L*). The (L*)-norm of F is given in terms of the fractional

chaos decomposition by

o0
2
=D Faliz e
n=0

For the proof see Bender (2003(b), page 86).

For H > 1 F € (L? and f, € ’Lﬁ) the fractional chaos decomposition

2

is the same but now an element of (L%) which is a subspace of (L?). See Bender

2003(b), page 87 for further details.

For —o0o < a < b < o0, let ]-"[Ij b denote the augmentation of the filtration

generated by (BH (s)) o] Let 0 < H < % and f € L% (R) with support in

[a, 0], then [, f(s)dB" (s) is F| ,-measurable. We define the H-quasi-conditional

expectation of I" € (L%) with respect to 7 as

Zn'/ / / fo (1, -t BH dBH dBH
_ an (1(a.0)*" 1)
S (M (1@ 1)

if the series converges in (L?). This is the same as Hu and @Qksendal but Bender

Ep [FIFy)

proves that this is not well-defined because the fractional chaos is not unique. For
H > £ Bender (2003)(b) constructs a (L?)-random variable for which not all quasi-
conditional expectation exists in (L?).

We note that I (f,) = I (f)*" where I (f)™ =T (f)" ' oI(f).For i< H <1
let F' € (L%) be given as in (5.16) , then F is called fractional Malliavin differentiable
if

n=1
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converges in (L?) for almost all # € R. Let D};° be the space of H-fractionally

Malliavin differentiable random variables such that
//Ep [|DIF| - | DY F|] |t — s~ dsdt < oo.
R JR

If F € (L3%) and is H-fractionally Malliavin differentiable then the fractional Clark-
Ocone derivative is the integral representation for a class of (L?)-random variables

in terms of fractional It integrals at time ¢ and is given by
VIF = Ep [Df'F|Ffy]

if expectation exist in (L?), but this again does not hold for some variables. So we

put !D}f‘ to be a space of f, such that

Znn!/ (M5 (1)) (1) dt < oo
n=1 R
and by proposition 3.3.3 in Bender 2003(b) , page 93 we have’D}ﬂ C D}f.

Theorem 5.5 Let F' € |D}}2‘ be FH -measurabley o then at almost every time t €

[0, T] the fractional Clark-Ocone derivative of F' exists which satisfies
T T
/ / Ep[|VIF|-|VIF|] |t - s dsdt < oo
o Jo

and is given as
T
F = Ep[F] +/ VERdBY (t).
0
For the proof see Bender (2003(b), page 94).

Bender (2003) also explicitly shows the fractional Clark-Ocone derivative for

functionals of fractional Wiener integrals.
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5.7.4 FRACTIONAL WHITE NOISE

Let E be a Hilbert space (function space) and let £ (space of test functions) be a
subspace that will be endowed with a metric, and £’ (space of generalized functions)
it’s dual and £ C E C &'. Let (E,(-,-),) be a separable, infinite dimensional (real
or complex) Hilbert space and let B : E — E be a self-adjoint, injective, compact
operator with ||B|| < 1. For n € N we define the linear space E, = B" (F), where

B™ is related to B. We define an inner product on the space E,, by

(f,9), = (B™"f.B™"g),,

with this choice (E,, (-, -),) becomes a Hibert space which can be shown to be iso-

metrically isomorphic to (E, (-, -),) -
Theorem 5.6 Let £ = N,enE,. Then
1. (-,-), defines an increasing ordered inner product on E.

2. The corresponding sequence of norms |-|, is compatible.

3. € 1s a complete space with respect to the metric

_ S —n ‘x_y‘n

4. Let E] denote the completion of € with respect to the norm |-| . For m € N
there is an n > m such that the embedding of E! into E, is a Hilbert-Schmidt

operator.
For the proof see Bender (2003(b), page 113).

Definition 5.5 (Bender 2003(b), page 113). A linear space £ together with a

sequence of inner products (-,-), satisfying conditions (1)-(4) is a nuclear space.
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OnR?, recall that S (R?) denotes the space of tempered distributions and &’ (R?)
is the space of continuous linear functionals on & (Rd) , i.e. the dual space. We can
represent a triplet S’ (]Rd) c L? (]Rd) cS (Rd) . The nuclear space S (Rd) can be
constructed from L2 (Rd) see Bender (2003, page ) Let A C R™ be a Borel set,
My M € S (R?), then a set of the form {F € 8" (R?); (F (1), .., F (n,,)) € A} is
called a cylinder set in &’ (R?) . Since S (R) is a nuclear space then by the Bochner-
Minlos theorem there exists a unique probability measure P on the space (S’ (R), F),
where F is the o-field generated by the cylinder sets, such that for all n € S (R) we

have

[ eotitntare) - oo {3k}
(®)

where (w,n) denotes the dual pairing w () and P is the standard Gaussian measure
on &' (R). The probability space (S’ (R),F, P) is called the white noise space. For

n € S (R) the random variable (-,7) is a centered Gaussian with covariance
Ep [(n)"] = [nlg-

Bender 2003 (b), page 116 constructs a nuclear space starting from (L?) and the
operator I' (B) defined in terms of the chaos decomposition We define the inductive
limit of the sequence (S)_, to be the completion of (L?) with respect to ||-||_,, . The

nuclear space is obtained as projective limit of the sequence of Hilbert spaces (S),,.
Definition 5.6 (Bender 2003 (b), page 117). The space of Hida test functions is
(8) = Mnen (S),,
and the space of Hida distributions is
(S)" =Upen(S)_,, -

It follows that (S)* is the dual space of (S). Let F € (S)" and ® € (S) then we
denote the dual pairing by ((F, ®)) .
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Example 5.5 (Bender 2003 (b), page 117). For alln € S (R) the Wick exponential

el s a Hida test function.
The Hida distribution is uniquely determined by it’s S-transform.

Definition 5.7 (Bender 2003 (b), page 117). The generalized S-transform is a

mapping from (S)* into S (R) and is defined by
SF (n) = ((F;: el ).
The generalized S-transform is injective.

Let I C R be an interval then a mapping X : I — (S)" is called a stochastic dis-
tribution process. Then X is differentiable if limy, o h™! (X (¢ + h) — X (¢)) exists in
(S)". Let F': I — S’ (R) be differentiable then (-, F' (t)) is a differentiable stochastic

distribution process and < (-, F (t)) = (-, £ F (t)) . For 0 < H < 1 we have the oper-

7 dt

ator M1 (0,-) which maps R — &' (R) and is differentiable and continuous. We
can expand this operator in terms of Hermite polynomials so for n = 0, 1, ...the n-th

Hermite polynomial is defined as H, (z) = (—1)" ¢*"L-e~** and the n-th Hermite

dx™

function is defined as

2

¢ (x) =1 (27 H, (x).

The derivative of the operator is

d o0
EMF § (M) (¢
k=0

with limit in &’ (R) . Using fractional integration by parts we have

(GML00 ) = LM 00.m)
d [ H
= E<Z(M_1((),75)7§/~c)0§k77]>

k=0

= %<kzzo/o (Mffk) (5>d3£ka77>

= (an) (t).
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A modified fractional Brownian motion is given as B = (., M1 (0,¢)) and we

have
d

SB (1) = <-,Z (M) (1) sk> .

k=0
Let §; be the Dirac d-function and define a distribution as

(60 MY, f) = (MES) (1)

where 0, o M¥ is a generalized Wiener integral. The derivative of B¥ is referred to

as fractional White noise and is defined as
W (t) = (-,0,0 M{) (5.17)
which is a mapping from R to (S)" (see Bender 2003 (b) , page 120).

Equation (5.17) is fractional White noise and a representation of White noise is

different and can be found in Hida, Kuo, Potthoff and Striet (1993).

Bender (2005) investigates solutions of fractional backward stochastic differen-
tial equations. Bender and Parczewski (2010) deal with discrete Wick calculus for

fractional Brownian motion.



CHAPTER 6

Hu AND OKSENDAL’S FBM PRICING MODEL

6.1 INTRODUCTION

In this section the application of fractional Brownian motion using Wick It6 type
integration to the markets will be discussed. Hu and @ksendal (2000) developed a
fractional Black-Scholes market based on the Wick It6 type integration. The market
is shown to be complete and free from strong arbitrage but the model is economically
meaningless. Hu and Oksendal (2000) prove an explicit formula for a fractional
Black-Scholes price of a European call option and also show explicitly the replicating

portfolio of such an option. A Black formula is proven under their framework.

Consider a fractional market with an investment in a money market account or
zero-coupon bond and a stock driven by fractional Brownian motion in a continuous
setting 0 < ¢t < T'. Let » > 0 be a constant riskless interest rate then the money

market account A (t) at time ¢ develops according to the equation
dA(t) = rA(t)dt
A0) = L

Let 1 be the drift of the stock and o # 0 be the corresponding volatility, fixed for

the tenure of the option. The stock price process has the following dynamics
dS(t) = uS(t)dt+ oS (t)dB" (t) (6.1)
S(0) = s>0.

91
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Applying (5.11) and using Wick calculus the solution of the system is given as
H L 5on
S(t):sexp(aB (t)+,ut—§at >

An economic interpretation is given in Biagini, Hu, @Qksendal and Zhang (2008).
We consider S(t,w) as a stochastic distribution in w which is an element of (S)7, .
Assume that S (t) = S (t,-) is a generalized stock price process representing the
total value of a company. This value is not observed directly. We let the actual
observed stock price S (t) be a result of applying the stochastic distribution of S ()

to a stochastic test function ¢/ known as market observers. We will assume that they

have the following form

ot = ew ([ a5 )
= o ([ nds" @) - 3 1112)

for some h € L% (R). We let D denote the set of all market observers. The observed

price S (t) has the following form

S(t) = (5(t),¢ ()

The economic interpretation is that the price is obtained when a market observer or

stock market confronts the general state of a company.

A portfolio or trading strategy Z° (t,w) = 0(t,w) = (u(t),v(t)) is an FH
adapted 2-dimensional process where u (f) is the amount that is invested in the
money account and v (¢) is the amount that is invested in the stock at time ¢. Let v (¥)
be a buy and hold strategy. The generalized total wealth process is Z9 (t) = Z9 (¢, -)
and is given by

ZPt)=ut)A@t) +v(t)oS(t).
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Lemma 6.1 Let F,G € (S)};. Then

for all ¢ € D.
For the proof see Biagini, Hu, @ksendal and Zhang, (2008, page 174).

Let the actual observed wealth value be

Z0(t) = u@®)A@)+((v(t)oS(t)),1)
= w(t)A()+ (v (t),¥) x (S(t),)
= w(t) A(t) +{(v(t,), ¥ () x(S((t,-), % ()

= u(t)A(t)+o(t) x S(t)

where the actual number of stocks is given as

6.2 SELF-FINANCING, ARBITRAGE AND COMPLETENESS

Assume that the value process Z? (t) = Z? (t,w) is given by
Z0(tw)=u(t)A{t) +v(t)oS(t).

The portfolio is called self-financing if ¢ € [0, 7] we have

dZ% (t,w) = w(t)dA(t)+v(t)odS (1)

= u(t)dAt) +v(t)o (uS(t)dt+ oS (t)dB" (1))

= w(t)dA(t) + o (t) o S (B dt +ov (t) o S (t) dBY (1)

93
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Lemma 6.2 Assets driven by the same fractional Brownian motion have the same

market price of risk.

Proof. Assume that we have two tradable assets S; and S, which are driven
by fractional Brownian motion and a riskless asset A (t). The associated dynamics
follow

dSy (t) = p, Sy (t)dt + 1S, (t) dB? (1),
dSy (t) = p15Ss (t) dt + 0255 (t) dB™ (t)
and

dA(t) = rA(t) dt.

Consider a self-financing portfolio consisting of an investment of « (¢) units in S* (¢),

B (t) units in S? (¢) and w (¢) units in A (t). Hence the portfolio becomes
() = a(t)oSi(t)+B(t) oS () +ul(t)A(t).
Since the portfolio is self-financing we have

dIl (t)

= a(t)odS;(t)+ 5 (t)odSy(t) +u(t)dA(t)

= a(t)o (S (t)dt + 0151 (t)dB™ () + B (t) o (1252 (t) dt + 025, (t) dBY (1))
Fu(t) (rA(t) dt)

= pa(t)o Sy (t)dt + o1 (t) o Sy (t) dB (t) + pyfB (t) 0 Sy (t) dt
H09/3 (t) 0 Sy (t) dB (t) + u (t) rA(t) dt

= (e (t) o Sy () + 1B (£) © S () +u (t) rA () dt

+ (o1 (t) 0 Sy (1) + o2 (t) 0 Sy () dBY ().

Setting
o1 (t) < Sl (t) + 0'26 (t) < 52 (t) =0
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we let

a(t) =035 (t) and 5 (t) = —015:1 (t) . (6.6)

With this choice the stochastic term dB¥ (t) gets eliminated. Thus the portfolio

dynamics reduces to
dII(t) = (i (t) © S1(t) + paB (t) 0 Sa (t) +u (t) rA(t)) dt.
Because the portfolio is now riskless we have the following dynamics
dIl (t) = rII (t) dt.

Substituting the dynamics of II (¢) and the values for « (t) and 3 (t) the following is

obtained
pyce (8)oSt (8) g8 (8)0Sy () +u (t) rA(t) =r(a(t) o S1(t) + B () o Sy () + u(t) A(t))
rearranging the terms and using Wick calculus properties we have
(i1 —r)a(t) 0 Sy (t) + (py — 1) B (1) © 52 (1) = 0
substituting in (6.6)

o2 (1 —7) 82 (1) 0 S1(t) — 01 (i —7) S1 () 052 (1) =0

and
03 (11— 1) (S1 (1) © S5 (1)) © (S (1) © S (1))
= 01 (1 —7) (S1 (1) 0 Sz (1)) © (Sh () 0 Sa (1) 7.
It follows
oy (n — 1) = 01 (pp = 7)
and

(g — 1) (g — 1) _

01 %)
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By the Girsanov theorem, theorem (5.1) for fractional Brownian motion B (t) is
a fractional Brownian motion under the new measure defined as fi, and is expressed

as

B () ="" gt v aBt (1)
g

The measure fi, is defined on F/ by

iy ) =exp (= [ ()87 ()~ LK) diny ),

where K (s) = K (T, s) is defined by the following properties: supp K C [0,7] and

/OTK(T,s)gb(t,s)ds:M_r

g

for 0 <t < T. Hu and Oksendal (2000) prove an explicit expression for K (7, s)

which is given as

—-H

[ SIS

_ (p—r) 2
K(T:s) = 20H (2H — 1)T (2H — 1)T (2 — 2H) cos (x (H — 1)) (Ts = %)

N

Lemma 6.3 A self-financing portfolio has the following value process under fi
dz° (t,w) = rZ° (t,w) dt + ov (t) o S (t) dB™ (t).

Proof. (Hu and Oksendal, 2000).

Assume that 0 = (u,v) is a self-financing portfolio and given as
ZP(tw)=u(t)A{t) +v(t)oS(t).

One can solve for the units invested in the riskless asset

Z9(t,w)—v(t)oS(t)

u(t) = A0 (6.7)
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Substituting (6.7) into (6.5), using Wick calculus and applying Girsanov theorem

for fractional Brownian motion the dynamics of the value process reduces to

dz? (t,w)

= u(t)dA{t)+ v (t)o S (t)dt+ov(t)oS(t)dBY (t)

_ (Z (t’“);g;)(t) 05(”) FA () dt + o (1) o S (£) dt + o (£) o S (£) dB (1)
= 20 (tw) dt — o () o S () di + jw (t) o S (1) dt + o () o S () dBY (8)
= 7% (t,w)dt + (pv (t) —rv (t)) o S (t)dt + ov (t) o S (t)dBY (t)

= 220 (Lw)dt+o(t) (u—7) oS (t)dt + ov(t)o S (t)dB (t)

g

= rZ% (t,w)dt + ov(t) o S (t) {(“ —) gy 4 4" (t)

= 2% (t,w)dt + ov (t) o S (t)dB™ (t).

We now want to obtain the discounted value of the portfolio

dZ° (t,w) —rZ° (t,w)dt = ov(t)oS (t)dBY (t)

dz° (t,w) , dBY (t)
— " rZ° (t,w) = ov(t)oS(t) pra
For 0 < t < T, we multiply throughout by e~ and integrate
ez’ (t,w) . dBH (t)
) o —r ZQ — —rt

— e (t,w) e ov(t)o S (t) o

BH
% [e‘”Ze (¢, w)] = e "ov(t)o S (t) d o ®)

70 (1) — 27 (0,w) — /O v (1) 0 8 ()
e Z0(t) = z+/0 e "Tov (1) oS (1) dB™ (1) (6.8)

where z = Z? (0) is the initial capital that is invested into the portfolio.
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Definition 6.1 (Hu and Oksendal, 2000). A portfolio is Wick Ito Skorohod admis-

sible if it is self-financing and
voS e Ly (R)

where ﬁ;z (R) is the space defined similarly to L'i;g (R) (see (5.13)) but with p, and
BH (t), replaced with fi, and B (t).

Definition 6.2 (Hu and Oksendal, 2000). An admissible portfolio 0 is called a
strong arbitrage for the market (A (t),S (t)) fort € [0,T] if the corresponding total

wealth process Z° (t) satisfies the following conditions:

7°0) = 0

2 (T)

Vv

Oa.s.

py ({w; Z°(T,w) > 0}) > 0.

Theorem 6.1 There is no strong arbitrage admitted in the Wick 1to Skorohod frac-
tional Black-Scholes market (A (t),S (t)).

Proof. (Biagini, Hu, Oksendal and Zhang, 2008).
Taking the expectation under /i, and setting ¢ = T" of (6.8), applying (5.12) and

using the expectation of an It6 integral we have
t
By, e Z° )] = Z°(0)+ Ey, [/ e "ov (1) oS (1) dBH (T)‘|
0

= Z2°(0)+ E,, l /0 e ov(r) o S (r)dB" (T)]
= 7°(0).
It follows
6HnTE% (Z°(T)] = Z° (0). (6.9)

Thus the condition will not be satisfied. m
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By (6.9) i, is a risk neutral measure. From the fractional Girsanov theorem we

have

B (1) = %H—BH(t)

BE () = BY(t) - M;Tt.

The stock price is given by

2
— S(0)exp (0 <B’H (t) - L= Tt) + ot — %UQtQH)

S (t) = S (0) exp (UBH (t) + pt — 102252[{)

o

A 1
= S(0)exp (O'BH (t) +rt — §a2t2H> :
Thus the stock price dynamics under the risk neutral measure are given as
dS (t) =S (t)dt + oS (t)dB (t). (6.10)

Definition 6.3 (Biagini, Hu, Oksendal and Zhang, 2008). A Wick Ité6 Skorohod
admissible portfolio (u (t),v (t)) admits weak arbitrage if the total wealth process

79 (t) satisfies

7°0) = 0
(Z°(T),¢) > 0
(Z°(T),¢) > 0

for every stochastic test function .

There is weak arbitrage in the fractional Black-Scholes market (A (t),S (t)). An

example can be found in Biagini, Hu, ®ksendal and Zhang (2008).

Definition 6.4 (Hu and Oksendal, 2000). The fractional Black-Scholes market

(A(t),S(t)) for t € [0,T] is called complete if for every F['-measurabley o
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bounded random variable F there exists = = Z% (0) € R and an admissible portfolio

0(t) = (u(t),v(t)) such that
F(w)=2%(T,w).
Hu and Oksendal (2000) show that, similar to (6.8) this is the same as requiring
T A
eTE (w) =2 +/ e "ov(t)o S (t)dBY (). (6.11)
0

Consider G (w) = e "TF (w), applying the fractional Clark-Ocone theorem 5.2 to
G(w) = e"TF (w) with Ej , denoting the quasi-conditional expectation defined
under the new measure i, and DF is the fractional Hida-Malliavin derivative with

respect to B (t) we have
T ~ A A
e TF (W) = By, [T F] + / E, [e_TTDf F \fﬂ dBY (7). (6.12)
0

Comparing (6.11) and (6.12) the market is complete and there is a unique initial

value

z = Eﬂ [eirTF}

= ¢ "TE;, [F]. (6.13)

Lemma 6.4 The corresponding replicating / hedging portfolio 0 (t) = (u (t),v (t))

for the claim F is
v(t) =e "I g5 () o E% [f)f{F }EH}

and

Proof. (Hu and Qksendal, 2000).
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Equating the random terms in (6.11) and (6.12) we get

T T
/ E; [e‘rTﬁfF ‘]_-tH] dB" (1) = / e "o (1) 0 S (1) dBY (1)
0 0
E;, [e‘rTﬁfF | = eTou(t)o S(t)
e B, [DEF|FI] = w(t)oS (1)

e By, [[751 F |3’-‘tH] 6 SV () = v(t)oS (1) oSN (1)

e~ (T=1) g1 go(-1) (t)OE% ﬁfF!]:tH = v(t).

The rest follows. m

6.3 CRITICISM OF THE MARKET MODEL

Bjork and Hult (2005) prove that in the fractional Wick Itd6 Skorohod integration
model a portfolio can consist of a positive number of shares in a stock with a positive

price, with positive probability and yet the portfolio can have a negative value.

Example 6.1 Consider a portfolio consisting of a risky asset with Z° (t,w) =

0 (t,w) = (0,v(t)). The portfolio consists of the amount v (t) = S (t) — so shares in
1

a stock and is given as S (t) = spexp (BH () — 5) for a discrete point in time. We

will express the stock as
S(t) = <(pa)
1
= Spexp <BH (t) — §t2H) .
13

22
t =1 is given Z2° (1,w) = 0(1,w) = (0,v (1)) such that v (1) > 0 and the amount

Let Q' = {w €N ‘BH (Lw) € ( ) } Hence S (t) > sqo. The portfolio at time
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u (1) = 0 in the bank account. It follows for w € O
7% (1,w)
= v(1)oS(1)
— (S(1)—s)oS(1)
= S(1)oS(1)—sS(1)

= £ (1[071]) o€ (1[071]) — 505 (1)

= spexp® (/ 1[0,1]dBH (t)) o 89 exp’ (/ 1[0,1]dBH (t)) — 505 (1)
0 0

= S(ZJ expo (/ 1[0,1]dBH (t) + / 1[0,1]dBH (t)) — SoS (1)
0 0

= Sg exp </ 1[071]dBH (t) —|—/ 1[0 1]dB - = Hl[o 1] + 1[() 1]” > - 805(1)
0 0

2B (1)
= spexp 1

1
= sjexp <BH (1) + B7 (1) - 3 10,1 + 1[071]Hz> — 505 (1)
5] (o )+ Lo 9)) (Lo (0)+ Ty () 0.5 s
1

—s05 (1)
— Sexp (23H (1) - %/01 /01 (2) (2) H (2H — 1) [t — s|*~2 dsdt) ~ 568 (1)
= s2exp (23H (1) — % (4)% (12H L1 11”’)) — 505 (1)
= spexp (2B" (1) —2) — sgexp </0 1p,dB™ ( ——H1[01 H )

B (1)
= s2exp (2BY (1) — 2) — st ex oo oo
p( ) p ( _%/0 /0 (11011 (5)) (L () @ (L, s) dsdt

1 /1o
= spexp (2B" (1) —2) — spexp <BH (1) — —/ / 1H (2H — 1) |t — s]*" 72 dsdt)
= sgexp (2B7 (1) — 2) — sgexp (BH — == 12H + 12 1 - 1|2H))

_ g (exp(2BH( )= 2) —exp (BH ))
P(Q

Then there exists a portfolio with ") > 0 such that v (1) oS (1) <0 on €.
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This shows that the market setup has significant problems.

6.4

OPTION PRICING FORMULA

The assumptions to pricing the fractional Black-Scholes formula and the fractional

Black formula are as follows:

1.

10.

11.

12.

The stock price follows equation (6.1) .
Stochastic differentials are interpreted in the Wick It6 Skorohod sense.
The Hurst parameter is % < H < 1 and is constant over time.

The drift p and volatility o are constant and the r is a constant risk-free rate

of interest and the same for all maturities.

The definition of the portfolio is done using the Wick product.
The definition of an admissible portfolio is given by definition 6.1.
The portfolio is Wick self-financing as in equation (6.5) .

Short selling is allowed.

There are no transactions costs or taxes.

There are no dividends.

Trading is done continuously.

All securities are perfectly divisible.
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6.4.1 FRACTIONAL BLACK-SCHOLES FORMULA

In this section the fractional Black-Scholes option pricing model for European call

options is presented as derived by Hu and @ksendal (2000).

Theorem 6.2 Fractional Black-Scholes formula. The price of a fractional European

call option given the claim

F(w) =max{S (T ,w) — K,0}

18 qven as
C"(0,5(0)) =S (0)N (df') — Ke™"'N (d})) (6.14)
where 500 )
In (ﬁ) + 7T + —2T?H
g K 2
o T ’
and 50 .
In (—( )) SR ——
2 o/ T2H
and

V-t [ ()

is the standard normal cumulative distribution function.

Proof. (Hu and Oksendal, 2000).

Consider the claim

F(w) =max {S (T,w) — K,0}.



Using (6.13)

C(0,5(0) = e, [F]

= e*TTE% max {(S (T,w) — K),0}]

105

= e "B, [max {S (0) exp (UBH (T) + uT — 1aQTQH) - K, 0}]

2

= e’TTEﬂq5 {max {S (0) exp (UBH (1) +rT — 1J2T2H> - K, OH

2

doing a measure change we have

C"(0,5(0) = e"E,, [max {s (0) exp (JBH (T) +rT — %02T2H> - K, OH

= eiTTEuqs [S (T) 1{S(T)>K}} - eirTKE% [1{S(T)>K}] ’

Solving for the boundary

1
S (0) exp (az + 7T — 502T2H) > K

K 1
1 o —rT - 2T2H
“<s<o>> Ty
z >
g
1 (—(0))+TT——02T2H
- g

Setting

Calculating the first expectation

o0

E

—d;

1 y? L orom
I [S (T) 1{S(T)>K}] = / T,H—\/%GXP <_W> T exp <O'y—|—7"T — 50' T

)i
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Since the variance of B (T) is T?", see (5.6) and the mean is 0, see (5.5) and using

the Gaussian character of fractional Brownian motion, it follows that

rT 2rm2H
B, [S(T) 1isaysxy] = e / TN (— Spair T oy = 50°T ) wdy

—d;

(o)
1 1
= ze't / m exp (—— (y2 — 20yT?" + 02T4H)) dy
—d

2T2H

—d
Let

_ T2H

p=" TUH =y =2T" +oT?H
then
dy = T"dz
It follows that
T | 1
By, 1) o] = 2™ [ oo (<5 ()7 ) 7
[ H 2
7d170T2H T 27T
TH
dy+or?H
TH
1
rT 2
= —= d
xe / \/ﬂexp( 2(2)) z
cZ T2H
= xeTTN < ! +T0}j[ )



where
dH . Jl + O'T2H
1 - TH
1
In (—S[({O)) +rT — 502T2H
_ o
= T
S0 1
B In (—;{ )) +rl — 502T2H + o271
N oTH
5 (0) 1
1 T - 2T2H
- n (—K ) +ril + 20
N oTH

Calculating the second integral

o0

1 y?
Bus s = / T 2r <_2T2H> dy

—dy

and setting

Yy
differentiating we have

dy = THdz.

Then it follows that

Il 1
E, [1{5(T)>K}} = / exp (——w2> TH dw
¢ TH\/2 2
—dy "
TH
dr
TH

d,
= N (dy)
where (0 )
In <%> + 7T — §U2T2H

oTH

107
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It follows that the price is

C"(0,5(0)) =S (0)N (df') — Ke ™' N (d}f) .

Setting H = % the classical Black-Scholes option pricing formula is achieved.

Theorem 6.3 The corresponding replicating portfolio 0 (t) = (u (t),v (t)) which is

given by (6.7) and (6.8) is given as

v(t) = e T 0718 (1) o 1 (S (1))

Where
B 1 (9 —2)°
riy) = \/27'(' (T2H — ¢2H) /]R eXp <_2 (T2H — 2H) h(z)dz
with
. Iny—Ins—rt+ 0%
vy= o
and

1
h(z) = OX[K,00) <S exp (az +rT — 502T2H)> .

For the proof see Hu and Oksendal (2000 page 26).

6.4.2 FRACTIONAL BLACK FORMULA

We will now prove a fractional Black formula for pricing European options on futures.
Consider a fractional market with an investment in a money account and a stock in
a continuos setting 0 < ¢t < T'. Let r > 0 be a constant riskless interest rate then the

money account A (¢) at time ¢ develops according to the equation

dA(t) = rA(t)dt

A(0) = 1.



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
W YVUNIBESITHI YA PRETORIA

109
Let 1 be the drift of the stock and o # 0 be the corresponding volatility. We assume

the future price process is a martingale under ji, and has the following dynamics

dF (t) = oF (t)dB" (1) (6.15)

FO) > 0.

Applying (5.11) and using Wick calculus the solution is

Ft) = F (0) exp (JBH () — %02t2H> |

*

We consider F'(t,w) as a stochastic distribution in w which is an element of (S)7; .

A portfolio or trading strategy Z° (t,w) = 0(t,w) = (u(t),v(t)) is an FH
adapted 2-dimensional process where u (t) is the amount that is invested in the
money account and v (¢) is the amount that is invested in the futures contract at time
t. Since the cost of taking a long or short position in a futures contract is ignored since
the initial margin requirements is small, then the value process 2% (t) = Z9 (t,w) is
given by

70 (t,w) = u(t) A(t).
Using similar arguments as in Musiela and Rutkowski (2011), for the standard case,

the portfolio is called self-financing if ¢ € [0, 7] and we have the dynamics

dZ (t,w) = wu(t)dA(t) +v(t)odF ()
= u(t)dA(t)+v(t)o (oF (t)dB" (1))

= wu(t)dA(t)+ov(t)o F(t)dB" (t). (6.17)
Lemma 6.5 A self-financing portfolio has the following value process under fi

dZ° (t,w) = rZ° (t,w) dt + ov (t) o S (t) dBY (¢).
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Proof. Assume that 6 = (u,v) is a self-financing portfolio given as
Z° (t,w) =u(t)A(t).
One can solve for the units invested riskless asset
79 (t,w)
t) = . 6.18
ult) = =5 (619

Substituting (6.18) into (6.17), using Wick calculus the dynamics of the value process

reduces to
dZ? (t,w)
= w(t)dA(t) +ov(t) o F (t)dBY (t)
0 w ~
<%§t)>) rA(t)dt 4+ ov(t)o F (t)dBY (t)
= 2% (t,w)dt + ov (t) o F (t)dBY (t).
|

Using similar arguments to the above we obtain the discounted wealth process

as

e 70 (t) = 2 + /Ot e "ov (1) o F (1) dB" (1) (6.19)

where z = Z% (0) is the initial capital that is invested in the portfolio. There is no
strong arbitrage in the Wick Itd6 Skorohod fractional Black market (A (t),S (t)).

The proof is similar to that of theorem 6.1.

Definition 6.5 The fractional Black market (A (t),S (t)) for t € [0,T] is called
complete if for every F -measurabler o bounded random variable x there exists z =

7% (0) € R and an admissible portfolio 0 (t) = (u (t),v (t)) such that

x (W) =2°(T,w).
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Similarly the market is complete and there is a unique initial value
z = E% [e_TT)d
= "B, [\ (6.20)

Theorem 6.4 Fractional Black formula. The price of an European call option with

strike price K and maturity T on the futures contact F, is given as

0, P(0) = e [F(0) N (1) — KN ()] (6:21)
where o .
In (—( )> + —o?T%H
dy
o/ T2H
and . .
In ( (O>> o _0_2T2H
dy " = .
o/ T2H

Proof. Using equation(6.20)

M(0,F(0) = e "B, [ (T,F(T))]
= ¢ " Ep, [max {(F (T) — K) ,0}]

A 1
= e_”TE% [max {F (0) exp (O'BH (T) — 502T2H) — K,O}}
doing a measure change we have

¢"(0,F(0) = eE,, [max {F (0) exp (UBH (T) — %UQTQH) - K,OH

= e_TTE;w [F (T) 1{F(T)>K}] B e_TTKE/% [1{F(T)>K}} '

Calculating the first expectation

1 1> 1
Eu¢ [F (T) 1{F(T)>K}] - /RTH—\/% exp (_W) A NY (Uy - 502T2H) dy.
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Since the variance of B (T) is T?", see (5.6) and the mean is 0, see (5.5) and using

the Gaussian character of fractional Brownian motion. Solving for the boundary

1
F (0)exp <0z - 502T2H) > K

and setting

Then it follows that

By, [F(T) Lipry>xy]

Let

then

In (i) + %02T2H

Ji 1 y? L o on
/ TH\/ﬁexp (_2T2H + oy — 5 T xdy

1 1 2 2H | _2mAH
x/TH\/%exp(—W(y — 20yT"" 4+ 0°T ) dy

7 1 1 [(y—oT?" 2 J
T ex — = R .
THar P\ T2\ 1A Y

Zz—iy:zTHqLaTQH

dy =THdz.



It follows

where

By, [F(T) 1(pr)>Ky]

Hx
Ayt =

o (20 - Loas

+ oT2H

TH

Calculating the second integral

E

and setting

differentiating we have

o)

[1 ]: L exp [ — v d
pe [H{F(T)>K} TH\/27% p OT2H Yy

—d;

w:T—yH:>y:wTH

dy = THdz.

113
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It follows

i) = ] s ()

where

Hx
dy, " =

It follows that the claim is

M (0,F(0)) =e " [F(0)N (d"*) — KN (d3™)] .

Setting H = % the classical Black option pricing formula is achieved.
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6.4.3 EXTENDING FRACTIONAL BLACK-SCHOLES AND FRACTIONAL BLACK

FORMULAE TO AN ARBITRARY TIME ¢

The above models assume an absolute time 7'. In the model, time 0 is not specified.

We could also do the modelling from any time ¢. We will assume that time 0 is when

we want to price the option. This means 7' becomes the time to maturity in (6.14)

or (6.21) . In other words we have the following two conjectures.
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Conjecture 6.1 Fractional Black-Scholes formula. The price of a fractional Euro-

pean call option at time t is given as

CH(t,S()=S({t)N (df') — Ke "IN (dif)

where
S<t) 2 2H
. In <7> +r(T—t)+ -0 (T —1t)
1 o/ (T —t)*"
and
S(t> 2 2H
o/ (T — )7

Since the Law of one price holds in this market, put-call parity will hold regardless
of the pricing model. We will prove the fractional European put option using this

put-call parity
CH(t,8(t)) — PE(t,S (t)) = S (t) — Ke "I,
Thus

pH (t,S(t) = cH (t,S(t)—S(t)+ Ke (T
= SN (d) — e TOKN (dff) = S () + Ke T

= St (N -1)+Ke ™™D (1- N (dif)).



It follows

N(d)-1 =

116

d{{ o)
1 2 1 2 J
exp | —= — exp | —=
/\/27r p( 2) Y /\/27? p( 2> Y
d{{ 1 y2 2
— /— _QWexp (—§> dy+/ — exp <—5) dy
[ o (-4)
o p B Y
aff
,d{I ) )
— e ——|d
/\/27r Xp( 2) Y
—N (—df").

Following similar arguments we have

L= (af) = N (~df).

Thus the price at every t € [0,T] of a fractional European put option with strike

price K and maturity 7 is given by

PP (t,S(t) = Ke "IN (—dif) — S(t) N (—df").

Conjecture 6.2 The price at every t € [0,T] of an European call option with strike

price K and maturity T on the futures contact F, is given as

Mt F () =TT F (N (d) — KN (d5)]

where
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and

A put-call parity relation holds for futures (Hull, 2006) regardless of the pricing
model

CH + Ke—r(T—t) — pH + F(t) G_T(T_t).

Hence we have

pH _ CH + Kefr(Tft) _F (t) efr(Tft)

= e "TD[F @) (N(df) — 1)+ K (1= N (af))].

A Black formula for a European put p” at time T is

P F (1) = e (KN (=dy™) = F(t) N (=di"™))

6.5 MODEL ANALYSIS

In the figure 6.1 Hurst parameters of 0.2, 0.5 and 0.8 were chosen and the power
factor (T)2H, which replaces the expiration time in the pricing formula, is plotted
against expiration time. We used a Hurst parameter less than % for comparison with
the other models even though in this model it is assumed that H > % When the
expiration time is longer than a year the persistent power factor is bigger than the
anti-persistent case and the normal case. For shorter expiration times the persistent
power factor is less than the normal case.

The price of a fractional European call option with respect to different spot

prices S is graphed for the anti-persistent, persistent and normal case as well as the
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Power Factor (T2

H=0.2
H=0.5
H=0.8

Power factor(T/"

Figure 6.1: Hu and @ksendal power factor (T')*" for a varying time T.

intrinsic value line which is max {S (¢) — K, 0}. In figure 6.2 the time to expiration
is T" = 0.25, and the graph displays that the price of the persistent case will be less
than the normal and the anti-persistent case. In figure 6.3 the time to expiration is
T =1 and all the prices will be the same for varying spot prices. In figure 6.4 the
time to expiration is T" = 2 and the graph shows that the price of persistent case
will be larger than that of the normal case. We see that when the time to maturity
increase the prices move away from the intrinsic value line.

Using the conjectured model we plot the pricing formula for varying Hurst para-
meters for a fixed time 7" and for three different ¢. For shorter time to expiration
T=05and t=0.1,t = 0.25 and ¢t = 0.4 figure 6.5 shows the price of a call option

decreases as the Hurst parameter increases. For larger time to expiration 7' = 5 and
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Figure 6.2: Hu and @ksendal price of European call for varying spot for fixed para-

meters K = 100, » = 0.02, 0 = 0.2 and 7" = 0.25 and the intrinsic value line.
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Figure 6.3: Hu and @ksendal price of European call for varying spot for fixed para-

meters K = 100, » = 0.02, 0 = 0.2 and T' = 1 and the intrinsic value line.
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Figure 6.4: Hu and Oksendal price of European call for varying spot and fixed
parameters K = 100, r = 0.02, 0 = 0.2 and 7" = 2 and intrinsic value.

Table 6.1: Time to maturity effects

Persistent Anti-Persistent
Short-Run | Less volatile, lower price More volatile, higher price
Long-Run | More volatile, higher price | Less volatile, lower price

t=1,t=25and t =4 figure 6.6 shows the price of a call option increases as the

Hurst parameter increases.

Rostek and Schobel (2009) explained this effect known as the power effect for

their model. For a persistent time series there will be less short run deviations from

the mean and more long run deviations from the mean. For an anti-persistent series

the effect will be the opposite, see table 6.1.

For o € (0,1) and H € (0,1) we generated numbers and the price of the option

is plotted against volatility and the Hurst parameter for three different time to
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Call Price for fixed T=0.5 and t=0.1, t=0.25 and t=0.4
T T T T T T

t=0.1

Price Fractional European Call Hu and Qksendal

0 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Hurst Parameter H

Figure 6.5: Hypothetical Hu and Dksendal price of European call with varying Hurst
andt =0.1,¢ = 0.25 and ¢t = 0.4. Fixed parameters K = 100, S =100, ¢ = 0.2, r =
0.02 and T' = 0.5.

Call Price for fixed T=5 and t=1, t=2.5 and t=4

35 T T T
t=1
t=2.5
=4

301 -

251

Price Fractional European Call Hu and Qksendal

5 I I 1 I

I 1 I I !
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Hurst Parameter H

Figure 6.6: Hypothetical Hu and @ksendal price of European call with varying Hurst
and t = 1, ¢t = 2.5 and t = 4. Fixed parameters K = 100, S = 100, ¢ = 0.2, r =
0.02 and T' = 5.
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Hu and Qksendal F=110, S=100, K=100, (T-1)=0.25

Price of call on a future

Volatility

Figure 6.7: Black Hu and Oksendal Price vs Hurst vs Volatility F;, = 110,5;, =
100, K = 100, (T — t) = 0.25.

expirations. On the z-axis we have the price of the call on a future contract, on the
x-axis the volatility is plotted and on the y-axis we plot the Hurst parameter. Setting
F(t) = 110, S (t) = 100, K = 100 and (7 —t) = 0.25 we obtain concave upward
figure 6.7. We see that when o — 1 and H — 0 the price increases significantly.
Choosing (T'—t) = 0.75 we obtain figure 6.8 which is more linear and as the
volatility increase for all Hurst parameters the price increases.
Choosing (T' —t) = 5 we obtain concave down figure 6.9 and we see that when

0 — 1 and H — 1 the prices are the largest.
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Figure 6.8: Black Hu and Oksendal Price vs Hurst vs Volatility F; = 110,S5; =
100, K =100, (T'—t) = 0.75
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CHAPTER 7

NeEcurA’s FBM PRICING MODEL

7.1 INTRODUCTION

Necula (2002) applied Wick stochastic calculus to generalize a fractional Black-
Scholes formula to price European puts and calls from any arbitrary time ¢ to the
maturity time 7" if the underlying is driven by fractional Brownian motion for the
case H € (%, 1) . Necula presented results regarding quasi-conditional expectation
for fractional Brownian motion. Under the results of quasi-conditional expectation
we compute the expected value of an exponential when it is driven by fractional
Brownian motion. The fractional Clark-Ocone theorem is applied to prove the frac-
tional risk-neutral evaluation theorem. A change in the risk neutral measure is
assured by the fractional Girsanov transform and using properties of normality a

quasi-conditional Black-Scholes formula for pricing European options and a quasi-

conditional Black is proved.

Theorem 7.1 Let B (t) be a fractional Brownian motion with respect to the mea-
sure pis. For every 0 < t < T and A € C, where C 1s a set of complex number
then

)\2

E,u¢ [GABH(T) }EH} = exp ()\BH (t) + ? (TQH — t2H)> .

Proof. (Necula, 2002).
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Consider the following stochastic fractional differential equation
dX (t) = AX (t)dB" (1)
X(0) =1
using Wick calculus the solution of the system is
1
X (t) = exp ()\BH (t) — §A2t2H) : (7.1)

Since
t
X (1) = / AX (s)dB" (s)
0
and using the property of quasi-conditionality from (5.14), the expectation under

the measure p, follows as
E, [ XM |F ) =Xx(@). (7.2)
Then substituting (7.1) into (7.2)
E,, [exp ()\BH (t) — %)\QTZH) |3’-‘tH} = exp (ABH (t) — %)\ZtZH) :
Then it follows that

By, [ F | = exp ()\BH( )+ %2 (72" — tQH)> .

Theorem 7.2 Let f be a function such that [f (BH (T))] < 00. Then for every

t < T, the quasi—conditional expectation is

. z — BY (1))
E% [f (BH |‘7:H /\/27 T2H _ 2H) eXp <_w> f(z)dz.

For the proof Necula (2002, page 8).
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Corollary 7.1 (Necula, 2002). Let A € B(R), where B(R) is a Borel o-algebra.
Then

- 1 H) (z — B @)2
E,, [1A (B ‘]—“ / 2w (127 — ) exp <_2(T2H——tQH)> dx.

Consider the process

Z(t) = 5(_9X[0,t])
Jo~ —0x(0.q (u) dB™ (u)
! / / — Ox0 (1) — Oxjo (1) & (1, 0) dudy

= exp ( /O —0dB" (u)—§ /0 /0 02¢(u,v)dudv>

92
= exp (—OBH (t) — §t2H> .

Let 0 € R and for 0 <t < T consider the process

B () = BY(t)+ 02" (7.3)

¢
= BY (t)+/ 2HOT*Ydr,
0

By fractional Girsanov formula, refer to theorem (5.1) it follows that B () is a
fractional Brownian motion under the measure p,, .. We will denote Eu ,., the quasi-

conditional expectation under the measure g ..

Theorem 7.3 Let [ be a function such that £, [f (BH (T))] < 00. Then for every

t<T
[f (BY (1)) |FH] = %E [F (B (1)) Z(T) |FH] .

E

Hep,y

Proof. (Necula, 2002).

Let f be the Fourier transform of f.

F )= / exp (—iz€) f (z) da
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Then the inverse Fourier transform f of f is

0 = 5 [ exp is) F )¢

It follows
f£(BY(T)) = 217T / exp (iB" (T)¢€) [ (€) de.
The left hand side
E,, [f (B" )| 7]

= E% {% Rexp (iB"(T)¢€) exp (—HBH (T) — 92T2H> &) d¢ ‘]—“H}
0 ;
= E, {2177 Rexp (B"(T) (i€ — 9)) exp (—ET2H> f(€) d’f‘EHl
2
= e (<51 [ B, oo (B (1) i€ - 0)) |7 £ (6) de

applying theorem 7.1 we have

— e (_92_2T2H) /R exp <BH (1) (i€~ 0) + 5 (i€ — )" (1% t2H)> f(€)de

- %exp (—92—2T2H) /ReXp ( .\ (_%2 lig;i(%)(e;w oy ) f(&)de
)

B (t) (i€)

— i exp (_QBH (t) — ﬁt%’ /exp ¢2 f(f) d§
2 2 R + (_? - ’Lf@) (TQH _ tQH)

= 205 oo (B @ 6+ (5 i) (12— ) Frerae
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applying theorem 7.1 we have

_ Zi / exp (z'gBH (t) + % (i€)* (T* — t2H)) exp (—ic0T*7) f (¢) d¢
TJR

_ % exp (@gBH (t) — 52—2 (7% — tQH)) exp (—i€0T*") F (&) de
R

and using (7.3)

_ 1 exp (i§ (B (t) +6*") — & (T°" — t2H)> exp (—i€0T*") f (¢) d¢
21 Jr 2

~

_ / exp (ngH (t) — & (77 — 1) + o> — @geTQH) f (&) de
21 Jr 2
2 ~
= %/}Rexp (ZﬁBH (t) + (—% — 59) (T2H - t2H)) f(§)dE.
It follows that

=By, [f (BT (D) Z(T)|F'] = B, [f (B" (1)) |F].

7.2 THE MARKET

Consider a market with an investment in a money account and a stock that is driven
by fractional Brownian motion. For 0 < ¢ < T' the money account A (t) at time ¢

develops according to the equation
dA(t) = rA(t)dt

A(0) = 1

where r > 0 is a constant riskless interest rate. The stock price S (t) has the following

the dynamics

dS(t) = uS(t)dt+ oS (t)dB" (t)

S0) = s>0
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where p and o # 0 are constants, for 0 < ¢ < T From (6.10) the stock price under

the risk neutral measure follows the following process

dS (t) =rS (t)dt + oS (t)dB" (t).

Necula’s states that he is working under Hu and Oksendal’s (2000) framework
where they show that the market is complete and that there is a self-financing
replicating portfolio of the claim, (u (t),v (f)). It is not clear that this is the case
as Necula does not use the Wick definition of the portfolio. Let Eu , denote the

quasi-conditional expectation with respect to the risk-neutral measure.

Theorem 7.4 Fractional risk neutral evaluation. For every t € [0,T], the price of

a bounded F¥ -measurabley o claim where F € L? (/%) 18 given by
F(t)y=e T YE, [F(T)|F].

Proof. (Necula, 2002).
Let u (t) be the amount invested in the money account and v (¢) be the amount

invested in the stock. The portfolio value has the following form
Ft)=u({t)A{t)+v(t)S(t).
The dynamics of the self-financing portfolio follows as

AF(t) = u(t)dA(t) +v(t)dS (1)
= u(t)rA(t)dt+ov(t) (rS(t)dt + oS (t)dB" (t))
= r(u(t)A{)+v{t)S () dt+v(t)S(t)ocdB (t)
= rF(t)dt+ov(t)S(t)dB" (t).

Denoting F'(T') = F we have

dF = rFdt + ovSdB".
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Multiplying both sides by the integrating factor e~ we have

e "dF = re "'Fdt + e "tovSdBY

dF dBH
—rt —rt — —rt
e g +re " F e "ovs o

d . _, . dB"
E[e tF] = e "gvS T

For 0 <t < T we integrate

e "F(t)=F(0)+ /Ote_"m; (7) S (7)dBY (1) (7.4)
and by the fractional Clack-Ocone theorem it follows

F@) =B, [P+ [ B, [DIFIF] 48" ()

" we obtain

Multiplying both sides by e~
e""F=E, [e"TF|]+e " / TE,% DI F|F dB™ (7). (7.5)
0
From the completeness of the market it follows
e ov (1) S (1) = e””TE% (DI F|F] .
For 0 < 7 < T we have
EN% [DIF|F] = " T Doy (1) S (7). (7.6)
Substituting (7.6) into (7.5) we have
T
e TF =B, [ TF] 4o /D Ty (r) S (7) dBY (1),
and taking the quasi-conditional expectation
E% e F |.7:tH} =E,, e F] + E% [/OTe_TTUU (1) S (1) dB™ (1) ‘]-"tH :

It follows from (5.14) that

E~“(25 e F }.ﬂH} =E,, [e " F] +/0 e "ov (1) S (1) dBY (1) (7.7)
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since the discounted price process are martingales under the risk neutral measure

we have

F(0)=E,, [e7"F]
comparing (7.4) and (7.7), it follows that

F(t)y=e " E, [F|FT].

7.3 OpPTION PRICING FORMULA

The assumptions for pricing the quasi-conditional fractional Black-Scholes formula

and the quasi-conditional fractional Black formula are as follows:

1. The stock price follows equation (6.1).
2. Stochastic differentials are interpreted in the Wick It6 Skorohod sense.

3. The Hurst parameter is % < H < 1 and the Hurst parameter is constant over

time.

4. The drift 4 and volatility ¢ are constant and the r is a constant risk-free rate

of interest and the same for all maturities.
5. Working within Hu and @ksendal’s (2000) framework.
6. Short selling is allowed.
7. There are no transactions costs or taxes.
8. There are no dividends.

9. Trading is done continuously.
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10. All securities are perfectly divisible.

7.3.1 QUASI-CONDITIONAL FRACTIONAL BLACK-SCHOLES FORMULA

Theorem 7.5 Quasi-conditional fractional Black-Scholes formula. The price at

every t € [0,T] of an European call option with strike price K and maturity T is

given as
CH(t,S () =S {t)N (dif) — Ke "IN (di)
where s .
1= o/T?H — (20
and

2 = o/ T2 — 20

where N (-) is the cumulative probability of the standard normal distribution.

Proof. (Necula, 2002).

The price of the claim under the measure y,4 using theorem 7.4 is given as

CH(t,S(t) = e_T(T_t)E% [max{(S (T)— K),0} ‘EH]

. oBH(T) +rT
= ¢ "TYE, |max{ 5(0)exp 1 —- K,0 |F!
__O.2T2H

2
= e_T(T_t)E/w {S (T) Lisry>ky |EH} - e_T(T_t)KEI% [1{S(T)>K} “EH] ‘

The boundary for the option to be in the money is

in other words



Denote

K 1
1 — | =T + 2728
i “<s<o>) T
. |

For the option to be in the money is the same as requiring
BY(T) > d,.

For the second expectation we apply corollary 7.1

B, [Lisysxy | F]

= By, (g (B (D) | 7]

o 1 1/ z—B7@1)\’ ;
o i \/27T<T2H_t2H) eXp 9 VT2H —2H L

For the transformation set

r— B (t)
T2H _ t2H
1

= dw = ———==dx.
T2H _ 42H

It follows

- 1 02
H _
Eﬂqa [1{5(T)>K} ‘Ft ] = / \/ﬁexp (—7> dw

with

BH (t) — d,
T2H _ 2H
oBH (t) — (InK —InS(0) — 7T + 1o°T2H)

R /TZH _ 752H

We see that

InS (t) =1InS(0) + o B (t) +rt — %U%ZH

133
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rearranging the terms
1
InS(0) =InS(t) —oB” (t) —rt + 50%21{

it follows that

oBH(t) — (InK — (InS(t) — o B (t) — rt + $0%t*) — rT + 0*T?H)
N

oBH(t) — (InK —InS (t) + o B (t) + rt — 3022 — T + 10*T?H)
T2H _ 2H
K 1
oB (t) —In HO oBY (t) — rt + 0%t 4 rT — §UZT2H
JT2H — 2’
S () 1
1 T — _ L2 T2H __ 42H
n(K)+r( t) 20( )
o/T2H _ 20

Now consider the process for 0 <t < T

al =

BT (t) = BY(t)—ot*

BT (t) = B"(t)+ot*".

The fractional Girsanov theorem insures that there is a measure p,, ., such that BY (1)

is as fractional Brownian motion under s, ... Let

Z (t) = exp (O’BH (t) — %ZRH ) :

Solving for the first expectation and using theorem 7.3 we have the quasi-conditional

expectation as

Eu¢ [S (T) Lis(ry> k3 ‘ftH]
_ &, K S(0) exp (rT +oB"(T) - %J2T2H>) Load) (BT (D) |
= "S(0) By, [Z(T) sy | 7]

= ¢7S(0)Z(t) By, [Lsmysxy |[F'] -
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The stock price has the following form under the measure 1, ,
1
S(T) = S(0)exp (TT - §U2T2H +oB? (T))
2
= S(0)exp (’I“T - %TQH +o (BH (T) + JTQH)>
o? ~
= S(0)exp (TT+ 7T2H +oB? (T)) .

The stock price under the new measure brings about a new boundary change

S(T)>K
implying
1 A
S (0) exp <TT - 502T2H +oB? (T)) > K
therefore
A 1
oB"(T) >In K —InS(0) — 7T — §U2T2H.
Denote "
- In <m) —rT — %U2T2H

g

Applying theorem 7.3 we have

E,,. [Yismsmy | 7] = E,,, [1{$>J1}BH (T) \ftH}

~ 2

e 1 1( z—BH(t)

= exp | —= | ——= dx.
d, \/27T (TQH _ 252H) 2 \ \/T2H _ $2H

For the transformation set

x — BH(T) -
y=——-—" = =y\/T?H — 20 4 B7(T)

T2H _ t2H

differentiating

1
_ — \/T2H _ j2H
dy = T2H_t2HdJ::>dm— T 12 dy.
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It follows

o0

; 1
By, [Lseriy [F] = / o X <—_y > N

\/271. (TQH _

d,—BH (1)
/T2H _;2H
BH (1y—dy

/T2H _2H

T ()

—00

N BHE(T) - d,
- JT2H — i
= N (di').
Following similar steps as above we get
t 1
1= o/ T2H — (20 '

And since

S(t) = S(0)exp (Tt — %Qt”{ +oB" (t))

= S(0)e"Z(t)
we can rewrite
_S()
Z(t) = me

Thus the first expectation follows as
E,, [S(T) Lseysuy |FT] = 75 (0)Z () N (df)
= eTe S (t)N (d)
= TS ()N (di).
Therefore the price of the call option follows as
C(t,5 (1))
= e "TVE, [S(T) Ys@ysiy |[F ] — e " TIKE,, Lsaysky |[F]

= S(t)N (&) —e T IKN (db).
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Since Law of one price holds in the fractional market, the put-call parity will hold.
Using similar arguments as above the price at every ¢ € [0, 7] of a quasi-conditional

fractional European put option with strike price K and maturity 7" is given by

Po(t,8(t)=Ke T IN (=dff) = S(t)N (—df).

7.3.2 QUASI-CONDITIONAL FRACTIONAL BLACK FORMULA

The quasi-conditional future model was used for the empirical comparison that was
done in the later chapters. We now assume that the futures prices, instead of the
stock prices, follow a fractional Brownian motion with dynamics under the measure
g given by

dF (t) = F (t) odB™ (t)

and using Wick calculus the solution follows as

F(T)=F (t)exp (aBH (t) — %a%w) :

Theorem 7.6 Quasi-conditional fractional Black formula. The price at every t €
[0, T] of an European call option on a futures contract with strike price K and matu-

rity T is given as

Mt F () =TT F ()N (d) — KN (d5)]

where F ) .
t
] o2 (T2H _ y2H
- oN/T2H _ 42H
and

In <—F}(<t)) — %(72 (TQH — tQH)
Hx
dy" = o/ T2H — 28 ‘
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Proof. The formula can be obtained using similar arguments as in the proof
above in theorem 7.5 (see Liu, 2007). m

Also at time t the price of a quasi-conditional European put option, with exercise

date T" and exercise price K on a futures contract is given by

Pt F (1) = e T [KN (=dg*) = F () N (—di™)].
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Power Factor T2 for T=0.25
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Power factor T2

Time t

Figure 7.1: Necula factor (727 — 2/ for a fixed T = 0.25.

7.4 MODEL ANALYSIS

Note for t = 0 fixed, the graph of the factor T?# — 2 plotted against time to

1
2

maturity will be the same as figure 6.1. We used a Hurst parameter less than
for comparison with the other models even though in this model it is assumed that
H > % Fixing T and varying ¢ we plot the factor for varying Hurst parameters.
Figure 7.1 is for T' = 0.25, we see that the anti-persistent case decreases faster and is
above the normal, while the persistent case decreases at a much slower rate. Figure
7.2 is for a fixed T' = 0.5, where we have a cross-over between the anti-persistent
and the persistent case. Figure 7.3 is for a fixed 7" = 1 in this case the persistent
case is above the normal.

We plot the pricing formula for varying Hurst parameters, for a fixed time 7" and

for three different ¢. For shorter time to expiration 7' = 0.5 and ¢t = 0.1, t = 0.25
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Figure 7.2: Necula factor (T2 — 2/) for a fixed T = 0.5.
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Figure 7.3: Necula factor (7% — ¢t*) for a fixed T = 1.
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Call Price for fixed T=0.5 and t=0.1, t=0.25 and t=0.4

t=0.1

Price Fractional European Call Necula

0 1 I I I I 1 I ! I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Hurst Parameter H

Figure 7.4: Necula price of European call with varying Hurst and ¢ = 0.1, ¢t = 0.25
and t = 0.4. Fixed parameters K = 100, S =100, ¢ = 0.2, r =0.02 and 7" = 0.5.

and t = 0.4 figure 7.4 shows the price of a call option increases then decreases as the
Hurst parameter increases. For larger time to expiration T'=5 and t = 1, t = 2.5
and t = 4 figure 7.5 shows the price of a call option increases as the Hurst parameter
increases.

The quasi-conditional Black function was plotted in three dimensions for H €
(3,1) and o € (0,1). Setting F (t) = 110, S(t) = 100, K = 100 and choosing a
time to maturity to be (T'— t) = 0.25 we obtain figure 7.6. As ¢ — 0 and for all
H e (%, 1) we see that the prices are the largest. Choosing (7' —t) = 0.75 we obtain
figure 7.7 and as 0 — 0 and H — % the prices are the largest.

Choosing (T'—t) = 5 we obtain figure 7.8 and as ¢ — 1 and H — 1 the prices

are the largest.
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Call Price for fixed T=5 and t=1, t=2.5 and t=4
T T T

t=1
=25
t=4

Price Fractional European Call Necula

!
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Hurst Parameter H

Figure 7.5: Necula price of European call with varying Hurst and ¢t = 1, t = 2.5 and
t = 4. Fixed parameters K = 100, S =100, ¢ = 0.2, r =0.02 and T = 5.

Necula Black call for Ft=110, $=100, K=100, T=1 and t=0.75

Price

Volatility

Hurst

Figure 7.6: Quasi-Conditional Black function Price vs Hurst vs Volatility F;, =
110, S; =100, K =100,7 =1 and t = 0.75.
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Necula Black call for Ft=110, $=100, K=100, T=1 and t=0.25

N e
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Volatility Hurst

Figure 7.7: Quasi-Conditional Black function Price vs Hurst vs Volatility F;
110, S; =100, K = 100,7 =1 and ¢t = 0.25.
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Figure 7.8: Quasi-Conditional Black function price vs Hurst vs volatility F, =
110, S; =100, K = 100,7 =5 and t = 2.5.
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For smaller times to maturity the graph is concave up while for larger time

horizons the graph is concave down.

Necula (2003) and (2007) priced Barrier options in the same quasi-conditional

market setting for H > %



CHAPTER 8

ROSTEK AND SCHOBEL’S FBM PRICING MODEL

8.1 INTRODUCTION

There is a weak form of arbitrage know as "free lunch with vanishing risk" present
in the fractional Brownian motion models considered in the previous chapters 6
and 7. Efficient markets are priced in such a way that prices move only when new
information is received. Therefore, it is assumed that investors react immediately
when the information is received and due to the large number of investors the prices
will be fair. If one assumes that a single investor cannot be as fast as the market,
i.e. under a very small time intervals all arbitrage possibilities are eliminated (see
Cheridito, 2003). More precisely a restriction is put on the minimal time between

two consecutive transactions. We will assume this in the following model.

Rostek and Schobel (2010) derived a formula for fractional European options
using conditional expectation and an equilibrium pricing approach, assuming risk
averse traders that trade in discrete time. The underlying stock is assumed to follow
a conditional fractional Brownian motion. Recall that a market is complete if for any
contingent claim there exists a self-financing trading strategy such that at any time
t, the strategy replicates the claim. In other words all possible gambles on future
states of the world can be constructed with existing assets. A fundamental theorem
of derivative pricing states that if the model is arbitrage free then the market is

complete if and only if the martingale measure is unique (Bjork, 2004). Since there
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is a minimal time between transactions, dynamical hedging and the possibility of
continuous adjustment of the replicating portfolio is not possible; hence we cannot
dynamically replicate all contingent claims. Due to the fact that fractional Brownian
markets are dynamically incomplete, in this model a stochastic discount factor is
derived and used for pricing instead of a change to a risk neutral measure.

Consider a filtered probability space (Q, FH P) , where () is the state space of
random events, F/T is the o-field generated by all B (s), for s < ¢ on Q and P is the
distribution of B (s). Rostek (2009) defines an equivalence class for the conditional
distribution of fractional Brownian motion based on an infinite knowledge of the past.
For s € R and T > ¢ let B¥ (s) be a fractional Brownian motion with 1 < H <1

for all w € €. The equivalence class is defined as
[wi], = {w € Q|B" (s) (w) = B" (s) (wy) , for all s € (—o0,1]} .
The distribution of B (T') is conditional on the o-field generated by all s < ¢
Fl=0(B"(s), s<t).

The conditional expectation of fractional Brownian motion B (T), T >t > 0,
based on F and concerning all information about the past is a random variable.

E [BH(T)|F] (w1) is the expectation of B (T') over all w € [w1], .

Lemma 8.1 Let B (s), s € R be a fractional Brownian motion with 0 < H < 1,
then for each T >t > 0, the conditional expectation of B (T) based on F can be

represented as

B"(T,t) = Ep[B"(T)|F"]

= BH(t)+(T—t)H+é/t g (T,t,s)ds

—00

= BY (t> + /th

)
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where f[i, is the mean historical evolution of the past and

sin (w (H — 3)) (B (s) = B" (1))

(T,t,s) = -
I Tt —s)"TE (T — )

See Rostek, 2009.

Lemma 8.2 The conditional variance of fractional Brownian motion B (T) for

T >t >0, based on FF is represented by

Var [BY(T)|F!'] = v (T —t)*"

where

(8.1)

and I' (+) is the Gamma function.

Proof. (Rostek, 2009).
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We have that

65, = Var [B"(T)|F"]

and

Ep [fip,]

—BT(%)]* = Ep[B"(T)]" - 2E» [B"(T) B" (t)] — Ep [B" (t)]

2

1
_ 2H _ 25 [TZH G (T - t)2H} L p2H

— (T- t>2H

g(T —t,s—t)dB" (s )r

g( y(w=1)g(T—=1),(w—1)) ¢ (v,w)dvdw.

el
= [/oog —ts—tdBH()/toog(T—t,S—t)dBH(S)
S
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Setting x = tyg — v and y = ty — w it follows that

Be )" - / / (=) g (T =), (=) 6 ) oy
- (1~ uy)
and we obtain
67, = (T =0 —(T—t)*" (1 -vp)
= (T—""[1—(1—vp)
= vy (T —t)*",
.

Theorem 8.1 The conditional distribution of Bf (T') based on the observation [w1],

18 normal with expectation

Ep [BT(T)|F/] (w1) = BH(t)+(T—t)H+5/ g(T,t,s)ds

— B (1) + firy _ (52)
and variance
Var [BH (T) }Ff[] (w1) = vy (T - t)2H
= o7, (8.3)
Proof. (Rostek, 2009).

This result follows from theorem 8.1 and lemma 8.2 and the Gaussian property

of the process B (t). m

8.2 CONDITIONAL STOCK PROCESS

The stock price process which is driven by fractional Brownian motion has the
following dynamics

dS (t) = uS (t)dt + oS (t)dB" ().
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Consider the conditional distribution of S (T') given all the history up to time t; < T,
in other words we restrict S (T') to the equivalence class [w,], . Let the conditional
stock process be denoted as S (t) = S () |[wi],, and the process is restricted to only
part of the probability space (Q, FH, P) namely to a space that is generated by the
equivalence class [w;], which is <[W1]t1 ;0 ([wily,) ,ﬁ) , where P is the conditional

probability.

Theorem 8.2 Fort > t; let S (t) be the conditional process of geometric fractional

Brownian motion. Then the following conditional fractional Ito theorem holds
F (T, S (T)>

- F(tl,g(tl)) +/T%—f (t,é(t)) dt+/tng—i (t,S‘(t))Mt)S(t)dt

; /g_i (1.81) 0 (1)8 (1) dB" (1

+vgHo () /T (t —t,)2 ! 2275 (t, S(t)) S (t)? dt.

t1

For the proof see Rostek (2009, page 89).

Let

The partial derivatives are

aa—f (t,S(t)) =0, g—i (t,é’(t)) - Slt)’ 227]; (t,é*(t)) !

Applying the conditional It6 formula we get

F (T, S (T)) _F (tl, S (tl)) - /Tu (t)dt — VHHO'Q/Tt2H1dt + o—/TdBH (t)

t1 t1 t1

and differentiating we have

InS(T)—1nS (t1) = p(T — 1) — %VHJ2 (T — 1) +0 (BH (T) — BH (tl)) . (8.4)
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Therefore the solution of the conditional stock process is

~

S(T) = S (t;) exp (M (T —t;) — %VH& (T—t)"" 40 (BH (T) — BH (t1)>) .

Remark 8.1 For the rest of the section we will write the conditional stock price
process S as S, the conditional fractional Brownian motion BH as BY and the prob-

ability measure P as P for notational convenience.

We define Mg differently than in (Rostek and Schobel, 2010). Rostek and Schobel
subtract In S (¢) from the conditional expected value of In S (7'). We get the same

final results.

Lemma 8.3 The conditional log-normal process InS (T') is normally distributed.

The expectation Mg and variance Y% is given as
Mo =1 1 2 2H N
s=InS{t)+u(T—t)— JVHO (T =)™ +ofip, (8.5)

and

2 = vy (T —t)*" . (8.6)

Proof. (Rostek and Schobel, 2010).

From equation (8.4) we have
IS (T) = n.S (t) + (T — t) — %VHOJ (T — )™ + o (BY (T) - B" (1)) .
Applying (8.2) and theorem 8.1 the expectation is
Mg
~ Ep S (1)|7]
= Ep|InS(t)+pu(T —1t)— %VH& (T =) + o (B"(T) - B" (t)) |7/
= InS{t)+u(T—t) - %VHGQ (T —t)*" + o (BEp [BY(T)|F'] - B (1))

1
= InS@E)+p(T—t)— §I/H02 (T —t)*" + o fip
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and the variance follows as
%%
= Var [lnS ‘fH]
— Ep[S(T) - Mg |FI]?
1 2
(ms )+ pu(T —t) — svuo* (T —t)*" + o (B (T) — BY (t)))
2 H
= Ep |ft

- (ms () +pu(T—t)— %VH(;? (T —t)* + a,&m)

Ep [o (B"(T) = B" (1)) — ojup, | F/']”

Ep [0 (B (T) = B (1))" = 20%r, (B" (T) — B (1)) + 0%, | 7" |
o*Ep | (B (T) = B" (1)) |7 | — 20°Bp [iir, | "] Ep [B* (T) - B™ (1) | 7]
+02Ep [fig, |F)?

o*Bp | (B (T) ~ B () |7/ | = 20% (r,) (Bp [B" (1) |7/'] = B (1))

+0° (ﬂ:nt)

o2Ep | (BY (T) - BY (¢ ) \fH — 202 (jip,)” + 02 (jig,)

o*Ep | (B () = B )" |7 | = o (iz)”.

BH() BH )‘}—H]

2

(
Ep [(B™ (1)) = 2B (1) B" (1) + (B" (1)) | 7|
(B (1) 7| = 2B0 [B™ (1) |7]'] B (t) + (B (1))
[BY(T)|F| + Ep [BT(T) |FI)? — 2B, [BT(T) |F] B™ (t) + (B™ (1))’
vi (T =t + (BT () + i) — 2 (BT (&) + fup,) BY (£) + (B (1))

va (T = )7+ (ir,)”
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It follows

E?g = o2 (VH (T — t)zH + (ﬂTﬂ:)Q) — o’ (:[LT,t)2

= vuoX (T —t)*".

Using properties of the log-normal distribution, the stock price process S (7') is

log-normally distributed with the following conditional expectation

Ep [S(T)|F]

1
= exp(Ms + 52?9)

1 1
= exp <ln S(t) 4+ p(T —t) — §VH02 (T —t)*" + ofip, + éuHUQ (T — t)ZH)
= exp(InS(t) +pu(T —t) + ofig,)

= S(t)exp (u(T —t) +ofi,).

8.3 THE MARKET

Rostek and Schobel (2010) constructs a wealth process that consists of a number of
investments in stocks and a bond. Now consider a market setting which consists of

a riskless bond or money account which has the following dynamics

where 7 > 0 is a constant riskless interest rate. For H > % let H; = (Hy,..., Hy) be
the Hurst vector. Consider a finite number of assets N € N, S; (¢) = (51 (¢) , ..., Sy (t))
that are driven by a finite number M € N, of fractional Brownian motions
(Bfl,..BﬁM). For 0 <t < T, let u; = (py,..,ty) and o;; = {onm} be vec-

tors representing the drift and volatility respectively. Consider a finite number of
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assets 5; with the following dynamics
M
dS; (t) = ;S () dt + Y 045S; () dBj” (t) . (8.7)
j=1

The stochastic processes are assumed independent. The wealth process W (t) is
defined as ng units invested in the riskless bond Sy and n; units invested the asset

S; and is given as
N
W () => niSi (t)
i=0

its associated self-financing stochastic differential equation as
N
dW (t) =) nidS; ().
i=0

n;S;
Let w; = # be the weights of the assets in the portfolio. The associated stochastic

differential equation of the wealth process W' (t) is
N
dW () = > mdS; (1)
i=0
N M
i=1 j=1
N M
= werW (t)dt + Z w; (uZW (t)dt + Z ai;W (t) dB]Hj (t))
i=1 j=1
N N M
= worlW (t)dt+ Y wipW (t)dt + > w; Y oW (t) dB; (t)
i=1 =1 j=1
N M /N
- <w0r + Zwi,ui> W (t)dt + Z (Z (JJiUij) W (t) dBJHj (t).
i=1 =1 \i=1

7=1

Denoting
N
Uy = Wor + Zwiui
i=1
and

N
O'VV].: E WiOij-
i=1
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It follows that
M
AW () = W () dt + > ow, W (t)dB" ().
j=1
The solution of the stochastic differential equation follows from the conditional multi-
dimensional It6 theorem, (see Biagini and Oksendal, 2003 for the multi-dimensional

fractional Ito6 formula)

1 M 2H;
pr (T —t) = 5350 vajoiy, (T — )77
W(T) =W ) exp| 2 =1 W

+ 30 0w, (B (1) = B (1))

We define My differently than in (Rostek and Schobel, 2010). Rostek and Schobel

subtract In W (¢) from the conditional expected value of In W (T') .

Lemma 8.4 (Rostek and Schobel, 2010). The conditional log-normal wealth process
InW (T) is normally distributed with expectation My, and variance X%, which is

given as
L M M
. AH.
My =InW (8) + (T = ) = 3 > v oty (T =0+ ow jir)
j=1 j=1

and

M
S = ot (T -1 (8.8)

j=1

Consider one of the N assets S;, and assume that this asset is only driven by
a single fractional Brownian motion. We will denote this asset by S (¢), this Hurst
parameter as H, the fractional Brownian motion as B (t) and the drift and volatility
as 4 and o respectively. Due to the independence of the stochastic components the
stock process and the wealth process follow a bivariate log-normal distribution. The
joint distributions of the stock and wealth process is presented by the following

lemmas.
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Lemma 8.5 (Rostek and Schébel, 2010). The conditional covariance of random

variables In S (t) and In W (t) is given as
Ssw = cov(InS(T),InW (T)|F")
= oow,vy (T —t)*"
Lemma 8.6 (Rostek and Schébel, 2010). The conditional correlation of the random
variables In S (t) and In W (t) is

ow,, I/H(T t)
Psw = 5H.
VI ot vm, (T = £

(8.9)

The conditional wealth process given the conditional stock process will be dis-

cussed next.

Lemma 8.7 The conditional expectation Mys and the conditional variance Z%’VI s

of mW (t) given S (t) is normally distributed with
Yw
My s = Mw + psyy—=— S (InS(T) — Ms)
and
2W|S = 22 (1 - Pgw) :

Proof. Using properties of the bivariate normal distribution, the conditional

expectation is
Mywis = Ep[lnW(T)[S(T)]
= Ep W (T)|F'] + pSWEE—V; (InS(T)— Ep [InS(T)|F/])
— My -+ pg s (1S (T) = M)
and the conditional variance is
EW|S = Var[lnW (T)|S (T)]

= E%/V (1 _p?S'W)’
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Using the property of log-normal distribution, W (T') is conditionally log-

normally distributed with the following expectation

S (1]

= exp | Mws + st)

(o
= oxp (e + pw e (S () = Ms) + 35 (1= )
(

2
b2 by 1
= exp ( My +InS ()" 55 — pgyy EW Mg + 222 (1- P?SW))
PSW So E EW 1 2 2

8.4 STOCHASTIC DISCOUNT FACTOR

Assume an investor wants to maximizes his utility by choosing today’s consumption
level and the number of units invested in each of the N risky assets. Denote ¢ (t) as
the initial consumption and let U () be the utility function defined over the initial
consumption period. Denote V () as the utility function defined over the end of

the period wealth W (T') . The objective function is defined by Rostek and Schobel

(2010) as
—c €T(T_t)
max < U(c(t))+Ep |V W) ©) }‘ﬁH
felt)s mi} + 5N 0y (S5 (T) = S (£) er@0)

This can be written as

{CI(Itl)‘?ué} {U(ct)+Ep [V (W (D)) !ftH} }.

Investors are assumed to have a constant relative risk aversion also known as iso-

elastic utility. Denote v as the parameter of risk aversion and assume the utility
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(8.11)

In a discrete time framework it is in general not possible to construct a risk-free repli-

cating portfolio (Brennan, 1979). In order to price derivatives using an equilibrium

approach we need to solve the aggregation problem, that is when can utility functions

of all investors be combined to give a average investor. Rubinstein (1974) showed

that this could be done assuming all investors have identical cautiousness and beliefs.

For further details see for instance Rubinstein (1974) and Brennan (1979). Rubin-

stein (1976) proved the Black-Scholes formula in a discrete time model assuming

constant proportional risk aversion and bivariate log-normality, see Brennan (1979).

Optimization of the utility function as well as the pricing equilibrium condition

will be done in order to get the adjusted drift, so it can be applied to pricing options.

Lemma 8.8 The first order conditions are

U'(ct)—eTDEp [V (W () |F] =0

and

Ep [V (W(T))S; (T) ‘ﬂH] — S; (t)e' TP Ep [V (W (T)) ‘.EH] =0 for all i.

Proof. (Rostek and Schobel, 2010).

(8.12)
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We want to maximizes the objective function therefore we differentiate with

respect to the initial wealth and number of units invested for all assets.

—c 6T(Tft)
V( (W (1) = c (1))

de (t)

|7
+ Zf\il n; (S; (T) — S; (t) e"(T_t))

—c er(T—t)
d d V( (W () — (1))

S aem (O [d_@ FX s (S5(T) - S5 () r0) ) 7

—C er(T—t)
+ Zf\il n; (Sz- (T) — S; (t) er(T—t))

= U'(c(t) — e TDEp [V (W(T)) 7]

[U (c(t)) + Er

== U, (C(t)) +Ep

Setting the above equal to zero we obtain the first equation.

; ( (W (1) — e () T ) 7
+ 30 0 (Si(T) — Si (1) er ™)

d
dni

[U (C (t)) -+ Ep

d
dni

- B |-tV <<W (1) = @) e+ D i (S:(T) = Si (1) e““”) |7 ]

—c er(T—t)
= Ep |(Si(T) = 8; (t) ") v'( W =eto) o ) |

+ Zi\;l 1 (Sz (T) - SZ (t) e’
= Ep[Si(T)V (W(T)) = Si (t) "V (W (D)) | 7]

= Bp [S(T)V/ (W (T) [F1] = i (6) " T B [V (W (T) | 7]

S; () is measurable with respect to F. Setting the above equal to zero yields the

second equation. m
Theorem 8.3 The pricing equilibrium condition s
S(t)=Ep[=(t,T)S(T)|F"]

where z (t,T) is the stochastic discount factor given by

vy Ep VI (W A(T)) |S (T)]
Ep [V (W(T)IF]

2 (t,T)=e



{é AR
160
Proof. (Rostek and Schobel, 2010).

From the second constraint, equation (8.12) we have that
Ep [V (W (T)S(T)|F ] =e " D5 (t)Ep [V (W (T))|F].

Solving for the initial price S (¢) and using properties of conditional expectation we
have
Ep [V (W (T))S(T)|FH
S(t) _ e_T(T_t) P [ ( - ( ) I‘{ ]
Ep [V (W (T))|F ]

oy [VOV@)ST
e | gy o (i e 1

Since Ep [V' (W (T))|F{*] is F/' measurable and using the tower property of con-

ditional expectation we have

S(t) = e"TVE, Ep{

g, [[E L0 )S s ) 4]

|
g | Ep VI W (M) S (DN |
e s [ ey |
Since S (T') is S (T') measurable and setting
_ Ep VW A(T)) S (T)]

0T = T v o (1) 1] (5:19)
it follows

S(t)=Ep[2(t,T)S(T)|F"].
]

A contingent claim C'(¢, S (t)) whose payoff at time 7" depends solely on S (T)

can be priced as follows

C(t,5(t)=Ep[z(t,T)C(T,S(T))|F]. (8.14)
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Lemma 8.9 The stochastic discount factor with respect to the wutility function
V(W (T)) is

ey Bw 5 1
2 (t,T) = e "I (T) 7% s exp (vr)swE—WMs - 5722?4//{2%) :
S

Proof. (Rostek and Schobel, 2010).
The utility function V (W (T')) as defined in (8.11) and substituting into (8.13)

we have

Ep [W (1) 7|5 (7)]

Ep [W(D) | F]

For a constant v, the distribution of the process In W (T)™” = —yIn W (T) is nor-

2(t,T) = e T

mally distributed with —y My, and 4?23, being the first and second moments respec-
tively of the process, refer to lemma 8.4. Using properties of the log-normal distribu-

tion it follows that W ()" is log-normally distributed with the following expectation

_ 1
Ep [W )~ |~7:tH} = exp ("YMW + 5722124/) :

The distribution of the conditional process W (¢)”” given S (¢) has a conditional
expectation —yMyy s and conditional variance 722% g, refer to lemma 8.7. From
(8.10) it follows that W (¢)” 7 given S (T') is log-normally distributed with the expec-
tation
s W —y My + 2w\
Ep [W(T)7[S(T)] = 8(T) o Fexp [ s
+37°Sh (1 - piw)

The discount factor follows as
—YMw + s B Ms

FLS, (1 )
exp (—’yMW + %722124/)

S (T) —VPsw 227‘2,/ eXp

2(t,T) = e "T0

5 —~Mw + Zw \r
S(T)_wswﬁexp TMw T VPswsg Ms

+37° 5 — 37 S ow
exp (—’yMW + %722%,[,)

o T Sw 1
= ¢TI (T) 7PV ES exp (’YPSWE—SMS - 5722%vﬂéw> :

efr(Tft)
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[ |
Lemma 8.10 In equilibrium we have
1
Ms=InS(t)+7r(T —1t) — 522 + Vs Zw s (8.15)
Proof. (Rostek and Schobel, 2010).
From the pricing equation we have
S(t) = Eplz(t,T)S(T)|F"]
) Zw 1
— EP efr(Tft)S (T)_’YPSW% exp TPsw Bs S S (T) ‘ftH
—%722%4%14/
Zw
_ g, gy B g [ P ES M ke
—%722%4/10§W
. —r(T-1) 1—Vﬂsw22l H Ly L 952 o
= ¢ Ep |S(T) s |7—"t exp ’YPSWE_SMS - éfy Sivosw |-

z
The distribution of In S (7)" " SWSs s normally distributed with the following

moments, refer to lemma 8.3

Sw Sw Sw)
(1 - 'VPSWE_S) InS(T) ~N <(1 - WPSWE—S) Mg, (1 - %OSWE—S) Z%) :

b
It follows that S (T)l_wsw% is log-normally distributed with the following condi-

tional expectation

e Sw ) 1 S\
Ep |S (T)l W g ‘ftH = exp - ’YPSW_W Ms + _Eé - ’YPSW_W .
Yg 2 Yg
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Substituting the expectation into the pricing equation we have
S (t) er(T—t)
132 S ) b
— exp (1 Vosw B ) Mg + 535 (1 - wswE—VSV) +vpsw 55 Ms
B
2
Ms = Ypsw 3 Ms + 355 (1 — 2ypew 3L + 72P§WEE_V2V>
= exp 5 S
‘|‘WPSW2_V;MS — 37 S pEw
2
= exp Ms — ypsw s SEMs + 535 — S¥vpsw BE v+ 32y pSWE_W
+ypsw gt Ms — 572212/VIOSW
1
= exp (MS + 52?9 - VPSWEWZS)
therefore
loo
exp(InS(t)+r (T —1t)) =exp | Mg+ 525 — YpswEwZs | -
Taking logs on both sides we get
Lo
]
Lemma 8.11 FEquation (8.15) can be rewritten as
(T =)+ ojig, =7 (T —t) +yoow,ve (T — ). (8.16)

Proof. (Rostek and Schobel, 2010).
Equating (8.5) and (8.15) we have

1 A 1
r(T—t)=p(T-t)— éVHUQ (T =" + ofir, + 555 — 105w Ew Ss.

2
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Substituting in (8.9), (8.8) and (8.6) we get

1 1
r(T—t) = p(T—1t)— §VHO'2 (T —t)*" + oflp + §U2IJH (T —t)*"
oow, vy (T —t)*" \/O'QI/H (T — t)QH\/Zj]\il oty v, (T — t)*1
\/JQVH (T — t)QH\/Zinl oty v (T — t)21

2H

-

= w(T—t)+opp, —yoow,vu (T —1)

The left hand side of (8.16) is the conditional drift of the stock process which
is composed of the unconditional drift and an adjustment resulting from the price

history.

8.5 OPTION PRICING FORMULA

The assumptions to pricing the fractional Black-Scholes formula and the fractional

Black formula are as follows:

1. The market consists of a bond and a finite number of assets with dynamics

given in equation (8.7).
2. Stochastic differentials are interpreted in the Wick It6 Skorohod sense.
3. The stochastic processes driving the asset prices are independent.
4. The Hurst parameters 0 < H; < 1, in equation (8.7) are constant over time.

5. The drifts p1; and volatilities o;; are constant and the r is a constant risk-free

rate of interest and the same for all maturities.

6. We consider a single stock price following the dynamics of equation (6.1) .
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7. Market participants have a constant relative risk aversion.
8. The investors maximizes his utility over a single period.
9. Market participants have the same cautiousness and beliefs.
10. Short selling is allowed.
11. There are no transactions costs or taxes.
12. There are no dividends.
13. Trading is done in a discrete time.

14. All securities are perfectly divisible.

8.5.1 CONDITIONAL FRACTIONAL BLACK-SCHOLES FORMULA

Theorem 8.4 The price of a conditional fractional Furopean call option with a

strike price K and maturity T is

G (1,5 (1) = S (1) N (&) — Fe @O (df)

where
In (S—(t)) +r (T —t)+ L o? (T —t)*"
‘j{{ = K - H
Vvao (T —t)
and

o In (57@)) +7r(T—1t)— %VHU2 (T — t)2H

\/VHO (T - t)H
Proof. (Rostek and Schobel, 2010).

Let S(T) = X, then In X ~ N (Mg, X%), i.e. normally distributed. For 0 < z <

oo it follows that X is log-normally distributed with the following density function

1 1 (Inz — Ms)®
o= e (15")
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Consider a contingent claim that has a payoff max {z — K,0} when = > K. The

function In (z — K) is defined for all K < z < co. From (8.14) we have

CH(t,5(t) = Ep[C"(T,2)z(x)|F]
— Ep [max{(z — K),0} 2 (z) | FH]

:/f (r— K) 2 (2) da

—(z— K)exp [~ S
/K:c\/zwz%c?( ) p< 2 2

It follows

exp (—%%) z (z)

_ Sw 1
— o r(T=t) TWPsw Ry exp(

Sy
57 (Inw — Ms)* + vpgyw —— S8 Y Mg — 2722%4/&2%/)

(2lnz —2InzMg + M3)

o9y2
_ G_T(T_t)fﬂ VPSW T g exp 22
oy (T21Psw BB Ms 972 S )
1 2lnx — 2lnaxMg + M3
— e r(szt)aj YPSW Sig exp | — o5 S
S\ —2vpsw BsZw Mg + V2523, 52 %
r(T—t) EW 1 2Inz — 2111.’17MS + Mgv

—2vpsw BsXw Ms + v S5y X5 pdw

1 ZVpSWZSEWIHI—I—ﬂnx—21an5+M§
= "M exp e
25 —27psw BsXw Ms + 7?5, X3 péw
= "I Hexp ( 222 (2Inz — 2Inz (Mg — ypgw SsZw) + (Ms — ypSWESZW)2)>
o (T— 1
S

= e exp (—% ([ma; — (lnS(t) +r (T —1t) — %2@)]2» .
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Setting
m = InS(t)+r(T—1) —%Z%
= InS{t)+r(T—1t)— %UQVH (T —t)*"
and

Then we have
CH(t,S(t) = Ep|CT(T,2)z(t,T)|F"]
— e_T(T—t)/ L (x — K) exp (—% (Inz — m]Q)) dx

K ITV2TU

o q 1(lnz —m)?
K T\ 21U 2 v

fe'e) 2
—Ke_”(T_t)/ L exp | — L —(ln r—m) dz.
K T\2mv 2 v

Calculation of the first integral

0 2
e_T(T_t)/ ! exp —1—(111:6 —m) xdx
K V21 2 v

R | 1 /Inz—m)\?>
— (Tt o= d
e ex .
/K V27 p( 2 < VU ) )

For the transformations set

solving for x we get

T = exp (m + \/Ey) = dv = x\/vdy.
Solving boundary condition, since x > K it follows

exp (m++vy) > K=
InK —m

y >
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Denote

and

Thus

exp (—% (y — o) + %v) dy

V2r

1

— efr( t)em/

exp <—% (v - \/5)2) dy.

1

Ver

o—rir) [

2

1

_qH
2

_déi

exp (m +

Setting

(y—\/ﬂ):>dz:dy.

z

Therefore it follows
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with

df = df +
m—InK

= 74_\/{]

m-+v—InKk
NG .

Calculation of the second integral

iy 2
Ker(Tt)/ ! exp | — L(ne —m)” dr
N/ 21w 2 v

K
= Ke T / ! exp <—ly2) exp (m +v/vy) vody
exp (m + /vy) v2mv 2
7

dg'
1 1
= Ke_T(T_t)/—_27T exp (—§y2) dy
— KeT@-ON (dgf ) .

The price of the conditional fractional European call option is

Ep [CY (.5 (1) [ 7]

= oxp (m + %v — (T - t)) N (@) = Ke TN ()

2 N (d!

o [ SO T = = gt (T =) @

+i0%vy (T — £ — (T —t)
~Ke TN (af)

= SN (d) — Ke TN (df)

where

m+ov—InkK
NG
1
S () +r(T —t) = gvuo® (T -t + vyo® (T —t)* —InK

\/0'2VH (T —t)*"

.
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and
g m—InK
SN
InS(t)+r(T—t)— %VHO'Z (T —t)*" —InK
- \/0'2VH (T —t)*"
]

Following similar arguments to those of a conditional fractional European call,
the price of a conditional fractional European put option with a strike price K and

maturity 7' is
Py (t,S (1)) = Ke " T-ON (—Jgf) ~ SN (—J{f ) .
Thus one can obtain the put-call parity relationship

CH (¢, 5 (1) = P (t,8 (1))
= SN (@) = Ke TN (@) — (KeTON (~df) - s (1) N (~dlT))

= S(t)— Ke T,

8.5.2 CONDITIONAL FRACTIONAL BLACK FORMULA

A futures contract is an agreement between two parties in which an individual agrees
at time ¢ to buy an asset S (¢) from the other party at time T for a price F' (t). Futures
contracts are traded on exchanges. A forward contract is an agreement between two
parties in which an individual agrees at time ¢ to buy an asset S (¢) from the other
party at time 7T for a price f (t). The difference between a futures contact and a
forward contact is that there are daily settlements with the futures. In other words if
the futures price falls on a day then the party who is short has to pay the exchange

money which is then transferred to the party who is long and vice versa.
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Lemma 8.12 Assume a dividend yield of zero and if we denote a forward contract

by f then the price is
ft)=e VS (1).

Proof. If we assume that
f(t)>S(t)e™"

then at time ¢ one could borrow the amount S (¢) rands and buy the stock S ().
Then the individual could agree to sell the stock at time 7' for the price F'(t).
At time 7T this individual owes S () e"™? to the bank and gains f (t). Thus the

individual will make a riskless profit of f (t) — S (¢) e"™ . If we assume that
ft) < S(t)er™D

then at time ¢ the individual could short sell the stock and the individual invests
the proceeds into the bank. The individual also enters a forward contract where he
agrees to buy f (). At time T he receives S () """ from the bank and pays f (t),

thus making a riskless profit of S (t) e" ™" — f (t). Therefore

Lemma 8.13 If interest rates are constant then a futures price is the same as a

forward price

F(t)=eT95(t). (8.17)

Proof. (Hull, 2006).
Let 6 be a constant daily interest rate. Let F' be a futures contact expiring in n

days. Let F' (i) be the price at the end of day i for 0 < i < n. Consider the following
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strategy, take a total long futures position of e at the end of day i — 1. The profit

and loss from the position on day i is
(F (i) — F(i—1))e”.
Compounded at a risk free rate till the end of day n this becomes
(F(i)—F(i—1)) e = (F (i) — F(i— 1)) e™.

The value of the entire investment strategy at the end of day n is

n

Z(F(i)—F(z’—l))e”5

= (F(n)=F(0)e”

— (S(T) - F(0)) ™.

Since the sum is telescoping and the futures price at the end of day n is the same
as the terminal asset spot price S (7'). An investment of F'(0) in a risk-free bond
combined with this strategy has initial cost of F' (0) as it costs nothing to enter into

a futures contract. At time 7T this new portfolio has value
F(0)e™ + (S(T) — F(0))e™ =S (T)e™.

Suppose that a forward price at the end of day 0 is f (0) . Investing f (0) in a riskless
bond and taking a long forward position of ™ forward contract also gives final
wealth of

S(T)e™.

To avoid arbitrage we must have
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Theorem 8.5 The price at every t € [0,T] of an European call option with strike

price K and maturity T on the futures contact F, is given as

At F (1) =e 0 (PN (A1) - KN (d)

with Foy 1, o
e _ 1n7+§0 vy (T —1)
\/I/HO'2 (T — t)*"
" FW 1, o
e _ IHT — 50 vy (T —1t)

\/I/HO'2 (T —t)*"
Proof. Adapted from (Bjork, 2004).
Consider a futures contract F' (¢t,77, 5 (t)) on delivery of S (7}) at time 7} and a
fractional European call option with exercise price K on the underlying future. It

follows that the call option price is

¢(T) = max{(F(T,T:,5(T)) - K),0}
= max {(S(T) eri-1) _ K),0}
e =) max {(S(T) - e”'(Tl’T)K) ,0}.

Thus the futures option consists of e"™1=7) call options on the underlying asset S

r(T1—

with exercise date T" and exercise price is Ke~ 7). Applying theorem 8.4 it follows

& (1) = erT-T) (S ()N <J{{*> _ KTt p—r(T1=T) 5y <d’£{*))

where S (1)
o (W) + 7 (T = 1) + jvno” (T — )"
i =
Vo (T —t)"
and

S(t
m(%;%%ﬂ)*¢”—ﬂ—%wm%T—ﬂw

Voo (T —1)"

JH*
d2 _—
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From (8.17) we have

The price follows as

(L F () = @O (F (e TN (d) - Ke TN ()

_ @) (F (t) N (d{[*) — KN <CZ§*)>
where

F(t)e (it
" (%) +7(T = t) + qvno® (T = )"

Voo (T —1)"
In (F(t)) —r (L= t)+r (T =T)+7 (T —t) + grno® (T — 1)

K
Vo (T —t)"

F(t
In (%) + svgo? (T — )2
vpo (T —t

JH*

)H
and following similar arguments we have

In (FT“)> — vy (T — )™

e =
Vgo (T — t)H

Conditional Black formula for a put option p at time T is
P (t, F (1)) = e 7T (KN <_CZ§*) _F({)N (J{f*)) .
8.6 MODEL ANALYSIS

Rostek (2009) looks at the values of the fractional European call option for varying

Hurst parameters. Rostek defines two effects, the narrowing effect vy, see equation
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Table 8.1: Power effect.
Persistent Anti-Persistent

Short-Run | Less volatile, lower price More volatile, higher price
Long-Run | More volatile, higher price | Less volatile, lower price

(8.1) and the power effect (T — ¢)*"'. The narrowing effect 0 < vy < 1 only depends

on the Hurst parameter 0 < H < 1. When

1
limvyg = —,
H—0 2
limvg =1

H—1

2

and

limVH =0.

H—1

The critical point is when H = % which is the maximum and vy = 1, see figure 8.1.
For H > % the function is decreasing, thus the fractional variance is multiplied by a
smaller number, which reduces the prices. Rostek’s explanation for this is that the
further away from % the less the uncertainty. The power effect depends on the time
to maturity. For a persistent time series there will be less short run deviations from
the mean and more long run deviations from the mean. For an anti-persistent series
the effect will be the opposite, see table 8.1.

The total effect of the Hurst parameter on the call price is a result of these two
effects.

The price of a conditional fractional European call option with respect to different
spot prices S is graphed for the anti-persistent, persistent and normal case. In figure
8.2 the time to expiration is 7" = 0.25, and the graph displays that the price of the
persistent case will be less than the normal and the anti-persistent case. While in

figure 8.3 the time to expiration is 7" = 1 and all the prices will be close together with
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Shape of the factor vh
T T T

0.8 4

0.6 q

Narrowing factor vh

0.2 —

0 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
The Hurst Parameter H

Figure 8.1: Rostek and Schobel. Narrowing factor vy.

the normal one being higher and the persistent case will be the lowest for varying
spot prices. In figure 8.4 the time to expiration is 7' = 2 and the graph shows that
the price of the persistent case will be larger than that of the normal case.

We plot the pricing formula for varying Hurst parameters, for a fixed time 7" and
for three different ¢. For shorter time to expiration 7'= 0.5 and t = 0.1, t = 0.25 and
t = 0.4 figure 8.5 shows the price of a call option decreases as the Hurst parameter
increases. For larger time to expiration T'=5and ¢t = 1, t = 2.5 and t = 4 figure
8.6 shows the price of a call option increases and then rapidly decreases as the Hurst
parameter increases. This is due to the two above-mentioned effects.

The conditional Black functions were plotted for varying volatility o € (0, 1) and
varying Hurst parameters H € (0, %) U (%, 1) and for different times to maturity.

Setting F' (t) = 110, S () = 100, K = 100 and choosing a time to maturity to be
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Figure 8.2: Rostek and Schobel price of European call for varying spot for H=0.2,
H=0.5 and H=0.8. Fixed parameters K = 100, » = 0.02, ¢ = 0.2 and 7" = 0.25 and

t=0.

Call Price

Price of Rostek European call and T=1 and t=0

25 T T T
H=0.2
H=0.8
—— H=0.5
20 -
151 —
101 -
sk B
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Figure 8.3: Rostek and Schobel price of European
H=0.5 and H=0.8. Fixed parameters K = 100, r = 0.02, ¢ = 0.2 and 7" =1 and

t=0.

call for varying spot for H=0.2,
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Price of Rostek European call and T=2 and t=0
T T T

H=0.2
H=0.8
H=0.5

Call Price
.
5]
T

1 1 1
80 85 90 95 100 105 110 115 120
Spot Price S

Figure 8.4: Rostek and Schobel’s price of European call for varying spot for H=0.2,
H=0.5 and H=0.8. Fixed parameters K = 100, r = 0.02, ¢ = 0.2 and 7" = 2 and
t=0.

Call Price for fixed T=0.5 and t=0.1, t=0.25 and t=0.4
T T T T T T

1=0.1
1=0.25

Price Fractional European Call Rostek

0 I I 1 I I 1 I I !
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Hurst Parameter H

Figure 8.5: Rostek and Schébel price of European call with varying Hurst and t = 0.1,
t = 0.25 and t = 0.4. Fixed parameters K = 100, S = 100, ¢ = 0.2, » = 0.02 and
T = 0.5.
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Call Price for fixed T=5 and t=1, t=2.5 and t=4
25 T T T

t=1
t=2.5
=4

Price Fractional European Call Rostek

0 ! ! ! !

I 1 I ! I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Hurst Parameter H

Figure 8.6: Rostek and Schobel price of European call with varying Hurst and t = 1,
t = 2.5 and t = 4. Fixed parameters K = 100, S = 100, ¢ = 0.2, r = 0.02 and
T =5.

(T'—t) = 0.25 we obtain figure 8.7. As ¢ — 1 and for all H — 0 we see that the
prices are the largest.

Choosing (T'—t) = 0.75 we obtain figure 8.8 and as 0 — 1 and H — 1 the prices
are the largest.

Setting the time to maturity (7" — t) = 5 we obtain figure 8.9 and as ¢ — 1 and
for the persistent case the prices are the largest.

In general for all time horizons the curves are parabolic increasing concave down.
As the time to maturity increase the prices for the persistency case increase. A small

volatility and a vary Hurst has little affect on the price.
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Rostek and Schobel F=110, $=100, K=100, (T-t)=0.25

Price of call on a future

Hurst Volatility

Figure 8.7: Black under Rostek and Schobel Price vs Hurst vs Volatility F;, =
110, Sy = 100, K = 100, (T" — t) = 0.25.

Rostek and Schobel F=110, $=100, K=100, (T-1)=0.75

Price of call on a future

Hurst

Volatility

Figure 8.8: Rostek and Schobel Price vs Hurst vs Volatility F; = 110, S; = 100, K =
100, (T —t) = 0.75
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Rostek and Schobel F:
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Figure 8.9: Rostek and Schébel Price vs Hurst vs Volatility F; = 110,.5; = 100, K =
100,(T"—t) =5



CHAPTER 9

EMPIRICAL PERFORMANCE PART 1: TECHNIQUES

9.1 INTRODUCTION

An investigation of the South African stock market was done in chapter 3 and it was
found that the price changes of stocks returns are not always independent thus the
application of Brownian motion is not always sensible and newer methods should be
looked into. Wilcox and Gebbie (2008) did interesting research in the South African
market, in particular they used a modified Rescaled Range analysis and found long
term memory in the first five eigenvector components of the estimated covariance

matrix in the Johannesburg Stock Exchange (JSE) data.

Three fractional Black-Scholes and Black formulas were presented in chapters
6, 7 and 8 where the pricing formula depends on two unknown parameters namely
the volatility parameter o and the Hurst parameter H. The option pricing formula
provided by Hu and @ksendal (2003) prices a European call option at a certain point
in time namely at ¢ = 0. Due to this we conjectured a hypothetical Black-Scholes
and Black pricing formula under Hu and OQksendal’s framework where the volatility
enters the pricing equation through the term o (T — t)2H , see conjectures 6.1 and

6.2 in chapter 6.

Necula (2002) generalized the European call option pricing formula to an

arbitrary current time ¢t and a quasi-conditional Black formula is proven under

182
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Necula’s framework where the volatility enters the pricing equation through the

term o (T2 — t2#) | see theorem 7.6 in chapter 7.

Rostek and Schobel (2010) proves a fractional European option pricing formula
using equilibrium pricing of options where the traders are assumed to have a con-
stant relative risk aversion and trade in discrete time. The pricing formula now
also depends on a narrowing factor vy which depends on the Hurst parameter. A
conditional Black formula is proved as an extension of Rostek and Schiébel’s option
pricing formula for European options where the volatility enters the pricing equation

through the term vyo? (T — t)*" | see theorem 8.5 in chapter 8.

Comparing this to the classical Black-Scholes formula, see theorem 2.3 in chapter
2, where the volatility enters the pricing equation through the term o (7' — t) and
it is clear that when setting H = % in the fractional Black-Scholes formulas the
classical Black-Scholes formula is obtained in all cases. The same holds for the Black

formulas.

The following questions arise: How do these fractional Black models compare
to each other and to the classical Black model? Which of these model results have
the lowest pricing errors? How does the volatility pattern compare between these
models? Is there an implied Hurst parameter? What is the relationship between the

volatility parameter and the Hurst parameter?

The option value of the classical Black formula depends critically on the expected
future volatility. Realized volatilities are obtained using historical stock data while
implied volatilities are obtained by inverting the Black-Scholes (Black) option pricing

formula. Implied volatility has to be inferred from option prices. The fractional
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models cannot be used if they are not calibrated to the market. Without market cal-
ibration there would be obvious arbitrage opportunities. Implied volatility is impor-
tant in many applications including option pricing, risk management, hedging and
financial modeling. The implied volatility that is derived from option prices depends
on the assumption that is made concerning the underlying asset price distribution.
The classical Black-Scholes model assumes that the underlying distribution of the
stock returns follows a log-normal distribution. Under this assumption the implied
volatilities of this model should be the same for options that have the same under-
lying asset irrespective of the strike prices and time to maturity. However in practice
the implied volatilities differ with different time to maturity and different strike
prices. The implied volatilities are a function of time and the underlying stock and
plotting the implied volatilities against the strike yields a volatility pattern that
resembles a skew. Before the 1987 market crash the smile curve was flat and after-
wards it formed a skew, see Derman (2007). On a day the implied volatility is
a quoting convention that incorporates the underlying price, strike price, time to
maturity and the trading of option is like trading volatility, see for example SAVI
squared futures on the Johannesburg Stock Exchange (JSE). The implied volatility
is a number that equates the price of the Black-Scholes (Black) option to that of the
observed market price of the option (Rebonato, 2004). The Black-Scholes (Black)
option pricing formulas cannot be analytically inverted such that we get the implied
volatility as a explicit function of the stock, strike, time to maturity, interest rates
and the option price, and numerically methods such as Newton-Raphson should
be used see Hurst, Platen and Rachev (1999). Imagine a three dimensional graph
with the implied volatility on the z-axis, the strike on the x-axis and time on the
y-axis, this is known as the volatility surface see Kotzé, Joseph, Naido, Boardman
and de Wet (2009). Gatheral and Lynch (2002) stochastic volatility models incorpo-

rate different strikes and different times to maturity. It has been noted that implied
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volatilities decrease as the stock price rises and vice versa. Black (1976) wrote " I
have believed for a long time that stocks are related to volatility changes. When
stocks go up, volatilities seems to go down; and when stocks go down volatilities
seems to go up." Option prices are sensitive to volatility thus small changes in the

volatility have a large effect on the price of an option.

Cajueiro and Barbachan (2003) compared Necula’s fractional Black-Scholes
option pricing formula with that of the classical Black-Scholes model using Brazilian
stock returns and found that the model does not deal with fat tails. Krzywda (2011)
compared Rostek and Schobél’s Black option pricing formula with that of the
classical Black model using Warsaw stock returns. In both of the investigations, a
constant historical Hurst parameter was obtained using the Rescaled Range analysis
and the volatility was estimated by a method that was introduced by Kukush,
Mishura and Valkeila (2002). Inkaya (2011) used the Dow Jones Industrial Average
index to price options using fractional Brownian motion under Hu and @ksendal and

Necula’s framework and followed the methodology of Zhang, Xiao and He (2009).

The different fractional Black formulas were investigated as a function of a
varying Hurst and volatility parameters. A large collection of volatility and Hurst
parameter combinations was generated and input to obtain prices with all other
parameters fixed. Figures 9.1, 9.2 and 9.3 plot the obtained prices on the horizontal
axis against all the Hurst and volatilities that correspond to each price. It can clearly
be seen that there is a range of possible Hurst and volatility parameters that give the
same price, and there is hence no unique volatility and Hurst parameter combination

that yields a specific price.

Fixing a constant Hurst parameter the implied volatility can be computed by

inverting the option valuation formula and solving for the implied volatility. The
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Figure 9.1: Conjectured Hu and ksendal Black formula for parameters F' =
110, S =100, K = 100, (T —t) = 5.

Necula

12

0.8 4
0.6 4

& Volatility
= Hurst

0.4 4

Volatility and Hurst Parameters

0.2 4

0 20 40 60 80 100 120
Price Future Call

Figure 9.2: Necula quasi-conditional Black formula for parameters F' = 110, S = 100,
K =100, T =5 and t = 0.
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Figure 9.3: Black formula under Rostek and Schobel framework for parameters F' =
110, S =100, K = 100, (T —t) = 5.

option prices are observed in the markets and the remaining parameters can be
observed directly from historical data. A heuristic optimization algorithm, simulated
annealing, was used to back out the volatility for collections of options. In pricing the
fractional Black-Scholes (Black) models both the volatility parameter and the Hurst
parameter influence the price of the option, therefore the out of sampling pricing
performance is done to investigate their combined presence in the pricing formula.

The two parameters both affect the price significantly.

Techniques are presented in order to compare empirically the performance of
these models with that of the classical Black-Scholes (Black) formula. Bakshi, Cao
and Chen (1997) present measures of empirical sampling performance, we investigate

the implied volatility and out of sampling methods.
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9.2 BACKING OUT FRACTIONAL IMPLIED VOLATILITY

The objective is to minimize the objective function which is the square absolute
difference between the actual observed market price and the estimated prices. The
implementing procedure is as follows: collect n = 1,..N futures contacts F' on the
same stock S which is taken from the same point in time ¢. Let T, and K,, be the time
to expiration of the futures contract and strike price on the n-th option respectively.
Let 0, be the implied volatility associated with the classical Black formula for the
n-th option, this is how prices are quoted. Collect historical parameters F, S, K, t
and T,, from the market which can be easily done as the efficient market hypothesis
holds. Assume the Hurst parameter H is a constant. Let o, be the implied volatility
associated with the fractional Black formula for the n-th option. The implied volatil-
ities oy, are unknown and have to be estimated empirically from the market. Let
the price of the classical Black formula be denoted as ¢, (F, S, K,,t,T,,0,) and let
cH(F, S, K,,t,T,,0mn,, H) be the price of the fractional Black formula for the n-th
option. For each n, the error function ¢, [0y ;] is defined as the model price less the

market price
En [O—H,n} = Cﬁ[ (F; S? Kna t, Tn> UH,na H) — Cp (F7 S7 Kn7 tv Tna Un) . (91)

The objective is to minimizes the objective function SSFE which is given as the
sum of absolute squared differences of the estimated model and the actual price. The

sum of squared pricing errors is given by
N
minSSE (op,,t) =min Y (le, [O'H’HHQ) : (9.2)
1

OH,n OH,n

Using appropriate optimization techniques the implied volatility og, can be
estimated for each n by minimizing the objective function. Calculations are done
similarly for put options on futures and the method is similar for the Black-Scholes

formula.
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9.3 OUT-OF-SAMPLE PRICING

By fixing a constant Hurst parameter the implied volatility is backed out for either
a single option or a collection of options with the same underlying. Then use the
previous day’s implied volatility, the same constant Hurst parameter, the current
day’s observed future and stock price, to price the options. The average pricing
error is calculated as the sum of the differences between the market price and the
model price. The average absolute pricing error is calculated as the sample average
of the absolute difference between the market price and the model price and the
average percentage pricing error is calculated as the sample average of the market
price minus the model’s price divided by the market price.

The model is implemented in the following way: at time ¢ — 1 assume the future
price F'(t —1), stock price S (¢t — 1), strike K, and the option ¢ (¢ —1) can be
observed directly from the market. Assume a constant Hurst parameter H which
can be empirically estimated from historical data. Using this information the implied
volatility oy (t — 1) can be backed out at time ¢ — 1 by optimizing (9.2). At time ¢
compute the price of the fractional future option using the parameters F' (t), S (t),
K,, and using the backed out implied volatility from the previous day oy (t — 1) and
the same Hurst parameter that was used to back out the implied volatility. Next
subtract the model determined price from the option price in the market at time t.
Let t = 2, ..., M be the number of days and let n = 1, .., N be the number of options.
Repeat the procedure for numerous days.

At time t the average pricing error is calculated as the sample average of the
difference between the market price and the model price and is given by

M N
1
E HE [UHn = MN ZZ Ft> St7Knat Tnaat) (Fta StaKn7t7Tn70'H,t717H)) .

(9.3)
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At time t the average absolute pricing error is calculated as the sample average of
the absolute difference between the market price and the model price and is given

by

1

1 M N
Mﬁ ZZ ‘C(Ft,St, Kn7t7Tn70t) - CH (-F;h St7Knat7Tn70-H,t—1a H)‘ .

t=1 n=1
(9.4)

Eleloun]ll =

The average percentage pricing error is calculated as the sample average of the

market price minus the model’s price divided by the market price and is given by

M N
F S Kn taTna —cH F,S,Kn,t,Tn’ _ ,H
E[[PE®)]] = Zz[c< 1 St Koty Ty 00) = ! (Fi, Sy o1y, H)

1
Mﬁ C(FtaShKnathnvo-t)

(9.5)

9.4 OPTIMIZATION TECHNIQUES

According to Hamida and Cont (2005) equation (9.2) is very difficult to solve due
to the function not being convex or having any particular structure to assist gra-
dient based methods. Also computing its gradient is difficult as the function has
to be computed numerically. For this reason we use a heuristic known as simulated
annealing. We used Vandekerckhove’s (2006) MATLAB code, for details about the

simulated annealing algorithm see appendix E.



CHAPTER 10

EMPIRICAL PERFORMANCE PART 2: RESULTS

10.1 INTRODUCTION

In this chapter three listed futures are considered, namely the ALSI (JSE Top 40
index), SBK (Standard Bank) and MTN (South African cell phone company). His-
torical data were taken from Safex, the South African futures exchange.

Volatility changes over time and the implied volatilities differ for different
strike prices. An investigation of in-the-money (ITM), at-the-money (ATM), out-
the-money (OTM) futures is done. A relationship known as put-call parity holds
between a European call and the European put option, due to this the implied
volatility for a European call option is the same as the implied volatility for the
European put options, with the same strike and maturity and all other inputs kept
the same (Hull, 2006). Put-call parity relation also holds for fractional call and
puts. The implied volatilities were backed out for different Hurst parameters and
a volatility pattern is created by plotting the implied volatility of an option as a
function of its strike price. This pattern is known as volatility skew, of which one
type of the volatility skew is the volatility smile. The volatility smile is a U shaped
curve while another common skew pattern is the volatility smirk reverse skew which
is what appears for the ALSI, SBK and MTN options. This means that the implied
volatilities for options with lower strikes are higher than those with higher strikes.
One explanation for the reverse skew is that investors buy more puts for protection

as insurance against large drops in the market (Chance, 2008).

191



192

If S is the stock price and K is the strike price then a call option is in-the-money
when K < S. A call option is at-the-money when S = K and a call option is out-
the-money when S < K. The backed out implied volatility patterns are plotted for
each of the fractional models and the actual observed volatilities are plotted to see
whether they are comparable and whether these models exhibit changes across in-
the-money, at-the-money, out-the-money options and across maturity. Plotting the
implied volatilities against time also gives an indication how these fractional models
capture different market trends across time. The implied volatilities are compared
to that of the actual market volatilities and thus their movements and deviations
can be observed. Using these daily implied volatilities the out of sampling pricing
performance of the models is done in order to compare the pricing to that of the
classical Black formula. The pricing errors are obtained using all the parameters
from the previous day’s. The objective of this chapter is to empirically compare the

performance of these models with that of the classical formulas.

10.2 DaATaA

We will now introduce the data which has been used in this empirical comparison.

10.2.1 SouTtH AFRICAN OPTIONS

In particular we are dealing with options written on futures. The JSE only supports
American style options. An American option is the same as a European option but it
can be exercised prematurely; this is not a problem as it is never optimal to exercise
these options early (JSE, 2008). Therefore we can still use the Black formula to price

them.
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Data were obtained from the SAFEX (South African Futures Exchange) website.
ALSI, MTN and SBK options on futures were collected from 1 April 2011 till 1 June
2011. The futures price, stock price, strike price, maturity date and implied volatility
were obtained. We used equation (8.17) to estimate the interest rates. The ALSI call
options expiring on 15 June 2011 were categorized into four different groups on
the 1st of April 2011. The first group was the in-the-money group with moneyness

S
(E) > 1.03 there were four strikes. The second group was the at-the-money group

S
with moneyness <?) € [0.97,1.03], there were six strikes. The third group was

the out-of-the money group with the moneyness (%) < 0.97, there were eight
strikes and finally the fourth category was all the calls with 21 strikes. The MTN
call options expiring on 15 June 2011 was categorized into one group consisting of
five strikes on the 1st of April 2011. The SBK call options expiring on 15 June 2011

were categorized into one group consisting of four strikes on the 1st of April 2011.

10.2.2 SouTH AFRICAN WARRANTS

Warrants were introduced by the Deutsche Bank in October 1997 on the JSE Secu-
rities Exchange (JSE, 2002). Warrants are securities that are issued by a party
independent of the underlying asset, giving the right but not the obligation to buy
or sell an underlying asset. The warrant style can be either American or European.

TOPSBE and TOPSBF were the European call warrants which were taken into
consideration from 1 September 2011 till 31 October 2011; these warrants are issued
by Standard Bank. From the Sharenet website we gathered the underlying stock
price and the warrant price. From Dr A. Kotzé at the Johannesburg Stock Exchange
we obtained a reliable yield curve. We assumed the yield curve was linear between

the maturities we had available and used linear interpolation to obtain interests
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rates for the in-between maturities. Using an algorithm from Benninga (2000), (see
appendix F for the code) we backed out the implied volatilities for the individual

options.

10.3 IMPLIED VOLATILITIES ACROSS TIME

Using (9.2) we backed out the implied volatilities for collections of ALSI, MTN and
SBK calls on futures, using the classical Black formula and the Black formula’s
based on Hu and (Oksendal’s, Necula’s and Rostek and Schobel’s frameworks using
simulated annealing. For the ALSI calls on futures, seven Hurst parameters were
chosen H = {0.5043; 0.51426; 0.54736; 0.6; 0.7; 0.8; 0.9} for the analysis. Necula’s
model using the absolute times, T?# — 2/ this equation necessitates that we pick
a starting time. The starting time of 1st of April 2011 was chosen as the beginning

of our investigation.

For the entire collection of ALSI calls figures 10.1, 10.2 and 10.3 display the
implied volatilities for the above mentioned fractional Black formulas with fixed
Hurst parameters. The volatilities backed out using the standard Black formula
are also given in each figure. In all the figures it can be seen that the higher the
Hurst parameter the higher the backed out implied volatilities for the fractional
models. In particular, it can be seen that as the calls approach expiration Hu and
(Oksendal’s and Rostek and Schobel’s volatilities diverge while Necula’s backed out
implied volatilities converge. In other words when the Hurst parameter is higher
as the option approaches expiration the implied volatilities get bigger much faster
for the fractional Black models under the Hu and ksendal and Rostek and Schobel
framework. The effect is opposite for implied volatilities for the Black under Necula’s

framework. This behaviour will be made clearer later on.
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Figures 10.4, 10.5, 10.6, 10.7, 10.8, 10.9 and 10.10 each show for a single Hurst
parameter the models implied volatilities. The fractional implied volatilities fol-
lowed the movements of the Black implied volatilities. It can be seen that Hu and
(Oksendal’s and Rostek and Schobel’s implied volatilities are quite close below a cer-
tain Hurst threshold, but for higher Hurst parameters they diverge and Rostek’s and

Schobel’s implied volatilities are larger.

Three Hurst parameters H = {0.5211; 0.5454; 0.597} were chosen to back out
the implied volatilities for the MTN calls on futures. Figure 10.11 displays the implied
volatilities for the models for only a Hurst H = 0.5454. For the SBK calls on futures
four Hurst parameters were chosen H = {0.4005; 0.45298; 0.51; 0.5603; 0.6} .
Figure 10.12 shows the implied volatility for the models with H = 0.4005, it can be
seen that for the anti-persistency case the fractional implied volatilities are lower
than the normal Black implied volatilities. For the TOPSBE and TOPSBF seven
Hurst parameters were chosen H = {0.5043; 0.51426; 0.54736; 0.6; 0.7; 0.8; 0.9}
for the backing out the implied volatilities. Figure 10.13 shows the implied volatilities
for a H = 0.6.
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Figure 10.3: Rostek and Schobel implied volatilities for 21 calls on futures.
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Figure 10.6: Implied volatility for 21 ALSI calls on futures with H=0.54736.
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Implied volatility for 21 ALSI calls on futures with H=0.6
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Figure 10.7: Implied volatility for 21 ALSI calls on futures with H=0.6.
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Figure 10.8: Implied volatility for 21 ALSI calls on futures with H=0.7.
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Figure 10.9: Implied volatility for 21 ALSI calls on futures with H=0.8.
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Figure 10.10: Implied volatility for 21 ALSI calls on futures with H=0.9.
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Implied volatilty for 5 MTN calls on futures with H=0.5454
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Figure 10.11: Implied volatilty for 5 MTN calls on futures with H=0.5454.
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Figure 10.12: Implied volatilities for 4 SBK calls on futures with H=0.4005.
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Implied Volatilities for TOPSBE and TOPSBF Warrants with H=0.6
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Figure 10.13: Implied volatilities for TOPSBE and TOPSBF warrants with H=0.6.

10.3.1 EXPLANATION

The difference between the classical Black and Black-Scholes models and the con-
jectured models under Hu and ksendal’s fractional pricing framework is that
o2 (T — t) is replaced by 0% ; (T — t)*" in the pricing formula, where we denote o,

the fractional volatility for Hu and @ksendal’s model. We can write
0 (T 1) = %, (T — 1)?"

or

2 0_2 (T_t)

O = m (10.1)

Figure 10.14 displays the fractional volatility oy ; for 0 = 0.2 and time to expi-

ration 7' = 2. When (T — ¢) is smaller than one then the fractional volatilities are
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Fractional volatility for Hu and @ksendal model with Black-Scholes volatility = 0.2 and T=2
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Figure 10.14: Fractional volatility for Hu and @ksendal model with Black-Scholes
volatility = 0.2 and T=2.

greater than the Black-Scholes (Black) volatilities. This can also be seen from the
implied volatilities graphs above. As t — T the fractional volatilities increase and
this is the same behaviour that can be seen with the empirical backed out volatilities
for Hu and Qksendal’s model. The difference between the classical Black and Black-
Scholes models and the models under Necula’s quasi-conditional fractional pricing
framework is that o2 (T — t) is replaced by %, (T*# — t*) in the pricing formula,

where we denote oy 9 the fractional volatility for Necula’s model. We can write
02 (T —t) = oy, (TP — £21)

or

2 2 (T—1)
UH,Z =0 m (102)
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Fractional volatility for Necula's model with Black-Scholes volatility = 0.2 and T=0.3
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Figure 10.15: Fractional volatility for Necula’s model with Black-Scholes volatility
= 0.2 and T=0.3.

Figure 10.15 displays the fractional volatility o 2 for o = 0.2 and time to expira-
tion 7" = 0.3. We picked t, as zero. As t — T the fractional volatilities decrease and
this is the same behaviour that can be seen with the empirical backed out volatili-
ties for Necula’s model and are greater than Black-Scholes (Black) volatility. While
figure 10.16 displays the fractional volatility o > for o = 0.2 and time to expiration
T = 2. In this case the fractional volatilities are below the the Black-Scholes (Black)
volatility.

The difference between the classical Black and Black-Scholes models and the
models under Rostek and Schébel’s conditional fractional pricing framework is that

0% (T —t) is replaced by vyo? (T —t)*" in the pricing formula, where we denote
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Fractional volatility for Necula's model with Black-Scholes volatility = 0.2 and T=2
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Figure 10.16: Fractional volatility for Necula’s model with Black-Scholes volatility
= 0.2 and T=2.

o3 the fractional volatility for Rostek and Schobel’s model. We can write
o (T —t) =0 qvu (T — )

or

T —t)
024 = 02(—. 10.3
H,3 Vi (T . t>2H ( )

Figure 10.17 displays the fractional volatility oz 3 for o = 0.2 and time to expiration
T = 2. As t — T the fractional volatilities increase and this is the same behaviour
that can be seen with the empirical backed out volatilities for Rostek and Schobel’s
model. The fractional volatilities are also larger than the Black-Scholes volatility

close to maturity.
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Fractional volatility for Rostek and Schébel model with Black-Scholes volatility = 0.2 and T=2

=
[N
a

Ly

o

a
L

4

©

a
L

o

=)

a
L

e

3

o
L

—4—H=0.5

H=0.6
—%—H=0.7
——H=0.8
—=—H=0.9

o

o

@
L

Fractional implied volatility
o
o
&

o

'S

[l
L

o o
N w
a a

o
i
o

Figure 10.17: Fractional volatility for Rostek and Schobel model with Black-Scholes
volatility = 0.2 and T=2.

10.4 VOLATILITY SMILE

We used equations (10.1), (10.2) and (10.3) to get the fractional implied volatilities
for the models. The implied volatilities were backed out on the 1st of June 2011 for
the ALSI options expiring on the 15th of June 2011. Figures 10.18, 10.19 and 10.20
display the volatility smile curve for Hurst parameters H = {0.5043; 0.6; 0.9} . For
H > % we see that as the Hurst parameter increases the implied fractional volatility
smile curves move upward for the three fractional Black models. In particular we see
that when the strike is deep in-the-money the deviations from the observed implied
volatilities are greater than the other strikes. Necula’s fractional volatilities are closer

to the Black volatilities while Hu and @ksendal’s fractional volatilities are in between
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Volatility Smile for 90 calls and puts on ALSI futures with H=0.5043
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Figure 10.18: Volatility Smile for 90 calls and puts on ALSI futures with H=0.5043.

Necula’s and Rostek and Schobel’s fractional volatilities and Rostek and Schobel’s

fractional volatilities are the largest.

The fractional volatilities are inconsistent with the assumptions made in chapter
6, section 6.4, chapter 7, section 7.3 and chapter 8, section 8.5 where we assumed a
constant volatility on a underlying for all maturities. The fractional Black-Scholes
(Black) option pricing models imply the existence are multiple fractional implied
volatilities. The fractional vanilla option pricing models are incorrect. On a given
day with a certain strike in mind the implied volatility smile curve for different Hurst
parameters gives a good number to put into three fractional Black-Scholes (Black)

formulas to just get a price.
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Figure 10.19: Volatility Smile for 90 calls and puts on ALSI futures with H=0.6.

Volatility Smile for 90 calls and puts on ALSI futures with H=0.9
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Figure 10.20: Volatility Smile for 90 calls and puts on ALSI futures with H=0.9.
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10.5 PRICING PERFORMANCE

The pricing performance of the above mentioned models is done using equations
(9.4) and (9.5) . Tables 10.1, 10.2, 10.3 and 10.4 display the average absolute pricing
error and the percentage pricing error for the four groups of ALSI calls on futures
with the above chosen Hurst parameters. In appendix G tables G.1, G.2 and G.3
give the pricing errors and percentage pricing errors by option and by day for all of
the ALSI calls on futures with a Hurst parameter H = 0.54736.

Tables 10.5, 10.6 and 10.7 display the average absolute pricing error and the
percentage pricing error for the TOPSBE and TOPSBF warrants, MTN calls on

futures and SBK calls on futures for the above mentioned Hurst parameters.

As the Hurst parameter increases Hu and (Oksendal’s model and Rostek and
Schobel’s model average percentage pricing error becomes more positive implying
that the prices are getting lower. As the Hurst parameter increases Necula’s average
percentage pricing error becomes more negative implying that the prices are getting
larger. In the data studied the average percentage errors tend to be negative which
indicates the models are overpricing the options from day to day. This is not true for
all the options in the sample, but only on average see for instance G.1, the in-the-
money options are underpriced. It seems that by finding the right Hurst parameter
Hu and Oksendal and Rostek and Schébel’s models can give a smaller average per-
centage pricing error to that of the other models. For the average absolute pricing

error the Black model seemed to do the best, otherwise no other patterns were found.
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Table 10.1: ALST calls on futures. In the money
ALSI Futures Calls Expiring on 2011/06/15
In the money
Number of Options | 4 [Start Date | 2011/04/04|End Date | 2011/06/01
Hurst Parameter
0.5043] 0.51426] 0.54736| 0.6] 0.7} 0.8| 0.9
Average Absolute Pricing Error
Black 18.012498| 18.012498| 18.012498| 18.012498| 18.012498| 18.012498| 18.012498
Hu &
@ksendal [ 18.026863| 18.062631| 18.196415[ 18.394307| 18.820003 19.4093] 20.260574
Necula 17.996028| 17.97009| 17.879994| 17.786036| 17.755098| 17.769587| 17.781566
Rostek &
Schobel 18.026475| 18.063042| 18.19366| 18.393112| 18.82475| 19.408665| 20.251002
Average Percentage Pricing Error
Black -0.006689| -0.006689| -0.006689| -0.006689| -0.006689| -0.006689| -0.006689
Hu &
@ksendal | -0.0025574| 0.0088644| 0.0432929( 0.1015847{ 0.2068055| 0.3122478| 0.417679
Necula -0.0097838] -0.0168441| -0.036981]| -0.0664033] -0.1157451] -0.1567427] -0.1922872
Rostek &
Schobel | -0.0024995[ 0.0074958| 0.0439561| 0.0999051| 0.2071511] 0.3123004| 0.4166065
Table 10.2: ALSI calls on futures. At the money
ALSI Futures Calls Expiring on 2011/06/15
At the money
Number of Options | 6 [Start Date | 2011/04/04|End Date | 2011/06/01
Hurst Parameter
0.5043] 0.51426]  0.54736| 0.6] 0.7} 0.8| 0.9
Average Absolute Pricing Error
Black 14.430497| 14.430497| 14.430497| 14.430497| 14.430497] 14.430497| 14.430497
Hu &
@ksendal | 14.452676] 14.440618| 14.52466| 14.819902| 15.858503| 17.237387| 18.924485
Necula 14.39895| 14.426945| 14.406008( 14.478622( 14.71953| 14.990342| 15.236046
Rostek &
Schobel 14.422105| 14.448497| 14.525178| 14.83624| 15.870418| 17.242916| 18.922303
Average Percentage Pricing Error
Black -0.6932005] -0.6932005] -0.6932005] -0.6932005] -0.6932005] -0.6932005] -0.6932005
Hu &
@ksendal | -0.6784631| -0.6339232| -0.462463| -0.2110048| 0.2734154] 0.7558047| 1.2317745
Necula -0.7122691| -0.7287771] -0.8041787| -0.9054734| -1.0872416] -1.247004| -1.384377
Rostek &
Schobel [ -0.6784547] -0.6317236| -0.4665112] -0.2116756| 0.2743207| 0.7560512| 1.2323684




TEIT VAN
Y OF

™
@

OF PRETO
ITHI YA PRETO

PRETO

211
Table 10.3: ALSI calls on futures. Out the money
ALSI Futures Calls Expiring on 2011/06/15
Out the money
Number of Options | 8 [Start Date | 2011/04/04|End Date | 2011/06/01
Hurst Parameter
0.5043] 0.51426]  0.54736| 0.6] 0.7} 0.8] 0.9
Average Absolute Pricing Error
Black 12.201549| 12.201549| 12.201549| 12.201549| 12.201549| 12.201549| 12.201549
Hu &
Pksendal 12.2096| 12.211497| 12.222444] 12.262141| 12.404469| 12.587885| 12.814268
Necula 12.205685| 12.211891| 12.214277| 12.234941| 12.322668| 12.435347| 12.545072
Rostek &
Schobel 12.207748| 12.21362| 12.22434| 12.261178| 12.399524| 12.590628| 12.813643
Average Percentage Pricing Error
Black -22.265037] -22.265037] -22.265037] -22.265037] -22.265037| -22.265037| -22.265037
Hu &
@ksendal | -22.112735] -21.809025| -20.903119] -19.447209]| -16.765899| -14.184275] -11.699985
Necula -22.294281] -22.412552| -22.702132] -23.135782] -23.955058| -24.685726| -25.344389
Rostek &
Schobel | -22.144483| -21.839857( -20.909077( -19.454685] -16.745921] -14.174272| -11.709711
Table 10.4: ALSI calls on futures. All the calls
ALSI Futures Calls Expiring on 2011/06/15
All the calls
Number of Options | 21  |Start Date | 2011/04/04|End Date | 2011/06/01
Hurst Parameter
0.5043] 0.51426] 0.54736| 0.6] 0.7} 0.8| 0.9
Average Absolute Pricing Error
Black 40.215745] 40.215745| 40.215745| 40.215745| 40.215745] 40.215745( 40.215745
Hu &
@ksendal | 40.215881| 40.229523| 40.263591| 40.350366| 40.584295| 40.915756| 41.327648
Necula 40.211863| 40.199113] 40.175294| 40.137286| 40.11996] 40.123938| 40.138608
Rostek &
Schébel 40.222672| 40.227293| 40.263947| 40.345247| 40.583643] 40.911719| 41.329093
Average Percentage Pricing Error
Black -40.654181| -40.654181| -40.654181| -40.654181| -40.654181] -40.654181] -40.654181
Hu &
@ksendal | -40.520855( -40.332567( -39.613166| -38.527657| -36.500182] -34.560021| -32.666029
Necula -40.65847| -40.715018| -40.933274| -41.240659| -41.803962] -42.300578| -42.791527
Rostek &
Schobel | -40.545148| -40.31065( -39.652264| -38.537832] -36.520877] -34.565609| -32.668201




TEIT VAN
Y OF

™
@

PRETO
OF PRETO
ITHI YA PRETO

212
Table 10.5: ALSI warrants, TOPSBE and TOPSBF
ALSI Warrants
TOPSBE Expiring on 2012/03/06 & TOPSBF Expiring on 2012/03/02
Number of Options 2 [Start Date | 2011/09/01|End Date | 2011/10/31
Hurst Parameter
0.5043| 0.51426] 0.54736| 0.6] 0.7] 0.8] 0.9
Average Absolute Pricing Error
Black-
Scholes 46.07612| 46.07612| 46.07612] 46.07612| 46.07612| 46.07612| 46.07612
Hu &
@ksendal | 45.998364| 45.791276( 45.135141| 44.037378| 43.632498| 43.052791| 42.552301
Necula 46.039266( 45.887605| 46.847187| 48.206766| 50.008029| 50.697162( 51.356258
Rostek &
Schdobel 45.984981| 45.780222| 45.126892| 44.260013| 43.65303| 43.007768| 42.498123
Average Percentage Pricing Error
Black -2.6470886] -2.6470886] -2.6470886| -2.6470886] -2.6470886]| -2.6470886| -2.6470886
Hu &
@ksendal | -2.6486919] -2.6413768( -2.6302007| -2.5900719| -2.5411396| -2.4838111]| -2.4300221
Necula -2.6644783| -2.6777991| -2.7330269] -2.7774054| -2.8265722] -2.8259458 | -2.8238863
Rostek &
Schobel | -2.6432217| -2.6368541] -2.6268133] -2.6006108]| -2.5420556| -2.4818034 | -2.4276074

Table 10.6: MTN calls on futures

MTN Futures Calls Expiring on 2011/06/15
Start Date| 2011/04/04|End Date 2011/06/01
Number of Options 5
Hurst Parameter
0.5211] 0.5454] 0.597
Average Absolute Pricing Error
Black 0.1133448| 0.1133448] 0.1133448
Hu &
@ksendal | 0.1128939| 0.1124757| 0.1124616
Necula 0.1136021f 0.113997] 0.1151322
Rostek &
Schdbel 0.1128327| 0.1124925| 0.112427
Average Percentage Pricing Error
Black -13.734046] -13.734046] -13.734046
Hu &
@ksendal | -13.406401| -13.055125( -12.299014
Necula -13.875013] -14.014264| -14.335713
Rostek &
Schobel | -13.411999] -13.059188] -12.292762
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Table 10.7: SBK calls on futures
SBK Futures Calls Expiring on 2011/06/15
Start Date | 2011/04/04|End Date 2011/06/01
Number of Options 4
Hurst Parameter
0.4005|  0.45298]| 0.51] 0.5603| 0.6
Average Absolute Pricing Error
Black 0.0663259| 0.0663259| 0.0663259| 0.0663259| 0.0663259
Hu &
Pksendal 0.06784| 0.0669916| 0.0662428| 0.0659333] 0.0661693
Necula 0.0668705| 0.0661655| 0.066421 0.06673] 0.0671855
Rostek &
Schdobel 0.0678554 0.067012] 0.066258| 0.0659335| 0.066162
Average Percentage Pricing Error
Black -11.058446( -11.058446( -11.058446] -11.058446] -11.058446
Hu &
@ksendal | -12.681148| -11.778788| -10.91622| -10.111813| -9.5119925
Necula -10.360816] -10.767519] -11.149505| -11.434228| -11.683333
Rostek &
Schobel [-12.651815]-11.811202] -10.930367| -10.127603| -9.5259285
10.5.1 EXPLANATION
Setting 01 = ¢ and rewriting (10.1) we have
(T —t)*"
o1 =0 —_— 104
1 H,1 (T—t) ( )

we call (10.4) the Black-Scholes (Black) equivalent volatility for Hu and (Qksendal’s
framework. As substituting this volatility into the classical Black-Scholes (Black)
model will yield the fractional Hu and @ksendal’s Black-Scholes (Black) model.
Figure 10.21 shows the Black-Scholes equivalent volatility for o ; = 0.2 and for time
to expiration 7" = 2. It can be seen that as t — T, o1 decreases. Thus it can be seen
that the options prices for Hu and @ksendal’s framework will be underpriced relative
to the Black option prices. As we move from one day to the next the Black-Scholes

(Black) volatility will decrease from what was backed out the previous day; thus the
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Black-Scholes Equivalent fractional volatility for Hu and @ksendal model for fractional
volatility of 0.2 and T=2
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Figure 10.21: Black-Scholes Equivalent fractional volatility for Hu and (Oksendal
model for fractional volatility of 0.2 and T=2.

option prices will decrease from those predicted by the Black (Black-Scholes) model.
For H = 0.9 the decrease is more rapid. This can be seen in the average percentage
pricing errors.

Setting 09 = ¢ and rewriting (10.2) we have

T2H _ 42H

T (10.5)

02 =0H,2

we call (10.5) the Black-Scholes (Black) equivalent volatility for Necula’s framework.
Figure 10.22 shows the Black-Scholes equivalent volatility for oy = 0.2 and for
time to expiration 7' = 2. It can be seen that as t — T, oy increases. Thus it can
be seen that the options prices for Necula’s framework will be higher relative to the
Black option prices. As we move from one day to the next the Black-Scholes (Black)

volatility will increase from what was backed out the previous day thus the option
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Black-Scholes Equivalent fractional volatility for Necula's model for fractional volatility of 0.2
and T=2

0.4

0.35 +

—&—H=0.5
H=0.6
.25 3 —%—H=0.7

—e—H=0.8
—=—H=0.9

o
w

Fractional implied volatility
o
i
3]

o
N

0.15 +

0.1

Time t

Figure 10.22: Black-Scholes Equivalent fractional volatility for Necula’s model for
fractional volatility of 0.2 and T=2.

prices will increase from those predicted by the Black (Black-Scholes) model. This
can be seen in the above average percentage pricing errors.

Setting 03 = ¢ and rewriting (10.3) we have

v (T — )"

D (10.6)

03 =0H3

we call (10.6) the Black-Scholes (Black) equivalent volatility for Rostek and Schobel’s
framework. Figure 10.23 shows the Black-Scholes equivalent volatility for o3 = 0.2
and for time to expiration 7" = 2. It can be seen that as ¢t — T', o1 decreases. Thus
it can be seen that the options prices for Rostek’s framework will be lower relative
to the Black option prices, using a similar argument as above for Hu and Dksendal.
In these practical applications Hu and ©@ksendal’s model and Rostek and Schobel

model’s are very similar as vy is a constant.
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Black-Scholes Equivalent fractional volatility for Rostek and Schobel model for fractional
volatility of 0.2 and T=2
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Figure 10.23: Black-Scholes Equivalent fractional volatility for Rostek and Schébel
model for fractional volatility of 0.2 and T=2.

10.5.2 PriciNG USING A SINGLE CALL AND PuT OPTION ON FUTURES CON-

TACT

To further investigate the models we priced ALSI calls on futures expiring on the
15th of June 2011 with strikes deep in-the-money K = 25000, at-the-money, K =
29000 and deep out-the-money, K = 31700. The volatilities were backed out using
equations (10.1), (10.2) and (10.3). Initially the volatilities were backed out for
the following Hurst parameters H = {0.5043; 0.51426; 0.54736; 0.6; 0.7; 0.9} . The
Rostek and Schobel average percentage pricing errors increased from negative to
positive in all the cases; we conjectured that there should be a Hurst parameter giving
optimum pricing with respect to the average percentage pricing error. Through trial

and error we found Hurst parameters for Rostek and Schobel’s model see table 10.8.
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Table 10.8: Hurst parameter giving the smallest percentage pricing error for Black
formula under Rostek and Schobel’s framework.

ALSI Futures Call Expiring on 2011/06/15

Black under Rostek & Schébel framework

Average Percentage
Strike Hurst Pricing Error
25000 0.5415 0.000009343
29000 0.552 0.00045002
31700 0.902 0.006568214

Table 10.9: Hurst parameter giving the smallest average pricing error for Black
formula under Rostek and Schobel’s framework.

ALSI Futures Call Expiring on 2011/06/15

Black under Rostek & Schobel framework

Strike Hurst Average Pricing Error
25000 0.5638 0.000111928
29000 0.5834 0.000630687
31700 0.7193 0.000627825

We also investigated the average pricing errors using equation (9.3). Through
trial and error we found Hurst parameters for Rostek and Schobel’s framework see

table 10.9.

Tables 10.10, 10.11 and 10.12 display the errors for the above mentioned Hurst
parameters. It can be seen that while we are able to get low average percentage
pricing errors and average pricing errors for Rostek and Schobel’s framework the
average absolute pricing errors were the highest in these models for all the Hurst
parameters we found. These Hurst parameters seem to have no correspondence with

the Hurst parameters estimated from the data and depended on the strike.
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Table 10.10: ALSI call on futures for K=25000.
ALSI Futures Call Expiring on 2011/06/15
In the money
Strike |  25000] Start Date | 11/04/04|End Date | 11/06/01]
Hurst Parameter
0.5043| 0.51426] 0.5415| 0.54736] 0.5638| 0.6| 0.7] 0.9
Average Pricing Error
Black -0.45171] -0.45171| -0.45171| -0.45171| -0.45171| -0.45171] -0.45171| -0.45171
Hu &
@ksendal | -0.42107] -0.3502| -0.15713] -0.11574] 0.000112] 0.253838| 0.944989] 2.285553
Necula -0.48119] -0.54811| -0.72176] -0.75743] -0.8545| -1.05378| -1.51829| -2.18428
Rostek &
Schébel | -0.42107| -0.3502| -0.15713] -0.11574] 0.000112] 0.253838| 0.944989]| 2.285553
Average Absolute Pricing Error
Black 2.247492| 2.247492) 2.247492| 2.247492) 2.247492| 2.247492] 2.247492| 2.247492
Hu &
@ksendal | 2.254344| 2.272486| 2.341487]| 2.359458| 2.410349| 2.540477| 2.992456| 4.00815
Necula [2.238997|2.229163] 2.210559( 2.207161| 2.211702] 2.29557| 2.584855| 3.055914
Rostek &
Schobel |2.254344) 2.272486| 2.341487] 2.359458| 2.410349| 2.540477| 2.992456| 4.00815
Average Percentage Pricing Error
Black -0.00726| -0.00726] -0.00726] -0.00726| -0.00726| -0.00726] -0.00726| -0.00726
Hu &
@ksendal| -0.0065| -0.00476] 9.34E-06] 0.001031| 0.00389]| 0.01015]0.027196( 0.060228
Necula -0.00794| -0.0095] -0.01353] -0.01436| -0.01663| -0.02129] -0.03227| -0.04827
Rostek &
Schébel -0.0065| -0.00476] 9.34E-06| 0.001031| 0.00389| 0.01015]0.027196| 0.060228
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Table 10.11: ALSI call on futures for K=29000.
ALSI Futures Call Expiring on 2011/06/15
At the money
Strike | 29000] Start Date | 11/04/04|End Date | 11/06/01]
Hurst Parameter
0.5043| 0.51426] 0.54736] 0.552| 0.5834] 0.6| 0.7] 0.9
Average Pricing Error
Black -2.45658| -2.45658| -2.45658| -2.45658| -2.45658| -2.45658| -2.45658| -2.45658
Hu &
Pksendal | -2.32954| -2.03544| -1.0595]| -0.92286| 0.000631| 0.488048| 3.412655| 9.202508
Necula -2.54239| -2.73763| -3.35313] -3.43556| -3.97068| -4.23857| -5.6671| -7.83139
Rostek &
Schobel | -2.32954| -2.03544| -1.0595| -0.92286| 0.000631| 0.488048| 3.412656| 9.202508
Average Absolute Pricing Error
Black 7.105268| 7.105268] 7.105268| 7.105268| 7.105268| 7.105268] 7.105268| 7.105268
Hu &
@ksendal | 7.127347| 7.182072| 7.511283| 7.566766| 8.051174| 8.336223| 10.32012| 14.74298
Necula |7.106727|7.111038] 7.133287| 7.137223| 7.201994| 7.315385] 8.189455| 9.903722
Rostek &
Schobel |7.127346] 7.182072| 7.511283] 7.566766| 8.051173| 8.336223| 10.32012| 14.74297
Average Percentage Pricing Error
Black -0.23907| -0.23907| -0.23907] -0.23907| -0.23907| -0.23907| -0.23907| -0.23907
Hu &
@ksendal | -0.21922] -0.17328| -0.02088] 0.00045| 0.144598] 0.220657| 0.676713| 1.577956
Necula -0.24839| -0.26971| -0.33786] -0.3471| -0.40774| -0.43854| -0.60835| -0.88608
Rostek &
Schobel | -0.21922] -0.17328| -0.02088] 0.00045| 0.144598| 0.220657| 0.676713] 1.577956




TEIT VAN
Y OF PRETO
ITHI YA PRETO

PRETO

™
@

220
Table 10.12: ALSI call on futures for K=31700.
ALSI Futures Call Expiring on 2011/06/15
Out the money
Strike |  31700] Start Date | 11/04/04|End Date | 11/06/01]
Hurst Parameter
0.5043| 0.51426| 0.54736| 0.6] 0.7] 0.7193] 0.9] 0.902
Average Pricing Error
Black -1.67561| -1.67561| -1.67561| -1.67561| -1.67561| -1.67561| -1.67561| -1.67561
Hu &
@ksendal | -1.64222] -1.56496| -1.30902] -0.90455| -0.14474| 0.000628| 1.342187| 1.356842
Necula -1.71379] -1.80023| -2.06891| -2.44438| -3.01954| -3.11376] -3.80784| -3.81399
Rostek &
Schébel | -1.64222] -1.56496| -1.30902]| -0.90455| -0.14474| 0.000628| 1.342187| 1.356842
Average Absolute Pricing Error
Black 3.286138| 3.286138] 3.286138| 3.286138( 3.286138] 3.286138] 3.286138| 3.286138
Hu &
@ksendal | 3.302112] 3.339072| 3.466208| 3.677424| 4.11973| 4.212421|5.106352| 5.116342
Necula [3.288403| 3.294153] 3.317489( 3.365744| 3.706009] 3.773356| 4.329673| 4.334973
Rostek &
Schobel |3.302112] 3.339073| 3.466208] 3.677424| 4.11973| 4.212421|5.106352] 5.116342
Average Percentage Pricing Error
Black -11.8437| -11.8437| -11.8437] -11.8437| -11.8437| -11.8437| -11.8437| -11.8437
Hu &
@Jksendal | -11.7042| -11.3821] -10.3231| -8.6744| -5.65784| -5.09245| -0.04687| 0.006568
Necula -11.8911| -11.9999| -12.3515| -12.8828| -13.8123| -13.9813] -15.4317| -15.4466
Rostek &
Schobel | -11.7042] -11.3821| -10.3231| -8.6744| -5.65784| -5.09245| -0.04687| 0.006568
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10.5.3 ERROR MINIMIZING HURST PARAMETER

We used Rostek and Schobel’s Black option pricing model to find a Hurst parameter
that satisfies E [|e [0mn]|] = 0, where € [op,,] is defined in equation (9.1) using call
and put options for different strikes on the same underlying with the same maturity.
We will refer to this Hurst parameter as the error minimizing Hurst parameter. There
were 37 put options on ALSI future contacts and 20 call options on ALSI futures con-
tacts. We had 6 put options on SBK futures and 4 call options on SBK futures, and
5 put options on MTN futures and 5 call options on MTN futures. All the options on
futures were dated from the 1 April 2011 till the 1 June 2011 expiring on the 15 of
June 2011. Through trial and error we found the Hurst parameters that minimizes
the average percentage error, equation (9.5). Plotting the error minimizing Hurst
parameter against the strike yields a interesting pattern. Figure 10.24 displays the
error minimizing Hurst parameter for call and put options on SBK futures. The error
minimizing Hurst parameter for the put options on futures is lower than the error
minimizing Hurst parameter for call options on futures. For example, for a strike
K = 115 the error minimizing Hurst parameter for a call option on a SBK futures
contact is 0.572104 while the error minimizing Hurst parameter for a put option on
a SBK future contracts is 0.41219. Figure 10.26 and 10.25 exhibit the error mini-
mizing Hurst parameter for call and put option on ALSI future contacts respectively.
In addition we plotted the average fractional volatilities given the error minimizing
Hurst parameter and the average market volatilities for each of the strikes. For a
given strike the average fractional volatilities are larger than the average market
volatilities, and the average fractional volatilities for put options on futures is lower
than the average volatilities for the call option on futures, and obviously the market
average volatilities for put options on futures is the same as for call options on

futures. Figure 10.27 shows the error minimizing Hurst parameter, the average frac-
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Figure 10.24: Error minimizing Hurst parameter for call and put options on SBK
futures using Rostek and Schoébel options on futures.

tional volatilities and the average market volatilities for both call and put options

on MTN futures. When the strike is deep-in-and-out money the error minimizing

Hurst parameter and the average fractional volatilities is larger than at-the money

strikes. In conclusion, we see a broken smile. Further investigation is needed to see

whether there is any practical application for pricing with this method as well as

the statistical properties of these error minimizing Hurst parameters.

A reason for the break in the fractional volatility smile is that since put options

offer protection there is a higher demand for them in the market thus they are not

priced the same way. This also shows that the implied fractional volatility smile does

not hold.
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Figure 10.25: Error minimizing Hurst, Rostek and Schobel’s average fractional

volatilities and average market volatilities for put options on ALSI futures.

Minimizing Hurst, Rostek and Schobel average fractional volatilities and average market

volatilities for call options on ALSI futures.

—aA— Minimizing Hurst for call options on futures.

—A— Average fractional volatility for call options on futures

—A— Average market volatilities for call options on futures
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Figure 10.26: Minimizing Hurst, Rostek and Schobel average fractional volatilities
and average market volatilities for call options on ALSI futures.
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Minimizing Hurst, average market volatility and Rostek and Schobel average fractional
volatility for put and call options on MTN futures

—&— Minimizing Hurst for call options on futures —=— Minimizing Hurst for put options on futures
—— Average market volatility for call options on futures —=&— Average market volatility for put options on futures
—A— Average fractional volatility for cal options on futures —=— Average fractional volatility for put options on futures
1
0.9 4
0.8 4
0.7
0.6 \A—\.\‘_‘_‘_//“
0.5 4
0.4
., —
031 L‘\.H—H_‘\‘
0.2
0.1+
0 T T T T T T
100 110 120 130 140 150 160 170

Strike

Figure 10.27: Error minimizing Hurst, average market volatility and Rostek and
Schobel’s average fractional volatility for put and call options on MTN futures.



CHAPTER 11

CONCLUSION

Originally, there was found to be a problem with the assumption of independence
of subsequent price changes since long term dependencies have been found in some
underlying stocks. The Hurst parameter provides an estimate of the persistency of
a time series. The Hurst parameter for a data set provides a measure of whether
a time series is a random walk, whether increments are uncorrelated, or if the
data set has some degree of autocorrelation. Four methods of estimating the Hurst
parameter where investigated, namely the aggregated variance method, absolute
moments method, Higuchi method and the rescaled range analysis. The rescaled
range analysis gave sizable errors especially when the data set was small. The
absolute moments method and Higuchi method was used to investigate the auto-
correlation for different stocks from different sectors in the South African stock
market.

Many of the South African stocks showed persistent behaviour. High persistent
behaviour was found in many individual stocks. Many of the stocks showed a decrease

in persistency after the crash of May 2008.

One reason for the application of fractional Brownian motion is that it has long-
memory when the Hurst parameter is greater than a % Fractional Brownian motion
is not a semimartingale and the application of pathwise integrals is not possible as it
allows for arbitrage possibilities. The introduction of a new integration theory under

the Wick product is discussed in chapter 5. The introduction of Wick-1t6 calculus
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inspired some authors who proved closed form fractional European option pricing
formulas. In chapter 6 the application of Wick calculus was discussed under Hu and
(Oksendal’s (2000) framework. Even though these results appeared promising Bjork
and Hult (2005) showed that their assumptions about changing the meaning of the
portfolio value has no economical meaning. In chapter 7 we discussed Necula’s (2002)
extension of the fractional Black-Scholes option pricing equation to an arbitrary time
using quasi-conditional expectation. Due to the fact that Necula’s formula contains
the term (TzH — 21 ) using it in application is problematical as absolute times are
included instead of the normal time to maturity (7" — ¢) which just depends on the
difference between the times. In chapter 8 a conditional fractional Brownian motion
was presented as in Rostek and Schobel (2010). Where the underlying stock and
wealth of an investor are assumed to follow a bivariate log-normal distribution and

investors are assumed to be risk-averse.

Under certain assumptions, three fractional Black option pricing formulas are
presented. A Black formula is proved under Hu and Oksendal framework and its
extension is conjectured, a quasi-conditional Black formula under Necula’s frame-
work is proved and lastly a conditional Black formula is proved under Rostek and
Schobel’s work. For shorter times to maturity Hu and (Oksendal’s option pricing
models give lower prices for higher Hurst parameters, while for longer time to
maturities these models give higher prices for higher Hurst parameters. With all
the other inputs including volatility fixed. For shorter times to maturity Necula’s
option pricing models seemed to give lower prices for higher Hurst parameters, while
for longer times to maturity these models seemed to give higher prices for higher
Hurst parameters. For shorter times to maturity Rostek and Schobel’s option pricing
models give lower prices for higher Hurst parameters and higher prices for lower

Hurst parameters. For longer times to maturity these models give higher prices then
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lower prices as the Hurst parameter increased. These effects can be motivated as
follows: for the persistency case for shorter times to maturity the underlying is less
variable while for longer times to maturity the underlying is more variable. For the
anti-persistency case (Rostek and Schobel only) the opposite is true. The Rostek
and Schobel model also has an additional effect where prices are lower as the Hurst

parameter moves away from 1.

It was found that there is a range of possible combinations of the Hurst H and
volatility o parameter corresponding to a given price in the models for all three
models, thus an implied Hurst cannot be found using a single option on a specific

day.

In chapter 9 methods of empirical comparison of the models are explained. Finally
in chapter 10, using selected historical South African option and warrant data,
and using different constant Hurst parameters, the implied volatilities for the three
models were backed out and compared to that of the actual market implied volatil-
ities. The out of sampling performance was done to see how the Hurst parameter

affects the price of the models.

To use these models in pricing they must be calibrated to the market. In chapter
10 we backed out the implied volatilities for the ALSI, MTN and SBK calls on
futures as well as TOPSBE and TOPSBF warrants by using a heuristic optimiza-
tion method to minimize an objective function. We observed that the higher the
Hurst parameter the higher the fractional volatility and that the implied fractional
volatilities capture the market movements. As the option approached time to expi-
ration Hu and Oksendal’s and Rostek and Schobel’s implied volatilities increased
while Necula’s implied fractional volatilities decreased. We explained this behaviour

by a simple formula, and from the formula we also found that depending on the
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time interval the fractional volatilities might be lower. The volatility smile curve
was graphed for the fractional Black models for the ALSI future calls with chosen
Hurst parameters. The pricing performance of the models was done and it was found
that Hu and Oksendal and Rostek and Schobel’s model are very similar. Using the
equivalent Black-Scholes volatility factor we could explain that as the Hurst para-
meter increased Hu and @Oksendal and Rostek and Schobel’s model gave lower prices
to that of the Black option model. As the Hurst parameter increased Necula’s option
prices were higher than those of the Black option prices. Our results were confirmed
as Hu and Qksendal and Rostek and Schobel’s average percentage pricing error kept
rising as the Hurst parameter increased while Necula’s average percentage pricing
error become more negative as the Hurst parameter increased. The implied fractional
volatilities were also backed out for single options that were deep in-the-money, at-
the-money and deep out-the-money and it was noted that the pricing errors for these
options changed from positive to negative thus we could find an optimum Hurst para-
meters that could give the lowest average percentage pricing error or lowest average
pricing error. We found that these Hurst parameters depended on the strike. These
Hurst parameters differ from the estimated Hurst parameter from a time series of
the underlying. It remains to be seen if this has any application in the real world

option pricing.

We have discussed and achieved an understanding of the mathematical appli-
cation of fractional Brownian motion in option pricing. We have seen that there
is very little empirical applicability of these models when using a historical Hurst
parameter. Through formulas and empirical work we gained deeper insight into how
these models perform compared to the performance of the classical Black-Scholes and
Black formula. Some of the fractional models will perform better if an appropriate

Hurst parameter can be chosen.
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Further investigation would included option pricing models where the under-
lying is driven by fractional Brownian motion and Brownian motion and stochastic
volatility driven by fractional Brownian motion and Brownian motion. As well as

the sensitivities of these mixed models and hedging strategies.
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APPENDIX A

HURST TABLES: PART 1

The tables display the Hurst parameter for different stocks from different sectors. The
Hurst parameter was modelled on the whole interval, the interval before the recession
and after the recession. The Hurst parameter for the stocks from the sectors will be

discussed using the criterion given in remark 3.1.

Table A.1 shows that Comair Limited (Comair) from sector airlines and air-
ports had a H ~ % on the whole interval and before the crash for both absolute
moment and Higuchi methods and anti-persistent after the crash. In the sector
builders merchants, Austro Group Limited (Austro) had a persistent behaviour
on the whole interval for both methods, see table A.2. Iliad Africa Limited (Tliad)
was persistent on the whole interval and before the crash for both methods. After
the crash the stock fell to an anti-persistent behaviour with Higuchi method and a
H = % trend with the absolute moments method, see table A.3. Marshall Mon-

teagle HD SA (Mt-egle) had a H ~ } on the whole interval and before the crash,

Table A.1: Sector: Airlines and Airports, Stock: Comair Limited.

Comair Hurst Parameter
Period N Absolute Moment | Higuchi
22-Jul-98 to 17-Feb-11 | 3143 | 0.5054 0.5036
22-Jul-98 to 23-May-08 | 2457 | 0.5019 0.5017
23-May-08 to 17-Feb-11 | 688 | 0.4230 0.3806
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Table A.2: Sector: Builders Merchants, Stock: Austro Group Limited.

Austro Hurst Parameter
Period N Absolute Moment | Higuchi
01-Feb-07 to 17-Feb-11 | 1013 | 0.6305 0.6344

Table A.3: Sector: Builders Merchants, Stock: Iliad Africa Limited.

Iliad Hurst Parameter

Period N Absolute Moment | Higuchi
10-Jun-98 to 17-Feb-11 | 3172 | 0.5943 0.5737
27-Mar-85 to 23-May-08 | 2484 | 0.5834 0.5622
23-May-08 to 17-Feb-11 | 688 | 0.4605 0.4367

after the crash the stock fell to an anti-persistent behaviour for both methods, see
table A.4. Winhold Limited (Winhold) stock was persistent on the whole interval
and before the crash, while it had an anti-persistent stock after the crash with the
absolute method. With the Higuchi method the stock had a H =~ % on all three

intervals, see table A.5.

From the broadcasting contractors sector stock, Naspers Limited (Naspersn),
was persistent on the whole interval and before the crash, after the crash the stock
hada H ~ % for both the methods, see table A.6. From the building and construction

materials sector stock, Afrimat Ltd (Afrimat) was persistent on the whole interval

Table A.4: Sector: Builders Merchants, Stock: Marshall Monteagle HD SA.

Mt-egle Hurst Parameter

Period N Absolute Moment | Higuchi
04-May-95 to 17-Feb-11 | 3939 | 0.5033 0.5175
04-May-95 to 23-May-08 | 3251 | 0.5232 0.5479
23-May-08 to 17-Feb-11 | 688 | 0.3147 0.3319




Table A.5: Sector: Builders Merchants, Stock: Winhold Limited.

Winhold Hurst Parameter

Period N Absolute Moment | Higuchi
11-Nov-86 to 17-Feb-11 | 6055 | 0.5706 0.5078
11-Nov-86 to 23-May-08 | 5367 | 0.5825 0.5078
23-May-08 to 17-Feb-11 | 688 | 0.4230 0.4932

Table A.6: Sector: Broadcasting Contractors, Stock: Naspers Limited.
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Naspersn Hurst Parameter

Period N Absolute Moment | Higuchi
08-Jan-96 to 17-Feb-11 | 3799 | 0.5573 0.5903
08-Jan-96 to 23-May-08 | 3110 | 0.5833 0.6002
23-May-08 to 17-Feb-11 | 688 | 0.4525 0.5289

and after the crash while H = % before the crash for both the methods, see table
A.7. Distribution and Warehousing Network Limited (Dawn) was persistent
on the whole interval and before the crash, after the crash the stock had a H =~ %
for both the methods, see table A.8. Mazor Group Ltd (Mazor) was persistent on
the whole interval for both methods, see table A.9. Pretoria Port Cemnt (Ppc)
was persistent on the whole interval and before the crash and anti-persistent after

the crash with the Higuchi method. With the absolute moments method the stock

had a H ~ % and after the crash it was anti-persistent, see table A.10.

Table A.7: Sector: Building and Construction Materials, Stock: Afrimat Ltd.

Afrimat Hurst Parameter

Period N Absolute Moment | Higuchi
07-Nov-06 to 17-Feb-11 | 1072 | 0.6695 0.6469
07-Nov-06 to 23-May-08 | 384 | 0.5424 0.5107
23-May-08 to 17-Feb-11 | 688 | 0.6848 0.6384
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Table A.8: Sector: Building and Construction Materials, Stock: Distribution and
Warehousing Network Limited.

Dawn Hurst Parameter

Period N Absolute Moment | Higuchi
09-Dec-87 to 17-Feb-11 | 5783 | 0.5931 0.6020
09-Dec-87 to 23-May-08 | 5095 | 0.5878 0.5779
23-May-08 to 17-Feb-11 | 688 | 0.4929 0.5370

Table A.9: Sector: Building and Construction Materials, Stock: Mazor Group Ltd.

Mazor Hurst Parameter
Period N | Absolute Moment | Higuchi
21-Nov-07 to 17-Feb-11 | 811 | 0.6058 0.6491

From the sector chemicals -speciality, stock A E C I Limited (Aeci), showed
persistency on all intervals for both methods except for one interval after the crash
using absolute moments that showed a H ~ %, see table A.11. African Oxygen Ltd
(Afrox) had a H ~  throughout all the intervals with absolute moments method
and persistent on the whole interval and before the crash and the stock return had
a H ~ % with the Higuchi method, see table A.12. Freeworld Coatings Ltd
(Freeworld) had a H ~ } on the whole interval for both methods, see table A.13.

Omnia Holdings Ltd (Omnia) was persistent on the whole interval and before the

Table A.10: Sector: Building and Construction Materials, Stock: Pretoria Port
Cemnt.

Ppc Hurst Parameter

Period N Absolute Moment | Higuchi
06-Sep-85 to 17-Feb-11 | 6352 | 0.5476 0.6071
06-Sep-85 to 23-May-08 | 5664 | 0.5388 0.6080
23-May-08 to 17-Feb-11 | 688 | 0.3279 0.2919
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Table A.11: Sector: Chemicals - Speciality, Stock: A E C I Limited.

Aeci Hurst Parameter

Period N Absolute Moment | Higuchi
06-Sep-85 to 17-Feb-11 | 6352 | 0.5554 0.5670
06-Sep-85 to 23-May-08 | 5664 | 0.5626 0.5668
23-May-08 to 17-Feb-11 | 688 | 0.5322 0.5732

Table A.12: Sector: Chemicals - Speciality, Stock: African Oxygen Ltd.

Afrox Hurst Parameter

Period N Absolute Moment | Higuchi
27-Mar-85 to 17-Feb-11 | 6462 | 0.5287 0.5817
27-Mar-85 to 23-May-08 | 5775 | 0.5257 0.5827
23-May-08 to 17-Feb-11 | 688 | 0.5472 0.5367

crash and had a H ~ % afterwards for both the methods, see table A.14. From the

sector clothing and footware, stock Compagnie Fin Richemont (Richemont) had
al =~ % with the absolute moment method on the whole interval and before the crash
and there was strong persistent behaviour after the crash. With the Higuchi method

there was persistency on all the intervals, see table A.15. Seardel Investment

Corporation Limited (Seardel) was persistent on the whole interval, had a I ~ 3
before the crash and had a strong persistent behaviour after the crash for both
methods, see table A.16. From the coal sector stock, Coal of Africa Ltd (Coal) was

persistent on all three intervals using Higuchi method. With the absolute moments

Table A.13: Sector: Chemicals - Speciality, Stock: Freeworld Coatings Ltd.
Freeworld Hurst Parameter

Period N | Absolute Moment | Higuchi
03-Dec-07 to 17-Feb-11 | 803 | 0.5171 0.5121




Table A.14: Sector: Chemicals - Speciality, Stock: Omnia Holdings Ltd.

Omnia Hurst Parameter

Period N Absolute Moment | Higuchi
22-May-87 to 17-Feb-11 | 5926 | 0.5514 0.6077
22-May-87 to 23-May-08 | 5238 | 0.5639 0.6111
23-May-08 to 17-Feb-11 | 688 | 0.4597 0.4825
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Table A.15: Sector: Clothing and Footware, Stock: Compagnie Fin Richemont.

Richemont Hurst Parameter

Period N Absolute Moment | Higuchi
03-Nov-88 to 17-Feb-11 | 5564 | 0.5230 0.5878
03-Nov-88 to 23-May-08 | 4876 | 0.4840 0.5745
23-May-08 to 17-Feb-11 | 688 | 0.6623 0.6745

Table A.16: Sector: Clothing and Footware, Stock: Seardel Investment Corporation

Limited.

Seardel Hurst Parameter

Period N Absolute Moment | Higuchi
06-Sep-85 to 17-Feb-11 | 6352 | 0.5593 0.5589
06-Sep-85 to 23-May-08 | 5664 | 0.5127 0.5324
23-May-08 to 17-Feb-11 | 688 | 0.7254 0.6942
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Table A.17: Sector: Coal, Stock: Coal of Africa Ltd.

Coal Hurst Parameter

Period N Absolute Moment | Higuchi
01-Dec-06 to 17-Feb-11 | 1054 | 0.6270 0.6245
01-Dec-06 to 23-May-08 | 367 | 0.5225 0.5777
23-May-08 to 17-Feb-11 | 688 | 0.5696 0.6128

Table A.18: Sector: Coal, Stock: Keaton Energy Holdings Ltd.

Keaton Hurst Parameter
Period N | Absolute Moment | Higuchi
22-Apr-08 to 17-Feb-11 | 708 | 0.5099 0.6102

1
2

method it was persistent on the whole interval and after the crash, while the H ~
on the interval before the crash, see table A.17. Keaton Energy Holdings Ltd
(Keaton) had a H =~ % using absolute moments method and persistent using the
Higuchi method, see table A.18. Optimum Coal Holdings Ltd (Optimum) had a
H~ % using Higuchi method and persistent using the absolute moments method, see
table A.19. Wescoal Holdings Ltd (Wescoal) had a H ~ 3 on the whole interval,

anti-persistent before the crash and persistent after the crash for both methods, see

table A.20.

Exxaro Resources Limited (Exxaro) was anti-persistent on the whole interval

and before the crash and a H ~ % afterwards using absolute moments method. While

Table A.19: Sector: Coal, Stock: Optimum Coal Holdings Ltd.
Optimum Hurst Parameter

Period N | Absolute Moment | Higuchi
29-Mar-10 to 17-Feb-11 | 225 | 0.5705 0.5275
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Table A.20: Sector: Coal, Stock: Wescoal Holdings Ltd.

Wescoal Hurst Parameter

Period N Absolute Moment | Higuchi
20-Jul-05 to 17-Feb-11 | 1398 | 0.5107 0.5207
20-Jul-05 to 23-May-08 | 710 | 0.3481 0.2979
23-May-08 to 17-Feb-11 | 688 | 0.5901 0.5776

Table A.21: Sector: Coal, Stock: Exxaro Resources Limited.

Exxaro Hurst Parameter

Period N Absolute Moment | Higuchi
27-Nov-06 to 17-Feb-11 | 1087 | 0.4491 0.5271
27-Nov-06 to 23-May-08 | 400 | 0.3259 0.4242
23-May-08 to 17-Feb-11 | 688 | 0.5129 0.4625

using the Higuchi method the H ~ % on the whole interval and after the crash and
anti-persistent on the interval before the crash, see table A.21. From the diamond
sector, stock, BRC DiamondCore Ltd (Brc) had a H ~ % using absolute moments
method and persistent using the Higuchi method, see table A.22. Trans Hex Group
Limited (Trnshex) was persistent on the whole interval and before the crash and
displayed a strong persistent behaviour after the crash for both methods, see table
A.23. Sector distillers and vintners, stock, Capevin Inv Ltd (Capevin) displayed
persistency on the whole interval and before the crash while after the crash was

anti-persistent for both methods, see table A.24.

Table A.22: Sector: Diamond, Stock: BRC DiamondCore Ltd.
Brc Hurst Parameter

Period N | Absolute Moment | Higuchi
04-Feb-08 to 17-Feb-11 | 762 | 0.5218 0.5728




Table A.23: Sector: Diamond, Stock: Trans Hex Group Limited.

Trnshex Hurst Parameter

Period N Absolute Moment | Higuchi
04-Feb-08 to 17-Feb-11 | 6462 | 0.5785 0.5716
03-Nov-88 to 23-May-08 | 5774 | 0.5565 0.5756
23-May-08 to 17-Feb-11 | 688 | 0.6935 0.7150

Table A.24: Sector: Distillers and Vintners, Stock: Capevin Inv Ltd.
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Capevin Hurst Parameter

Period N Absolute Moment | Higuchi
22-May-87 to 17-Feb-11 | 5926 | 0.5654 0.6442
22-May-87 to 23-May-08 | 5239 | 0.5705 0.6475
23-May-08 to 17-Feb-11 | 687 | 0.4468 0.4235

Using absolute moments method Distell (Distell) had a H ~ 1 on the whole
interval and anti-persistent before and after the crash, while with the Higuchi method
the stock was persistent on the whole interval and before the crash and had a H ~ %
after the crash, see table A.25. From the sector education, bus training and employ-
ment, stock Adcorp Holdings Limited (Adcorp) had a strong persistent behav-
iour on the whole interval and before the crash and after the crash the stock had a
H= % for both methods, see table A.26. Kelly Group Ltd (Kelly) was persistent

on the whole interval for both methods, see table A.27. Primeserv Group Lim-

Table A.25: Sector: Distillers and Vintners, Stock: Distell.

Distell Hurst Parameter

Period N Absolute Moment | Higuchi
23-Mar-01 to 17-Feb-11 | 2479 | 0.4758 0.6002
23-Mar-01 to 23-May-08 | 1791 | 0.4353 0.6040
23-May-08 to 17-Feb-11 | 688 | 0.4337 0.4559




239

Table A.26: Sector: Education, Bus Training and Employment, Stock: Adcorp Hold-
ings Limited.

Adcorp Hurst Parameter

Period N Absolute Moment | Higuchi
09-Oct-87 to 17-Feb-11 | 5827 | 0.6754 0.6899
09-Oct-87 to 23-May-08 | 5139 | 0.6822 0.7050
23-May-08 to 17-Feb-11 | 688 | 0.4861 0.4520

Table A.27: Sector: Education,Bus Training and Employment, Stock: Kelly Group

Ltd.

Kelly

Hurst Parameter

Period

N | Absolute Moment | Higuchi

04-Apr-07 to 17-Feb-11

970 | 0.6099 0.6360

ited (Primeserv) had a H = ; on the whole interval and before the crash while the

stock was anti-persistent after the crash for both the methods, see table A.28. From

the sector electrical equipment, stock, Allied Electronics Corporation Limited

(Altron-p) had a H ~ % on all three intervals using absolute moments method and

persistent on the whole interval and before the crash and had a H ~ % after the

crash using the Higuchi method, see table A.29.

Table A.28: Sector: Education,Bus
Group Limited.

Training and Employment, Stock: Primeserv

Primeserv Hurst Parameter

Period N Absolute Moment | Higuchi
29-Apr-98 to 17-Feb-11 | 3200 | 0.4945 0.5101
09-Oct-87 to 23-May-08 | 2512 | 0.4915 0.5089
23-May-08 to 17-Feb-11 | 688 | 0.4226 0.4450
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Table A.29: Sector: Electrical Equipment, Stock: Allied Electronics Corporation Lim-
ited.

Altron-p Hurst Parameter

Period N Absolute Moment | Higuchi
18-Nov-94 to 17-Feb-11 | 4050 | 0.5300 0.5766
18-Nov-94 to 23-May-08 | 3362 | 0.5286 0.5625
23-May-08 to 17-Feb-11 | 688 | 0.5458 0.5330

Table A.30: Sector: Electrical Equipment, Stock: Allied Electronics Corporation Lim-
ited.

Altron Hurst Parameter

Period N Absolute Moment | Higuchi
22-May-87 to 17-Feb-11 | 5926 | 0.5109 0.5227
22-May-87 to 23-May-08 | 5238 | 0.4861 0.5005
23-May-08 to 17-Feb-11 | 688 | 0.5355 0.5345

Allied Electronics Corporation Limited (Altron) had a H ~ ; on all three
intervals for both methods, see table A.30. Using absolute moments method Arb
Holdings Ltd (Arb) was persistent on the whole interval and anti-persistent before
the crash and after the crash, while using the Higuchi method the stock return had a
H =~ 1 on all three intervals, see table A.31. Delta Emd Ltd (Delta) had a H ~ 1
on all three intervals for both methods, see table A.32. South Ocean Holdings

Ltd (S-Ocean) was persistent on the whole interval and the interval before the

Table A.31: Sector: Electrical Equipment, Stock: Arb Holdings Ltd.

Arb Hurst Parameter

Period N | Absolute Moment | Higuchi
20-Nov-07 to 17-Feb-11 812 | 0.5521 0.5425
20-Nov-07 to10 March-09 | 325 | 0.3926 0.5284
10 March-09 to 17-Feb-11 | 487 | 0.3644 0.4645




Table A.32: Sector: Electrical Equipment, Stock: Delta Emd Ltd.

Delta Hurst Parameter

Period N Absolute Moment | Higuchi
22-May-87 to 17-Feb-11 | 5926 | 0.5267 0.5491
22-May-87 to 23-May-08 | 5238 | 0.5117 0.5461
23-May-08 to 17-Feb-11 | 688 | 0.4533 0.4555

Table A.33: Sector: Electrical Equipment, Stock: South Ocean Holdings Ltd.

S-Ocean Hurst Parameter

Period N | Absolute Moment | Higuchi
28-Feb-07 to 17-Feb-11 994 | 0.5645 0.5948
28-Feb-07 to 10 March-09 | 509 | 0.5579 0.5633
10 March-09 to 17-Feb-11 | 487 | 0.4558 0.4623
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crash, after the crash the stock had a H = = for both methods, see table A.33.

1
2
Sector, exchange traded funds, stock New Gold Issuer Ltd (Newgold) showed an
anti-persistent behaviour for the whole interval and the interval before the crash and

after the crash a H =~ - was found using absolute moment method. The Higuchi

1
2
method showed a persistent behaviour on the whole interval and before the crash
and an anti-persistent bahaviour after the crash, see table A.34. From the sector

farming and fishing, stock Afgri Limited (Afgri) was anti-persistent on the whole

Table A.34: Sector: Exchange Traded Funds, Stock: New Gold Issuer Ltd.

Newgold Hurst Parameter

Period N Absolute Moment | Higuchi
02-Nov-04 :17-Feb-11 1605 | 0.4398 0.5810
02-Nov-04 to 23-May-08 | 917 | 0.4460 0.5583
23-May-08 to 17-Feb-11 | 688 | 0.4703 0.5227
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Table A.35: Sector: Farming and Fishing, Stock: Afgri Limited.

Afgri Hurst Parameter

Period N Absolute Moment | Higuchi
11-Nov-96 to 17-Feb-11 | 3562 | 0.4194 0.4358
11-Nov-96 to 23-May-08 | 2874 | 0.4510 0.4626
23-May-08 to 17-Feb-11 | 688 | 0.4411 0.4065

Table A.36: Sector: Farming and Fishing, Stock: Astral Foods.

Astral Hurst Parameter

Period N Absolute Moment | Higuchi
09-Apr-01 to 17-Feb-11 | 2468 | 0.5298 0.6210
09-Apr-01 to 23-May-08 | 1780 | 0.4734 0.6408
23-May-08 to 17-Feb-11 | 688 | 0.2998 0.3591

interval and the interval after the crash, before the crash the stock return had a

H =~ % , see table A.35.

Astral Foods (Astral) had a H ~ 1 on the whole interval and before the crash
and anti-persistent using absolute method. While using the Higuchi method the stock
was persistent on the whole interval and before the crash and anti-persistent after
the crash, see table A.36. Oceana Group Limited (Oceana) had a H ~ 1 on the
whole interval and before the crash and anti-persistent after the crash using absolute
moments method, while it was persistent on the whole interval and before the crash
and anti-persistent using the Higuchi method, see table A.37. From the sector food
and drug retailers, stock Clicks Group Limited (Clicks) had a H ~ % on the whole
interval and before the crash, after the crash absolute moments method showed anti-
persistency while the Higuchi method showed persistency, see table A.38. Pick n
Pay Stores Limited (Picknpay) was anti-persistent on all three intervals using
absolute moments method and using the Higuchi method the stock returns had a

H =~ % on the whole interval and interval before the crash and was anti-persistent
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Table A.37: Sector: Farming and Fishing, Stock: Oceana Group Limited.

Oceana Hurst Parameter

Period N Absolute Moment | Higuchi
06-Sep-85 to 17-Feb-11 | 6352 | 0.5359 0.5972
06-Sep-85 to 23-May-08 | 5664 | 0.5470 0.6141
23-May-08 to 17-Feb-11 | 688 | 0.3050 0.4360

Table A.38: Sector: Food and Drug Retailers, Stock: Clicks Group Limited.

Clicks Hurst Parameter

Period N Absolute Moment | Higuchi
20-Mar-96 to 17-Feb-11 | 3717 | 0.4543 0.5072
06-Sep-85 to 23-May-08 | 3029 | 0.4606 0.4995
23-May-08 to 17-Feb-11 | 688 | 0.4309 0.5901

after the crash, see table A.39. Pick n Pay Holdings Limited (Pikwik) had a
H =~ % on the whole interval and the interval before the crash and anti-persistent on

the interval after the crash for both the methods, see table A.40.

Shoprite Holdings Limited (Shoprit) was persistent on the whole interval and
before the crash for both the methods while absolute moments method showed anti-
persistency after the crash and the Higuchi had a H ~ % behaviour, see table A.41.

The Spar Group Ltd (Spar) showed anti-persistent behaviour on all three intervals

Table A.39: Sector: Food and Drug Retailers, Stock: Pick n Pay Stores Limited.

Picknpay Hurst Parameter
Period N Absolute Moment | Higuchi
27-Mar-85 to 17-Feb-11 | 6461 | 0.4214 0.5073
27-Mar-85 to 23-May-08 | 5773 | 0.4139 0.5031
23-May-08 to 17-Feb-11 | 688 | 0.3462 0.3462




Pikwik Hurst Parameter

Period N Absolute Moment | Higuchi
22-May-87 to 17-Feb-11 | 5925 | 0.4745 0.5317
22-May-87 to 23-May-08 | 5237 | 0.4878 0.5348
23-May-08 to 17-Feb-11 | 688 | 0.2861 0.4124

Shoprit Hurst Parameter

Period N Absolute Moment | Higuchi
05-Dec-86 to 17-Feb-11 | 5810 | 0.6178 0.6724
05-Dec-86 to 23-May-08 | 5122 | 0.6299 0.6730
23-May-08 to 17-Feb-11 | 688 | 0.2805 0.5195
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Table A.40: Sector: Food and Drug Retailers, Stock: Pick n Pay Holdings Limited.

Table A.41: Sector: Food and Drug Retailers, Stock: Shoprite Holdings Limited.

using absolute moments method while the Higuchi method showed persistency on

the whole interval and before the crash and had a H = % after the crash, see

table A.42.Sector gaming, stock Gold Reef Resorts Limited (Goldreef) showed
persistency on the whole interval and before the crash and anti-persistency after
the crash for both methods, see table A.43. Phumelela Gaming And Leisure
Limited (Phumelela) showed persistency on all intervals for both methods except

L gee table A.44. Sun International Ltd

for one after the crash, where H ~ 3 ,

Table A.42: Sector: Food and Drug Retailers, Stock: The Spar Group Ltd.

Spar Hurst Parameter
Period N Absolute Moment | Higuchi
18-Oct-04 to 17-Feb-11 | 1587 | 0.4092 0.5557
18-Oct-04 to 23-May-08 | 899 | 0.3654 0.5723
23-May-08 to 17-Feb-11 | 688 | 0.3640 0.4818




Table A.43: Sector: Gaming, Stock: Gold Reef Resorts Limited.

Goldreef Hurst Parameter

Period N Absolute Moment | Higuchi
14-Mar-91 to 17-Feb-11 | 4971 | 0.5601 0.5803
14-Mar-91 to 23-May-08 | 4283 | 0.5545 0.5628
23-May-08 to 17-Feb-11 | 688 | 0.4430 0.3524

Phumelela Hurst Parameter

Period N Absolute Moment | Higuchi
14-Jun-02 to 17-Feb-11 | 2173 | 0.6173 0.6192
14-Jun-02 to 23-May-08 | 1486 | 0.5838 0.6532
23-May-08 to 17-Feb-11 | 688 | 0.5558 0.5219

2
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Table A.44: Sector: Gaming, Stock: Phumelela Gaming And Leisure Limited.

(Sunint) had a H ~ 1 on the whole interval and before the crash, after the crash

there was anti-persistency for both methods, see table A.45.

In the sector gold mining, stock, Anglo Gold Ashanti Limited (Anggold)
was anti-persistent on all three intervals using absolute moments method and anti-
persistent on the whole interval while anti-persistent on the interval before and after
the crash using Higuchi, see table A.46. Gold Fields Limited (Gfields) had a

H =~ % for both methods except for the Higuchi method after the crash where anti-

Table A.45: Sector: Gaming, Stock: Sun International Ltd

Sunint Hurst Parameter

Period N Absolute Moment | Higuchi
27-Mar-85 to 17-Feb-11 | 6462 | 0.5081 0.5338
27-Mar-85 to 23-May-08 | 5774 | 0.5003 0.5159
23-May-08 to 17-Feb-11 | 688 | 0.4095 0.4363
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Table A.46: Sector: Gold Mining, Stock: Anglo Gold Ashanti Limited.

Anggold Hurst Parameter

Period N Absolute Moment | Higuchi
19-Jun-96 to 17-Feb-11 | 3659 | 0.4195 0.4277
19-Jun-96 to 23-May-08 | 2971 | 0.4500 0.4394
23-May-08 to 17-Feb-11 | 688 | 0.4850 0.4410

Table A.47: Sector: Gold Mining, Stock: Gold Fields Limited.

Gfields Hurst Parameter

Period N Absolute Moment | Higuchi
02-Feb-98 to 17-Feb-11 | 3259 | 0.4685 0.4723
02-Feb-98 to 23-May-08 | 2571 | 0.4686 0.4807
23-May-08 to 17-Feb-11 | 688 | 0.4538 0.4247

persistency was found, see table A.47. Gold One International Ld (Goldone) had
a H =~ % on all three intervals for both methods, see table A.48. Central Rand
Gold Ltd (Cenrand) had a H = 3 using absolute moments method and persistent
using Higuchi method, see table A.49. Randgold and Exploration Company
Limited (Rangold) was persistent for both methods except for one interval after
the crash where anti-persistent behaviour was found, see table A.50. Using absolute

moments method Witwatersrand Cons Gold (Witsgold) had a H ~ = on the

1
2

whole interval and before the crash and persistent after the crash, while using the

Table A.48: Sector: Gold Mining, Stock: Gold One International Ld.

Goldone Hurst Parameter

Period N Absolute Moment | Higuchi
24-Mar-87 to 17-Feb-11 | 5965 | 0.5079 0.4870
24-Mar-87 to 23-May-08 | 5277 | 0.4862 0.4824
23-May-08 to 17-Feb-11 | 688 | 0.5066 0.5077
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Table A.49: Sector: Gold Mining, Stock: Central Rand Gold Ltd.

Cenrand Hurst Parameter
Period N | Absolute Moment | Higuchi
08-Nov-07 to 17-Feb-11 | 820 | 0.4686 0.6123

Table A.50: Sector: Gold Mining, Stock: Randgold and Exploration Company Lim-
ited.

Rangold Hurst Parameter

Period N Absolute Moment | Higuchi
01-Feb-93 to 17-Feb-11 | 4500 | 0.6918 0.6747
01-Feb-93 to 23-May-08 | 3811 | 0.6941 0.6952
23-May-08 to 17-Feb-11 | 688 | 0.6558 0.4491

Higuchi method there was persistency on the whole interval and after the crash a

H =~ % was found before the crash, see table A.51.

Drdgold Ltd (Drdgold) had a H =~ % on all three intervals for both methods, see
table A.52. Simmer and Jack Mines Limited (Simmers) had a H = 3 for both
methods except for one interval after the crash where anti-persistency was found, see

table A.53. Village Main Reef Ltd (Village) had a H ~ % on all three intervals

using absolute moments method and anti-persistent on all three intervals using the

Higuchi method, see table A.54.From the sector hospital management and long term

Table A.51: Sector: Gold Mining, Stock: Witwatersrand Cons Gold.
Witsgold Hurst Parameter

Period N Absolute Moment | Higuchi
24-Apr-06 to 17-Feb-11 | 1208 | 0.54158542858070 | 0.5710
24-Apr-06 to 23-May-08 | 520 | 0.45083555368597 | 0.5448
23-May-08 to 17-Feb-11 | 688 | 0.56749183577265 | 0.5790




Table

Table A.52: Sector: Gold Mining, Stock: Drdgold Ltd.

Drdgold Hurst Parameter

Period N Absolute Moment | Higuchi
27-Mar-85 to 17-Feb-11 | 6462 | 0.5003 0.5157
27-Mar-85 to 23-May-08 | 5775 | 0.5054 0.5259
23-May-08 to 17-Feb-11 | 688 | 0.4863 0.5107

A.53: Sector: Gold Mining, Stock: Simmer and Jack Mines Limited.

Simmers Hurst Parameter

Period N Absolute Moment | Higuchi
27-Mar-85 to 17-Feb-11 | 6462 | 0.5094 0.5108
27-Mar-85 to 23-May-08 | 5775 | 0.4938 0.4875
23-May-08 to 17-Feb-11 | 688 | 0.3939 0.5325
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care, stock Life Healthcare Grp Holdings Ltd (Lifehc) was anti-persistent using

absolute moments method and had a H =~ = using the Higuchi method, see table

1
2
A.55.Litha Healthcare Group Ltd (Litha) was persistent using both the methods,

see table A.56.

Mediclinic International (Medclin) had a H = 3 using absolute moments
method on all three intervals while using the Higuchi method the data series was

persistent on the whole interval and before the crash and had a H ~ % after the crash,

Table A.54: Sector: Gold Mining, Stock: Village Main Reef Ltd.

Village Hurst Parameter

Period N Absolute Moment | Higuchi
27-Mar-85 to 17-Feb-11 | 6462 | 0.4527 0.4310
27-Mar-85 to 23-May-08 | 5775 | 0.4509 0.4383
23-May-08 to 17-Feb-11 | 688 | 0.4513 0.4363
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Table A.55: Sector: Hospital Management and Long Term Care, Stock: Life Health-
care Grp Holdings Ltd.

Lifehc Hurst Parameter
Period N | Absolute Moment | Higuchi
10-Jun-10 to 17-Feb-11 | 175 | 0.4346 0.5068

Table A.56: Sector: Hospital Management and Long Term Care, Stock: Litha Health-
care Group Ltd.

Litha Hurst Parameter
Period N | Absolute Moment | Higuchi
17-May-10 to 17-Feb-11 | 193 | 0.6426 0.6987

see table A.57.Using absolute moments method Netcare Limited (Netcare) had a
H =~ % on all three intervals while persistent on the whole interval and before the
crash and had a H ~ % after the crash using the Higuchi method, see table A.58.From
sector insurance - non-life, stock Santam Ltd (Santam) had a H ~ % on the whole
interval and before the crash and anti-persistent using absolute moments method
while it was persistent on the whole interval and before the crash and anti-persistent
using the Higuchi method, see table A.59.Sector insurance brokers, stock Glenrand
M-I-B Ltd (Glenmib) had a H ~ % on all three intervals using absolute moments

method and anti-persistent on all three intervals using the Higuchi method, see table

Table A.57: Sector: Hospital Management and Long Term Care, Stock: Mediclinic

International.
Medclin Hurst Parameter
Period N Absolute Moment | Higuchi
22-May-87 to 17-Feb-11 | 5925 | 0.5423 0.6021
22-May-87 to 23-May-08 | 5237 | 0.5422 0.6028
23-May-08 to 17-Feb-11 | 688 | 0.5083 0.5380
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Table A.58: Sector: Hospital Management and Long Term Care, Stock: Netcare

Limited.
Netcare Hurst Parameter
Period N Absolute Moment | Higuchi
04-Dec-96 to 17-Feb-11 | 3546 | 0.5367 0.5945
04-Dec-96to 23-May-08 | 2857 | 0.5370 0.5829
23-May-08 to 17-Feb-11 | 688 | 0.4025 0.4708

Table A.59: Sector: Insurance - Non-Life, Stock: Santam Ltd.

Santam Hurst Parameter

Period N Absolute Moment | Higuchi
03-Mar-86 to 17-Feb-11 | 6232 | 0.4900 0.5873
03-Mar-86 to 23-May-08 | 5544 | 0.4647 0.5833
23-May-08 to 17-Feb-11 | 688 | 0.3927 0.4367

A.60.In the sector investment banks, stock Investec Plc (Invplc) had a H ~ 1 on
the whole interval, persistent on the interval before the crash and anti-persistent
after the crash using absolute moments methods, while the Higuchi method showed
persistency on the whole interval and before the crash and anti-persistency after
the crash, see table A.61.Sector Kruger Rands, stock Kruger Rand (Kr) had a

H =~ = on the whole interval and on the interval after the crash and before the

1
2

crash it was persistent using absolute moments method while the Higuchi method

Table A.60: Sector: Insurance Brokers, Stock: Glenrand M-I-B Ltd.

Glenmib Hurst Parameter

Period N Absolute Moment | Higuchi
26-Jun-98 to 17-Feb-11 | 3161 | 0.4601 0.4365
26-Jun-98 to 23-May-08 | 2473 | 0.4903 0.4389
23-May-08 to 17-Feb-11 | 688 | 0.5086 0.4471
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Table A.61: Sector: Investment Banks, Stock: Investec Plc.

Invplc Hurst Parameter

Period N Absolute Moment | Higuchi
22-Jul-02 to 17-Feb-11 | 2176 | 0.5495 0.5885
22-Jul-02 to 23-May-08 | 1488 | 0.5667 0.5993
23-May-08 to 17-Feb-11 | 688 | 0.3729 0.4456

Table A.62: Sector: Kruger Rands, Stock: Kruger Rand.

Kr Hurst Parameter

Period N Absolute Moment | Higuchi
27-Mar-85 to 17-Feb-11 | 6465 | 0.5461 0.5636
27-Mar-85 to 23-May-08 | 5777 | 0.5522 0.5466
23-May-08 to 17-Feb-11 | 688 | 0.4651 0.5440

showed persistency on the whole interval and anti-persistency on the interval before
and after the crash, see table A.62.From sector life assurance, stock Clientele Ltd

(Clientele) showed persistency using both methods, see table A.63.
Discovery Holdings Limited (Discovery) had a H ~ 3 on the whole interval

and before the crash while after the crash the stock was anti-persistent for both

methods, see table A.64.0ld Mutual Plc (Oldmutual) had a H ~ 1 on the whole

1

interval and anti-persistent using absolute moments method and had a H = 3

using
the Higuchi method before the crash and persistent using both methods after the

crash, see table A.65. Using absolute moments method Sanlam Limited (Sanlam)

Table A.63: Sector: Life Assurance, Stock: Clientele Ltd.
Clientele Hurst Parameter
Period N | Absolute Moment | Higuchi
19-May-08 to 17-Feb-11 | 692 | 0.5847 0.6165




Table A.64: Sector: Life Assurance, Stock: Discovery Holdings Limited.

Discovery Hurst Parameter

Period N Absolute Moment | Higuchi
21-Oct-99 to 17-Feb-11 | 2830 | 0.5110 0.5278
06-Sep-85 to 23-May-08 | 2142 | 0.5165 0.5299
23-May-08 to 17-Feb-11 | 688 | 0.2512 0.4058

Table A.65: Sector: Life

Assurance, Stock: Old Mutual Plc.

Oldmutual

Hurst Parameter

Period N Absolute Moment | Higuchi
12-Jul-99 to 17-Feb-11 | 2901 | 0.5333 0.5272
06-Sep-85 to 23-May-08 | 2213 | 0.4458 0.4575
23-May-08 to 17-Feb-11 | 688 | 0.5864 0.5812

was anti-persistent on the whole interval and before the crash and had a H =
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1
2

after the crash, while the Higuchi method showed a H = %on the whole interval and
before the crash and anti-persistency on the interval after the crash, see table A.66.
Grindrod Ltd (Grindrod) was persistent on the whole interval and the interval
before the crash, after the crash there was a H ~ %, see table A.67. From the sector

metals and minerals, stock Anglo American Plc (Anglo) had a H ~ 1 on all three

interval for both methods, see table A.68. Using absolute moments method African

1

Rainbow Minerals (Arm) was persistent on the whole interval and had a H =~ ;

Table A.66: Sector: Life Assurance, Stock: Sanlam Limited.

Sanlam Hurst Parameter

Period N Absolute Moment | Higuchi
30-Nov-98 to 17-Feb-11 | 3052 | 0.4407 0.5077
06-Sep-85 to 23-May-08 | 2364 | 0.4454 0.4958
23-May-08 to 17-Feb-11 | 688 | 0.4511 0.4319




Table A.67: Sector: Marine Transportation, Stock: Grindrod Ltd.

Grindrod Hurst Parameter

Period N Absolute Moment | Higuchi
26-Mar-87 to 17-Feb-11 | 5963 | 0.5943 0.6293
26-Mar-87 to 23-May-08 | 5275 | 0.5887 0.6254
23-May-08 to 17-Feb-11 | 688 | 0.5167 0.4933

Table A.68: Sector: Metals and Minerals, Stock: Anglo American Plc.

Anglo Hurst Parameter

Period N Absolute Moment | Higuchi
27-Mar-85 to 17-Feb-11 | 6462 | 0.5010 0.5472
27-Mar-85 to 23-May-08 | 5774 | 0.4973 0.5414
23-May-08 to 17-Feb-11 | 688 | 0.5436 0.5457
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before and after the crash while the other method displayed persistency on the whole
interval and the interval before the crash and had a H =~ % after the crash, see table

A.69.

BHP Billiton Plc (Billiton) had a H ~ ; on the whole interval and before

1
2
the crash and anti-persistent after the crash for both methods, see table A.70. From
the sector mining, stock Firestone (Firestone) was anti-persistent on the whole

interval for both methods, see table A.71. Sephaku Holdings Ltd (Sephaku) was

Table A.69: Sector: Metals and Minerals, Stock: African Rainbow Minerals.

Arm Hurst Parameter

Period N Absolute Moment | Higuchi
27-Mar-85 to 17-Feb-11 | 6462 | 0.5519 0.5667
27-Mar-85 to 23-May-08 | 5774 | 0.5483 0.5581
23-May-08 to 17-Feb-11 | 688 | 0.5170 0.5215




Y OF PRET

254

Table A.70: Sector: Metals and Minerals, Stock: BHP Billiton Plc.

Billiton Hurst Parameter

Period N Absolute Moment | Higuchi
28-Jul-97 to 17-Feb-11 | 3418 | 0.4663 0.5473
28-Jul-97 to 23-May-08 | 1789 | 0.4598 0.5450
23-May-08 to 17-Feb-11 | 688 | 0.4341 0.3876

Table A.71: Sector: Mining, Stock: Firestone.

Firestone Hurst Parameter
Period N | Absolute Moment | Higuchi
16-Apr-09 to 17-Feb-11 | 462 | 0.2170 0.3058

persistent on the whole interval for both methods see table A.72. First Uranium
Corporation (Fiuranium) was persistent on the whole interval for both methods,
see table A.73. From the sector nonferrous metals, stock Metmar Ltd (Metmar)
was persistent on all three intervals using Higuchi method and had a H ~ % on the

whole interval and the interval after the crash and anti-persistent on the interval

before the crash using the absolute moments method, see table A.74.

Palabora Mining Company Limited (Palamin) had a / ~ 3 on the whole
interval and the interval before the crash and after the crash the stock showed
a persistent behaviour for both the methods, see table A.75. From the sector, oil

integrated, stock Oando Plc (Oando) had an anti-persistency behaviour on all three

Table A.72: Sector: Mining, Stock: Sephaku Holdings Ltd.
Sephaku Hurst Parameter

Period N | Absolute Moment | Higuchi
21-Aug-09 to 17-Feb-11 | 376 | 0.6002 0.5564
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Table A.73: Sector: Nonferrous Metals, Stock: First Uranium Corporation.

Fiuranium Hurst Parameter
Period N | Absolute Moment | Higuchi
30-Mar-07 to 17-Feb-11 | 973 | 0.5686 0.6521

Table A.74: Sector: Nonferrous Metals, Stock: Metmar Ltd.

Metmar Hurst Parameter

Period N Absolute Moment | Higuchi
22-May-06 to 17-Feb-11 | 1190 | 0.5363 0.5652
22-May-06 to 23-May-08 | 502 | 0.4222 0.5715
23-May-08 to 17-Feb-11 | 688 | 0.5352 0.5670

intervals using absolute moments method. Using the Higuchi method a H =~ % was
found on the whole interval and the interval after the crash while anti-persistency was
found before the crash, see table A.76. Sacoil Holding Ld (Sacoil) stock returns had
a H =~ % on the whole interval, an anti-persistent behaviour on the interval before
the crash and a persistent behaviour after the crash for both methods, see table
A.77. Sasol Limited (Sasol) stock returns had a H =  on the whole interval and
the interval before the crash and after the crash the stock fell to an anti-persistent

behaviour, see table A.78. Sector, paper, stock Mondi Limited (Mondiltdp) had a

H =~ % on the whole interval for both methods, see table A.79.

Table A.75: Sector: Nonferrous Metals, Stock: Palabora Mining Company Limited.

Palamin Hurst Parameter

Period N Absolute Moment | Higuchi
27-Mar-85 to 17-Feb-11 | 6462 | 0.5000 0.5193
27-Mar-85 to 23-May-08 | 5774 | 0.4930 0.5096
23-May-08 to 17-Feb-11 | 688 | 0.6202 0.6174




Table A.76: Sector: Oil Integrated, Stock: Oando Plc.

Oando Hurst Parameter

Period N Absolute Moment | Higuchi
25-Nov-05 to 17-Feb-11 | 1307 | 0.4451 0.4860
25-Nov-05 to 23-May-08 | 619 | 0.4142 0.3995
23-May-08 to 17-Feb-11 | 688 | 0.3565 0.4547

Table A.77: Sector: Oil Integrated, Stock: Sacoil Holding Ld.

Sacoil Hurst Parameter

Period N Absolute Moment | Higuchi
19-Oct-94 to 17-Feb-11 | 4072 | 0.4764 0.4676
19-Oct-94 to 23-May-08 | 3384 | 0.3776 0.3580
23-May-08 to 17-Feb-11 | 688 | 0.6530 0.6254

Table A.78: Sector: Oil Integrated, Stock: Sasol Limited.

Sasol Hurst Parameter

Period N Absolute Moment | Higuchi
27-Mar-85 to 17-Feb-11 | 6462 | 0.4626 0.5507
27-Mar-85 to 23-May-08 | 5774 | 0.4771 0.5454
23-May-08 to 17-Feb-11 | 688 | 0.4241 0.3946

Table A.79: Sector: Paper, Stock: Mondi Limited.

Mondiltdp Hurst Parameter
Period N | Absolute Moment | Higuchi
02-Jul-07 to 17-Feb-11 | 911 | 0.5073 0.5213
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Table A.80: Sector: Paper, Stock: Sappi Limited.

Sappi Hurst Parameter

Period N Absolute Moment | Higuchi
27-Mar-85 to 17-Feb-11 | 6461 | 0.5370 0.5460
27-Mar-85 to 23-May-08 | 5774 | 0.5307 0.5579
23-May-08 to 17-Feb-11 | 687 | 0.6007 0.5966

Table A.81: Sector: Pharmaceuticals, Stock: Aspen Pharmacare Holdings.

Aspen Hurst Parameter

Period N Absolute Moment | Higuchi
25-May-87 to 17-Feb-11 | 5171 | 0.5482 0.5881
25-May-87 to 23-May-08 | 4484 | 0.5724 0.5927
23-May-08 to 17-Feb-11 | 687 | 0.3865 0.5214

Using absolute moments method Sappi Limited (Sappi) showed a H ~ % on
the whole interval and the interval before the crash, after the crash persistency was

found. Using the Higuchi method the stock had a H ~ - on the whole interval

2
and persistency was found of the interval before and after the crash, see table A.80.
From the sector, pharmaceuticals, stock, Aspen Pharmacare Holdings (Aspen)
showed a H ~ % on the whole interval, persistency on the interval before the crash
and anti-persistency after the crash using absolute moments method. While using
the Higuchi method persistency was found on the whole interval and the interval
before the crash, after the crash a H ~ % was found, see table A.81. Cipla Medpro
SA Ltd (Ciplamed) showed persistency using absolute moments method and had a
H~ % using the Higuchi method, see table A.82. From the sector, platinum, stock
Anglo American Platinum Corporation Limited (Angoplat) showed a H ~ %
except for absolute moments method after the crash where persistency was found,

see table A.83. Anooraq Resources Corporation (Anooraq) was persistent on

the whole interval for both methods, see table A.84.
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Table A.82: Sector: Pharmaceuticals, Stock: Cipla Medpro SA Ltd.

Ciplamed Hurst Parameter
Period N Absolute Moment | Higuchi
10-Jun-05 to 17-Feb-11 | 1425 | 0.5584 0.5097

Table A.83: Sector: Platinum, Stock: Anglo American Platinum Corporation Lim-
ited.

Angoplat Hurst Parameter

Period N Absolute Moment | Higuchi
27-Mar-85 to 17-Feb-11 | 6460 | 0.5153 0.5297
27-Mar-85 to 23-May-08 | 5758 | 0.5140 0.5170
23-May-08 to 17-Feb-11 | 687 | 0.5802 0.5325

Using absolute moments method Aquarius Platinum Ltd (Aquarius) had a
H~ % on the whole interval, anti-persistent on the interval before the crash and
persistent on the interval after the crash. Using the Higuchi method persistency
was found on all three intervals, see table A.85. Using absolute moments method
Impala Platinum Holdings Limited (Implats) stock had a H = 3 on the whole
interval and the interval before the crash while after the crash persistency was found.
Using the Higuchi method persistency was found on the whole interval and the
interval before the crash while after the crash there was a H = %, see table A.86.
From sector, rail, road and freight, stock Cargo Carriers Limited (Cargo) was

persistent for both methods except for one interval before the crash where a H =~

Table A.84: Sector: Platinum, Stock: Anooraq Resources Corporation.
Anooraq Hurst Parameter

Period N Absolute Moment | Higuchi
19-Dec-06 to 17-Feb-11 | 1042 | 0.5998 0.6228




Table A.85: Sector: Platinum, Stock: Aquarius Platinum Ltd.

Aquarius Hurst Parameter

Period N Absolute Moment | Higuchi
08-Dec-04 to 17-Feb-11 | 1551 | 0.5448 0.6190
08-Dec-04 to 23-May-08 | 863 | 0.3383 0.5817
23-May-08 to 17-Feb-11 | 688 | 0.5546 0.5550

Table A.86: Sector: Platinum, Stock: Impala Platinum Holdings Lim

ited.
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Implats Hurst Parameter

Period N Absolute Moment | Higuchi
27-Mar-85 to 17-Feb-11 | 6462 | 0.5151 0.5537
27-Mar-85 to 23-May-08 | 5774 | 0.5172 0.5517
23-May-08 to 17-Feb-11 | 688 | 0.5554 0.5062

% was found, see table A.87. From sector real estate holdings and development,
stock Acucap Properties Limited (Acucap) had a H ~ % on the whole interval
and the interval before the crash and anti-persistent after the crash using absolute
moments method. While using the Higuchi method there was persistency on the
whole interval and before the crash and anti-persistency after the crash, see table
A.88. Growthpoint Properties Limited (Growpnt) was persistent on the whole

interval and the interval before the crash and anti-persistent after the crash for both

methods, see table A.89. Hospitality Prop Fund A (Hosp-a) had a H ~ % on the

Table A.87: Sector: Rail, Road and Freight, Stock: Cargo Carriers Limited.

Cargo Hurst Parameter

Period N Absolute Moment | Higuchi
05-Oct-87 to 17-Feb-11 | 5831 | 0.5802 0.5681
05-Oct-87 to 23-May-08 | 5143 | 0.5722 0.5432
23-May-08 to 17-Feb-11 | 688 | 0.7233 0.6321
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Table A.88: Sector: Real Estate Holdings and Development, Stock: Acucap Proper-
ties Limited.

Acucap Hurst Parameter

Period N Absolute Moment | Higuchi
27-Mar-02 to 17-Feb-11 | 2229 | 0.5055 0.6004
27-Mar-02 to 23-May-08 | 1540 | 0.5284 0.6185
23-May-08 to 17-Feb-11 | 687 | 0.2963 0.4295

Table A.89: Sector: Real Estate Holdings and Development, Stock: Growthpoint
Properties Limited.

Growpnt Hurst Parameter

Period N Absolute Moment | Higuchi
27-Nov-87 to 17-Feb-11 | 5793 | 0.5792 0.5967
27-Nov-87 to 23-May-08 | 5105 | 0.5851 0.5968
23-May-08 to 17-Feb-11 | 688 | 0.3097 0.4449

whole interval for both methods, see table A.90.

Using absolute moments method Hyprop Investments Limited (Hyprop) had
a H~ % on the whole interval and the interval before the crash and after the crash
anti-persistency was found. The Higuchi method showed persistency on the whole
interval and the interval before the crash while H ~ % on the interval after the crash,
see table A.91. From sector, real estate investment trusts, stock Capital Property

Fund (Capital) had a H ~ ;5 for both methods except for one interval after the

1
2

Table A.90: Sector: Real Estate Holdings and Development, Stock: Hospitality Prop
Fund A.

Hosp-a Hurst Parameter
Period N Absolute Moment | Higuchi
16-Feb-06 to 17-Feb-11 | 1251 | 0.4685 0.5247
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Table A.91: Sector: Real Estate Holdings and Development, Stock: Hyprop Invest-
ments Limited.

Hyprop Hurst Parameter

Period N Absolute Moment | Higuchi
24-Feb-88 to 17-Feb-11 | 5762 | 0.5423 0.5797
24-Feb-88 to 23-May-08 | 5074 | 0.5319 0.5640
23-May-08 to 17-Feb-11 | 688 | 0.3951 0.4685

Table A.92: Sector: Real Estate Investmen

Capital Hurst Parameter

Period N Absolute Moment | Higuchi
06-Sep-85 to 17-Feb-11 | 6352 | 0.4823 0.4887
06-Sep-85 to 23-May-08 | 5664 | 0.4912 0.4725
23-May-08 to 17-Feb-11 | 688 | 0.3351 0.4977

t Trusts, Stock: Capital Property Fund.

crash where anti-persistency was found, see table A.92. Caital Shopping Centres

Group Plc (Capshop) showed persistency for both methods except for one interval

before the crash where H ~ % for the absolute moments method, see table A.93.

Using one method Emira Property Fund (Emira) had a H ~ ; on the whole

interval and the interval before the crash and anti-persistency after the crash using

absolute moment, while the Higuchi method showed a H ~ % on the whole interval,

persistency on the interval before the crash and anti-persistency after the crash, see

Table A.93: Sector: Real Estate Investment Trusts, Stock: Caital Shopping Centres

Group Plec.
Capshop Hurst Parameter
Period N Absolute Moment | Higuchi
24-Jun-99 to 17-Feb-11 | 2913 | 0.5897 0.5842
24-Jun-99 to 23-May-08 | 2225 | 0.5104 0.5688
24-Jun-99 to 17-Feb-11 | 688 | 0.5805 0.6111
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Table A.94: Sector: Real Estate Investment Trusts, Stock: Emira Property Fund.

Emira Hurst Parameter

Period N Absolute Moment | Higuchi
28-Nov-03 to 17-Feb-11 | 1805 | 0.4640 0.5450
28-Nov-03 to 23-May-08 | 1117 | 0.5062 0.5602
23-May-08 to 17-Feb-11 | 688 | 0.2959 0.4356

Table A.95: Sector: Real Estate Investment Trusts, Stock: Fountainhead Prop Trust.

Fpt
Period N | Absolute Moment | Higuchi
04-Jun-07 to 17-Feb-11 | 931 | 0.4076 0.4450

table A.94. Fountainhead Prop Trust (Fpt) showed an anti-persistent behaviour
on the whole interval for both methods, see table A.95. Syfrets and Commercial
Union Property Fund (Sycom) had a H ~ % on the whole interval and the interval
before the crash and after the crash the stock showed an anti-persistent behaviour

for both methods, see table A.96.

Sector, real estate investment and services, stock Pangbourne Propertise Ltd
(Panprop) had a H =~ % for both methods except for one interval where after the

crash anti-persistency was found, see table A.97. Sector, restaurants and pubs, stock

Table A.96: Sector: Real Estate Investment Trusts, Stock: Syfrets and Commercial
Union Property Fund.

Sycom Hurst Parameter

Period N Absolute Moment | Higuchi
28-Apr-87 to 17-Feb-11 | 5972 | 0.5034 0.5153
28-Apr-87 to 23-May-08 | 5285 | 0.5279 0.5209
23-May-08 to 17-Feb-11 | 688 | 0.4253 0.3814
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Table A.97: Sector: Real Estate Investment and Services, Stock: Pangbourne Prop-
ertise Ltd

Panprop Hurst Parameter

Period N Absolute Moment | Higuchi
28-Jul-87 to 17-Feb-11 | 5911 | 0.5039 0.5248
28-Jul-87 to 23-May-08 | 5223 | 0.4901 0.5120
23-May-08 to 17-Feb-11 | 688 | 0.4061 0.5037

Table A.98: Sector: Restaurants and Pubs, Stock: Famous Brands Ltd.

Fambrands Hurst Parameter

Period N Absolute Moment | Higuchi
09-Nov-94 to 17-Feb-11 | 4057 | 0.5555 0.5705
09-Nov-94 to 23-May-08 | 3369 | 0.5518 0.5671
23-May-08 to 17-Feb-11 | 688 | 0.4685 0.5658

Famous Brands Ltd (Fambrands) showed persistency for both methods, except for
one interval where the stock return had a H ~ %, see table A.98. Using one method
Spur Corporation Limited (Spurcorp) had a H ~ % on the whole interval and
anti-persistency on the interval before and after the crash using absolute moments
method. Using the Higuchi method persistency was found on the whole interval and

a H= % on the interval before and after the crash, see table A.99.

Table A.99: Sector: Restaurants and Pubs, Stock: Spur Corporation Limited.

Spurcorp Hurst Parameter

Period N Absolute Moment | Higuchi
07-Dec-99 to 17-Feb-11 | 2797 | 0.5042 0.5734
07-Dec-99 to 23-May-08 | 2109 | 0.4251 0.5236
23-May-08 to 17-Feb-11 | 688 | 0.3740 0.4796
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APPENDIX B

HURST TABLES: PART 2

From sector, retailers - multi department, stock, Massmart Holdings Ltd (Mass-
mart) showed a H ~ 3 on the whole interval and the interval before the crash and
anti-persistency after the crash using absolute moments method, while using the
Higuchi method persistency was found on the whole interval and the interval before
the crash and after the crash a H ~ % was found, see table B.1. Nictus Beperk
(Nictus) showed persistency on the whole interval and the interval before the crash
and a H ~ % after the crash for both methods, see table B.2. Verimark Holdings
Ltd (Verimark) showed persistency on the whole interval and the interval before
the crash, while absolute moments method showed anti-persistency and the Higuchi
method showed a H ~ % after the crash, see table B.3. Woolworths Holdings Lim-
ited (Woolies) had a H ~ 3 except for one interval, where the absolute moments

method showed anti-persistent behaviour, see table B.4. absolute moments method

showed that the stock for Mr Price Group Limited (Mrprice) had a H ~ 1

Table B.1: Sector: Retailers - Multi Department, Stock: Massmart Holdings Ltd.

Massmart Hurst Parameter

Period N Absolute Moment | Higuchi
04-Jul-00 to 17-Feb-11 | 2660 | 0.4870 0.5716
04-Jul-00 to 23-May-08 | 1972 | 0.5073 0.5942
23-May-08 to 17-Feb-11 | 688 | 0.3774 0.5024
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Table B.2: Sector: Retailers - Multi Department, Stock: Nictus Beperk.

Nictus Hurst Parameter

Period N Absolute Moment | Higuchi
26-Mar-87 to 17-Feb-11 | 5963 | 0.6433 0.6463
26-Mar-87 to 23-May-08 | 5275 | 0.6512 0.6613
23-May-08 to 17-Feb-11 | 688 | 0.5427 0.5276
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Table B.3: Sector: Retailers - Multi Department, Stock: Verimark Holdings Ltd.

Verimark Hurst Parameter

Period N Absolute Moment | Higuchi
12-Jul-05 to 17-Feb-11 | 1404 | 0.5860 0.6072
12-Jul-05 to 23-May-08 | 716 | 0.5813 0.5919
23-May-08 to 17-Feb-11 | 688 | 0.3840 0.4822

Table B.4:
ited.

Sector: Retailers - Multi Department, Stock: Woolworths Holdings Lim-

Woolies Hurst Parameter

Period N Absolute Moment | Higuchi
20-Oct-97 to 17-Feb-11 | 3329 | 0.5459 0.5487
20-Oct-97 to 23-May-08 | 2641 | 0.5463 0.5317
23-May-08 to 17-Feb-11 | 688 | 0.3938 0.5242
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Table B.5: Sector: Retailers - Soft Goods, Stock: Mr Price Group Limited.

Mrprice Hurst Parameter

Period N Absolute Moment | Higuchi
12-Jun-89 to 17-Feb-11 | 5411 | 0.5143 0.5964
12-Jun-89 to 23-May-08 | 4723 | 0.5206 0.5919
23-May-08 to 17-Feb-11 | 688 | 0.3082 0.5453

Table B.6: Sector: Retailers - Soft Goods, Stock: The Foschini Group Ltd.

Tfg Hurst Parameter

Period N Absolute Moment | Higuchi
06-Sep-85 to 17-Feb-11 | 6351 | 0.5521 0.6171
06-Sep-85 to 23-May-08 | 5663 | 0.5624 0.6186
23-May-08 to 17-Feb-11 | 688 | 0.3687 0.5005

for the whole interval and the interval before the crash and anti-persistent after the
crash. The Higuchi method showed persistency on the whole interval and the interval
before the crash and a H ~ % after the crash, see table B.5.

The Foschini Group Ltd (Tfg) showed persistency on the whole interval and
the interval before the crash, after the crash absolute moments method showed an
anti-persistent behaviour while the Higuchi method showed a H =~ % behaviour,
see table B.6. Truworths International Limited (Truwths) showed a H ~ % for
both methods, except for one interval and for absolute moments method where anti-
persistency was found, see table B.7. Ucs Group Limited (Ucs) was persistent
on the whole interval and the interval before the crash and after the crash the
absolute moments method showed a H ~ % while the Higuchi method showed an
anti-persistent behaviour, see table B.8. From the sector, steel, stock Arcelormittal
(Arcmittal) showed persistency for both methods except for one interval, where
absolute moments method found a H =~ % , see table B.9. absolute moments method

showed that Evraz Highveld Steel and Van (Ehsv) had a H ~ } on the whole
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Table B.7: Sector: Retailers - Soft Goods, Stock: Truworths International Limited.

Truwths Hurst Parameter

Period N Absolute Moment | Higuchi
11-May-98 to 17-Feb-11 | 3194 | 0.5068 0.5226
11-May-98 to 23-May-08 | 2506 | 0.5166 0.5219
23-May-08 to 17-Feb-11 | 688 | 0.3480 0.5012

Table B.8: Sector: Software, Stock: Ucs Group Limited.

Ucs Hurst Parameter

Period N Absolute Moment | Higuchi
09-Sep-98 to 17-Feb-11 | 3109 | 0.5763 0.5946
09-Sep-98 to 23-May-08 | 2421 | 0.5592 0.5756
23-May-08 to 17-Feb-11 | 688 | 0.5084 0.4490

interval and the interval before the crash, while after the crash persistency was found.
The Higuchi method showed persistency on the whole interval and the interval after
the crash while a H ~ % was found on the interval before the crash, see table
B.10. Hulamin Limited (Hulamin) showed a H ~ 1 on the whole interval for both
methods, see table B.11. Kumba Iron Ore Ltd (Kumbaio) showed a H ~ 1 on the
whole interval for both methods, see table B.12. From sector, telecommunications

equipment, stock, Vodacom Group Limited (Vodacom) showed an anti-persistent

behaviour on the whole interval for both methods, see table B.13.

Table B.9: Sector: Steel, Stock: Arcelormittal.

Arcmittal Hurst Parameter

Period N Absolute Moment | Higuchi
08-Nov-89 to 17-Feb-11 | 5306 | 0.5668 0.5773
08-Nov-89 to 23-May-08 | 4618 | 0.5779 0.5701
23-May-08 to 17-Feb-11 | 688 | 0.5368 0.5668




Table B.10: Sector: Steel, Stock: Evraz Highveld Steel and Van.

Ehsv Hurst Parameter

Period N Absolute Moment | Higuchi
06-Sep-85to 17-Feb-11 | 6350 | 0.5439 0.5539
06-Sep-85 to 23-May-08 | 5662 | 0.5401 0.5430
23-May-08 to 17-Feb-11 | 688 | 0.5784 0.5799

Table B.11: Sector: Steel, Stock: Hulamin Limited.

Hulamin Hurst Parameter
Period N | Absolute Moment | Higuchi
25-Jun-07 to 17-Feb-11 | 916 | 0.5096 0.5472

Table B.12: Sector: Steel, Stock: Kumba Iron Ore Ltd.

Kumbaio Hurst Parameter
Period N Absolute Moment | Higuchi
20-Nov-06 tol7-Feb-11 | 1093 | 0.5386 0.5323
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Table B.13: Sector: Telecommunications Equipment, Stock: Vodacom Group Lim-

ited.

Vodacom

Hurst Parameter

N

Absolute Moment

Higuchi

18-May-09 to 17-Feb-11

443

0.2964

0.3253
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Table B.14: Sector: Wireless Telecom Services, Stock: Allied Technologies Limited.

Altech Hurst Parameter

Period N Absolute Moment | Higuchi
06-Sep-85 to 17-Feb-11 | 6352 | 0.5039 0.5386
06-Sep-85 to 23-May-08 | 5664 | 0.5322 0.5404
23-May-08 to 17-Feb-11 | 688 | 0.4967 0.5093

Table B.15: Sector: Wireless Telecom Services, Stock: Blue Label Telecoms Ltd.

Bluetel Hurst Parameter
Period N | Absolute Moment | Higuchi
14-Nov-07 to 17-Feb-11 | 816 | 0.5062 0.5399

From the sector, wireless telecom services, stock, Allied Technologies Limited
(Altech) showed a H ~ 1 on all the intervals for both methods, see table B.14. Blue
Label Telecoms Ltd (Bluetel) showed a H = % on all the intervals for both
methods, see table B.15. absolute moments method showed that MTN Group
Limited (Mtn) had a H ~ ; on all the intervals, while the Higuchi method showed

a persistent stock on the whole interval and the interval before the crash and anti-

persistent stock after the crash, see table B.16.

Table B.16: Sector: Wireless Telecom Services, Stock: MTN Group Limited.

Mtn Hurst Parameter

Period N Absolute Moment | Higuchi
15-Aug-95 to 17-Feb-11 | 3868 | 0.5454 0.5970
15-Aug-95 to 23-May-08 | 3180 | 0.5211 0.5997
23-May-08 to 17-Feb-11 | 688 | 0.4538 0.4136




APPENDIX C

WickKk CALCULUS IN GAUSSIAN SPACES

C.1 INTRODUCTION

In this appendix we will be discussing white noise spaces and generalized processes
given by the time derivative of a Wiener process, i.e. the velocity of the Wiener
process. We mainly follow the presentation of Hida, Kuo, Potthoff and Striet, (1993).
The generalized variables are in white noise spaces and we will consider stochastic
analysis in Gaussian spaces. The Wiener It6 chaos decomposition theorem is used
in the development of functions of white noise. We need to define a measure on a
Gaussian space, which is the dual of a nuclear space. We cannot have a Lebesgue
measure on an infinite dimensional vector space thus we will equip the space with
a Gaussian measure. A measure is constructed in the space S’ (R) of tempered
distributions which is the dual of the Schwartz space of test functions S (R).We

will also define the Wick product of two distributions in terms of the S transform.

C.2 PRELIMINARIES

Tables C.1 gives a list of the main spaces used in white noise analysis and some of

the spaces will be defined in the next section. The spaces obey the following
NCHCN?

and
S(R) c L*(R) c S’ (R)
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and

(M) € W) € L2 () € (M) € (M)

See below for the description of norm.|| . |-| is the norm induced by the scalar

product on N.

C.3 WHITE NOISE

To construct a countably Hilbert space we let n € N and let D be a real vector
space equipped with a sequence {(-,), } of scalar products which induce norms |-|,
on D. Assume that the system of scalar products is compatible such that if {¢, } is a
sequence in D which converges to zero with respect to a norm ||, and is Cauchy with
respect to |-|,., m € N, then it converges also to zero with respect to || . Assume
that the norms are increasing in the sense that for n < m the norms obey |-| < || .
Let A, be the completion of D under the |-|, . Let A/ denote the intersection of the
Hilbert spaces NV,, as N' = N, N,,. N endowed with the projective limit topology 7,
is called a countably Hilbert space. Assume also that for every n € N there exists
m € N, so that the injection /™ from N, into N,, is a Hilbert-Schmidt operator .
Let N = N_, with norm |-|_ denote the dual of N, and let N* be the dual of
N. We have N* = U, N*. The dual pairing between N* and N is denoted by (-, ).
Consider N* as equipped with a weak topology o. Let B be a Borel o-algebra on
N* generated by cylinder sets, see Hida, Kuo, Potthoff and Striet (1993). A is a
separable pre-Hilbert space with scalar product (-,-), which is compatible with the

topology of AV, (compatible with scalar products (-,-), , n€N).

L4 is a Hilbert-Schmidt operator if u: Hy — Hy which are Hilbert spaces such that u

admits an orthonormal representation with the scalar coeficients in Iy which is a Hilbert
sequence space.
(See Diestel, Jarchowand and Tonge 1995, page 84)
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Table C.1: Table of main spaces

Description

Linear space on R with sequence (-, ).

Completion of D under |-|,

= N,/N,, Nuclear separable pre-Hilbert space

with a scalar product compatible with the topology on N.

= N_,, Dual of NV,,.

= U, ¥ Dual of N*.

Borel o-algebra on N*.

Choice for N/, a Schwartz space of test functions.

Dual of S (R) a space of generalized functions.

Completion of A/ under |-|, can be N, for some n € N.

Choice for H.

= (L) for p > 1.

Algebra of polynomials generated by X, see below.

Image of (L?) under 7 transform.

Closed linear span of {H,,a € I"} the nth homogenous chaos

where H,, is a product of Hermite polynomials.

= ®H™ direct sum of H™.

Tensor power of Hilbert space with dual NZ®".

IR ®
=prlim,ey H,".

=indlim,en HQ_QZ.

Space of integrable functions with a Gaussian measure .

Space of square integrable functions with a Gaussian measure pu.

Subspace of L? (1) consisting of I, (™) with f™ € H%n.

Smooth polynomials on AN/*.

Completion of P (N*).

= Mpg>0 (Hp)qﬁ :

= Up,g>0 (H—p)_

7q‘
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We will now state the Minlos Theorem.

Definition C.1 (Hida, Kuo, Potthoff and Striet, 1993). We let C be a function on
N such that C is continuous on N, C'is positive definite and C' (0) = 1, then C' is a

characteristic function on N'. Then there exist a unique probability measure js on

(N*,B) such that for all £ € N we have

/ exp (i 7, €)) dic (1) = C (€). (1)

If C is a continuous function with respect to the norm |-|, for pEN and if n (> p) is

such that the injection /7 : N,, — N, is of Hilbert-Schmidt type, then po (N_,) = 1.

The sample paths of white noise are not functions but generalized functions. The
topology structure of S (R) is one of nuclear countably Hilbert spaces. Gaussian
spaces are the topological dual of a countably Hilbert space equipped with a Gaussian
measure. We choose N to be the Schwartz space S (R) of test functions. The norm
induced by the scalar products is denoted by |-| and the completion of N with
respect to this norm is denoted by H. We can choose H to be one of the spaces
N, (Hida, Kuo, Potthoff and Striet, 1993). Consider the characteristic function C'

on N
c(©) = ex» (3 1¢F). (©2)

Consider the probability space (N*, B, 1) , where p is the Gaussian measure given
by equation C.1 and equation C.2 We call (N*, B, ;1) the Gaussian space associated
with (N |-]) and choosing N* = &' (R) we get the space

(S"(R), B, p) (C.3)

which is called the white noise space. For d € N we let N' = S (Rd) be the Schwartz

space of rapidly decreasing C*®—functions on R, endowed with it’s usual topology.
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S (Rd) is countably Hilbert and it is nuclear. Let H = L? (]Rd) be real with a
Lebesgue measure on it. Then the space (S’ (Rd) , B, ,u) is called white noise with a

d-dimensional time parameter. If we let d = 1 then we have white noise.

For ¢ € N, we denote the random variable z —— (z,&) by X¢. The associated
coordinate process X over N is given by X, (z) = (x,§) which we will call white
noise. The mapping & — X is called the canonical coordinate process over N and
we let P denote the algebra of polynomials generated by X, which are dense in
(LP). For f € H the connection between white noise and Brownian motion is the
coordinate process on N which has an extension to H such that this mapping is linear
from ‘H into Ny>1 (L) and is continuous in every ||-||, for p > 1 which is denoted by

X : fr— Xs(-) = (, f). The process is centered Gaussian with covariance

| @ h i@ = 1.9,

Let 14 be the indicator of A € B(R). Then we form random variables as follows
{X 1oy = <-, 1[0,t)> , e R+}, which are centered Gaussian with the following covari-

ance structure

/ (2 Log) ¢ o) di () = (Log: L) =t As.
5'(r?)
At time zero this family of random variables is a one dimensional Brownian motion

starting at the origin.

The time derivative of Brownian motion is a distribution. For time ¢ > 0 we can
write Brownian motion as B () = (-, 1o)) , and if we let 2 () be the time derivative

of Brownian motion then Brownian motion is represented as

B(t,x):/otx(s)ds.
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This again is a family of random variables which is centered Gaussian with covariance

under the measure ;o which is given as
E,[B(t)B(s)|=tAs.

Then we can define B (t) as a Brownian motion.

C.3.1 S-TRANSFORM

Consider the structure (L?) = L? (N*, B, 1) then the Wiener-1td6 decomposition the-
orem states that (L?) has a direct sum decomposition into homogeneous chaos. In
order to do so we will introduce the 7 transform first, it’s sort of like the Fourier
transform but not quite. The second transform is the S transform and both trans-
forms are represented as elements in (L?) in terms of Wick powers of distributions.
The details of the 7 transform deals with complex numbers and will not be discussed

here and for further details refer to Hida, Kuo, Potthoff and Striet (1993).

Definition C.2 (Hida, Kuo, Potthoff and Striet (1993)). For ¢ € N and ¢ € (L?)

the T transformation on (L?) is given by

To(6) = / exp (i (¢, €)) o (x) du (1)

7 transforms functionals on N* into an N-functional and is linear. The image of
(L?) under 7 is a vector space of complex valued functions on A" denoted by R. T
is isomorphic from (L?) onto R. The mapping A — 7 ¢ (A£) has the entire analytic

extension.

Definition C.3 (Hida, Kuo, Potthoff and Striet (1993)). For ¢ € (L?), ¢ € N

and x € N*we set the S transformation on (L?) as

Se(§) = C () T (-if)
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or
S¢(©) = [ o) exp (2.6): du o)
with
o ((0.6) = e (0.6 6P (C.4)

Equation (C.4) is often referred to as a Wick exponentials and is often represented

with the Wick exponential symbol °.

C.3.2 (CHAOS EXPANSION

For n € N we define Hermite polynomials with u of order n and parameter o > 0 as

o o\ U2 dn U2
U 2= <—%7 ) exp 52;5 zﬁ;g exp ——52;5 .

For the construction of a basis of (L?) we let f € H and we form random variables
as
PN =GN g

and we note that : (x,\¢)" : and : (\z,&)" : are not the same. Let I"™ be a set of
naturally ordered n-tuples o in N, ny, («) is a number of entries in o equal to k € N
and n (a)! = [, ng (o)! with the empty product equal to one. Let (ex, k € N) be
an orthonormal basis of H and let n € N, v € I". Set H,, (z)! =[], : (x, ep)" @)
and the collection of {H,,a € I,n € Ny} forms an orthogonal basis of (L?) with
norm ||H,||2 = n()!. For ¢ € (L?) we have ¢ (z) = 3.°° ¢ () and the chaos
decomposition follows as

QD(n) (z) = Z aoHo ().

ael™
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C.4 GENERALIZED FUNCTIONS

Let ® be the symmetric tensor product (Hida, Kuo, Potthoff and Striet (1993)).

Then we define Wick powers by

28" = 2O Qo — (n—1): 22" 2 QT
where Tr= [ 02dt and is an element of 7 and a distribution on S(R?). If f €

S (R?), then (T'r, f) = [ f (t,t) dt see Hida, Kuo, Potthoff and Striet (1993) . For

£ € N and v € N* we have a Wick exponential of the form

exp ( Z % AN
see Grothaus, Kondratiev and Us (1998) For n € Ny we let z +—: %" : be a map
from AN* into N*®". For o e N*¢" we define smooth Wick monomials of order
n corresponding to the kernel o™ as follows I,, (go(”)) (z) = (: 2" 1, ™). Smooth

Wick monomials are orthogonal with respect to the inner product. Let f e NC*®”

then we let £, (1) be a subspace of L? (1) consisting of I,, (f™) (z). Let

N
PN = {gplw(w)zz<: 2@ 1, ™, ™ e Nz&m, xGN*,NENO}
n=0

be a space which is dense in L? (1) . Grothaus, Kondratiev and Us (1998) infer that

for any p € P (N*) we have

Definition C.4 (Grothaus, Kondratiev and Us (1998)). For any f € L?(n) and

fme Ngéz)” we have the Ito-Segal- Wiener chaos decomposition

o0
= Z <: r®"
n=0
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To get generalized functions we have to construct a space of test functions.
For x € N* consider Wick polynomials f (z) = ij:o <: x®m f(”)>, with norm
HfH;qﬂ =5 (n!)(H'B) 2m |f(”)|; and then we define a Hilbert space as follows

n=0

(Hy)y = {f € LIS () =D (a5 ) Nl < OO} |

n=0

The space of test functions (N )’3 is defined as the projective limit of the spaces
(Hp)f and (M)’ = N, 420 (Hp)qﬁ. Let (H_p):’g be the dual with respect to L? (u)
and let (V)™ = U, 50 (H,p):f . The space of Hida distributions is (NV)* = (V)"
Let (N )1 be the largest space of generalized stochastic functions and the dual paring
between (A)" and (M)~ be denoted by ((-,-)).

Let ® € (M) be a distribution such that E, (®) = ((®,1)). For ¢ € (N)'
consider ™ ¢ N(’Ck@” then there exists a distribution I, (CD(")) that acts as test

functions in the sense that we have a pairing

(L (@), 0)) = nt (@1, 1)

see Grothaus, Kondratiev and Us (1998) . Denote I, (®™) = (: 2" :, ™) as dis-

tributions then for any ® € (N )1 we have the unique decomposition

b = f: <: " :,q)(”)>

n=0
if it converges in (N)'. The dual pairing is given by
(@, 0)) =Y _nl (@M, o).
n=0

Let x € N* at £ € N then the S transform of a generalized function is defined as

SO(§) = (P:exp((-8)) )
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If we let ®, ¥ € (M), then we define the Wick product by
DoV =8"'(SP SV)
-1

which is a element in (N)

We refer readers to theorem 5.1 for the algebraic properties of the Wick product.
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APPENDIX D

MALLIAVIN DERIVATIVE

Consider a Banach space 2 = C; ([0, T7]) , where Cy ([0, 7)) is a space of continuous,

real functions w on [0, 7] such that w (0) = 0, then

[wlloo = sup |w (¢)]
te[0,7

is a norm on Q. We call © a Wiener space. Let L? ([0, T]) be the space of deterministic
square integrable functions with respect to the Lebesgue measure A (dt) = dt on

0,7]. Let g € L?(]0,T]) be a deterministic function and we put
[ 9 p

v (1) = / g (s) ds (D.1)

the integral is an element of Q (see Qksendal, 1997).

Definition D.1 Oksendal (1997). Let F' : Q — R be a random variable then we

define the directional derivative of F' at the point w € ) in the direction of v € ) by

d
DLF () = L [P (w+ ).
£
if it exists in the (strong) sense that
F - F
D,F (w) = lim w+e) ()

e—0 £

exists in L? ().
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Definition D.2 Oksendal (1997). Assume that F' : Q@ — R has a directional
derivative in all directions v of the form (D.1) and there also exists ¥ (t,w) €

L2([0,T] x Q) such that D, F (w) can be written in the following form
T
D.FW= [ w(twgd
0
Then we say F' is differentiable and the derivative of F' is given as
DtF (w) - 1/) (t,W) .
Let D, 2 be a set of all differentiable random variables.
Example D.1 Oksendal (1997). Let Q) be a Wiener space and consider a Wiener
process (Brownian motion) W (t,w) , then for w € Cy ([0,T]) we set
W(t,w)=w(t).
For f(s) € L?([0,T)) let
T T
F@ = [ fedVsw = [ 16)ds)

0 0

be a stochastic process. For v € Q if

0 = [ ot

we have

Fw+m>=tlf@mw@+wwm
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it follows that

D,F(w) = lim Flwten)=Fw)

e—0

_ uml(/ffit)dw(ﬂ+e/0Tf<t>g<t>dt/OTf<t>dw<t>)

e—0 &

T
- [ 1w
0
Then F is differentiable and F' € Dy 5. Fort € [0,T] and w € §2 the derivative is
D, F(w) = f(t).

Let X0, (5) be a piecewise defined function of the form

(L se|o,
X (5) = {0 if s ¢ (0,1

Suppose t; € [0,t] we let
f(t)= X[0,t1] (t)
then

FO = [ xou @
_ /Otl 1dW(s)+/T0dW(s)

t1

= W (tl, w) .
The derivative of the Wiener process follows as

D, W (t1,w) = Xjo) (1) -

Let P denote the family of all random variables of the form
F (Cd) =y (917 ) 9”)

where ¢ (z1,..,2,) = >, @2 is a polynomial in n variables z1,..,z, and o =

(a1, .., ) a multi-index and 6; = fOT fi (t)dW (t) for some deterministic f; €
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L?([0,T]) . We call such random variables Wiener polynomials, P is dense in L? (2)
and P C D, 5 for more details refer to Oksendal (1997). For F' € D; 5 we introduce

a norm [[Fll y = |[Fll 20y + Dl 2 10 1750y o0 Pra-

Definition D.3 Oksendal (1997). Define Dy 5 to be the closure of the family P with

respect to the norm |||, , -

Definition D.4 Oksendal (1997). Now we let F' € Dy 5 and suppose there exists a
sequence {F,} C P such that {F,} — F in L?(Q) and {D,F,},- | is convergent in
L ([0,T] x Q). Then we define

DtF = llm DtFn

n—oo

and
T
DVF:/ DiF - g (1) dt
0

for all

where g (s) € L? ([0,T]) . We call DiF the Malliavin derivative of F.



APPENDIX E

OPTIMIZATION ALGORITHM

Algorithm E.1 (Rardin, 2000). Simulated Annealing Search.

Step 0: Initialization. Choose any starting feasible solution (%), an iteration limit
tmax, and a relatively large initial temperature ¢ > 0. Then set incumbent solution
&« 20 and solution index t + 0.

Step 1: Stopping. If no move Ax in move set M leads to a feasible neighbor of
current solution £, or if t = tyax, then stop. Incumbent solution & is an approzi-
mate optimum.

Step 2: Provisional Move. Randomly choose a feasible move Ax € M as a provi-

sional Azt

, and compute (possibly negative) net objective function improvement
Aobj for moving from z*) to (x(t) + A:C(t“)) (increase for a maximize, decrease for
a minimize).

Step 3: Acceptance. If Az improves, or with probability e®°*/1 if Aobj < 0,

accept Az and update
2D O | A

Otherwise return to step 2.

Step 4: Incumbent Solution. If the objective function value of Y is superior
to that of incumbent solution &, replace & — x+1),

Step 5: Temperature Reduction. If a sufficient number of iterations have passed
since the last temperature change, reduce temperature q.

Step 6: Increment. Increment t < t + 1, and return to step 1.
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APPENDIX F

MATLAB CoODE

F.1 HUuURrRST PARAMETER

F.1.1 LoG RETURNS OF A STOCK PRICES

The following function calculates the log returns of stock prices.

function [w]=logreturns(x)
[q,l]=size(x);
y=zeros(q,1);
rt=zeros(q-1,1);

y=1;

fori=1:q-1

rt(i)=log(y(i+1))-log(y(i)); %log returns of stock prices

end

w=rt;

F.1.2 AGGREGATED VARIANCE METHOD

The following function estimates the Hurst parameter using the aggregated variance

method.

function [[=Aggregated Variance Method(stockdata)

z=logreturns(stockdata);

285
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N=length(x);
varall=[];
nall=/;
prev=999;
for n=2:floor(N/5) % n number of entries in each block
b=floor(N/n); % b number of blocks

if prev"=b

prev=b;

nobs=b*n ; % Number of observations
Z=reshape(z(1:n0obs),n,b) ; % Block matrix
aveZ=mean(Z); % Average of the mean of each block
aveR=mean(aveZ); % Mean of the average series
varR=var(aveZ); % Variance

varall=[varall varR];
nall=[nall n/;
end
end
X=nall;
Y=varall;
logX=log(X);
logY=log(Y);
p=polyfit(logX,logY,1); %Regression

F.1.3 ABSOLUTE MOMENTS METHOD

The following function estimates the Hurst parameter absolute moments method.

function [[=AbsoluteMomentsMethod(stockdata)
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z=logreturns(stockdata);
moment=1;
N=length(x);
Aall=]];
nall=/];
prev=999;
for n=2:floor(N/5); %n number of entries in each block
b=floor(N/n); % b number of blocks
if prev”"=b
prev=>b;
r=x-mean(z);
nobs=b*n ; % number of observations
Z=reshape(z(1:n0bs),n,b); % block matrix
aveZ=mean(Z); % average of the mean of each block
A=sum((abs(aveZ)). “"moment)/b;
Aall=[Aall AJ;
nall=[nall n/;
end
end
X=nall;
Y=Aall;
logX=log(X);
logY=log(Y);
p=polyfit(logX,logY,1);

HurstAbsoluteMoments=p(1)/moment+1
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F.1.4 HicucHI METHOD

The following function estimates the Hurst parameter Higuchi method.

function [|=HiguchiMethod(stockdata)
z=logreturns(stockdata);

N=length(x) %N length of the series

Lall=[];

nall=/];
prev=999;

r=cumsum(zx);
for n=2:floor(N/5) % n number of entries in each block
numb=floor(N/n); % numb is the number of blocks

if prev”"=numb

prev=numb;

b=floor((N-n)/n);

A=zeros(n,b); % temp length

fori=1:n

for k=1:b

A(i,k)=abs(x(i+k*n)-z(i+(k-1)*n)); % second sum of L(n)
end

end

avgA=mean(A,2) ; % mean of A in colunm vector form
L=sum(avgA)*((N-1)/n"3);

Lall=[Lall Lj;

nall=[nall n/;

end

end



X=nall;

Y=Lall;

logX=log(X);
logY=log(Y);
p=polyfit(logX,logY,1);
HurstHiguchi=2+p(1)

F.1.5 RESCALED RANGE METHOD

The following function estimates the Hurst parameter rescaled range method.

function []=RescaledRangeMethod(stockdata)
z=logreturns(stockdata);

N=length(x); %N length of the series

RSavgall=]];

nall=/];

prev=999;

for n=5:floor(N/5) % n number of entries in each block

b=floor(N/n) ; % b number of blocks

if prev”=b

prev=>b;

nobs=b*n ; % number of observations

Z=reshape(z(1:nobs),n,b); % block matrix

aveZ=mean(Z); % average of the mean of each block
W=_Z-ones(n,1)*aveZ; % mean adjusted series W

V=cumsum(W) ; % series V is cumulative deviation from the mean

R=maz(V)-min(V); % Range
S=std(Z); % The standard deviation
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RS=R./S ; %Rescaled Range estimate
RSavg=mean(RS); % mean of R/S
RSavgall=[RSavgall RSavg/;
nall=[nall n/;
end
end
X=nall;
Y=RSavgall;
logX=log(X);
logY=log(Y);
p=polyfit(logX,logY,1);
HurstRescaledRange=p(1)

F.2 FRACTIONAL BROWNIAN MOTION

function [|[=Fractional BrownianMotion(H)

b=1000; % b Lower bound for the 1st intergral

N=1000; %N Sample number
bl=randn(b+1,1);

b2=randn(N+1,1);
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The following function generates a fractional Brownian motion using equation (4.2) .

ch=sqrt((2*H*gamma(3/2-H))/(gamma(H+1/2)*9amma(2-2*H))); ~ %Normal-

12ing constant

bh=zeros(N,1);
for n=1:N
x1=0;
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for k=-b:-1

xl=z1+((n-k) " (H-0.5)-(-k) ~(H-0.5))*b1(k+b+1);
end

x2=0;

for k=0:n-1

x2=12+(n-k) ~(H-0.5)*b2(k+1);

end

ch;

bh(n)=ch*(x1+x2);

end

bh;
plot (n),hold;

hold on;
plot(bh,’-r’);

azis([0, N, -100, 100))
zlabel("Time’)
ylabel(’Fractional Brownian Motion’)

title(’Plot Fractional Brownian Motion’);

end

F.3 FRACTIONAL BLACK-SCHOLES FUNCTIONS

F.3.1 FRACTIONAL CALL PRICE VS SPOT

The following function calculates the fractional Black-Scholes European call price for
Rostek and Schobel’s model for varying spot and plots the resulting values. Similar

codes were written for Hu and Oksendal’s and Necula’s models.
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function [|=CallvstockRostek()

K=100;

r=0.02;

sigma=0.2;

T=2;

t=0;

H1=0.2

H2=0.8

clall=[];

Sall=[];

c2all=/];

c3all=[]

for S=K-20:K+20

phi=((sin(pi*(H1-0.5)))/(pi*(H1-0.5)))*((9amma((3/2-H1)"2)) /(gamma(2-
2*H1)));

dH11=(log(S/K)+r*(T-t)+((phl*sigma"2)/2)*(T-t) ~(2*H1))/(sqrt(ph1)*sigma™(T-
t)"H1);

dH21=dH11-(sqrt(phl)*sigma™*(T-t)"H1);

ndH11=normcdf(dH11);

ndH21=normcdf(dH21);

c1=S*ndH11-K*exp(-r*(T-t))*ndH21;

ph2=((sin(pi*(H2-0.5)))/(pi*(H2-0.5)))*((gamma((3/2-H2) "2))/(gamma(2-
2¥H2)));

dH12=(log(S/K)+r*(T-t)+((ph2*sigma"2)/2)*(T-t) ~(2*H2))/(sqrt(ph2) *sigma*(T-
t)"H2);

dH22=dH]12-(sqrt(ph2)*sigma™*(T-t) "H2);

ndH12=normcdf(dH12);
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ndH22=normcdf(dH22);

c2=S*ndH12-K*exp(-r*(T-t)) *nd H22;

% calculates the black scholes call option price

d1=(log(S/K)+(r-sigma"2/2)*(T))/(sigma*sqrt(T)); %calculates the d1 value

d2=d1-sigma*sqrt(T);

nd1=normcdf(d1);

nd2=normcdf(d2); % normcdf is a built in function that calculates

% the value from the cumulative normal distribution

c3=S*nd1-K*exp(-r*(T))*nd2; % computes the call black scholes call price

clall=[c1all c1];

c2all=[c2all c2J;

c3all=[c3all ¢3/;

Sall=[Sall S];

end

clall;

c2all;

c3all;

Sall;

plot(Sall,c1all,’-y’, Line Width’,2);

hold on

plot(Sall,c2all,’-g’,"Line Width’,2)

hold on

plot(Sall,c3all,”-r’,’Line Width’,2)

zlabel(’Spot Price S ’), ylabel(’Call Price’), title(’Price of Rostek European call
and T=2 and t=0’);
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F.3.2 FRACTIONAL CALL PRICE vS HURST

The following function calculates Necula’s price of European call with varying Hurst
and plots the resulting values. Similar codes were written for Hu and @Qksendal’s and

Rostek and Schobel’s models.

function []=CallPricevsHurstNecula()

S=100;

K=100;

r=0.02;

sigma=0.2;

T=5

t1=1

palll1=[];

Hall1=[];

for H=1:1000

H=H/1000;

D1=((log(S/K)+(r)*(T-t1))+(sigma"2/2)*(T"(2*H)-t1"~(2*H)))/(sigma*sqrt(T"(2*H)-
t1~(2*H)));

D2=((log(S/K)+(r)*(T-t1) )-(sigma~2/2)*(T"(2*H)-t1"(2*H))) /(sigma*sqrt(T"(2*H)-
t1°(27H)));

nD1=normcdf(D1);

nD2=normcdf(D2);

p=S*nD1-K*exp(-r*(T-t1))*nD2;

palll1=[palll p];

Hall1=[Halll H];

end
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t2=2.5

pall2=/];

Hall2=]];

for H=1:1000

H=H/1000;

Di=((log(S/K)+(r)*(T-t2))+(sigma "2/2)*(T(2*H)-t2"~(2*H))) / (sigma*sqrt(T~(2*H)-
12°(2*H)));

D2=((10g(S/K)+(r)*(T-t2))-(sigma~2/2)*(T~(2*H)-t2~(2*H)) ) / (sigma*sqrt(T " (2*H)-
t2°(2*H)));

nD1=normedf(D1);

nD2=normcdf(D2);

p=S*nD1-K*exp(-r*(T-12))*nD2;

pall2=[pall2 pj;

Hall2=[Hall2 HJ;

end

t3=4

pall3=/;

Hall3=]];

for H=1:1000

H=H/1000;

Di=((log(S/K)+(r)*(T-t3))+(sigma "2/2)*(T~(2*H)-t3"(2*H))) / (sigma*sqrt( T~ (2*H)-
t3°(2*H)));

D2=((log(S/K)+(r)*(T-t3))-(sigma"2/2)*(T"(2¥H)-t3"(2*H))) /(sigma*sqrt(T " (2*H)-
t3°(2*H)));

nD1=normedf(D1);

nD2=normedf(D2);

p=S*nD1-K*exp(-r*(T-t3)) *nD2;
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pall3=[pall3 p];

Hall3=[Hall3 H];

end

plot(Halll,palll,”-b’);

hold on;

plot(Hall2,pall2,’-1’);

hold on;

plot(Hall3,pall3,’-g’);

zlabel("Hurst Parameter H’),ylabel(’Price Fractional Furopean Call Necula’),title(’Call
Price for firxed T=5 and t=1, t=2.5 and t=}’)

F.3.3 FRACTIONAL CALL PRICE vs HURST VS VOLATILITY

The following function calculates the conjectured Hu and Dksendal’s fractional Black
price for varying Hurst and varying volatility and plots the 3D graph. Similar codes

were written for Necula’s and Rostek and Schobel’s fractional Black models.

% On main screen

[X,Y] = meshgrid([0.05:0.01:0.9],[0.51:0.01:1));

Z=CallpricevsHurstvs VolatilityHuand Qksendal(110,100,100,1,0.25,X,Y);
mesh(X,Y,Z)

%% %% % %% % % % % % % % % % % % % % % % % % %6 % % % % % %

function [c]=CallpricevsHurstvs VolatilityHuandQksendal (Ft,St, K, T,t,sigma, H)
format long g

r=log(Ft/St)/(T-t);
out1=/];
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fmi,nl] = size(H);

c=ones(mi,n1)*999;

for i=1:m1

for j=1:n1

dH1=(log(Ft/K)+(sigma(i.j) ~2/2)*(T-t) ~(2*H{(i.j)))/(sigma(i.j) *sqrt((T-t) ~(2*H{(ij))));
dH2=(log(Ft/K)-(sigma(i,j) ~2/2)*(T-t) " (2*H(i,j)))/(stgma(i.j) *sqrt((T-t) " (2*H(1.5))));
ndH1=normedf(dH1);

ndH2=normedf(dH2);

c(ij)=exp(-r*(T-t)) *(Ft*ndH1-K*ndH2); %PFractional Future Call

out=[sigma(i,j), H(i.j), c(ij)];

out! = (cat(1,0utl, out));

end

end

F.4 IMPLIED VOLATILITY

F.4.1 BLACK-SCHOLES FORMULA

The following function calculates the price of the classical Black-Scholes option price.

function [r]= BScallputOption(callput,St,K,r,sigma,t, T)
%call=1 and put=0
T1=(T-t);
if callput
d1=(log(St/K)+(r+sigma"2/2)*(T1))/(sigma*sqrt(T1));
d2=d1-sigma*sqrt(T1);
nd1=normcdf(d1);
nd2=normcdf(d2) ;
z=St*nd1-K*exp(-r*(T1))*nd2;
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end
if “callput

d1=(log(St/K)+(r+sigma~2/2)*(T1))/(sigma*sqrt(T1));

d2=d1-sigma*sqrt(T1);

nd1=normcdf(-d1);

nd2=normcdf(-d2);

r=K*exp(-r*(T1))*nd2-St*nd1;
end

end

F.4.2 BACKING OUT IMPLIED VOLATILITY

The following function obtains the implied volatilities for individual options given

all the other inputs using the method in Benninga (2000).

function [|=callvolatilitytarget()
format long
callput=1;
K=28500.00;
—40970.00/365;

St=[27753

27180

2655

)i
r=[5.400550548
5.40206233
5.398904459

/}.
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t=[40787.00

40788.00

40791.00

1/365;

target=[2050

1700

1450

J;

[n m]=size(target);

error=999*ones(n,1);

callvolatility=999*ones(n,1);
for i=1:n

high=1;

low=0;

while (high-low)>0.0001

if BScallputOption(callput,St(i),K,r(i)/100,((high+low)/2),t(i), T)>target(i)
high=(high+low)/2;

else

low=(high+low)/2;

end

end

callvolatility(i)=(high+low) /2;
error(i)=BScallputOption(callput,St(i),K,r(i) /100, callvolatility(i),t(i), T)-target(i);
end
callvolatility
error

end
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F.5 IMPLIED FRACTIONAL VOLATILITIES

The following code uses the simulated annealing algorithm by Vandekerckhove’s
(2006) to obtain the fractional implied volatility for a collection of options given
all the other inputs. The Black model for Rostek and Schobel code is presented.
Similar codes are written for the classical Black-Scholes, Black, Hu and (Jksendal

and Necula’s models.

F.5.1 EXTERNAL HursT LooP

numberofdays=3;

numiter=3;

options. Verbosity=0;
error=Q@QBlackRostekErrorFunction;
ErrorRostek=99*ones(numberofdays,7);
ImpliedRostek=99*ones(numberofdays,7);
for k=1:numberofdays

for j=1:7

loss=@(p)error(p(1),5,k);
z1=99*ones(numiter,1);
f1=99%ones(numiter,1);

for i=1:numiter;

vol(i)=rand()+0.005;

[z f]=anneal(loss,[vol(i)],options);
xl1(i,1)=x;

J1(i)=F:

end
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time=k

C = cat(2,f1,21);

C1= sort(C,1);

Error=C1(1,1);
ImpliedVol=C1(1,2);

ErrorRostek(k,j)=Error;

ImpliedRostek(k,j)=Implied Vol;

end
end
ErrorRostek1= ErrorRostek(:,1:3)
ImpliedRostek1=ImpliedRostek(:,1:3)
ErrorRostek2= ErrorRostek(:,4:6)
ImpliedRostek2=ImpliedRostek(:,4:6)
ErrorRostek3= ErrorRostek(:,7)
ImpliedRostek3=ImpliedRostek(:,7)

F.5.2 ERROR FUNCTION

function e2=BlackRostekErrorFunction(vol,index,time)
AllHurst=[0.5043
0.51426
0.54736
0.6
0.7
0.8
0.9];
Hurst=AllHurst(indezx);



Ft=[29653

29629

29628);

St=[29457

29457

29402);

t=[40654.00
40659.00
J0661.00]/365;
T=40709.00/365;
Opt=[1

1

1

J;

sigma=[ 0.2544 0.2256 0.2201
0.2544 0.2256 0.2201
0.2543 0.2256 0.2201
J;

K=[25000

27000

27400);

r(time)=log(F't(time)/St(time))/(T-t(time));

[n n2]=size(K);
if vol <=0
e2=10"15;
else

error = 0;
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vol;

fori =1m

d1=(log(Ft(time) /K (i) )+(sigma(time,i) “2/2)*(T-t(time))) /(sigma(time,i) *sqrt(T-
t(time))) ;

d2=d1-sigma(time,i) *sqrt(T-t(time));

nd1=normedf(d1);

nd2=normedf(d2);

ndip=normcdf(-d1);

nd2p=normcdf(-d2);

ph=((sin(pi*(Hurst-0.5)))/(pi*(Hurst-0.5))) *(gamma((3/2-Hurst) “2)) /(gamma/(2-
2*Hurst));

dH21=(log(Ft(time) /K (i) )+((ph*vol~2) /2) *(T-t(time)) ~(2*Hurst)) / (sqrt(ph) *vol *(T-
t(time)) ~Hurst);

dH22=dH21-(sqrt((ph)) *vol*(T-t(time)) ~Hurst);

ndH21=normedf(dH21);

ndH22=normcdf(dH22);

ndH21p=normcdf(-dH21);

ndH22p=normecdf(-dH22);

if Opt(i)

black(i)=exp(-r(time) *(T-t(time))) *(Ft(time) *nd1-K (i) *nd2);

22(i)=exp(-r(time) *(T-t(time)) ) *(Ft(time) *ndH21-K (i) “nd H22);

end;

if ~Opt(i)

black(i)=exp(-r(time) *(T-t(time))) *(K (i) *nd2p-Ft(time) *nd1p);

22(i)=exp(-r(time) *(T-t(time))) *(K (i) "nd H22p-Ft(time) *ndH21p);

end;

d2=x2(i)-black(i);
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error=error+(z2(i) - black(i)) ~2;
end
e2=error;
end

end

F.6 OUuT-OF-SAMPLE PRICING

The following code calculates the percentage pricing errors and the absolute pricing

errors for a collection of ALSI calls on futures.

function [[=OutofsampleALSIcollection()
format long g
t0=40634.00/365;
=40709.00/365; % Date of expiration 15 June 2011
time =[ 40637.00  40638.00  40639.00]/365;
T=T-t0;
time=time-t0;
Ft = [29531
29706
29882
/; % Future vector
St=[29235
29422
29655
J; % Spot Prices
K =[25000
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27000
27400
J; %Strike Price
Opt=[1
1
1]; % Option type: 1=Call, 0=Put
sigma=[0.2714 0.2607  0.2606
0.2433 0.2326 0.2326
0.238 0.2273 0.2273]; %Black Volatility Starting date 04 April 2011
impliedsigma=[0.236001725
0.237491498
0.226252265
J; %Black Volatility Starting date 01 April 2011
Hurst=0.5043; % Hurst Parameter
impliedsigmal=[0.2376
0.2392
0.2278 |; % Implied Volatility Hu and Qksendal Starting date 01 April 2011
impliedsigma2=[0.237550633
0.239013246
0.227646677
J; % Implied Volatility Necula Starting date 01 April 2011
impliedsigma3=[0.23761491
0.259190659
0.227796687
/; % Implied Volatility Rostek and Schobel Starting date 01 April 2011
YoInitializing% % % % % % % % % % % % % % % % % % % % % % % %6 % % % % %

[n ni1]=size(Opt) ; % n number of options,
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[t1 t|=size(time) ; % number of time step
for j=1:1
r(j)=log(F't(j)/St(j))/(T-time(j)); % vector of interest rates

end

Black=999%*ones(n,t);

modelHu1=999*ones(n,t);

modelNeculal=999*ones(n,t);

modelRostek1=999*ones(n,t);

impliedBlack=999*ones(n,t);

error = 999*ones(n,t);

errorpercent=999*ones(n,t);

error1=999*ones(n,t);

error2=999*ones(n,t);

error3=999*ones(n,t);

errorpercent]1=999*ones(n,t);

errorpercent2=999*ones(n,t);

errorpercent3=999*ones(n,t);

%% %% %% %% %% % % % % % % % % % % % % % % % % %6 %6 %6 %6 %6 %6 %
%Black

function [P] = modelBlack(Ft1,r1,K1,T1,timel,sigmal,Opt1)
d1=(log(Ft1/K1)+(sigmal ~2/2)*(T1-timel))/(sigmal*sqrt(T1-timel));
d2=(log(Ft1/K1)-(sigmal~2/2)*(T1-timel))/(sigmal*sqrt(T1-timel));
ndlc=normcdf(d1);

nd2c=normcdf(d2);

nd1p=normcdf(-d1);

nd2p=normcdf(-d2);

if Optl
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P=exp(-r1*(T1-timel))*(Ft1*nd1c-K1*nd2c);

end

if “Optl

P=exp(-r1*(T1-timel))*(K1*nd2p-Ft1*nd1p);

end

end

%% %% %% %% % % % %% % % % % % % % % % % % %6 % % % % % %6 % % % % %

%Hu and Qksendal

function [P] = modelHu(Ft1,r1,K1,T1,timel,sigmal,H1,0pt1)

dH11=(log(F't1/K1)+(sigmal ~2/2)*(T1-timel) "~ (2*H1))/(sigmal*sqrt(T1-timel) " (2*H1));

dH12=(log(F't1/K1)-(sigmal ~2/2)*(T1-timel)~(2*H1))/(sigmal *sqrt(T1-timel) ~(2*H1));

ndH11c=normcdf(dH11);

ndH12c=normcdf(dH12);

ndH11p=normcdf(-dH11);

ndH12p=normcdf(-dH12);

if Optl

P=exp(-r1*(T1-timel))*(Ft1*ndH11c-K1*ndH12c);

end

if ~Optl

P=exp(-r1*(T1-timel))*(K1*ndH12p-Ft1*ndH11p);

end

end

%% %% %% % % % % % %% % % % % % % % % % % % %6 % % % % % %6 % % % % % %6

%Necula

function [P] = modelNecula(Ft1,r1,K1,T1,timel,sigmal,H1,0pt1)

dH11=(log(F't1/K1)+(sigmal ~2/2)*(T1"(2*H1)-timel ~(2*H1)))/(sigmal*sqrt(T1"(2*H1)-
timel ~(2*H1)));
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dH12=(log(F't1/K1)-(sigmal ~2/2)*(T1"(2*H1)-timel ~(2*H1)))/(sigmal*sqrt(T1 "~ (2*H1)-
timel ~(2*H1)));

ndH11c=normcdf(dH11);

ndH12c=normcdf(dH12);

ndH11p=normcdf(-dH11);

ndH12p=normcdf(-dH12);

if Optl

P=exp(-r1*(T1-timel))*(Ft1*ndH11c-K1*ndH12c);

end

if “Optl

P=exp(-r1*(T1-timel))*(K1*ndH12p-Ft1*ndH11p);

end

end

%% %% %% %% % %% % % % % % % % % % % % % % % % % %6 % % %6 % % % %6 %

% Rostek

function [P] = modelRostek(Ft1,r1,K1,T1,timel,sigmal,H1,0pt1)

ph=((sin(pi*(H1-0.5)))/(pi*(H1-0.5)))*(gamma((3/2-H1) "2))/(gamma(2-2*H1));

dH21=(log(F't1/K1)+((ph*sigmal~2)/2)*(T1-timel) ~(2*H1))/(sqrt(ph)*sigmal*(T1-
timel) “H1);

dH22=(log(F't1/K1)-((ph*sigmal~2)/2)*(T1-timel) ~(2*H1))/(sqrt(ph)*sigmal*(T1-
timel) "H1);

ndH21c=normcdf(dH21);

ndH22c=normcdf(dH22);

ndH21p=normcdf(-dH21);

ndH22p=normcdf(-dH22);

if Optl

P=exp(-r1*(T1-timel))*(Ft1*ndH21c-K1*ndH22c);
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end
if “Optl
P=exp(-r1*(T1-timel))*(K1*ndH22p-Ft1*ndH21p);
end;
end
%% % %% %% % % % % % % % % % % % % % % % % %6 %6 % %0 % % %6 %6 % % % % %6 %6 % % % %o
%Black
fori=1:n
for j=1:1
Black(i,j)=modelBlack(Ft(j),r(j),K (i), T,time(j),sigma(i,j), Opt(i) );
impliedBlack(i,j)=modelBlack(Ft(j),r(j),K (i), T,time(j),impliedsigma(j), Opt(i) );
modelHul(i,j)=modelHu(Ft(j),r(j),K (i), T,time(j),impliedsigmal (j),Hurst,Opt(i) );
modelNeculal (i,j)=modelNecula(Ft(j),r(j),K (i), T,time(j),impliedsigma2(j), Hurst, Opt(i) );
modelRostek1(i,j)=modelRostek(Ft(j),r(j),K (i), T,time(j),impliedsigma3(j), Hurst, Opt (i) );
error(i,j)=abs(Black(i,j)-implied Black(i,j) );
errorpercent(i,j)=(Black(i,j)-impliedBlack(i,j) ) /Black(i,j);
errorl (i,j)=abs(Black(i,j)-modelHul (i,j));
errorpercentl (i,j)=(Black(i,j)-modelHul (i,5)) /Black(i,j);
error2(i,j)=abs(Black(i,j)-modelNeculal(i,j));
errorpercent2(i,j)=(Black(i,j)-modelNeculal(i,j)) /Black(i,j);
error3(i,j)=abs(Black(i,j)-model Rostek1(i,j) );
errorpercent3(i,j)=(Black(i,j)-modelRostek1(i,j)) /Black(i,j);
end
end
%%% %% %% % % % % %% % % % % % % % % % % %6 %6 % %0 % % %6 %6 % %0 % % %6 %6 % % % %o
time=t

numberofoptions=n



310
errorbyoption = 1/t*sum(error,2)
errorbyoptionpercent = 1/t*sum/(errorpercent,2)*100
errorbyday = 1/n*sum(error,1)’
errorbydaypercent = 1/n*sum(errorpercent,1)’*100
aveabserror=1/t*1/n*sum(sum(error,2))
avepercenterror=1/t*1/n*sum(sum(errorpercent,2))*100
errorbyoptionl = 1/t*sum(errorl,2)
errorbyoptionpercent! = 1/t*sum(errorpercent1,2)*100
errorbydayl = 1/n*sum(errorl,1)’
errorbydaypercent] = 1/n*sum(errorpercentl,1)’*100
aveabserrorl=1/t*1/n*sum(sum(error1,2))
avepercenterrorl=1/t*1 /n*sum(sum(errorpercent1,2))*100
errorbyoption?2 = 1/t*sum(error2,2)
errorbyoptionpercent? = 1/t*sum(errorpercent2,2)*100
errorbyday?2 = 1/n*sum(error2,1)’
errorbydaypercent? = 1/n*sum(errorpercent2,1)’*100
aveabserror2=1/t*1/n*sum(sum(error2,2))
avepercenterror2=1/t*1 /n*sum(sum/(errorpercent2,2))*100
errorbyoption3 = 1/t*sum(error3,2)
errorbyoptionpercentd = 1/t*sum(errorpercent3,2)*100
errorbyday3 = 1/n*sum(error3,1)’
errorbydaypercent3 = 1/n*sum(errorpercent3,1)’*100
aveabserror3=1/t*1/n*sum(sum(errors,2))
avepercenterror3=1/t*1/n*sum(sum(errorpercent3,2))*100
Black=DBlack’
ImpliedBlack=1mpliedBlack’
HuandQksendal=modelHul’
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Necula=modelNeculal’
Rostek=modelRostek1’
allaveabserror=[aveabserror;aveabserrorl ;aveabserror2;aveabserrors]

allavepercenterror=[avepercenterror;avepercenterrorl;avepercenterror?; avepercenterror3]

end



APPENDIX G

ALSI CALLS ON FUTURES

The following tables give the pricing errors and percentage pricing errors by option

and by day for ALSI calls on futures.
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Table G.1: ALSI calls on futures. Pricing errors and percentage pricing errors by

option.

ALSI Futures Calls Expiring 2011/06/15

Pricing Errors using all Calls

Hurst

0.54736

Number of
Options

21

Number of
Days

38

Implied
Black

Hu and
Pksendal

Necula

Rostek
and
Schobel

Strike

Error by Option

25000

36.01267

36.11486

35.91045

36.11514

27000

64.95573

65.63267

64.48794

65.62453

27400

63.62436

64.49102

63.05681

64.47999

28000

52.71764

53.86132

52.01139

53.84689

28200

46.66848

47.89045

45.92311

47.87538

28500

36.04474

37.26003

35.29596

37.25149

28700

29.12576

30.25905

28.37196

30.25621

28750

27.53241

28.59683

26.81399

28.59288

29000

21.68534

22.28707

21.12443

22.29079

29100

19.91391

20.3756

19.41607

20.37941

29250

18.89785

18.73814

18.52373

18.7682

29500

18.26538

17.98747

17.90207

18.01847

30000

29.66293

28.56175

30.40122

28.56626

30500

42.68532

41.68379

43.43167

41.68722

30600

4445484

43.49494

45.18513

43.49763

30850

47.73538

46.87893

48.42272

46.87994

31000

48.9562

48.16019

49.61632

48.16033

31500

49.33508

48.72377

49.90046

48.72172

31550

49.11158

48.51701

49.66736

48.51481

31600

48.88394

48.30578

49.43014

48.30344

31700

48.26111

47.71474

48.78821

47.71215

Strike

Error by Op

tion Percent

25000

0.859319

0.861879

0.856939

0.861876

27000

2.830676

2.863563

2.811298

2.862936

27400

3.249189

3.29965

3.221788

3.298608

28000

3.503195

3.594615

3.458867

3.592596

28200

3.393217

3.503388

3.341647

3.500921

28500

2.919394

3.063804

2.85513

3.060516

28700

2.340962

2.512999

2.266834

2.509044

28750

2.159108

2.338741

2.082318

2.334601

29000

0.928315

1.150765

0.836847

1.145575

29100

0.280381

0.522479

0.182351

0.5168

29250

-0.907062

-0.63232

-1.015804

-0.638823

29500

-3.553078

-3.213689

-3.682372

-3.221869

30000

-12.41393

-11.88965

-12.59818

-11.90296

30500

-29.27329

-28.42667

-29.54399

-28.44991

30600

-34.23136

-33.29079

-34.52562

-33.31716

30850

-50.20576

-48.95951

-50.57345

-48.99681

31000

-63.16245

-61.66309

-63.5879

-61.71015

31500

-143.4532

-140.3041

-144.2216

-140.4287

31550

-157.0701

-153.6307

-157.8955

-153.7711

31600

-172.6236

-168.8491

-173.5144

-169.0082

31700

-209.3078

-204.7288

-210.3539

-204.9352
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Table G.2: ALSI calls on futures. Pricing errors by day.

Pricing Errors using all Calls

Hurst

0.54736

Number of
Options

21

Number of
Days

38

Implied
Black

Hu and
@ksendal

Necula

Rostek
and
Schébel

Date

Error by Day

2011/04/04

68.77634

68.97466

68.18412

68.97545

2011/04/05

72.59072

72.35284

73.0144

72.34428

2011/04/06

65.5511

65.56487

65.47979

65.55926

2011/04/07

64.76699

64.82036

64.68712

64.849

2011/04/08

63.91944

63.9451

63.86537

63.93905

2011/04/11

62.06702

62.14758

61.92232

62.14111

2011/04/12

61.90386

61.99182

61.82954

62.03203

2011/04/13

60.74477

60.83851

60.62661

60.82633

2011/04/14

60.38515

60.46626

60.31019

60.50393

2011/04/15

58.25169

58.35069

58.15867

58.33713

2011/04/18

61.6008

62.42296

60.96875

62.39794

2011/04/19

55.18862

55.02577

55.2784

55.00793

2011/04/20

71.2158

70.82573

71.57203

70.80743

2011/04/21

53.75487

53.83852

53.72615

53.82646

2011/04/26

50.15676

50.45536

49.96142

50.46031

2011/04/28

48.25558

48.37009

48.18401

48.37489

2011/04/29

47.90571

47.94815

47.87586

47.94902

2011/05/03

44.57582

45.11029

44.29834

45.11946

2011/05/04

36.499

36.57359

36.45632

36.5623

2011/05/05

32.75306

32.71164

32.7794

32.7085

2011/05/06

35.82445

35.68014

35.86799

35.70513

2011/05/09

30.01239

30.37821

29.87623

30.35883

2011/05/10

33.59632

33.24219

33.7049

33.25505

2011/05/11

27.503

27.55267

27.49064

27.56062

2011/05/12

24.33054

24.45423

24.28939

24.42849

2011/05/13

25.55922

25.44037

25.58326

25.45029

2011/05/16

24.36696

24.2906

24.41548

24.28954

2011/05/17

21.31996

21.47541

21.31624

21.46202

2011/05/19

20.37751

20.21946

20.41893

20.21345

2011/05/20

18.53237

18.59048

18.51425

18.57441

2011/05/23

13.09957

13.3509

13.10546

13.34022

2011/05/24

25.27752

24.91135

25.35555

24.95867

2011/05/25

15.80214

15.53892

15.81181

15.55249

2011/05/26

16.15567

15.96067

16.18269

15.95701

2011/05/27

17.1595

17.32434

17.15279

17.31871

2011/05/30

13.30812

13.492

13.28332

13.49334

2011/05/31

12.86447

12.8712

12.87165

12.87065

2011/06/01

12.24551

12.50851

12.24176

12.51924
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Table G.3: ALSI calls on futures. Percentage pricing errors by day.

ALSI Futures Calls Expiring 2011/06/15

Pricing Errors using all Calls

Hurst

0.54736

Number of
Options

21

Number of
Days

38

Implied
Black

Hu and
@ksendal

Necula

Rostek
and
Schoébel

Date

Error by D

ay Percent

2011/04/04

-6.363026

-6.115722

-7.10233

-6.114736

2011/04/05

-14.16887

-14.07097

-14.3433

-14.06745

2011/04/06

-6.344509

-6.309183

-6.527173

-6.32359

2011/04/07

-7.53055

-7.449654

-7.651648

-7.406233

2011/04/08

-6.66437

-6.600046

-6.799719

-6.61522

2011/04/11

-6.169359

-5.960521

-6.543416

-5.977311

2011/04/12

-9.570245

-9.45739

-9.665658

-9.405825

2011/04/13

-10.31622

-10.18965

-10.47586

-10.20609

2011/04/14

-9.840376

-9.725023

-9.947035

-9.671475

2011/04/15

-12.12046

-11.99959

-12.28027

-12.01614

2011/04/18

-8.194898

-7.54692

-8.694988

-7.566596

2011/04/19

-24.31735

-24.09557

-24.4396

-24.07127

2011/04/20

-24.38584

-24.25311

-24.5071

-24.24688

2011/04/21

-10.98798

-10.80627

-11.05038

-10.83245

2011/04/26

-10.44823

-9.779205

-10.88681

-9.768119

2011/04/28

-10.89241

-10.6266

-11.05871

-10.61548

2011/04/29

-9.971308

-9.84968

-10.05687

-9.847195

2011/05/03

-12.84156

-12.02261

-13.26892

-12.00862

2011/05/04

-28.98271

-28.71955

-29.19918

-28.74646

2011/05/05

-42.35852

-41.94292

-42.62219

-41.91141

2011/05/06

-35.15258

-34.69008

-35.29209

-34.77018

2011/05/09

-40.22352

-38.62156

-40.82586

-38.70585

2011/05/10

-33.79558

-33.38618

-33.92121

-33.40104

2011/05/11

-26.60513

-26.22398

-26.70034

-26.16326

2011/05/12

-33.66914

-33.12522

-33.85077

-33.23816

2011/05/13

-34.08493

-33.50803

-34.20164

-33.5562

2011/05/16

-28.42085

-27.05834

-28.81667

-27.07094

2011/05/17

-34.64547

-33.87117

-34.66408

-33.93764

2011/05/19

-43.01899

-41.69013

-43.36693

-41.63956

2011/05/20

-40.54431

-39.75266

-40.84919

-39.84308

2011/05/23

-86.27485

-80.3793

-87.39906

-80.60212

2011/05/24

-408.2131

-401.9121

-409.5614

-402.7239

2011/05/25

-114.5225

-111.9713

-114.6165

-112.1024

2011/05/26

-92.61958

-90.79988

-92.87243

-90.76587

2011/05/27

-42.88075

-41.74368

-42.92728

-41.78237

2011/05/30

-60.26737

-55.70863

-60.89846

-55.67618

2011/05/31

-57.79806

-55.97946

-57.89294

-56.12331

2011/06/01

-59.65338

-57.35839

-59.68639

-57.26548
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