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“Tomorrow will be the fifteenth birthday of the quaternions. They started
into life, or light, full grown, on the 16th of October, 1843, as I was walking
with Lady Hamilton to Dublin, and came up to Brougham Bridge. That
is to say, I then and there felt the galvanic circuit of thought closed, and
the sparks which fell from it were the fundamental equations between 7, j,
k; exactly such as I have used them ever since. I pulled out, on the spot,
a pocketbook, which still exists, and made an entry, on which, at the very
moment, I felt that it might be worth my while to expand the labour of at
least ten (or it might be fifteen) years to come. But then it is fair to say
that this was because I felt a problem to have been at that moment solved,
an intellectual want relieved, which had haunted me for at least fifteen years

before.”

Kline (1972) [22] as cited in Rautenbach (1983) [28].

To Katryn, with love “The universe rings true wherever you fairly test it.” (C.S.

Lewis “Surprised by Joy”)
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Chapter 1
Introduction

On October 16, 1843, while walking with his wife past the Broome Bridge,
Hamilton made a breakthrough in his quest for extending complex numbers
with the concept of a system that contained one real and three imaginary
parts. In the following excerpt from a letter to his son, Hamilton describes
the moment of inspiration .

114

. 1t is not too much to say that I felt at once the importance. An electric
circuit seemed to close; and a spark flashed forth, the herald of many long
years to come of definitely directed thought and work, by myself if spared,
and at all events on the part of others, if I should even be allowed to live
long enough distinctly to communicate the discovery. Nor could I resist the
impulse — unphilosophical as it may have been — to cut with a knife on a
stone of Brougham Bridge, as we passed it, the fundamental formula with
the symbols, i, j, k; namely, i* = j?> = k? = ijk = —1 which contains the

”»

Solution to the problem . . .

Hamilton’s excitement at the discovery prompted him to carve the critical
equation into a nearby bridge as insurance against the possibility that he might
die before he told someone else of his breakthrough. A plaque is now located

at Broome Bridge in Dublin to commemorate the event.

(This quotation along with the below photograph is excerpted from the book by Hanson
(2006) [16].)
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1.1. Motivation 2

Figure 1.1: Plaque located at Broome Bridge commemorating the discovery of the quaternions
by Sir William Rowan Hamilton on October 16, 1843.

1.1 Motivation

Although quaternions had been invented during the first half of the 19 century, they
only made their first appearance 132 years later in the statistical literature in an article
by Andersson (1975) [1].

Andersson employed an indirect approach in his development of the quaternion nor-
mal distribution by imposing conditions on its expected value and covariance. However,
both Rautenbach (1983) [28], and Teng and Fang (1997) [31], independently remarked
that certain aspects underlying the quaternion distribution theory are lost, or not stated
explicitly, when working with these invariant normal models.

Kabe (1976) [17], (1978) [18], (1984) [19], generalised the work done by Goodman
(1963) [10], and Khatri (1965) [21], from the complex to the hypercomplex space. For
a thorough discussion on the complex distribution theory, see the book by Gupta and
Nagar (2009) [14]. Kabe’s approach utilised the representation theory, and was further
studied by Rautenbach (1983) [28], and more recently by Teng and Fang (1997) [31].

Chapter 1. Introduction
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1.2. Objectives 3

Distribution theory lies at the intersection of probability and statistics and is the
foundation from which all statistical theory and application originates. Enhancing our
knowledge of distribution theory therefore implies that the general body of knowledge of
statistics is improved. Starting from the foundation of the multivariate real normal dis-
tribution, it will be endeavoured to show how the representation theory method may be
expanded yielding the multivariate quaternion normal, matrix-variate quaternion nor-
mal, quaternion chi-squared and quaternion Wishart distributions. In each case, the

emphases will be on the relationship between the real and quaternionic space.

1.2 Objectives

e Present a thorough review on the literature on the quaternion distribution theory.
e Specifically focus on the role of the representation theory in quaternion statistics.

e Follow a systematic approach in building up the family of quaternion distributions,

starting with the multivariate normal distribution.

e Determine for which normal related quaternion distributions, that already appear
in the literature, equivalent derivations may be found, using the representation

theory approach.

e Investigate the role of the quaternion normal distribution in hypothesis testing.

1.3 Contributions

e The work of the main contributors to the quaternion distribution theory, utilising

the representation theory, is contrasted and presented as a whole.

e The work of Rautenbach (1983) [28] was previously unaccessible to the scholarly

community, and of which, some results are now made available in Appendix A.

e For the first time, the matrix-variate quaternion normal and quaternion Wishart
distributions are derived from first principles, i.e. from their real counterparts,

exposing the relations between their respective density and characteristic functions.

Chapter 1. Introduction
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1.4. Dissertation Outline 4

e The role of the quaternion normal distribution in applications is illustrated.

1.4 Dissertation Outline

e In Chapter 2 a collection of some fundamental mathematical results are given
for use in later sections. Probability quantities, such as quaternion probability

vectors and matrices, density functions, moments and characteristic functions are
also defined.

e Chapter 3 is first devoted to a review on the derivation of the p-variate quaternion
normal distribution using the representation theory, and thereafter, the matrix-

variate quaternion normal distribution is derived by generalising this approach.

e The quaternion Wishart distribution, as discussed in Chapter 4, is not a new ad-
dition to the family of matrix-variate quaternion distributions, however, it will be
shown how it relates to its real counterpart. Kabe (1976) [17] derived the quater-
nion Wishart distribution by extending Sverdrup’s lemma to the ) generalized
Sverdrup’s lemma, while Teng and Fang (1997) [31] validated the results given
by Andersson (1975) [1] by deriving the characteristic function of the quaternion
Wishart distribution by applying a Fourier transformation. We also note that the

quaternion chi-squared distribution reduces to an associated real-valued form.

e Chapter 5 concludes by showing that a simple quaternion hypothesis may be
represented with an associated real hypothesis, and thereafter derive an expression
for the density function of Wilks’s statistic in the case of quaternion Wishart

matrices.

e Chapter 6 gives some conclusive remarks and a summary on the material covered

in this dissertation.
The following Appendices are found towards the end of this dissertation:

e Appendix A contains some useful mathematical results regarding the representa-
tion theory, complex numbers, quaternions, and algebraic results, including func-

tions and polynomials of quaternions.

Chapter 1. Introduction
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1.4. Dissertation Outline 5

e Appendix B provides a list of the important acronyms used throughout this work,

as well as their associated definitions.

e Appendix C lists and defines the notational convensions and mathematical sym-

bols used in this work.

The Index, starting on page 115, contains a list of terms that may be used for reference

purposes.

Chapter 1. Introduction
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Chapter 2
Quaternion Distribution Theory

A number of useful theorems and other general results that are found in the literature
will be discussed in this chapter, which form the basis for further discourse in subsequent
chapters.

Some basic mathematical results are presented in Section 2.1 which are required
before advancing to a discussion on quaternion probability quantities in Section 2.2.
Quaternion probability density functions of quaternion variables, vectors and matrices
are the objects under the viewing glass in Section 2.3 for which the respective quaternion

moments and characteristic functions are introduced in Section 2.4.

2.1 Mathematical preliminaries
Let R denote the field of real numbers, and Q the quaternion (Hamiltonion) division
algebra over R, respectively. Hence, every z € QQ can be expressed as
2 = + 129 + jr3 + ka4,
where ¢, j, and k satisfy the following relations:
P=5 =k =1, ij =—ji=k, jk = —kj =1, ki = —ik = j,

and where z1, x9, x5 € R. The conjugate of a quaternion element is defined in a similar

fashion to that of a complex number, and is given by:

2:$1—i332—j$3—]{3$4
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Now let M, x,(R) and M, ,(Q) denote the set of all n x p matrices over R and Q,
respectively. In the case of square matrices, say p X p, this will be indecated by M,(R)
and M,(Q) instead. Similar to the scalar form above, any Z € M, ,(Q) may be rewritten
as:

Z = [z],,, = X1+ X + j X5 + kX4,
where z;; € Q, and X, Xo, X3, and Xy € M, «,(R). Xy is the real part of Z, and will
be denoted by ReZ. By setting n = 1, this reduces to the vector form in an obvious
way.

The transpose of a matrix Z will be denoted as Z’ = Z . The conjugate transpose

nxp pXn

of Z is therefore given by

7 =z

] e = X1 — X5 — X5 — kX
and it is said that Z is Hermitian if Z’' = Z.
The vec operator is frequently used in expressions involving matrices of quaternions,

see for instance Li and Xue (2009) [23], and is defined as
vee Z=[Z},...,2)] € My (Q), (2.1.1)

where Z_, € M,,»1(Q),a =1,...,p are the columns of Z.

Throughout this work the representation theory will be used, and although quater-
nions may be represented by real matrices in various ways, see Teng and Fang (1997)
[31], the representation employed by Kabe (1976) [17] and (1984) [19], and Rautenbach
(1983) [28] will be preferred. For a detailed exposition on this topic, the reader is re-
ferred to Appendix A. Specifically suppose that z = x1 + ixy + jrs + kry € Q may be
represented by zo € My(R), as

ry —T2 —T3 —T4

To X1 —Ty4 I3
Zy) =
4x4 T3 X4 Ty —T2

Ty —T3 T2 T

Now, if Z € M,4,(Q), i.e. the case for matrices with quaternion elements (or vectors
nxp

by setting n = 1), it follows that
Z ::[Zﬂ]a

nxp

Chapter 2. Quaternion Distribution Theory
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2.1. Mathematical preliminaries 8

where 2y = X144 + 1Tog + JT3s + kg € Q,s = 1,...,n, and t = 1,...,p. By an
elementwise generalisation of the representation of the scalar, to the matrix (or vector)
form, it follows that
Tist —Tast —L3st —Ldst
Tast T1st —T4st T3st
Zost =
4x4 T3st Tast Tist —Tast
Tyst —T3st Tost T1st

in other words, Z may be represented with the real matrix Z, as:
nxp dnx4p

Zy = [ZOSt] .
Anx4p

By defining the mapping

f( Z ) = Z V7, € My(R),Z € Q.

4px4dp PXp

it follows from Rautenbach (1983) [28] that f is a faithful representation, as set out in
Theorem A.4.7. When Z, € M,,(R) and f(Zo) = Z € M,(Q) then it will be indicated
as 2y~ 7. R

The trace operator is frequently used in the symplification of expressions, and al-
though the multiplication of quaternions are noncommutative, it may be formulated as
follows, see Andersson (1975) [1] and Zhang (1997) [33]. By setting Retr(Z) = tr(ReZ)
for Z € M,(Q), it follows that

Retr(Z) :% r(Z + Z)
Retr(ZY) =Retr(YZ) VZ,Y € M,(Q) (2.1.2)

Moreover, if Z = Z' € M,(Q), i.e. a Hermitian matrix, and using Theorem A.5.11 then

this becomes

Retr(Z) = tr(Z) = zp: Aoy

where A\, ..., )\, are the eigenvalues of Z.
The stage is now set for the definition of some concepts specifically pertaining to the

development of the quaternion distribution theory.

Chapter 2. Quaternion Distribution Theory
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2.2. Quaternion probability quantities 9

2.2 Quaternion probability quantities

In this section definitions for a quaternion probability variable, vector and matrix are
given, but first some foundational definitions such as random phenomenon, and an event
in a sample space, are presented for completeness’ sake. For further discussions on these
topics, the reader is referred to Rautenbach (1983) [28] and Bain and Engelhardt (1992)
[3].

Definition 2.2.1. A random phenomenon is an emperical phenomenon known to yield
a different outcome under a fixed set of circumstances, or conditions, whenever it is

observed, in such a way as to preserve statistical consistency.

Definition 2.2.2. A sample space, S is a collection of descriptions of all possible ob-

servable outcomes of a random phenomenon.
Definition 2.2.3. An event is a subset of the sample space S.

Definition 2.2.4. A quaternion probability variable, Z(-), is a quaternion valued func-
tion, which is defined on the elements of the sample space S, in such a way that
for every Borel set B(Q) of quaternions, denoted by B, in the range of Z(-), the set
{s €S5,Z(-) € B}, is an event in S.

It is clear from Definition 2.2.4 that every value z attained by the quaternion prob-

ability variable Z is a quaternion, and is therefore of the form
2 =21+ 1iTs + ja3 + kay

where x7 is the real and x5, 3 and x4 are the imaginary components of z respectively.
x1, T2, 3 and x4 can now be regarded as the observed values of four real probability
variables, X, X5, X3 and X4, for every possible observable z, respectively. Thus, the
quaternion probability variable Z may therefore be thought of as a quaternion linear
combination of four real probability variables. These four real probability variables, X,
Xy, X3 and X, are now inspected more closely, which will lead to the definition of the

4-variate real probability vector Z, = [X1, X2, X3, X4]".
4x1

Chapter 2. Quaternion Distribution Theory
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2.2. Quaternion probability quantities 10

Definition 2.2.5. Let
Z =X +1Xo+j X3+ kXY

be a quaternion probability variable.

1. The real probability variable X; will be referred to as the real probability compo-
nent of Z.

2. The real probability variables X5, X35 and X, will be referred to as the first, second
and third imaginary probability components of Z, respectively.

3. The 4-variate real probability vector Z, = [X;, X2, X3, X4]" will be referred to as
4x1

the associated real probability vector of Z. This implies that there is a 4-variate

real probability vector associated with every quaternion probability variable.

The idea of a quaternion probability variable is now extended to the more general

idea of a quaternion probability vector.

Definition 2.2.6. Let Z,...,Z, be p quaternion probability variables. The vector

Z =z, ..., Zp]/ is called a quaternion probability vector with p variables.
px1

From this definition, it is clear that every possible realisation of the vector 2z is a
px1

vector of p quaternions. z can now be written in the form
z =z +izy + jrg + kzy

where z,, z,, 3 and x, are p-variate quaternion vectors. z;, x,, 3 and x, can once
again be viewed as observed values of the real probability vectors X, X,, X5 and X,
respectively. The quaternion probability vector Z can therefore be viewed as a quaternion

linear combination of four real probability vectors, namely
Z 251 +Z.KQ "’ng +kX4-

These four real probability vectors X, X,, X5 and X, are now formally defined,

and their resultant 4p-variate real probability vector

Z, = X}, X, X4, X4

4px1

Chapter 2. Quaternion Distribution Theory
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2.3. Quaternion probability density functions 11

Definition 2.2.7. Let
Z 251“‘7;&2“‘]'&3“‘]654

px1

be a quaternion probability vector.

1. The real probability vector X; will be referred to as the real probability component
px1
of Z.

2. The real probability vectors X,, X5 and X, will be referred to as the first, second
px1l px1 px1
and third imaginary probability components of Z.

3. The 4p-variate real probability vector

ZO - [X/hilwif%&],

4px1
will be referred to as the associated real probability vector of Z. A 4p-variate real
probability vector is therefore associated with each p-variate quaternion probability

vector.

2.3 Quaternion probability density functions

The probability density function (pdf) of a quaternion probability quantity is defined
to be algebraically equal to the real pdf of the corresponding associated probability
quantity. Probabilities in the case of quaternion probability variables and probability
vectors are therefore calculated by integrating the real pdf over the subspaces of R* and
R respectively. Akin to the complex case, calculations of probabilities are carried out

within the realm of multivariate distribution theory.

Definition 2.3.1. Let
Z =X +1Xo+j X5+ kX,

be a quaternion probability variable with real associated probability vector

ZO = [X17 X27 X37 X4]/ .

4x1

Chapter 2. Quaternion Distribution Theory



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Qe YUNIBESITHI YA PRETORIA

2.3. Quaternion probability density functions 12

A function fz(z) of the quaternion variable z = 1 + ixs + jxs + kx4 is called the pdf of
Z if
f2(2) = fz,(2)
where fz (z,) is the 4-variate pdf of Z,,.
Remark 2.3.2. 1. It is clear that the pdf of a quaternion probability variable a real
valued function of a quaternion variable is. The pdf of fz(z) therefore yields the
probability associated with a quaternion probability variable Z. Suppose that Z

varies over the quaternion region B with positive probability and let G; be any
subset of B. Then it follows that

P|Z e Gi] = /fz(z)dz.

Every probabilistic statement made regarding Z is in actual fact equivalent to that

made about Z,,, where the associated region for G; are given by
Gy C R4,

thus
P[Z € Gl] = P[ZO € G()l]
which can be written as

[ 2t = [z, (aze (2.3.1)

Go1

2. From the definition above it seems that the quaternion pdf has similar properties

as that of the real pdf, namely:

(a) gfz(z)dz =1, and
(b) fz(z) = OV=.

The pdf of a quaternion probability vector is now defined in a similar fashion to that

of a quaternion probability variable.

Chapter 2. Quaternion Distribution Theory
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Definition 2.3.3. Let
Z 251“‘7;&2“‘]'&3“‘]654

px1
be a quaternion probability vector with real associated probability vector given by
Zo = [Ki,i&,_g,_ﬁ;],
4px1
A function fz(z) of the p quaternion variables z; = 15 + iZas + jT3s + kTys, S=1,...,p
is called the probability density function (pdf) of Z if

fz(2) = fz,(20)

where fz (2,) is the 4p-variate real pdf of Z, .
4px1

All the remarks made in Remark 2.3.2 on fz(z) also hold in the case for fz(z).

Furthermore, it is also true that

/fz(é)dg: /fzo(zo)dzg, (2.3.2)
G2 Go2

where G is a subspace of some quaternion space and Gy is the associated subset of R*.

Note, here it is required that the associated counterpart of Z is given by Z, and
not necessarily by Zg as defined earlier. This is due to the deri\];;‘éion of the qugtzi“nion
normal distributior‘llljxxfzhich is discussed in Chapter 3.

The question now arises whether matrix-variate quaternion distributions can be de-
fined. It will be shown in Chapter 3 that the problem of finding the pdf of a quaternion
random matrix n%p reduces to a multivariate problem by using the vec operator as de-

fined in (2.1.1). Specifically, it will be shown that the pdf of Z is algebraically equivalent

to that of a 4pn-variate real variable vec Zg, where Zg is the real associated probability
4pnx1

matrix of Z. For this reason, all definitions in the current chapter dealing with quaternion

probability vectors apply equally well to quaternion probability matrices.

2.4 Quaternion moments and characteristic functions

In this section the moments of quaternion probability variables and vectors are defined.
Their characteristic functions, for which the forms relating to specific distributions will

be derived in the chapters that follow, are also derived.

Chapter 2. Quaternion Distribution Theory
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2.4.1 Moments

Suppose
Z=X1+1Xo+ X5+ kX,

is a quaternion probability variable with pdf fz(z) and that Z varies over the quaternion
space B with positive probability. Let

ZO = [X17 X27 X37 X4]/

4x1

be its associated real probability vector with pdf fz (z,). Let g(z) be any real or quater-
nion valued function of the quaternion variable z = z1 4 ixs + jx3 + kxy and suppose
that

9(2) = g1(x1, 2, 23, T4) + i92(T1, T2, T3, Ta) + jg3(T1, T2, T3, T4) + kga(x1, T2, X3, T4)

where gy(71, 72,73, 74), g2(T1, T2, T3, 4), 93(T1, T2, T3, 74) and gy(w1, 72,73, 74) are real

functions of the real variables x1, 9, x3 and x4 respectively. From (2.3.1) it follows that

[ @11z = [ torzn,zn,00) o)z

B Bo

+ 1 / 92(1‘17 T, X3, I4>fgo (§O)d§0

By

+7J /93@1, Ty, 13,24) f2,(20)d2g

Bo

+k/94@1,I2,$3,I4)fzo(§o)d§0 (2.4.1)

Bo

where the integrals on the right are integrated with respect to the variables x, x5, x3
and x4 and over the region By C R*.

Similar results are obtained for functions of a quaternion vector z = x; + iz, +
px1

Jzs + kxy. If

9(2) = g1(xy, 2o, T3, ) + 192(21, Ty, T3, 24) + Jg3(2), Tg, X5, 2y) + kga(2y, Ty, T3, 24)

Chapter 2. Quaternion Distribution Theory
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be a real or quaternion valued function of z = x,+iz,+jz;+kx, with g1 (2, 2y, 24, 24),
px1

G2(Z1, o, T3, L4), g3(Z1, Xy, T3, 24) and ga(x,, Ty, T3, z,) real valued functions of z,, z,, z;

and z, respectively. It follows from (2.3.2) that

[ @1z = [ alzrz iz ) 2, 0)

B Bo

-f-i/92(£17£2;£3a£4)f20(§0)d§0
By

+j/gs(zl,zg,zg,&)fzo(zo)dzo

Bo
+k/94(217£2=£3724)f20(§o)d§o (2.4.2)
Bo
where the integrals on the right are integrated with respect to the variables z,, z,, x4

and z, and over the region By C R,

Definition 2.4.1. Suppose that Z = X; + i X5 + j X35+ kX, is a quaternion probability
variable, with pdf fz(z), which varies over the quaternion region B and let g(Z) be a

real or quaternion valued function of Z. The expected value of g(Z) is defined as

Ew@ﬂ—/m@hwﬂz

From (2.4.1) this expected value can now be calculated.

Remark 2.4.2. 1. From Definition 2.4.1 the following special cases follow:

(a) The expected value of Z is given by:
n=EZ]

= / zfz(z)dz

B

:/xleo(Eo)déo+i/372f20(§0)d§0 +j/x3f20(§0)d§0+k/x4f20<§o>d§0

S =E[Z]
—E X)) +iE [Xy] + jE[Xs] + kE [X4]

Chapter 2. Quaternion Distribution Theory
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(b) Let ¢(2) = [Z — E[Z]] [Z 5 [Z]] then

o? =var(2)
—E[X,—E[X\P+FE[X, — E[Xo]’+ E[X; — E[X;5]]° + E[X, — E[X,]]?
=var(X;) + var(Xy) + var(X3) + var(Xy). (2.4.3)

2. Tt is therefore clear that ¢ = var(Z) is a measure of the joint dispersion of the

components X, Xo, X3 and X4. Note however that
var(Z) = var(X; + var(Xs) + var(Xs) + var(Xy)

should not be attributed to independence among the respective components, but
rather to the special way in which the variance is defined in (2.4.3). In Chapter
3, however, quaternion normal variables are discussed, which are characterised by

independence of the components X, X5, X3 and Xy, such that

COV(Xl, XQ) :0, COV(Xl, Xg) :O, COV(Xl, X4> =0
cov(Xa, X3) =0, cov(Xa, Xy) =0, cov (X3, Xy) =0.

for these probability variables. Hence, in this case it follows that

var(Z) =var(X; +iXs + j X5 + kXy)
=var(Xy) + var(Xy) + var(X3) + var(Xy)
:var(X1 + X2 + X3 + X4)
The reason for this special definition of the variance will be discussed in the fol-
lowing chapter.
The covariance between two quaternion probability variables is now defined.
Definition 2.4.3. Let Z1 = X11 +’iX12+jX13+k3X14 and ZQ = Xgl +iX22+jX23+k‘X24
be two quaternion probability variables. The covariance between Z; and Z, are defined

cov(Z1, Zs) = E |71 — E 7] [Zg "y [Zz]} (2.4.4)

where the expected value is calculated using (2.4.2) for the case p = 2.

Chapter 2. Quaternion Distribution Theory
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From Definition 2.4.3 it is clear that the covariance between Z; and Z; is a quaternion

quantity, namely

cov(Zy, Zs)

= cov(X11, Xo1) + cov(Xia, Xog) + cov(Xi3, Xog) + cov(Xig, Xog)
+ 1 {cov(Xia, Xo1) — cov(X11, Xoo) — cov(Xi3, Xog) + cov(X1y, Xo3)}
+ j {cov(Xi3, Xo1) — cov(Xi1, Xa3) + cov(Xia, Xo4) — cov(Xiy, Xo2)}

+ kf {COV(X14, Xgl) — COV(XH, X24) — COV<_X'127 X23) + COV(X13, XQQ)} .

Furthermore, it follows that
cov(Zy, Zs) = cov(Za, Zy).
Definition 2.4.4. Suppose that

Z 251 + iKQ + ]X?, + kKa;

px1

=[Z,....2)
is a quaternion probability vector.

1. The expected value of Z is the p component quaternion vector

p =E2],... . EZ)]]

px1

with components equal to the expected values of Z;, ..., Z, respectively.

2. The covariance matrix of Z is the quaternion Hermitian matrix

var(Zy)  cov(Zy,Z,) ... cov(Zy,Z,)
5 _ cov(Zy, Zy)  var(Zs) ... cov(Za, Zp)
pXp : : . :
cov(Zy, Zy) cov(Zy, Za) ... var(Z,)

(2.4.5)

(2.4.6)

(2.4.7)

(2.4.8)

Chapter 2. Quaternion Distribution Theory
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Remark 2.4.5. 1. From (2.4.7) it is clear that

E X1 +iXo + jXs1 + kXy]

H= :
P B [Xy 4 Xy + i Xay + kX
[ B[X1] E [Xa1] E[Xa1] E[Xu]
S R A Y
E [le] E [X2p] E [X3p] E [X4p]

:HX1 T Z'EXz + jHXB t kHXz;

with g, p v P, and p Y the average vectors of X, X,, X5 and X, respectively.
Pxp Exy B I
px1l px1 px1 px1

2. From (2.4.8) it is clear that

2 =p[z-u[Z- 3

pXp

2.4.2 Characteristic functions

The characteristic functions of quaternion probability variables, vectors and matrices are

the object of the discussion in this subsection.

Definition 2.4.6. Suppose that Z = X; + 11X, + j X5 + kX, is a quaternion probability

variable. The characteristic function (cf) of Z is defined as
1 = _
Oz(2)=FE {exp §L(Zt + tZ)} (2.4.9)

where t = t; + ity + jt3 + kt4 is a quaternion number and ¢ the usual imaginary complex

root.

Remark 2.4.7. From (2.4.9) it follows that

¢Z(t) :E [exp L(Xltl —I— thg + X3t3 —f- X4t4)]

:¢ZQ <EO)
where ¢z (t,) the cf of the associated real probability variable, Z, = [X1, X5, X3, X,
4x1
and and further is t, = [t1,ta, 13,14 € My (R). It is therefore clear that the cf of

4x1

Chapter 2. Quaternion Distribution Theory
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a quaternion probability variable is equivalent to the cf of a 4-variate real probability

vector.

Definition 2.4.8. Let Z = X, +:X,+ j X3+ kX, be a quaternion probability vector.

px1

The cf of Z is defined as

¢z(t) = E leXp %L (Z’z + Z’Z)} : (2.4.10)
where t =t,+it,+jt;3+kt, is a quaternion vector and ¢ is the usual imaginary complex
root. e
Remark 2.4.9. 1. In a similar fashion as in the univariate case, it follows that

¢z(t) = Elexp (Xit, + Xoty + Xoty + Xot,)]
such that

Gz(t) = bz, (to)-

¢z,(to) is the cf of the associated real probability vector, 4201 = (X, X}, X5, X))
pX

and further is t, = [t},th,14,2}] € Mypx1(Q). It is therefore clear that the cf of a
4px1
quaternion probability vector is equivalent to the cf of a 4p-variate real probability

vector.

2. It should be noted that the cf of the real probability component of a quaternion
probability quantity can be derived by using the particular cf in the quaternion
case by setting the imaginary components of ¢t € M,.1(Q) to zero. From Remark
2.4.7 it follows that ¢z(t) = ¢x,(t1) when ty = 0, t3 = 0 and t4 = 0. Similarly,
from 1 above, it follows that ¢z(t) reduces to ¢x (¢;) when ¢, = 0, £; = 0 and
t,=0.

Definition 2.4.10. Let Z = X;+1:X5+jX3+ kX, be a quaternion probability matrix.

nxp

The cf of Z is defined as

¢z(T) = E [eXp é tr (Z'T + T/Z)] : (2.4.11)

where T =T, 41Ty + jT3+ kT, is a quaternion matrix and ¢ is the usual imaginary
nxp

complex root.

Chapter 2. Quaternion Distribution Theory
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Now, if V = Z'T + T'Z, say, then it follows that V' = T'Z + Z'T = V implying that

V is Hermitian and hence, from (2.1.2), the cf may be written as
62(T) =E |exp % Retr (Z'T + T’z)}

=F -expi Retr (Z'T) + Retr (T'Z
2

—E [exp 5 [Retr (Z'T) + Retr (Z'T) ]|
since the conjugate do not influence the real components

=F [exp ¢ Retr (Z2'T)] (2.4.12)

An expression for the cf of Z in terms of Retr can be derived in a similar fashion as in
px1

(2.4.12) and is given by
Oz(t) =F [exp t Retr (ZQ_&)] :
The nature of the problem will determine the form of the cf used in its derivation.

It now follows that

¢z(T) = E[expt Retr (X Ty + X,Ty + X5T3 + X, Ty)]

such that
¢z(T) = ¢z,(To). (2.4.13)
¢z,(To) is the cf of the associated real probability matrix, Z, = [X}, X}, X}, X)] and
further is ’{‘2 = [T}, T4, T4, T)] a real matrix. It is thergge clear that the cf of a
nx4p

quaternion probability matrix is equivalent to the cf of a n x 4p-variate real probability

matrix.

2.5 Summary

The basic foundations for a discussion on quaternion distribution theory have now been
laid. In Section 2.2 the idea of random phenomenon, an event in a sample space were
defined, along with quaternion probability variables and vectors. In Section 2.3 the pdf of
a quaternion probability quantity was defined to be algebraically equal to the pdf of the

real associated probability quantity. Similar algebraic equivalence results were derived

Chapter 2. Quaternion Distribution Theory
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for moments and characteristic functions, together with their appropriate definitions, in
Section 2.4.
The quaternion normal distribution, which form the basis of a further investigation of

the quaternion distribution theory, is the topic under discussion in the following chapter.
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Chapter 3

The Quaternion Normal

Distribution

The p-variate quaternion normal distribution forms the basis from which the quaternion
distribution theory is further developed, and will be discussed in Section 3.1. The uni-
variate and bivariate quaternion normal distributions are presented as special cases of
the p-variate quaternion normal distribution. In Section 3.2 the matrix-variate quater-
nion normal distribution is derived using the real representation thereof. For each of
these cases the probability density functions as well as their corresponding characteristic
functions are derived, with special emphasis on the relationship between the quaternion

and associated real cases.

3.1 The p-variate quaternion normal distribution

In this section the approach of Kabe (1976) [17], (1978) [18], (1984) [19] and Rautenbach
(1983) [28] will be followed in deriving the p-variate quaternion normal distribution.
Although the results in this section are in general not new, it is shown how they relate
to those given by Teng and Fang (1997) [31], and with particular emphasis on the
quaternion and related real characteristic functions. It should be noted that Andersson
(1975) [1] first presented these results by using techniques from group theory, but these

are however beyond the scope of the current discussion.

22
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Definition 3.1.1. Let

X+ Xo + j X3 + Xy

X1y + Xy + j X3, + kXap

be a quaternion probability vector with real associated probability vector

ZO = [XH) cee 7X1p7X217 .-

4px1

!
- [z’l,xg,x’g,&] |

Ixp 1xp 1xp 1Xp

. 7X2p7X317 ©.

. 7X3p> X417 v 7X4p]/

Then, Z has a p-variate quaternion normal distribution if Z, has a 4p-variate real normal

distribution.

The idea of describing the properties of a quaternion probability vector in terms of

the properties of its real associated probability vector, as discussed in Chapter 2, was

employed in the above definition. Teng and Fang (1997) [31] used a different matrix

structure for representing quaternions by matrices. They supposed that Z = X, +

1Xy + j X5 + kX, may be represented by

4px4

X,

L px1

X,

px1

X
px1
-X,
px1
X,
px1

X

px1

X17X27X3aX4

L4px1 4px1 4px1 4px1

Xy

px1

X

px1

_XQ

px1

X,

px1

px1
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Thus the conjugate Z = X, —1X, —jX;— kX, of Z may be represented as
px1

px1

(X, X, X, -X, ]

px1 px1 px1 px1

X, X X

7 px1  pxl  pxl  px1
00 —

wa | X, -X, X, X,
px1 px1 px1 px1
X, Xy X, X,

px1 px1 px1 px1

=Yy, Y5, Y5, Y
4px1 4px1 4px1 4px1
From this it is clear that Z, = Y. Teng and Fang (1997) [31] showed that any of the Y,
s =1,2,3,4 may be used to arive at the same form of the probability density function
for the p-variate quaternion normal distribution.
Kabe (1976) [17] investigated the case where Z, has a very special 4p-variate real
normal distribution, namely:

p, =L Z,)

/
o / ! / /
- [Hxl’HXQ’HXS’H)Q
=[E[X}],E[X)), B X4, B X))

and

=2 (3.1.1)

Yo =33 Xy 3

where 3, is a real symmetric matrix, and 3, 33 and 3, are real skew symmetric ma-
pPXp pPXp pXp pXp
trices. This covariance structure of Z,, is the special property of the p-variate quaternion
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normal distribution and implies that:
[ 2
01 M20102 ... Mip010p
2
120102 03 <o Top020y,
¥ = where (3.1.2)
PXP
2
Mp010p T2p020, ... O'p
O1st
Nt =——, 8, t=1,...,p,s <t
050y
0 120109 130103 ce. 0p010p
— Q120102 0 (93092073 <. Oi2p0920y
3, = where (3.1.3)
PXp
—01p010p —Qp020, —03p030)
025t
Qg =——,8,t=1,...,p,s <t
050y
0 5120102 5130103 - ﬁlpUlUp
—B120109 0 Bo30203 ... [op020,
33 = where (3.1.4)
PXp
_61p0—10p _62;0020_]) _63}7030—;0
O3st
B =——,s,t=1,...,p,s <t
0s0¢
0 )\120’10'2 )\130’10’3 e )\1p0'10'p
—)\120'10'2 0 )\230’20’3 )\2 090
e 0020
¥y = where (3.1.5)
PXP
—)\1p0'10'p —/\2p0'20'p —/\3p0'30'p
O4st
At =——, 8, t=1,...,p,s <t.
0s0¢
(3.1.6)

The relationships given in (3.1.2) — (3.1.5) are of utmost importance, since the p-variate

quaternion normal distribution are hereby defined. The expected value of

Z=X,+iX, + X3+ kX,
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now follows from Remark 2.4.5 (1)

u =E[Z]

px1

=ty tiby Tty FRpy (3.1.7)

while the quaternion-Hermitian covariance matrix of Z follows from Remark 2.4.5 (2)

and (3.1.1) as

3,-rlz-d 20
e [( ) () () 4 ()
X [(il _Exl) ok (52 _EX2> —J (K:a —HX3> —k (L —gX4)]/
=5 [X - ] (K -ng | (X g [Xe ]

! T !
—JE [Xl - HXJ [&3 B HXJ —kE [Kl - HXI_ [K4 B HXJ

FIE Xy - | [X i | kB X - | e -

’ - oo
+E|:X3_HX3:| [X3_EX3:| —il _XB,_MXB_ _L_MX4_

’ - S
+/€E|:K4_ﬁX4:| [Kl_ﬁXl] —jE _K‘l_HX_ _XQ_NX

/ - I
_I_ZE |:X4_HX4:| [K3_HX3:| +E _K4_MX4_ _14_/“1’)(4_

1 1 1 1
2121 —1—2122 +jzlz3 + ]{5124
1 1 1 1
—3g 4+ =X -3 =]
+Z4 2+4 1+/€4 4+]4 3

1 1 1 1
— ] k=X -3 —
+J4 3+ 1 4+4 1+Z4 2

1 1 1 1
+ /{3124 +j7123 + 2122 + 121

=3 + 11X + j X3 + kX4, (3.1.8)
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It is clear that:

X
:COV(&,&)
1
—_— 3.1.9
L, (3.19)
—cov (X, X)) =cov (X,, X))
1
=3 3.1.10
L, 3.1.10)
—cov (X, X}) =cov (X3, X7)
1
=-3 3.1.11
L, .11
—cov (X, X)) =cov(X,, X))
1
~lz, (3.1.12)

(See Rautenbach (1983) [28] for a detailed discussion along these lines.)

Returning to the Y, s = 1,2, 3,4 defined by Teng and Fang (1997) [31], they showed
that ;cov(Z,2') ~cov(Y,,Y)), s =1,2,3,4.

The pdf of Z, is given by

4px1

1 _1 1 .
Fantan) =490 (e 22 e {3 (20 ,) B (20 1,) b o

1
) GBOZ{goz [1’11,...,Ilp,xgl,...,Igp,l’gl,...,$3p,$41,...,l‘4p] i

—00 < Tys, Tas, L3s, Las < 00,8 = 17 cee 7p} .

In order to apply the representation theory as discussed in Chapter 2 and Appendix A,
i.e. by an elementwise expansion of the quaternion probability vector, the components

of the real associated probability vector now have to be arranged as follows:

ZS = [Xlly X217 XSla X417 s alea X2p7 X3p7 X4p], .

4px1

The components of Iy and ¥, are rearranged accordingly in forming [ and 3
o 4px1 dpx4p
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respectively, and now yield the pdf of Zj as

* _1 ey 1 1/, O\ s . .
fZS (go) — (27T> 2(4p) {det 20} 2 exXp {_5 (20 - EO) 20 1 <§0 _ ILLO)} (3113)
for

* * * /
20 € BO = {§0 = [xlh T21, X31, L41y - - - 3 Llp, T2p, T3p, x4p] )

—00 < Tig, Tos, Ts, Tas < 00,5 = 1,...,p}.

Since fz,(29) = fz;(2;) for all z, and corresponding z5, Z; may be used as real associated
probability vector when deriving the pdf of Z.

. . /
The real covariance matrix ES of ZS = [XH, X21, X317 X41, Ce ,X1p7 XQP, Xgp, X4p]
4px4p

are given by (see Rautenbach (1983) [28])

35 =[5l (3.1.14)
Apx4p
where 3j, is of the form
4x4
o2 0 0 0
10 o2 0 0
Eéss =7 7
axa 410 0 o2 0
0 0 0 o2

fors=1,...,p and

Nst —Qgt _ﬁst _)\st
% Olst Nst - )\st ﬁst
ZOst =7 Ts0¢
4 A
4x4 ﬁst st Nst —Ogy

>\st _ﬂst Qg Nst

for s,t = 1,...,p,s # t. This covariance structure is a key feature of the p-variate
quaternion normal distribution, since X is a matrix with elements similar to that given
in Definition A.5.1. Thus, it follows that 3 € My,(R), more specifically 4355 € My,(R).

From Definition A.5.4 it follows that operations on My,(R), with matrices of the form
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4%, are isomorphic to operations on M,(Q). Thus, M,(Q) is a set of matrices of the
form

> = o,

pxp 041
where

(3.1.15)

t
S?

{ (nst + Z.Oést + j/Bst + k)\st) 0s0¢, S 7& t
Ost =

o s=1t.

Hence, it follows that 43§ ~ 3 (see Remark A.5.6).

The pdf of Z , where Z has a p-variate quaternion normal distribution is now derived.
px1

Theorem 3.1.2. Let Z be a quaternion probability vector that has a p-variate quater-
px1

nion normal distribution, as given in Definition 3.1.1, with E[Z] = p and X = [oy] as
given in (3.1.15). The pdf of Z ~ QN (p;u, X), is given by:
px1 -

fz(2) =277~ % (det ) % exp {—2 (z— H)/ > (z - /_L)} (3.1.16)
where
Z € B:{gz [21,...,Zp]/ AR :$13+i$25+j$35+kx45,
—00 < T1s, Tas, T3s, Tas < 00,8 = 1,... 7p} .

(See Rautenbach (1983) [28].)

Proof. 1. From Definition 2.3.3 it follows that

fz(2) = fz:(25)

where Z is the real associated probability vector of Z. The pdf of Z is given by

1 1 * * ! *— * *
i) =2 e Sy b {5 (- 0) =07 (- )
for 2§ € B;.

2. It now follows that 43§ ~ 3. Since Xj is symmetric positive definite, it fur-

thermore follows from Corollary A.5.15 that X is a positive definite quaternion
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Hermitian matrix, particularly that 3 is nonsingular (see Theorem A.5.9). From

Theorem A.5.12 it now follows that

det (4%) = (det 32)*
. det If =47 (det 32)* (3.1.17)
L (det )77 =42 (det ) 2. (3.1.18)

3. From Theorem A.5.9 it also follows that
1 x—1 -1
ZZO ~ ¥ (3.1.19)

so that Theorem A.5.13 yields

!/
2 <g8 — HS) 128_1 <g8 — HS) =2(z— H)/ X (z—p). (3.1.20)

4. From (3.1.18) and (3.1.20) together with the expression for fz:(z{) it finally follows
that:

falz) =2 (@t ) P oo {2 (2= 0) 57 (2 - w) }.

for z € B.
m

Remark 3.1.3. 1. Let tr(-) be the trace on M,(Q). Rautenbach (1983) [28] argued that
the trace, as used by Kabe (1976) [17], (1978) [18], and (1984) [19], in simplifying
the exponent of fz(z), is not allowed, because of the noncommutativity property

of quaternions, i.e.
tr(AB) # tr(BA).

However, from (2.1.2), and the fact that for a quaternion random vector Z , it is

known that Z,Z € R, and from Theorem A.5.13 it follows that "
exp {Z/Z_IZ} =exp {tr Re (Z/E_1Z> }
=exp {Retr <Z,E_IZ> }
— exp {Retr (2—122’) } . (3.1.21)
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2. It is important to note that this quaternion distribution is dependent on the as-
sumptions made in (3.1.2) through (3.1.5), regarding the covariance structure of
Z,. However, if any alternative arbitrary covariance structure was chosen for Z,,, it
would not have been possible to derive the corresponding pdf. Thus, the assump-

tions made regarding the covariance structure of Z, naturally yielded a simple form
of the derived pdf.

3. If a quaternion probability vector Z has a p-variate quaternion normal distribu-
px1

tion, with pdf given in (3.1.16), it will be denoted by

Z ~ QN(p; i, %),

where p and X is the expected value and covariance matrix of Z respectively.
s pXp
px1
The univariate and bivariate quaternion normal distributions are now presented as

special cases of the p-variate quaternion normal distribution.

Example 3.1.4. The pdf of the univariate quaternion normal distribution is obtained

by setting p = 1 in (3.1.16), and is given by

fz(2) =47 20 exp {—% (z—p)(z— ,u)} (3.1.22)

1

for z € B={z =z +ixg + jas + kay,
—00 < X1, L9, T3, Ty < OO},
o] =var(Z) = var(X,) + var(Xs) + var(X3) + var(X,)
and p =E[Z] = E[X1] +iFE [Xo] + jE [X3] + kE [X4]

are the variance and expected value of the quaternion probability variable 7 = X; +
iXy+ j X3+ kX4 ~ QN (u, o), respectively. Note that

o2 0 0 0

10 o2 0 0
3=~ ~ g2,
"4l 0 0 o2 0 '

0 0 0 o2
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Example 3.1.5. The pdf of the bivariate quaternion normal distribution is obtained by
setting p = 2 in (3.1.16), and is given by

fz(z) = 2%77* (det ) exp {—2 (z— E)/ > (z - H)} (3.1.23)
for
S BZ{&Z [21722]/7
Zg = T1s + ix2s + jx3s + kx4s
—00 < L1s, X2sy L3sy Lds < 0, s = 172}7
and
B of (e + icue + jBi2 + kAig) 0109
2x2 (M2 —iaig — jBi2 — kAi2) 0109 o3
and
p =E[Z]
2x1

=E[X|| +iE[X,] + jE[X,] + kE [X ]

are the covariance matrix and expected value of the quaternion probability vector Z =
X, +iXy + j X5+ kX, ~ QN(2; p, X), respectively. Note that

of 0 0 0 The —ai2 —fi2 —Ar
0 o2 0 0 a2 2 —Aiz b2
9 0109
0 0 of O Pz A2 2 —oa2
0 0 0 2 A —
45 = 07 12 ﬁ;Q Q12 M2
me iz Bz A o5 0 0 O
—a12 2 A2 [ 0 o2 0 0
0102 9
—f12 —A12 2 a2 0 0 o3 O
—A2 P2 —aiz e 0 0 0 o3 |
N o} (e + iaiz + jBi2 + kA1) 0109
| (M2 — iz — B2 — kAiz) 0102 o3
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Also note that (3.1.23) may be rewritten as
f21,2,(21, 22) (3.1.24)
=24 [(1 - (77%2 +ady + Oy + )\%2)) U%US} -~
X exp {—2 [ag |21 — u1|2 —2Re((z1 — 1) (M2 + i + JP12 + kXi2)o102) (20 — o))
-1
02|z — pal’] [0305 = (ny + 0%y + B + ) 0303] '}

where 21,z € B and Re indicates that the real part of the expression is used. Further-

more,

21 — | = (21 = 1) (21 — 1)
and

|29 — M2’2 = (22 — pi2) (22 — p2) -
Now, let

p = Mo+ i + jFi2 + kAo

be the quaternion correlation coefficient, then it follows that

>

2
01 pPo102
_ 2 :
PO102 0y

(3.1.24) now becomes
fz,.2,(21, 22) (3.1.25)
=2'7 (o103 (1 — pp))
x exp {—2[03 |21 — u|* — 2Re ((z1 — j)o102p(20 — p2)) + 07 |22 — oo’}
x o303 (1= pp)] '}
where 21,29 € B and where Re, |21 — g
(3.1.24).

2 2 . : :
| and |z3 — pe|” have similar meanings as in

The study thus far relied heavily on a covariance structure of the form:
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which implied a quaternion normal pdf with exponent of the form

E=n'="(z-n.

If a covariance structure of the form

DEED VD D W

1] =% X -3 %
=3 Xy M =3
e T D Y W

is used instead, it results in a exponent for the pdf of the p-variate quaternion normal

distribution in the form

(z-w)'="(z—n)

Thus, the p-variate quaternion normal pdf can be written as

fz(2) = 2% 7" (det 2)_2 exp {—2 (ﬂ), >t (g — ,u)}

with X, as associated covariance matrix or

o) = 22n (@et 9) P exp {2 () 27 ()}

with 3o as the associated covariance matrix, which is obtained by using the represen-
tation used by Teng and Fang (1997) [31] as discussed earlier.

The remainder of this section will focus on the cf of the p-variate quaternion normal
distribution.

Theorem 3.1.6. The cf of Z ~ QN(p;H, Y), is given by:

px1
Loy | 1
¢z(t) = exp {5 (E't+1tp) — gt EZ} (3.1.26)

for every quaternion vector t and ¢ the usual imaginary complex root.
px1

Proof. From (2.4.10) and (3.1.16) it follows that
_ Y77
02(t) = |exp 5 (Zt+72)]

= / 22712 (det )% exp {% (Zt+tz)—2(z— u)/ S (z—p) } dz,

B
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where t =1t, +it, + ji; + kt, is a quaternion vector and
px1

B = {g - [Zla s 7Zp]/ P Zs =T+ Z.IZS +jx38 + kl‘4s;

—00 < T1g, Tog, Ts, Tas < 00,8 = 1,...,p}

is the region of variability for Z. The exponent in this expression may be written as

From the above expression and from the definition of the p-variate quaternion normal

pdf it follows that

_ 1_
((u+p't) - gz’zz} / 227 (det )~

x exp{—2 2 - <H+ iziﬂlz—l [g— (;_mt izz)]}dg

]

By setting v = 't + fﬁ then v/ = flﬁ—i— At =v,ie v €R, sothat (3.1.26) may be

rewritten in the form

1 1
62(0) = oxp { e (1) - 5722} = exp {5 — 36585 = 036,

so that (2.4.13) holds in the multivariate case.

An additional result is now presented that is often required for application purposes.
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Theorem 3.1.7. Let Z ~ QN (p;ﬁ, E) then Y = C (Z_H) ~ QN (p;0,1,) if C is
selected in such a way that CEXC’' =1, and C is a symplectic matriz. (See Rautenbach

(1983) [28].)

Proof. Let C be such that CEC’ = 1I,,. The cf of Y is given by

pXp
b (0 =F oo [ (14 1Y) ]
=exp {—% (EC’?_& + t/C,u)} E [exp {% (Z/C'z_f + f’CZ) }]
_ Y / }
—GXp{ 5 (ECT_HLtC,u)
X exp {% (EclvafCE) — —t'CEC't}
1%’15
— eX _—
€Xp git
from which the desired result follows. O

3.2 The matrix-variate quaternion normal distribu-
tion

The matrix-variate quaternion normal distribution is now discussed by an expansion of
the results presented in the previous section. Once again the aim is to emphasise the

relationship between the real associated form and its resultant counterpart.
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Theorem 3.2.1. Let Z,,a = 1,...,n be n probability vectors each having a p-variate
px1

quaternion normal distribution, as given in Definition 3.1.1. Now, suppose that

Z =Z,s, a=1,....,n, B=1,...,p

nxp
ZH le
Znt oo Zup
A
1xp
= = 1Zay - L)
Z, nxl1 nx1
| Txp

i.e. the rows of Z are QN(p;Ea, 3)) distributed, o = 1,...,n with dependence structure

giwen by R not necessarily equal to 1,. It may be assumed without loss of generality
nxn

that R is real-valued. Similarly, define

nxp
Then
Z)
nx1
veclz = : ~ QN (np;vecp, X ®@ R)
npx
Zp)
nx1

i.e. a matrix-variate quaternion normal distribution where

=)
nx1
vee (b = :
npx1
By
| nx1 ]

Proof. 1. In order to apply the methodology set out in Section 3.1, it is necessary to
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define the real associated probability vector of Z . First, observe that

Zhg
Zp =\ :
nxl1

Zos

Xng + iX21ﬁ + jX315 + ]fX415

| Xln,@ + ZAXV2nﬁ + jXSn,B + kX4nB
=X 1p) T 1 X 9p) T T X (35) + kX (4

nx1 nx1 nx1 nx1

with associated real counterpart given by

Ziop) = [&1&) , X 28y, X(38): Xap)

nx4 nx1 nx1 nx1 nx1

From this it now follows that

Z =\Zuy - Ly

L nx1 nx1

= | Xy T iX o) + 7X@y + EX s - Xy + X (gp) 7 X3 + k’&@)]

| nx1 nx1 nx1 nx1 nx1 nx1 nx1 nx1

from which the real associated matrix Zj of Z immediately follows as
nx4p nxp

Z, = Xyap), 7y=1,...04, a=1,....,n, B=1,...,p

nx4p

= | X1y Xy Xy, Xy - - =X(lmvi@p)l@pwi@p)]
L nx1 nx1 nx1 nx1 nx1 nx1 nx1 nx1

= Ziony > Ziop)

| nx4 nx4
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If the supposition is made that

Xp)
nx1
X(zlﬁ)
vee Loy = | 2|
4nx1 A (33)
nx1
Xp)
nx1
then
r /
Z* . / X/ X/ X/ X/ X/ / X/
VeC Ly = | A (11) A (21)s B (31)) D(dl)r - -+ 1 L (1p)r L (2p) ) L(3p) 1 Lo (4p)
dnpx1 | 1xn 1xn 1xn 1xn 1xn 1xn 1xXn 1xn
[ vec Zo)
Anx1
vec Z?Op)
L 4Anx1
~vec 7.
npx1

In a similar fashion, it can be shown that

VEC [1g 2 VEC [i.
dnpx1 npx1

. The problem may now be rewritten in terms of n real associated probability vec-

tors as Z;,, @ = 1,...,n each having a 4p-variate real normal distribution, as
4px1
given in (3.1.13). The real associated quantity vec Z§ now has a density given by
Anpx1
N (vec ug, 25 @ R), i.e. a real matrix-variate normal distribution, where R de-
nxn

notes the dependence structure of the rows of Z§ and is equal to that of Z and

since R is real-valued.

3. Thus, the pdf of Zj is given by:

fZS(MEk]a EgaR)

nxdp 4pxdp "X

n 1
=(27) 72" det(R) " det(2§) 2 exp {—5 tr [23_1 (Z§ — ) R™(Zg — 1)) }
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and by the isomorphic relations already established above the pdf of Z follows as

22np /
2, R = ex {—ZRetr[Z’l 7Z— 1) R Z— }}
fZ (n/ip pXp an) r2np (det R)QP (det 2)271 P ( IU) ( M)
(3.2.1)
from which the desired result follows.
O

The relationship between the cf of the matrix-variate quaternion normal distribution

and that of its real associated matrix-variate normal distribution is now established.

Theorem 3.2.2. Let Z ~ QN (n X p;u, ¥ ® R) as defined in (3.2.1) above. The cf of

nxp

Z s given by

¢z(T) = exp Retr {L[L’T — %ET’RT} , (3.2.2)
where n’£p € M,x,(Q) and where ¢ is the usual complex root.
Proof. From (2.4.12) and (3.2.1) it follows that

¢z(T) =F [exp Retr (Z'T)]

22np
_B/ 72 (det R)™ (det 32)*"
x exp {2 Retr |7 (Z—=p) R (Z— p) - 5Z'T| } dZ (3.2.3)

where
B = {Z = [2at] * 25t = T1st + iTost + jTast + KTass;
—00 < Tigty Tosty Tast, Tast < 00,8 = 1,...,n,t=1,...,p}
is the region of variability for Z. The argument of Retr may be rewritten in the form
S (Z—p) R (Z—p) - 52T
_» ' [ZR'Z - ZR - iR'Z+ IR — §EZ’T]

=t [ZR1Z - ZR (j+ {RTS) - (i + {STR)RZ+ /Ry

_5! (z — (n+ iRTE)) R (Z— (u+ flRTE))}

- N/
4+ {Q’Rlu . (u + iRTE) R (u + iRTE)] .
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Noting the fact that 3 and R are Hermitian, that the conjugate of Retr is again Retr,and
that according to (2.1.2) the arguments of Retr may be rearranged, (3.2.3) reduces to

oo )
—exp Retr ¢ —23 7! [ Ry — (/Z’Rfl + iET’) (M + ﬁRTE)}}

= exp Retr { 23! {—i 0T — ZET/M + 116 >T RTE] }
1-
{ Lnrs)

ET RT} , as required.

Note that

1~ 1
¢z(T) = exp Retr {L[L’T — §ZT’RT} = exp tr {LNSITS — —ZSTS’RT(’;} = ¢z (T)

2

satisfying (2.4.13).

3.3 Summary

In this chapter it was seen that the p-variate quaternion normal distribution and matrix-
variate quaternion normal distribution are respectively algebraically equivalent to a 4p-
variate real normal and n x 4p-matrix-variate real normal distribution. In the next

chapter the quadratic forms of these distributions will come to the fore.
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Chapter 4

The Quaternion y? and Quaternion
Wishart Distributions

After the foundation of the quaternion normal distribution is established, it is important
to investigate the distributions of various functions in which they may appear. The sums
of quadratic forms of quaternion normal variables yielding the quaternion chi-squared

and quaternion Wishart distributions are respectively discussed in Sections 4.1 and 4.2.

4.1 The quaternion y? distribution

What is the distribution of Z'Z, for Z a p-variate quaternion normal distributed prob-
px1

ability vector, from the real representation perspective? Rautenbach (1983, p 161) [28]

answered this question.

Theorem 4.1.1. Let Z ~ QN(p;0,L,). If V = Z'Z, then W = 4V ~ X?lp (chi-squared

px1

with 4p degrees of freedom) distribution.

42
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Proof.

zz
=[X11 — X9 — jX51 — kX1, ..., Xup — i Xy, — 7 X5, — kX))
X1 —iXo — j X3 — bk Xy

v

X
X1y — i Xop — X3 — kX4
1 p p p p
= D XD (2X0) D (2X5) 4+ > (2Xy,)°
s=1 s=1 s=1 s=1

The real associated vector of Z is

ZS = [X117 X217 X317 X417 cee 7X1p7 X2p7 XSp: X4p]/

4px1

with Z§ ~ N(4p;0, %le). It now follows from a known result in real distribution theory

4px1
that
p
D 2Xi)’ ~ g 1=1,2,3,4,
s=1
Therefore
4 p
T 5 B )
=1 s=1
with pdf
1
fw(w) =272 (2p)] " w? Lexp <—§w> : w >0, (4.1.1)
where T'(+) is the real gamma function. O

The following result is often required in applications and inference problems.

Theorem 4.1.2. Let Z ~ QN (p;ﬂ, E) then 4 (Z — E)/E_l (Z — H) ~ Xip. (See Raut-
enbach (1983) [28].)

Proof. Let Y =C (Z — H) where CXC’ = I, with C a symplectic matrix. From Theo-
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rem 3.1.7 it follows that Y ~ QN (p;0,1,) so that

p
Py =3 Ty,
s=1
1 p
= 222 (4Y3 +4Y3 + 4v3 + 4Y7)
where each Yy, ~ N(0, %),r = 1,2,3,4 so that 4Y2 ~ x¥ r = 1,2,3,4. Thus it follows
that

4.2 The quaternion Wishart distribution

Kabe (1976) [17], (1978) [18], and (1984) [19] derived the hypercomplex Wishart dis-
tribution directly from the hypercomplex normal distribution using the Q generalized
Sverdrup’s lemma. Teng and Fang (1997) [31] showed that the maximum likelihood esti-
mator 3 of 3 followed a quaternion Wishart distribution. They used a Fourier transform
on the results given by Andersson (1975) [1] to yield explicit expressions for the proba-
bility density and characteristic functions of the quaternion Wishart distribution. The
non-central quaternion Wishart distribution was discussed by Kabe (1984) [19], while Li
and Xue (2010) [24] derived the singular quaternion Wishart distribution. More technical
results, specifically regarding Selberg-type squared matrices, gamma and beta integrals
are found in the paper by Gupta and Kabe (2008) [13].

Is it possible to find the density of the quaternion Wishart matrix from the real as-
sociated Wishart matrix? In this section, the quaternion Wishart distribution is derived
from the real matrix normal distribution associated with the quaternion matrix normal
distribution by which it is defined. Once again the emphasis is on the link between the

characteristic functions of the quaternion and real associated Wishart distributions.
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Theorem 4.2.1. Let Z ~ QN (nxp;0,X®1,). Then forn > p, W = Z'Z is

nxp
said to have the quaternion Wishart distribution with n degrees of freedom, i.e. W ~

QW, (X, n), with pdf given by
22np

f(W) = Or 2n) (@ 5 exp {—2Retr (Z7'"W) } det (W)~ (4.2.1)

with W = W' > 0 and where QT (+) is the quaternion multivariate gamma function, as
given in (A.6.1).
Proof. Let W§ = Z% Z% where Z; ~ N (n x4p;0,3% ®1,) is the real associated

4px4p ApxnnXx4p nx4p B
matrix of Z as given in Theorem 3.2.1. Let T = (t;5), [, s = 1,...,p where t;; = t;; and

tls = tlls + itgls + jt3ls + kt4ls. From (2413) it follows that

ow(T) =pw,(To)
= det (I, — 23;T5) %

where T 1is the real associated symmetric vector of T . Let Y§ = (Iy, — 2.3§T}),
4px4p PXp

then Y§' = (Iy, — 20T§35) = Y and from Theorem A.5.7 Y is Hermitian. Therefore
dw(T) =det (Y)™*"
—2n
— det <Ip - %ET)

Let S = —.T, using (A.6.4) and the definition of the quaternion generalised hypergeo-

metric function of matrix argument as given in Lemma A.6.3, it follows that
L —2n
det (Ip - 5zzT)

2n

1 —2n B
= det (§2> det(S)™*" det (I, + 257'S™)

—2n oo 2n),.QC.. _22—%8—12—%
— det (%2) det(S)znzz(n)Q ( )

k!
k=0 &K

Using the inverse Laplace transformation given in Lemma A.6.9 and (A.6.3), it follows
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that

22p(p—1)

2np —2n = (271),@
F(W) zmz det (%) ;Zﬁz X

x / etr(WS)det(S)—%@CR(—22%5*12*%>ds

S—Sped
__92n —2n 2n—2(p—1)— -1
=220 ot (3 Z;kl@ 2n ™ det(W) 'QC, (—2wWx)
:idet (2)7*" det (W)= (QF, (—257'W)
Qr',(2n)
from which the desired result follows. O

Remark 4.2.2. From Kabe (1984) [19] it follows that W has the non-central quaternion
Wishart distribution with n degrees of freedom, i.e. W ~ QW, (X, n,2) with pdf given
by

227 exp {—2 Retr ()}

Qr,(2n) det (2)2" exp { =2 Retr (S7'W) } det (W)?""#*1 (QF, (2n,4Q%7'W)
p

f(W) =

(4.2.2)
where W = W’ > 0 and where (QF; () is the quaternion hypergeometric function with

a matrix argument, (see (A.6.2)).

4.3 Summary

In this chapter the quaternion chi-squared and quaternion Wishart distributions were
respectively derived using the results from the previous chapter, i.e. the real matrix and
multivariate normal distributions associated with their quaternion counterparts. The

final chapter will focus on some applications of the study thus far.

Chapter 4. The Quaternion x? and Quaternion Wishart Distributions
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Chapter 5

Applications Illustrating the Role of
the Quaternion Normal Distribution

in Hypothesis Testing

In this chapter two applications of quaternion normal related distributions are presented.
Section 5.1 investigates how a hypothesis of the form Hy, : p = 0, with 3 known, may
be tested while Section 5.2 focusses on the derivation of the probability density function

for Wilks’s statistic in the quaternion case.

5.1 Quaternion hypothesis testing

Suppose that Z = X, +1iX, + X5+ kX, ~ QN (Q;E, 2) where

2x1

po= el = Fip +jp +kp

2x1

and
o1 §u1 + &2 + j&is + ki

D -
2x2 S — €12 — 7613 — K&a o3

is a positive definite Hermitian matrix. How may the quaternion null hypothesis

Hy :p =0, X known

47
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5.1. Quaternion hypothesis testing 48

based upon a random sample, Z,,..., 2, , against
Hgy:p#0, 3 known,

be tested? In order to derive a test criterion for such a test, consider the following

likelihood function

4in
1=(2) [t @+ v ™

X exp {—2 (U (511 + 512 + 513 + 514 09 Z (215 — p1) (215 — p11)

s=1

-2 Rez (z1s — 1) (€11 + €12 + €1z + k&1a) (205 — po) + 0f Z (225 — p12) (225 — M2)>] } :

s=1 s=1

The likelihood ratio criterion is given by

max L (p, )
Ar = Hoo
L (1 %)
Under Hy we have
r%:c)Lch (1. 5) (5.1.1)
9 4an 5 o 9 9 9 2 —2n
=(=) (odod — (& + &k + &l + 1))

X €Xp {—2 (01‘72 (511 RTRE TR 514))
X [US Z Z1s21s — 2Re Z Z1s (61 + €12 + € + k1a) 225 + 0F Z 225225] }
s=1 s=1 s=1
Rautenbach (1983) [28] Theorem 6.3.2 showed that the maximum likelihood estimate
of p is given by

Z (avg 21, avg 25"

m
:w

Chapter 5. Applications lllustrating the Role of the Quaternion Normal Distribution in
Hypothesis Testing
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5.1. Quaternion hypothesis testing 49

such that

L (p, )

~L (3. 3)

4an
~(2) @t g) Ten {20l - @+ &€+ 6)”

X [ag Z (215 — avg z1) (215 — avg 21)

s=1
n

—2Re Z (215 — avg 21) (&1 + &2 + 7&13 + kia) (22 — avg 22)

} (5.1.2)

From (5.1.1) and (5.1.2) it now follows that

+o7 Z (225 — avg ) (225 — avg 22)
s=1

. -1 _
N =exp {-2n (of03 - (8 + €+ €5+ &) [olavg 5 avg
—2Reavg z; (&1 + i1z + j&13 + k€ia) avg 20 + 05 avg 2, avg 23] }
=exp{—2navgz’Y avgz}.

The null hypothesis, Hy;, is now rejected at the 100a% significance level, in favour of
H,, if
exp{—2navgZ’¥ tavgz} < A}

where the constant A’ is such that P[A* < X! |Hp| = a. Thus, Hy, is rejected if

y=4dnavgZ X lavgz > —2In A = ).

o

Under Hy; avgz ~ QN (2; 0, %E) and from Theorem 4.1.2 it follows that Y = 4n avg Z'x1 avg Z ~
X3 Since P [y > x3,_,] = o the null hypothesis is rejected if y > x3,_, where x3,_,
is the 100 (1 — )™ percentile of x2.

An alternative approach in deriving a test criterion in this case involves the use of

the real associated probability vector of z. It is known that z§ ~ N (8; L E(’;), ie.
8x1 -

a real multivariate normal distribution, where o= (1011, fho1, f31, fat, fh12, fo, o3, fod]
8x1

Chapter 5. Applications lllustrating the Role of the Quaternion Normal Distribution in
Hypothesis Testing
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and

o} 0 0 0 & —&2 &3 —&u
oy 0 0 &2 & —Su &3
0 o} 0 &3 S & —Si2
0 0 o7 & —&is o 11
u &2 &3 &u o3 0 0
—&2 & b —&s 0 o3 0
—&13 —€uu & &2 00 o3 0
S &3 —&e &u 00 0 o3

The test criterion for testing Hg, : py = 0, 3§ known, against H3, : p7 # 0, 35§ known,

\g|

O *
Il
P

based upon a random sample Z;,, ..., Z;, of Z; is given by
Yo=n (angS’ESil avggg) ~ X§

where avg Z; = [avg X11, avg Xop, avg X1, avg Xy, avg Xio, avg Xoo, avg Xsp, avg Xyo] such
that the null hypothesis is rejected if yy > Xg,l_a where Xg,l_a is the 100(1 — a)** per-
centile of x2.

From the above discussion it is once again clear that two different approaches exist in
order to test Hoy : p = 0 against Hgy : p # 0 with 3 known. We may either conduct an
analysis using quaternion quantities directly with y or, by utilising the real associated
quantity, o, as test criterion respectively. From this it is clear that the quaternion
hypothesis Hpy : p = 0 against H,; @ p # 0 may also be expressed in terms of real
quantities, 1.e. Hg @ p = 0 against Hgy : pg # 0.

5.2 Quaternion matrix-variate beta type I and Wilks’s
statistic

Let the rows of X and Y be independently QN (p;0,¥) and QN (p; u, 32) distributed,
ni1Xp na2 Xp L

respectively. From Theorem 3.2.1 we know that X ~ QN(n; x p,0,X®1, ) and Y ~

QN(ng x p;pu, ¥ ® 1I,,), and from Theorem 4.2.1 it furthermore follows that X'X ~

QW,(X,n;1) and Y'Y ~ QW,(X,n., Q) (i.e. is the non-central quaternion Wishart

Chapter 5. Applications lllustrating the Role of the Quaternion Normal Distribution in
Hypothesis Testing
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5.2. Quaternion matrix-variate beta type | and Wilks's statistic 51

distribution, see Kabe (1984) [19]), as was discussed in Remark 4.2.2 with @ = X1,

Wilks’s statistic
det (X'X)

~ det (XX + YY)

can be used as a likelihood ratio criterion for testing whether the matrix mean p is equal

to zero or not.

The solution of this problem depends on the derivation of the distribution of A, and
to this end, we consider the quaternion matrix-variate beta type I distribution.

Various references to the quaternion matrix-variate beta family of distributions are
available in the literature. Dumitriu and Koev (2008) [8], for instance, derived explicit
expressions for the distributions of the extreme eigenvalues of the quaternion Jacobi en-
semble, while Gupta and Kabe (2008) [13] and Diaz-Garcia and Gutiérrez Jéimez (2009)
[7] explored further properties of this family. Li and Xue (2010) [24] dealt with singular
quaternion matrix-variate beta distributions. In Theorems 5.2.1 and 5.2.2, that now
follow, the central and non-central quaternion matrix-variate beta type I distributions

are respectively discussed.

Theorem 5.2.1. Let A ~ QW, (X,n1), (ny > p) and B ~ QW, (X,ns), (n2 > p) be
independent, then U = (A + B)_é A(A+ B)_% is said to have the quaternion matriz-
variate beta type I distribution with ny and ny degrees of freedom, i.e. U ~ QB1(m,ny, ny)

with pdf given by

det (U)*™ 7P det (I, — U)?e 24

f(U) QBP(an, 2”2) ’

0<U=U<I,

where QB,(-) is given in Lemma A.6.2.
Proof. From (4.2.1) the joint pdf of A and B is given by

det (%2) e 2n; —2p+1 2n9—2p+1 -1
f(A,B) = QT (2)QT,(2m3) det (A) det (B) exp {—2Retr (X' (A +B))}.

Let V= A + B, then U = V-2AV~2 whose Jacobian is given by J (A,B—V,U) =

Chapter 5. Applications lllustrating the Role of the Quaternion Normal Distribution in
Hypothesis Testing
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det (V)®" (see Lemma A.6.6). Therefore

_ det (i1%) TAmng
B QI (2n1)QL,(2n2

1 1\ 2n1—2p+1 1 1\ 2n2—2p+1
) / det <VEUV5> det <V—VEUV5>

vV=V'>0

f(U)

x exp {—2Retr (£7'V) } det (V)* 71 dV
et (Lx)ommene
_Qrp(an)@Fp(2n2)

x / det (V)2 #2272 oxp L2 Retr (271V) } dV

V=V’>0
_ QP (2(m +19))
QI (2n,)QT,(2n2)

det (U)*™ 2 det (I, — U)*2 !

det (U)*™ 2 det (I, — U)*™ %" (see Lemma A.6.11).

]

Theorem 5.2.2. Let A ~ QW, (X, n1), (n1 > p) and B ~ QW, (X, n9,82), (ny > p) be
independent, then

B :AB (Ip + B—%AB—%> , (5.2.1)

[N
[NIES

U-— (L, +B#AB ™)

or equivalently, U = (A + B)_% A(A+ B)_% is said to have the non-central quaternion

matriz-variate beta type I distribution with ny and ny degrees of freedom, i.e. U ~
QB1(p, ny,ng, Q) with pdf given by

_exp {Retr(—20)} det (U)* 7! det (T, — U)*™ 7!
QBP(th 2712)

X 1QF1 (2(’)7,1 + ng) , 2N, QQ(IP — U)), 0<U=U< Ip,

f(U)

where QB,(+) is defined in Lemma A.6.2, and ny > (p—1), no > (p— 1) and 1QF; (+)
is the quaternion confluent hypergeometric function with a matriz argument (see Lemma

A.6.3).
Proof. From (4.2.1) and (4.2.2) the joint pdf of (A, B) is given by

Kexp {—2Retr (7' (A +B)) } det (A)*™ 2P+ det (B)>2 2T
x exp {Retr (—2Q)} ¢QF; (2n,;4Q%"'B) (5.2.2)

Chapter 5. Applications lllustrating the Role of the Quaternion Normal Distribution in
Hypothesis Testing
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where K~' = QT (2n1) QT,, (2n5) det (3 30) M2 The transformation
V=B :AB:
has Jacobian (see Lemma A.6.6).
J(A,B — V,B) = det (B)*"!
By substituting this into (5.2.2), and by integrating over B the pdf of V is obtained as

f (V) =K exp {Retr (—20)} det (V)> 2!

X / exp {—2 Retr (—E‘lB% (I, +V) B%) } det (B)2(n1+n2)f2p+1
B=B'>0

X 0QF; (2n0;4Q%7'B) dB. (5.2.3)

Now, making the transformation V.— HVH’, where H is symplectic, and by substi-
pXp

tuting this into (5.2.3) gives

f (HVH') =K exp {Retr (—2Q)} det (HVEH')™" "

X / det (B)2(mF2) 72 H oy {—2 Retr (—E_lB% (I, + HVH') B%> }
B=B'>0

X 0QF; (2ny;4Q%7'B) dB. (5.2.4)
Consider the symmetrised pdf , see Appendix A.7, of V| i.e.

fo (V) = / f (HVEH) dH,

O(p)

where H € O (p), dH is the normalised invariant measure on O (p) and

O(p) = {A € M,(Q)|AA = AA' =T,}.

Chapter 5. Applications lllustrating the Role of the Quaternion Normal Distribution in
Hypothesis Testing
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Hence, from (5.2.4), Lemma A.6.5 and Lemma A.6.10, it follows that

fs (V)
=K exp {Retr (—29)} det (V)>" 2+

x / det (B)*™ )24 (Q Ry (2n9; 4057 B)
B=B’>0
x / exp {2 Retr (~="'B* (I, + HVH') B! ) } dHdB
O(p)
=K exp {Retr (—20)} det (V)*™ 2+

x / det (B)*" 272 (O (2n,;4Q57'B)
B=B’>0
x / exp {—2 Retr (2—%32—%H (I, + V) ﬁ’) } dHdB
O(p)
=K exp {Retr (—2Q)} det, (V)>" 2+

x/ / det (B)*" )72 (Q R (2n9; 4057 B)

O(p) B=B’>0
X exp {—2 Retr (—2*%H (I, + V) EI’E*%B> } dBdH
—K exp {Retr (—29Q)} det (V)* 71 QI (2 (ny + ny))

—2(n1+n2)

x / det (22*%H(IP+V) 1‘{’2*%)
O(p)

% 1QF) <2 (n1 + n2) ; 2n9; 283 H (L, + V) ! I’{'E%Qz—l) dH

—{QB, (2n1,2n5)} " exp {Retr (—29Q)} det (V)™ 2! det (I, + V) 2+72)

O(p)

(5.2.5)

Since Q = X~ up’, it follows from Lemma A.6.3 and Lemma A.6.4 that the integral in

Chapter 5. Applications lllustrating the Role of the Quaternion Normal Distribution in

Hypothesis Testing
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(5.2.5) can be rewritten as

2712 k?'
O(p)

(mn + ). 1 Qx (25 5u'S3) QG [T, + V)]

- Z Z (2n), i QC,, (1)

ZZ 2 (n1+ n2)) @C oS/ S H (I, + V) H’}dH

k=0 kK
n1+n2
ZZ ). k'/@c [20H (1, + V) 'H']dH
" O(p)
_ / JQF: (2 (n1 + ) ; 209 20H (I, + V)~ /') dH. (5.2.6)
O(p)

Substituting (5.2.6) into (5.2.5) yields

fs (V) ={QB, (2n4, 2n9)} " exp {Retr (—20Q)} det (V)*™ 2P+
x det (I, 4 V)~ 2mtm)
X / 1QF, (2 (n1 + n2) ;2003 2QH (I, + V) ' H') dH. (5.2.7)
O(p)

Since f, (V)= [ f(HVH')dH it follows from (5.2.7) that
O(p)

J (HVH') = {QB, (2n1,2n5)} " exp {Retr (~29)} det (HVE)™" "
x det (T, + HVH') 2"+
X 1QF (2(n 4+ 2) 12020 (I, + HVE) ') dHL

The transformation HVH’ — V yields the pdf of V as

{QBp (277/1, 2n2)}—1 exp {Retr (—QQ)} det (V)2n1—2p+1
x det (Ip + V) 2(n1+n2) QFl ( (m + nQ) : 2m9; 2 (Ip + V)fl Q) . (528)

Consider the transformation in (5.2.1) written in terms of V| i.e.

_1 _1
U= (Ip + B*%AB*%) "B :AB (Ip + B*fAB*E) ’

-

(I, +V):VI,+V)2.

Chapter 5. Applications lllustrating the Role of the Quaternion Normal Distribution in
Hypothesis Testing
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Since V commutes with any rationale function, it follows that

[NIES

U=(1,+V):V(I,+V)
= (I, +V)'V

whose Jacobian is given by
J(V = U) = det (I, — U) 27
and V = U (I, — U)~". By substituting this into (5.2.8) yields

£ (U) ={QB, (2n1,2n,)} " exp {Retr (—28)} det (I, — U) 2~

1 1\ 2n1—2p+1
x det ((Ip —U)PU®A, - U)*ﬁ)

72(n1+n2)

X det (Ip +(I,-U)FU (I, - U)*%>
X 1QF1 (2 (TL1 + NQ) ; 2712; 2 |:Ip + (Ip _ U)—% U (Ip _ U)_%:| -1 Q)

= {QBp (27?,1, 2712)}71 exp {Retr (—QQ)} det (U>2n172p+1
x det (I, — U)2n2—2p+1 1QF (2 (ny +n2);2n9;2(1, —U) Q).

]

What is the corresponding density expression for Wilks’s statistic in the case of
quaternion Wishart matrices? Mehta (2004) [27] provides many useful results for quater-
nion random matrices, for instance, on p282 the pdf for the determinant of a nxn random
Hermitian matrix taken from the Gaussian unitary ensemble is calculated.

Let é and ]i’) be two independent quaternion Wishart matrices, i.e. A ~ QW,, (ny, X)
and B iI?QWp]EnZ;, 3, Q), and ny,ne > p. What is the exact expression for the density

function of
det (A)

~ det (A + B)
The present work proposes the distribution of Wilks’s statistic based on Meijer's G-

= det (U)?

function (see Mathai (1993) [25]) in a numerical feasible form. Since A is real according
to Theorem A.5.12 (also see Mehta (2004, p284) [27]), the result follows similarly as that
given in Bekker, Roux and Arashi (2010) [4].

Chapter 5. Applications lllustrating the Role of the Quaternion Normal Distribution in
Hypothesis Testing
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From Theorem 5.2.2 and Lemma A.6.3

E [det (U)"—l}

_exp {Retr(—2Q)}
n QBP(2H1, 2712)

X / det (U)" ™M~ det (T, — U)*™ ™ QF, (2(ny + na); 2n9; 2Q(T, — U)) dU

0<U—Ij/<Ip
_exp {Retr(—29)} < 2(ny + n9))
QB 2”1,2”2 zz:z k" 2%2
X / det (U)" ™M~ det (I, — U)*™ " QC, (2T, — U))dU

0<U=U'<I,

Let T = (I,—U), after applying Lemma A.6.12 to the above expression (using QI', (a, k) =
(a), QI'y (a)), and then simplifying, we obtain

E [det (U)’H}

_exp {Retr 29 } Z Z @F Tl1 + TlQ) )@Fp<2n1 + h — 1)@0}{ (29)

QF 2n1 k'QF n1 + nz) +h— 1, KZ)

From Lemma A.6.1 it follows that

Qr, (2ny +h —1) —wppl L(2ny +h—1—2(a—1))

QT (2 (ny +ng) +h — 1, k) =7PP~Y 2(ny +ng) +h—1+ky—2(a—1)).

i zﬁ I zﬁ

Therefore the pdf of A = det(U) is uniquely determined by the inverse Mellin transform
as given in Mathai (1993, Definition 1.8, p23) [25] (see Appendix A.8). Thus

fa(A)
_exp {Retr(—2Q)} < [p(2(ny 4+ n2),K) 0 ap,...,a,
= Cy (292) GPol A
QF 2%1 %;@ k! PP bl,...7bp

where aq, =2(n1+n2 —a)+ ko +1, a=1,...;,pand b, =2n; —2a+ 1, a =1,...,p,
and where G(-) denotes Meijer’s G-function as given in Appendix A.8.

Chapter 5. Applications lllustrating the Role of the Quaternion Normal Distribution in
Hypothesis Testing
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If 2 = 0, using Theorem 5.2.1 the distribution of Wilks’s statistic, under the null
hypothesis, is given by
ai,...,Aqp
bi,...,bp

where a, = 2(n1+ns —a)+ 1, a=1,...,pand b, =2n; —2a+ 1, a=1,...,p.

~QT(2(n1 +12)) 0
f/\ (A) - Qrp(2n1> Gp,p <>\

Remark 5.2.3. Hotelling’s T statistic is given by 7% = nY’A~'Y where Y ~ QN(p;0,X)
px1

and which is independently distributed of A ~ QW,(%,n). From Theorem A.5.13 this
pXp

is equal to nY3 A;'Y, where Y ~ N(4p;0,%0) (from Definition 3.1.1) and which is
4px1

independently distributed of Ay ~ Wy, (X, n) (from Theorem 4.2.1). Once again, this
4px4p

problem reduces to a problem in the real space, and familiar techniques and inference

procedures in the real distribution theory may be applied.

5.3 Summary

In this chapter we saw that a quaternion hypothesis reduces to a real hypothesis and
that one may either conduct the testing procedure by working with the quaternion
quantities directly, or conduct the testing procedure by working with the real associated
counterparts thereof; yielding similar results in either case.

In the final section the central and non-central quaternion matrix-variate beta type
I distributions were explored in order to assist in the derivation of the pdf for Wilks’s

statistic in the quaternion space.

Chapter 5. Applications lllustrating the Role of the Quaternion Normal Distribution in
Hypothesis Testing



UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

<+
ﬁ UNIVERSITEIT VAN PRETORIA
A~ 4

Chapter 6
Conclusions

This final chapter concludes with a summary of the objectives met in this work and

suggests possible avenues for future pursuits.

6.1 Summary of Conclusions

The contributions of several prominent researchers on quaternions in distribution theory
such as the papers of Kabe (1976) [17], (1978) [18] and (1984) [19], Rautenbach (1983)
[28], and Teng and Fang (1997) [31] were highlighted, all of whom made use of the
representation theory.

It was shown how the p-variate quaternion normal distribution, along with its real
associated counterpart, forms the basis from which the quaternion distribution theory
may be further explored. For the first time the quaternion Wishart distribution was
derived from the real associated Wishart via the characteristic function.

Finally, two applications were presented, illustrating the role of the quaternion normal

distribution in hypothesis testing.

6.2 Future Work

The fact that a quaternion pdf may be algebraically equivalent to its real associated pdf

poses interesting possibilities, specifically in the area of computation and simmulation.

29
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Rautenbach (1983) [28] devoted an entire chapter on hypothesis testing and inference
procedures in the quaternionic space. Many of these ideas may be expanded to the
matrix-variate cases, i.e. tests involving Wishart matrices.

There appear to be a gap in the literature regarding Bayesian analysis involving
quaternions. The real representation approach may in this case, shed an interesting
light on the relationships between quaternion prior and posterior density functions, and
may lead to new types of loss functions.

The possibilities in applications in quantum mechanics were covered in quite some
detail in Rautenbach (1983) [28], however many other areas, such as quantum finance
(see Baaquie (2004) [2]), and rotational problems within molecular modelling (see Karney
(2007) [20]), may benefit equally well from the subsequent development of the quaternion
distribution theory.

Hopefully this dissertation will stimulate further research in this area. . .

Chapter 6. Conclusions
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Appendix A

Some Useful Mathematical Results

A.1 Introduction

In this Appendix some useful mathematical results are given that are assumed through-
out this work.

In Section A.2 the representation theory is discussed, i.e. the replacement of the ele-
ments of an abstract division algebra by matrices. In order to facilitate the construction
of a representation that maps division algebra elements into matrices, it is necessary to
know when sets of matrices vorm a devision algebra.

After the discussion of some fundemental mathematical concepts it is shown that the
complex (Section A.3), as well as the quaternion numbers (Section A.4), an associative
division algebra over the real number field form. This result is then used to show how
these numbers are represented by matrices with specific structures. Most of the results
in these sections are a summary of that given by Rautenbach (1983) [28].

The algebraic results given in Section A.5 as discussed in Rautenbach (1983) [28] and
are used in the derivation of the p-variate quaternion normal distribution.

Some mathematical functions and polynomials are given in Section A.6 that are
used in the derivation of additional results in the quaternion distribution theory, while
Sections A.7 and A.8 respectively discuss the symmetrised density function (as presented
by Greenacre (1973) [11]), and the Mellin transform along with Meijer’s G-function.
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A.2 Division algebra representation

Definition A.2.1. A ring is a set R with two binary operations, addition and multipli-

cation such that R is closed over them and satisfies:

. (a+b)+c=a+ (b+c)Va,b,ceR.

2.30eR:a+0=04+a=aVacR.

3. Vae RI—aeR:a+ (—a)=0.

4. a+b=b+a Va,b e R.

5. (ab)e = a(bc) Ya,b,c € R.

6. a(b+c) =ab+ ac Va,b,c € R.

7. (a+b)c=ac+ be Va,b,c € R.
(See Rektorys (1969) [30] as cited in Rautenbach (1983) [28].)
Definition A.2.2. A ring R is called commutative if it satisfies:

ab = ba VR
(See Rektorys (1969) [30] as cited in Rautenbach (1983) [28].)
Definition A.2.3. if
dJleR:axl=1xa=aVaeR

then R is called a unit ring (or a ring with identity). (See Rektorys (1969) [30] as cited
in Rautenbach (1983) [28].)

Definition A.2.4. If
Ja'leR:aa'=ata=1,1,aeR

(where 1 is the unit element defined in R), then R is called a division ring. Moreover, if
a division ring is commutative, it is called a field. (See Rektorys (1969) [30] as cited in
Rautenbach (1983) [28].)
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Definition A.2.5. Let S be a set and R a division ring. S is a collective operator
(scalar) of R if:

1. a+b)a=ax+baVa € S,a,b e R.
2. (ab)a = a(ba) = (aa)b Va € S,a,b € R.
(See Rautenbach (1983) [28].)

Definition A.2.6. A division algebra over the field IP is a division ring R, with the field
[P as ring operator. (See Rautenbach (1983) [28].)

Remark A.2.7. 1. The above mentioned definitions follow similarly in the case where
S is a set of scalars of R in such a way that the scalar multiplication is defined

from the left.

2. The set of real numbers R together with the usual operations of addition and
multiplication, and with scalar multiplication, forms a division algebra over the

field of real numbers.

3. The set of n x n matrices with real entries, M,(R), forms a non-commutative divi-
sion ring, with the usual matrix addition and multiplication. This set furthermore

forms a division algebra over R.

Definition A.2.8. Let D and D* be two division algebras over R, the field of real

numbers. A function f: D — D* is then called a homomorphism if:
1. fl(a+b)= f(a)+ f(b) Ya,b e R.
2. f(ab) = f(a)f(b) Va,b € R.
3. f(aa) = f(a)a Yo € R, Va € R.
(See van der Wearden (1950) [32] as cited in Rautenbach (1983) [28].)
Definition A.2.9. A Homomorphism f: D — D* is a monomorphism if:
f(@) # f(b) = a b,

(See Rautenbach (1983) [28].)
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Definition A.2.10. A homomorphism f: D — D* is a epimorphism if:
Jda*e DN aeD: fla) =a"
(See Rautenbach (1983) [28].)

Definition A.2.11. A homomorphism f : D — D* which is both a monomorphism
and a epimorphism, is called an isomorphism. If there exists an isomorphism from D
unto D* then it is said that D and D* are isomorphic and is denoted by D ~ D*. (See
Rautenbach (1983) [28].)

Definition A.2.12. Let G be a arbitrary division algebra over a field of all real numbers
and M,(R) a matrix division algebra over a field of real numbers. A homomorphism
f: G — M,(R) is called a representation of G. (See Rautenbach (1983) [28].)

Definition A.2.13. A representation which is an isomorphism, is called a faithful rep-
resentation. (See Rautenbach (1983) [28].)

Remark A.2.14. Hence, a faithful representation of G replaces the elements of G with
n X n matrices, and the operations with matrix operations. It can therefore be thought of
as a type of function between a particular division algebra, and a matrix division algebra.
The main advantage of representations lie in the fact that operations with matrices can
casily be carried out. (See Rautenbach (1983) [28].)

A.3 Complex numbers

In this section it is shown that every complex number can be represented by a 2 x 2

matrix with a specific structure.
Definition A.3.1. The set C of complex numbers consists of elements of the form:
c=a+1b

where a,b € R and 2 = —1. a and b are called the real and imaginary parts, of the
complex number ¢, respectively. (See Rektorys (1969) [30] as cited in Rautenbach (1983)
[28].)
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Theorem A.3.2. Let
C ={a+ibla,b € R}

and let the operations be defined as:
1. (a+1ib) + (c+id) = (a+c)+i(b+d) Va,b,c,d € R.
2. (a+1b)(c+id) = (ac — bd) +i(bc + ad) Va,b,c,d € R.
3. [(a+1ib) + (¢ +id)]a = (a +ib)a + (¢ + id)a Va,b,c,d € R, Yo € R.
4.

[(a +1b)

(a+1b)|

=[(a + ib)a](c + id)
Va,b,c,d € R, Va € R.

¢+ id)]a

(
(

c+id)a]

The set C together with these operations form a division algebra over the field of real
numbers. (See Rautenbach (1983) [28].)

Proof. Let a+ib,c+id,e +if € C, then it follows that:
1. (a+ib)+ (c+id) =a+c+i(b+d) € C.
2. (a+1ib)(c +id) = ac — bd + i(bc + ad) € C.
3. [(a+1ib)+ (c+id)] 4+ (e+if) = (a+ib) + [(c+id) + (e +if)].
4. 30+i0 € C: (a+1ib) + (0+140) = (04 1:0) + (a + ib) = a + ib.
5. Va+ibe CIl —a+i(—b) € C: (a+ib) + (—a+i(—=b)) = 0+ i0.
6. (a+ib) + (c+id) = (c +1id) + (a -+ ib).
7. [(a +b)(c +id)|(e + if) = (a+ ib)[(c + id)(e + if)].

8. (a+ib)[(c+id) + (e+if)] = (a+ib)(c+id) + (a +ib)(e +if).
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9. [(a+1ib)+ (c+id)](e+if) = (a+ib)(e +if) + (c+id)(e +if).
10. 311440 € C: (a+ib)(1+i0) = (1 +i0)(a +ib) = (a + ib) Ya +ib € C.

11. Ve = a +ib € CH! ;;j;g € C, such that:

. (a—1b)
(a4 ib) s
_ (a—1b)
a2+ b2

=1 +10,

(a +1ib)

where a — b is called the conjugate and is denoted by ¢ = a — b.
12. Va € R it follows that:
[(a+1ib) + (c + id)]a = (a + ib)a + (¢ + id)«
and

[(a + 1ib)
(a+db)|
=[(a + ib)a](c + id).

(c+id)]a
(

¢+ id)al

Theorem A.3.3. Let

MQ(R):{[Z _ab] |a,b€R}

and let the following operations be defined:

a —b ¢ —d at+c —b—d

1. + = Va,b,c,d € R.
b a d c b+d a+c
a —b ¢ —d ac—bd —bc— ad

2. = Va,b,c,d € R.
b a d ¢ bc+ad ac—bd
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Va,b,c,d € R, € R.

The set My(R) together with these operations form a division algebra over the field of
real numbers. (See Rautenbach (1983) [28].)

a —b c —d e —f .
Proof. Let , , € Ms(R), then it follows that:
b a d: c f e
[a —b ] —d —“b—d
1 a i c _ a+c € My(R).
_b a | d c b+d a+tc
-a —b- ¢ —d ac—bd —bc— ad
2. = € My(R).
_b a | d ¢ bc+ad ac—bd
3.
a —b _c —d_ e —
- + d
{[b a _d c _} f e ]
a —b _c —d_ e —
= - - I
[b a {_d ¢ | f e ]}

0 0
4. The set M3(R) has a element [ 0 0 ] such that:

RN R
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5. For each element [ Z ] € My(R) there exists an element [

a
M>5(R) such that:

A e e S A

j B RN
(sl
R
' UG

LG
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10
10. The set My(R) has an element [ 01 ] such that:

o b ][1 0]
_b a_[O I
fro]fa —b]
lo 1]_6 a |
__a b ]
__b a |

—b

11. For each “
b a

e _b
] € M,(R) there exists an element [ “2:Lbb2 “2;”72 ] € My(R)

such that:

b b
a b\ T v |_|ow e | |e b _ |10
b a A e oae | Lb o« 01

12. Va € R it follows that:

s K P 1 T el i

and

]

Remark A.3.4. In a similar fashion as in Theorem A.3.3 it can be shown that the set

M3 (R):
la,b € R
-b a
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together with the operations:

1.
a b N c d B at+c b+d
-b a —d c B -b—d a+c
2.
a b c d B ac —bd ad+ bc
-b a —d c —ad — bc ac — bd
3.
a b [ c d-
+ a
—b a —d a |
a b [ c d-
= o+ o
—b a _—d c |
and

L]

also form a division algebra over the field of real numbers.
Definition A.3.5. Define a mapping f : C — M,(R) as:

—b

a

a
f(a+ib):[b Va+bieC

Theorem A.3.6. f is a faithful representation. (See Rautenbach (1983) [28].)

Proof. 1. The mapping f : C — M,(R) is a homomorphism since:
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I0)

(a)
flla+ib) + (c+id)} =f{(a+c)+i(b+d)}
__a—l—c —-b—d
| b+d a+te
(@ —b [c —d]
= +
_b a d ¢
=f(a+1ib) + f(c+id).
(b)
fla+ib)(c+id)} =f{(ac — bd) + i(bc + ad)}
__ac—bd —bc — ad
__bc—i-ad ac — bd
o b]fb —d
b oa | [d b
=f(a+1b)f(c+id), and
(c)
f{(a+ib)a}
=f(aa + iba)
_-aoz —ba
__ba ax
_-a —b
__b a “
=f(a+ib)o.

This proves that f is a homomorphism.

2. Furthermore f is a monomorphism since if

fla+id) # f(c+id)
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then )
a —b c —d
b a L d <
o b | . |
3. Finally, it follows that for each € M(R) there exists a a +ib € (C)
a
such that: ]
a —b
fla+1b) = [
b a
4. Thus it follows that the mapping f : C — M3(R) is an isomorphism.
5. It can therefore be concluded that f is a faithful representation.
m
Remark A.3.7. 1. Consequently, the representation f now substitutes the elements
of C with 2 x 2 matrices with a specific structure of the form Z a and the
a
operations are substituted by matrix operations. From this it follows that:
, 0 -1
0+:—
and
, 10
140 —
0 1
which is called the base matrices of the complex numbers.
2. In a similar fashion as in Theorem A.3.6 it can be shown that a representation f

can be constructed such that f': C — M,(R) is a faithful representation. Hence,

the representation f’ now substitutes the elements of C with 2 x 2 matrices with

a b
a specific structure, i.e. of the form [ ) ] :
—b «a
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A.4 Quaternions

In this section, a similar approach is followed to that employed in Section A.3 in order to

show how the quaternions may be represented by 4 x 4 matrices with specific structures.
Definition A.4.1. The set Q of quaternions consists of elements of the form:
q:a1+z’a2+ja3—i—ka4

where a1, as, a3, as € R and:

and
ij =k ik =i ki —j
ji=—k b= k=
(See Halberstam and Ingram (1967) [15] as cited in Rautenbach (1983) [28].)

Remark A.4.2. From Definition A.4.1 the following multiplication table can easily be

constructed:

Table A.1: Quaternion multiplication table illustrating the relationships between i, j and k.
1 1 J k
111 4 7 k
1|1 —1 k —j

Theorem A.4.3. Let
Q = {al + iaQ +j&3 + ka4‘a17 a2, a3, Ay S R}

and define the following operations:
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(ay +iag + jas + kay) + (by + by + jbs + kby)
=(a1 +by) +i(az + by) + j(as + bs) + k(as + by)

2.
(CLl + /iCLQ + jCL3 + ka4)(b1 + Zb2 + jbg + kb4)
:(&1171 — Clng — a3b3 — &4[)4) + i(a162 + a261 + G3b4 — a4b3)
+ j(aibs — agby + asby + asbs) + k(a1by 4 asbs — asby + asb)
3.
[(a1 —|— iag —|— ja3 —|— k:a4) + (bl —I— ’ng —|— jbg —|— k?b4)]0[
=(ay + iay + jasz + kag)o + (by + iby + jbs + kby)ax
4.

[(CLl -+ iag + ja3 + ka4)(b1 + sz + jbg -+ kb4)]0&
:(a1 + iag + jag + k:a4)[(b1 + ibg + jb3 + k‘b4)a]

:[(a1 + iCLQ + ja3 -+ kza4)oz](b1 + ’ng + jbg + k)b4)

Yay,as,as, as, by, ba,b3,bs € R and o € R. The set Q together with these operations form
a division algebra over the field of real numbers. (See Rautenbach (1983) [28].)

Proof. Let ay + ias + jas + kay, by + iby + jbs + kby and ¢; +icy + jez + key € Q, then it
follows that:

(a1 + 7:(12 + jCL3 + k:a4) + (bl + lbg + ]b3 -+ kb4)
:(a1 + bl> + i(az + bz) + j((lg + bg) + k(a4 + b4) € Q.

Appendix A. Some Useful Mathematical Results



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Qe YUNIBESITHI YA PRETORIA

A.4. Quaternions 79

(a1 +iag + jas + kaq)(by + iby + jbs + kby)
:(a1b1 — a/2b2 — (l3b3 — a4b4) + i(ale + a261 + agb4 — a4b3)
+ j(a1b3 — agb4 + &3[)1 + CL4b2) + k(a1b4 + a2b3 — agbg -+ a4b1) < Q

[(a1 + iag + ja3 + k&4) + (bl + ZbQ + jbg + kb4)] + (Cl + iCQ + ng + kC4)
=(ay + iay + jaz + kay) + [(by + iby + jbs + kby) + (c1 + ica + jes + keq)).

4. The set Q has an element 0 + 0 4+ 70 4 kO such that:

(a1 + ia2 —|—ja3 + ka4) + (O + 10 +]0 + k’O)
=(0+140+ jO + kO) + (a1 +ias + jaz + kaa)
:(Cbl + iaz + jag + ka4).

5. For every aj +ias+ jaz + kay € Q there exists an element —ay +1i(—ag) + j(—a3) +
k(—a4) € Q such that:

(a1 -+ iCLQ +ja3 + ka4) + (—a1 + i(—ag) +j(—a3) + k(—a4))
=0 + 10 + jO + k0.

(a1 +iag + jas + kag) + (b1 + by + jbs + kby)
:(bl + ’LbQ + jb3 + kb4) + (a1 + iag + jCLg + k:a4).

[(CLl -+ iGQ + ja3 —+ ka4)(b1 + sz + jbg -+ kb4)](01 + iCQ + ng -+ /{304)
:(a1 + ia2 + jCLg + k:a4)[(b1 + Zbg + ]bg + kb4)(01 + iCQ + ng + kC4)].
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(a1 =+ ’iag —|— j(l3 + ka4)[(b1 + Zbg + ]bg + kb4) + (Cl + iCQ —f- ng + k?C4)]
:(a1 + iCLQ + ja3 + ka4)(b1 + Zb2 + jbg + kb4)
+ (al + iag +j(13 + ka4)(61 + ng + jC3 + k’C4).

[((Zl -+ iaz + jCLg -+ kCL4) + (b1 -+ ZbQ + jbg -+ kb4)](01 —+ iCQ + ng -+ kC4)
:((Il + iag + jCLg + ka4)(01 + iCz + jC3 + k‘C4)
+ (bl + Zbg + jbg + kb4)(01 + iCQ + ng + ]{ZC4).

10. The set Q has an element 1 + 70 + 50 + kO such that:

((Il + iag +jCL3 + ka4)(1 + 20 +j0 + k‘O)
:(1 + ZO + jO + k:O)(a1 + iag —+ jag + k(l4)
=ay + tas + jaz + kay Ya, + 1as + jas + kay € @

11. For every q = a1 + tas + jas + kas € Q there exists an element
€Q

ay — iag — ja,3 — k:a4

2 2 2 2
aj + a3 + a3+ aj

such that:
((1,1 — iaz — ja3 — ka4)

ay +iay + jas + ka
(@1 + iz o+ Kes) = o e

(a1 —iag—jag—ka) . .
= a1 + tas + jaz + ka
Erdrdra @ T it et k)

=140+ jO+ kO

where a1 —iay — jaz — kay is called the conjugate and is denoted by ¢ = ay — ias —

jCL3 — ka4.
12. For every a € R it follows that:

(a1 +ias + jas + kag) + (by + iby + jbs + kby)|a
:((11 + iag + jCLg + ka4)a + (bl + ’ibz + jbg + k‘b4)Oé
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and
[(al + iag -+ ja3 + ka4)(bl + ZbQ + jbg + kb4)]0&
=(a1 +iay + jaz + kay)[(by + iby + jbs + kbs)a]
:[(a1 + ia2 + ja3 + kCL4)O&](b1 + ZbQ + jbg + ]{31)4)
O

Theorem A.4.4. Let

My(R) =

a3

Qy

and define the following operations:

1.

a; + by
as + by
as + bs
ay + by

a;y —a2 —a3z —a4

a9 aq —ay as

as Qg aq —Qa9

ay —ag a2 451
a1b1 — asbs — azbs — agby
azb1 + a1bz — asbs + azby

a3bi + asba + a1b3z — a2bs
asby — azbz + az2b3 + a1by

ay —das
a9 aq
az a4

g —as

—Qag —a3 —ay
“ — s ai, as, as, a4 S R
Q4 ap —ag
—a3 a2 a1
—as —ay b1 —bg —b3 —b4
—ay ag N by by —bys b3
ap  —ag by b4 by —by
Q2 ai by —bs by by
—ay —by —az—by —ag—by
a; + bl —ay4 — b4 as + b3
ag + b4 a + b1 —Q9 — bg
—as — bg as + bg a; + bl
by —by —bs —by
by by —by b3
bs by by —by
by —bs by by

—a1b2 — a2by — azbs + asbs
—a2bs + a1b1 — agbs — asbs
—agba + asb1 + a1bs + a2b3
—agby — azby + a2b4 — a1bs

—a1b3 + a2bs — azby — asbs
—a2bz — a1by — asb1 + aszbs
—azbz — agby + a1b1 — azbs
—agqb3 + azbs + a2b1 + a1b

—a1bsy — a2b3z + azba — asby
—azbs + a1bz + asba + azby
—a3zbg + agbs — arba2 — a2by

—agbs — azbz — azb2 + a1by

Appendix A. Some Useful Mathematical Results



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

&
e
<

A.4. Quaternions 82

3.
( ay —Gz —az —a4 by —by —b3 —by
a9 aq —y as 1 bg bl —b4 bg o
as a4 ap —az by by by —bs
L as —asg a9 aq b4 —bg bg bl
[ ap —Q9 —Aaz —a4 b1 —bg —b3 —b4
_ (05} aq —Qay as ot bg bl —b4 b3 o
as Q4 ap —az by by by —by
L ay, —as a9 aq b4 —bg bQ b1
4.
( ay —Qag —az —a4 1 b1 _b2 —bg —b4 i
az a1 —a4 a3 by by —bs b3 o
as ay aq —a9 b3 b4 bl —bg
L L @4 —G3 Q2 ar | by —bz by by i
[ ay —az —az —a4 by —by —b3 —by 1 )
. a9 ay —Qy as b2 b1 —b4 b3 o
B as ay ap —da9 b3 b4 bl —bg
| G4 —G3 Q2 ai by —bs by by 1 )
( a; —Qag —az —Qa4 1 bl —b2 —bg —b4 1
- (05} aq —ay as bg bl —b4 b3
N as Qa4 ap —az by by by —by
L as —das a9 aq ] b4 —bg bg b1 i

Vay,as, as, aq,by,be,b3,by € R and a € R. The set M4(R), together with these operations,

form a division algebra over the field of real numbers. (See Rautenbach (1983) [28].)

ay —az —az —a4 b1 —b2 —b3 —b4
— by by —by b
Proof. Let A = 2 o s , B = 2 R and
as ay aq —as bg b4 bl —bQ
aqg —az a2 ay by —bz by by
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Ci —Cp —C3 —C

Ca €1 —C C3
C3 Cy C1 —C2

€4 —C3 C2 &

a; + by
as + by
as + bs
a4+ by

AB

a1b; — agbs — azbs — aqby
azb1 + a1bs — agbs + azby
azbi + aabs + a1b3 — azbs
asbr — azba + asbs + a1bs

€ My(R).

—ay — by
a + bl
a4 + by

—az — b3

—asz — b3
—@y — by
ai + by
as + by

—a1bs — a2by — azbg + agbs

—agbz + a1by — agby — azbs
—azbz + asgby + a1by + a2b3
—agba — azb1 + az2b4 —a1bs

{A+B}+C=A+{B+C}.

€ My(R). Then it follows that:

—Qy4 — b4
as + bg
—ag — bQ

CL1+b1

€ My(R).

—a1b3 + asby — azby — agbs

—a2bz — a1by — aqb1 + azbs

—a3zbz — agbs + a1b1 — az2bs
—agb3 + azbs + a2b1 + a1bs

—a1bg — agb3z + azba — agby
—a2bg + a1b3 + aqb2 + azby
—a3zbs + agbz — arba — a2by

—agby — azbz — azb2 + a1by
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4. The set My(R) contains an element

ax
a2
a3

Qg

3]

5. For every element
as

aq

a

Qy

o O O O
o O O O

a1
Qg

a1

a2

o O O O

ai

as

o O O O
o O O O

a3

ay

as

ai

0 0
0 0
such that:

0 0
0 0

000 0]

00 00O
_I_

00 00O

00 0 0]
—Q9 —das —(14_
a1 —a4 as
ay aq —a9
—das (05} aq i

€ My(R) there exists an element in

Appendix A. Some Useful Mathematical Results



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Qe YUNIBESITHI YA PRETORIA

A.4. Quaternions 85
—ap a2 as <z
—a —a Q —aQ
M, (R) namely ? b ? | such that:
—a3 —a4 —Qq (05}
—Q4 a3 —0A2 —a
[ —Qaq a9 as ay a; —Qg9 —az —Qy |
—ay —Q Qg —as i Qo aq —Aay as
—Qa3 —a4 —Qp (05} as Q4 aq —as
L —Qy as —Q2 —aip ay —as a9 aq i
[ a; —ag —az3 —a4 —aq (05} as ay
a a —aQ a —a —a Qa —a
_ 2 1 4 3 + 2 1 4 3
as ay aq —Q2 —az —a4 —a a9
L ay, —as (05} aq —Aay as —Qa2 —Q i
(0000
o000
0000
(0000
6.
A+B=B+A.
7.
{AB}C = A {BC}.
8.
A{B+C)=AB+AC.
9.

{A +B}C=AC +BC.
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10. The set My(R) contains an element namely

- ay; —as
as ap
as Q4

| A4 —a3

100

o 10
oo 1

1000

a; —az
e @
B as Q4

| @4 —as

ay —Aag —az —a4

2 a —a4 ag
11. For each

az Q4 ay —ag

as —as a9 aq

1

(af + a3 + a3 + af)

1 0 00
01 00
such that:
0 010
0 0 01
—ay —ay 100 0]
—ay as 01 00
ay —as 0 010
az  ay 000 1]
0 a; —Qy —ag —day ]
0 a2 a1 —a4 as
0 as Q4 ay —asg
1 as —as Qg ap |
—asz —aq
—ay as
aq —a9
a9 aq

€ M, (R) there exists an element

a1 az as aq
—Q2 g —as
€ My(R)
—az —aq4 ap a2

—a4 Q3 —A2 a1
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such that:
a1 —as —a3 —ay4 a1 a2 as Q4
a9 aq —Qy as 1 —Q2 aq ay —as
2 2 2 2
as ar a1 —ay | (@tagta3+ai) | —a3 —as ar  as
aqs —as (05} aq —ay as —a9 aq
aq (05} as Qy a; —Qg —az —Qa4
B 1 —ay 4 ay —as as ap —a4 a3
(a%+a%+a§+ai) —az —a4 a1 asg as a4 ap —ap
—y as —a9 aq as —das a9 aq
1 000
B 01 00
0010
0001
12. Vo € R it follows that:
{A+B}a=Aa+ Ba
and
{AB}a =A {Ba}
={Aa}B.
]
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Remark A.4.5. In a similar fashion as in Theorem A.4.4 it can be shown that the sets

(¢ I 7 )
a1 a2 a3 7

—as aq —ay as

1
M;(R) = ai,az, a3, a4 €R
—a3 Q4 a; —as
L L —a4 —as a2 arp | )
( [ 3\
ai —Qg —az Q4
a9 aq —as —asg
2
M4<R) = ai,a2,a3, 04 ER
a3 (2] a a2
(L —@4 a3 —G2 a1 | )
( [ 3\
ap —as az —a4

a9 ay ay as
3 —
M4<R) - Gy, az, a3, a4 GR

—as —a4 az

(L 4 —az —az2 ai )
( [ ] A
ai as —asz —a4
—Q2 g —as
4
M4<R) = ai, Gz, a3, a4 GR
a3 —aq4 ap —a2

(L a4 as a2 arp | )

together with the appropriate addition, multiplication and scalar multiplication opera-
tors, all form division algebras over the field of real numbers. (See Rautenbach (1983)
[28].)
Definition A.4.6. Define a mapping f : Q — My(R) as:
a1 —Q9 —AaAz —a4
as a  —ay a
f(a1 + tay + jag + ka4) = 2 ! : 3 , VYa, + tas + Jjas + kay € Q
as a4 aq —Q2
ay, —as a9 aq
(See Rautenbach (1983) [28].)
Theorem A.4.7. f is a faithful representation. (See Rautenbach (1983) [28].)

Proof. 1. The mapping f : Q — My(R) is a homomorphism since:
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(a)

[ A(ar +dag + jas + kay) + (by + by + jbs + kby) }
:f {(CLl + bl) + i(GQ + bg) +j(a3 + b3) + k(a4 + b4)}

[ a; + b, —(ag + by)
as + by a; + by
as +bs a4+ by
as+by —(az+ b3)

a1 —Qz —az —a4
- (05} aq —ay as
B as ay aq —a9

ay —ag Qg ay

=f(a; +ias + jas + kay) +

f {(CLl —+ iag +jCL3 -+ ka4)(b1 -+ Zbg -+

a1by — agby — agbs — agby
azby + ai1by — agbz + agby
azby + agba + a1bz — azby
agby — azba + azbz + a1by

a; —Qg —az —Qy bl —bg
e a —as oay by by
Clas a4 —ag bz by

ay —ag a2 ay by —b3

=f(a1 +iay + jas + kay) f(by + iby +

—a1bz — azby — agby + aybs
—agbs + aiby — agbs — azby
—agbz + agbi + a1bs + agbs
—agbz —agby + azby —aybs

—(CL3 + b3) —(CL4 + b4)

—(as +bs)  az+bs
a;+b; —(az + bo)
as + by ay + by
by —by —b3 —by
N by by —by b3
bs by by —by
by —bz by b

F(by + by + jbs + kby).

gbs + kby)}

—a1bz + agby — agby — agbs
—agbg —a1bsg — asbi + agzba
—agbz —agbg + a1by — azby
—aqbz + agbg + azby + a1bz

—bs —by
—by b3

by —b,
by b
jbs + kby)

—aibg —azbz + azbzy — asby
—agby + a1bz + agbs + azby
—azby + agbz — a1by — azby
—agqby — agbz — azbz + a1by
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(c)

f(ay +ias + jas + kay)a}

a1 —ax —asztx —agt
Ao X a1 —ay as
asx (07N e% ajx — Qo

a4 —asc Ao (X a1

ay —a2 —a3 —a4
a9 aq —ay as

asz Qq ay —ag

a4y —az G2 a

=f(ay + tas + jasz + kay)ov.
2. f is a monomorphism since if

f(a1 + iCLQ + jCL3 + k’(l4) 7A f(bl + Zb2 + jbg + kb4)

then it follows that

ap —Qy —a3 —Qa by —by —b3 —by
as a; —a4 Q3 by by —by b3
as Q4 a;  —as 7 by by by —by
as —as Az G by —bs by b

3. Finally, it follows that

ay —Gz —az —a4
a9 aq —Qay as
€ My(R)

asz Qq4 a; —as

ay —ag a2 ai

there exists a

(a1 + iag + ja3 + ka4) € Q

Appendix A. Some Useful Mathematical Results



UNIVERSITY OF PRETORIA

<+
ﬁ UNIVERSITEIT VAN PRETORIA
A~ 4

YUNIBESITHI YA PRETORIA

A.5. Algebraic results for quaternions 91
such that
a; —Q9 —aAz —ay
. ‘ ax a; —ay a
flay +iaz + jaz + kag) = o v
as ay aq —as
a4y —as Qg ai
4. Thus it follows that the mapping f : Q — My(R) is an isomorphism.
5. It can therefore be concluded that f is a faithful representation.
m

Remark A.4.8. 1. Consequently, the mapping f : Q — M,(R) now substitutes the ele-

a; —ag —das

ai —ayq

ments of Q with 4 x4 matrices with specific structures of the form

and the operations are substituted by matrix operations.

2. In a similar fashion as in Theorem A.4.7 it can be shown that the four structures
of M} (R), MZ(R), M3(R) and M} (R, given in Remark A.4.5, may also be used to

construct faithful representations.

A.5 Algebraic results for quaternions

In this section some useful algebraic results are given to aid in the construction and

development of the quaternion distribution theory.
Definition A.5.1. Let

A1st —Aast —A3st
A2t Qs —Q4st

R
Axdg A3st Qyst A1st

Aqst  —A3st A2t

and

—A4st

A3t

—Q2s¢

Q1st

az Qg a

as —as (05}

Qst = Qist + 1Qos + Jazst + KQast Va1, Qost, A3st, Qasr € R
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Now define the real matrix R and the quaternion matrix Q respectively to be:

4px4p pXPp
4p];:<{4p N [RSt]
and
Q = [QSt] .
pPXp

Theorem A.5.2. Let
M4P(R) = { R |Rst S M4(]R), S,t = 1, ce ,p}
Apx4p
and let the following operations be defined:
1. Ry + Ry € My,(R) VR, Ry € My,(R).
2. RiR, € M4p(R) VRl,RQ € M4P(R)
3. {Rl + RQ} a = Rloz + RQCM VRl, R2 € M4P(R), a € R.
4.
{RlRQ} « :R1 {RQO[}
= {Rla} R2 VRl, R2 € M4P(R), a € R.
The set My,(R) together with these operations form a division algebra over the field of
real numbers. (See Rautenbach (1983) [28].)

Proof. The proof is analogous to that given in Theorem A.4.4. O

Theorem A.5.3. Let

MP<@>:{Q|q8te@7s7t:17'”7p}

pXp

and let the following operations be defined:
1. Q1+ Q2 € My(Q) VQu, Q2 € My(Q).
2. Qi1Qz € My(Q) VQ1, Q2 € My(Q).
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3 Q1+ Qo) a = Qia+ Qua VQ1,Qz € M,(Q),a € R.
/.

{Q1Q2} a =Q; {Qqa}
={Qia} Q2 VQ1,Qz € M,(Q), € R.

The set M,(Q) together with these operations form a division algebra over the field of
real numbers. (See Rautenbach (1983) [28].)

Proof. The proof is analogous to that given in Theorem A.4.3. [

Definition A.5.4. Define the mapping f : My,(R) — M,(Q) as:

f (4p1}4p) - Q VR € M4p(R)7 Q € Q

pXp

Theorem A.5.5. f is a faithful representation. (See Rautenbach (1983) [28].)
Proof. The proof is analogous to that given in Theorem A.4.7. [

Remark A.5.6. 1. If R € M,(R)and f(R) = Q € M,(Q) then it will be indicated

4px4p
as

R~ Q.

2. A matrix is called a quaternion Hermitian matrix if:

(See Rautenbach (1983) [28].)

Theorem A.5.7. Suppose 4R4 € My[R), Q € My(Q) and R ~ Q. Then R is
px3p pXp
symmetric if and only if Q is a quaternion Hermitian matriz. (See Rautenbach and

Rouz (1983) [28].)

Proof. 1. First, suppose that R is symmetric. It follows that:
4px4p

R =R/

[rst] = [Tts]
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Qst =15t + 1Q2s + Ja3st + Kaas

=Q1ts — iaQts - ja3ts - ka4ts
=15 + 1025 + JA31s + KQags
=(st-

Thus it follows that:

Q=qQ.
2. Conversely, if Q = Q' then it follows that:

Theorem A.5.8. Suppose 4R4 € My (R)
P X4p
orthogonal if and only if Q is symplectic. (See Rautenbach and Roux (1983) [28].)

(st = Q1st + ia2st + ja?)st + ka4st

and

Qts = Q1ps — 1Qots — JA3ts — Kagys

Consequently, it follows that a1y = s, Aot = —Qots, A3 = —a3p5, aNd Aggr =

—ays. from which it finally follows that

R=R"

pXp

Proof. 1. First, suppose that R is orthogonal such that:
4px4p

R' =R,
thus

[ree) = [r'] .
It consequently follows that:

Q1st :a‘it

(ger = — a3

a3st = — a?f

(get = — af

Appendix A. Some Useful Mathematical Results

., Q € M,(Q) and R ~ Q. Then R is



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Qe YUNIBESITHI YA PRETORIA

A.5. Algebraic results for quaternions 95

such that

(0] = [ai" + a3’ + ja’ + kai]
= [a14s — a5 — Jags — kays)
= [G1s]
= (2]
5. QT =Q,
i.e. Q is symplectic.

2. Conversely, suppose that Q 1is symplectic. Then it follows in exactly the same
pXp
way, as shown above, that R is orthogonal.

]

Theorem A.5.9. Suppose 4R4 € MyR), Q € M,(Q) and R ~ Q. Then R s
pX4p

pXp
nonsingular with inverse
4;7];:3’4;)_1 - [T.St]
at —adt —af —af
at ait —aft  af
B afé  afl  aff —ad
aif —aft i af

iof and only if Q is nonsingular with inverse

Q -1 _ [QSt]

pxp

= [a}' +ia3’ + jai + kai'] .
(See Rautenbach and Rouz (1985) [29].)

Proof. 1. First, suppose that Q is nonsingular with inverse
pXp

Q -1 _ [QSt] c Mp(@)

pXp
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such that

QQ_l = Ip'
Since there exists a faithful representation between M,(Q) and M,,(R) in such a
way that there exists R™' € M,,(R) it follows that

Q—l ~ R—l

and hence
RR ' =1,

Thus, R is nonsingular with inverse

aft —ayt —af —af
-1 as’  ait  —af a§t
Apx4p agt ait ait _agt
ait —aft aft  aff

2. Conversely, suppose that R is nonsingular with inverse as defined above. In exactly

the same way as shown above, there exists a Q! such that
QQ ' =1,
m

Theorem A.5.10. Let Q with quaternion entries. If the p quaternion eigenvectors of

pXp
Q are all distinct, then there exists a matriz U with quaternion entries such that
pXp
Q= UE,\qU*1
where
E,, = diag ()\ql, e )\qp)
with Ay, (s =1,...,p) the quaternion characteristic root of Q.
Proof. See Mehta (1967) [26] for a proof of this. O
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Theorem A.5.11. Let Q, with quaternion entries, be a Hermitian matriz. Then there
pXPp
exists a symplectic matriz H such that:

Q =HD,H!
=HD,H’
where
D, = diag (A1,..., )
with

As = M\pr +i0+j0+k0,s=1,....p

the real characteristic roots of Q.
Proof. See Mehta (1967) [26] for a proof of this. O

Theorem A.5.12. Suppose 4R4 € My(R), Q € M,(Q) and R ~ Q. IfR is symmet-
px2p 287
ric, then

det R = (det Q)* .

(See Rautenbach and Rouz (1985) [29].)

Proof. From Theorem A.5.7 it follows that if R is symmetric, then Q is a quaternion
Hermitian. From Theorem A.5.11 it follows that there exists a symplectic matrix, H
such that

Q=HD,H

with D) a diagonal matrix with elements equal to the characteristic roots of Q. Now

suppose that 41\/[4 € My,(R) is an orthogonal matrix such that M ~ H (see Theorem
pxdp

A5.8). Let Rp € My,(R) be such that Rp ~ D). Then it follows that

4px4p
Q =HD, |’
~MRpM’
=R.
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The matrix Rp is given by:

(AR 0O 0 0 O 0 0 0 ]
Mr 00 o 0 0 0
0 Mr O 0 0 0 0
0 0 M\r 0O 0 0 0
Rp =
4pxdp
0O 0 0 0 AMr 0
0O 0 0 0 0 Mr
o 0 0 0 0 0 Mr O
0 0 0 0 0 0 0 Mg |

It now follows that

det R =det (MRpM')
=det Rp, since M is orthogonal
Ase 0 0 0

p
0 A 0 0
= H det R
0 0 Xr O
0 0 0 A

p
=T])" A =Ar+i0+ 50+ k0

]

Theorem A.5.13. Let ¢, = [b11, D21, b31, bats - - -, bip, bap, b3y, bay]” and q =la,. .. L q)

4px1 px1
with qs = bis 4 ibgs + jbss + kbas, s = 1,...,p. Suppose R € My,(R), Q € M,(Q) and
4px4p pXp
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R ~ Q. Let R be symmetric, such that Q is quaternion Hermitian. It now follows that

4,Rg, = 7Qq
(See Rautenbach and Rouzx (1985) [29].)

Proof. 1t is clear that

Q1st —QA2st —A3st —Q4st bu
P as ap ay as b 2
/ st st —W4st st t
QORQO = E [bsla bs27 bs37 bs4]
st=1 azst  Qqst Aist  —Q2st be3
Q4gst —0A3st  Q2st Qs bia

P
= Z [a1st (Ds1be1 + bsabio + bs3bis + bsabrs)

s,t=1

+ agst (bsaben — bs1bio + bsabis — bssbra)

+ asst (Ds3ber — bsabro — bs1bp3 + bsabra)

+ayst (bsaby + bs3bia — bsabrs — bs1bra)] - (A5.1)
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It also follows that

qs9stqt

ST}
o
S

I
(]

w0
T~

Il

—_

]~

w0
T~

Il

—_

NE

[a1st (bs1De1 + Dsabia + bs3bis + bsabra)

w0
Il
MR

*
+ agst (bsaber — bs1bio + bsabis — bszbrs)
+ agst (bsabar — bsabio — bs1bys + bsabrs)

+ayst (bsabrr + bssbra — bsabis — bs1bia)]
P

+i Z [a’lst (_bSthl + bslth + bs4bt3 - bsSbt4)

s,t=1

+ agst (bs1ber + bsaba — bs3bis — bsabrs)

(b
+ agst (bsaber + bs3bio + bsabig + bs1bra)
+ayst (—bsabin + bsabro — bs1beg + bsobiy)]
P
+7J Z [@1st (—bs3bir — Dsabia + bs1bis + bsabrs)

s,t=1
+ agst (—bsabir + bszbio + bsabrs — bs1br4)
+ agst (bs1br — bsabio + bssbis — bsabrs)
+ayst (bsabi + bs1bio + bsabrs + bs3bia)]
P
+k Z [a1st (—bsabir + bszbia — bsabys + bs1b14)

s,t=1
+ aggt (bsaber + bsabia + bs1bis + byabya)
+ agst (—bsabi — bs1bo + bsabig + bs3brs)
+ayst (bs1bi + bsabia — bssbig + bsabra)] .

(bs1 — ibsa — Jbss — kbsa) (15t + 1a2st + Jjasst + kaast) (b + ibeo + jbis + kbyy)

Appendix A. Some Useful Mathematical Results



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Qe YUNIBESITHI YA PRETORIA

A.5. Algebraic results for quaternions 101

Given that R is symmetric, it follows that

A1st =0A1ts

Aost = — Q2ts
A3st = — A3¢s
Q4st = — Q4ts

from which it follows that
p
7Qq = Z [a1t (bs1be1 + bsabia + by3byz + Dsabra)
s,t=1

+ agst (bsabir — bs1bio + bsabis — bsgbra)
+ agst (bsgbir — bsabro — bs1bys + bsabrs)
+ayst (bsabi + bszbia — bsabis — bs1bea)] - (A5.2)

From (A.5.1) and (A.5.2) the required result follows. O

Corollary A.5.14. Let R be a symmetric matriz with elements [Rgy| where

A1st 25t A3st A4t
—Q2st Q1st —Q4s¢ A3t
Rst =

—A3st A4t Q1st —Aast

TQ4st —A3st  A2st A1st
then it follows that
4,Rq, = 4Qq
(See Rautenbach (1983) [28].)

Proof. The proof is analygous to that given in Theorem A.5.13. m

Corollary A.5.15. Suppose 4R4 € My(R), Q € My(Q) and R ~ Q. Then R is
Px2p 287
symmetric positive definite if and only if Q is a positive definite quaternion Hermitian

matriz. (See Rautenbach and Rouzx (1985) [29].)
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Proof. 1. First suppose that R is symmetric positive definite. Then it follows that

q,Rq, >0V q, #0,

4px1
and hence it follows from Theorem A.5.13 that
7Qq >0V q #0.
px1

If R is symmetric = Q is quaternion Hermitian such that if R is symmetric positive

definite = Q is positive definite quaternion Hermitian.

2. The converse follows in a similar fashion.

]
aq —Qag —Aas ay aq —Q2 as —Qy
. a2 ap  —a4 —a3 a2 ai Gy as
Remark A.5.16. 1. Matrices of the form ,
as Gy ai Qg —a3 —a4 @ Qg
—ay as —as aq Qy —Qa3 —dag aq
ay a9 —Qa3 —ay
—Qaz as —as . . .
and do not have the properties given in Theorem A.5.13
az —a4 a1 —a2

Ay as az a1
and Corollary A.5.14, however, all the other properties discussed in this section,

apply to them as well.

2. For the purposes of this discussion, the matrices that are most frequently used are:

a; —Aag —Aaz —Qa4
a9 aq —ay as
(a) , and

as a4 ay  —az

aqg —az a2 ai
aq (05} as Qy

—Q2 aq —Qy as

—as Q4 a —ag

—Q4 —az Az a1
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A.6 Functions and polynomials for quaternions

A number of scattered results that are frequently used are briefly presented below.

Lemma A.6.1. The quaternion multivariate gamma function is defined by

Qr,(a) = / det (A)* 2P D etr(—A)dA
A=A’>0
=" V[T (a—2(@—1)), Re(a)>2(p—1), (A.6.1)

and QT'y(a, k) = (a).QI'y(a) is the quaternion generalised multivariate gamma function

of weight k, where the quaternion generalized hypergeometric coefficient (a), is defined

by
H 2(a = 1)),

where (a), = ala+1)---(a —2a + 2),a = 1,2,... with (a)g = 1. (See Gross and
Richards, (1987) [12].)

Lemma A.6.2. The quaternion multivariate beta function is given by

QB,(a,b) = / det (A)* 2P D71 got (I, — A)P 27D A
0<A=A'<I,
:QFp(a)@Fp(b)

QI'y(a+1b)

(See Kabe (1984, equations 58 and 59) [19].)

=QB,(b,a), Re(a,b)>2(p—1).

Lemma A.6.3. The quaternion generalized hypergeometric function with one matriz

argument is defined by

QF(ay, ..., a.;01,...,b ZZ )s QC(A >, (A.6.2)

k=0 & SH k'

where ao, a = 1,...,7, bg, B = 1,...,5 are arbitrary quaternion numbers, A is a
PXp

quaternion Hermitian matriz, QC.(A) is the zonal polynomial of the quaternion Her-

mitian matric A corresponding to the partition k = (ki,..., k), kv > ... > k, > 0,
pPXp
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ki+...+k, =k and > denotes summation over all partitions k. Conditions for con-

vergence of the series are available in the literature, see Gross and Richards (1987) [12],

and Li and Xue (2009) [23].

From (A.6.2) the following special cases follow:
0QFo(a; A) = etr(A) (A.6.3)
and

1QFp(a; A) =) > % =det (I, — A)™*, |A|| <1 (A.6.4)

k=0 =k

For properties and further results on these functions, as well as their proofs the reader
is referred to Gross and Richards (1987) [12] and Li and Xue (2009) [23].

Lemma A.6.4. Let A,B € M,(Q) be Hermitian matrices with A > 0, then

_ QC,(A)QC, (B)
QG (1)

/ QC, (AHBH') dH

o)
where dH is the normalised Haar invariant measure on O (p) and
O(p)={AeM,(Q|AA=AA=L}.
(See Li and Xue (2009, Theorem 3.1) [23].)

Lemma A.6.5. Let X, A, B € M,(Q), where X is a Hermitian matriz and A,B > 0,
then
/ QC, (A%BA%HXH') dH — / QC, (B%AB%HXI’{’) dH
O(p) O(p)

where dH is the normalised Haar invariant measure on O (p) and
O(p)={AecM,(Q|AA=AA=1I,}.

(This is analogous to Ehlers, Bekker and Rouz (2009, Lemma 5) [9].)
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Lemma A.6.6. Let X, Y € M,(Q) be positive definite Hermitian matrices, and let
Y = AXA' + C, where A and C € M, (Q) are constant matrices. Then

J(Y = X) = det (A'A)"™
(See Diaz-Garcia (2009, equation (2.10)) [5].)

Lemma A.6.7. Let U € M, (Q) be a positive definite, Hermitian matriz . If

N[

V=(-U)tU@L-0),

then
J(V = U) = det (I, — U) 271

Lemma A.6.8. If f(A) is a function of the positive definite quaternion matriz A | the
pXp
Laplace transform of f(A) is defined to be

o8) = L(7(A) = [ etr(48)(A)0A
A>0
which is absolutely convergent for S € ®, the generalized right half-plane. (See Li and

Xue (2009) [23], Definition 3.2.)

The inverse Laplace transformation as used by Diaz-Garcia (2009) [5], equation (4.13)

is given below.

Lemma A.6.9. Let S, A, U € M,(Q) be Hermitian matrices, and Re(a) > ag. Then

22p(p—1)

/ etr(AS)det (S)“QC, (US™")dS

(2ﬁb)2p(p—1)+p
S—Sped®

_ 1 a—2(p—1)—1
~ g ) QC, (AU)

where the Hermitian matriz Sg € M,(Q), and @ is called the generalized right half-plane.
(See Diaz-Garcia (2009, equation (4.13)) [5].)

The Laplace transform of the hypergeometric function is presented below.
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Lemma A.6.10. Assume r <'s, Re(a) > 2(p — 1) and B is a Hermitian matriz. Then

/ etr (=SA) det (S)**' .QF, (a1,...,a,;b1,...,bs; SB)dS
S=S'>0

=QT', (a) det (A)™“,11QF; (al, e, by, by BA_l) .

When r < s, the integral above converges absolutely for all A € ®, and for r = s, the
integral converges absolutely for all Hermitian matrices A, such that H(Re A)_lH < 1.
(See Diaz-Garcia (2009, equation (4.6)) [5].)

Lemma A.6.11.
/ etr (—AZ)det (A)*" " dA = QI (a) det (Z) ™.
B=B'>0
(See Diaz-Garcia (2009, equation (3.17)) [5].)

Lemma A.6.12. Let A, U € M,(Q) be Hermitian matricesand Re(a,b) > 2(p — 1).
Then

/ det (A)* 2P~ D71 get (I, — AP 2P D71 QCL(AU)IA
0<A=A'<I,
_QTy(a, k)QI,(b)
QI'y(a+ b, k)

(See Diaz-Garcia (2009, equation (3.13).)

QC,(U).

A.7 The symmetrised density function

The symmetrised density function was defined by Greenacre (1973) [11] and is adapted for
the quaternionic space below. This result is required frequently in applications involving

transformations of quaternion-valued variables, in obtaining exact expressions for pdf’s.

Definition A.7.1. The symmetrised function fs (A), of a given function f (A), is defined

as

£ (A) = / f (HAH') dH, H € O (p)
O(p)
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where dH denotes the normalised Haar invariant measure on O (p), and
O(p) = {A €M, (Q)|AA=AN=1,}.

Diaz-Garcia and Gutiérrez-Jdimez (2006) [6] proposed the inverse application of the
symmetrised pdf defined by Greenacre (1973) [11], i.e. if the symmetrised pdf of A is
given by Definition A.7.1 then the pdf of A can be obtained from f (HAPI’ ) by making
the transformation HAH' — A.

A.8 The Mellin transform and Meijer’s G-function

Definition A.8.1. If f (x) is a real-valued function which is single-valued almost every-

where for x > 0, and if the integral

o0

[ @las

0

converges for some value of k, then the Mellin transform of f (x) is defined as

M (s) = / v f (2) da (A8.1)

where My (s) is the Mellin transform of f with respect to the parameter s, and s is a

complex number. The inverse Mellin transform is given by the inverse integral

Cc+Loo

/ My (s)x™%ds

C—LOO

1
fla) =5~
where ¢« = y/—1, and ¢ is a real number in the strip of analyticity of My (s). For more
detail the reader is referred to Mathai (1993, Definition 1.8, pp 23) [25].

Definition A.8.2. Meijer’s G-function, with the parameters ay,...,a, and by, ..., b, is
defined as
ay,...,ap 1 / _
Gl oz =— [ g(s)z"%ds
P ( bi,. ... b, ) 27rLL
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where = \/—1, L is a suitable contour, z # 0,

n

[IT (b +5) [[T(1—an—s)

g(s) = —= = ,
[T T(A=ba—35) [[] T(aa+s)
a=m+1 a=n+1

where m, n, p and ¢ are integers with 0 < n < p and 0 < m < ¢. The param-
eters ay,...,a, and by,...,b, are complex numbers such that no pole of I' (b, + s),
a =1,...,m coincides with any pole of I' (1 — ag — s), 3 = 1,...,n. The empty product
is interpreted as 1. For more detail, the reader is referred to Mathai (1993, Definition
2.1, pp 60) [25].

A.9 Summary

In this appendix it was seen how the elements of an abstract division algebra, in particular
the complex numbers and quaternions, may be replaced by matrices. General results that
are found in the literature on quaternions, when utilising this representation approach,
were given. Finally, this Appendix concluded with various functions and polynomials

that are required in the development of the quaternion distribution theory.
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Appendix B
Acronyms

This appendix contains a list of the most common acronyms and abbreviations used
throughout this work.m They are listed alphabetically and typeset in bold, with the

meaning of the acronym or abreviation alongside:
cf characteristic function

pdf probability density function
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Appendix C
Symbols

The following list of symbols and notational conventions are used throughout this work.
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C.1 Spaces and operators
R The set of all real numbers.
C The set of all complex numbers.
Q Set of all quaternions.
R Ring.
D Devision algebra.
P Field.
G Arbitrary division algebra.
B(Q) = B Borel set defined on the elements of Q.
B(R) = By Borel set defined on the elements of R.
R* 4-dimensional real space.
R* 4p-dimensional real space.
M, (R) Collection of n x m matrices with real entries.
M, »(R) Collection of n x p matrices with real entries.
M,(Q) Collection of n x n matrices with quaternion entries.
M, 5,(Q) Collection of n x p matrices with quaternion entries.
R =[ry] A n X preal matrix with ry as the st element.
nxp
Q =[gs] A n x p quaternion matrix with ¢y as the st'* element.
nxp
At The inverse of the real, complex or quaternion matrix A .
pXp
A’ The transpose of the real, complex or quaternion matrix A .
pXp
det (A) The determinant of the real, complex or quaternion matrix A .
pxp
|det (A)] The absolute value of the determinant of the real, complex or quaternion matrix A .
pXp
tr A The trace of the real, complex or quaternion matrix A .
pxp
Retr A The trace of the real component of the real, complex or quaternion matrix A .
pXp
a The conjugate of a complex or quaternion number.
A Conjugate matrix.
~ Isomorphic to.
1, J, k, t Imaginary root of —1.
® Kronecker product.
vec Vec operator.
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C.2 Vectors and matrices

D, Diagonal matrix with diagonal entries the characteristic roots of the

quaternion Hermitian matrix Q.

RP Diagonal matrix such that RP ~ D,.

H = H ! Symplectic matrix in the quaternion case.

C.3 Distributions and functions

QN (p,0?)
QN (p; p, X)

QN (n x p;u, X @ R)

Xp
QW, (%,n)

QWP (27 n7 Q)
QB1(p,n1,ny)
QB1<pa ni, Na, Q)

I'()
Qrp ()
QBP ()
FQF (+)
QC.(A)
My (+)
Gpa' ()

Univariate quaternion normal distribution with mean p and variance o

Multivariate quaternion normal distribution with mean p and
covariance matrix 2.

Matrix-variate quaternion normal distribution with mean ,

with X the covariance matrix of the columns, and R a real
covariance matrix of the rows.

Chi-squared distribution with p degrees of freedom.

The quaternion Wishart distribution, with n degrees

of freedom and covariance matrix 3

The non-central quaternion Wishart distribution, with n degrees
of freedom, covariance matrix 3 and non-centrality parameter €2.
The quaternion matrix-variate beta type I distribution

with n; and ny degrees of freedom

The non-central quaternion matrix-variate beta type I distribution
with n; and nsy degrees of freedom and non-centrality parameter (2.
The real gamma function.

The quaternion multivariate gamma function.

The quaternion multivariate beta function.

The quaternion generalised hypergeometric function.

The zonal polynomial of the quaternion Hermitian matrix A.

The Mellin transform.

Meijer’s G-function.
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C.4 Variables and observations

Z
z
Z =1Z,..., %)
px1

/
z =z, 2
px1

X17 X27 X37 X4
T1, T2, T3, T4

Xla XQ? X?ﬂ

px1l px1l px1

Xy Zy
px1 4px1
217
px1
Zo
4x1
3
ZO
4x1

&27
px1

£37
px1

Ly 29
px1l 4px1

Zy

nx4p

C.5

A quaternion stochastic variable.
A value of Z.

A quaternion stochastic vector (p-dimensional vector with

quaternions as elements.

An observed value of z .
px1

Real stochastic variables.
Observed values of X7, X5, X3, X4.

Real stochastic vectors (vectors with real stochastic variables).

Observed values of X, X,, X3, X, Z,.

px1 px1 px1 px1 dpx1l
Associated real variable values of Z.
Associated real variable values of Z (rearranged).
Associated real variable values of Z.
Associated real variable values of Z (rearranged).
A quaternion stochastic matrix (n X p-dimensional matrix with

quaternions as elements.

Associated real matrix of Z.

Average values

avg X  The average value of Xy,..., X,,, i.e % zn:l X, with avg x the observed value of avg X.
avg Z  The average value of Z;,...,7,, i.e % ﬁ;lZS with avg z the observed value of avg Z.
avg Z  The average value of Z,,...,Z,,, i.e % izs with avg z the observed value of avg Z.

avg Z; The average value of Zj,,..., Z;,, i.e %_Zn:l Z; . with avg z; the observed value of avg Z;
avg Z, The average value of Z3,,..., Z;,, i.e. % ZE: Z, with avg z; the observed value of avg Z).

s=1
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Index

Symbols

p-variate quaternion normal distribution4, 22, 23,
24, 29, 31, 113

DAL 46, 52
A

Absolute value ........... ... i 112
Absolutely convergent ................... 105, 106
Associated real matrix................ 38, 45, 114
Associated real probability matrix ......... 13, 20

Associated real probability vector . 10, 11, 11, 13,
14, 18, 19, 23, 2729, 38, 49

Associated real vector...................... 43, 45
B

Base matrices of the complex numbers......... 76
Bivariate quaternion normal distribution ...... 32
Borelset..........ooiiiiii 9, 112
C

cf...see characteristic function, 18, 19, 19, 20, 34
Chi-squared............ccoviiiian... 4,42, 113
Collective Operator ...........ccoovveininnn.... 67
Commutative ring.................oooi.n. 66
Complex distribution theory.................... 2
Complex numbers........................ 68, 112
Conjugate............ooeviue... 6, 24, 70, 80, 112
Covariance ..........coooeviiiiiiiiia.. 16, 28
Covariance matrix............... 2,17, 26, 31, 32
D

Determinant...............ooo i 112

Division algebra .. 6, 69, 71, 74, 78, 82, 88, 92, 93,

112

Division ring . .......oooviiiiiiiii i 66
E

Eigenvalues.......... ...t 8, 97
Eigenvector ......... ..o 96
Epimorphism.......... ..o i 68
Event ... 9
Expected value............... 2,15, 17, 25, 31, 32
F

Faithful representation ... 8, 68, 74, 76, 88, 91, 93
Field..... 6, 66, 69, 71, 74, 78, 82, 88, 92, 93, 112
Fourier transform.............................. 44
G

Gamma function.......................... 43, 113
Generalized right half-plane .................. 105
Group theory..........cooiii 22
H

Hermitian matrix..7, 8, 17, 26, 30, 41, 45, 47, 93,
93, 97, 99, 101, 103-106

Homomorphism........................ 67, 74, 88
Hotelling’s T2 statistic .................ooou... 58
Hypergeometric function.................. 45, 105
I

Imaginary probability component ......... 10, 11
Imaginary root ... 112
Independence. ... 16
Invariant models............. .. ... . L. 2
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Index 116
Inverse Laplace transform................ 45,105 Orthogonal matrix............ ... 94
Inverse Mellin transform ................. 57, 107 p
Isomorphism .................. 29, 68, 76, 91, 112
pdf. see probability density function, 6, 11-15, 20,
J 27, 32, 40, 45
JaCODIAIL « o o oo oo 51, 53, 56 Percentile.............. ... 49, 50
Positive definite matrix........... 29, 47, 101, 105
K
Kronecker product ............ ...l 112 Q
Quaternion confluent hypergeometric function . 52
L Quaternion correlation coefficient.............. 33
Laplace transform....................... 105, 105 Quaternion generalized hypergeometric coefficient
Likelihood function............................ 48 103
Likelihood ratio criterion................... 48, 51 Quaternion hypergeometric function . 46, 103, 113
M Quaternion matrix-variate beta type I distribution
. 51, 51, 113
Mapping ........coooiiiiii i 93 . L .
L Quaternion multivariate beta function...103, 113
Matrix inverse........ooeveviiiieeennnn... 95, 112
. . . o Quaternion multivariate gamma function 45, 103,
Matrix-variate quaternion distribution......... 13 113
Matrix-variate quaternion normal distribution. .4, . o
37 113 Quaternion normal distribution................ 13
. _7 o Quaternion probability matrix................. 19
Matrix-variate real normal distribution ........ 39
. o . Quaternion probability variable...... 9, 11, 14, 18
Maximum likelihood estimate.................. 48
. o . Quaternion probability vector..10, 13, 17, 19, 23,
Maximum likelihood estimator................. 44 50, 31 39
Meijer’s G-function .............. 56, 57, 107, 113 S o
. Quaternion Wishart distribution ....... 4,45, 113
Mellin transform........................ 107, 113
. Quaternions. ..., 77, 112
Monomorphism ........................ 67, 75, 90
Multivariate real normal distribution .......... 49 R
N Random phenomenon........................... 9
Real numbers .............. ... ... ... ........ 112
Non-central quaternion matrix-variate beta type I
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