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Evaluating the safety of unreinforced concrete structures, such as concrete dams, requires an 

accurate prediction of cracking. Developing a suitable constitutive material model and a reliable 

computational procedure for analysing cracking processes in concrete has been a challenging 

and demanding task. 

 

Although many analytical methods based on fracture mechanics have been proposed for 

concrete dams in the last few decades, they have not yet become part of standard design 

procedures. Few of the current research findings are being implemented by practising engineers 

when evaluating dam safety.  

 

This research is focused on the development of a suitable crack modelling and analysis method 

for the prediction and study of fracturing in concrete gravity dams, and consequently, for the 

evaluation of dam safety against cracking. The research aims to contribute to the continuing 

research efforts into mastering the mechanics of cracking in concrete dams. 
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An analytical method for the purpose of establishing a crack constitutive model and 

implementing the model for the fracture analysis of concrete structures, in particular massive 

concrete gravity dams under static loading conditions, has been developed, verified and applied 

in the safety evaluation of a concrete gravity dam. 

 

The constitutive material model is based on non-linear fracture mechanics and assumes a 

bilinear softening response. The crack model has various improved features: (1) an enhanced 

mode I bilinear strain-softening approach has been put forward; (2) a new formula for bilinear 

softening parameters has been developed and their relation with linear softening has been 

outlined; (3) the influence of bilinear softening parameters on the cracking response has been 

studied; and (4) an enhanced modification to the shear retention factor which depends on the 

crack normal strain is included.  

 

The material model has been incorporated into a finite element analysis using a smeared crack 

approach. A sub-program was specially coded for this research. 

 
The validity of the proposed cracking model and the computational procedure developed for the 

purpose of analyzing the tensile fracture behaviour of concrete structures has been confirmed by 

verification on various concrete structures, including beams, a dam model and actual gravity 

dams.  

 

The crack modelling technique developed was successfully used in evaluating the safety of an 

existing concrete gravity dam in South Africa and adequately predicted the cracking response of 

the dam structure under static loadings. 

 

The main conclusions drawn are as follows:   

 

• Both mode I and mode II fracture have been modelled successfully. 

• The proposed bilinear softening model remains relatively simple to implement but 

significantly improves on predicting the softening response of “small-scale” concrete 

structures. 

• Both plane stress and plane strain crack analyses have been considered and can be 

confidently adopted in two-dimensional applications. 
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• The proposed method is mesh objective. 

• The crack modelling method developed can correctly predict the crack propagation 

trajectory and the structural behaviour with regard to fracturing in concrete structures. 

• If not considering shear stress concentration near the tip of a crack, constitutive crack 

analysis normally indicates a higher safety factor and a higher Imminent Failure Flood (IFF) 

than the classical methods in the analysis of concrete gravity dams for safety evaluation. 

 

 
Keyterms:  Concrete gravity dams, constitutive crack model, non-linear fracture mechanics, 

crack modeling, dam safety, computational procedure, crack propagation, bilinear softening, 

smeared crack approach. 
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NOTATION 
 
 

Given below is a list of the principal symbols and notations used in the thesis. All symbols 
and notations are defined in the text when they appear.  
 
 
Stresses and Strains 

 

ijσ          Stress tensor 

ijS          Stress deviator tensor 

mσ          Mean normal (hydrostatic) stress 

σ           Stress 

1σ , 2σ , 3σ     Principal stresses 

xσ          Normal stress in x direction 

yσ          Normal stress in y direction 

zσ          Normal stress in z direction 

xyσ          Shear stress in xy plane 

yzσ          Shear stress in yz plane 

zxσ          Shear stress in zx plane 

nnσ          Stress normal to crack 

ssσ          Stress parallel to crack 

nsσ          Shear stress in crack 

{ }σ          Stress vector in global coordinate 

{ }σ ′         Stress vector in local coordinate 
crS          Crack stresses in local coordinate 
cr
nS , cr

nnS       Mode I normal stress in local coordinate 

cr
nsS          Mode II shear stress in local coordinate 

cr
ntS          Mode III shear stress in local coordinate 

ijε           Strain tensor 

ε           Strain 
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1ε , 2ε        Principal strains 

xε           Normal strain in x direction 

yε           Normal strain in y direction 

zε           Normal strain in z direction 

xyε          Shear strain in xy plane 

yzε          Shear strain in yz plane 

zxε          Shear strain in zx plane 

uε           Ultimate normal tensile strain of no-tension resistance 

nε , nnε         Strain normal to crack 

sε , ssε        Strain parallel to crack 

nsε          Shear strain in crack 

coε          Intact concrete strain in global coordinate 
crε , cr

iε       Crack strain in global coordinate 

{ }ε          Strain vector in global coordinate 

{ }ε ′          Strain vector in local coordinate 

ne           Normal strain of cracked concrete in local coordinate 

e
ne           Elastic normal strain of concrete at the tensile strength 

u
ne           Ultimate normal strain of crack concrete 

f
ne          Ultimate normal crack strain in local coordinate 

cr
ie          Crack strain in local coordinate 

cr
nne          Mode I normal crack strain in local coordinate 

cr
nsγ          Mode II shear crack strain in local coordinate 

cr
ntγ          Mode III shear crack strain in local coordinate 

I1          First invariant of stress tensor 

J2          Second invariant of stress deviator tensor 

J3          Third invariant of stress deviator tensor 
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Material Parameters 

 
coD          Constitutive matrix of the intact concrete 
crD          Constitutive matrix of cracks 
I
iD          Mode I stiffness of a crack(i) 

IID , II
iD      Mode II stiffness  

IIID         Mode III stiffness 
I
liD ,          Mode I stiffness of a crack(i) for linear strain softening 

I
bliD ,         Mode I stiffness of a crack(i) for bilinear strain softening 

D           Constitutive matrix 

E           Young’s modulus 

sE          Strain softening modulus 

nE          Secant modulus 

cf           Compressive strength of concrete 

tf           Tensile strength of concrete 

c
tf , r

tf        Tensile strength of concrete or rock 

G           Shear modulus 

fG          Specific fracture energy 

c
fG , r

fG       Fracture energy of concrete or rock 

ch           Crack characteristic length 

eK          Stiffness matrix of an element 

K           Overall structural stiffness matrix 

[ ]K          Constitutive matrix in global coordinate 

[ ]K ′         Constitutive matrix in local coordinate 

K           Stress intensity factor 

ICK          Fracture toughness 

p           Constant defining shear softening shape 

1α , 2α        Bilinear softening shape parameters 
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β           Shear retention factor 

maxβ         Maximum shear retention factor 

μ           Normal retention factor 

ν           Poisson’s ratio 

wc          Crack band width 

 

Miscellaneous Symbols  

 
a           Depth of crack 

ea           Nodal point displacement of an element 

a           Overall nodal displacement vector 

B           Stress-displacement operator 

d           Depth of beam 

Gr          Self weight 
ef          Loads on an element 

f           Overall structural load vector 

h           Width of dam at the level of initial notch 

L           Differential operator 

l1, l2, l3       Direction cosines of local axes (n, s, t) to global x axis 

n1, n2, n3      Direction cosines of local axes (n, s, t) to global y axis 

m1, m2, m3     Direction cosines of local axes (n, s, t) to global z axis 

)(xN         Shape functions 

N, Ni  Transformation matrix of crack quantities between the global and local 

coordinate 

MPa        Megapascals stress or pressure 

n           Direction normal to crack 

s           Direction parallel to crack 

t           Direction parallel to crack 

P0          Load to cause crack-tip tensile stress equal to the tensile strength 

Pu          Peak load 
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[ ]R   Transformation matrix of stress, strain and stiffness between the global 

and local coordinate systems 

)(xu         Displacement field 

TΔ          Temperature drop in degree Celsius 

Tol         Convergence tolerance 

W, W1, W2    Crack opening 

x, y, z        Cartesian coordinates 

Δ           Increment of quantities 

ϕ           Frictional angle 

φ           Threshold angle of a crack 

θ           Angle of the local axis system with the global coordinate system 

Ux          Displacement in x-direction 

Uy          Displacement in y-direction 

 

Abbreviations and Acronyms   

 

BLS        Bilinear softening  

B&L(1993)    Bhattacharjee & Leger (1993) 

B&L(1994)    Bhattacharjee & Leger (1994) 

CBM        Crack band model 

CMOD      Crack mouth opening displacement  

CMSD       Crack mouth sliding displacement 

CS         Cornelissen et al’s softening  

DWAF       Department of Water Affairs & Forestry  

FE          Finite element 

FM         Fracture mechanics 

F.O.S        Factor of safety 

FPZ         Fracture process zone 

FSL         Full supply level 

FU          Full uplift  

H:V         Slope ratio of horizontal to vertical 

ICM        Interface crack model 

ICOLD      International Congress on Large Dams 
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IFF         Imminent failure flood 

LEFM       Linear elastic fracture mechanics 

LS          Linear softening 

ISCM       Interfaced smeared crack model 

NLFM       Non-linear fracture mechanics 

NOC        Non-overspill crest 

NW-IALAD   Network Integrity Assessment of Large Concrete Dams 

PU         Partial uplift 

R&B(1989)   Rots & Blaauwendraal (1989) 

R&D(1987)   Rots & de Borst (1987) 

RDD        Recommended design discharge 

RDF        Recommendation design flood 

RL         Reduced level 

RMF        Regional maximum flood 

SEF         Safety evaluation flood 

TW         Tailwater level 

OBE        Operationally based earthquake 

MCE        Maximum credible earthquake 
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