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This work presents a class of models in asset pricing, whose underlying has
dynamics of Affine jump diffusion type. We first present Lévy processes with
their properties. We then introduce Affine jump diffusion processes which
are basically a particular class of Lévy processes. Our motivation for these
is driven by the fact that many financial models are built on them. Affine
jump diffusion processes present good analytical properties that allow one to

get close form formulas for a wide range of option pricing.

The approach we use here is based on the paper by Duffie D, Pan J, and
Singleton K. An example will show how incorporating parameters such as
the volatility of the underlying asset in the model, can influence the resulting
price of the financial instrument under consideration. We will also show how
this class of models incorporate well known models, specially those used to

model interest rates dynamics, like for instance the Vasicek model.
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INTRODUCTION

Affine jump diffusions are processes that are fairly general. They can accom-
modate many parameters such as stochastic volatility. These affine processes
form a class of jump-diffusion processes that are constructed from Lévy
processes. In turn, Lévy processes are stochastic processes that present con-
venient properties for modeling such as Markov properties, independence of
increments and stochastic continuity. The only discontinuities they present
are jumps and these jumps have random size and occur at random times.
Lévy processes include particular cases like Brownian motion and the Poisson
process. Roughly speaking Affine jump diffusion models are models whose
state process X is a Lévy process with its parameters such as drift, covari-
ance, interest rate etc, all being affine in X. One of the advantages these
models have is that analytical formulas of asset prices are obtainable. In this

project, we consider the state process X to be multidimensional.

The project is organized as follows, we first go through some preliminaries
and then some generalities on Lévy processes. There we just state couple
of definitions, some useful propositions and theorems whose proofs can be
found in [1],[8] and many usual books of stochastic calculus. From then we
introduce chapter 3 which explains Affine jump diffusion models as well as
the transforms that will allow us to derive asset prices and options prices.
To be more specific, if V is the pay-off at time T' of a financial instrument

and V7 is of the form:

VT — (U - XT) eu.XT
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where u, w are real valued vectors in R?, v € R, then the transforms enable
one to get a closed form expression of the price at time ¢ of this financial

instrument. That is,
V,=F |:€_ S R(Xs)ds (v +w - XT> e Xr {]—}}

can be obtained in its closed form. Here, R denotes the interest rate and JF;
is the o—field generated by the process X up to time ¢. In the last section
we show how Affine jump diffusion models actually extend model with affine
term structures, as well derived by T. Bjork [2]. An illustrative example is

also treated for the case d = 2.
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Chapter 1
Preliminaries

In this whole project the probability space under consideration is (€2, F, P)
where F is the o—algebra and P is the probability measure.

1.1 Random Measure

In order to introduce the definition of a random measure let first recall the

definition of a measure.

Definition 1.1.1. A mapping M : F — Ry, A — M(A) is called a

measure if it satisfies:

(1)  M(@®) =0
2 M JA) =D M(A,)

n n>1

where (A,) 1s any disjoint family of elements of F.

Definition 1.1.2. (Random Measure)

Let (S, A) be a measurable space. A random measure on (S, A) is a
collection of random variables (M(B))BGA such that

(1) M(D) = 0;
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(2) Given any sequence (B,) of mutually disjoint sets in A

M( U Bn) =Y M(B,) as
neN neN
(3) For each disjoint family (B,) in A, the random variable M (B;) is inde-
pendent of M(By,) for all j # k.

Example
Let T' = (T}) jen be an increasing sequence of stopping times that are iid. For

any measurable set A C R, let
M(w,A) =#{j e N: Tj(w) € A}.

In other words M (w, A) counts the number of times the random variable
Tj(w) takes values in A; it is positive and integer valued. M (w, A) is finite
whenever A is bounded. M (w, A) depends on the event w, as result M (-, A) is
a random variable and because T is a stopping time, M (-, A) is independent

of M(-, B) whenever AN B = (). Therefore M(w, ) is a random measure.

The random measure defined above becomes the Poisson random measure

with intensity p if M(-, A) is a Poisson random variable with parameter p(A)

that is: .
(n()

Vk € N P(M(A) - k;) =M

The above example will be of important use for the rest of this chapter as

well as chapter 2.
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1.2 Poisson Processes

Definition 1.2.1. Let (T),) be a strictly increasing sequence of positive ran-
dom variables with Ty = 0. The process N = (Ny)i>o defined by

Ne=> lin<y, t<0

n>1
is called a counting process associated with the process (T,).

Definition 1.2.2. An adapted counting process N is a Poisson process if
it satisfies:

(P1) for all s <t, (N; — Ny) is independent of Fy

(P2) foralls<t, u<w,ift—s=uv—u then N,— Ny and N, — N,, have
same distribution.

(P3) The increment Ny — Ny follows a Poisson distribution, that is:

1
P(Nt — Ns < k‘) = mek(t—s)k‘

The parameter X is called the intensity of the process Ny.

Usual properties of Poisson processes can be found in many books such as

[3] and [8].
Proposition 1.2.3. Let N be a Poisson process with intensity \.
Then Nt = Ny — Mt and Nt = Nf — At are both martingales and the charac-
teristic function of N is given by:
¢Nt(z) _ 6)\t(eiz—1—iz)‘

N s termed as the compensated Poisson process.
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Chapter 2

Lévy Processes -

Semimartingales

2.1 Definition and properties

Definition 2.1.1. An adapted process X with Xo =0 (a.s) is called a Lévy
process if:

(L1) X has increments independent from the past i.e. X;— X is independent
of Fs for 0 < s <t < o0.

(L2) X has stationary increments i.e. X;— X, has same distribution as X;_s.

(L3) X is stochastically continuous i.e. for any e > 0,

liII%P<|Xt —Xi| >¢)=0.

Property (L3) implies that the number of jumps is countable. A jump of a
process X will often be denoted by AX. Hence a jump occurring at time 7

will simply be defined as

AX, =X, — X,

10
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where
X.-= lim X,.

§—T,8<T
Theorem 2.1.2. Let A be a subset of Ry.. Let N(t, A) be the random variable
which counts the number of times the process X jumps with size in A C R

and occurring within time 0 and t i.e.

]V(t7/4):: EE: 1A(Zx}(s%

0<s<t

then (N(t,A)) 15 a Poisson process.

Definition 2.1.3. For I C Ry, the mapping N(I,-) defines a measure, the
Poisson Random measure and if we take I = [0, 1] then

v(-) = E(N([0,1],-)) also defines a measure, the Lévy measure.

Note that v is just a positive measure, not a probability measure!

For fixed (w, ), it is not difficult to see that the set function A — Ny(w, A) is
increasing and non negative therefore we can always define a Stieltjes integral

with respect to V.

Definition 2.1.4. For fired (w,t) and for any C*-function f we define the

stochastic integral with respect to the process N as:

/A F)Nw,dr) = 3 FAX (@) 1a(AX, ().

0<s<t

The following process will be of important use for the next coming proofs.

Define
Ti(w, A) = Y AX,(w)14(AX,(w))

0<s<t
= / xNy(w, dx).
A

Ji(w, A) or just simply J/* cumulates all the jumps of X that occurred before
time ¢ whose size are in A. As t varies J/* describes a stochastic process
which is called the jump process associated with the lévy process X with

sizes in A.

11
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Corollary 2.1.5. For fized w and for any C'-function f, the stochastic

process | [, f w, dx) s a Lévy process.
>0

Definition 2.1.6. A subset A C R, is bounded from below if there exists
a neighborhood of 0 that is not in A. In other words

0¢ A

Definition 2.1.7. We say that a process X is of bounded jumps if there

exists a positive constant C' such that
AX, < C a.s forall s > 0.

Definition 2.1.8. The variation Vi (X) of a process X on an interval [0, T
1s defined as

—supZ|Xt X |

neN

where 0 <tg <ty <ty <...<t, =T is a partition of [0,T].

Before we proceed we will need the following lemmas whose proofs are quite
technical see [8],[1].

Lemma 2.1.9. If X is a Lévy process and A C Ry is bounded below, then

N(t, A) < 00 a.s for all t > 0.

This means that the number of jumps of size in A is finite.

Lemma 2.1.10. Let X be a Lévy process with bounded jumps,
then E(|X:|™) < oo for alln € N.

Lemma 2.1.11. If M} and M}? are two centered cadlag processes
and E(|V,(M})|*) < oo, then

E(M}M?) = [Z AM! AMQ}

0<s,t

12
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Lemma 2.1.12. If Ay and Ay are two disjoint sets that are all bounded from
below, then (fAl xN(t, dx)) and (fA2 zN(t, dx)) are two independent
>0 >0

stochastic processes.

2.2 Lévy-Itdé decomposition

Theorem 2.2.1. The process Y; = X; — J2 is a Lévy process with bounded

gumps. Therefore it has finite moments.

Theorem 2.2.2. Suppose A € B(R —{0}) and f1a € L*(A,v), then

E(/Af(x)Nt(-,dx)> :t/Af(x)du(x).
E(( [ oo -t | f(ar)V(dx)>2) —t [ Plaivta)

where B(R — {0}) denotes the c—algebra generated that the Borel sets of R

not containing 0.

Theorem 2.2.3. Let X be a Lévy process with jumps bounded by (a > 0),
then
Zt = Xt — E(Xt)

1s a martingale in addition, Z; admits the following decomposition

Zy = Z¢ + Z& where Z¢ is a continuous martingale and

78 = / TNy(-, dx) — t/ xdv(x).
lz|<a lz|<a

Proof. Let A be a subset of R\{0}. Consider the random variable

MA:/Ath(-,dx)—t/Axdu(m).

Let (e,) be a decreasing sequence of positive numbers: 1 > ¢; > ... > ¢, — 0

as n — OoQ.

13
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Define,
Bn={rx€R:€ep1 <|z| <en}

the set of all jumps sizes within the interval [€,,11, €,,). Consider

- ()n

m=1

Step 1

Claim: (M;*") converges in L? to Z¢ as n — oo.

First of all, observe that since (B,,) are disjoint subsets that are all bounded
from below, then lemma 2.1.12 tells that the processes [, Ni(-,dz) and
Il B, xNy(+, dz) are independent for all m; # my.

Next, we show that for all n. > 0, (M;*") are centered martingales in addition

E((Mt“‘")2> = zn: E((Mth)Q). (2.1)

m=1

we have

It is not difficult to see that F(M") = 0 for all i > 0.

Let us prove it by induction.

For the case n = 2,
E((MtBIUB2)2) = E|(MP' + Mf2)2] since B; N By = ()

_ Bl (P + <Mf‘2>2] T 2B[MP AP

= E|(MP)? + (Mﬁ?)ﬂ +2E[ > AMsBlAMSBQ],

0<s<t

since (M/') and (M) do not jump at same times (a.s.) due to lemma
2.1.12
AMBAME: =0 a.s., for all s > 0.

Suppose (2.1) holds up to n = k, the same arguments used in the case n = 2

will still make (2.1) to be true up to n = k + 1. Therefore (2.1) is proved.

We are now ready to look at the convergence of MtA".

14
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Observe that Z, — M/*" and M/'" are two independent processes, hence:
Var(Z, — M* + M) = Var(Z, — M) + Var(M")

1.e.

Var(Z,) = Var(Z, — Mj*) + Var(M).
Since Z; has bounded jumps, it has finite moment of all order
(cf. lemma 2.1.10), which means that Var(Z;) < co. Consequently

Var(M*) < cc.

As result of (2.1), the sequence <E((Mt‘4")2)>,n > 0 is increasing. It is
bounded, therefore it converges. Consequently (MtA") converges in L? to a

certain limit and Z¢ tends to be a good candidate for that limit.

Well,
2 ~ 2
Z4 — M| = ‘/ xN(-,da:))
0<|z|<en
<|[ PN
0<|z|<en
S0,
2 ~
E{ Z¢ — M } < GELEU N(-,d:c)H
[0,€n]
<€, — 0 (n — o0).

Which confirms that Z¢ is indeed the L*limit of M;*".
By definition of Z from the proposition,i.e.

Z =2, — 7]
it is clear that Z¢ would be L*limit of Z, — M;*. Just write

1(Z = M) = Z{\| = 1(Ze — M) = Z¢ + (M = Z}') — (M = Z])|
<N Ze = M = Z7 + M = Z7|| + || M + Z]|
=1Z: = Zi = Zil| + | M + Z{|

<0 +€ for n large enough.

15
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Note that the norm under consideration here is the L2-norm.

Step 2
Here we shall prove that Z; is continuous.
First of all and as we did it for (Z, — M{*") and (M;*"), in the same way it
can be shown that Zf and Z@ are both independent.
Now, suppose there exists B C €2 such that Z; is discontinuous on B, we
shall prove that B has measure 0. To see that, let assume P(B) # 0 then
there exists a positive number b such that Z; has jumps larger than b.
Define

B,={t>0:]|AZ]| > %}

It is trivial that B, 1 B hence P(B,) T P(B) which is strictly larger than 0
by assumption. Define T,, as the fist time that AZ; gets larger than % ie.

1
T,=inf{t>0:AZ, > —}
n
T = (T,,) is a sequence of stopping times and
P(|AZ7| > b) #0.

Let A= {z € R: x| > b} then Z{ and [, f(@)Ny(-,dz) must jump at same

times, for any continuous function f. From lemma 2.1.11,

> az:A( [ fa)Nidn)

0<s<t :|

E[Zf-/Af(x)N(-,dx)} :E[

> E{Az;A(Af(x)NT(-,dw))}

> 0.

The above implies that

E{Zf~/4f(x)N(«,dx)} £0. (2.2)

16
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But
B(z [ 1) =B 2 - 21 [ @8],

Remembering that the limit under consideration here is the L?—limit and

since the L? convergence implies convergence in expectation therefore

E(Zf-/Af(:v)N(-,d:c)> = lim E[(Zt—MtAn)-/Af(x)N(-,d@]

n—oo

=0 which contradicts (2.2).

Therefore B has measure 0 as required to prove. O]
Proposition 2.2.4. Z; is Gaussian.

Theorem 2.2.5. Let X be a Lévy process. Then X; = Y, + Z; where Y; and
Z; are both Lévy processes and
oY, is a martingale with bounded jumps

oZ; has paths of finite variation on compact sets.

Theorem 2.2.6. (Lévy-Ité decomposition)
Let X be a Lévy process and v its Lévy measure, then

o v s a random measure such that:

/ |z*|v(dz) < oo
lz|<1
and

/|I>1 v(dr) < oc.

o The jump measure Ni(-,dx) is a Poisson random measure on [0, 00] x R?
with intensity dv(z)dt.
o There exists a vector v and a Brownian motion (By) with covaviance matrix
A such that:

X, =t+ B + X! + X}

17
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where
X4 = / xN,(+, dx)
|z|>1

and

X = / TNy(-,dx) — t/ v(dx).
2] <1 <1

The triplet (A,v,~y) is called the characteristic triplet of the lévy process
X.

2.3 Semimartingales

Definition 2.3.1. (Semimartingale)
An adapted cadlag process X is called a semimartingale if the stochastic

integral of simple predictable processes, say on [0,t] with respect to X :
t
¢ = doly—o + > Gilimi,) — / (X)dX = ¢oXo+ > _ ¢i(Xr,,, — Xr1,)
i>0 0 i>0

verifies the following continuity property:

for any sequence (¢™) of simple functions on [0, 1],

sup |9t (w) — ¢s(w)| — 0, then /0 o dX —>/0 odX

(s,w)€[0,t]x2
i probability as n — oo.

The above definition implies the following proposition.

Proposition 2.3.2. Let S = (S;), t € [0,T] be a semimartingale. Consider
¢ and a sequence (™), all in the set of simple functions defined on [0,T],

say Sr.
If
sup  [¢) (w) — dr(w)] — 0 uni formally,
(t,w)€[0,T]xQ
then
t t
sup / ¢nd5—/ ¢d5‘ — 0 in probability.
te[0,7 0 0

18
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A straightforward consequence of the above proposition is that
(1) Every process with finite variation is a semimartingale.
In fact, let V7 (S) be the variation of S on [0, 7] then,

sup / 6dS < sup  |6y(w) - Vi(S)|

te€[0,T] (t,w)€l0,T]x

according to definition 2.1.8 Another consequence is that
(2) Any square integrable martingale is a semimartingale.

To see that let M be a square integrable martingale then,

EKA%MO?—E(%MﬁéQMMmW—AmMYI

by Doob sampling theorem,

=F [¢3M3 + Z qb?(MTi-H/\t - MTiAt)2:|
=0

S sup ‘¢S(w)|E |:M(? + Z(MT¢+1At - MTiAt)2:|

S,w

S sup ‘¢8 |E |:M2 + Z T+1/\t M%i/\t):|

< sup |¢s (w)| E[M).

S,w

Therefore

[/wm'/MM]<WW—@Umw]
<eE[M} —0 asn— oo.

This implies that a Brownian motion is a semimartingale. It can be shown
that any linear combination of semimartingales is again a semimartingale;
they define a vector space. Since any Lévy process can be decomposed into
a Brownian motion with drift plus a process of finite variation, then all Lévy

processes are semimartingales.

Definition 2.3.3. (quadratic variation of a semimartingale)

19
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The quadratic wvariation process of a semimartingale X is an adapted

cadlag process and it is defined as:
¢
X, X], = |X,[2 — 2/ Xp-dX,.
0
and if (™) is a sequence of partitions of [0,t] such that

sup |ty —tp_1| = 0 as (n — o), then Z(Xt
i>0

X,.)? — [X, X,

i1l i

in probability as n — oo.

2.4 1to Formula

Proposition 2.4.1. (It6 formula for semimartingales)
Let (X;) be a semimartingale. For any C%? function f:0,T] x R — R,

ft, Xy) — £(0,Xg) = /() %(S,Xs)ds + g_£<S’X5_>dXS
1 ta2
#5 [ Gl XX X]:
AX,£0 of
+ 0<Zs<t [f(s, Xs) = f(s, Xs-) — AXS%(&XS*)]'

Where [ X, XS is the continuous part of the process [ X, X]s.

Proof. Without loss of generality and to avoid heavy notations, here we sup-
pose f is time independent. The proof will also hold in the case f is also
time dependent. We use Taylor expansion of second order of f i.e. for any

points 1, xo in the domain of f

Floa) = fon) + £ @) —2) + 5 @) = o +rla ). (23)

20
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where r(xq,x1) is a functions of the form:

(w9 — 1) (21, 29) with lim &(zy,25) = 0. (2.4)

T1—T2

Consider the following random partition 0 = Ty < 77 < ... < T,y = t.
Applying 2.3 to f and for n large enough we get

n

f(Xt) - f(XO) = Z[f(XT,_H) - f(XTz)]

=0

n

FOX) = F(X0) = 37 F1(Xn) (X, — Xi) 5 (X)X, — X)?
=0

+ Z T<XT1'+1 ) XTz)
=0

(2.5)
Step 1

If we let sup|Tiy1 —T;| — 0 as. > oo f'(Xn)(Xr,

1 — X1,) and

S o /7 (X)) (Xr,,, — X7,)? become classical Riemann sums which converge
to [ f'(Xs)dX, and [) f7(X,)d[X, X], respectively (see [3] proposition 8.4).
Now let look at the last sum in equation (2.5)

The key here is to remember that X has finite quadratic variation so does
f(X), since f is continuous.

Take any € > 0 let A C [0,¢] x Q such that Y |AX,[> < eon A and let
B = {(s,w) ¢ A, such that AXs(w) # 0}. Roughly saying, A is the subset
where X is continuous almost surely and B is the subset of [0, 7] x © where

X visibly jumps. Though, the sum can be written as:

ZT(XT'L+17XTZ') = Z T(XTiJrl’XTi) + Z T(XTiJrl?XTi)'
i=0 BN(Ty,Ti11]#0 BN(T;,Ti1]=0

(2.6)
If BN (T;,Tix1) =0, Vi>0, this implies that in those intervals X has no
jumps (a.s) and hence continuous at T;; so 2.4 applies, i.e.

T(XTz'

+10

XTi) = (XTiJrl - XTi)Zg(XTi+17XTi)7 with Zlirgf(XTiH, XTi) =0.

21
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So for all € > 0 we can always make sup |7T;1; — T;| small enough so that
§(X1,,, Xr1,) gets smaller than €/[X, X].

Summing up over ¢ from 1 up to n and letting n — oo we get:

€ .
T(XTH—l?XTi) < (XTi+1 - XTi)2 [X, X]? fOT 1>1
n n , e
Z T<XTi+17XT¢> < Z (XT¢+1 - XTi) [X, X]
BN(T;,Ti41]=0 BN(T;,Ti41]=0

n

~xw Y (n - Xn)

BN(T3,T;41]7#0

(X, X] =€

= XX

Therefore

n

Z "X, X1,) =0 as sup|Tipn —T;| =0  as.
Bﬂ(Ti,TH»l]:@

For the second sum in 2.6 we recall the Taylor expansion in 2.3 and then

rewrite r(Xg,,,, X7,) as:

Z T(XTi+17 XTi) = Z f(XTiJrl) - f(XTz) - f/<XT¢)‘XT¢+1 — X,
BN(T;,Ti41]#0 BN(T;,Ti41]#0

1 n
B 5 Z f” (XT1> XTi+1 - XTi 2‘

BN(Ti,Tiq1]#0

Observe that as the refinery gets smaller, the union of the family
<B N (T;, Tis1] # @) increases to B. So

i>0

n

> A — F(Xn) = £(Xx)

Bm(Ti,TZLFl};é@

=X = P ) = AXF(X,) — 5P (XAXE (as).

1

— P (Xn)

2

XTi+1 - XTi

X1 — X1y

k3

Let see the mode of convergence. If the process X is bounded i.e. there

exists a constant K > 0 such that | X| < K.
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Since f” will be continuous on [— K, K|, there exists a positive constant ¢ such
that |f”(x)| < cfor all |x| < K. Moreover, we can always make sup|T;1—Tj|
small enough so that {(Xr,,,, X7,) < ¢/2. Thus,

F(5:X0)= (s, X )= AX S (X)| < SIAXPHZIAXP, (0 s SHAX, £0)

> Fs, X0 = S, X ) = AX (X < e Y [AG)

0<s<t 0<s<t
< CPX})(h < 0

for the same reason,

e (X )AXP < e[X, X, <

0<s<t

Now if X is not bounded, we can always replace it by X1 1, where

Tx = inf{t > 0,|X;| > K} and repeat the same analysis as for the case X
is bounded. If we let K tend to infinity the convergence will not suffer we
always get same result i.e. When eventually A covers [0, ] x Q\B and as the

refinery gets very small,

Z [f(XTz+1) - f(XTz> - f/(XTi>(XT1+1 - XTz) + %f” (XTi)<XTz+1 - XTi)z:|

BN(T;,Ti41]#0

— Z [f(s,Xs) — f(s, Xo-) — AX, f(X-) — f7 (XS—)|A(XS)|2} uni formally.

0<s<t
therefore
(X)) = f(Xo) = / F(X)dX, + = / (X X
+ Z fls, Xo) = f5, X)) = AX /(X ) = (X )|AX
0<s<t
Since,
/f” d[X, X], /f” dIX, X5+ ) f (X )| AX]

0<s<t
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Hence,

F(X0) = F(Xo) = /f dX+/f” XJe

+ = Zf” X,)|

0<s<t

+ Z f(S?XS> - f(S7Xs—) - AXSf,(XS_>

0<s<t

-3 z PEGIAXF

0<s<t

+ Z fS’Xs - 37 s*)_AXsf( s*)'

Proposition 2.4.2. (1t6 formula for multidimensional Lévy processes)
Let X; = (X}, ..., X2) be a multidimensional Lévy process with characteristic
triplet (A,v,~). Then for any C%? function f :[0,T] x R? — R,

f(t, X)) — £(0,X,) = /Zax (s, Xs)dX! + / st)d
t d 82
/Z Uﬁxz@xJSX)d
+Z{ F(Xo + AX;) ZAXS az )}.

0<s<t

Having set this background we may move on to the next level where we look
at a particular class of Lévy processes which are called affine jump-diffusion

type and also their application in finance.
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Chapter 3

Affine jump diffusions

3.1 Definition

Affine jump diffusions is a class of processes that include many of the most
commonly used dynamics in the modeling of the underlying asset price
process of financial instruments. They are quite flexible since they can ac-
commodate many parameters and mostly, their analysis allows us to derive
closed form formulas for asset prices. In order to introduce Affine jump diffu-
sion let first recall the usual stochastic differential equation (SDE) that drive
the dynamics of the underlying asset X. In presence of jumps, the SDE is of
the form:

dX; = (X, t)dt + o( Xy, t)dW, + dZy, (3.1)

where p(Xy, ) is the drift term, o (X, t) is the volatility of the asset X, (W})
is a standard Brownian motion and (Z;) is a pure jump process, usually a
Poisson process with intensity A under the risk neutral measure.

To get an Affine jump diffusion process we simply impose an affine struc-
ture on u(Xy,t), o(Xy,t)o (X, )7, X and the discount rate factor R in the
dynamics of X. That is, we assume they are all affine functions of X on R?.

In other words they are of the form:
w(Xy,t) = Ko + Kz where Ky € R K, € R¥x4
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<0(Xt,t)a(Xt, t)T) = (Ho)yj + (Hy)ijw where Hy € RIX4 [, € Rixdxd
ANz)=lg+1-x Wfl]ere Iy ER,l; € RY

R(z) = po + p1 -  where py € R, p; € R?

Note that these coefficients K, H, A, R may be time-dependent.

X can be viewed as the state vector of the portfolio with d components
(d>1),say XM X® . X For example one of them can be the volatil-
ity. The drift term p@of a specific component X @ is the i*" component of

p(X) and it is an affine combination of the XW’s (1 < j < d) i.e.
= (u(X,, ) = KD+ KPXU),
j=1

The same comment applies to o(X;,t)o(X;,t)". The tensor matrix H; can
be seen as a d-dimensional vector whose entries are d X d matrices. We
will denote by Hl(ij)’]c the component (i,7) of the matrix at position k in
the vector. For our application we treat the case d = 2, we introduce the

following representation for Hy:

le a; Qs bl b2

as Qg bg b4

In this case, the first component and second component are:

by b
o and b a;,b; e R, 1 =1,2,3,4.
as ay by b4
The product Hyz with z = (11, 22) € R? is simply defined as:
by b
Hl.flf = @ r1 + ! 2 Ta.
as Qa4 by by

Examples of Affine jump diffusion models are models with affine term struc-
tures such as Vasicek model, Ho-Lee model as well described in [2]. For

instance in the Vasicek model the underlying process X is exactly the inter-
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est rate itself denoted by r. Its dynamics are given by:
dr(t) = p(t,r(t))dt + o(t,r(t))dW;
where
pu(t, r(t)) = a(t)r(t) + 5(t)
a?(t,r(t) = ~(t)r(t) + ().
Comparing this with the above affine settings we see that we are in the one
dimensional case i.e. d = 1 and also,

R =1r, X =r which implies po =0, p; =1

K() = ﬂ(t), K1 = Oé(t), H(] = (5(t), H1 = ’Y(t), lo = 0, ll = 0.

We will get back to these affine term structure models in the next section.
Define
0:C*" =Ry, cr [ eFdu(z).

Rd
The function @ is called the jump transform of X. Technically it is the
moment generating function of the jumps, hence it characterizes the “jump
size” distribution.

The coefficients (K, H,l,0, p) characterizes completely the distribution of
X and R given X(0). For this reason we introduce a characteristic y =
(K, H,L,0,p).

We are now in the position to introduce our first transform.

3.2 Transform analysis

Let us consider the function X defined as:

wx(u,Xt,t,T) — FX e_ftT R(Xs)dseu~XT | ft (3‘2)
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where EX is the expectation under the distribution of X and R determined
by x, u € R is a vector.

Before we move forward, let us define

U, = e Jo R(Xs)ds ja(t)+5(t)-X

where « is a deterministic function of R — R and 3 a function R — R¢
Notation: From now onwards we will use sometimes the notation a(t) to
Oda

denote %2(t) given that a is a function of one variable ¢. Whenever there is

no ambiguity we will often use notation f; instead of f(Xj, s).

Proposition 3.2.1. (Transform 1)
The transform X of X defined in (3.2) satisfies:

WX (u, X, t, T) = 000 (3:3)

provided that

(1) a and [ are unique solutions of:

20 = = Ko 80) — 300" Hop) — 03D -1 (50
20 = = K90 - 350 150~ [0 -1 @9

with boundary condition B(T) = u and a(T) = 0.
T
(iz’)E( / |%]dt> < 00 where v, = U, [@(5@)) - 1} MX) (36)
0

(m‘)EK /O ' ;- ntdt> 1/2} < 0o, where n, = V(1) To(X,) (3.7)

()E(|¥r|) < o0 (3.8)

Proof. Let first prove that ¥ is a martingale.

To see that let us apply Ito formula as in proposition 2.4.2 to the function
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U, = f(t, X;) we get

ov o(X,)o(X,)" 02U
\I}(Xtv ) X07 / a X873 ( )aX (XS7S)+ ( )2( ) 8X2

(X, s)ds

+/0 U(X)gf(’ (Xo$)dW,+ 57 W(X, +AX) - (X, )

1
0<r;<t

(3.9)

Define a new process J(X;) as

J(X) = > WX, +AX;) - U(X,)

T!
0<7; <t

2

J(X;) is in fact the jump process associated with the process (¥(X;)).
Then

J(X,) = /O /R\O U(w, 4 2) = Ulz)dv(z,s) + Y U(X,- +AX;) —U(X, )

i
0<7;<t

_ /0 t /R W 2) = W)z,

t
= / / e Jo R(zu)duta(s)+B(s)-(zs+z) _ - I R(acu)du-i—oz(s)-i—ﬁ(s)~acsdy(z7 S) + j(Xt)
R\0

where

J(Xy) = D o<n<t \I’<XT; +AX;) - fo fR\o (s +2) =V (zs)dv(z, s).
Now,

t
J(X,) = / /R s Ji R s o) +8()04 5602 _ 1)y 2)ds + J(X,)
0
t
= / e~ Jo Bleu)duta(s)+5(s)s / e’ — 1dv(2)ds + J(X,)
0 R

— /Ot U(X,) /R[eﬁ(s)z — UNX,)dvo(2)ds + J(X,)

where 1y is the Lévy probability measure associated with the process (Xj).
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So,

dS + j(Xt)

J(X,) = /O t\IJ(XS))\(XS)[ /R P2 duy(2) — /R dvy(2)
_ /0 B(XA(X) {9(@(5)) _ 1} ds + J(X,).

In the same way it can be shown that

T = 3T WK+ AX) = W(X) — [ WEINX)O(() ~ 1ds

2
0<ri<t

J is a martingale since its expectation is equal to 0 and its increments are

function of those of X so, they are F;-measurable and independent as well.

So equation (3.9) becomes then:

O o(X,)o(X,)T 820
DX, (X, 5) + 2 09X .2

+ [ o) S (KWt [ A8 - 11

U(X,,t) — U(Xp,0) = /Ot aa—f(xs, 8) + (X)) —— (X,,s)ds

0X

o(Xs)o(X,)" 0*v

2 X2
ov
0X,

o (Xos) + (X5

+<&W@@wﬂm+fax>

(Xs,8) +

(X575)
(X, 8)dWs + J(Xt)

So, ¥ becomes martingale if and only if the drift term becomes zero, this

means the following equation must be satisfied:

ov oV o(Xs)o(X,)" 9*V
%(Xsa S) + M(X )8X (Xsa S) +

X, s
2 8X52( ) (3.10)

+ A(XS)‘II(XS)[Q(6<S)) - 1] = 0.

Given ‘If(Xt, ) = e~ fo (Xs)ds ea(t)-i—ﬂ(t)-Xt’ then
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ov

E(Xut) =[-R(X,) + a(t )—}-ﬁ( )XT(X,, 1)
ov

a—X(Xt,t) = B()V(X,, 1)

82 .

Then the above equation (3.10) becomes

[— R(X;) + a(t) + B XJU(X, 1) + p(Xe) BT (X, t)

+amo(x)o(x)” S 5T A [(A0) 1] =
hence
—ROX)+A (450 X n(X) 80+ 5 A1) (X (X0 B0 +ACXB(3()) 1] = 0

Using the affine structure of R, 1,0 and A as mentioned in 3.1, we get
. : 1 T
- (po—i—plXt) o) +BH)X (1) + (K0+K1-Xt> B(t)+38(1) [H0+H1X(t)] B(t)

+<l0 + 11Xt> [G(ﬂ(t)) - 1} —0.

~po+ t) + KoBi(t) + 5 3(t) HoB(t) + o [6(5(1)) 1] = 0.
—pu o 6(t) + KT 0(6) + 5 AT + 0 [6(3(0) 1] =0.

(1) = o — KoBi(t) — 5000 HoB()T — 1o [0(5(0)) — 1]

B) = — KT B(0) — S B0 B0 — 1 [65(0) —1].

So under these ordinary differential equations ¥ is a martingale. From then

we write,
v, = E(\IJﬂ]—}).
Then, U, elo RXo)ds — o fy R(Xa)ds pp <\I/T|~7:t>
oJo R(Xo)ds = [3 R(X,)ds ja(t)+B(1)-w [efo sy |}-t}
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COHBO-Xe _ | of5 R(Xo)ds = [) R(X:)ds ja(T)+B(T ) Xr| f}

= B e RXo)ds alT)+A(T) X ft}

= Ele I R(Xs)dse“'XT\ft}, since a(T) = 0 and S(T') =

on the boundary. Therefore
Wyelo BEIE — X (u, X, 1, T).
O

We next consider another transform ¢X defined as a conditional expection of
the product of a linear function of X and the exponential of X. That is, we

define ¢X as:
¢X(U7 u, Xta t; T) = EX [6_ ftT R(Xs)dsv . XTeu‘XT |f‘{|

Proposition 3.2.2. (Transform 2)

Under some technical conditions the transform ¢X is given by,

& (v, u, 2,1, T) = X (u, , 1, T) (A(t) + Bt - x)

where ¥X is given by (3.3) and where A and B satisfy the linear differential

equations:
~B(t) = —K,Bt)+Bt)"H\B(t)+LVo(B1)B(t)  (3.11)
—A(t) = —Ko-B(t)+ () HoB(t) + ,VO(3(t)B(t)  (3.12)
Where V(c) is the gradient of 0(c) with respect to c.
Proof. This proof picks up its foundations in the proof of Transform 1.

We recall
U, =U(X,,t)=e = Jo R(Xs)ds ga(t)+6(t)-X
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and equation (3.10) :

ov
ot

8\Ilt CTO'T 82\I’t

t
THEX T2 axe

+A [«9(6) - 1} —0 (3.13)

provided that o and 3 satisfy (3.4) and (3.5) uniquely.
Let us apply Ito formula to the process ®; defined by:

o, = <A(t) + B(t) -Xt> ,. (3.14)

ie,

t0®5+ 0%, o.0)] O*®,
. 0s Max T T2 axe

Lod,
e (X - +AX,) —P(X -
+/0038XdWS+Z (X, +AX) - (X, )

i
OSTiSt

O, — Py = ds

(3.15)

where py, oy stand for u(Xy,t), o(Xe,t) and Let

Jo, = Y (X, +AX) - B(X,)

T!
0<r; <t

7

Using the same arguments as in the proof of Transform 1 we get

Ja, = / [ @t 2) = taavizs) + 3 B(X +AX) - (X, )

1
0<T<t

t
_ / / Q(z5+ 2) — P(z4)dv(z, 5).
o Jr\0
t
— / / o~ Jo Rlzu)du (A(S) + B(s) . (J;S + z))ea(5)+5(5)'($s+z)
o Jr\o

b e i R (A<s) + B(s) - rc) ey (2)ds + T,
t

-/ e—fosR(wwdu@a“”ﬁ(”'”[/ (A<s)+3(s>-(xs+z>)eﬁ(s)'z
0 R\0

- (A(s) + B(s) - (x5)>du(z)} ds + Jp,.
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Jo, = / /R ’ ( >eﬂ<8>’2— (A(s)—l—B(s)-(xs))du(z)ds
/ </R\OA A(s)dv(z) + B(s X/R\O * _1du(2)

+/R\OB(t) ze’Zdy(z )>d + Ja,.

_ /0 ) \I/S[(A(s)+B(s)-XS)) /]R )+ B() /R \Ozeﬂ-zczy(z)]ds

+ Jop,.

_ /O t \I/s[(A(s) 1+ B(s)- XS)>>\S /IR L () + B /R . zeﬂ'zdy(z)] ds

+ Jo,.

where vy is the Lévy probability measure associated with the process (X;)
and A just stands for A\(Xj, s).
So,

t
J¢t:/ U, | A(s ))\ — 1)+ B(s / Ve *du(z )]derJq)
0 R\0

(49
:/thfs (A ))\ (s)) — +v/\0ﬂdy() B(s )]dqu)t
:/th,s (A ))\ (s)) — 1] + V(3(s)) - B(s )]derJ:pt.

From (3.14) We have

(A(t) B(t) - X))\I/ + (A( )+B(t)~Xt)\ift
At)T, + B(t) - X,)U, + A1), + B(t) - X, ¥,
oD, o,
o~ By, ( 0+ B0 X ) 5
= B(t)¥, + (t)g—f(+3<) Xg—‘f(
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and
0*P, 0*W,
B LTINS 9°v,

Hence, equation (3.15) becomes

O, — P = /Ot (A(sﬂfs + B(s) - X, U, + A(s)W, + B(s) - X\If)

+us<B(3)‘PS+A( )T+ Bls). Xg‘;;)

a0] o, a2 a%ps
oo,
+/0 Usa_XdWS

v v, K“‘(S) T B(s)- Xs>) AJB(B(s)) — 1] + V6(B(s)) - B<s>} ds + i,

® is martingale if the drift term is zero that is,

(9\1},5 UtO't 82\Ift

ox 2 W5k

. (9\I/t O'tO'T aQth

+ B(t) - Xy Uy + i, B(t) - Xta—X + Qt B(t) Xi—— X2
T v

"t;t 2B(t) 7+ + B(t) - XU, + WA VO(5(1))B(t) = 0.

A() Wy + AW + i A(t) + A(t) WA [0(5() — 1]

+B(t) - Xe UM [0(6(1) — 1]

1.e.

. . . ov | O°W
AW B X0 (A0 B0 ) [t g+ PG Tt A9(0) -1

ov
+uB(t)Y, + 0,0, B(t)=——

T+ UNVIB)B(E) = 0

oV,

X

At)U, + B(t) - X, ¥, + KoB(t)¥, + K, B(t) - X, ¥, + 3T HyB(t)¥,
+1,VO(B)Bt)U, + T Hy - X, B(t)U, + 1, X,VO(B(t))B(t)¥, = 0.

AU, + B(t) - XU, + 1, B(t) ¥, + 0y0, B(t)—— + U, \VO(5(t))B(t) = 0
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Thus

A(t) + B(t) - Xy + KoB(t) + K\ B(t) - X, + 8T Hy - X, B(t) + 1, VO(B(t)) B(t)
+ L X VO(B(t)B(t) =0

A() + KoB(t) + T HoB(t) + VO(3(s)) = 0.
B(t) + KT B(t) + 5THB(t) + LVO(5(s)) = 0.

]

The last transform we introduce is the one that is more specific to option
pricing in the sense that it reflects the pay-off of an european call option.

This last is based on the Fourier-Stieltjes transform.
Define G to be

Ga,b(y; X07 T7 X) = EX (6 fo (Xs)ds e Xle XT<y) (316>

Proposition 3.2.3. The Fourier-Stieltjes transform G, (+; Xo, T, X) of Gap(-; Xo, T, x)

exists and it 1s given by:
Gap(v; Xo, T, x) = ¢¥¥(a + ibv, Xo,0,T) (3.17)

Proof. Well,
ga,b('; X07 T; X) = / eivdea,b(% X07 TJ X)
R

= FX <€— fOT R(Xs)dse(a+ivb)~XT)

= YX(a +ibv, Xy, 0,T).

Proposition 3.2.4. Suppose T is fized in [0,00),b,a € R and that

/ |vX(a + ibv, Xo,0,T)|dv < oo, (3.18)
R
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then Gop(-; Xo, T, x) given by (3.16) is well defined and we have,

dv

X(a, X,0,T) 1 [ Im[X(a+ ibv, X,,0, T)e~ ™
Gusly: Xo, Tox) = LK 0T) 1 / [ ( 0,0, T)e="7]
0

2 s v

Proof. From prop 3.2.3 we know that ¢X(a +ibv) = [ €"dG,(y; Xo, T, x).

It is also important to notice that:

e=wyipx(a + ibv, x,0,T) = ¢"YX(a — ibv, z,0,T)
hence

m[yX(a + ibv, Xo,0,T)e” Y] = —Im[ypX(a — ibv, Xo,0,T)e™]

m[YX(a + ibv, Xo,0,T)e”™]  Im[¢X(a — ibv, Xo,0,T)e™?]

(% —v

Im[yX (atibv,X0,0,T)e” "]
v

So the function v :—

is an even function, hence

dv.

/oo Im[Q/JX(a + 1bv, X, 0, T)e*ivy] i 1 /OO Im[¢x(a +ibv, Xy, 0, T)eii”y]
0 —

) 2 v

o0

X(a +ibv, Xo,0,T)e=™] 1 [ .
m[ypX(a + ibv, Xo,0, T)e™] = —‘{e‘wyw"(a—l—ibv,Xo,O,T)—e“’yl/zx(a—ibv,Xo,O,T)}

v 21v

= [ewy/ewsza,b(z;Xo,T, X) — ewy/ e "dGp(z; 2, T, X)}
2iv R R

1 . .
_ —iv(y—=z) w(yfz)dG )
20 - e e a,b(z)

Therefore

] /oo Im[yX(a 4 ibv, Xy, 0, T)e™"] P 1 [ Im[yX(a + ibv, Xo,0, T)e Y]
- v
0

_ —w(y—z) _ giv(y—2 dG dv
211}/ »(2)
i.e.
1 /oo Im[X(a 4 ibv, X, O,T)e_wy / / e ) e_W(z Y dG o p(2)dv.
=/, v  dir v
(3.19)
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Since
Im[yX(a + ibv, Xy,0,T)e™"Y] Im[yX(a + ibv, Xo, 0, T)e Y]
v o v
< Im[yX(a + ibv, Xy, 0,T)]
o v
X bu, X T
S w (a+Z v, 0707 )’ S wx(a‘i_ibU,Xo,O,T) ,
v

whenever |v| > 1.

Assumption (3.18) says that |¢X(a + ibv, X, 0,T)| is integrable hence,

Im[¢X(a + ibv, Xo,0,T)e~ "]
v

is dominated by a function which is integrable and more, Fubini theorem

applies. Thus equation (3.19) becomes:

1 (1] X ibv. Xo. 0. T)e v 1 0 ,—iv(y—z) p—iv(z—y)
__/ m[@b ((I + 100, X, U, )6 ]dU _ / / € _6 dvdeb(Z)
0 RJ—o0 v

v dim

T v
1 00 p—iv(y—2) o0 p—iv(z—y)
= —— [/ - / e—dv} dGap(2)
4 Jr | ) v oo v
1

= —— {’msz’gn(y — z) —imsign(z — y)] dGqp(2)
dar R 7

where sign(z) = —1if 2 <0, 0if x =0, and 1if x > 0. In addition it is

clear that sign(x) = —sign(—z), Vx. Therefore

dv = —— [ 2imsign(y — 2)dG.p(2)

1 /°° Im[pX(a + ibv, Xo, 0, T)e ™| 1
0 (% dom R

™

1
= _5 |:1/}X(G,X0,O,T> — lim G(Z,LL‘,T, X) — lim G(Z,[E,T7 X)]

Z2—Y,2>Y z2—Yy,z2<y
VX(a, X0,0,T)  G(y;2,T,x) + Gy ;2,T,x)
= — +
9 2

i.e.

1 [ Im[yX ibv. X,. 0. T)e vy X(a, X,.0.T

——/ my¥(a +ib, Xo,0, T)e™™] |, ¥M(a, > ) Gy e Tox)

T Jo v
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as required to prove. ]

Corollary 3.2.5. Let p(d,c,T,x) be the price of an European call option

with strike price ¢ and maturing at time T. Then
p(d,e,T,x) = EX[e” Jr R(Xs)ds(ed-XT _ C)+]

T
= EX[e I R(Xs)ds<ed-XT — ) lax,>me

p(d7 ¢, T7 X) = Gd,—d(_ In G, X07 T7 X) - CGO,—d(_ In G, XU) T7 X)

This result takes us to the next section where the above transforms are

applied to asset and option pricing.

3.3 Asset pricing

In all that follows, S represents the price process of the asset underlying the

option. We consider it to be of the form
St — (C_Lt + Et . Xt>€at+bt'Xt

for deterministic a,@,b,b. This is the case for many applications in affine
settings such as bond prices.

The approach we use for modeling price process is this: we first model the
“risk-neutral” behaviour of X under an equivalent martingale measure Q.
That means we find a martingale measure QQ such that the process X will be
of AJD type. Then we apply equation (3.2) accompanied with the solution
given by (3.4) and (3.5).

Practically, let take Q to be an equivalent martingale measure associated with
the short term interest rate process R(X;) = po + p1 - X; such that under
Q the state vector X; behaves as an AJD with coefficient (K%, H?, 19, 69).
The characteristic y¢ = (K%, H?,19,09, p) fully determines both stock price
and the interest rate dynamics.

Thus, the market value V; at time ¢ of any claim that pays off Vi at maturity
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T is given by:
V, = BQ|e I B Ly 7 | (3.20)

For simplicity let take the case InS; be a the i* component of the state
vector X for a certain integer i € [0,d] i.e InS; = Xt(i). Assume also that the

asset S has a dividend paying process (((X}))i>o defined by:
(@)=q+aq -

for given ¢y € R, q; € R%.

Proposition 3.3.1. Under the martingale measure @ defined as above, the

risk neutral drift p; satisfies:

(KS): = po— a0 — 5 ()i ~ 1810(5,(1)) — 1 (321)
(K= — a1~ 5 (B — 1200(5:(1)) — 1 (322)

Where 3;(t) € R™ has 1 at his i'"* component and 0 otherwise.

Proof.
InS, = X"
St = €Xt(i)
— b Xt

Under the martingale measure QQ the payoff is expressed as

\Il(Xtv t) =e fOt R(Xs)+((Xs)ds | eﬁi'Xt
Then applying (3.4) and (3.5) to that payoff we get

0=po—qo— KoBi(t) — %ﬁi(t)THOﬂi(t) — lo {9(51’(75)) - 1} (3.23)
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and
The first equation becomes

K1) = po — a0 — 56 HEA,(1) — I2169(5,(1)) — 1

i.e.
0
, :
K2(0,...,1,0,...) = po — qo — S50, 1L,0.)HS | 1| —18[0%(8:(t)) — 1]
0

which implies that

(KS)i = po— a0 — 5 (H)s — I810°(5,(6) ~ 1

In the same way we get equation (3.22), except that the equation is derived
T

from the ith component of the vector K f? Bi(t), the other components are

0’s. O
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Chapter 4

Model comparison and

application

4.1 Model comparison

Here we show how the transforms derived in the previous chapter can be used

to get well known formulas of bond prices that are of affine term structure

type.
In models with affine term structure the underlying process X is exactly the

interest rate itself denoted by r. The dynamics of r are given by:
dr(t) = u(t,r(t))dt + o(t,r(t))dW;
where
pult, r(t) = a(t)r(t) + 6(t)

a?(t,r(t)) = y(t)r(t) + §(t).

where «(t), 5(t),v(t),d(t) are deterministic functions of ¢. Using the same
notation as [2], Bjork derives the price p(t,T) at time ¢ of a bond that pays

off 1 at time T as:
p(t,T) = o~ AWT) =BT (t)
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where A and B are smooth and deterministic functions of ¢ that satisfy the

ordinary differential equations:

: 1 2 _
B(t,T)+ a()B(t,T) - 5y(H)B*(t,T) = —1 (4.1)

B(T,T) =0.

and

Lo
A(t,T) = BHB(t,T) — 50() B*(t. T) (4.2)
AT, T) =0

Note that the function A(t,7") and A(t) mentioned in chapter 3 are a priori

not the same.

Let use transform 1.
Observe that the underlying process X is again the interest rate r.

The price p(t,T) at time ¢ of an asset that pays off 1 at time 7" is given by:

p(t,T) = EX <e* I dsm)

— EX <€7 ftT r dse(]-XT

7)

We are right in the framework of affine settings where in this case we see
that u = 0. We recall the observations made in the beginning of section 3
that is: d = 1 in addition

R =r, X =r which implies pp =0, py =1

KO = ﬂ(t), Kl = Oé(t), H() = 5(t), H1 = ’y(t), l() = O, and ll =0.

Applying transform 1 we know that p(¢,T") has a closed form formula, namely:
p(t7 T) = wl?((07 xa t) T) - e&(t)«h@(t)x’

where @ and (3 solve uniquely the following ordinary differential equations:

t) = o~ Ko B0 — 350 THB0 — b 030) -1 4
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Bi6) = — KT5() - 380 50— L 0N -1 @

with boundary condition 3(T) = u = 0 and &(T) = 0.
The equation (4.3) and (4.4) then become

B) = 1~ alt)(1) — 3()F 1)
A1) =0

and
(1) = ~B(1) - (D) — 56(0()
B(T) =0
If we let a(t) = A(t,T), v = r and B(t,T) = —f((t) we get exactly the

equations derived by Bjork for affine term structure models.

In the case of the Vasicek model the dynamics of r is given by:
dr(t) = (—a+br(t))dt + ocdW,

where a,b and o are constants. It is clear in this case that Ky = —a, Hy =
o2, K1 =b,H; =0 and u = 0 using the notations in [2].

In the same way, we get the other models by just matching parameters K, H
and u.

Note that here there is no jump involved that is why A is absent in the
differential equations. In the next section we illustrate the methodology on

a two dimensional affine jump-diffusion model.

4.2 Application

Here we suppose S is the price process of a security that pays dividends at
a constant proportional rate ( and let Y = InS. Consider then the state
process X = (Y, V)T where V is the variance process.

We suppose for simplicity that the short rate is a constant r, and that there

exists an equivalent martingale measure (), under which S follows the dy-
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namics:

dS, = (r — O)dt + /VidWE + dZ,

where +/V; is the volatility of S, WtQ is a one dimensional standard Brownian
and Z; a one dimensional pure jump process with constant mean jump-arrival
rate \.

So the state price process X will have the dynamics described by:

Y, — (= M\ — 1y 1 0
ax,—a) = (TR AW +dZ,,
Vi k(v —Vj) poy /1= p*o,
(4.5)

where p is the correlation between S and V', g, is the volatility of the volatility
V of X; k, p, v are constants. W is an JF,—standard Brownian motion
under @ in R? and Z is a pure jump process in R? with constant mean jump-
arrival rate A\, whose bivariate jump-size distribution v has the transform @,
as well defined in the begining of chapter 3. We use the same notation for the
2-dimensional and the one-dimensional Brownian motion just for simplicity

in notation. The same remark applies for the jump process Z;.

For this specific case let us apply equation (3.4) and (3.5) to derive the
transform of the log-price state variable Yr.

The transform at time t of Y7 can be written as:

5 oot = (R

).

with U = (u 0).

Theorem (3.3) tells us that the transform above can be written as
WX(u, (y,v),t,T) = e?OFAOX

with
a(T)=0and 3(T) =U, ie B(T) = (u0).

Question: How do we find o and 3 7

Solution:
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Equation (4.5) can be written as:

dX, = pedt + o, dWE + dZ,

r—_(— A 0o -1 1 poy,
Ky 0 —kK, po, 0.
00 0 0 1 »
O'tO';r == + pe Xt
0 0 00 po, o

Referring to affine settings in chapter 3, we see that:

—(C=\ 0o -1 00 00 1 .
KOZ " C H, 7K1: 2 7H0 ale pa
KyU 0 —ky 00 00 : po, o?

Po=T, Pp1= (070)7 ZOZ/\v ll = (070)

where

i.e.

Remark: The risk-neutral restriction in equation (3.21) is:
(K9 = po = a0 — 5 (s — 1§10(5,(0)) — 1)
Since Ko =r —( — A\ and Hy = 0 we get:
r—C— A= po—qo—0—1l0(Bi(t) — 1].

Because R = r is constant, the dividends are constant so ( = gy and A also

is constant equal to [y, we get

Ao = l[B(5i(2)) — 1]
0= 0(8,1)) - 1.

Since Y = In S with X = (Y, V) therefore 3;(t) = (1,0) by definition of j3; in
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proposition 3.3.1. That means

p=260(0,1)—1.

For this chapter we will sometimes write /3 instead of 3(t), same for «(t).

Since v and [ satisfy equations (3.4) and (3.5) simultaneously then we have:

5’1_0_00 Gi) 1 00 1 po,)(B)
()= ) G w0 ) G

() () 3 g mmm e orn)
Bs 1B —kBa) 2 \P2+261Bapo, + G302+ 0. ‘

The first line in equation (4.6) tells us that:
By(t) = 0, for all ¢

Hence
B1(t) = Constant, for all t.

Since B(T') = (u,0) therefore £ (t) = u.

From the equation of second components, we have that:

. 1 2 2 2
o= Su+ Koz — % — Bouoy,p — %
1 202
= —u(l —u) — Ga(oppu — Ky) — 5 L.
2 2
which implies that
. a 202

where a = u(1 — u) and b = o,pu — K,.

This is a Ricatti type of equation which is of the from.

Y = qo(t) + a1 ()y + @)y (4.8)
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Using simple techniques of reduction process, the equation reduces to a sec-

ond order differential equation

w’ — P(t)w' + Q(t)w =0 (4.9)
where ,
q
P(t)=q + (CI_Z)’ Q(t) = ¢2q0.
Since
_a _ o
qo = 27 q1 = q2 = 9 )
ac?
Pt)y==b and Q(t)=-— 4”
hence (4.9) becomes
ac?
w” + bw' — —2w = 0.
4
The characteristic equation is:
2
2 e 0%
re 4 br 1
A =b* —ao?

therefore the two roots are: r = %(—b —) and ro = %(—ZH— ) where we set
v =A.

Therefore the general solution of (4.9) is of the form
—b—ny —bt+y
U)(t) = OgeTt + C’leTt Cl, Cy eR.

The solution of (4.8) is given by

_ w
- puw
But
w/—Cg(_b ’y)e b;vt_i_cl(—b—i—”y) bty
S0,

w _1Cy(—b—7)e 7+ Ci(=bt e

—b+’)’t

t 4+ Cre >

“b—~

w 2 Che 2
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hence,
w1 Cy(=b— ezt 4 Cy(=b+ v)ezt
27w 7 Coe 7+ Cre
and
1 Ci(y —b)er — Cay(b+7)
Ba(t) = — " )
gy C’leV + CQ

Since 55(T") = 0, then
01(’7 - b)eVT - CQ(”}/ + b) =0

meaning

This yields

1 Vb
Ga(t) = —
0y C C +b vt po—~T
2 + 2 ﬁ e’re
L —=(y+b) + (y+b)e T
o2 1+ %e*v(T*t)
(Y=b(y+b)  1—eTD
B o2 y—b+ (y+b)erTD
(,.)/2 . b2) 1 — 6—7(T—t)
3 bt (b))
(72 . b2) 1 — (T

02 2y — (v +b)(1 —erT0)]

v

2

Since v = b* — ao?, we get

P ey

On the other hand

a0 = o Ko 5(0) = 500 HoB () ~ o | 6(3(0) 1
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ie.
a=r— <r—§—>\,u /ivﬁg) <;2> —%O—)\{H(ﬂ)—l}
:r—ru—kgu—/\ﬂu—mvﬁg—/\{g(ﬂ)—1]
a=7r—(r—CQu+ A1+ pu) — K2 — M(P);
hence

oz(T)—oz(t):/t r—(r—()u+)\(1+uu)ds—)\/t Q(ﬁ(s))ds—nv/t Ba(s)ds

Since a(T') = 0,

T T
—a(t) = T(T—t)—(T—C)U(T—t)—I—)\(l—l—,uu)(T—t)—)\/ Q(ﬁg(s))ds—mv/ Ba(s)ds
t t
Using the change of variable
u=T—-—s=du=—dsand fors=t, u=T —t

hence

| oatenas = [ o - wy=aw
= [ o — )

In addition,

/ Bals ds—/o (T
[

Bo(T — u)du
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—a (2 e
/ Bo(s :/ —a(2v(y+b) wbb "
o 2y\ - =5 (1 —emm)

T—t -
+b 2 T
:/ a(’yz)_l_Qa’yb ,y+b€ _udu
ao ")/(P)/_ )1—W(1—67)
_/Tt ’y—l—b a e du
0 —b1-— 7+7b(1 — e M)

u

1-2 —yu
Tt ’Y-l-b a 1 —2v <77+Z>76 k p
/ -b(- )

b —u
T+ 1= (1 e

u

—(y+b) —yu
/Tt 1+ < 2a )”( 2 )6
d
0

V=01 =R (1 e

u.

—~f 2l ) omru
/Tt 7+b 2 7(27)67
d
0

o2l — L1 —emm)

Therefore

T—t T—t v+ b 9 [T—t —’)/(72—?[)> e Y
0 0 1

0 0y Oy - 72_—2b<1 - e—'yu)
y+b 2 b )]
v v 0
2
_ 7;b(T —)— 5n (1 _ 72—?17(1 _ e—%T—t))).
Set
B(T) = 0o(T —t) and a(1) = (T — t)
we get

A7) = =17 + (1 — Our — v P; L (1 _atbg e”))}

v v

— A1+ pu)T + )\/tTQ(B(s))ds.

The price at time 0 of an European call option on S with strike price ¢ and
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maturity 7" is given by:

C(T, x) = EX[e™ I BSDds(5, )4

— Ex[ef ftT R(Xs)ds(eYT . C)+].

By corollary 3.2.5 (with d = 1) this price is known in its closed form and it

is given by:
C(t7 X) = Gl,fl(_ In G, }/E]? T7 X) - CGO,*I(_ In C, }/07 T7 X)

where Gy _q(x; Yo, T, x) is given by (3.17) in proposition 3.2.3 and X is
replaced by Yj.
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Index of Notation

Here we use the format: symbol, page number then definition.

(Q,F, P),7 | probability space

X, state process

A(X}), 10 | jump process of X;

Vr(X), 12 | total variation of X; on [0, 7]
[X, X]t, 20 | quadratic variation process of X;
(X, t) 25, | drift term of X,

o(X¢,t), 25 | volatility of X;

A(Xy, 1), 25 | mean arrivals of the jumps of X;
v, 11 Lévy measure associated with X,
(i, 45 dividend process

X, 27 characteristic of X}

Ex. 27 expectation under

T, 8 stopping time

Wy, 25 Brownian motion

N, 9 counting process

Ly 25 Poisson process

gy, 11 auxiliary process

S, 25 stock price process

Vi, 5 variance process

R, 6 interest rate process

0, 27 jump transform of X;

Wy, 27 auxiliary transform
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X, 27 transform 1

oX, 32 transform 2

0, 10 constant coefficient

Ky, Hy, K1, Hy, 26 | coefficients

lo, 1, po, p1, 26 coeflicients

u, 27 coefficient vector
M(w,-), 7 random measure

Gap, 36 Fourier transform of X,
p(d,t,T), 39 option price

p(t,T), 42 bond price
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