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Preface

In its most general form, the Blaschke-Santal6 inequality is given by the fol-
lowing statement:

“The volume product of any convex body is at most equal to that of an
ellipsoid. Moreover, the mazimum volume product is attained exclusively by
ellipsoids.”

This fundamental geometric inequality is well-known not only for its uses in a
variety of fields ranging from stochastic geometry and functional analysis[13]
to differential equations[9], but also for its close relation to the classical affine
isoperimetric inequality [16] (see for instance Lutwak [10]). Indeed, the first
proof of the Blaschke-Santal6 inequality - due to Blaschke[4] for dimensions
2,3 and Santal6 [16] for arbitrary dimensions - is based on that of the affine
isoperimetric inequality.

The conditions for equality in the affine isoperimetric problem which gave
rise to the characterization of the upper bound in the Blaschke-Santalé in-
equality were however only established for convex bodies with sufficiently
smooth boundaries. Although it was later found (by rather technical argu-
ments (Petty[12])) that these restrictions can be omitted, the question as to
whether it is possible to prove the Blaschke-Santald inequality without direct
reference to the classical isoperimetric inequality and the therewith associated
smoothness assumptions, remained open until the early 1980’s. The first such
proof in the case of centrally symmetric convex bodies was forwarded by Saint
Raymond in 1981 in the paper entitled “Sur le volume des corps convexes
symmétriques” [15] and is the subject of this dissertation. A direct proof of
the Blaschke-Santal6 inequality for general convex bodies was subsequently
given by M. Meyer and A. Pajor [11] in 1990.

In the case of symmetric convex bodies, the formulation of the Blaschke-
Santald inequality is relatively simple. Let (X, ||.|x) be a finite dimensional
Banach space over R (also known as a Minkowski Space) with corresponding
dual space (X*,||.]|x+) and let m and m* be (associated) Haar measures de-
fined on X and X* respectively. A set C C X is said to be a convex body if
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it is a compact convex set with non-empty interior. The volume product P of
any centrally symmetric convex body C' C X is defined as the quantity

P(C) := m(C)m*(C°)

where C? is the polar body associated with C'. The Blaschke-Santalé inequality
for centrally symmetric convex bodies can now be formulated as follows:

Theorem 0.0.1 (The Blaschke-Santalé Inequality). Let C be any convex
symmetric body contained in the n-dimensional Banach space (X, ||.||). Then

1) The volume product P satisfies the following inequality
P(C) < P(FE) (0.0.1)
where E is an ellipsoid.

2) Equality occurs in (0.0.1) if and only if C' is an ellipsoid.

Remark 0.0.2. [t will be shown in Section 2.5 that all ellipsoids have the
same volume product. The existence of an upper bound for the volume product
is therefore implicit in the first part of Theorem 0.0.1.

Notation:

All vector spaces in this dissertation are assumed to be over the field R of real
numbers. A typical n-dimensional Minkowski Space is denoted by (X, ||.||)
or (X, B), where B denotes the unit ball induced by the norm ||.|. For any
1 < p < o0, the Space [ is defined as the Minkowski Space (R", |.||,), where:

1
n ?
(@1, e ) || = <Z|x,-yp> Y(x1,...,xz,) € R,
=1

for 1 < p < oo and
l(z1, ... p)||oo := max{|z;| : i =1,....,n} V(x1,...,2,) € R™.

The n-dimensional Lebesgue measure, defined on the collection B(R") of all
Borel sets in R™, is denoted by A" or A if the underlying dimension is implicitly
understood.

Outline of Dissertation:

The aim of this dissertation is to provide a relatively comprehensive exposition
of the Blaschke-Santal6 inequality in the case of symmetric convex bodies with
particular emphasis placed on the approach outlined by Saint Raymond. The
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dissertation is structured as follows:

Chapter 1 provides a brief introduction to Minkowski Spaces and their asso-
ciated Euclidean structure. For any n-dimensional Minkowski space X there
exists a linear homeomorphism from X onto the well-known Euclidean space
% and thus all Minkowski spaces are topologically equivalent. In these spaces,
the collection of convex symmetric bodies is interchangeable with the collection
of unit balls. Moreover, the unit ball of a Minkowski space X is an ellipsoid if
and only if X is isometric to [ and thus Theorem 0.0.1 can be interpreted as a
measure theoretic characterization of Hilbert spaces in finite dimensions. Any
linear functional acting on a Minkowski Space can be uniquely represented in
terms of the Euclidean inner product (regardless of the norm-structure of X),
which gives rise to the definition of the adjoint operator on the dual Minkowksi
space X*.

Chapter 2 introduces both the Haar measure, an extension of the usual vol-
ume measure on R” to n-dimensional Banach spaces, and the volume product.
Haar measures are closely related to to the well-known n-dimensional Lebesgue
measure A" and can indeed be interpreted in terms of the scaled Lesbesgue
measure. The rules governing the change in “volume”, due to a linear change
in variables, guarantee the invariance of the volume product under linear iso-
morphisms. The problem of finding the maximum volume product can thus,
without loss of generality, be formulated in the measure space (I3, B(R™), A\™).
For unit balls of [-spaces, explicit volume formulas can be readily derived and
the Blascke-Santald inequality can thus be solved directly for this subclass.

Chapter 3 focuses on the topological properties of the collection of compact
convex bodies contained in a given Minkowski Space, by defining a metric (the
Hausdorff metric) on this class. It will be shown that both the Haar measure
as well as the volume product are continuous functions with respect to this
metric. The Blaschke selection Theorem, proved in Section 3.4, forms the ba-
sis of all existence proofs in the ensuing chapters.

Chapter 4 deals with the method of Steiner symmetrization. The most useful
result in this Chapter, given by Theorem 4.3.3, asserts that for every sym-
metric convex body C' C R"™ there exists a sequence of successive Steiner
symmmetrals {C;}22, of C converging to a Euclidean Ball with respect to
the Hausdorff metric. This Theorem, based partly on the Blaschke selection
Theorem and the continuity of the volume product, not only leads to the fa-
mous characterization of ellipsoids due to Bertrand[3] and Brunn[6] (which is
invoked in Chapter 5 to prove the second part of the Blaschke-Santal6 inequal-
ity), but was also used directly by Meyer and Pajor [11] in a short proof of
the first part of the Blaschke-Santal6 inequality.
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Saint Raymond’s proof of Theorem 0.0.1 is finally given in Chapter 6. This
proof is essentially constructive and not only exploits the symmetry of the
underlying convex body, but also various properties of convex- and concave
functions. The cross-sections of any symmetric convex body C' in R™ can be
used to construct another convex body C’, whose volume product is strictly
greater than that of C' unless C satisfies the hypothesis of a certain corollary
of Brunn’s theorem which in turn implies that C' must be an ellipsoid. In
order to maintain the fluency of Chapter 6, the necessary continuity- and
differentiability properties of convex-/concave functions are discussed in the
Appendix.
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Chapter 1

Minkowski Spaces and their
associated Euclidean
Structure

1.1 Introduction

In the interest of presenting a relatively self contained text, the first chapter
aims at broadly outlining the basic definitions and fundamental results con-
cerning Minkowski Spaces that will be used throughout the dissertation.

Finite dimensional Normed spaces, also known as Minkowski Spaces, are often
studied in terms of their relation to the familiar Euclidean Space [%. Indeed, let
(X, ||-I) be an n-dimensional Minkowski space with ordered basis {b1, ..., b, }.
The coordinatization mapping ¢ : X — R" is defined in terms of its action on
the basis vectors {b1, ..., b,} as follows:

C(b;)):==e fori=1,..,n

where {eq,...,e,} is the standard ordered basis for R™. This linear isomor-
phism is the key to studying both the algebraic as well as the topological
structure of X and will be used frequently in sequel.

Evidently ¢ is defined in terms of the ordered basis b = {b1, ..., b, }. To stress
its dependency on this basis we use the notation (p. If another ordered basis
¢ =A{c1,...,cn} of X were to be chosen then (. would define a different iso-
morphism from X onto R™. The following lemma establishes a linear relation
between (, and (..

Lemma 1.1.1. There exists an invertible linear mapping T : R — R™ such
that
Ce(x) =T () forallz e X (1.1.1)
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Proof. Since linear transformations preserve linear independence, it follows

that the sets {(.(b1), ..., Cc(bn)} and {(c(c1), ..., C(en)} = {e1, ..., en} are both
bases of R™. Let T be the invertible linear map defined by

T(e;) = (c(b;) fori=1,...,n.

The linearity of T and (. ensure that for any z = Y | a;b; € X we have

n

Ce() = ¢ (Z aibi> = aile(bi) = > aiT(es)
i=1 i=1 i=1
=T (Z aiei> =:T((p(x))
i=1

1.2 The Norm Topology

Not only is the coordinatization mapping ¢ an algebraic isomorphism, but
it also defines a homeomorphism from any n-dimensional Minkowski space
(X, ]].]]) onto the familiar Euclidean space I§ (Theorem 1.2.3 [18]). As a con-
sequence, all n-dimensional Minkowski Spaces are topologically equivalent to
3. Particularly, any Minkowski space is locally compact, complete and has
the Heine-Borel property. Moreover, every linear map between Minkowski
spaces is bounded (Theorem 1.2.4 [18]). From this it follows that for any two
norms ||.|| and ||.||" defined on a given Minkowski space X there exist constants
c1,cy > 0 such that

cillzl| < ||zl < eallz|| for all z € X (1.2.1)

and hence all norms on X are equivalent.

1.2.1 Convex Symmetric Bodies and the Unit Ball

Let (X,|.]|) an n-dimensional Minkowski space. The ball in (X, ||.||) with
center xg € X and radius r > 0 is defined as the set

B(X;z0,7) :i={x € X : ||z — x| < r}.
Similarly, the set
S(X;xo,r):={x € X |z —xo| =7}

is called the sphere in (X, |.||) with center zyp € X and radius r > 0. For the
sake of simplicity, the unit ball B(X;0,1) is denoted by B(X) or simply by
B. The following terminology will prove useful in the characterization of unit
balls.
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Definition 1.2.1. Let (X, ||.||) be an n-dimensional Minkowski space with
K C X.Then:

(i) K is said to be convex if \K 4+ (1 — \)K C K for every X € [0,1]
(ii) K is said to be (centrally) symmetric if —K = K
(11i) K is called a convex body if K is a compact convez set and int K # ()

It follows directly from elementary properties of the norm that the unit ball
B ={z € X : ||z|| <1} of a Minkowski Space (X, ||.||) is a convex symmetric
set and 0 € intB = {z € X : ||z|]| < 1}. Moreover, Minkowski spaces are
characterized as those Normed spaces whose unit ball is compact (Theorem
1.2.8[18]) and hence B is a symmetric convex body.

Conversely, let C' be an arbitrary symmetric convex body in (X, ||.||) and define
the Minkowski functional ||.||c : X — [0, 00) as follows:

|z]|c :==inf{{ >0:2 € (C} forallz e X (1.2.2)

It can now be shown (Proposition 1.1.8 [18]) that the Minkowski functional
||l.|lc defines a norm on X with corresponding unit ball C. Consequently any
convex symmetric body in X gives rise to a unique norm and can thus serve
as the unit ball of X. The collection of symmetric convex bodies in X can
subsequently be used interchangeably with the collection of unit balls in X.

1.3 The Euclidean Structure of Minkowski Spaces

Let (X, B) be a Minkowski space with unit ball B and let ¢ be the coordi-
natization mapping defined in section 1.1. By virtue of the fact that ( is a
homeomorphism, it follows that the image ((B) C R™ of B is compact and
that the open set int((B) = ¢ (intB) is non-empty. Moreover, the linearity
of ¢ ensures that the convexity and symmetry of B are preserved. ((B) is
therefore a symmetric convex body and can hence be used to define a norm
on R™. Now ( defines an isometry from (X, B) onto (R™,((B)) and (X, B) is
said to be realized as (R", ((B)).

It is often convenient to impose an inner product structure on an arbitrary
Minkowski space (X, B). To this end, let ¢ be the coordinatization mapping
corresponding to ordered basis {b1, ..., b,} and let

(x,y) = ((x) - ((y) for every x,y € X

where - denotes the usual dot product. The inner product (., .) is known as the
Euclidean structure of X in terms of {b1, ..., b,} and, though useful, generally
bears no relation to the norm induced by the unit ball B. It follows how-
ever from proposition 1.3.3(and the subsequent remark) that if the realization

10
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(R™,¢(B)) of (X, B) is a Hilbert space then (X, B) itself is a Hilbert space,
which is isometric to [3.

Definition 1.3.1. A subset C' of a Minkowski Space (X,|.||) is called an
ellipsoid if there exists an invertible linear transformation T : X — R™ such
that T(C) = B(13).

Proposition 1.3.3 asserts that that a Minkowski space (X, F) is a Hilbert space
if and only E is an ellipsoid. The proof is based on the well-known Jordan-
von Neumann characterization of inner product spaces, which is stated here
without proof (see Amir [1]).

Proposition 1.3.2 (Jordan-von Neumann Theorem). A normed space
(X, [].]]) is an inner product space if and only if the following relation holds:

lz +ylI? + llz = ylI* = 2l|z|* + 2llyl*  for all 2,y € X (1.3.1)

Proposition 1.3.3. A Minkowski space (X, B) is a Hilbert Space if and only
if B is an ellipsoid.

Proof. Suppose (X, B) is a Hilbert space with inner product (.,.) and let
{b1,...,bn} be an ordered orthonormal basis for X. The image of a typical
point x = Y1, B;ib; € X under the coordinatization mapping ¢ corresponding
to this basis is given by ((x) = (B4, ..., Bn)T. Let ||.|| and |.||2 denote the norms
corresponding to the unit balls B and B(ly) respectively. Then:

2[|* = (z,2) = O Bibi, > Bibs)
=1 i=1

- Zﬁ?@i, bi) + Z BiB;(bi, bs)
i=1 i#j

= 5 =¢@)l3
i=1

and thus ¢ : X — R” is the required linear bijection.

Conversely, suppose the unit ball B of the Minkowski space is an ellipsoid. By
definition there then exists a linear isometric isomorphism 7" : (X, B) — [2. Tt
can now readily be seen that the mapping (.,.) : X — X given by:

(x,y) = (Tx) - (Ty) forxz,ye X (1.3.2)

defines an inner product on X whose induced norm agrees with the norm
corresponding to the unit ball B. ]

Remark 1.3.4. By virtue of the linearity of the coordinatization mapping C
and Proposition 1.3.8, a Minkowski space (X, B) is a Hilbert space if and only
if there ezists a realization (R™, E), where E is an ellipsoid. Moreover, if
there exists such a realization, then Lemma 1.1.1 guarantees that every other
realization of (X, B) is also a Hilbert space.

11
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In light of Proposition 1.3.3, the Blaschke-Santal6é inequality can be refor-
mulated as a measure-theoretic characterization of Hilbert spaces in finite
dimensions:

Theorem 1.3.5. For any Minkowski space (X, K), the volume product P
satisfies the following inequality

P(K) < P(E) (1.3.3)

where E is an ellipsoid. Moreover equality occurs in (1.3.83) if and only if
(X, K) is a Hilbert space.

12
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1.4 Dual Minkowski Spaces

The dual space (X*, B°) of an n-dimensional Minkowski space (X, B) is the
collection of all linear functionals on X, equipped with the dual norm

| f|l := sup{|f(z)|: x € B} Vfe X~

From the definition of the supremum and the symmetry of B, it follows readily
that the unit ball B° of X*, also known as the polar of B, can be written in
the form

B°={feX":|f| <1} ={f € X":|f(a)| <1V € B}
={feX*: f(x)<1Vz e B}

The Natural Dual basis

Let {b1,...,b,} be an ordered basis of X. The action of any linear functional
f € X* on a vector x € X is uniquely determined by its action on {by, ..., b, }.
Indeed if f,g € X* are such that f(b;) = g(b;) for i =1,...,n and

T = Z?:l o;b; € X then

flz) = f(z aib;) = Zaif(bi) = Z aig(b;) = Q(Z aib;) = g(x).
=1 =1 =1 =1

Elementary calculations show that the collection {b7,...,b}} of functionals in
X*, defined by
bf(b]) = 5ij for i,j = 1, )

is linearly independent and spans X* and is therefore called the natural dual
basis of X* corresponding to {by, ..., b,}. Consequently, dim X* = dim X and
the mapping b; — b} (for ¢ = 1,...,n) defines an isomorphism from X onto
X*.

The Hilbert Adjoint Operator

Suppose the Minkowski space (X, B) is equipped with an auxiliary Euclidean
structure (.,.) relative to the basis {by,...,b,} and (X*, B°) is the dual with
corresponding natural dual basis {b],...,b"}. By means of the isomorphism
F :b; — b7 for i = 1,...,n and the coordinatization mapping ¢, every linear
linear functional f = >"" | b} € X* can be uniquely identified with both the
vector yy = » 1" v;b; € X and the vector v = (1, ..., 7,) € R"™. Moreover, for
any x =y, a;b; € X, with a = (a1, ..., an):

(@yp) =7 a=Y_ 7Y agbi(b) = vbi (O ab;) = f(x)
=1 =1 =1 7=1

13
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Remark 1.4.1. This representation resembles the well-known Riesz represen-
tation Theorem for linear functionals on Hilbert spaces. Note that

FB°)={ye X :(z,y) <1}

However, since the norm induced by the inner product (.,.) does not necessarily
coincide with the norm corresponding to the unit ball B, the relation ||ys|| =
| fIl does not hold in general.

The Hilbert adjoint operator T™ of a linear isomorphism 7" on X relates the
change of the basis {b1,...,b,} under T to the change of the corresponding
dual basis {07, ...,0} }.

Proposition 1.4.2. For every isomorphism T : X — X, there exists an
isomorphism T* : X* — X* such that (T*)~! maps the natural dual basis of
X onto the natural dual basis of T(X).

Proof. Define T* at an arbitrary vector f € X* as the mapping
(, T*f) == Tz, f) forallze X

Let {b1,...,b,} be a basis for X with corresponding dual basis {b7,..., b} }.
Evidently (T*)~! exists and is defined at f € X* as the mapping

(y, (T*) ' f) = (T "'y, f) forallye X

It now follows from that fact that T*T*~1(b¥) = bf for i = 1,...,n and the
definition of T that

8ij = bi (bg) = (bj, T*(T™)71b}) := (Tby, (T*)7'8})

for all 7,5 = 1,...,n. Hence the natural dual basis of X* corresponding to the
basis {Tby, ..., Tby} is simply {(T*)71b5, ..., (T*) 1%} O

Remark 1.4.3. The following two facts will prove useful in Chapter 2.

1. It is well known that if Mt is the standard matriz representation of T
then T* can be represented by the transpose (Mr)t.

2. If T: X — X is an invertible linear transformation then

(T(B))° ={f € X*: (Tx, f) < 1¥z € B}
={feX": (2, T"f) < 1Vx € B}
= (T*) " YT*fe X*: (2, T*f) < IVx € B} = (T*)"'B°

14
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Chapter 2

Haar Measures and the
Volume Product

2.1 Introduction

Let A" denote the n-dimensional Lebesgue measure defined on the collection
B(R") of Borel sets in R". A Haar measure functions as the volume measure
for arbitrary Minkowski Spaces and, as such, resembles the familiar Lebesgue
measure in its most salient features. Indeed all Haar measures are are non-zero
regular Borel measures which are invariant under both translations and lin-
ear transformations whose matrix representations have determinant 1. It can
be shown that every locally compact topological group admits a regular Borel
measure which is invariant under the action of the group (Cohn [7]). The proof
of the existence of such measures, even within the context of abelian groups, is,
however, quite tedious and doesn’t contribute considerably to the development
of the ideas in this chapter (The interested reader is referred to Cohn for a more
comprehensive treatment of the subject). We will therefore focus on the defini-
tion and elementary properties of Haar measures on Minkowski spaces. In par-
ticular, it will be shown (in subsection 4.2.1) that all Haar measures defined on
a given n-dimensional Minkowski Space are scaled versions of the well-known
Lebesgue measure. As a consequence, many problems involving volumes de-
fined on n-dimensional Minkowski Spaces, including that of finding the upper
bound for the volume product, can be translated into equivalent problems in
(R™,B(R™), A™). Section 4.3 deals with the effect of linear transformations
on the Haar measure of a given Borel set. The rules relating the change in
“volume” due to a linear change of variables naturally extend the well-known
rules which are valid for (R",B(R™), \") to arbitrary Minkowski Spaces. The
Volume Product, defined on symmetric convex subsets of a Minkowski space,
is introduced in section 4.5. This quantity is invariant under isomorphisms and
hence the general problem of finding the maximum(minimum) volume prod-
uct can without loss of generality be reformulated in (R",B(R"), \"). For
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the subclass of unit balls {B(l})) : 1 < p < oo}, explicit volume formulas are
readily available (section 4.4). In this case, the Blaschke-Santalé inequality
can be established through direct computation (section 4.6).

2.2 Definition and Elementary Properties

Definition 2.2.1 (Regular Borel measures). Let (X, ||.||) be a Minkowski
space and let B(X) denote the collection of Borel sets in X. A regular Borel
measure [ : B(X) — [0;00] is a measure with the following properties:

(1) pw(U)=sup{p(K): K CU and K is compact} ¥V open sets U C X.

(ii) p(A) =inf{u(U): A C U and U is open} for every A € B(X).

Definition 2.2.2 (Haar measures). A non-zero, reqular Borel measure i,
defined on a Minkowski space (X, ||.||), is said to be a Haar measure if it has
the following properties:

(i) w(K) < oo for all compact sets K.

(i) p(U) > 0 for all open sets U

(111) p(A) = pu(A+z) for all A€ B(X) and all x € X.

Since B(X) is closed under translations, the expressions in (iii) are well-
defined. It can easily be verified that the Lebesgue measure A" on R" sat-
isfies the criteria of the above definition and is hence an example of a Haar
measure.

2.2.1 Sections of Borel sets and Fubini’s Theorem

Fubini’s Theorem (stated here without proof) will be frequently used in sequel,
since it enables the computation of the volume of a Borel set in terms of the
volumes of its cross-sections.

Definition 2.2.3. Let F': X xY — R. Then:
(i) The x-section F, of F is defined as the function:

Fp:Y =Ry Fi(y) = F(z,y)
(ii) The y-section FY of F is defined as the function
FV: X >R:z— FY(x):=F(x,y)

Definition 2.2.4. .

The x-section A, of a measurable set A C X XY is defined as the x-section of
the characteristic function x 4. Hence Ay :=={y € Y : (z,y) € A}. Similarly,
the y-section A, of A is given by A, = {z € X : (z,y) € A}

16
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Theorem 2.2.5 (Fubini’s Theorem). Let (X, M,u) and (Y,N,v) be o-
finite measure spaces and let F : X xY — R be a M x N -measurable function
which is integrable with respect to the product measure u X v. Then Fy is
integrable p-almost everywhere and FY is integrable v-almost everywhere.
Moreover, the functions f and g defined by

fla) = [y Fedv, if F, is integrable;
0, otherwise.

(y) = fX FYdu, if FY is integrable;
I = 0, otherwise.

are integrable and

/fduz/Xxde(uxy):/Ygdy
o [([ra)a= [ rten= [ ([ pa)a

It follows directly from Fubini’s Theorem that the product measure u x v of
any measurable set A C X x Y is given by

e 0)(A) = [ (A= [ ()i (2:2.1)

2.2.2 “Uniqueness” of Haar measures

In order to prove the main assertion of this section, namely that all Haar
measures, defined on a given Minkowski space are unique up to a scalar factor,
the following preliminary technical lemma is necessary.

Lemma 2.2.6. Let X be any Minkowski space and let p be a Haar measure
on X. Then the following three facts hold:

(a) If g is a continuous, non-zero, non-negative function on X with compact
support, then 0 < fX gdp < oo.

(b) There exists a continuous function f such that fX fdu #0

(c) If fis a continuous functz’on on X and p is a Haar measure on X, then
Jx flz+a)du(z) = [y f( x) for anya € X.

Proof. .
(a) p is regular and g is continuous with compact support and hence
Jx 9dp < oo (see Rudin chapter 2 [14]). Since g # 0, there exists some g € X

17
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and some € > 0 such that g(zp) > €. By the continuity of g there must be an
open set U such that g(x) > € Vo € U. Therefore

/ gdp > / gdp > / edp = ep(U) >0 - definition 2.2.2(ii)
X U U

(b) Let A be some Borel set such that p(A) > 0 and let U be any open set
containing A. Since p is regular, definition 2.2.1 (i) implies that for any such
U, there must exist a compact set K C U such that u(K) > 0. By Urysohn’s
lemma (see Rudin, Lemma 2.12 [1}]) we can construct a continuous function
f with compact support such that yx < f < xy. For this function

[ fin= [ = p() >0

(c) If x4 is the characteristic function of measurable set A C X, then x4 (z +
a) = XA—q(z). By the translation invariance of u:

/ xa(@)du(z) = u(A) = p(A—a) = / Xa—a(@)du(z) = / xa(@ +a)du(x).
X X X

The result holds for simple functions by additivity of integrals. For any non-
negative measurable function f, the result holds due to the Monotone Con-
vergence Theorem. Finally, any measurable function f can be written as the
difference of its positive- and negative parts. Since the result holds for f* and
f7, it must by linearity hold for f. O

We now show that all Haar measures on a given Minkowski Space are unique
up to a scalar factor.

Theorem 2.2.7. Let pn and v be two Haar measures defined on the Minkowski
space X. Then there exists a constant ¢ > 0 such that u = cv.

Proof. Let f be an arbitrary continuous function with compact support and g
be a given continuous non-negative, non-zero function with compact support.
By lemma 2.2.6 (a), 0 < [y gdv < co. We use p(x) instead of y to stress the

dependence of the integral on the underlying variable. By making repeated
use of Fubini’s Theorem and lemma 2.2.6 (¢) we have

| s@iu [ atwar
— /X ( /X f(a:)g(y)du(x)) X< Xf T +y)g )du(rc)) dv(y)
= [ ([ 1o -0t auter = [ ([ stt-arinte) avt

_ / f()dv(y) / o(—)du(z) (22.2)
X X

18
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Since g is a continuous non-negative, non-zero function with compact support,
it trivially follows that the function ¢ defined by g(z) = g(—x) has the same
properties and hence 0 < [ x 9dp < 0o. Now let

_ Jx 9du
Jx gdv

For all measurable functions f, relation (2.2.2) can thus be rewritten as:
/ fdu=c / fdv

/ fd(u —cv) =0 for every measurable function f
X

€ (0,00)

Hence

According to lemma 2.2.6 (c), we must therefore have
p—cv=0=pu=cv.
O

All Haar measures defined on a given Minkowski space are thus scalar multiples
of each other. In other words, the measurement of “volume” in Minkowski
Spaces is completely determined once a fixed scale is chosen. This concept can
be extended to relate Haar measures defined on isomorphic Minkowski Spaces.
Indeed, the following Theorem asserts that, if mx and my are Haar measures
defined on the linearly isomorphic Minkowski Spaces X and Y respectively,
then mx can be viewed as a Haar measure defined on Y and must hence be
a scaled version of my. This result is particularly useful when viewed in the
context of the coordinatization mapping (. Every Haar measure on a finite
dimensional Minkowski space X can then simply be expressed as a scaled
version of the well-known Lebesgue measure. This makes explicit volume
computations considerably easier since the Lebesgue measure is well known.

Theorem 2.2.8. Let T : X — Y be a linear isomorphism between the n-
dimensional Minkowski spaces (X, ||.||x) and (Y,|.||y) and let mx be a Haar
measure on X. Then all Haar measures my on Y are of the form

my (C) = kmx(T~1(C)) for all C € B(Y)
where k > 0.

Proof. Suppose T is an invertible linear mapping from X onto Y. Define the
measure m on Y as follows

m(C) :=mx(T7HC)) forall C € B(Y) (2.2.3)
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T is continuous and hence Borel measurable which implies T-(C) € B(X)
for every C' € B(Y) and thus m is well-defined. Also, since 7! is linear and
mx is a Haar measure, it follows that

m(C + ) := mx (T HC + 1)) = mx(T"HC) + T~} (x))
=mx(T1(C)) =: m(C)

and so m is a Haar measure on Y. Moreover, Theorem 2.2.2 asserts that any
Haar measure my on Y must be a scalar multiple of m. So there exists some
k > 0 such that

my (C) = km(C) := kmx(T~1(C)) for all C € B(Y)

2.3 Volume and Linear Transformations

This section discusses the effects of a bijective linear change of variables on
the Haar measure of a Borel set in X. As in the case of (R",B(R"), \"), the
determinant of the underlying transformation plays a central role.

2.3.1 The Determinant

We begin by defining the determinant of linear mappings on R™. As was
mentioned in chapter 1, every such transformation 7' can be represented by
means of an n X n matrix Mp. We can hence define the determinant of any
linear map T in terms of the determinant of its corresponding standard matrix
representation Mrp.

Definition 2.3.1. The determinant det(T') of a linear transformation
T :R"™ — R” is defined as the determinant of its corresponding matrix repre-
sentation Mrp.

The standard matrix representation of T is defined in terms of a specific or-
dered basis. It is well-known, however, that if M/, is another standard matrix
representation of T relative to a different ordered basis, then Mr and M7, are
similar matrices. In other words there exists an invertible n x n matrix U such
that

My =UMpU™L.

and hence det(M%) = det(UMrU 1) = det(Mry).
The determinant of T is thus independent of the standard matrix representa-
tion used and is therefore well-defined.
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Now consider the linear transformation T defined on an arbitrary Minkowski
space X. Let ( : X — R" be a coordinatization mapping and define

T :=(oTo g_l
Since Ty : R™ — R™, it can be used to define the determinant of T'.

Definition 2.3.2. The determinant of a linear transformation T : X — X is
defined as
det(T) := det(Ty)

Suppose (7 is another coordinatization mapping. According to lemma 1.1.1
there exists an invertible linear transformation F' : R” — R" such that {; = F(
which implies ¢; ! = (F¢)™! = ("' F~!. Therefore

Ty i=CoTo¢ ' =F(CoTo()F!
= T;=F'T,F

Now det(Ty) = det(F~!(1F) = det(T¢,). The determinant of T doesn’t de-
pend on the chosen coordinatization and is thus well-defined.

2.3.2 Linear Change of Variables

The following Theorem relates the volume of the linear image of a set in R"
to the volume of the set itself. The proof is based on that of Cohn [7]. The
subsequent Corollary generalizes this result to arbitrary Minkowski spaces.

Theorem 2.3.3. Let T : R™ — R" be an invertible linear transformation
defined on the measure space (R",B(R™), \") then

AT (A)) = | det(T)|A"(A) for all A € B(R™) (2.3.1)
Proof. Recall that a cell in R™ is the set
J={(z1,..,x,) €ER":q; <x; <b; fori=1,...,n}

where a; < b; for i = 1,...,n. By definition, A"(J) = [, (b; — a;). We will
prove that the relation (2.3.1) holds for every cell J. Every open set can be
written as the countable union of cells in R™ and therefore, by the countable
additivity of the Lebesgue measure, A" will satisfy (2.3.1) for any open set.
The regularity of A" (particularly point (ii) in definition 2.2.1) then finally
implies that (2.3.1) holds for any Borel set A. Also, the matrix representation
My of T can be written as the product of elementary matrices and since
determinants respect products, it suffices to show that (2.3.1) holds only for
elementary matrices. Let ()1 be the elementary matrix obtained from the
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n X n identity matrix I by multiplying row j with a non zero constant r, so
det(Q1) = r. Now
Q1 ={(z1,...,r25, ez ra; <ap<b; fori=1,..,n}
= {(z1, ., xn) 1 a; < x; < b; fori # j, ra; < xj <rbj}
and hence \N"(Q1J) = r[[i(b; — a;) = |det(Qq1)|\"(J).
Let Q2 be the elementary matrix corresponding to the interchange of row j
with row k (det(Q2) = —1). Then
QQJ = {(xla "'7xn)t ca; <y < b’L for 1 ?é j, k’, 7 <z < bj, ar < Z; < bk’}

which implies that \*(Q2J) = [[—(bi — a;) = | det(Q2)|A"(J).

Finally let Q3 be the elementary matrix obtained by replacing row j with the
sum of row j and row k. The determinant of Q3 is 1. We may assume (by
multiplication with a suitable QQ2 matrix if necessary) that

Q3($17 "'7m’nfl)x’n)t — (xly "'71"77,*171’71 + xk)t‘

We can view R™ as the cartesian product R*~! xR. For every z = (21, ..., 1)’

in R"1 the x-section J,, of J is of the form .J, = {lyeR: (x1,...,xn_1,y) €
J}. The corresponding x-section (Q3.J), of Q3J can be written as
(Q3J)e ={y €R: (x1, ..., tn1,y + 1) € Q3J}
= {y eER: (xlv <y Ip—1, y)t € J} + (Oa ) vak)t =Jy + (07 ) vak’)t'
Thus, for all x € R™, J, is a translation of (Q3J), and, since the Lebesgue

measure A\ is translation-invariant, it follows that A'((Q3.J).) = A'(J,). Fu-
bini’s Theorem yields:

A(Qa]) = / A (Q@3))dA™!

Rn—1
= [ NN = X() = [ det( @)X (7)
Rn—l
]

Corollary 2.3.4. Let T : X — X be an invertible linear transformation
defined on the Minkowski space X and let m be a Haar measure on X. Then

m(T(A)) = |det(T)m(A)  for all A € B(X)
Proof. Let T be defined as in definition 2.3.2. By making use of Theorem
2.2.8 in conjunction with Theorem 2.3.3 we obtain
m(T(A)) = kA" (( o T(A)) for some k£ > 0

— kAY(Co (Lo Ty 0 €)(A))

— ENM(TL((A))

— K] det(T) |X"(C(A)) = | det(T)[EX"(¢(A))

=: | det(T)|m(A)
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O]

An affine transformation F' on a Minkowski space X is the mapping
F(z) = T(x)+a where T is invertible and linear and a € X. It follows directly
from Corollary 2.3.4 and the translation-invariance of Haar measures that

m(F(A)) = |det(T)|m(A) for all A € B(X)

If det(7T") = 1 then T is called a volume preserving map while F' is said to be
a volume preserving affine map. In this case:

m(F(A)) =m(A) for all A€ B(X)

Haar measures are therefore invariant under volume preserving maps.

2.4 The Volume of the Ball B(l}, zo,7) in R”

Let B(l},xo,7) be the set {x € R" : ||z — x|, < r}. For the sake of notational
simplicity, the n-dimensional Lebesgue measure on R™ is denoted by A\ and
the unit ball B(l},0,1) is written as B(l;;). This section not only serves as
an application of the results in the previous sections, but will also be used in
conjunction with section 4.6 to find both the upper- and lower bounds for the
volume product of the unit balls B(l})), where 1 < p < oo.

Lemma 2.4.1. \(B(ly,z0,7)) = r"A(B(l}, 70, 1))

Proof. Since A is translation-invariant it can be assumed without loss of gener-
ality that xo = 0. It is readily verified that the ball B(I},0,7) can be obtained
from the unit ball B(l})) by means of the invertible linear transformation

T: B(lg) - B(Z;L?O?r) : (y17 7y7l) = T(yla 7yn) = r(yh 7yn)

with standard matrix representation given by My = diag(r, ...,r). It therefore
follows from Theorem 2.3.4 that
A(B(1),0,7) = [det(T)[NB(1)) = r"A(B(ly))

Proposition 2.4.2. For anyn € N and any p € [1,00):

<2r(1 + %))n

MBO;) =

Moreover

AB(IL)) = lim A(B() = 2"

p—00
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Proof. Let I := [gn e~ 7llbdz. By definition of |||, we have:

I :/ e-rllidx:/ S 1|xz|pdx_// /He 9l gy ...t
= H/ e 1ol dg; = (/ tlpdt) = (2/ tpdt) . By symmetry
/R R 0

Now let t = S%—H then:
[e'e) n [e'e) 1 1 n
I,=2" (/ etpdt> =2" (/ 3plesds>
0 o P

_ 2;r (;) _ <2r<1 + ;)>n (2.4.1)

p [o.¢]
o llzll? _ / oLt gt
lellp

This follows easily from the Fundamental Theorem of Calculus. Indeed:

> tp—l _tpdt _ > d —tp dt = li —sP =llzllp — o—ll=lp
ol D, &) A
x

zlp e

We also have:

We may therefore express I, as follows:

I, —/ / ptP e " didx
m S lzllp

_/]R XAt eRn ol <P e A1 das.dandt

But
{(z1, .00z, t) € R™ ||z, < 8} = [0,00) X {(21, ..., 2n) € R™: ||, <t}

According to Fubini’s Theorem:

I, :/ (/ tp_le_tpdfvl...dxn) dt
0 {zeR™:||zp <t}
/ tP=le=t" / dry...dz,, | dt
B(iz,0,t)

| et ramag,0.0)
0
Pl " \(B (1;,0,1))dt - By lemma 2.4.1
0
A(B(1},0,1)) / P ety

g
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1
Again let t = s» ! then

© 1 14,1
Ip:)\(B(lg,O,l))/o p;s; 1(511’)p'”‘_le_sds

= \(B(2,0, 1))/0 s lemsgg

— A(B(I2,0,1))T(1 + %) (2.4.2)
Combining expressions (2.4.1) and (2.4.2) yields:

(2ra+1))"
AB()) = ~—=+——-
(B =
The unit ball B(IZ) is simply the cube [—1,1]” whose volume is given by the
product of the length it’s sides. Hence A(B(I%)) = 2". Since the gamma
function is continuous and I'(1) = 1, it follows that

lim A\(B(l;)) = lim w

=2" = \(B(I%
lim Jm (B)
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2.5 The Volume Product

Since the Santalé point (see [10]) of symmetric convex bodies coincides with
the origin, the definition of the volume product given here can be regarded as
a special case of the more commonly used definition ([10]). If m and m* are as-
sociated Haar measures (definition 2.5.3) defined on Minkoswki spaces X and
X* respectively and C' is any symmetric convex body in X, then the volume
product P of C' is given by P(C) := m(C)m*(C?). Not only is this quantity
independent of the choice of the associated Haar measures (Lemma 2.5.5), it
is also invariant under linear isomorphisms (Proposition 2.5.6). These proper-
ties, when used in conjunction with Theorem 2.2.8, enable the reformulation
of the general Blaschke-Santalé inequality (Theorem 0.0.1) in (R™, B(R™), \™)
without loss of generality (Theorem 2.5.6 and the subsequent Corollaries).

2.5.1 Definition and Elementary Properties
Associated Haar measures

Definition 2.5.1. The parallelotope P(by,..,b,) spanned by the ordered basis
{b1,...,bn} of X is defined as the set:

Pbr, b)) i={z € X :x=> Abi, 0< X\ <1 for i=1,..,n}
=1

The parallelotope P*(by, ..., by,) is simply the parallelotope spanned by the dual
basis vectors {bj,..., b5} of X*.

Let m and m* be any two Haar measures defined on X and X* with ordered
bases {b1,...,b,} and {b7,...,b} } respectively. The following Theorem makes
use of properties of the Hilbert adjoint operator to show that the product

¢ = m(P(bi,...,bn))m*(P* (b7, ...,b})) remains unchanged regardless of the
chosen ordered basis. Associated measures are then simply defined as those
measures for which ¢ = 1.

Theorem 2.5.2. If m and m* are Haar measures defined on X and X* re-
spectively, then the product m(P (b, ..., by))m*(P*(b7, ..., b})) is independent of
the basis {by,...,bn}.

Proof. Let T : X — X be an isomorphism mapping the basis vectors {b, ..., b, }
onto the basis {f1,..., fn}. According to section 1.4, the natural dual basis
{fr, ., f7} is simply the set {(T*)71b3,..., (T*)71b}} where T* is the Hilbert
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adjoint operator of T'. The linearity of T implies
n
P(Tby,....,Tb,) ={x e X 1z = Z)"Tbi’ 0<X\ <1 for i=1,..,n}
i=1

={reX: T} Z/\bl,0</\ <1 for i=1,..,n}
=1

:{TxEX:a::Z)\ibi, 0< N <1 for i=1,..,n}
i=1

=T(P(b1,....;bn))
Similarly it can be shown that
P*(Tby, ..., Tby) := P(T*) 10}, .., (T*) 107 = (T*) " PP(b], ..., b,
= (T*)"LP*(by, ..., bp)
Moreover, det((T*)™!) = (det(T*))~! = det(T), and hence
m(P(f1; - )" (P*(f1, o0 fn)) = m(P(Tby, ..., Tby))m” (P*(Thy, ..., Thy))
(T (P (b1, ., bp)))m* (T*)~H(P* (b, -, bn)))

]det(T)Hdet((T*) Y [m(P(by, ..., b)) (P* (b, ..., b))
M(P(br, eory b))y (P* (b1, ..., b))

O]

Definition 2.5.3. The Haar measures m and m* are said to be associated
Haar measures if:

m(P)m*(P*) =1
The Volume Product

Definition 2.5.4. Let (X, B) and (X*, B°) be a pair of n-dimensional dual
Minkowski spaces and let m and m* be the associated Haar measures on X
and X* respectively. The volume product P(B) of B is defined as:

P(B) := m(B)m*(B°)

while the reduced volume product v of B is given by

3=

V(B) := (n!P(B))

Lemma 2.5.5. The volume product is independent of the choice of associated
Haar measures m and m*.
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Proof. Suppose (m1, m}) and (ma, m3) are two pairs of associated Haar mea-
sures. Since mq and ms are both Haar measures on X, it follows that there
exists a scalar a € R such that m; = amso. Similarly there exists a scalar
B € R such that m] = fm3. Now for any parallelotope P(ey, ..., e,) we have:

mi1(P(et,...,en))mi(Plel,...,er)) =1

= ama(P(e1,...,en)) Bm5(P(e],...,e5)) =1
But

ma(P(e1, ..., en))ms(P(e],...,er)) =1
Since mg and mj are associated Haar measures. From this it follows that
af = 1. So for the unit sphere B we have
my(B)mi(B?) = ama(B)Bm3(B®) = ma(B)m;(B°)

Therefore P(X) is independent of the choice of associated Haar measures. [J

Proposition 2.5.6. Let X and Y be n-dimensional Minkowski Spaces and
let T : X — Y be an linear isomorphism. Then P(T(B)) = P(B) for any
symmetric convex body B C X.

Proof. This result is a direct consequence of Theorem 2.2.8. Indeed let T
be the Hilbert adjoint operator of T and let (my,m3 ) and (mx,m%) be two
pairs of associated Haar measures on the spaces X, X*, Y and Y* respectively.
According to Theorem 2.2.8 there exist non-negative scalars «, 3 € R such that

1 =my(P(b1,...,bn))m3y (P(b7, ..., b))
= afmx(P(T by, ..., T 0,))m (P(T*(Y), ..., T*(b)))

for any basis {b1,...,b,} of Y. Since mx and m¥ are associated, aff = 1.
Recall from remark 1.4.3 that (T(B))° = (T*)~!(B°) and hence

P(T(B)) = my (T(B))my ((T") "' (B°))
= afmx(B)m%(B°) = mx(B)mx(B°)
= P(B)
O

Corollary 2.5.7. For any Minkowski Space (X, B) with dual space (X*, B®)
we have P(B) = P(B°) and hence v(B) = ~(B?).

Proof. The mapping T : X — X*|b; — Tb; := bf for i = 1,...,n defines a
linear isomorphism from X onto X* such that T(B) = B°. Proposition 2.5.6
now implies that P(B) = P(T(B)) =: P(B°) and therefore v(B) = v(B°). O
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Corollary 2.5.8. The Blaschke-Santalo inequality can, without loss of gener-
ality, be reformulated in (R™,B(R™), \").

Proof. Let X be an n-dimensional Minkowski space and suppose the Blascke-
Santalé inequality holds in R". Then P(B) < P(FE) for any symmetric convex
body B C R", where £ C R” is an ellipsoid. Since the coordinatization
mapping ¢ defines an isomorphism from the Minkowski Space X onto R™,
it follows from Proposition 2.5.6 and the definition of ellipsoids that for all
convex symmetric bodies C C X,

where (71(E) is an ellipsoid in X. Moreover, if K C X is a symmetric convex
body such that P(C) < P(K) for all other symmetric convex bodies C € X,
then P(¢(C)) = P(C) < P(K) = P(((K)) for all sets ((C) C R™. By the
second part of the Blascke-Santald inequality for R and by Proposition 1.3.3,
it follows that ((K) and hence K is an ellipsoid. O

Remark 2.5.9. Let {ey,...,e,} be the standard ordered basis for R™ with corre-

*

sponding dual basis {e], ...,e}} and let m* denote the Haar measure on (R")*,

assoctated with the n-dimensitonal Lebesgue measure .

The mapping T : (R™)* — R"|ef — T'(ef) = e; defines a linear isomorphism
and hence, according to Theorem 2.2.8, there exists a scalar k > 0 such that
m*(B) = kXT(B)) for all B € B((R")*). Since the volume of the cube
Pleq,...,en) is equal to 1, it follows from the association of X and m* that

EAP(er,....en))® = m*(Pel, .., ))ANP(er, nen) =1 = k=1
and hence
P(C) = XNC)NT(C?)) for all convex symmetric bodies C' C R"
Recall from Section 1.4 that T'(C°) can be written in the form
T(C%) ={y eR": (z,y) <1 forallx e C}.

In order to simplify notation in subsequent chapters, C° will from now on
implicitly be understood to denote the set T'(C?).
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2.6 The Blaschke-Santal6 Inequality for the Collec-
tion {B(l}) : 1 <p<n}

The following proposition makes use of the explicit formulae derived in section
4.4 to find both the lower- and upper bound of the volume product for the unit
balls B(l}}), where 1 < p < oco. For this restricted class of convex bodies, the
maximal volume product is attained exclusively for the Euclidean ball B(%),
which complies with the more general version of the The Blaschke-Santald
inequality. The use of the reduced volume product v instead of P is simply
for notational convenience. The proof of Proposition 2.6.1 is based largely on
properties of the gamma function I" which are used here without proof. An
exhaustive discussion of these properties can be found in Artin [2].

Proposition 2.6.1 (St. Raymond). For all p € [1, 0]
4=7(B(l1)) =(B(I%)) <v(B()) <v(B(l3)) (2.6.1)

Proof. Let 1 < g < oo be such that % + % = 1. Recall from Proposition 2.4.2
that the volume of B(l}) is given by:

AB(Ly)) =

Proposition 2.6.1 is proved by considering the equivalent problem of maximiz-
ing and minimizing the function

1 n —In n n n
F(p) = In P(B(I?)) = nA(B(I)) + In A(B(IT))

over all possible values of p > 1. The following arguments show that F' :

(0,1] — R is a concave function.

The gamma function is infinitely differentiable and can be expanded as follows:
nln®

T(z) = li forallz >0  (2.6.2
@) = i it (e - forallz> (262)

Consider the function z :— In(I'(z 4+ 1)). By the above expansion and the
continuity of the natural logarithmic function, In(I'(z 4 1)) can be written as:

) nln®
In(l'(z +1)) = lim In (n+a)(n—1+z)..(2+2)(1+ x)]
n+1
= lim [In(n!) + (z + 1) In(n) = Y n(x + j)
j=1
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Since this sequence is absolutely convergent we may interchange differentiation
and limits:

n

d ) 1
2 = 1 > 1

> g e = Jm 1 e | S L T
Now

& [m <w>} _ & [nIn(T(z +1))] — Cf; [In(I'(1 + na))]

dz? I'(1+ nx) dx?
where
d? 0 n o n 1
a2 DI = (et ]+ 2 T 2.6.3
A2 [nIn((z +1))] ;} (r+1 —|—j)2 ;}kZl (z+1 +j)2 ( )
and
2 m+1 TL2 m+1 )
mzl w02 (w4 0+ k)2 ; (@1t k)
o0 n 1
B - (2.6.4)
jz;kzl (x+j+ )2

Combining expressions (2.6.3) and (2.6.4) yields:

d? (z+1)" S 1
1 :E E — 0
dg;2[n< I'(1+ nx )} x+j+1 (x+j+%)2<

7=0 k=1

for x > 0. The function F': (0,1] — [0, 00) is rewritten in terms of z as follows:

F(z):=In (P(B(zg))) —In ()\(B(lg))) +1n ()\(B( ;g%)))
From the definition of B(I}) and the above inequality it follows directly that

F is a concave function. In addition for any z € (0, %)

F(% +z):=1In <)\(B(l”1))> +1n ()\(B(l” 1 )))

o+t I—(a+3)

= In <)\(B(l" , ))) +In (A(B(l”l))>
1-(d-a) -

= F(; ~ )
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From this it follows that F' is symmetric about % and therefore it attains

its maximum at the point z = 1. In other words P(B(ly)) < P(B(l3))
for all 1 < p < oo. Moreover, since F' is a concave function, it decreases
monotonically as x tends towards 1 or 0. This implies that F', and hence
P(B(ly)), attains its minimum at the point x = 1 = p. Since (I7)* = I3, it
follows from Corollary 2.5.7 that

P(B(I%)) = P(B(lY)) < P(B(ly))  V1<p< oo
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Chapter 3

The Hausdorff Metric

3.1 Introduction

In the ensuing chapters it is often more convenient to consider the distance
between sets rather than between points. For any Minkowski space (X, ||.||)
with unit ball B it is possible to define a metric §, called the Hausdorff metric
on the collection K of non-empty compact subsets of X. Throughout this
Chapter a variety of different subclasses of I play a role. In aid of distin-
guishing between these subclasses, the following notation will prove useful:

IC : The collection of all non-empty compact subsets of X.

C : The collection of all non-empty convex compact subsets of X.

Cp : The collection of all convex bodies in X.

Chy: The collection of all convex bodies whose interior contains the origin.
Cs: The collection of all symmetric convex bodies in X.

Remark 3.1.1. It can readily be seen that Cs C Cpy C C, CC C K.

Section 6.2 serves as an introduction to the Hausdorff metric. Even though
this metric depends on the underlying norm ||.||, it will be shown that the
equivalence of norms on Minkowski Spaces ensures the equivalence of the cor-
responding Hausdorff metrics. Under the Hausdorff metric, both the Haar
measure and the volume product can be regarded as continuous functions de-
fined on the collections Cj, and Cj respectively (Section 6.3). Section 6.4 sets
out to prove the Blaschke selection theorem, namely:

“In the Minkowski space (X, B), the collection of all convex bodies contained
within the set aB (where a > 0) is sequentially compact with respect to the
Hausdorff metric”.

This theorem, especially when used in conjunction with the continuity of the
Haar measure and the volume product, is pivotal in proving Theorem 4.3.3,
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which will in turn be used not only to establish the first part of the Blaschke-
Santalé inequality directly, but also to prove Brunn’s theorem (Theorem 4.4.2)
in Chapter 4.

3.2 Definition and General Properties

Let (X, |.]|) be an n-dimensional Minkowski Space with fixed unit ball B. The
Hausdorff metric 6 on K is expressed in terms of the quantity ¢’, defined as
follows:

Definition 3.2.1. Let C,D € K. Define:
§'(C,D) :=inf{e >0:C C D+ eB} (3.2.1)

Remark 3.2.2. Since D is non-empty, it follows that D + eB is non-empty
for all € > 0. Moreover, C is compact and hence bounded, which implies
C C D + €B for a large enough €. Hence 8’ is well defined.

Proposition 3.2.3 (Properties of §’). For any C, D € K the following hold:
1. ' >0and §'(C,D)=0<CCD
2. If A,C,D € K then §'(A,D) < §'(A,C) + ' (C, D)

Proof. .

1. Tt is clear from the definition that ¢'(C,D) > 0VC,D € K.

Suppose §'(C, D) = 0. By definition of the infimum, there exists a sequence
{€;} of positive scalars such that lim; ,o, €¢; = 0 and C C D+¢;B for all i € N.
This means that for any ¢ € C' we have ¢ = d; + €;b; for some d; € D, b; € B.
Since ||b;|| <1 for all ¢ € N, it follows that

0 < |le—d;i|| = ||e&:bi]| = €il|bi]| < € — 0 as n — oo.

Hence the sequence {d;} C D converges to ¢ € C and since D is compact (and
therefore closed), it follows that ¢ € D. But ¢ € C' was arbitrary, and thus
ccb.

Conversely, suppose C' C D. But D C D + €B for any € > 0 (since 0 € B).
This implies that C C D + eB for all € > 0 and hence

0<¢(C,D)=inf{e >0:C C D+eB}=0.

2. Suppose A C C+mB and C' C D + neB. It then follows by prop-
erties of Minkowski addition that A € D +mB + mB = D + (m1 + n2)B.
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Therefore

{e:ACcC+eB}+{e:CCD+eB}C{e: AC D+ eB}

=inf{le:ACD+eB}<inf[{e: ACC+eB}+{e: C C D+ eB}]
(". The infimum over a larger set is smaller)

=inf{e: ACD+eB} <inf{e: AC C+eB}+inf{e: C C D+ eB}

= §'(A,D) < §(A,C)+ ' (C,D)

O]

Although Proposition 3.2.3(1) indicates that ¢’ itself can clearly not be used
as a metric on K, the Hausdorff metric § is defined in terms of ¢’ as follows:

Definition 3.2.4. The Hausdorff metric § defined on K is defined for all
C,D e K as:
§(C, D) := max{d'(C, D),§'(D,C)} (3.2.2)

Proposition 3.2.5. The Hausdorff metric is indeed a metric on K.
Proof. .

1. Since 6(C, D) := max{d'(C, D), ' (D, C)}, it is clear that 6(C, D) > 0 for
all C, D € K since ¢’ > 0. From this it also follows that §(C, D) =0 <
both ¢'(C, D) = 0 and ¢§'(D, C) = 0.From properties of ¢’ we know that
this is only possible when C C D and D C C = C = D.

2. Triangle inequality: From the previous proposition, we know that for any
sets A,C, D € K we have §'(4,D) < §'(A,C)+ ' (C, D) and §'(D, A) <
8 (D,C) + ¢ (C, A). Tt therefore follows that:

§(A, D) = max{d§'(A4,D),d (D, A)}
<max{¥§(4,C)+§(C,D),§(D,C)+§(C,A)}
<max{d'(4,C),§(C,A)} + max{d§'(C, D),§(D,C)}
=0(A,C)+46(C, D)

3. Symmetry:
§(A,C) =max{d(A,C),§(C, A)} = max{d'(C, A),d (A, C)} =: 6(C, A)
]

Generally, different norms give rise to different Hausdorff metrics. It will
shown in the next theorem, however, that for Minkowski spaces these Haus-
dorff metrics are equivalent.
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Proposition 3.2.6. If||.||1 and ||.||2 are equivalent norms on X with associated
Hausdorff metrics 61 and d2 respectively, then there exist scalars c1,co > 0 such
that for all C, D € K

8152(C,D) S (51(0, D) S 6252(0, D)

Proof. Since ||.||1 and ||.||2 are equivalent, there exist positive scalars ¢1,c2 > 0
such that
allzlle < [Jz]h < coflz|2 for all z € X (3.2.3)

Let By and By be the unit balls corresponding to norms ||.||; and ||.||2 respec-
tively. For any y € c1B1, we have ||ylla < 2||yll1 <1 = y € By. Similarly for

<4
x € Bg, we have éHacHl < ||z]l2 €1 = x € c2B;. The inequalities in (3.2.3)
thus imply:

c1B1 C By C 0By (3.2.4)

Now consider any C, D € K:

{6>0:CCD+6Bl}:{616>0:CCD+01€Bl}
:Cl{€>0:CCD+€ClBl}
Cci{e>0:C C D+ eBy} ‘- c1B] C By

Therefore

c105(C, D) = infc;{e >0:C C D + €eBy}
<inf{e>0:C C D+eB;}=6(C,D)

Similarly ¢105(D, C) < §(D,C) and hence
c102(C, D) < 61(C, D) (3.2.5)
Also:
c2{e>0:C CD+eBy} = {026>O:CCD+626612B2}

1
:{?7>0:CCD+770—B2}
2
c{n>0:CcD+nB1} = LB2CB
So

§1(C,D)=inf{e >0:C C D +eBy}
<infea{e > 0:C C D+ €eBsy} = 285(C, D)

Similarly 67(C, D) < ¢205(C, D) and therefore
01(C, D) < ¢202(C, D) (3.2.6)
Together, relations (3.2.5) and (3.2.6) imply
c102(C, D) < 61(C, D) < ¢202(C, D)
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3.3 Continuity of the Haar measure and the Volume
Product

This section aims to show that any Haar measure m : C, — [0,00) is a
continuous mapping with respect to the Hausdorff metric §. The continuity
of the volume product P : Cs — [0, 00) (Theorem 3.3.6) follows directly from
this result. The proof of the continuity of m is outlined as follows:

On the collection Cp, C Cy, a relatively simple metric Ay can be defined, which
is equivalent to 0 on Cp, (Lemma 3.3.3). It can readily be shown (Theorem
3.3.4) that m is continuous on Cp, with respect to the metric Ay and hence with
respect to . The continuity of m in the case of the more general class Cp, can
then be established by means of the translation-invariance of Haar measures
(Theorem 3.3.5).

3.3.1 The Metric A,

Definition 3.3.1. Let K7 and Ky be any two convex bodies in X whose inte-
rior contains the origin. Let

A/(Kl,KQ) = inf{a >0: K1 C OZKQ}.
The metric Ag is defined as:
AQ(KI, KQ) :=1In (max{A’(Kl, KQ), A/(KQ, Kl)})

Remark 3.3.2. Since the interior of Ko contains the origin, there exists a ball
By C Ky with center 0. Now K1 is compact and therefore bounded, so there
exists an a > 0 such that K1 C aBy C aKy. The set {a > 0: K1 C aKs} is
thus non-empty and A’ is well-defined.

It can be directly verified that As is indeed a metric.

Lemma 3.3.3. Let (X, B) be an n-dimensional Minkowski Space. Then the
metrics Ag and § defined on Cy, are equivalent.

Proof. We will show that any sequence {K,}7°; in Cp, converges to some
K € Cp, with respect to Ay if and only if it converges to K with respect to d:
Since K € Cy,, the origin is an interior point of K. Hence there exists a positive
scalar (1 such that the ball 51 B C K. Furthermore K is bounded and therefore
there exists a B > 0 such that K C $2B. So

BlB CKC 62B (331)

(i) Suppose K, —a, K as n — oo:

_ 1+,/1+52
For any given v > 0, let e = —5—2% > 1. Then 7 = ¢(e — 1)3>.
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Since K, —na, K, there exists an N, € N such that Ay(K, K,,) < In(e) for
all n > N,. This implies

K C eK,, and K, C eK C (2¢B. (3.3.2)

Since K,, C K, any element k, € K, can be written in the form k, = ek =
k+ (e — 1)k for some k € K. Therefore K, C K+ (e—1)K C K+ (e—1)(32B.
Similarly K € K, +(e—1)K,, C K, +€(e—1)32B. Now e(e —1)F2 > (e —1)[2
and hence the definition of ¢ implies that §(K, K,) < e(e — 1)52 = ~ for all
n > N,. Hence K;,, —; K.

(ii) Conversely, suppose that K, —s K as n — 0o:
Again, let v > 0 be given and choose € > 0 such that v = In(1+ %e) Assume,

without any loss of generality, that v < In(2) = € < %
There exists an N, € N such that §(K, K,) < € for all n > N,. From the
inclusions in (3.3.1) it follows that:

K,CK+eBcC (1+¢5HK. (3.3.3)

Moreover, by combining the inclusion in (3.3.1) with the definition of ¢ and
the fact that € < % we obtain:

ﬁlBCKCKn+GBCKn+%B
and hence
B 1 B
?BC§KN+ZB
1 1 1 1 .
C§Kn+1Kn+%B:(§+Z)Kn+%B " convexity of K,
1 1 1 1
— 4+ -+ -+ — 4+ .K
c(2+4+8+16+ ) Ky,

So any element b € %B can be written as b = (% + i + % + TIG +...)k =k for
some k € K, and hence %B C K,,. So

K C KpeB C (14 2¢6, MK, (3.3.4)

From (3.3.3) and (3.3.4) it now follows that Ay < In((1 +2¢6;!)) = v for all
n > Ny and so K;, —na, K. O

3.3.2 The Continuity of m : C, — [0, 00)

Theorem 3.3.4. The mapping m : Cp, — [0,00) : K — m(K) is a continuous
mapping on (Cp,, A2) and hence on (Cy,, 6).
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Proof. Let K € Cy, and € > 0 be given. Choose n > 1 such that
0" (" — Dm(K) < e.

Then for any K’ € Cp, such that Aq(K, K') < In(n) we have:

K' cnK
= m(K') <m(nK) =n"m(K)
= m(K')-m(K)< (" -1)m((K)<n"(n" —1)m(K) <e (3.3.5)
Also
K c nK’

= m(K) <mnK') =n"m(K’)

= m(K)-m(K) <" —-1)m(K') <n"(n" —1)m(K) < e (3.3.6)
From inequalities (3.3.5) and (3.3.6) it follows that |m(K) — m(K")| < € for
all K’ in the In(n)-neighborhood of K. Therefore m is continuous at K € Cy,.

Since K was arbitrary, m is continuous on (Cp,, A2) and hence on (Cp,,d) (by
Lemma 3.3.3). O

Theorem 3.3.5. The mapping m : C, — [0,00) is continuous with respect
to 9.

Proof. Let K be an arbitrary set in Cp,. Since K is a convex body, there exists
some point x € int(K'). The interior of the translated set K — x thus contains
the origin and hence K —x C C,. Theorem 3.3.4 now implies that m is
continuous at K — x with respect to é and hence there exists for every € > 0
an 7 > 0 such that

Im(K —z) —m(K' —z)] <e whenever §(K —x,K' —z)<n.
Now if 6(K, K') < n then

KCcK +nB and K CK +nB
=K-2CK —x2+nB and K —x2CK —x+nB
= (K -2, K —x)<n

Hence, by the translation-invariance of m:
Im(K) —m(K")| = |m(K —z) —m(K' — )| <e whenever 4(K,K')<n.

O

39



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

3.3.3 The Continuity of P:C; — [0, 0)

Suppose (X, B) is an n-dimensional Minkowski space with Dual space (X*, B°).
Let (C¥,dpo) denote the collection of all symmetric convex bodies in X*,
equipped with the Hausdorff metric defined in terms of B°. Similarly, let
0p denote the Hausdorfl metric defined in terms of B.

Theorem 3.3.6. The volume product P : Cs — [0,00) is continuous with
respect to the Hausdorff metric p.

Proof. Let m and m* be two associated Haar measures on X and X* respec-
tively. Define the mapping

0 :(Cs,0B) — (CL,0p0)|C — ¢(C) = C°.

The volume product P evaluated at an arbitrary set C' € Cs can thus be
written as the product

P(C) =m(C) - (m” 0 p)(C).

It is clear from Theorem 3.3.5 that m is continuous on C; C Cp,. It thus
remains to show that the composite function

m* oy :Cs — [0,00)

is continuous. Since all polar bodies are contained in C}, ¢ can be regarded
as a mapping from Cs to C;. According to Lemma 3.3.3, there exist positive
real numbers ¢y, ¢, d1, do > 0 such that

c10B < Ay < c9dp and didpe < A; < dydpo.

Given C € Cs and € > 0, let n = dc—lj. If D € Cs is such that 6p(C, D) < n,
then
AQ(C, D) < die
= CceBD and DceheC
= D°cel“C® and C°ceh€D° - Properties of Polar Bodies
= A3(C° D°) < dje = 0p.(C°,D°) < ¢
This implies that ¢ is continuous. In addition, Theorem 3.3.5 guarantees the

continuity of the mapping m* : C¥ — [0,00) and, since the composition of
two continuous functions is continuous, the result follows. ]
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3.4 The Blaschke selection theorem

Consider the n-dimensional Minkowski space (X, B). A set K € X is said to be
uniformly bounded by the scalar a > 0 if K C aB. For the sake of notational
convenience, let K, :={K € K: K CaB} and C, :={C € C: C C aB}. The
Blaschke selection theorem can therefore be formulated as follows: “For any
a > 0, the collection C, is sequentially compact in (KC,d).”

A set K C X is called totally bounded if for every € > 0 there exist points
x1, T2, ...,y € K such that K C |J"; B(X,x;,¢). The strategy used in this
section to prove the Blaschke selection theorem resembles the approach used
in Thompson, Section 2.5 [18] and relies mainly on the following well-known
characterization of compactness in metric spaces, which is stated without proof
(see for instance Dunford and Schwartz [8]).

Theorem 3.4.1. For any set K in a metric space, the following statements
are equivalent:

(a) K is compact.

(b) K is sequentially compact.

(c) K is complete and totally bounded.

More specifically, the Blaschke selection theorem will be proved according to
the method outlined by the following steps:

1. (K,6) is a complete metric space (Theorem 3.4.2).

2. K, is a totally bounded (Theorem 3.4.3) and closed subset of the com-
plete space K and is therefore compact (Corollary 3.4.4).

3. C is a closed subset of K and is therefore complete (Lemma 3.4.6).

4. C, is a closed subset of the compact set K, and must hence be compact
(Theorem 3.4.7).

Theorem 3.4.2. If {K,} is a Cauchy sequence in (KC,0) then K, converges
to

o0 o0
Ky = ﬂ cl U K il € K
i=1 j>i
Hence (IC,0) is a complete metric space.
Proof. Since the arbitrary intersection of closed sets is also closed, it follows
trivially that Ky is a closed set. Let € > 0 be given. Then there exists an
no(e) > 0 such that 6(K;, K;) < € for all 4,5 > n(e). This implies that

K; C K; + €B for all 4,5 > n(e).
In particular, for all j > i > ng(e) we have K; C K;+eB and hence {J,»; K; C
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K; + eB. Since both K; and B are compact sets, K; + ¢B is closed, which
implies

el ||JK; | CKi+eBCKi+2B
Jj=>i

This inclusion holds for all i > ng(e) and therefore it follows that

Kozﬁcé Uk c () (K| cKi+2B (3.4.1)
i=1 §>i i>ng(e) J>i

for all i > ng(e).

Conversely, for any k € N there exists an ny(e) € N such that §(K;, K;) < 27%¢
for all 7,7 > ng(e). Choose an arbitrary positive integer mgy > ng(e) and let
xo € Ky, (this is possible since K,,, € K and is therefore non-empty). Now
let m; > max{mg,ni(e)}. Then

S(Kmy, Kmy) <27 'e < €= Ky C Ky +27 LB,

Therefore, x¢ can be written in the form xg = z; + y, where z; € K,,,, and
y € 27 B, from which it follows that ||z1 —zo| = |ly|| < 27 'e < e. Now choose
an mg > max{mi,na(e)}. Similarly K,,, C K, + 2~ 2eB, which implies that
there exist o € K, and y € 272¢B such that 1 = z2 + y and hence
lz1 — @2l = |lyl| < 272%€ < 27te. Generally if my,...,mp_1 and @1,..., 71
have been chosen, take my > max{my_1,ni(e)}. By the same argument there
is an z € Ky, such that ||z), — zp_1|| < 2F e

Now {z;}2, is a Cauchy sequence in (X, ||.||) and must hence converge (by the
completeness of Minkowski spaces) to some Z. Since the sequence {my}32, is
strictly increasing and unbounded, it follows that for any n € N there exists
an m, > n and hence z,y € Kp, , C UjZn Kj;. In fact for any k > n' we have
my > My = T € U, Kj C Ujs, Kj- Since the sequence {zx} C U, K

converges to x it thus follows that z € ¢l (szn Kj). This holds for any n.

Jjzn

Therefore z € ()~ ¢/ (U]Zn Kj) = K. Hence Ky # (). By continuity of the

norm we have:

|Z — zo|| = lim ||z, —x0|| = lim ||z — 2p—1 + -1 — Tp—2+ ... + 1 — 20|
n—oo n—oo

n n

. B : —(h-1), _
< nlggO; |leg — xp—1]] < nlLIIgo; 2 €=2¢

Hence for any mg > no(e) and any z¢ € Ky, we can find a £ € Ky such that
|z — xo|| < 2€, which implies 29 — Z € 2eB and hence z¢g € Ky + 2eB. But
mo > ng(€) is an arbitrary integer. Thus

K; C Ko+ 2eB for all i > ng(e) (3.4.2)
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From inclusions (3.4.1) and (3.4.2) it finally follows that §(Ky, Ki) < 2e for
all ¢ > ng(€) which implies that §(Ky, K;) — 0 as i — oo O

Theorem 3.4.3. K, is totally bounded.

Proof. Let € > 0 be given. The ball aB is compact and hence there exists
a finite collection of balls {B(z1,¢€),...B(zk,€)} with centers z1,...,x that
cover aB. Let J be the collection of all non-empty subsets of {x1,...,zx}.
J contains 2 — 1 sets that are all bounded by aB, and (being finite unions
of compact point sets) are compact. Thus J C (K4,0). For any K € K,
define Fg := {z; € F : there exists an z € K such that ||z; — z|| < €}. By
the definition of Fy we have F C K + eB. Conversely, since Ule B(x;,€)
is a finite covering of aB and hence of K, we can find for every x € K an
x; € Fk such that ||z — ;]| < e. It follows that z € Fg + e€B and thus
K C Fg + eB. Therefore 0(K, F) < €. In other words, every K € I, is
contained in some ball in (K,,d) with radius € whose center is an element of
the finite set J C mathcal K,. Therefore IC, can be covered by a finite number
of e-balls which implies that (K, d) is totally bounded. O

Corollary 3.4.4. I, is compact with respect to 6.

Proof. K, is a closed subset of K: Let {K;} be a sequence in K, converg-
ing to some K. Then {Kj;} is a Cauchy sequence which (by completeness of
K) converges to Kg = K = Ky. Now K; C aB for all i € N = K, =

Nizy cl <Uj2i Kj> C aB = Ky € K,. This implies that K, is complete (since
K is complete). Also, K, is totally bounded, according to Theorem 3.4.3. It
now follows from Theorem 3.4.1 that (Cg, d) is compact. O

The following technical Lemma establishes a closed-form expression for the
limit of any convergent sequence in K, which is used in Lemma 3.4.6 to show
that C is a closed (and hence complete) subset of (K, ).

Lemma 3.4.5. If {K,} is a sequence in (KC,0) such that K,, — Ky, then
o
Ko=) J[K; +e€B)
e>0i=1j>i

Proof. The convergence K; — K implies that for every € > 0 there exists an
i(e) € N such that Ko C K; + €B for all j > i(e). Hence

Koc () () &;j+eB)c () fj (K +€B) (3.4.3)

>0 j>i(e) e>0i=15>i

For the converse inclusion, note that since all convergent sequences are Cauchy
sequences, it follows from Theorem 3.4.2, that K is non-empty and can be
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written in the form
o0 o0
KO = m cl U Kj
i=1 >i

and hence it suffices to show that

oo oo oo
NUNE; +eB) c (et | JE;
e>0i=1;j>% i=1 Jj=>i

Suppose
oo
x € ﬂ U ﬂ(KJ + eB).
e>0i=1j>i

Then for any € > 0 there exists an i(e) such that € K; + eB for all j > i(e).
Let m € N be arbitrary and choose n € N such that n > max{m,i(e)}. Then

reK,+eBC | ) Ky+eB

n>m
So for every € > 0, there exist ;) € UHZM K, and y € €B such that z =

v K © ol (Upz K )-

Even if z;) # , it still holds that ||z — z;)l| = [ly[| < e. This implies that
for any e-neighborhood B(z, €) of =, we can find x;() € Uan K, € such that
Tie) € B(z,¢) and is distinct from z. Thus z is an accumulation point of

Unzm K,, and hence z € ¢/ (U K ) Since m was arbitrary,

n>m N

Tie) +y. If 75 = 2 then x = ;) € U

T E ﬁcﬁ UK”
m=1

n>m
O

Lemma 3.4.6. The setC is a closed subset of (IC,0) and is therefore complete.
Proof. Let {C,,} be any sequence of sets in C converging to Ky € K. By the

previous lemma,
[e.e]
Ko=[1U((C)+eB)
e>04=1j>i

Now since the sum of two convex sets is always convex, we have C; + €B
is convex. further the arbitrary intersection of convex sets is convex which
implies that (;,;(Cj + €B) is convex. Now the sequence {(;5;(C; +€B)}2;
is a nested sequence of convex sets therefore

U5 +eB)=()(C)+eB)

i=1j>i j>1
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which is convex. Finally, the set

Ko=[1UN(C)+eB)

e>04=15>i

is again the intersection of convex sets and hence is convex. So Ky € C which
implies that C is closed. O

Theorem 3.4.7 (The Blaschke Selection Theorem). The collection C,
s sequentially compact with respect to 4.

Proof. C, = Ko C, where both C and I, are closed (according to Theorem
3.4.6 and Corollary 3.4.4 respectively). Therefore C, is a closed subset of
Kqo. Since K, is compact (Corollary 3.4.4), it follows that C, must also be
compact. O]
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Chapter 4

Steiner Symmetrization and
the First Part of the
Blaschke-Santalé Inequality

Let A be a non-empty compact convex set in R™ and let H be a hyperplane
in R™ with unit normal vector u. The Steiner symmetral Ay of A about H is
computed by translating all the chords of A which are perpendicular to H, in
the direction u until their midpoints lie on H. The union of all these chords
is symmetric about H and is called the Steiner symmetral Ay of A about
H. Section 4.1 develops the formal method of Steiner symmetrization while
section 4.2 establishes some elementary properties of the Steiner symmetral. In
particular, it will be shown that the Steiner symmetral preserves convexity and
compactness (Propositions 4.2.1 and 4.2.2 ) as well as the volume (Theorem
4.2.3) of the original set. These two sections, as well as Section 4.3 are largely
based on Section 6.6 of the book “Convexity” (Webster[19]). Section 4.3 sets
out to show that for every convex body in A C R” there exists a sequence of
Steiner symmetrals of A converging in the Hausdorff metric to a Euclidean ball
By. This result not only leads to the famous characterization of ellipsoids due
to H. Brunn [6] (Theorem 4.4.2), which is invoked in Chapter 5 to prove the
second part of the Blaschke-Santal6 inequality, but was also used directly by
Meyer and Pajor [11] in a short proof of the first part of the Blaschke-Santalé
inequality (Lemma 4.4.6 and Theorem 4.4.7).

4.1 Definitions

Let A C R™ be a non-empty compact convex set and H be a hyperplane with
unit normal vector u. The definition of the Steiner symmetral Ay of A about
H relies on the orthogonal decomposition of R” = H @ H+ = H @ span{u}.
Indeed, any vector a € A can be written uniquely as a = p + Qu, where p € H
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and 6 € R. The following definitions will prove useful in this context.

Definition 4.1.1. The projection H(A) of A onto the hyperplane H is defined
as the set H(A) := {p € H : p+ 0u € A for some § € R}. Also, for any
p € H(A), let I4(p) :={0 € R:p+ 0u e A}.

It follows directly from the convexity of A that both H(A) and I4(p) are
convex sets. Moreover, the compactness of A ensures that 14(p) is a non-empty

compact interval for any p € H(A). The following functions are therefore well-
defined.

Definition 4.1.2. Define the functions aa, 34,74 : H(A) — R by:

as(p) :=min{f:0 € I4(p)}
Ba(p) :==max{0:60 € I4(p)}
va(p) = Ba(p) — ca(p)

When no ambiguities are apparent, the subscript A will be omitted. In terms
of the above notation, A = {p+ 0u : p € H(A), 6 € I4(p)}. In other words,
A is the union of chords of the form {p + 0u : 6 € I4(p)} where p € H(A).
The Steiner symmetral Az, of A about H is obtained by translating every such
chord along the line £ = span{u} so that its midpoint %(c(p) + B(p)) lies on
H(A). More explicitly:

N | —

Ay :={p+0u:peH(A), 0 €lalp) — 5(alp) + B(p))}
={p+0u:pecH(A), |0 <~(p)} (4.1.1)

Another, equivalent definition, which will prove useful in Lemma 4.4.6 can be
understood in terms of the reflection of A about H. The Steiner symmetral
is constructed by mapping each chord of the form {p + 6u : 6 € I4(p)} with
p € H(A), onto the chord £ {p+0u:0 € I4(p)} +1{p—0u:0 € I4(p)}. More
concisely:

1
Ay ={p+ 5(01 —02)u:p € H(A), 0; € I4(p) for i = 1,2} (4.1.2)

In order to prove that the sets defined by (4.1.1) and (4.1.2) are equal, it
suffices to show that for a given p € H(A), 0 + L(a(p) + B(p)) € La(p) if and
only if 6 can be written as 6 = %(91 — 03), where 0; € 14(p) fori=1,2.

For any 0 € I4(p) — 2(a(p) + B(p)), it can easily be seen that
0= 0+ 5(0lp) + 5(p)) and 0y = —0+ S(alp) + 5(p)

are both contained in I4(p) and 6 = (61 — 02). Conversely, if 0 = (61 — 6,),
where 0; = Nja(p) + (1 — X\i)B(p) with A\; € [0,1] for ¢ = 1,2, it follows that
0+ 3(c(p) + B(p)) can be written as

0+ 3 (a(p) + B(p)) = pa(p) + (1 — W)
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where p = 21=22 € [0,1). Hence 6 + 3(a(p) + B(p)) € Ta(p).

4.2 Elementary Properties

Proposition 4.2.1. .

(i) Ay is symmetric about H. Moreover, if A is symmetric about H then
Ay = A.

(ii) Ay is conver.

(iii) If p € H then the Euclidean ball B := {x € R" : .(x — p,x — p) < r?} is
symmetric about H and hence By = B.

(iv) For any A,C C C with C C A, it follows Cr C Ap.
Proof. .

(i) If p+ 0u € Ay then p € H(A) and | — 0] = |§] < Lv(p). Therefore
p+0(—u) = p—6u € Ay and hence Ay is symmetric about H. Moreover,
suppose that for all p € H(A), p — u € A whenever p+ 6u € A. In this
case a(p) = —((p) and hence I4(p) = [0, 8]. Thus

Ay ={p+6u:peH, ||<p}=A4
(ii) Suppose a,a’ € Ay. According to definition (4.1.2),
. 1 r L /
a=p+ 5(91 —6)u and o =p' + 5(01 —65)u

where p,p’ € H(A), 0; € Ia(p) and 0, € I4(p') for i = 1,2. For any
w € [0,1],

pat(1—p)a’ = up+(1—u)p’+% (01 + (1 = p)01) — (102 + (1 — 12)05) ] u

The convexity of H(A) and of 14(p) now imply that pa+(1—p)a’ € Ay.

(iii) Consider a typical point ¢ + 0u € B, where ¢ € H, 6 € R. Since the
vector ¢ — p is parallel to H and therefore (u,q — p) = 0, it follows that

lg + 0u— p||* = |lg — p|I*> + 20{(q — p, ) + 6*||ul?
= llg = pl|* + 0*||ul* = |lg — Ou — p|?

It therefore follows that ¢ — fu € B and hence B = By.
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(iv) For any p € H(C) there exists a # € R such that p + 6u € C C A.
Therefore p € H(A) which implies H(C') C H(A).
By making use of definition (4.1.2),

1
CH::{p—|—§(01—92)u:pE'H(C’),p—F@mEC’CAfori:1,2}

1
C{p+§(91—92)u:p€H(A),p+92-uEAfori:1,2}
:ZA'H

O]

The following Proposition asserts that the Steiner symmetral Ay about H
preserves certain topological properties of the original set A. This leads to the
useful result that if A € Cp, then Ay € Cp.

Proposition 4.2.2. If A is a non-empty compact convex set in R™ then then
Ay is also in C. Moreover, if A is a convex body, then Ay is also a convex
body.

Proof. Let A be a non-empty compact convex set in R™. It was seen in Propo-
sition 4.2.1 (ii) that the Steiner symmetral preserves convexity. Since all
Minkowski Spaces have the Heine-Borel property, it suffices to show in ad-
dition that Ay, is closed and bounded and has a non-empty interior whenever
A does.

Ay is closed:

Let {z;}5°; be a sequence in Ay converging to some z € R™ with respect to
the Euclidean norm. By definition, each x; € Ay is of the form z; = p; + 6;u,
where p; € H(A) and |6;] < 37(p;) for i € N. Moreover, the orthogonal decom-
position of R™ into H @ span{u} ensures that x can be written as x = p + 6u,
where p € H and 6 € R. Since p — p; L u, it follows that for all i € N

|z = 2il|* = (z — zi,2 — @) = (p— pi + (0 = 0;)u,p — pi + (0 — Oi)u)
= (p—pip —pi) +2(0 = 0:){p — pi,u) + (p — pi,p — pi)
= |lp = pill® + (0 — 6,)°
> |lp = pill?
So 0 < |lp—pi|l < || —=i]| — 0 as i — oo and hence p; converges to p. This in
turn implies that the sequence {6;u} = {x; — p;} is convergent. Now span{u}
is closed and hence 6,u — Ou = 6; — 0 for some 6 € R.
Consider the points y; = p; + a(p;)u and z; = p; + B(p;)u in A. Since A is
compact, there exist subsequences {y;, } and {z;, } that converge to y,z € A
respectively. But by the above argument, p;, — p as k — oo. The fact that
span{u} is closed hence implies that a(p;,) — a and B(p;,) — b for some
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a,b € R as k — oo. Moreover, since a(p;,) < [(pi,) for all i € N, it follows
that a < b. The vectors z and y can thus be written as:

y=p+au and z=p+bu

where a(p) < a <b < B(p) (. y,z € A). This also implies that p € H(A).
Finally:
1 1

Sb—a)<

5 v(p)

. o1
0] = lim |6;,| < lim o(a(ps) - Bpi)) =
Therefore z = p+ Ou € Ay = Ay is closed.

Az is bounded:

Since A is bounded there exists a Euclidean ball B such that A C B. Assume
without loss of generality that the midpoint of B lies on H. Parts (iii) and (iv)
of Proposition 4.2.1 now imply that Ay, C By = B. Therefore Ay is bounded.

If intA # () then int Ay # 0:

If A has a non-empty interior there exists a Euclidean ball B C A. It follows
readily from part (iii) of Proposition 4.2.1 that By is also a Euclidean Ball.
Moreover, part (iv) of proposition 4.2.1 implies that By C Ay and hence
int Ay # 0. O
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Theorem 4.2.3. Let A C R"™ be any non-empty compact convex set and H be
a hyperplane. Then A" (Ay) = A"(A).

Proof. This Theorem is proved by induction. Let A" denote the n-dimensional
Lebesgue measure.

For n=1:

A is a non-empty closed interval [a,b] and H is a point in R. Any point € Ay
is of the form x = H+0, where || < 1(b—a). The length of the closed interval
Ay is given by:

AMAy) =max{zr: 2z € Ay} —min{z : z € Ay}

1 1
:H+§(bfa)—(H—Q(bfa)):bfa:)\(/l)

Suppose the Theorem holds for dimension n-1:

Let v be a vector parallel to H and let H, = {zx e R" : z-v =v} for v € R.
The v-section A, of A is defined as the intersection AN H,,. If it can be shown
that (Ax), = (Ay)n for all v € R then Fubini’s Theorem, used in conjunction
with the induction hypothesis, implies:

AY(A) :/R)\"1(A,,)dV:/R/\”1((A,,)H)dz/:/>\”1((AH),,)d1/:)\"(AH)

R

It thus suffices to show (Ay), = (4,)x for all v € R. Note that since v L u

p € H(A)
SpeH, p+Ouec A and p+ 0u € H, for some § € R
< peH(A) and p-v=(p+6u)-v=r
< peH(A) and peH,
< p € (H(A)

Therefore

1
p+ 5(91 — 02)11, (S (A,/)H
s peH(A) =HA)NH, and p+6uec ANH, fori=1,2

1
S peH(A),p+0Ouec Afori=1,2 andp+§(61—92)u€7'll,

1
= p+ 5(91 — 02)’& € (AH) NnNH, = (AH)Z/
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4.3 Sequences of Steiner Symmetrals

Theorem 4.3.1. Let {Ay} be a sequence of convex bodies that converge to a
convex body A C R™. Then the sequence {(Ay)n} of Steiner symmetrals of Ay,
will converge in the Hausdorff metric to the Steiner symmetral Ay of A.

Proof. Let B denote the Euclidean unit ball and assume, without loss of gen-
erality that the origin is an interior point of A lying on ‘H. Hence A € C},
and H is a subspace. Since A is bounded and has a non-empty interior, there
exist positive numbers s, > 0 such that

rBCACsB=rB=(rB)y C Ay C (sB)y = sB (4.3.1)

Also, by Lemma 3.3.3 it follows that { A} converges to A with respect to the
metric Ag. Thus there exists an Ny € N such that

rB C Ay CsB forall k> N
and hence
rB = (’I"B)H - (Ak)H - (SB)H =sB forall k> N; (4.3.2)

Let € > 0 be given. Since A converges to A, there exists an No € N such
that:

A CA+ B and Ac A, + B forall k> Ny (4.3.3)
S S

Let k > max{N7, No}. Hence, according to (4.3.1), (4.3.2) and (4.3.3)

AkcA+§BcA+§A:(1+§)A

= (A)w C 1+ E)AH = Ay + EAH C Ay +eB
Similarly
ACAk+§BCAk+§Ak:(1+§)Ak
= An C (1 + g)(Ak)H = (Ap)n + E(Ak)H C (Ap)n +€B

From these two inclusions it follows that 0((Ag)x, Ax) < € which implies
convergence. [

Definition 4.3.2. Let S(A) be the family of sets in R™ which can be obtained
by applying a finite number of Steiner symmetrizations to A . In other words

S(A) = {AN N eN A, = (Ak—l)H fork=2,...N and Ay = AH}
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Theorem 4.3.3. For any conver body A C R™ there exists a sequence of sets
in S(A) that converges to the closed ball By of volume A" (A) whose center is
the origin.

Proof. Let B denote the Euclidean unit ball and let
ro :=1inf{r > 0: thereisa C € S(A) such that C C rB}

By the definition of the infimum there exists a sequence of sets {Ay} in S(A)
such that A, C (ro+ #)B C (ro + 1)B for all k € N. This sequence is thus
contained C, with a = r¢g + 1 must hence, according to the Blaschke selection
theorem, have a convergent subsequence {Ay,}, which converges to a convex
body By. Since By C (rg + %)B for all k € N, it follows that By C roB. Also,
by Theorem 4.2.3, all sets { Ay, } have the same volume as A. The continuity
of the volume measure (Theorem 3.3.5) now implies that A" (Bp) = A" (A).

If it can be shown that By is not a proper subset of roB, then the result
follows. Suppose that there is an xg € r9B such that xyp ¢ Bp. Since
roB = conv(bd(r¢gB)), it can be assumeed, without loss of generality, that
xg € bd(roB). Bp is closed and hence there exists an s > 0 such that
By N B(xg,s) = (. Moreover, bd(rgB) is a compact set, from which it fol-
lows that there exist elements zi,...,x, € bd(roB) such that bd(r¢B) C
B(xo,s) U B(x1,s)U...U B(xp, s).

Construction

Define Cy, C1,Cy, ..., Cy, to be the sets C; := bd(roB) N B(z;,s). It immedi-
ately follows that bd(roB) = %, Ci. Also let H; be the hyperplane which
orthogonal to the vector x; — xg and passes through the origin. It can readily
be seen that if H; is defined as above, then Cj is the reflection of C; about H;.
Consider (By),. Since By C roB it follows that (Bg)n, C (roB)n, = roB.
Moreover, By N B(xg, s) = 0 and therefore By, must be disjoint from Cy U C}.
Similarly (B, )n, is disjoint from Cp U C; U Cy. Applying successive sym-
metrizations to By about the hyperplanes Hi, ..., H,, thus yields a convex
body B(, which is disjoint from Cy U C} U ... U Cy, and hence from bd(rgB).
This implies Bj, C int{roB} and therefore there exists an 0 < e¢ < ry such
that Bj C (19 — €)B. For every k € N, let A}, be the set obtained by applying
the same sequence of Steiner symmetrizations to Ay about the hyperplanes
Hi, ..., Hm. Since Ay converges to By it follows from Theorem 4.3.1 that A}
converges to Bj. But B, C (ro — €¢)B and hence there must exist an N € N
such that A}, C (ro — 1€)B for all k > N. This implies that

1
Ay C (1o — 5e)B. (4.3.4)

Since Ayy1 (and therefore A’y ;) is contained in S(A), inclusion (4.3.4) con-
tradicts the definition of r¢. Hence By = roB. ]
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4.4 Brunn’s Theorem and the First Part of the Blaschke-
Santal6o Inequality

Theorem 4.3.3 is used in this section to prove the following two fundamental
results. Theorem 4.4.2, due to Bertrand|[3] for dimension 2 and Brunn|[6] higher
dimensions, establishes a characterization of ellipsoids which is used in chapter
5 to prove the second part of the Blaschke-Santal6 inequality, whereas Theorem
4.4.7, due to M. Meyer and A. Pajor [11], makes direct use of Theorem 4.3.3
to prove the first part of the Blaschke-Santal6 inequality.

Lemma 4.4.1. Let K be a fized convex body contained in the Minkowski space
(X, B) and let {T;}2, be a sequence of linear transformations such that the
sequence {T'(K;)}52, C Cs converges with respect to the Hausdorff metric § to
some K € C. Then there exists a linear transformation T such that K= T(K).

Proof. Since K € Cj, there exists a scalar r; > 0 such that 1B C K. Also,
since K is in C, it is compact and hence bounded, therefore there exists a
scalar ro > 0 such that K C roE.

Let K; := T;(K) for all i € N and let € > 0 be given. Then there exists an
N € N such that K; C K +¢B C (ry 4 €)B for all i > N and thus

T‘lT(B) = T%(T‘lB) CT;K =K, C (7“2 + E)B.

From this it follows that ||T;|| < %(rg +e¢) for all i > N. Let

k = max{T)(F),T>(E), ..., %(rg +¢€)}. Then ||T;|| < k for all i € N. In other
words the sequence {7;} is bounded and, since the set of all linear transfor-
mations on R is a finite dimensional space, it follows that this sequence has
a subsequence {T;, } which converges in norm to some linear transformation

T. O

Theorem 4.4.2 (Bertrand/Brunn). Let C be a centrally symmetric convex
body in R™ with following property:

P1: For every vector v # 0, the centers of all the cross-sections of C by lines
parallel to v lie in a hyperplane M.

Then C' is an ellipsoid.

Proof. Let v # 0 be an arbitrary vector in R™ and let M be the associated
hyperplane containing the midpoints of all cross-sections of C' parallel to v.
Since v ¢ M, the set span{M, v} spans R"” and hence every z € C can be
expressed as x = m + yv where m € M and v € R. In this case, property P1
is equivalent to the statement ‘m +~yv € C < m —~yv € C".

If P1 holds for some symmetric convex body C, then P1 also holds for the
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image T'(C) of C' under any invertible linear transformation 7". Indeed, sup-
pose P1 holds for C' € Cs. Let v # 0 be an arbitrary vector and let M be
the hyperplane containing the midpoints of all chords through C which are
parallel to 77!(v) # 0. The symmetry of C readily implies that 0 € M and
hence T'(M) is also a hyperplane. Furthermore,

m4+~T 1 (v) € C o m—~T"'(v) e C.
and therefore
T(m)+~yv e T(C) < T(m)—~veT(C).
T(M) is thus the desired hyperplane corresponding to v.

It will now be shown that for any symmetric convex body C' satisfying P1,
the computation of the Steiner symmetral of C' with respect to any hyper-
plane H can be represented by means of an invertible linear transformation
T :R" — R"™. Let H be an arbitrary hyperplane with unit normal v and let
M Dbe the corresponding hyperplane such that m +~yv € C < m —~yv € C for
all m € M. Any two points x1,x9 € C can be written as x; = m; + v;v, where
mi,mg € M and v; € R for ¢ = 1,2. Furthermore, mi, ms can be written as
m; = h; + 6;v, where 0; € R, h; € H and hence z; = h; + (0; + v;)v. Since
v L H, the Steiner symmetral of C' about H can now be computed by means
of the mapping

x; = hi + (0; +vi)v — T(x;) :== hy + yv fori=1,2.

It readily follows that T'(z1+x2) = T(x1)+ T (z2) and T'(axy) = oT'(x;) for all
a € R. Moreover, the inverse of T is given by T~ (hy +v1v) := hy+(&1+01)v =
x1 for every z1 € C.

According to Theorem 4.3.3, it is possible to obtain a sequence {C;} of Steiner
symmetrals converging to the Euclidean ball By, by making successive sym-
metrizations about the appropriate hyperplanes Hi, Hs, ... corresponding to
direction vectors vy, vs,.... Since these Steiner symmetrizations can be repre-
sented by invertible linear transformations, the sequence {C;}2°, can thus be
written in the form {7;(C)}2,, where T; : R” — R" is a linear isomorphism
for © € N. Lemma 4.4.1 now implies that there must be some linear mapping
T such that By = T(C). In addition, since Steiner symmetrizations preserve
volume,

A(Bo) = MT(C)) = | det(T)|A(C) = MC) = det(T) # 0

and hence T is invertible. Therefore, C = T~!(By) from which it follows that
C is an ellipsoid. O
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A set A C R" is said to have a center of symmetry y € A if for every z € A,
2y — x € A. The proof of the second part of the Blaschke-Santalé inequality,
outlined in Chapter 5, relies mainly on showing that any symmetric convex
body C' at which the upper bound of the volume product is attained, satisfies
the following property:

For any hyperplane H € R™ containing the origin, every cross-section of C
by hyperplanes parallel to H has a center of symmetry and these centers lie
n a line

Although this property does not correspond directly to the hypothesis used
in Brunn’s Theorem, it will be shown in Theorem 4.4.3 and the subsequent
corollary that it nevertheless suffices to guarantee that C' is an ellipsoid.

Theorem 4.4.3 (Meyer and Pajor). Let C C R™ be a convexr symmetric
body and H be a hyperplane containing the origin. Then the following two
statements are equivalent

a) The centers of all the cross-sections of C° by lines orthogonal to 'H lie
on a hyperplane M.

b) Every cross-section of C' by a hyperplane parallel to H has a center of
symmetry and these centers if symmetry are in line.

Proof. Let v and u be the unit normal vectors of M and H respectively.
According to Remark 2.5.9 and a corollary to the Hahn-Banach Theorem (see
for instance Theorem 4.3, Rudin [14]),

C°={yeR":(z,y) <1forall z€(C}

and
C={zeR": (z,y) <1forall ye C.

Suppose (a) holds. Evidently u cannot lie in M and hence every y € R™,
particularly every y € C°, can be written in the form y = m + yu, where
m € M and v € R. Moreover, hypothesis (a) together with the symmetry of
C° imply that m 4+ yu € C° & —m + yu € C°. Since v ¢ H, any hyperplane
H parallel to H is of the form Hy = {z € R" : (z — Av,u) = 0}, from which
it follows that (z,u) = A(v,u) for all x € H). For any z € C N'H, and any
y=m+ yu € C° it thus follows that,

(M —z) — Mv,u) = (A —z,u) = —(x — dv,u) =0 "z € Hy
and
(2Av — z,m + yu) = 2\ (v, m) + 2 (v, u) — (xr,m + yu)

=0+ (z,2vu) + (x, —m — yu) v Lmand (z,u) = Ao, u)
= (z,—-m+u) <1 cxel
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Hence 2A\v — x € C N'H), whenever x € C'N'H,, from which it follows that Av
is the center of symmetry for each cross-section C' N H,.

Since C = {z € R" : (z,y) < 1for all z € C°}, the above arguments can
easily be reversed to show that the converse holds. O

Corollary 4.4.4. Suppose C C R" is a symmetric convex body such that for
any hyperplane H € R™ containing the origin, every cross-section of C by
hyperplanes parallel to H has a center of symmetry and these centers lie in a
line. Then C is an ellipsoid.

Proof. 1t follows directly from Theorem 4.4.3 that, under these conditions,
C° satisfies the hypothesis of Brunn’s Theorem, which in turn implies that
C° is an ellipsoid. By the Riesz representation Theorem for linear function-
als on Hilbert spaces, the bidual space (R™, (C)?) is isometrically isomorphic
to (R",C°) and must therefore also be a Hilbert space. The reflexivity of
Minkowski Spaces now guarantees that (R™, C) is a Hilbert space or equiva-
lently that C' is an ellipsoid. O

Theorem 4.4.7, due Meyer and Pajor [11], provides a short proof of the first
part of the Blaschke-Santalé inequality. Lemma 4.4.6 is partly based on the
Brunn-Minkowski inequality (see [5/,[6] or Theorem 6.1.1 Schneider [17]),
which is given below without proof, and establishes the fact that the volume
product is non-decreasing under Steiner symmetrizations. Theorem 4.4.7 then
invokes Theorem 4.3.3 and the continuity of the volume product to show that
the upper bound of the set {P(C) : C € Cs} is attained by ellipsoids.

Theorem 4.4.5 (The Brunn-Minkowski Theorem). Let A and B be
convex bodies in R™, X\ the n-dimensional Lesbesgue measure and p € [0, 1].
Then )

MpA + (1= @) B)n > pA(A)7 + (1 — p)A(B)«

and this inequality is strict unless A = kB +t, where k € R and t € R™.

Lemma 4.4.6 (M. Meyer, A. Pajor). Let Cy be the Steiner symmetral of
a centrally symmetric convex body C C R™ about a hyperplane H containing
the origin. Then

AT((Ch)°) = A™(C°)  and hence P(C) > P(Cy) (4.4.1)

Proof. By applying a suitable volume preserving map , we may assume without
loss of generality that H = {(x1,...,z,) € R™ : ,, = 0}. Moreover, we make
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the identification R™ = H x R. Then

Co:={(Y,y) e HxR: (Y, X) +yx <1forall X € H(C)
and z such that (X,z) € C}

Ch ={(X,2) e HxR: X € H(C),z = %(;pl — )
where (X, z;) € C for i =1,2}
(Co)° ={(¥,y) € H x B (Y, X) + Syl — 22) < 1VX € H(C)
and z| (X,z;) € C,i=1,2}
For any y € R, let (C?), :={Y € H : (Y,y) € C} denote the y-section of

C°. It can directly be seen that 3((C°), + (C°)—y) C ((Cx)°)y for all y € R.
Therefore

N'H((On)%)y) = <A"1[;(Co)y + ;(CO)_y]) (4.4.2)

Also, since C' is centrally symmetric, (C°), = —(C?)_,. Hence, according to
the Brunn Minkowski inequality,

1

(e, + 5€-0) " 2

1

(e e e (e o

M) T+ 5 (%))

N = N

A(),)

I
—~

Thus
NI(C)] € NTL(C7) + 5 (C%) ] < X))y or ally € R

Hence, by Fubini’s Theorem,

X'[C) = /R AT(C0),Jdy < /R X I((Cr)%),ldy = N(Cr)°] (44.3)

Theorem 4.2.3 asserts that \*(C) = A\'(Cy), from which it follows that
P(C) < P(Cy). O

Theorem 4.4.7 (M. Meyer, A. Pajor). For any C € Cs,
P(C) < P(E) where E is an ellipsoid

Proof. According to Theorem 4.3.3, there exists a sequence {C), } of successive
Steiner symmetrals of C' (i.e. C, = (Cp—1)n for all n € N) converging to the
Fuclidean ball By with respect to the Hausdorff metric. The previous Lemma
now implies that the corresponding sequence {P(C),)} of Volume Products is
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increasing and, by the continuity of the volume product (Theorem 3.3.6), it

follows that
P(C) < lim P(C,) = P(By).

n—oo

Furthermore, since ellipsoids are simply defined as the images of the Euclidean
ball under linear isomorphisms, it follows from Proposition 2.5.6 that P(F) =
P(By) for any ellipsoid £ C R™ and hence the upper bound of { P(C) : C € Cs}
is attained by all ellipsoids. O
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Chapter 5

Saint Raymond’s Proof of the
Blaschke-Santalé Inequality

5.1 Introduction

Let H C R"! be an n-dimensional hyperplane containing the origin and
identify H x R with R"*!. For any C C R"*! in C,, let the t-section Cy of C
be given by:

Ci=CNH={xeR":(x,t) € C} for any t € R.

Furthermore, identify the dual space (R"T1)* = (H x R)* with H x R by
means of the linear isomorphism e} — e;. The action of a given vector (&,7) €
(H x R)* on an arbitrary point (z,¢) € H x R is thus given by

&7, t) = ((§,7), (1) = &(x) + 1.

where (.,.) denotes the Euclidean inner product. Chapter 5 discusses Saint
Raymond’s proof of the Blaschke-Santalé inequality for centrally symmetric
convex bodies [15]. This proof relies mainly on the construction described in
Lemma 5.3.1. Indeed, it will be shown that for any C' € Cs there exists a
convex symmetric body C’ whose volume product is strictly greater than that
of ', unless C satisfies the hypothesis of Corollary 4.4.4, from which it follows
that C' must be an ellipsoid. This not only proves that the upper bound of
the set {P(C) : C € Cs} is attained by ellipsoids, but also that ellipsoids
are the only sets in Cs with this property. The set C’ is defined in terms of
the t-sections Cy of C. Accordingly, section 6.2 introduces the preliminary
properties of the t-sections Cy of C' and their associated polar bodies (C})°,
which are necessary to prove that C’ is a symmetric convex body and to find
an expression for the volume product of C’ in terms of that of C. The proof
the Blaschke-Santal6 inequality is finally presented in Section 5.3.
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5.2 Sections of Centrally Symmetric Convex Bodies

5.2.1 Preliminary Results

The following elementary properties relating to t-sections C; of the convex
body C result directly from the corresponding properties of C.

Lemma 5.2.1. Let C C R*"™! = H xR be a convex set. Then Cy C H is also
conver.

Proof. Suppose z1, x5 € Cy for some t € R. Then (z1,t) € C and (z9,t) € C.
For any A € [0, 1]:

(Az1 4+ (1 — Nxg, t)
—(Az1 + (1= N, M+ (1= A\)i)
=A\x1,t) + (1 = A)(z2,t) € C -+ C convex

Therefore Az + (1 — A)x2 € C; and hence C is convex. O
Lemma 5.2.2. Let C C H xR be a symmetric set. Then —Cy = C_; Vt € R.

Proof.

re—-C & (—u,t)eC
& (z,—t) = —(—=z,t) € C - symmetry
S relCy

O]

Lemma 5.2.3. Let C C H x R be a convex body. Then I := {t € R: Cy # ()}
1s a closed bounded interval in R

Proof. Let ti,t2 € I and suppose z; and xy are elements of C;, and Ci,
respectively. This implies (z1,t1), (x2,t2) € C. The convexity of C now implies
that for all A € [0,1]:

(/\:Cl + (1 - )\)332, )\tl + (1 - /\)tg) = )\(1‘1,t1) + (1 - /\)(.%2,752) S C

and hence Cyy41-aye, 70 VA €[0,1]. Therefore I is an interval.

In order to show that I is a closed subset of R, let {¢,} be any sequence
in I converging to some ¢t € R. Since Cy, # 0 VYn € N, there exists an
xn, € H such that (z,,t,) € C Vn € N. Moreover, the compactness of C
guarantees that the sequence {(z,,t,)} has a subsequence which converges to
some point (xo,tp) € C. Since t,, — t, it follows (by uniqueness of limits) that
t =to = (x0,t) € C = Cy # 0 =t €I and hence I is closed. The fact that I
is bounded follows directly from the bondedness of C. 0
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Lemma 5.2.4. Any set C € H x R =R is conver if and only if
Cxti+(1=2)ts 2 A0ty + (1 = A)Chy (5.2.1)
forany ti,to e I ={teR:C,#0}, X €[0,1].
Proof. Suppose the set C' is convex and
x € ACyy + (1= N)CYy,

for some A € [0,1]. Then z = Az; + (1 — X\)za where (z1,11), (z2,t2) € C.
Since C' is convex:

(l‘, )\tl + (1 - )\)tz) = ()\$1 + (1 - )\)332, )\751 + (1 - )\)752)
= Az1,t1) + (1 — N)(x2,t2) € C

Therefore
T € Cxq(1-0t2 = Oxtr+(1-0t2 2 ACy + (1= N)Cyy

Conversely, suppose the inclusion (5.2.1) holds and let (x1,t1), (x1,t2) € C.
Then z; € Ct, and z3 € Ct,. For any A € [0, 1]:

Azt + (1= A)xg € ACh + (1 = AN)Cty € Cxy 4 (1-2)s
Therefore
)\(xl,tl) + (1 — )\)(Ig,tg) = ()\561 + (1 — )\)xg, Aty + (1 — )\)752,) eC

and hence C is convex. O

5.2.2 Sections of Polar Bodies

Sections of a polar body are conveniently described in terms of the body’s
Minkowski functional.

Definition 5.2.5. For every t € R, let p; denote the Minkoswki functional of
the polar body (Cy)°.In other words

i) = { S_ufo{’&(x) Lz e Gl ch gz : g v € R —R"

Lemma 5.2.6. .

(i) For a given & € (R™)*, the mapping t — p¢(€) is concave and continuous
on I.

(ii) For a given t € I, the mapping & — pi(€) is convex and continuous on
(R™).

Proof. .
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The mapping t — p(§):
Let £ € (R™)*, A € [0,1] and t1,t2 € I be given. Now

Pati+(1-n)t2 = SUp{&(z) 1 2 € Oxgyy(1-Ayto )
> sup{{(z) : x € A\Ct, + (1 — X\)C,} . Section 5.2.1
= Asup{{(z) :x € Cy, } + (1 — N)sup{&(z) : x € C4, }
= Apt, (&) + (1 = A)pr, (§)

and hence p; is concave. Since p; is concave and finite on the interval I it
follows from Corollary A.1.4 that p, is continuous on int/. It only remains
to be shown that p; is continuous at the endpoints of I. Let ty be the right
endpoint of I and let {¢;}°, be a sequence in I converging to ¢ty € I. Since I
is convex and contains 0, any ¢; can be expressed as t; = \;tgp where \; € [0, 1].
The set Cy, is compact for every ¢; € I and since £ is a continuous functional,
there exists an z; € Cy, such that py, (§) = &£(z;) for i € N. The set C' is compact
and hence the sequence {(z;,%;)} has a subsequence {(z;, ,%;, )} converging to
some point (x,tg) € C. Let z¢ be the point in C;, at which & attains its
maximum. Now z € Cy, and hence {(z) < £(zp). On the other hand, the
concavity of p; implies that for every k € N, £(x>\ikt0) > Nip&(xp). Taking
limits as k — oo, yields {(z) > &(xo) and hence py, (&) = limy_, pi(€). The
mapping t +— p(&) is therefore continuous at ty. A similar line of reasoning
can be used to prove the continuity of p; at the left endpoint of I.

The mapping £ — p;(§):

Let t € I, &1,& € Cp and A € [0, 1] be given. By definition, p;(§1) > & (x) and
pe(&2) > &o(x) for all x € C;. Thus

Ape(&1) + (1 = Npe(&2) > Aéi(x) + (1 — N)éa(x) for all z € C;

and hence A\p(&1) + (1 — A\)p(&2) is an upper bound of the set
{A(z) + (1 = Néa(x) : x € Cr}. But pr(A& + (1 — N)&2) is the least upper
bound and therefore

pe(A& + (1 = A)&2) < Ape(&) + (1 = A)pe(€2)

Note that p:(§) < oo for any linear functional in (R™)*, since C} is compact.
Thus intD(p(.)) = D(pe(.)) = (R™)*. Corollary A.1.3 now implies that p;(.)
must be continuous at all £ € (R™)*.

O

Lemma 5.2.7. Let H be an n-dimensional subspace of R™ and let C € HxR
a centrally symmetric convex body. Also denote the Minkowski functional of
(Cy)° by pr. Then:
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1. For any v € R, the vy-section (C°)y == {{ € H : (§,7) € C°} of C°,
satisfies (C?), C (Cp)°.

2. For any & € (Cp)°, the &-section (C°)e :=={A e R: ({,\) € C°} of C° is
an interval in R of length r(§) + r(—&) where r(§) = inf{% :t >0}

Proof. .
The first assertion can be easily proved. Let £ € (C?), for some v € R. This
implies (&,v) € C° and hence

E(x)+4t <1 forall (z,t) e C
In particular, for any x € Cj it follows that

(2,0) e C=&(x) <1= €€ (Ch)°
and therefore (C?), C (Cp)° for all v € R.
In order to prove the second assertion, it is necessary to make a construc-
tion.
Construction
If € € (Cp)° then

E(x) <1,V € Cy = po(&) :==sup{é(x) :xz € Cp} <1

Also, the function ¢ — py(€) is concave and continuous for any fixed £ € H*.
According to lemma A.2.3, both the right and the left derivatives exist at
t =0 € int! and (pp(&))+ < (po(§))—. Moreover, it follows from lemma A.2.3
that

pt(f) —P0(§>
t

pt(§) — po(§)
[

< (Po(§)+ Vt>0

and > (po(§))- VE<O

Let « be any element of the interval [(po(§))+, (po(§))—]. Then

pe(§) — po(€)
t

pi(§) — po(§)
t

< (po(&)+ < a = pi(€) —at < po(€) for all £ >0

> (po(§))- = = pi(§) —at <po(§) forall £ <0

Now define q(t) := p¢(§) — at. The concavity and continuity of p;(§) immedi-
ately imply that ¢ is concave and continuous. Also

q(t) < q(0) <1 forallteR.
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It also follows directly from the definition of C' that any real number v is an
element of (C°)¢ if and only if

Vi,Ve e Cy &(x) +vt <1

This condition is equivalent to:

pe(§) +t <1 Vt € R
S at+qt)+yt <1 VteR
S (a+7)t<1—¢q(t) VteR (5.2.2)

It can easily be seen that if 71,72 € R are two numbers satisfying condition
(5.2.2), then any convex combination of v; and 2 will also satisfy (5.2.2) and
hence (C?)¢ is an interval in R.

In addition, —a € (C?)g, since (o — o)t =0 < 1 —¢(t) for all t € R.

The upper bound v, of (C°);

Define 7 := sup(C?)¢. Consider the mapping ¢ — (v + «)t where v € (C°)e.
This function represents a line £ through the origin which, according to in-
equality (5.2.2), is bounded above by the concave function t — 1 — ¢(t). Note
that (79 + «) is defined as the supremum of all the slopes (7 + «) such that
(v+a)t <1—gq(t) vt € R. Since (y+ «) > 0 for all v > —a, it follows that
the slope of ¢ is non-negative and hence (y+ a)t <0< 1—g¢q(t) Vt <0. In
order to find (v, + «), it thus suffices to consider only the case when t > 0.
Therefore:

(o +a) =sup{(y + @) : (v + @)t <1 —¢q(t) vt > 0,7 € (C°)c}

(O
t>0 t
_ 1— _
= 9 = inf q(t) = inf q(t) — ot
> t t>0 t
i pt(ﬁ)
—ET o T

The lower bound ~; of (C°);

Similarly, for all v < —a, the function ¢ —= (7 + «)t represents a line through
the origin with negative slope. Let 1 := inf(C?)e.
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Since (v + a)t <0< 1—q(t) Vt > 0, it follows that

mta=inf{y+a:(vy+a)t<1-—¢qt),Vt<0}

1—q(t
=inf{y+a:(y+a)> q(),Vt<O}
1—
— sup q(t)
t<0 t
1—q(t) —at 1-— t—at
o _aplodiat _1-p(@+at-a
t<0 t t<0 t
1 —pe(§) . —p_t(=§)
pu— pr— f pr— — —
s S O — r(=¢)

The length of the interval (C°)¢ is thus given by 9 — v1 = 7(&) + r(=¢) for

all £ € (Cp)°.
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5.3 Saint Raymond’s proof of the Blaschke-Santalo
Inequality for Convex Symmetric bodies

As was mentioned in the Introduction, this proof is essentially constructive.
It will be shown that for every C € Cs there exists a set C’ € Cs such that
P(C) < P(C") unless C satisfies the hypothesis of Corollary 4.4.4 from which
it follows that C' is an ellipsoid. The proof of Lemma 5.3.1 relies heavily on
certain properties of concave functions, which are examined in Appendix A.

Lemma 5.3.1. Let H C R" be an n-dimensional hyperplane containing the
origin and let C C H X R be a conver symmetric body with t-sections Cs.
Define C' C 'H x R in terms of its t-sections as follows:

1 1
Cy:= 5(015 —Cy) = 5(0,5 +C_y) . by symmetry
Then:
1. C' is a convex symmetric body

2. The volume of C' is greater than that of C' with equality occurring only
if all t-sections Cy of C' have a center of symmetry.

3. The volume of C'° is greater than that of C° with equality occurring only
if for all § € H* there exists an oe € R such that

pe(§) =tae +p (=€) VE>0

Proof. .
1. The proof that C’ € C; is based on the results in section 6.2.1:

Convexity

Suppose (x1,t1), (z2,t2) € C" and « € [0, 1]. It now follows from Lemma 5.2.4
that

1 1 1 1
T € iCtl + §C_t1 and xz9 € §Ct2 + 50_,52
1 1 1 1
= azr;1+ (1 —a)xg € 04(501;1 + ic_tl) +(1- 04)(§C’t2 + §C_t2)
1 1
= i(actl + (1 - a)Ctz) + i(acfh + (1 - O‘)C*w)

1 1
§Cat1+(1—a)t2 + 50—(at1+(1—a)t2)

= Oé(.%'l,tl) + (1 — Oé)(l'g,tQ) e’
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Symmetry

Suppose (z,t) € —C’ then z € —3(Cy — Cy) = 3(Cy — Cy) = (z,t) € C" and
hence C’ is symmetrical.

Compactness

Let {(z;,t;)}5°, be a sequence in C’. According to the definition of C’, any x;
can be written as:

€T; = %yl + %zi where y; € Cy, and z; € C_y,
The sequences {(v;,t;)}2, and {(z;, —t;)}2, are both contained in C and
must hence have subsequences converging to some points (y,t) and (z, —t)
in C respectively. The corresponding subsequence {t;, } of {¢;} must, by the
continuity of the projection mapping and the uniqueness of limits converge to
t € I whereas {x; } converges to x = %y + %z where y € Cy and z € C_4.
Therefore (z,t) € C" and C’ is sequentially compact.

2. Let A" denote the (n + 1)-dimensional Lebesgue measure and consider
the volumes of C' and C’. According to Fubini’s Theorem

n+1 _ n an n+1 N — n /
A (C)_/I)\ (C)dt and A" (CY) /I)\ (Cl)dt

where I C R is the interval on which Cy # 0. It can readily be seen that
the function 1 : ¢ — [A"(Cy)]» is concave. Indeed, for any ¢;,ty € I and any
a € [0,1]

1

Platy + (1 = a)ta) = [N (Caty +(1-ayt,)] "

> [AN"(aCt, + (1 — a)CtQ)]% -~ Lemma 5.2.4
> a[)\”(Ctl]% +(1- a)[/\”(CtQ)ﬁ "> Brunn-Minkowski theorem
= ay(ty) + (1 — a)y(ta)

V

Since A" and hence 1 is finite for any ¢ € R, Corollary A.1.4 guarantees
that v is and hence the mapping ¢ — A"(C}) is continuous on R. Consider the
comparison of the volume of an arbitrary t-section of C' with the corresponding
t-section of C’, where t € I. Let t be an arbitrary element of I. By the Brunn-
Minkowski Theorem

1
7

=N G(G -G

3=

(D) V(GO + 5 V(O]

DN |

S=

= SIV(CIR + Sl D] (T = V(O] (5.3.1)
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This inequality is strict unless
Cy=kC_; +2x; where k € R, 2; € R™.
In the case when equality does occur we have
A Cy) = NY(—kCy) = | = kIN"(Cy) = k=1 - C_y=—-C;

and hence
Ct = —Ct + 2.1’,5

in which case x; is the center of symmetry of Cy. By virtue of Lemma 2.2.6a,
the continuity of the mapping ¢t — A"(C}) together with inequality (5.3.1)
imply that

n+1 AN n / n _ . \n+1
A (C)._/I)\ (C’t)dt>/1)\ (C))dt = X™H(C)

unless Cy has a center of symmetry for all ¢t € 1.

3. Consider the volume of the polar body C°:

NHH(C0) = / Xcod A" = / [ / X{veR:(fm)eCO}d’Y] "
HXR H L/R

According to Lemma 5.2.7(1), (C?), C (Cp)° for all v € R. Therefore, the
set {y € R: (§,7) € C°} is empty whenever £ ¢ (Cy)°. The above integral

therefore reduces to:
X . o d)\} d\"
/(co)o [/[R {reR(6mecey

Moreover, Lemma 5.2.7(2) implies that for any £ € (Cp)?, the interval
(C°)y :={y€eR: (&) € C°} has length r(§) + r(—&). A suitable change of
variables thus yields

n+1l/voy _ r n r(— n
e = [ reavs [ g

_(CO)D

:/(CO)Dr(é)d,\n+/(CO)Dr(g)d,\n:2/ P(€)dA™ (53.2)

(Co)e

where 7(£) = infy 71_1?(5).

Since —Cy = C_¢ = Cj and Cj is convex, Cy = C{,. Hence

AHL(Cr) = / 20 (£)dA" (5.3.3)
(Co)°
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/

1—py )
t

where 7/(£) = inf;~ and

= 5[]%(&) +p—t(&)]
Since
€+ (-0 = jnf T g 2
<inf L2PO AL =pa(©) 01—
t>0 t t>0 t
=2r'(¢)

for all £ € (Cp)?, it follows that \"*1(C°) < A"*+1(C"). Moreover, the conti-
nuity of the mapping & — p.(§) ensures that equality is only obtained if the
integrands in equations (5.3.2) and (5.3.3) are equal for every & € (Cp)°. In
other words

i — pe(€) 4 inf 1 —p_4(§) ~ 9inf 1 —pe(§)
t>0 t t>0 t t>0 t
1-— 1—p_
= inf L=p) = inf 1=p-i(§) for all £ € (Cp)°. (5.3.4)
t>0 t t>0 t

Equation (5.3.4) now implies that for any £ € int(Cp)?, both functions

t— 1=pe() and t — lfpf‘t(g) attain their minima at the same value of ¢t > 0.
Indeed, let & € int(Cp)° be fixed. It follows directly from the definition that

i
po(§) < 1. Moreover, according to Lemma A.2.3, the concavity of the mapping

§)—pt(§
t Po( )tpt( )

t — pi(€) (Lemma 5.2.6) ensures tha is decreasing as t — 01 and

that
po(§) — pe(€)

Jim PRI (o))

Therefore

t t t
) 5 120 gy ),
= lim L= pu(§) =00
t—0+ t
1-pe(§)

it therefore suffices to consider values of ¢ > 0 in

In order to find inf;~o —
some positive compact interval J C I. The function lfpft(g) is continuous on

this interval (Lemma 5.2.6) and hence attains its minimum at some ¢; > 0. It
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can similarly be be shown that there exists a to > 0 such that inf;~g 1=p ;t(g) =
1—p;7;2(§). Equation (5.3.4) now implies that
1- bty (5) _ 1- P—t, (E)
t to
t
= (&) =1 (1= p-n()
Moreover, by the definition of py,,
1 pu(©) _ 1= pi(®)
11 - to
t
L 1= B0-pn©) _1-py(©
t - to
= D—to (6) S Dto (é-)
Similarly, it follows from the definition of p_;, that
1- P—ts (5) < 1— P—t; (5)
ta - i1
= Dty (f) < P—t, (5)
and hence
1-— 1—p_ 1-
P—ty (5) = Dty (5) = Dty (5) = Pty (5) = P (5) = t1 = to.

to to t1
For any v > 0 and any £ € (Cp)?° it follows that % € int(Cp)? and that
1‘“@):1.7—m@)
t 0% t
According to Lemma A.2.4 there must therefore exists an ¢ such that
pe(§) =ae-t+py(§) V>0
O

Theorem 5.3.2. Let n € N and let C C R be a conver symmetric body
such that
P(C) =max{P(B): B € C}.

Then C s an ellipsoid.

Proof. Let H be an arbitrary hyperplane passing through the origin. A suit-
able application of a volume preserving map ensures that H x R is isomorphic
to R*™1. In order to prove that C is an ellipsoid, it suffices to show that
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there exists a line £, not contained in H, that satisfies the conditions in Corol-

lary 4.4.4. According to Lemma 5.3.1 there exists a convex symmetric body
C' ¢ R™*! such that

)\nJrl(C) < /\n+1(0/) and )\n+1(00) < )\nJrl(CIO) = P(C) < P(C/)
However, since P(C') = max{P(B) : B € Cs}, it follows that
)\n—l-l(c) — )\n—l-l(cl) and )\n—l—l(CO) — )\n—l—l(CIO)

which, by Lemma 5.3.1, in turn implies that for every ¢ € I there exists a
center x; € Cy such that Cy = C_; + 2x;. Therefore, for any & € (Cy)°

sup §(x) = sup §(x) + 2£(2¢)
Cy

—t

= pe(§) = p—e(§) + 2&(¢)

Lemma 5.3.1 also implies that pi(§) = ag¢ -t + p_¢(§) for every ¢t € I and for
some a¢ € R, and hence

ag -t +pi(§) = p-t(§) + 26 (w1)

1
= &(xy) = 5% -t
It can readily be seen from the above expression that the mapping ¢ — x; is
linear. Indeed, let t1,ts € I and suppose 31, 82 € R are such that 1t + fBoto €
I. Then

§(T8, 1 48ot2) = Praets + Poceta = B1€(x,) + F2b(w4,)
= §(Brwey + Pomey)

For every £ € (Cp)° and hence for every £ € (R™)*. The algebraic reflexivity
of R™ now implies that zg,¢, 48,1, = G124+, + Poxr,. The set {(ay,t) :t € I} is
therefore contained in the straight line ¢ = {7(x,,t0) : 7 € R"}, where to # 0
is some fixed element of I. Since H was arbitrary, the conditions for Corollary
4.4.4 are met and C' must therefore be an ellipsoid. O
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Appendix A

Convex- and Concave
Functions

A.1 Continuity of Convex-/Concave Functions

Definition A.1.1. Consider the function f : X — (—o0, 00| defined on the
Minkowski space X. The set D(f) := {x € X : f(x) < oo} is called the
effective domain of f and f is said to be a proper convex function if D(f) # 0
and

fOz+ A =Ny) <Af(z)+ (1 =N f(y) forallz,y € X and X € [0, 1].

A function f: X — [—00,00) is said to be a proper concave function if —f is
a proper convex function
Theorem A.1.2 and Corollaries A.1.3 and A.1.4 aim to show that all proper

convex- and concave functions are continuous on the interior of their effective
domains.

Theorem A.1.2. If a proper convex function f is bounded above on some
neighborhood V' of a point x¢ € intD(f), then f is continuous on intD(f).

Proof. Continuity at xg

Let V' be a neighborhood of zgp and M > 0 such that |f(x)] < M forallxz € V.
Assume without loss of generality that 29 = 0 and f(zp) = 0. Indeed, let the
function F' be defined by F(x) := f(x + x0) — f(z0) Vx € X. F is convex
since f is convex and F'(0) = f(xg) — f(x9) = 0. Now f is continuous at xq if
and only if F' is continuous at 0. In addition, note that 0 € V' if and only if 0
is an element of the symmetric open set V' N (—V') and hence we may assume
without loss of generality that V' is symmetric. For every € € (0,1) and every
r €€V, T €V and hence we have

f@)=F (S +1-a0) <ef(5) <eM
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Conversely, the symmetry of V' implies that —Z € V' and therefore

0= 10 = f (ee+ (- D)

1+4+¢€ 1+4+e¢€ €

= jf(x) + 1 —ei— ef (_f)

- —f()<ef<€)<eM

Combining these two inequalities, we obtain |f(x)| < eM for all z € €V. For
every § € (0,1), there exists an € = - such that |f(z) — f(0)] < § for all
T €€V,

Continuity at an arbitrary point y € intD(f)

In order to prove that f is continuous at an arbitrary y € intD(f), it suffices,
by virtue of the above arguments, to prove that there exists a neighborhood
Vy of y on which f is bounded. Since y € intD(f), there exists a p > 1 such
that py € D(f). Let V be the symmetric neighborhood of 0 which was used
above and define V}, :==y + (1 — %)V. Any z € Vycan be written as

= fl)(py) + (1 — ;)z where z € V. C D(f) and py € D(f)

and since D(f) is convex, V, C D(f). Moreover, the convexity of f implies
that for any x € V;:

1 1 1 1
@) = f (p<py> - p>z) < i) + (- D)fE) <

and hence f is bounded above on Vj,. O

Corollary A.1.3. A proper convex function defined on R™ is continuous on

intD(f).

Proof. According to theorem A.1.2, it suffices to show that that f is bounded
on some neighborhood V' of 0. Choose an o > 0 small enough so that the
open set

Vi={(z1,...,2,) ER": 0 < 2; < Y fori= 1,..,n}
n

is contained in D(f) and denote the standard basis of R™ by {ey,...,e,}. Any
x = (x1,...,oxy) € V can be written in the form

x—zm_z (e <1_§:jaz>

=1
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with 0 < 2 < % <lfori=1,...,n, and
0< >l oyt L1 (1-30,%) € (0,1). Since f is convex, it

i=1 o i=1 o

follows that

O]

This result can readily be extended to include proper concave functions.

Corollary A.1.4. Any concave function f : R" — [—00,00) is continuous on
the set —intD(—f) ={z € R": f(z) > —o0}.

Proof. By definition of f, —f is a convex function which, according to corol-
lary A.1.3, is continuous on intD(—f). It therefore follows directly that f is
continuous on —intD(—f). O

A.2 Derivatives of Concave Functions

Definition A.2.1. The right (left) derivative of a function f: R — R at a
point x € R is defined as:

() — tn JE D~ @)
+<x):t1—l>%l+ t
) =t LD = @)
fo =ty =

respectively, provided these limits exist.

Lemma A.2.2. Let f : R — [—00,00) be a concave function and let ty,to,t3
be real numbers such that t1 < to < tz. Then

Flt2) = F(1) | flts) = f(0) | Flt) = I () (A.21)
to — 11 ts =t fs—t2

Proof. Since t9 can be expressed as a convex combination of ¢ and ts:

t3 —t to — t
tg= o2y 42 14
t3 — 11 t3 —t

It now follows from the concavity of f that

flt2) = 2= 1 (0) + 2= (0)
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Thus
t3 — 1o to — 1 to — 1 to — 1
ty) > t t1) — t t
f(t2) = t3—t1f( 1)+t3—t1f( 1) t3—t1f( 1)+t3—t1f( 3)
ty —t
= f(t) + 2 (k) = (1)

3— 1

Hence
flta) = f(tr) _ flts) = f(t)
to — 11 - ts — t1

The second inequality follows similarly. O

Lemma A.2.3. For every concave function f: R — [—00,00) both the right-
and left sided derivatives exist at any point x € int{z : f(x) > —oco} and

fi(x) < fL(2)
Moreover for all t1,t2 € int{z : f(x) > —oco} with t1 < ta we have:

f(t2) — f(t1)

f(te) < PR

< fi(t1)
Proof. Consider 0 < s1 < sg. Then for any t € intD(f) we have
t—so<t—s1 <t<t+s <t—+ s9

Hence by inequality (A.2.1):
f@t) — [t —s2) > f@) = flt—s1) > ft+s1) = f(t) > f(t+s2) = f(1)

52 S1 51 52

Since this is true for any 0 < s1 < sg it follows that the function

s = M is non-decreasing as s — 04 and bounded above (by the
f@)—f(t—s1)

S1

number for example). Hence the limit:

)t LS T

s—04 S

exists.
Similarly, the function s fO=1t=s) 44 non-increasing as s — 04 and

bounded below by the number Z*U=/@ "The Jimi

£t = tim AEED SO SO =)

s—0_ S s—04 S

thus also exists. Moreover we have
L) = fiot) Vi e mtD(f)
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Furthermore, for any s > 0,1 < to:

flti+s) = f(t)

S

fit) >

and

to) — J(ta —
Ity < 112 f“ °)
Particularly, letting s = t3 — to we obtain:

f(t2) — f(t1)
to — 11

fi(ty) = > fL(t2)

O]

Lemma A.2.4. Let f,h: (0,00) — [—00,00) be two concave functions. If for

all X € R the functions F(t) = Af{(t) and H(t) = )‘%h(t) attain their minimum

at the same point, then there exists an a € R such that

f&)=h(t)+at Vt>0
Proof. . We will show that
f@t) —tfi(t) =h(t) —th! (t) forallt > 0. (A.2.2)

By making use of the quotient rule for one-sided derivatives, this equation can

be reformulated as
(“_W>/ =0 forallt>0
t +
f(t) = h(t)
t

= =« for some a € R,V >0

from which the result follows.
Suppose (by way of contradiction) that there is a ¢y > 0 such that

f(to) — tof}(to) < h(to) — toh/(to)
then, by completeness of reals, we can choose a A such that:
f(to) — tofi(to) < X < h(to) — toh! (to) (A.2.3)

Now let s be a point where both F and H attain their maximum. Hence
H(t) > H(s) and F(t) > F(s) for all ¢ > 0. From this it follows that
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Similarly
H(t)— H
H(t) — H
e g PO
—S_ — S

Making use of the quotient rule for one-sided derivatives we have

_ —fis) F f(s) = A

FJ/r(S) - 82 2 0
H' (s) = —h_(s) ;h(s) -

From this it follows that:
f(s) = sfi(s) > X > h(s) — sh_(s) (A.2.4)
Now inequality (A.2.3) together with (A.2.4) imply

f(to) —tof’(to) <A< f(s) = sfi(s) (A.2.5)

from which it follows that ¢ty < s. This assertion is proved in remark A.2.5,
appended to this lemma.
Another consequence of inequalities (A.2.3) and (A.2.4) is:

h(s) — sh’_(s) < X < h(to) — toh!, (to) (A.2.6)
According to remark A.2.6, inequality (A.2.6) implies
h(t) —th! (t) < X forallt € (0,s) (A.2.7)

But inequality (A.2.6) together with the fact that tp < s contradicts (A.2.7).
This proves that f(t) —tf (t) > h(t) — th/ (t) for all t > 0. By interchanging
the roles of f and h we obtain equation (A.2.2) and hence the result is proved.

O

Remark A.2.5. Suppose 0 < s < tg. From (A.2.5) we know:

0 < f(s) — f(to) + tof’ (to) — sfi(s)
= 0< f(s) — f(to) + tof(to) — sf4(to) + sf(to) — sfi(s)
f(to) — f(s)

= T < ) + () = F(5)
0o— S 0—S$
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But f is concave and hence lemma A.2.3 asserts that % > fi(to).
Therefore

S

" (fl(to) — [4(5)) > 0
0 S

= fi(s) < fi(to)

But according to lemma A.2.3 f'(s) > f! (to), since s < tg. This is clearly a
contradiction.

Remark A.2.6. Suppose h(t) —th! (t) > X for some t € (0,s). Then

h(s) — sh’_(s) < h(t) — th (¢)
=h(s) — h(t) < sh’_(s) — th!,(t) + th_(s) — th_(s)
;»h(si_f(t) < h_(s)+ %(hi(s) — (1))

Again, the concavity of h implies that M_?(t) > h! (s), from which it follows

S—

that h! (t) < h'_(s), which is impossible according to lemma A.2.3.
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