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ABSTRACT 


AN OPTIMIZATION APPROACH TO THE 

DETERMINATION OF MANIPULATOR 


WORKS PACES 


by Lukas Johannes du Plessis 

Supervisor: Professor J.A. Snyman 


Department of Mechanical Engineering 


Degree: Master of Engineering 


Keywords: 	 accessible workspace, dextrous workspace, serial manipulator, parallel manipulator, 

Stewart platform, optimization, bifurcation, workspace characterization 

The main objective of this study is to propose and develop a general numerical technique by means of 

which the workspaces of mechanical manipulators may be determined with relative ease. The emphasis 

is on parallel or so-called Stewart platforms. 

Stewart platforms have many advantages over the traditional serial manipulators. These advantages 

include high accuracy, high stiffness, high load-to-weight ratio and most importantly, low cost. 

According to the literature, it is strongly felt that the use of parallel manipulators in many robotic tasks is 

so necessary that they will become indispensable in the near future. 

In spite of the advantages of these mechanisms, the use of Stewart platforms is still mainly in an 

experimental stage. This is because there seems to be a lack of rational synthesis tools for the design of 

practically useful platform manipulators. In particular, the problems of the forward kinematics and 

workspace determination remain to be satisfactorily solved. This study addresses the latter problem. It 

is believed that if the workspace is understood, and its characterization properly done, then many design 

problems will easily be solved. 

In this study a novel optimization approach to solving the workspace problem is introduced. An attempt 

is made to demonstrate that this approach is general in the sense that it is applicable to different kinds of 

manipulators, and may also easily be implemented to determine various types of accessible workspaces. 

In particular, the generality of the method is illustrated by the fact that the optimization approach was 

successfully implemented for a redundantly controlled planar serial manipulator, a planar Stewart 
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platform as well as a spatial 6-3 Stewart platform. The optimization method is also successful in 

assisting in the characterization of the workspace by, for example, identifying interior curves connecting 

bifurcation points. This is of great potential importance with regard to the control of a manipulator 

within its workspace. 

The description of the behavior of the planar manipulators, led to a new notation for labeling the 

workspaces. This notation arises in a natural way from the optimization approach, is generally 

applicable and easy to understand. Using this notation, the complete workspace may be described in 

terms of the behavior of the manipulator. 

Of great practical importance is the treatment of dexterity requirements imposed on a Stewart platform. 

The optimization approach successfully determines different specified dextrous workspaces of the planar 

Stewart platform. An example of a dextrous workspace of the 6-3 Stewart platform was also 

successfully mapped. This is very significant, because as far as the author is aware, such a mapping has 

not previously been performed for the spatial case. 

It is hoped that this study will lie the foundation for the development of a general and rational synthesis 

design tool for parallel manipulators. Further research that will be addressed in the near future, and 

stems from the work done here, is the determination of the feasible workspace for parallel manipulators 

subject to various additional prescribed mechanical constraints. 

This study has important potential impact for the manufacturing industry of South Africa and other 

developing countries. The implementation of this technology lies in retrofitting existing non-CNC 

milling equipment to increase their capability at a lower cost than that of the alternative of purchasing 

traditional 5-axis machining centers. 
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Die doelwit van hierdie stu die is om 'n algemene numeriese metode te ontwikkel, waarmee die 

werkruimtes van meganiese manipuleerders redelik maklik bepaal kan word. Die klem val op parallel­

of sogenaamde Stewart platforms. 

In vergelyking met die tradisionele serie-manipuleerders, beskik Stewart platforms oor bepaalde 

voordele. Hierdie voordele sluit onder andere in: hoe akkuraatheid, hoe styfheid, hoe las-tot-gewig 

verhouding en, die belangrikste voordeel, lae koste. Vanuit die literatuur is dit duidelik dat die potesiele 

gebruik van Stewart platforms so' belangrik is, dat hulle binne die afsienbare toekoms onvervangbaar sal 

wees. 

Ten spyte van die voordele, is die gebruik van Stewart platforms hoofsaaklik nog in die eksperimentele 

fase. Dit wil voorkom asof daar 'n gebrek is aan rasionale sintese-metodes waarmee prakties-bruikbare 

parallel-manipuleerders ontwerp kan word. Onder andere is die afleiding van die voorwaarste 

kinematiese vergelykings, asook die bepaling van die werkruimtes van hierdie meganismes, huidiglik 

nog probleem-areas. Laasgenoemde probleem word in hierdie studie aangespreek. As die werkruimte 

deeglik omskryf, en dienooreenkomstig gekarakteriseer word, sal baie ontwerp-probleme betreklik 

maklik opgelos kan word. 

'n Nuwe optimeringsmetode word voorgestel waarrnee die werkruimtes van verskillende manipuleerders 

bepaal word. Hierdeur word aangetoon dat die metode algemeen toepasbaar is, en ook maklik 

implementeer kan word om verskillende tipes bereikbare werkruimtes mee te bepaal. 
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In besonder word die algemene toepasbaarheid van die metode aangetoon deur die suksesvolle bepaling 

van die werkruimtes van 'n oortollig-beheerde serie-manipuleerder, 'n vlak Stewart platform en 'n 

ruimtelike 6-3 Stewart platform. Met behulp van die optimerings-metode, kon die werkruimtes 

gekarakteriseer word deur, byvoorbeeld, die identifisering van interne krommes wat bifurkasie-punte 

verbind. Dit is van groot potensiele belang met betrekking tot die beheer van 'n manipuleerder binne die 

spesifieke werkruimte. 

Die beskrywing van die gedrag van die vlak manipuleerders het gelei tot 'n nuwe metode om die 

werkruimtes te anoteer. Hierdie nuwe notasie, wat voortspruit uit die toepassing van die optimerings­

metode, is algemeen bruikbaar en maklik verstaanbaar. Deur gebruik te maak van hierdie notasie, kan 

die algehele werkruimte beskryf word in terme van die fisiese gedrag van die manipuleerder. 

Die afdwing van sekere bruikbaarheids-voorskrifte vir die Stewart platform is noodsaaklik vanuit 'n 

praktiese oogpunt. Verskillende bruikbare werkruimtes van die vlak Stewart platform is bepaal deur die 

optimeringsmetode te gebruik. Verder is daar 'n spesifieke voorbeeld van 'n bruikbare werkruimte van 

die 6-3 Stewart platform bereken. So ver die skrywer kon vasstel, is dit die eerste keer dat 'n bruikbare 

werkruimte vir hierdie ruimtelike manipuleerder bepaal is. 

Daar word gehoop dat hierdie studie die grondslag sal Ie vir die ontwikkeling van 'n algemene ontwerp­

metodiek vir parallel-manipuleerders. As voortsetting van die werk wat hier gedoen is, word dit beoog 

om bereikbare werkruimtes van parallel-platforms, onderhewig aan verskeie ander voorgeskrewe 

meganiese begrensings, te bepaa1. 

Die vervaardigingssektor van die Suid-Afrikaanse nywerheid en van ander ontwikkelende lande, kan 

moontlik voordeel trek uit hierdie navorsing. Bestaande freesmasjiene, wat nie gerekenariseer is nie, kan 

opgradeer word deur die aanhegting van 'n Stewart platform. Sodoende kan die vermoens van hierdie 

freesmasjiene uitgebrei word, en word die hoe kapitale uitgawe om 'n 5-as gerekenariseerde 

freesmasjien aan te koop, uitgeskakel. 

SAMEVA7TING iv 

 
 
 



ACKNOWLEDGEMENTS 


I would like to express my deepest thanks to Prof. J.A. Snyman for his enthusiasm and guidance during 

this research. I feel privileged to have worked under such an excellent researcher and mentor. 

I am very grateful for the six-month research period I spent in the USA. Without the effort of Prof. 

Snyman this excellent opportunity would not have been possible. Thank you also to Dr. J. Duffy and the 

rest of the CIMAR people who made the visit to the University of Florida the highlight of my education. 

My sincere gratitude goes to the FRO and the University of Pretoria for their financial support. Finally, a 

special thank you goes to Mr. P.1. Saayman for the editing of the report, and everyone else who 

encouraged and assisted me during the completion of this study. 

Praise the Lord! 

ACKNOWLEDGEMENTS v 

 
 
 



TABLE OF CONTENTS 


ABSTRACT ................................................................................................................................................................... I 


SAMEV A TTING ........................................................................................................................................................ III 


ACKNOWLEDGEMENTS ........................................................................................................................................ V 


CHAPTER 1 ................................................................................................................................................................... 1 


1 REVIEW OF STEWART PLA TFO RMS ........................................................................................................ 1 


1.1 INTRODUCTION ...................................................................................................................................................... 1 


1.2 HISTORY OF THE STEWART PLATFORM ................................................................................................................. 1 


1.3 USES OF STEWART PLATFORMS ............................................................................................................................. 3 


1.4 DIFFERENT DESIGNS .............................................................................................................................................. 5 


1.5 AVAILABLE COMMERCIAL PRODUCTS ................................................................................................................. 17 


1.6 AVAILABLE DES [GN INFORMATION..................................................................................................................... 21 


1.6.1 1ntroduction............................................................................................................................................. 21 


1.6.2 Kinematic Analysis ................................................................................................................................. 22 


1.6.3 Workspace Analysis ................................................................................................................................ 23 


1.6.3.1 General Observations ......... , .............................................................................. , ..... , ....................................... 23 


J .6.3.2 The Work of Bajpai and Roth .........................................................................................................................25 


1.6.3.3 The Geometric Method of Merlet and Co-workers ........................................................................................25 


1.6.3.4 Gosselin's Method of Spheres , ................................... , ............................................................................. , ..... 28 


1.6.3.5 Kumar's Method Based on Screw Theory ......................................................................................................31 


1.6.3.6 Haug et al.'s Continuation Method .................................................................................................................34 


1.6.3.7 The Method of Wang and Hsieh .................................................................................................................... .35 


1.7 MOTIVATION FOR THIS STUDy............................................................................................................................. 39 


CHAPTER 2 ................................................................................................................................................................. 41 


2 AN OPTIMIZATION APPROACH TO THE DETERMINATION OF PLANAR MECHANISM 


WORKSPACES........................................................................................................................................................... 41 


2.1 INTRODUCTION .................................................................................................................................................... 41 


2.2 ACCE.,) SIBLE OUTPUT SETS .................................................................................................................................. 42 


2.3 FINDING A POINT ON aA ......................................................................................................................................43 


2.4 BASIC METHODOLOGY FOR MAPPING THE BOUNDARY OF A PLANAR ACCESSIBLE SET .................................. .45 


2.5 ApPLICAnON TO THE PLANAR SERIAL MANWULA TOR ......................................................................................46 


2.5.1 Geometry ofthe Planar Serial Manipulator .......... ................................................................................ 46 


2.5.2 Constraint Equations ofthe Planar Serial Manipulator ....................................................................... 47 


2.5.3 Discussion ofResults for the Planar Serial Manipulator ...................................................................... 49 


TABLE OF CONTENTS VI 

 
 
 



2.5.3.1 Outer Accessible Workspace Boundary ........................................................................................................ .49 


2.5.3.2 Curves Connecting Bifurcation Points ............................................................................................................52 


2.6 ApPLICATION TO THE PLANAR STEWART PLATFORM ......................................................................................... 54 


2.6.1 Geometry ofthe Planar Stewart Platform ............................................................................................. 54 


2.6.2 Constraint Equations ofthe Planar Stewart Platform ........................................................................... 55 


2.6.3 Discussion ofAccessible Workspace Results for the Planar Stewart Platform .................................... 57 


2.6.3.1 Outer Accessible Workspace Boundary .........................................................................................................57 


2.6.3.2 Curves Connecting Bifurcation Points ............................................................................................................60 


2.6.4 Determining the Dexterous Workspace ofthe Planar Stewart Platform .............................................. 62 


2.6.4.1 Introduction .....................................................................................................................................................62 


2.6.4.2 The Fixed Orientation Accessible Workspace of the Planar Stewart Platform .............................................64 


2.6.4.3 Computed Fixed Orientation Accessible Workspaces of the Planar Stewart Platform .................................64 


2.6.4.4 Using Fixed Orientation Workspaces to Determine a Dextrous Workspace .................................................66 


2.6.4.5 Computed Dextrous Workspace .....................................................................................................................67 


2.7 CONCLUSION........................................................................................................................................................ 69 


CHAPTER 3 ................................................................................................................................................................. 70 


3 THE DETERMINATION OF mE ORIENTATIONALLY UNCONSTRAINED SPATIAL 


MANIPULATOR WORKSPACES .......................................................................................................................... 70 


3.1 INTRODUCTION .................................................................................................................................................... 70 


3.2 GEOMETRY OF THE 6-3 STEWART PLATFORM ................................................................................................... 71 


3.3 CONSTRAINT EQUATIONS OF THE 6-3 STEWART PLATFORM ............................................................................. 72 


3.4 MAPPING THE ACCESSmLE WORKSPACE OF THE 6-3 STEWART PLATFORM ..................................................... 75 


3.4.1 Introduction............................................................................................................................................. 75 


3.4.2 Computed Accessible Workspace for the 6-3 Stewart Platform ........................................................... 76 


CHAPTER 4 .................................................................................................................................................................84 


4 DETERMINATION OF THE DEXTROUS WORKSPACE OF THE 6-3 STEWART PLATFORM. 84 


4.1 INTRODUCTION .................................................................................................................................................... 84 


4.2 FIXED ORIENTATION ACCESSmLE WORKSPACE OF THE 6-3 STEW ART PLATFORM .......................................... 85 


4.2.1 Results ofthe Fixed Orientation Accessible Workspace ofthe 6-3 Stewart Platform ......................... 86 


4.3 THE COMPUTATION OF A SPECIFIC SPATIAL DEXTROUS WORKSPACE ............................................................... 90 


CHAPTER 5 ................................................................................................................................................................. 96 


5 CONCLUSION................................................................................................................................................... 96 


APPENDIX A ............................................................................................................................................................... 99 


A COMPUTER PROGRAM FOR DETERMINING THE PLANAR STEWART PLATFORM 


WORKSPACE (PLANSTElV) ................................................................................................................................... 99 


TABLE OF CONTENTS vii 

 
 
 



C 

A.I INTRODUCTrON ...................................................................................................................................................99 


A.2 THEMArNPROGRAM........................................................................................................................................ 100 


A.2.1 Subroutine Start .................................................................................................................................... 101 


A.2.2 Subroutine Boundary ....................................................................... ..................................................... 103 


A.2.3 Subroutine Bifurcation: ........................................................................................................................ 109 


A.2.4 Subroutine Interior .......................................................................... ..................................................... 110 


APPENDIX B ............................................................................................................................................................. 112 


B THE MAPPING OF THE NEAR GLOBAL OPTIMUM BOUNDARY CURVES OF THE 


REACHABLE 6-3 STEWART PLATFORM WORKSPACE .......................................................................... 112 


PROCEDURE OF FINDING THE BIFURCAnON POINT COORDINATES OF THE FIXED 


D DETERMINATION OF A NON-VERTICAL BIFURCATION CURVE OF THE FIXED 


APPENDIX C ............................................................................................................................................................. 114 


ORIENTATION 6-3 STEWART PLATFORM WORKSPACE....................................................................... 114 


APPENDIX D............................................................................................................................................................. 116 


ORIENTATION 6-3 STEWART PLATFORM WORKSPACE....................................................................... 1 16 


REFERENCES .......................................................................................................................................................... 119 


viiiTABLE OF CONTENTS 

 
 
 



LIST OF FIGURES 


Figure Page 

Figure 1.1 Gough's six OOF tire test machine (after [1]). 2 

Figure 1.2 Schematic view of the general 6-6 Stewart platfonn (after (6]). 3 

Figure 1.3 Planar three OOF parallel manipulator with revolute actuators (after (9]). 6 

Figure 1.4 Three OOF parallel manipulator with a triangular moving platfonn and revolute 

actuators (after ( 11]). 7 

Figure 1.5 Three OOF planar Stewart platfonn (after (12]). 7 

Figure 1.6 Planar three DOF Stewart platfonn with equilateral moving platfonn (after [13]). 8 

Figure 1.7 The three RPR parallel manipulator (after (14]). 8 

Figure 1.8 Stewart's original platfonn: General arrangement of single leg system (after [1 D. 9 

Figure 1.9 The leg triangle of the Stewart Platfonn built at Oregon State University (after [17]). 11 

Figure l.l0 The 6-3 Stewart platfonn (after [IS]). 12 

Figure 1.11 Photograph of the ARRI-Stewart platfonn. 12 

Figure 1.12 Photograph of the ARRI-upper platfonn gimbals. 13 

Figure 1.13 A schematical ofthe generalized Stewart platfonn (after [17]). 13 

Figure 1.14 Rotary actuated 6-6 parallel manipulator (after [19]). 14 

Figure 1.15 The spatial five DOF parallel mechanism with revolute actuators (after [7]). ] 5 

Figure 1.16 New parallel manipulator with fixed linear actuators (after [19]). 16 

Figure 1.17 The six DOF Hexaglide (after [20]) 16 

Figure 1.18 Schematic of a Hexapod six-axis machining center. ] 9 

Figure] .19 The Hexapod 6-3 Stewart platfonn type machine tool (after [24]). 20 

Figure 1.20 Closed loop manipulator with revolute joints (after [10]). 25 

Figure 1.21 Examples of constant orientation workspaces of one of the planar Stewart p1atfonn 

considered by Merlet et al. (after [14]). 27 

Figure 1.22 An example of the maximal workspace of a planar Stewart platfonn determined by 

Merlet et al. (after [14]). 27 

Figure 1.23 Location of the center of the spheres used to compute the workspace (after [35]). 29 

Figure 1.24 An example of the six concentric circles obtained if the intersection of the spheres 

with a horiziontal plane ( z =512 mm ) is considered (after [35]). 30 

LIST OF FIGURES ix 

 
 
 



Figure 1.25 Boundary of the workspace for z=512 mm (after [35]). 30 


Figure 1.26 Boundary surfaces of the reachable workspace of the INRIA manipulator (after [35]). 31 


Figure 1.27 The workspace boundaries of the two DOF planar parallel manipulator (after [I 1]). 32 


Figure 1.28 Workspace boundary of the planar three DOF parallel manipulator (after [11]). 33 


Figure 1.29 Definition of the extreme reach (after [29]). 36 


Figure 1.30 Space slicing strategy (after [29]). 37 


Figure 1.31 Workspace boundaries of a plane (after [29]). 37 


Figure 1.32 A platform type fully parallel robot (after [29]). 38 


Figure 1.33 Boundary surfaces of the reachable workspace determined by Wang and Hsieh [29]. 39 


Figure 2.1 Ray in A from U
Oto aA. 44 


Figure 2.2 Numerical map of aA; Ubi, i = 0,1, .. .,N. 45 


Figure 2.3 Complication if A is non-convex. 46 


Figure 2.7 Magnified view of upper part of boundary and bifurcation curves of planar serial 


Figure 2.9 Boundary of the accessible output set of the standard planar Stewart platform 


Figure 2.4 Planar serial manipulator with redundant input. 47 


Figure 2.5 Boundary of the accessible output set of the planar serial manipulator. 49 


Figure 2.6 Interior bifurcation points and curves of the planar serial manipulator. 52 


manipulator. 53 


Figure 2.8 Planar Stewart platform. 54 


(1::;/3 ::;13). 57 


Figure 2.10 Boundary of the accessible output set of the modified planar Stewart platform 


(1 ::; 13 ::; 3). 58 


Figure 2.11 Computed curves for the standard planar Stewart platform ( 1 ::; Ij ::; 13). 61 


Figure 2.12 Computed curves for the modified planar Stewart platform (1::; 13 ::; 3 ). 62 


Figure 2.13 Fixed orientation workspace A[Oo] inside the unrestricted accessible workspace A. 65 


Figure 2.14 Dextrous accessible output set A[C-10·) - (10°)]. 67 


Figure 2.15 Dextrous accessible output sets for different full-range rotatability requirements. 68 


Figure 3.1 Geometry ofthe 6-3 Stewart platform. 70 


Figure 3.2 Boundaries of the accessible sets for the vertical plane through the OX-axis (8 =O· ). 77 


LIST OF FIGURES x 

 
 
 



Figure 3.3 "Upward sweep" reachable workspace boundary in the vertical plane through the OX-

runs. 79 

Figure 3.4 "Downward sweep" reachable workspace boundary in the vertical plane through the 

82 

Figure 4.1 Isometric view of the three-dimensional fixed orientation accessible workspace 

A [W, 0', 0'], 86 

Figure 4.2 aA [0·, W, 0·] for (a) 9i O· ,(b) 9i = 30" and (c) 9i = 60· . 87 

Figure 4.3 Fixed orientation accessible workspace boundary aA [0", 0·, - 30· ]. 91 

Figure 4.4 Overlap of fixed orientation accessible workspaces A [0·, 0', - 30·] and 

92 

Figure 4.5 The dextrous workspace A [0', 0·, (-30·) ­ (30·)]. 93 

Figure 4.6 Sections of the dextrous boundary aA[O·, 0', (-30')-(30·)] at 9j =0' and 

9 j =180'. 93 

Figure 4.7 A [0·, 0', 0'], the overlap of A [0", 0·, - 3W] and A [0·, 0·, 30'] and the final 

dextrous workspace A [0', 0', (-30·)-(30·)] 95 

Figure Al Flow chart showing the layout of the main program. 100 

Figure A2 Subroutine Start. 101 

Figure A3 Subroutine Boundary. 103 

Figure A4 Finding aA using boundary and bifurcation mappings. 107 

Figure A5 Finding aA using only boundary mappings. 107 

Figure A6 Subroutine Bifurcation. 109 

Figure A7 Subroutine Interior 110 

Figure B.l The "jump" between the near global optimum and global optimum boundary curves. 113 

Figure D.1 Sections ofaA [0·, 0·, - 30·] at (a) 9i = 15" , (b) 9j 45", and (c) 9
j 

= 30' . 116 

Figure D.2 The near (A'B'C') and actual (A'B"C') bifurcation curves. 118 

USTOF FIGURES Xl 

 
 
 




