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Summary
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Vibration isolation is a procedure through which the transmission of osciliating disturbances or forces
is reduced. The ideal isolator is one that will support the equipment being isolated without transmitting
any dynamic forces. An isolator with infinite static stiffness and zero dynamic stiffness will achieve
this goal. Although this ideal isolation cannot be obtained in practice, it can be approximated through a
wide range of devices. This approximation occurs over a limited frequency band and methods of
increasing this band were investigated. The goal of this thesis was to further our understanding of
mechanical systems that can approximate the ideal isolator behaviour.

To compare the various devices the blocked transfer dynamic stiffness was defined. This value was
found to represent the isolator properties without the additional complication of the equipment being
isolated as happens in traditional transmissibility methods. Three classes of devices were distinguished
namely isolators, vibration-absorbing isolators (VAI) and amplified vibration-absorbing isolators
(AVAI). The last two types exploit nodatisation to reduce the dynamic stiffness over a fimited
frequency range. The focus of this work is the broadening of the effective low stiffness bandwidth of
amplified vibration-absorbing isolators by adapting system characteristics. I the excitation is tonal
time-varying these devices can be used successfully.

Two novel adaptive amplified vibration-absorbing isolators were introduced and studied in the time
and frequency domains. The type I AVAT uses flexible reservoir walls to vary the isolation frequency.
The type 11 device incorporates a heavy metal slug. Both devices use variable pressure air springs to
change their stiffness. The use of air springs are convenient, offers low damping and can be used in an
application such as a pneumatic rock drili handle to eliminate the need for a control system.
Conceptual design methodologies for both damped and undamped fixed and adaptive isolation
frequency AVAIs are presented. To determine the effects of tuning the equations were transformed in
terms of constant frequency ratios and the variable stiffness ratio. The devices can be controlled using
an optimisation approach, but care should be taken since the method could be unsuccessful in some

cases.
The design was then applied to a pneumatic rock drill. This application was particularly demanding

becausé the stiffness had to be large enough for the operator to remain in control of the drili, yeilow
enough to offer isolation, Extensive measurements of drill vibration at a test facility found that the
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maximum acceleration values were 18.72 m/s’. The maximum allowed under the proposed European
Union legislation is 10 m/s” for short durations. The excitation consisted of a large tonal component
and wide-band noise. The tonal component contributed ~50% of the total weighted equivalent
acceleration experienced by the operator and a vibration absorbing isolator should therefore be an
ideal solution. The measurements also showed that the excitation frequency is a function of the supply
air pressure, By using the supply air pressure to feed the air spring the device could be made self-
tuning. Numerical simulation showed that there is only a slight difference between using the supply
pressure and forcing coincidence of the excitation and isolation frequencies. It was also found that the
vibration levels could be reduced to below 10 m/s? in some cases.

Keywords: vibration, absorber, isolator, tonal time-varying, control, optimisation
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Opsomming

Die ontwikkeling van 'n vibrasie-absorberende isolator met
hefboomversterking vir enkelfrekwensie tyd-variante opwekking

Student : NF du Plooy

Promotor : Prof. PS Heyns

Departement Meganiese en Lugvaartkundige Ingenieurswese
Graad : PhD

Vibrasie-isolasie is 'n prosedure wat ten doel het om die transmissie van ossillerende verplasings en
kragte te verminder. Die ideale isolator sal toerusting staties ondersteun sonder dat dinamise kragte
oorgedra word. 'n Isolator met oneindige statiese styfheid en geen dinamiese styfheid nie sal aan di¢
vereiste voldoen. Alhoewel ideale isolasie nie in die praktyk haalbaar is nie, kan dit benader word deur
'n verskeidenheid van toestelle. Hierdie benadering vind slegs oor 'n beperkte frekwensieband plaas en
metodes wat dié band kan vergroot is bestudeer. Die doelwit van die proefskrif is om die bestaande
kennis van meganiese stelsels wat die ideale isolator kan benader, uit te brei.

Om die verskillende toestelle met mekaar te vergelyk is die geblokkeerde-oordrag dinamiese styfheid
gedefinieér. Daar is gevind dat hierdie waarde die isolator se eienskappe weerspie€l sonder die
komplikasie van die toerusting wat geisoleer word, soos wat gebeur met die tradisionele
transmissiemetodes. Drie groepe toestelle word onderskei, naamlik isolators, vibrasie-absorberende
isolators (VAI) en vibrasie-absorberende isolators met hefboomversterking (AVAI). Die laaste twee
tipes maak gebruik van nodalisering om die dinamsiese styfheid oor 'n beperkte frekwensieband te
verminder. Die fokus van die werk is om die effektiewe lae-styfheid bandwydte te verlaag deur die
isolator se eienskappe te wysig. In gevalle waar die opwekking gedomineer word deur n eniele
frekwensie wat tyd-variant is, kan die toestelle met groot sukses gebruik word.

Twee unicke vibrasie-absorberende isolators met hefboomversterking is bestudeer in die tyd- en
frekwensiedomeins. Die tipe | AVAI verander die styfheid van die reservoir wand om sodoende die
isolasiefrekwensie te verander. Die tipe II AVAI maak gebruik van 'n swaar metaalprop om die
absorbeerdermassa te vermeerder. Beide toestelle maak gebruik van veranderbare lugdrukvere om hul
styfheid te verander. Die gebruik van lugvere is gerieflik, dra min demping by en kan saam met 'n
lugdrukboor gebruik word op so 'm manier dat 'n beheerstelsel onnodig is. Konseptuele
ontwerpmetodologié is voorgestel vir beide ongedemp en gedempte, veranderbare en vaste frekwensie
toestelle, Om die effek van instemming beter te bestudeer is die vergelykings getransformeer in terme
van koristante frekwensieverhoudings en die veranderbare-styftheidverhouding. Die toestelle is beheer
deur van optimering gebruik te maak, maar hierdie metode moet 0m’sigﬁg bepader word aangesien die
tegniek in sekere gevallé nie sal werk nie.
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Die ontwerpmetodologié is vervolgens toegepas op 'n lugdrukrotsboor. Die toepassing is uitdagend
aangesien die styfheid enersyds hoog genoeg moet wees sodat die operateur die boor effektief kan
gebrmk en andersyds laag genoeg moet wees sodat genoegsame isolasie verskaf word, 'n Groot aantal
metings van boorvibrasie is zedoen by 'n toetsfasifiteit. Die maksimum geweegde ekwivalente
versnelling wat gemeet is, was 18.72 m/s®, Die maksimum wat toegelaat word deur voorgestelde
wetgewing in die Europese Unie is 10 m/s*, en dit net vir kort periodes. Daar is gevind dat hog,
noubandopwekking ~50% bydra tot die geweegde ekwivalente versnelling en 'n vibrasie-absorberende
isotator biyk dus die ideale oplossing te wees. Die metings het ook getoon dat die opwekirekwensie 'n
linidere funksie is van die toevoerdruk. Die toevoerdruk kan dus direk gebruik word om die
1ugveerstyfheid te bepaal en sodoende kan die behoefte vir n be_hef_:fs_telsel uitgeskakel word.
Numeriese simulasie het getoon dat deur dit te doen daar slegs n klein verskil in effektiwiteit is
teenoor 'n situasie waar die beheerstelsel die opwek- en isolasie frekwensies ekwivalent geforseer het.
Daar is ook gevind dat die vibrasie tot onder 10 m/s* verminder kan word in sekere gevaile.

Stentelwoorde: vibrasie, absorbeerder, isolator, enkelirekwensie tyd-variant, beheer, optimering
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Nomenclature

Syinbol Deescription Unit
a Acceleration m/s’
Ay Orifice area m*
As Port area m?
Ay Reservoir area m?
A, Effective area i’
ay; /34 octave-band acceleration m/s*
Ay Fréquency-weighted hand-transmitted acceleration m/s?
A, Arearatio

¢ Damping coefficient Ns/m
C Discharge coefficient

o Constant discharge coefficient

€y Complex Fourier coefficient

dp Orifice diameter m
d, Port diameter m

dy Reservoir diameter m
o; Inner diameter m
d, QOuter diameter m

E Young’s modulus Pa
e, i® Unit vector

F Force amplitude N

f Frequency Hz
! Objective function value

1 Control force N
Fy Transmitted force amplitude N

G Shear modulus Pa

h Hysteretic damping coefficient N/m
h Height m
H Transfer function

I J-1

I Moment of inertia m*
I Mass moment of inertia about the centre of gravity kg.m®
k Stiffness N/m
K Radial geometric stiffness N/m
ke Axial geometric stiffness N/m
ke Axial geometric stiffness excluding height effects N/m
K; 7" v octave band weighting factor

! Port length (type I) m

! Stug length (type II) m

L Slug sp'ring comipressed length m

I Protrision length m
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1 Introduction to vibration-absorbing isolators

Vibration isolation is a procedure through which the transmission of oscillating disturbances ot forces
is reduced. This invelves the insertion of a flexible member between the two vibrating bodies as
shown in Figure 1.1. Most commonly this will be between the equipment and its supporting structure,
where the vibration is emanating from either of the two and transmission to the other is undesirable. 1t
can easily be anticipated that a very soft isolator will achieve this goal. However, the design of such an
isolator is complicated by the fact that the equipment needs to be kept at a constant relative
displacement to the structure at low frequencies.

- TIsolafors

Figure 1.1: Isolation system

Miller & Ahmadian {1992) summarized the function of an isolator:
“In the simplest of terms, the ideal mount would have infinite stiffness at low frequencies
and zero dynamic stiffness in the frequency range or the disturbance.”

Mead (2000) agreed:
“The study of vibration isolation must view the whole system in its three parts — the
source system in which the vibration is generated, the veceiver system in which the
vibration is unwanted, and the interconnecting isolation system which must hold them
together with adequate static siiffness and strength, but with the smallest possible

dynamic stiffness.”

This goal can be illustrated graphicaily as shown in Figure 1.2.

i

Stiffness

Frequency

Figure 1.2: Stiffness vs. frequency relationship of an ideal isolator




As can be expected this discontinuous behaviour cannot be realised in practical systems. The goal of
this thesis is to further our understanding of mechanical systems that can approximate this ideal
isolator behaviour. Because of this approximation, a particular type of isolator will not necessarily be
the best in all situations and additional parameters, such as the characteristics of the input, must be
considered in order to arrive at an optimal solution.

Thus, when choosing a suitable isolator for a certain application it is important to define the isolation
objective, One common aim would be to reduce the acceleration of sensitive ¢quipment. This might be
defined as a root-mean-square (rms) vibration criterion, Anothel aim might be to 1ncrease fat;gne life.
A further aim, which will be explored more fully i in this the51s relates to human vibration, In this case
the output spectrum needs to bé evaluated in terms of the ISO 5349 specification on hand-transmitted
vibration. The optimal isoiator choice will therefore depend on both the input spectrum as well as the
evaluation criteria used. In cases where the excitation is tonal or narrow band an isolator with fow
dynamic stiffness at that frequency could be the best choice. In practice, however, random noise and
harmonics will accompany most realistic inputs making the optimal choice less straightforward. The
isolation philosophy is described graphically in Figure 1.3. '

:D :> Evaluation
Criteria

Input spectrum: S,, Transter function: H{iw) Cutput spectrum: 5,

Figure 1.3: Isolation philosophy

A subset of tonal-excitation problems pertains to systems where the excitation frequency varies over a
limited band. These changes can be a result of environmental changes such as ambient temperature or
operational changes such as {oad. One possible solution to such a problem is to create an isolator that
will continuously change its properties such that the region of lowest dynamic stiffness coincides with
the excitation frequency. Such an isolator can be realised in a number of ways, the most general being
an active isolator. It is, however, also possible to construct a passive isolator with adaptive properties
(termed an adaptive isolator). Figure 1.4 illustrates how the adaptive algorithm seeks to minimise the
objective of the isolator assuming that the input is stationary.

/

y {input) x (output)
&l Igolator

Adaptive
algorithm

Figure 1.4: Adaptive isolator

The purpose of this chapter is to classify isolators in order to clarify the contribution of the thesis. The.
classification is not intended to be exhaustive, but examples will be given to illustrate isolator
properties. Three approaches are identified namely passive, adaptive and active techniques. Passive



isolators are defined as resilient devices having no power requirements. Adaptive isolators can change
its properties with some small power cost, while active isolators have a large power requirement.
Passive techniques to reduce the dynamic stiffness of isolators will be introduced. These techniques
are closely related to vibration absorbers and will therefore be termed vibration-absorbing isolators
(VAI). The chapter will close by stating the aims of the research.

1.1 Background

In order to study the stiffness of isolators as a function of frequency it is necessary to define some
terminology. Static stiffness refers to the deflection of the isolator when subjected to a constant force
such as the weight of the equipment. Dynamic stiffness concerns the deflection when the system is
moving and can be expressed as a function of frequency and is defined for frequencies larger than
zero. The common definition of dynamic stiffness is the inverse of the direct receptance; /7/Y in Figure
1.5 where the X, and Y refers to the excitation amplitude (Mead, 2000). It is, however, convenient to
use the blocked (X = 0) transfer dynamic stiffhess (Fy/Y) since it is independent of the mass of the
attachment equipment (m,). It is also possible to define the unblocked dynamic stiffness as F7/(A-1).
This has some advantages, which will be explored later, In this chapter a comparison of various
isolation techniques will be discussed and it will be shown that the blocked transfer dynamic stiffness
is a convenient measure to use. For the sake of brevity the blocked transfer dynamic stiffness will
simply be referred to as the dynamic stiffness. When the dynamic stiffness is divided by the static
stiffness the result is termed the normalised dynamic stiffness. This is an appropriate non-dimensionai

Lr 1

k)

Y

Figure 1.5: The definition of dynamic stiffness

quantity.

Isolator

1

For the system shown in Figure 1.5 the blocked and unblocked normalised dynamic stiffness iead to
the same expressions (assuming the isolator mass is insignificant):

F:F blacked .

Latecked (1.1

ir-x) 7

F;I'b.‘ ked .

L 1.2
s 7 (1.2}

For some of the systems described later the blocked and unblocked dynamic stiffness is not equal. The
unblocked dynamic stiffhess has the advantage that it can be used to derive the system transmissibility.
On the other hand, the blocked dynamic stiffness has the advantage that it only contains the p‘roper_ties
of the isolafor and not of the system being isolated. Therefore, it is indeperident of the hatural




frequency of the system and as such explains the available parameters to reduce the transter of motion
clearly.

This study will further be limited to lunped-paraimeter systems i.c. rigid isolated masses sus'péh'ded on
massless isolators as shown in Figure 1.1. Such an approach is especially valid for low frequencies,
which is the focus of this work. It will also be assumed that the resilient elements are massless, that is,
massless spring and damping elements. The total isoiation system need not be massless as it could
include discrete masses, but these are expressly placed there to change the dynamics of the system and
not to better idealise the spring or damping element behaviour. Due to the inclusion of masses the
applied force (F) will not be equal to the transmitted force (Fr).

Most vibration texts consider both the transfer of force from a vibrating machine to its base as well as
the transmission from a vibrating base to sensitive equipment, The first case is concerned with the
force transmissibility, while the second considers motion transmissibility. For a single degree of
freedom system the conclusions drawn from these two cases are essentially identical i.e. that the
isolator stiffness should be as low as possible. This thesis will be limited to the motion transmissibility
problem, without losing generality.

Several models exist to describe damping. The models that will be used in this work are:
I. Viscous damping £, =c#
2. Hysteretic damping F, = hx = knx
3. Coulomb or friction damping F, = ~sign(*)uN

When comparing the normalised dynamic stiffness of isolators in the frequency domain it is
convenient to use hysteretic damping. It is not possible to use viscous damping for this purpose since
non-dimensionalisation becomes impossible due to the addition of displacement and velocity units. In
addition, although the linear viscous description of damping is mathematically convenient it is often
not very realistic and it has been found that hysteretic damping better describes many comtnon isolator
materials, for instance, rubber (Rivin, 2001). In some cases time-domain simulation is used and in
such cases the use of viscous damping will be necessary.

@ Fai‘
J‘ (1)

T,

(a) (b) (c)

Figure 1.6: Damping models (a) hysteretic damper (b) viscous damper (¢) Coulomb damper

Several models exist that describe the properties of an isolator. The most common element is the well-
known Kelvin solid shown in Figure 1.7(c). Often clastomer behaviour is frequency dependent and
can more accurately be described by the model shown in Figure 1.7(d) (Rivin, 2001).






The loss factor is:

Im(k}’
W=T¢tan(8) (1.4)

Re -F—f}
kY
Figure 1.9: Complex dynamic stiffness phasor
Traditionally, isolation is discussed with reference to the single degree of freedom absolute

transmissibility rather than dynamic stiffness (Rao, 1990). The single degree of freedom model is
shown in Figure 1.10.

i3

T x(f)

k l::Ic

. Lo

Figure 1.10: Mechanical model of a single degree of freedom isolator model

The transmissibility for a system with viscous damping is:

w
1+i2—¢
X A (1.5)
v e, (o)
1+i2——¢—(m
3]

where ¢ is the damping ratio and w, the natural frequency. When using hysteretic damping the
transmissibility is:

X t+in
LI il S 1.6
Y (1.6)

)
1+i17-—(£—)n}

For both these cases isolation occurs if the excitation frequency is larger than J2 w, as shown in

Figure 1.11.
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Figure 1.11: Single degree of freedom system transmissibility

In cases where the “rattle space” between of the isolated mass and its foundation is limited, the relative

transmissibility is of importance. It is defined as (X-Y)/Y and is related to the absolute transmissibility
through:

X-¥
TI'IREL = ""M)T'm

=] (1.7)

In this thesis the absolute transmissibility will be used exclusively and will simply be referred to as the
transmissibility. The relationship between the system transmissibility and the unblocked dynamic
stiffness can be found by considering the force balance on the isolated mass as shown in Figure 1.12.
The force acting on the mass can be calculated using the unblocked dynamic stiffness in Equation

(1.1).

T x(f)

L

Figure 1.12: Force balance for the calculation of transmissibility

The result of the force balance is the transmissibility as shown before in Equation (1.6):

ZF = F_ = mk
k(+ig)(Y - X)=-o'm¥ (1.8)
X 1+in

¥ Y
T+in—| —
ﬂ)ﬂ'




By analysing several systems it was found that the blocked dynamic stiffness is a convenient method
of comparison. In most cases it highlights the important parameters better than the transmissibility
would have. There are, however, some exceptions where the transmissibility is modified by other
factors than the dynamic stiffness, notably by “skyhook™ darping and non-lihear isolators. Jn such
cases the effects will be explained by using transmissibility. The unblocked dynamic stiffness is only
useful when the relationship between dynamic stiffness and transmissibility needs to be explained. In
the following paragraphs the results of several unique derivations will be shown. These derivations
relied heavily on existing vibration absorber literature, but had to be significantly adapted to fit the
field of isolators.

1.2 Isolators

1.2.1 Passive isolators

Passive vibration isolation concepts can most easily be explained with reference to the basic isolator

,@FT

r o

Figure 1.13: Mechanical model of a vibration isolator

mnodel shown in Figure 1.13.

The normalised dynamic stiffness is defined as the force transmitted by the isolator when a prescribed
displacement (v} is applied:

Ey )
il 1.9
T +in (1.9

Clearly, the normalised dynamic stiffness can never be less than 1 for a passive isolator. Additionally,
materials tests have shown that for elastomers the loss factor will be a function of frequency and wili
generally increase with frequency resulting in an even more unfavourable situation as was shown in
Figure 1.8 (Oyadiji & Tomlinson, 1994). Miller and Ahmadian (1992} also showed that elastomer an
isolator’s stiffness increases with frequency. Equation (1.9) implies that the stiffness must be as low as
possible. There are, however, practical limits to the lowest stiffness that can be achieved in isolators.
Improving these limits is not within the scope of this work and therefore, throughout this comparison,
it will be assumed that the stiffness is as fow as the technology used will allow.

The passive isolator can be augmented by adding an intermediate mass that will reduce the dynamic
stiffness at high frequencies (Rivin, 2001). These devices are also known as two-stage mounts. The
intermediate mass is inserted as shown in Figure 1.14. The stiffness va_lue_s are chosen _suc_h that the
normalised dynamic stiffness at zeré Hz is the same as for the previous case, which allows fair
comparison.






Several practical isolators display non-linear behaviour. This is often a consequence of their
construction and not necessarily a performance requirement, as is the case with air springs. It is,
however, possible to exploit non-linear behaviour to improve isolator performance- Two types of non-
liniear behaviour in isolators are identified; Firstly, a non-linear load-deflection characteristic is termed
static non-linearity (Rivin, 2001). Examples of static non-linearity include Believille springs, constant
natural frequency isolators and motion-limiting bumpers (Babitsky & Veprik, 1998). Secondly,
stiffness as well as damping that is frequency and amplitude dependent are categorised as dynamic
non-linearities. Flastomeric materials commonly used for isolators exhibit this kind of behaviour as
was illustrated in Figure 1.8.

An important aspect regarding non-linear behaviour of a single degree of freedom system with
Duffing type stiffness is that the amplitude-frequency characteristic of the system “bends” at the
natural frequency. This behaviour reduces the response at the natural frequency without the addition of
damping, but at high amplitudes subharmonic oscillations will deteriorate isolation perforinance.
Subharmonic oscillations cannot occur in systems where the damping exceeds a critical vaiue
depending on type and degree of non-linearity as well as amplitude of excitation (Rivin, 2001).

1.2.2 Adaptive isolators

Adaptive isolation entails the variation of stiffness and damping as shown in Figure 1.16. Adaptive
isolation is also often termed semi-active isofation (Yu et al, 2001).

F0)

k() 1)

f o

Figure 1.16: Mechanical model of a semij-active isolator

It is immediately clear that such a device cannot be used to reduce the normalised dynamic stiffness of
the isolator, As such, these devices are not useful during steady state but can have advantages during
transients. For instance, it is possible to increase the damping during start-up and rundown to reduce
the response, while lowering damping when the excitation frequency is higher than V2 w,. Other
instances where such devices can be used are in cases with conflicting requirements such as
automotive suspensions, which need to be soft for comfort and hard to counteract body forces
resulting from acceleration, braking and cornering. Cases where isolation is not the primary aim of the
isolator falls outside the scope of this work.

1.2.3 Adctive isolators

Active isolation of vibration can be categorised as either feedback or feedforward techmiques.
Feedback control uses the response of the system as the input to the controller while feedforward
control estimates the input directly. Generally, deterministic excitation is treated with feedforward
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control and random excitation with feedback control (Fuiler er al., 1996). Two feedback techniques
will be described. Absolute velocity feedback will be presented first (also termed “skyhoolk™
damping). This is a well-known and effective technique to reduce system response at resonance
(Karnopp, 1995). This technique does not reduce the dynamic stiffness, as does the second technique,
which uses absolute input feedback.

T x(D) "

. o

(a) {b)

Figure 1.17: Mechanical model of an (a) active vibration isolator with absolute velocity feedback and
(b) equivalent skyhook damper system

The control force (7.} is a function of negative absolute velocity:

£ (0)=-px% (111

The system transmissibility is [Equation (A.14)]:

[vi)

P42
{_ +i o &
¥ 2

1+12M(¢+gﬂ)—[£’m} (1.12)
¢ I}
here: = =

whete 2mm g”" 2mo

The most advantageous situation occurs when the system damping ({) is zero. In this case the high
frequency roll-off remains -40 dB/decade regardless of the addition of damping by the control force as
shown in Figure 1.18. If system damping exists the high frequency roll-off will be -20 dB/decade.
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Figure 1.18: Transmissibility of an isolator with active damping ({'= 0)

Although many other active vibration isolator concepts exist, one is of particular interest since it is
possible to arrange it in such a way that a system equivalent to the amplified vibration-absorbing

isolator to be discussed in §1.4, is obtained. The model for this isolator is shown in Figure 1.19. It uses
the input characteristics for the control force.

Fy

T ¥

Figure 1.19: Mechanical model of an active isolator

The control force is:

£ (t)=ai+(y+iff}y (1.13)
where the parameters a, f# and y represent the gains.

The normalised dynamic stiffness is [Equation (A.18)]:

F, dg+f (@Y
=i+ o
(k+y)Y - k+y \m

! (1.14)
where: /= HE—UL
o

The undamped dynamic stiffness will be a minimum at the isolation frequency w/ as shown in Figure
1.20. It is possible to change the isolation frequency by varying the stiffness and acceleration feedback
gains. Additionally, negative complex damping feedback can be used to reduce inevitable system
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It is, however, possible to use a vibration absorber as part of a two-stage isolator as shown in Figure
1.22. This type of vibration control strategy is classified as nodalization by Mead (2000). He noted the
similarity between nodalization and vibration isolators and the fact that it reacts the exciting force of
the source by its own inertia forces.

Some authors (Mead, 2000 and Kidner and Brennan, 1999) prefer the term neutralizer to that of
absorber because in their opinion “absorber” implies that the energy is dissipated. ldeally, in a low
damping absorber, rio energy will be dissipated. However, the word absorber is deepIy entreriched in
the literature and the device could therefore be called a Vibration-Absorbing Fsolator (VAI) or a
v1brat10n~neut1aiizmg isolator, In this work the term vibration-absorbing isolator will be used to
describe the device. The refationship between the VAI and the vibration absorber is evident and the
literature on vibration absorbers is extensive. A large proportion is applicable to the VAI, as will be
shown next.

1.3.1 Passive vibration-absorbing isolators

The passive VAI is shown in Figure 1.22. Subscript 4 describes the intermediate (primary) mass and B

&
mﬁzh
gz

h
- T

Figure 1.22: Mechanical model of a passive vibration-absorbing isolator (kg = npky and h = nk)

the absorber (secondary) mass.

T x,(0)

BB

w0 | ™

The normalised dynamic stiffness is given by [Equation (A.28)]:

oY
1+ i, =] —
I e [wﬂ J

kY 2 2
[1+177+ww~*(1+mﬂ) [_(i] HIH% ——[é‘i—} }»%%(1+in},) (1.15)

where: @, = J , @y = }

The main concern with the use of such a device is the small bandwidth over which the dynamic
stiffness is low. Here the bandwidth is defined as the frequency range for which the normalized
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mass. The technologies available to effect a change in stiffness are extensive, each with its own
drawbacks and advantages. Methods that are available to vary stiffness can be categorised as follows:
1. Variable spring geometry:

a.
b.

Compression of non-linear springs (Desanghere & Vansevenant, 1994).

Moving a collar on a helical spring to control the number of active coils (Franchek ef
al., 1995).

Changing the moment of inertia of a beam or plate assembly (Walsh & Lamancusa,
1992 and Jensen, 1999).

Varying spring displacement by changing its kinematics. Margolis (1992) used a
variable fulcrum position for this purpose. Ribakoy and Gluck (1998) changed the
angle between the working direction and a set of arigled helical springs to change their
effective stiffness.

2. Variable physical property:

a.
b.

C,

-

Changing air spring pressure (Brennan, 1997b).

Shape memory atloy Young’s modulus modification, (Williams er al., 2000).

Using the magnetostrictive effect to vary the Young’s modulus of a terfenol-D rod
(Flatau ef ai., 1998).

Exploiting the temperature dependence of an elastomer’s Young’s modulus (Ketema,
1998).

Magnetorheological elastomers under the influence of a magnetic field (Jolly e al.,
1996}.

3. Eilectromagnets used to de-stiffen mechanical springs (Waterman, 1988).

Several variable damping methods have been published. Since variable damping is not useful for

decreasing the low stiffness bandwidth it will not be discussed here. The model of an adaptive VAl

with variable stiffness is shown in Figure 1.29.

Fn
2k
" Txo
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x,(6) T My

T w0

Figure 1.29: Mechanical model of an adaptive VAI

The normalised dynamic stiffness for the model shown in Figure 1.29 can be solved in the time

domain using numerical integration. Such an analtysis requires that the hysteretic dampet be replaced

by a viscous damper.
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To calculate the transient behaviour the following set of equations must be solved [Equations (A.52)

and (A.55)}:

. = .. 1 H
Xy +\{/”_m§ﬁa)44 (xA ""x,ﬂ)""mixA +zﬂfc (f)mj (xA "xu) x"z‘"@iy

. q .. 1 t
xgm\/%qu(xA—x,,)'—zyjli)a)i(xﬂ—xB)zO (1.22)
{5:2)@1

where 4, is the stiffness ratio ky/k and u,, is the mass ratio mgtg. A simulationi of the response of a

system with an initial excifation frequency of 2z is shown in Figure 1.30. The excitation frequeticy is

instantaneously doubled at 100 s and the stiffness is changed at 200 s such that the absorber is taned to
the new excitation frequency. In practice, there will be various delays associated with tuning and these
will be discussed in more detail in §1.4.2. After tuning, some transient behaviour can be observed
which must be controlled by the addition of damping.
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Figure 1.30: Transient response of a VAL (wy=2n,{5=02and Y=1)

If the assumption is made that the frequency changes will only occur occasionally and wili be
separated by long periods of steady state operation, it will be useful to derive the normalised dynamic
stiffness. It is possible to find the normalised dynamic stiffness as a function of the intermediate mass

natural frequency (w,) and the mass and stiffness ratios by rewriting Equation (1.15) [Equation

(A.58)]:

g, oY
1+ iny ~4—m’?~(wj
a).d

i= Hy
o } oY po (@Y1
1w+~ (M+in Y= — | H1+iny 455 | == g, (1+1 1.23)
{ 7 4m( M) (CDJ s M{(@JJ 4uk( My ) (
k
where: 1, :ffi: " = B
"y k
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For tuning purposes the following control force can be used to change the effective stiffness and mass
of the absorber:

L(O)=al% ’xA)+V(xn'xA) . (1.26)

The advantages of using absolute instead of relative velocity feedback will be discussed later in this
paragraph.

The dynamic stiffness for the undamped case is [Equation (A.70)]:

Ol el s
#/ N4 @ s (1.27)

Y

— 1+~

4k kg

where: @, \/m Dy =y, p
A 14—

Ty

The following inequalities must be satisfied by the respective gains in order to satisfy the Routh-
Hurwitz stability criterion {Equation (A.72}]:

a > -l

m, + my (128)
AP
k

It is also possible to reduce the response in the low-stiffness region by actively reducing damping as
was shown by Kidner and Brennan (1999) for a vibration absorber. This can be done quite simply by
using refative velocity feedback for the control force:

L(8)= By -2,) (1.29)

The dynamic stiffness then becomes [Equation (A.81)]:
[Hi?_ﬁ—g] {szw-gﬂ o)
£ _ | o
kY 2
1k @ 1o k
14 —Bg 2| - 1+i2-—
e(ge o) (WJ% ol

where: & = g =—~-CL—(1+£w

B
211!1},50)i 2myaoy cy

”_m[mzwgﬁj (130)
Dy

The absorber damiping needs to be minimised, but as before, the gain (f) must comply with the Routh-
Hurwitz criterion for stability [Equation (A.85)]:

£ (1.30)

Cy
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method is that it will compensate for changes in the system and therefore control will be optimal at aii
times. This technique is similar to the method proposed in this work where physical properties are
adapted to maintain optimal isolator stiffness at the excitation frequency. Other control methods have
been suggested, specifically when applied to vibration absorbers aiid these might have benefits for
vibration-absorbing isolators as well, although this was not investigated. These methods include an
active dynamic vibration absorber incorporating a simple electromagnet arrangement used to enact a
force on a penduium (Mizuno & Araki, 1993). The controf system used the theory of output regulation
and could reduce the vibration to a fow level over a wide range of frequencies, forcing it to zero at
several specitied frequencies. Burdisso and Heilmann (1998) found that a dual mass absorber with an
active element inserted between the masses that are elastically coupled to the structure could have the
same effectiveness as a single absorber, but with half the control effort. Filipovi¢ and Schroder (1998)
demonstrated that a feedback compensator can be used to suppress a wide-band of frequencies. Olgac
& Holm-Hansen (1993) introduced a delayed resonator where an actuator fitted between the primary
and secondary masses is tuned using time delay and gaiu. They demonstrated that the delayed
resonator could reduce the primary system response to zero.

1.4 Amplified vibration-absorbing isolators

1.4.1 Passive amplified vibration-absorbing isolators

The third distinction that will be made relate to devices that use absorber mass ampiiﬁcatidn. These
are termed Amplified Vibration-Absorbing Isolators (AVAI) and the characteristics are in many
respects similar to the VAL The first important distinction that can be made is that the absorber mass
is amplified using a lever mechanism, often termed a pendulum in literature (Braun, 1980). This
makes it possible to reduce the mass of the device, but also amplifies damping associated with its
movement. Interestingly it is not possible to increase the low stiffness bandwidth by having a large
absorber mass. It is also important to note that the device has only one degree of freedom, the same as
a simple isolator. A variety of physical implementations exist, as will be shown at the end of this
paragraph, but all of them can be represented by an equivalent pendulum as shown in Figure 1.37.
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Figure 1.37: Mechanical model of a penduium AVAI
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AVAI can have a variety of physical realisations. These include nodal beams, mechanical pendulums,
lead screw arrangements and various hydraulic devices. Some of these are shown in Figure 1.48.
Figures (a) through (c) show schematic drawings of typical devices. Figures (d) through (f) show
models of the major classes of devices and their isolation frequencies. Their relationship with
Equation (1.35) is immediately apparent. Since all of these devices can realise the same low stiffness

region, the final choice will include economic considerations.
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Figure 1.48: Practical implementations of the AVAI (a) pendulum type (Dejardins & Sankewitsch, 1982),
(b and e) LIVE (Halwes & Simmons, 1980), (c and f) hydraulic amplification (Braun, 1980) and (d) motion
transformation system (Rivin, 2001)

Hydraulic amplification isolators are also called fluid mounts and can be designed to have a static
stiffness of 1.5 to 2 times that of an ¢lastomeric isolator with a 10 times (20 dB) improvenient in












Top view of port
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Figure 1.53: Adjustable (a) port length and () port area {Smith & Stamps, 1998)

Duclos er al. (1988) demonstrated a system using an electro-rheological fluid with a number of
parallel ports, each with a valve that can be selectively switched so that the isolator can be tuned at a
number of discrete frequencies. One problematic aspect with regards to tuning is that for some of the
paramneterts the transmissibility at the isolation frequency is a function of the tuning parameter. Tuning
could therefore increase the transmissibility at the isolation frequency so much that no benefit results.

It can be anticipated that an instantaneous change in excitation frequency or stiffness wil} result in
impulsive loading of the system, This can be studied in the time domain by solving the equation of
motion for the AVAI (Equation (1.44) with a = 0}

(1)

¥+2e, (Ni+el()x= {«%«wm] y+2%w, (1) y+ol (1}y (1.49)

(1)

When the stiffness is used as the tuning parameter the current isolation and natural frequencies can be
expressed in terms of the initial values (using Equation (1.48) for the isolation frequency, the natural

w, = Ea)’ @, —\E—a)’ (1.5
i \fk, i " ku n -

The effect is illustrated in Figure 1.54. The AVALI is initially tuned to the excitation frequency. After a
short transient the displacement settles. At 10 seconds the excitation frequency is doubled when the
displacement passes through zero, exciting the system. In any practical system some delay between the
change in excitation frequency and subsequent tuning is inevitable. Von Flotow (1994) identified three

frequency follows similarly):

delays:
1. Logic delay: Associated with the time needed for data acquisition and to estimate if and how
much mistuning has ocecurred.
2. Actuation delay: Changing any of the parameters needed to adapt the isolation frequency
canhnot happen instantaneously. In fact, instantaneous adaptation will excite the system
impulsively, which could result in unacceptably large response.
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3. Dynamic deiay: The time taken by the system to reach steady-state conditions which can be
found in terms of the exponential time constant as the number of periods before the system has
settled:

I=— (1.51)
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Figure 1.54: Transient response of an AVAI (initially tuned), subjected to an instantaneous frequency
change at =10 and retnned at t=20 s (0 /o; = 0.8, {=0.1and ¥ =1)

It is possible to extend the model of the AVAI by considering the effect of a flexible fulcrum as shown
in Figure 1.55. At first glance it might seem superfluous, but it wifl be shown in Chapter 2 that such a
configuration can be a reasonable compromise between constructability and tuning performance.

Figure 1.55: Mechanical model of an AVAT with flexible fulerum









1.4.3 Active amplified vibration-absorbing isolators

As for the VAI it will be possible to apply various active control forces to the AVAL Miller and
Ahmadian (1992) noted that both traditional feedback and adaptive feedforward including LMS have
been implemented to reject tonal dist‘ufb_ances. They further state that neural network based controllers
will be essential when considering broadband vibration inputs. When consideririg tradit_iohal f_eedb_'ack
control three cases will be identified. Firstly, tuning can be effected by using acgeleration and
displacement feedback. Secondly, damping can be refnoifed by using relative velooity'feedback.
Thirdly, absolute velocity feedback can be used to add a “skyhook” damper to the systém, reducing
the transmissibility at both the natural and isolation frequencies.

The mechanical mode! describing the force transmitted for an active system is shown in Figure 1.59.
The contro] force using input acceleration and displacement feedback to facilitate tuning is:

fo=ai+yy (1.56)

It will also be possible to use the acceleration and displacement of the pendulum mass x.
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Figure 1.59: Mechanical model of an active AVAI for dynamic stiffness

The normalised dynamic stiffness of the active AVAI is [Equation (A.149)]:

o 0]
L =14 R [ -
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(L.57)
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' ¥

The above equation is similar to Equation (1.14). However, it has the advantage that the feedback
gains are amplified by the mechanical advantage.

In practice it is difficult to build a device with low enough damping. As shown for the active VAI it is
possible to use relative velocity feedback to reduce the damping (§1.3.3). The effect of velocity
feedback must necessarily include a viscous damping miodel and will therefore be explained by
considering the transmissibility of the system shown in Figure 1.60.
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Figure 1.60: Mechanical model of an active AVAI for transmissibility

The control force is:

fo=B{x-Y) (1.58)

The transmissibility is [Equation {A.155)]:
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From the above equation it can be deduced that if negative relative velocity feedback is used it will be
possible to reduce the damping in the system to zero when [Equation (A.158)}:

L, =_,,,§£m; (1.60)
-

If larger negative feedback is used the system will be unstable,

There are several advantages when using an active AVAL The control force needed is less than that
for the VAI because of the mechanical advantage of the pendulum. The tuning speed will be faster
than that for an adaptive system and it should be possible to attain a larger range of isolation
frequencies. McKeown er al. (1995) patented the active AVAI shown in Figure 1.61. This design used
acceleration feedback to shift the isolation frequency up by 10% and down by 25% while consuming a
maximum of 600 W. The system also used negative velocity feedback to reduce the damping such that
the isolation approached :00%.
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1.5 Thesis objectives

This chapter served as in introduction to methods that can be used to reduce the low stiffness
bandw1dth of 1501ators ‘1t relied heavily on vibrafion absorber’ 11terature ‘because thése devices are
retated and very little has been published regarding their use as isolators. It introduced the normalised
dyhamic stiffness as a convenient and intuitive method to compare these devices. In most cases it was

necessary to derive the equations because no references exist. This overview lays the foundation for

the contribution of the thesis.

The focus of this work is the broadening of the effective low-stiffness bandwidth of amplified
vibration-absorbing isolators (AVAls) by adapting system parameters The Ob_]E:CtWeS are to:

i

2.
3.
4

Compare various isolator concepts using the transfer dynamic stiffness.

Develop mathematical modeis for two novel adaptive AVAIs.

Show how these devices can be controlled effectively using optimisation techniques.

Establish a design methodology for adaptive AVAIs for a pneumatic rock drill handle
application.

Verify the mathematical models through experiment.

In order to achieve the above objectives, the following were done:

Comparison of isolators using the transfer dynamic stiffness

Classify isolators according to their mechanical layout as either isolators, vibration-absorbing
isolators or amplified vibration-absorbing isolators and according to their degree of autonomy
as passive, adaptive or active.

Define the blocked transfer dynamic stiffness as a measure of the suitability of an isolator for
a specific excitation type.

Compare isolators using the blocked transfer dynamic stiffness, specifically concentrating on
various techniques to broaden the low stiffness bandwidth. For this purpose techniques
established in the fields of isolators and vibration absorbers will be applied to the AVAI to
show the benefits that can be obtained.

Introduce the concept of adapting isolator properties to minimise the objective of the isolator.
For the case of hand-transmitted vibration the objective is defined as the weighted equivaient
acceleration given by IS0 5345,

Study current techniques of adapting stiffness of springs as a foundation for applying such a
technique to an adaptive AVAL

Mathematical models for novel adaptive AVAIs

Derive and verify the mathematical models of two novel adaptive AVAI designs. Here the
emphasis will be on calculating the response of the devices and for this purpose the dynamic
stiffness is abandoned in favour of the transmissibility properties of the AVAls,

Show that the first AVAI offers low construction cost, simplicity and robustness. Three cases
will be investigated. The first option consists of flexible reservoir walls covering the full wall
area, the second shows the effect of reducing the flexible section of the reservoir wall and the
third considers a single flexible wali.
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¢ Confirm that the second AVAI offers low mass at the expense of robustness. Three
refinements to this design will be investigated. The first refinement derives the non-linear
equation for a system with impact stops. The second mvest:gates the effect of leakage on the
transmlss1b1hty and the third explores a system utilising d1aphragm seals to eliminate leakage.

e Develop general design methodologies for passive and adaptive damped and undamped
devices using optimisation techniques.

Effective control of these devices using optimisation techniques
e Dempnstrate that the adaptive AVAI can be controlled to ensure optimal transmissibility.
e  Show that the obJectwe function exh1b1ts local minima, which must be handled appropriately

to ensure convergence. Also compare different methods of estimating the objectlve function.

o Compare some common optimisation algorithms’ ability to solve various excitation scenarios.

Design methodology for adaptive AVAISs for a pneumatic rock drill handle application

» Investigate current methods of vibration reduction for hand-operated tool handtes.

e Present measurements of the Boart Longyear $215 rock drill vibration and analyse these as
prescribed in ISO 5349,

e Qualitatively demonstrate the suitability of the both AVAls for excitation containing
broadband noise and narrowband tonal excitation.

e Develop a design methodology for the adaptive AVAL with specific application to a
pneumatic rock drill. As part of this design methodology the effect of leakage on the stiffness,
loss factor and tuning speed will be investigated through time domain simulation.
Additionally, techniques for estimating the stiffness of rubber components for various
{oadings will be compared.

e Show that a rock drill handle can be set up in such a way that tuning is achieved through direct
coupling with the supply line, making the use of a control system unnecessary.

e Compare the following: Tuning through air spring coupling to the supply line, an optimisation
based control system and open-loop tuning to the frequency of maximum excitation through
simulation using the measured vibration data.

Experimental verification of the mathematical models
e Experimentaily verify and improve the mathematical models used to design the AVAIs.
e Estimate the system parameters by fitting the mathematical models to the experimental data.
e Show through experimentation that an optimisation control system can adapt the stiffness of
the type I AVALI to find the optimal transmissibifity.

It is believed that achieving the above objectives will extend and contribute to the current knowledge
on these devices.

1.6 Thesis description

Chapter 2 will introduce the two innovative AVAIs that will be studied in this thesis. Mathematical
models are derived in non-dimensional form and manipulated to clearly show their properties and
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specifically the effects of tuning. This is done in a general way without considering application-
specific issues. Chapter 3 will discuss possible control strategies. It will include numerical simulations
that show which methods could be problematic and under which circumstances problems can occur.
Chapter 4 will detail the design methodology for the pneumatic rock drill.’ An introduction to hand-
arm vibration is given, specifically considéring the diseases caused by vibration as well as the ISO
specification used to assess the severity of tool vibration. A large set of measurements of a pneumatic
drill commonly used in South-African gold mining industry is shown, which illustrate its operational
behaviour. In this chapter application-specific issues will be addressed and the design me’_tho_dology for
each device will be applied. Chapter 5 will highlight experimental results obtained from the two
devices. The experiments will show where assumptions made led to inacciurate modelling and how
these can be improved. For the first prototype a control system will be implemented which will
demonstrate that it can tune the device accurately. Chapter 6 will cover the conclusions.
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2 Novel adaptive amplified vibration-absorbing isolators

The two novel types of adaptive AVALI that will be studied are shown in Figure 2.1, with the tuneable
stiffness elements indicated; The type 1 modifies the continuity through the port using flexible
reservoir walls. The primary spring stiffness (k in Figure 2.1(a)) remains constant, The main advantage
of the addition of a degree of freedom to the LIVE isolator is that it simplifies the construction of the
AVAL, The addition of the degree of freedom (u) to aid tuning is considered to be unique. The type I
exploits the high density of a heavy metal slug in replacement of the fluid in the port. The main
advantage of this approach is the reduced size of the device. As far as could be established the
concepts for changing the stiffness of the springs in these ways for both the type I and type IT AVAI
are unique and innovative.
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Figure 2.1: Adaptive AVAI (a) Type I: with adaptive reservoir wall stiffness (b) Type II: with adaptive

stiffness and slug (moveable rigid bodies are hatched, flexible elements are indicated by springs and the
top and bottom reservoirs are rigidly connected)
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Chapter 1 showed the relationship between various isolator concepts using the blocked transfer
dynamic stiffness. This method worked well for frequency domain comparison since the equations
could be normalised easily in terms of non-dimensional parameters commonly used in the field of
vibration. The dynamic stiffness was the best quantity to use for this evaluation because it focused on
the isolator while disregarding the role of the equipment being isolated since it was assumed to be
present in all cases. For this purpose the method proved to be both simple and intuitive.

Since it has already been established that there are advantages when using AVAI the need for the
dynamic stiffness has passed. In this chapter the main consideration is the response of the equipment,
simply finding the best isolator is not enough, the exact response is needed to assess if a design is
feasible, As was shown in Chapter 1 the transmissibility cannot be calculated directly from the
blocked fransfer dynamic stiffness and it will therefore be derived from. the equations of motion for
each concept. The response must then be evaluated against a set of criferia to establish which isolator
should be used as was shown in Figure 1.1. The specific characteristics of these devices will therefore
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be considered using transmissibility and time domain integration. The main properties of the fwo
AVAIls will be shown in this chapter with complete derivations shown in Appendix B.

2.1 Adaptive AVAI with variable reservoir wall flexibility (Type I)

The pendutum equivalent of this class of AVAI was discussed in §1.3.2 (Figure 1.55). Three devices
will be discussed according to the type of flexibility added to the system:

1. Flexibility covering the full reservoir wall.

2. Flexibility covering a reduced area of the reservoir wall.

3. A single flexible wall.

The first device is more advantageous than the second and will be presented in detail. The second
shows the effect of reducing the area of the flexible part of the reservoir wall. Such a device is less
attractive than the first, but can be used to represent a real system more accurately. The single flexible
wall device differs fundamentally from the first two in its principle of operation but has physicai
similarities that wiil be discussed.

2.1.1 Reservoir flexibility covering full wall
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é TN e m | w(0) L

Figure 2.2: Mechanical model of an adaptive AVAI with flexibility covering the complete reservoir wall
(my = pAd, A, = nd>/4 and A, = ndi/d)

In Figure 2.2 the u degree of freedom represents the displacement of the reservoir wall. Since the fluid
is incompressible the fluid continuity through the port is {Equation (B.1)}:

A
X, =[1 w—jl]x-»—j—u

where A4, is the reservoir area and 4, the port area. Excitation can occur at the x or the y degree of
freedom. In this chapter excitation will be assumed to be at the x degree of freedom because it has
practical advantages for the experimental device that will be presented later. Equations for excitation

(2.1)
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at the v degree of freedom are shown in Appendix B. If it is assumed that no external forces are acting

on the system the equation of motion is [Equation (B.14)}:

r .
m ( cx+kx

¥y Cdra . r
2 ¥ c+ &, TG ¥ kot ku wku Y - .
0 mb‘ [_éé.,} {u} ’ { —Cu C:i }{u} v i_ —kn lku u - -—mE {I‘ - %]%x (2.2)

a a

where m, is the mass associated with p degree of freedom, my is the absorber mass, ¢ and k& denote the
primary spring properties and c, and &, the reseryoir spring properties. The above equation can be
transformed to the frequency domain by assuming harmonic excitation:

~wim, +iofcte, ) rhk+k, -(iwe, +k,) . oo 4k
¥
2
= FRVEE'S (2.3)
—(fﬂ)C" + ku) _a)sz [f:‘j‘} + I‘CDC” + kn I_U} a)lmﬂ {2 “’“‘j;"}/j_:

Using the second equation in the set defined above it is possible to eliminate the U/ degree of freedom
and to find the transmissibility between the input and the response [Equation (B.17)}:

2

(k+iwc)| k, +ioc, —o'm, =3 ~(k, +ioc, ) o' m, A A
¥ . An Au Aﬂ 24
== 24)

2
k+k +io(c+e,)-o'm, |k, +ioc, ~o'm rﬂi w(k, +ioc,)
[ ] ¥y i u I)LA [ i

Equation (2.4) can be non-dimensionalised by introducing the stiffness ratio and the frequencies w;,
w; and a; {Equation (B.18)]:

T
X - Il 2
| ko \o o, k (2.5)
where: @] = k S s @ = k
m {4 A 4,
i, = p 1
la, 4, )4

The defined frequencies have physical significance. The frequency w, is the natural frequency of the
primary system without the fluid. As was shown in Chapter 1 this frequency should be as low as
possible, requiring a low primary stiffness (k). The second frequency is the natural frequency of the
column of fluid in the port suspended by the membrane. This frequency is a function of the membrane
stiffness, but it will be beneficial for explaining tuning to rewrite it in terms of a constant frequency
(i.e. @, # fk,)) and the stiffness ratio (4 = k/k):

LR (2.6)
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The frequency @; is the isolation frequency at infinite stiffness ratio and is the same as for a LIVE type
AVAL If the area ratio is large then the relationship between w; and w;, is:

L _ _ .
o] =y, g = 14,8, = ] (2.7)
m| B
(%)
The actual isolation frequency will be designdted ;. The isolation frequency can be found by equating
the numerator of Equation (2.5) to zero:

@, Hy A €Dy

i

By introducing the isolation frequency Equation (2.5) can be generalised:

iE3GIEEIE

Notably Equation (2.9) is similar to the equation describing the amplitude of a vibration absorber
{Rao, 1990).

(2.9)

Vibration absorber theory generally identifies two distinet cases (Brennan, 1997b). Firstly, a resonance
of the primary structure is excited and the absorber is used to add damping to the structure at
frequencies in the region of the natural frequency. Such a device is often cailed a tuned damper. A
second case occurs when a large force excites the system and in such a case the absorber is tuned to
excitation frequency. Here only the second case will be considered since operation at resonance for an
isolated system is unlikely. An important difference between a vibration absorber and the type I AVAI
is that the isolation frequency (w,) for the present device is not equal to the absorber natural frequency
(@;). The two frequencies are, however, related through their dependence on the mass and area ratios.
This can be shown by considering the frequency ratios w/w; and @ /@, [Equations (B.21) and (B.22)}:

b 2
(ﬂfm] m’"—ﬂ[i] (2.10)
@, m, A,
2
[“’—f] :m[ﬁq]ﬂ (2.11)
@, m, | A, A,

The transmissibility can now be rewritten as:

EIDRRIG
#k 52 69, &_}, a)l ) (2 1 2)
il
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A typical plot of Equation (2.12) is shown in Figure 2.3. It can be seen from the equation that the
system will approach the transmissibility of the LIVE isolator as the stiffness ratio approaches infinity,
since 1/ approaches zero.

Transmissibility
SD
1

10 ' S :
o o3 1 i3 2 23 3

Frequency ratio {a/m 1)

Figure 2.3: Undamped transmissibility curve (mp/m, = 0,003, 4,/4, = 10 and 4, = 1 in Equation (2.12))

The objective of the design is for the excitation and isolation frequencies to coincide. The isolation
frequency can be calculated by setting the numerator of Equation (2.12) to zero. Replacing the
frequency ratios in the resulting equation with the ratios defined in Equation (2.10) and Equation
(2.11) yields:

2
1 z:[“’—f] (2.13)
ﬂ{i,l]ﬂg+Lm(Ab} “

A, A, pom, A

n L

¥
Clearly there are multiple solutions for Equation {2.13), but all the ratios will have physical constraints
in practice. Some constraints may even be discrete if standard parts are used, for instance, to achieve a
certain area ratio. Since the primary natural frequency must be chosen as low as feasible the only
parameters available for tuning are the mass, area and stiffness ratios. To find an appropriate choice it
is necessary to investigate their effect on the frequencies of maximum transmissibility. The undamped
frequencies of maximum transmissibility can be found by equating the denominator of Equation (2.12)

to zero [Equation (B.24)]:
2 2 ! 2
@, . \ @, M \ @,

Figure 2,4 and Figure 2.5 illustrate the effect of mass and stiffness ratios on the frequencies of

(2.14)

maximum transmissibility as well as the isolation frequency. At low stiffness ratios and large mass
ratios the isolation frequency approaches the first frequency of maximum transmissibility. It will be
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Each of the above ratios can be written in terms of the parameter ratios as shown before in Equations
(2.13) and (2.14), although not explicitly. It is necessary to solve the parameter ratios using a
numerical method and for this purpose the equations are rewritten as follows:

s - ST
[QLJ znum#iwi-’-#k i lui_l_r\/{l"-:uk# yi+1:| __4numf‘li e ()

@ Ay Hy Ly Hy
{Q 22;1 w1ty }[Hy .2 ’ .4;1 i
2 ok | s 1 k. i A
e e e T h B By T, +1} kA = 0
mi] Hy Hy ‘ \f Ay ‘ Hy
2 2
a,
[_LJ |:pm(pA——1)pA+M:|-—1:0 (2.16)
D, A,
2 2 2
2 ..ai —_ _(_2_1.. - 93,.. =0
@, @, @,
where: =£”—, H =
A, m

¥

In this set of equations there are 5 unknowns (i, 4, tm, 2+/,; and Q,/w;) and four equations, which
requires that one parameter be prescribed. A typical design might prescribe the area ratio (i) and
calculate the required mass and stiffness ratios. The result for a design requiring an isolation frequency
ratio wi/w, = 1.5 and area ratio () of 10 is shown in Figure 2.6. Clearly the frequency ratios of
maximum transmissibility are equidistant from the isolation frequency ratio. The calculated values for
the mass and stiffness ratios are u,, = 0.00182 and p, = 0.65 respectively.

Transmissibility
50
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Figure 2.6; Design result for wi/m; = 1.5

It is also possible for other requirements to exist such as limits on the stiffness, mass and area ratios as

well as on the primary system natural frequency, in which case an optimisation approach can be used
to find suitable parameters.
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The approach described above is suitable for an undamped device. Although unwanted in most cases,
damping will always be present in practical devices, and can influence the design substantially. The
effect of damping will be considered next.

For the damped case the transmissibility can be non-dimensionalised by introducing the frequencies
defined before and the damping ratios in Equation (2.4) [Equation (B.28)]:

\? 2
(1+i2£é’,}{1 22 m[fij }w[}ﬂzﬂg}{gj
@ ") @, @, @, j @,

r_ .
X [ o @ (o) @ o) ( o, Y
T g, +820 —C, + y, —&, |- — 1+2—0, —|—1 |- 1+i2—
H iLﬂ’ag} Hy o QJ Lm}] i S & (@2] Ml\ ! %ng (2.17)
where: ¢, = ¢ , giﬁmwffim;ww
Zmya)1 AN
2mﬂ '—'A‘;' @y

The second damping ratio can be written in terms of the stiffness ratio:

i c 1 -
4= - = ¢ (2.18)
Jite

(4T 5

2mb‘ I) 2

It is convenient to rearrange Equation (2.17) in terms of the frequency ratio («w/w,) and the stiffness
ratio (1;) [Equation (B.29)}:

@ 1 2 a ey Llagrer) f 2o ez o) ie]
@, H @D, AN @ He Wy @ @, @,
2 2 2
, - lw - 1 a 2 .
PR YAl P Il I U | PPV 00 (N A [ T T N
o, o, w, B@p @ T D o, H, @, @,

The effect of damping on the transmissibility is illustrated in Figure 2.7 and Figure 2.8, The damping
ratio ) is associated with the primary system before the addition of the absorber fluid. The source of
this damping is the primary spring. For the combined system the primary spring damping will
influgnce the response at ali the frequencies of maximum and minimum transmissibility. The damping
ratio {5 is associated with the membrane and the fluid and will only influence the transmissibility at the
second frequency of maximum transmissibiiity and the frequency of minimum transmissibility. The

B | e

effect on the transmissibility at the isolation frequency is less than for the primary damping ratio ;. It
is also important to note that the addition of damping will have a significant effect on the isolation
frequency. Normaily this effect will not influence the design, since the AV AT is designed to have little
damping. In a case where some damping is required it must clearly be accounted for to ensure optimal
tuning,.

In some cases high frequency transmissibility can enter the design requirements, for instance, to limit
noise generation, It has already been shown for the single degree of freedom AVAT that the high
frequency transmissibility is related to the ratio of natural to isolation frequencies and is independent
of ﬁ'equency. For the AVAI with flexible reservoir wall the high frequericy roll-off is -20 dB/decade
when damped and -40 dB/decade when undamped, which is the same as for a normal isolator.
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The robusiness is shown in Figure 2.11.
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Figure 2.11: Bandwidth and robustness (mp/m, = 0.003, Ap/A= 10, ;=0 and g, = 1)

Clearly an optimal value exist for this design, but practically a damping ratio of 0.3 will not provide
adequate isolation and a less robust design will be necessary. One way to increase both the bandwidth
and the robustness is to increase the mass ratio as shown in Figure 2.12. This result should be
interpreted with care, since it presupposes that a certain stiffness ratio can be realised. This might not
be the case in practice, in which case an increase in mass ratio will result in inadequate separation
between the isolation frequency and the first frequency of maximum transmissibility (Figure 2.5)
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Figure 2.12: Transmissibility as a function of mass ratio (¢; /w; = 1.3, A4~ 10 and {;=E; = 0)
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The optimisation probiem is shown in Equation {2.23). In this case five variables were used, but in
practice it will be difficult to prescribe the damping terms. All of the variables were subjected to upper
and Jower bounds to ensure a realistic solution. It is also necessary to provide initial values that will
ensure that the required prescribed isolation frequency is in-between the frequencies of minimum and
maximiim transmissibility. This can be guaranteed by solving the undamped design problem {Equation

(2.16)} first.
-3 2 xixg @, xle ® : 2 xlxg @, @, :
e I B B T [ B B B B B e o E €7 ) F
o, X, ® x, Loy X, @, ° @,

1

i
2 2 2 23 2 2;
) ) 24 XX : 24X X, o,
{1+x3+,2_a>_.(x4+ /_xixgx!)_(&J HH,@M_&I mini‘a_[_“i} Jux3[1+f__x‘_§_ﬂx5J‘
13

§
xs ﬂ)] x.'! wi
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1

2: (%)= -p, (E)+b—ziso (2.23)

¥
g (¥)=-p()+c 20
A k =
xiﬂ_*n-nj-‘?_, xZ:mi}w, xB:"L’ x4=é'“ xszé'2

k

The optimal solution was found using the Matiab function fminceon.m and is shown in Figure 2.14
and Table 2.2. The choice of constraints must be realistic since it is easy to overconstrain the problem,
which will ther have no feasible solution. In this case the ratio of the first frequency of maximum
transmissibility (£,/w;) was chosen to be less than 70% of the isolation frequency ratio and the second
frequency of maximum transmissibility (£2,/w,) was chosen to be more than 130% of the isolation
frequency ratio. The frequencies of maximum transmissibility are found by caiculating the maxima of
the transmissibility equation (Equation (2.17)) defined by the solution of the optimisation problem
(Equation (2.23)). The bandwidth is 6% of the isolation frequency and is also calculated using the
transmissibility equation. These would be typical values used in an actual design. Since the calculated
parameters are dimensionless, the result can easily be scaled to the actual desired isolation frequency.
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Figure 2.14: Optiimial damped transmissibility curve

59
























o

A S—

g

Damiping and -
Abgorhet Element

e, PrGIBCLiVE
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Several tuneable configurations have been patented. One used an adjustable length inertia track
(Hodgson & Duclos, 1990) while another used variabie compliance of an air filled chamber (Miller,
1987) as shown in Figure 2.25.

Figure 2.25: Variable compliance tuneable AVA] (Miler, 1987)

Strydom (2000) showed that this AVAI could also be made tuneable by charging the bottom chamber
with air pressure. The model describing this device is shown in Figure 2.26.

dy L xtn

[OOU——

)

- by

Figure 2.26: Mechanical model of one-sided stiffness
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The continuity is not influenced by the membrane stiffness, as was the case before, It is simply:

A A
Xz =[iwgi~}x+—i-y (2.32)
In_comp_'réssibiﬁt_y requires the membrane displacement to be equal to x. Incompressibility also requires
that the effort réquired to change the distance between the x and y degrees of freedom will depend on
the membrane stiffness.

The transmissibility is therefore the same as for the LIVE absorber [Equation (A.108)]:
2
14220~ [f‘i]

‘X, - a)ii mf
Y - 2
141220 @) X
@, @, J (2.33)
k+k,
where: @, = [~ @ = >
mg fi-—l)fi -I
4, A4, J(”n

Although the construction of this device is different to the type 11 it is mathematically equivalent and
its properties will be discussed in more detail in the following paragraphs. It does, however, have
some practical properties that need some clarification. The main advantage is its simplicity of
construction since it does not require a cylinder that can move axially inside another. One
disadvantage is that it is difficuit to transfer any moment that might be appiied to the device with a soft
spring that is only situated on one side of the device. The moment can, of course, be transferred
through a bearing as long as it adds little damping. This will, however, result in loss of some of the
advantage gained by its simple construction, If pressure is used to change the stiffness of the
membrane, large static displacement will result which could be a problem in a practical device. The
static displacement wili be:

5, =L (2.34)

2.2 Adaptive AVAI with slug (Type I1)

The absorber mass and area ratio determine the overall size of the AVAIL A low area ratio minimizes
the flow-induced iosses through entrance, exit and friction effects. Achieving a large absorber mass is
difficult using fluids due to the toxicity of heavy liguids. For these reasons it was decided to
investigate a device that uses a heavy metal slug instead of a fiquid. The use of a slug is not new, in
fact the very first LIVE type isolators used slugs, which were later replaced by liquids (Halwes,
1981b). These designs were not adaptive. There are several problems with the use of slugs. Firstly the
amplitude is limited, which puts a limit on the area ratio that can be used. In applications where the
input is not known exactly provision must be made for over travel, A second problem with slug type
devices is ensuring that the slug is centred vertically (Figure 2,27), Two methods will be described.
The first uses slug springs to create a differential pressure on the top and bottom réservoirs, thereby
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encouraging leakage to reach equilibrium. The second method uses rubber stops that will create a
restoring force when the slug comes into contact with the stop.

2.2.1 Slug springs
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Figure 2.27: Mechanical mode! of an adaptive AVAI with a shug defined by length / and diameter o, and
slug spring properties defined by Ay and cp

The continuity through the port {occupied by the slug} is [Equation (B.39)}:

%, =(1—%]x+—§-i’—y (2.35)

a a

The equation of motion when assuming excitation at the y degree of freedom, is [Equation (B.46)]:

2
B4 2w x+alx =[‘;’—j V2w Y+ aly

i

Equation (2.36) shows the effect of the slug springs. Inclusion of such springs will increase the
isolation (w;) and natural (m,) frequencies, which is undesirable since lowering the frequencies
requires the addition of mass. The springs perform a necessary function of positioning the slug
vertically and it should be possible to use low stiffness springs to achieve this goal. It will also be
possibie to use the slug spring for adapting the isolation frequency, especially since the isolation
frequency will be very sensifive to this parameter. A practical device implementing such a concépt
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The desiga for the type II device differs from the type I since it has an additional constraint on the slug
travel. An equation will be set up that takes this constraint into account and can then be solved to yield
the size of the device required, The absorber mass can be cajculated as foliows:

. 2
k+k3[§”——1\
— %/ (2.42)
m;[fi_]w

A )4,

my =pAl=

where [ is the length of the slug as shown in Figure 2.30. The excitation frequenicy is knowii and both
the stiffness values st be as fow as possible to decrease the absorber mass (mﬂ) and thef_éfor__e the
mass ratio. The area ratio is governed by the total length of the device. At isolation the amplitude of
the isolated system £X) will be zero for an undamped device. The amplitude of the slug is:

Ai)

Xy =2y (2.43)

u

If the slug amplitude is larger than the length of the slug protrusion (/,) the slug will move into the
port, which will create entrance losses and thereby increase damping, The compressed length of the
slug spring can now be used to calculate the reservoir length:

I =1 +21 ~Y (2.44)

where /. is the compressed length of the spring.
The port serves two purposes that will determine its length. When the AV AT is in a horizontal position
the port length needs to be sufficient to ensure that the slug will not wedge when it is at its maximum

disptacement. Additionally, it offers some resistance to leak flow. A minimum port length must be
specified to determine which designs are appropriate.

The total length of the AVAI can be found using Equations (2.43) and (2.44):

=21 +2[%—IJY +1 (2.45)
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Figure 2.30: Definition of dimensions (length [, and diameter d, defines the port geometry)
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Figure 2.38: Mechanical model of a type 11 AVAI with slug stops

The spring force is [Equation (B.65)];
4, . A,
fo= Pk, y—»x+:~{-(xwy)v—31gn y—x+}—(x_y) h

a

The damping force is [Equation (B.66)]:
o A
o g mse i)

The reservoir pressure that drives equalization of the fluid is [Equation (B.67)]:

1 .
p= H(Jfr + 1 - mB‘IB)

(2.51)

(2.52)

(2.53)

Equation (2.53) shows that the addition of stops will increase the pressure in the reservoir. Such a
system is however non-linear, which makes its practical implementation problematic. The complete

equation of motion is [Equation (B.69)}:
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(2.54)
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Figure 2.39 shows the force and the relative motion. For this simulation the gap ratio was 4/} = 10 and

the excitation amplitude (¥) equal to 1. As can be seen the force is zero when the relative motion is
less than the gap length,
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Figure 2.39: Stop force and relative motion of the slug and reservoir
(kb= 0,01, HY=10,Y=1, @,/ 0= 05and {= ¢ = 0)

2.2.3 Leakage

The previous models assumed that a perfect seal exists between the slug and the port. The effect of

leakage through this space will be considered next. It is assumed that the clearance is smali in relation
to the diameter of the slug.
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Figure 2.40: Mechanical model of a type 11 AVAT with leakage
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If it is assumed that the gap between the port and the slug is smai! the leakage area is;
A, =end, (2.55)

where ¢ is the gap between the stug and the port.

The continuity equation is modified by the leak flow [Equation (B.71)]:
X, :—E"’—y+[1+ E”d;”Ab]x—m_d” x, (2.56)

fd

3

The kinetic energy now includes the mass of the leak flow [Equation (B.72)]:
ip . . .
T = —2-(:715‘:1 +my i+ m i) (2.57)
where: my = pAl, m =pernd],

m is the mass of the port, mp the mass of the slug. my, the mass of the fluid in the gap and is a function
of the fluid density (p)), area {emd,) and the length of the port ([,}. %, is the velocity of the liquid in the

gap.

The mass of the leak flow is coupled to the shug and the port through damping created by the velocity
dependent shear forces acting on these bodies. This is shown in Figure 2.41.

/

Figure 2.41: Fluid damping

The Rayieigh term is [Equation {(B.76)]:
R=.;‘_[c(jc-y)2 ve, (k-2 +e, (4 - 1) ] (2.58)

¢, is the damping resulting from the shear force between the fluid and the port and ¢, the damping
resulting from the shear force between the fluid and the slug.
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The complete equation of motion is shown in Appendix B and leads to the definition of the foliowing
natiiral frequencies and damping ratios that will be used to non-dimensionalise the transmissibility:
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The transmissibility is given by [Equation (B.83)]:
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By noting that a reinforced diaphragm cannot stretch, the continuity equation can be written as
[Equation (B.85)]:

¥y = x4, + (x5 + X) (4, ~ 4,)

A A 24, (2.02)
Xp = — x+ ¥
A, + A4, A+ A4,

The effect on the transmissibility is that the eftective absorber mass is reduced (the diaphragm mass is
neglected). In terms of a device without a diaphragm the effective absorber mass ratio is {Equation
(B.96)}:

(2.63)

The effective mass is therefore reduced for any area ratio larger than 1. Using a diaphragm wifl
therefore increase the overall size of the device. Other practical problems exist such as commercial
availability of suitable large-displacement small-diameter diaphragms.

An aiternative 1o a rolling diaphragm is to insert a diaphragm that can stretch, for instance one made of
thin iatex rubber. In such a case the effective absorber mass will not be affected. There will, however,
be relative motion between the latex and the slug, which will lead to damping. In addition, the number
of cycles that such a latex diaphragm can be subjected to should be investigated.

2.3 Conclusion

This chapter showed the properties of two novel adaptive AVAI concepts. The type | AVAI used
flexibie reservoir walis to adapt the isolation frequency of the device. Conceptual design
methodologies were illustrated for both damped and undamped fixed and adaptive isolation frequency
devices. To determine the effects of tuning, the equations were transformed in terms of constant
frequency ratios and the stiffness ratio, which was the only tuning parameter considered. For a fixed
frequency device the system of equations is underdetermined and some parameters have to be
prescribed or additional constraints should be introduced in the design. For adaptive devices it was
shown that specific choice of the area and mass ratios can influence the tuning range. For damped
adaptive AV Als the transmissibiiity at the isolation frequency was minimised when the area ratio was
minimised and the mass ratio maximised.

The type II AVAI used a metal slug to increase the absorber mass without the use of toxic heavy
liquids. For this AVAI the main spring stiffness was made adaptive. The design methodology is
different from the type I because the trave! of the slug is restricted and must enter the design process to
ensure that realistic area ratios are chosen, Three additional models were analysed. The first
investigated the effect of tubber stops instead of slug springs. The second tock account of leakage
between the port and the slug. The effect of leakage was to increase the isolation frequency. The third
showed the effect of using rolling diaphragm seals fo eliminate leakage. The rolling diaphragm seal
will result in a larger device since the etfective mass is reduced.
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3 Adaptive control methods

Several methods for the control of adaptive vibration absorbers have been studied. Most researchers
sugges'ted the use of open-loop rough tuning followed by a fine-tuning algorithm (Long er al, 1994
and Franchek 1995) Other methods that have been siggested mclude neura! network and fuzzy logic
control (Sun er al., 1995) In this chapter several variations of the first method’s apphcatlon to the type
I'and type II AVAI w111 be dlscussed An opt1m1sat10n approach wzH be used, in contrast to the above
work wluch used constant step size algonthms The choice of vanatlon on this method wﬂl depend on
the characteristics of the mput_ and the AVAI a5 will be shown_. The scenarios mves_tlgated.ar_e. :

1. The machine operates at a constant but unknown excitation frequency for an indefinite period
after it is switched on. In-such a case the AVAI will be tuned to this frequency at start-up only.
An example is a pneumatic drill where the excitation frequency is a function of the supply air
pressure and the drill is used at different locations with varying supply pressure,

2, The machine operates with a constant but unknown frequency for a period after which a near
instantaneous change in frequency occurs to a new and unknown frequency. An example is it
the operational frequency is a function of load in a batch process.

3. The properties of the AVAI changes with time, for instance, as the rubber spring heats up due
to hysteresis, As the properties change, the isolation frequency is adapted fo compensate.
Similar conclusions are reached when the excitation frequency varies slowly with time.

4, A general case that does not require the above assumptions.

The control method that will be investigated is a physical implementation of optimisation where the
objective function is the transmissibility (which is calculated from simulated or measured
accelerometer data) and the variables are physical properties of the AVAI that can be adapted to
minimise the objective function. The available variables can be classified as tuning and damping
variables. Tuning variables are those that change the isolation frequency. For tonal excitation the
isolator should have the lowest possible damping and therefore tuning only will be considered. In
cases where wide-band excitation is present together with prominent tonal excitation, the addition of
damping can be considered. In such cases it might even be beneficial to use the damping as a variable
in the optimisation process. In this chapter it will be assumed that the excitation is tonal and that the
amplitude is not necessarily constant.

3.1 Typel AVAI

If the excitation frequency is tonal and the stiffness is the only variable, the objective function can be
written as the transmissibility given by Equation (2.19) with the stiffness ratio the only variable:

f(:uk)“
2 oo 1(&)2@,2 2 oo, = (1)_120)2
1+12w~é'l R e e I I I B I B el | e
| @y Hy Dy B Hy L @, Hy, 0y @; @, (3.1;
! 2 2 2 2
1 '1+pk+i2~@i[§,+~i—)l-‘&jm['—@i]-l I+i—2———'§i—)‘——af'-“—572-—~1-(-g¥nJ {-a-}!;} :—-yk[i-s-ifm?!mg“w@J
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If the initial value can be guaranteed to be between the peaks of maximum transmissibility, the search
direction of a gradient-based method will always be in the direction of the minimum. The following
line search can therefore only find the optimal solution. It is possible that an unconstrained line sedrch
method may step ‘too far, ini Which case the step ‘size must ‘be limited. To ensure that the initial value is
between the frequéncies of maximum transmissibility, the AVAT can simply be tuned to the maximum
stiffness when initialised. The only risk with such a strategy is that it will put the excitation frequency
near the first frequency of maximum tran51n1551btl1ty If pmperly des; gned, the transmissibility should
still be less than 1 even 1f tuned to the maximum isolation ﬂequency This can be seen from Flgure 3.1
whete for large stiffness ratios (and large isolation frequencies) the transmms;blhty is less than 1. Itis
aiso’ poss;ble to initialise the optnmsat;on algonthm by using the isolation frequency aud stiffness ratio
relationship found durmg a characterisation test. If changes in the physwai propemes of the device
occur over time this relationship will not be exact anymore, but it should put the initial value close to
the optimum as well as between the peaks of maximum transmissibility. It also requires that the
excitation frequency be measured before initialisation,

It is possible to formulate a constrained optimisation problem to remove the risk posed by the locat

minimum. The necessary constraint is a lower bound on the stiffness ratio {six) and can be calculated
from [Equation (2.14)]:

2 2 . 2 . 2 z 2
[91} i{i’i} MM[E’_} _i- }_t_fﬁf_[ﬂ} +1 m;ﬁ{‘”u} -0 (3.2)
o, ) i\ D, A\ @, &\ @, b

where €, is equal to the excitation frequency @,. In practice the above value will be found from a

characterisation test and will therefore include the effect of damping. Once the problem has been set
for a specific excitation frequency, continuous monitoring is necessary to ensure that the excitation
frequency does not change. If the excitation frequency does change, it is necessary to recast the
optimisation problem with a new lower bound. Only large changes in excitation frequency will require
the process to be restarted, during which time the optimisation algorithm will maintain optimal tuning
even if isolator physical properties changed slightly.

It is possible to simulate the controf systems suggested above by solving the equation of motion and
calculating the objective function from the simulated response. The process is explained in Figure 3.3.
The optimisation algorithm calls the objective function. The objective function calculates the
transmissibility by solving the equation of motion. The optimisation algorithm now estimates a new
stiffness value and recalculates the objective function. During the second and subsequent objective
function calls, the Runga-Kutta algorithm is restarted with the final value from the previous simulation
as the initial value. This implies that the process of calculating the new stiffness ratio and changing the
current stiffness ratio to the new stiffness ratio requires zero time. Although this is physically
impossible, the purpose of the simulation is to study the performance of the optimisation algorithm
and not the effect of delay and is therefore valid. The effect of delay will be to degrade performance
and this simulation therefore represents the best case.

87



The set of equations that needs to be solved are [Equations (C.1) and (C.2)]:

y+2[§i+%§,} - 2 g’zwiu-a-cu1 (1+ )y - o} - 24, 0%~ 0} x =0
e . (33)
255, (1= 5) 1 1= 3)- [m)o
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Figure 3.3: Controi flow diagram

The properties of the system that was simulated are w; = 1, 4y/4, = 10 and mp/m, = 0.003. This is the
same system as was used in the previous chapter and only serves to illustrate the method. The solution
was found with F, = 5 Hz and the transmissibility was estimated using the /, estimator. /, evaluated
at the excitation frequency is (Ewins, 2000):

p—

8, (@,
Sy (o,

H(w,)=22 (3.4)

\—o’

In a practical system it will be easier to use the ratio of rms output to input as an estimate of the
transmissibifity, The rms and maximum values calculations are, however,. a function of frequency
content and the number of data points used. At steady state the signals shouid only contain the
excuatmn frequency, but due to impulsive excitation when . the st1ffness ratio is. changed the. two
na.tural frequenicies will also be excited. This has a larger etfect on the maximum values calculation
than the rms since the rms calculation averages the error. One posmble solution is to use -a band-pass
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shown in Figure 3.6. At high damping ratios there wiil be a difference between the optimal value using

this method and the actual minimum transmissibility achievabie, as indicated in the figure.

The objective function, formulated as the square of the difference between the actual phasé-ah'gle'and
the required phase angle (-90°), is shown in Figure 3.7. The device needs to be tunied to the second
minimum. Starting at a large stiffness ratio and limiting the step size will ensure that this miniimum is

reachéd.

Transmisstbility
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Figure 3.6: Transmissibility and phase angle indicating the difference in tnning frequency
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Figure 3.7: Quadrature objective function {0, = L4, 4y/d, = 10, mp/im, = 0.003, {; = 0.1 and SH=0.1)

One major advantage of this method is the ease of implementation. The objective function can be

formulated by integrating the input and response of the AVAT over a period of time Tt

7 =%6[x(z)y(f) di

(3.5)
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process. If this cannot be tolerated by the mechanical system under consideration, this method wilf not
be acceptable. The methods discussed previously will ensure that such a condition cannot occur and
are thez_'cﬂ_)ré safer to use.

3.1.2 Suddén excitation frequency change

ifa step change in frequency occurs the algorithm must adapt the stiffness to the new optimal value
for that excitation frequency. Since optlmlsatwn algorithms are not designed to handle changes in the
objectlve function dunng opum;sat;on the standard Matiab routines did not exhibit the desired
behaviour. A g_radIent.mbas_ed algorithm that does not use explicit line searches was succcssfully used
for this case. Details of the Ifopc algorithm can be found in Snyman (1982). The algorithm handles
constraints with a penalty function approach.

The gradient is determined using forward-difference (Nocedal & Wright, 1999):
_a_f_mf(x+£e,)—f(x) (3.6)

Ix, £
where ¢; is the /™ unit vector and ¢ is chosen to be a small value. An additional advantage of this
algorithm is that the step size can be controlled. This makes it easy to limit the risk that a too low
stiffness ratio will be calculated during the optimisation process. A typical result is shown in Figure
3.11 and Table 3.2.

Table 3 2 Results of Ifopc at constant excitation frequency ratio

Excitation frequency. atio (w,/e;) | Optimal value () | i after 7000's of excitation at @,/o,
1.2 0.7710 0.7571
1.4 1.3414 1.3004
25 T T
g = 13004
a2 Ly \\:
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Figure 3.11; Convergence history of ifope with a frequency step from o /o; = 1.2 to o/o; = 1.4 at 7000 s
(0 =1, AyiA, = 10, mp/m, = 0.003, &; = 0.1 and ; = 0.1)
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During optimisation the excitation frequency must be monitored continuously to make sure than an

erroneous value 1s not entered in the look-up table. The frequency change must be evaluated with a

certain tolerance to _acéqu;}t for small changes in the excitation frequency and small errors in the
estimation process. The maximum error that can be allowed is a function ‘of the bandwidth and the rate -
of change in frequéncy.

32 Typell AVAI
The control for the type T AVAIis in most r_e':_spec'ts exactly the s:a.tﬁ_c as for the type I. This chapter

will -not repéat the discussion of the previous paragraphs; instead the few differences will be
highlighted. The most impoitant difference is the objective function {Equation (2.48)}:

2 1 Y 2
[#2)

waﬁﬁwwfﬁ}ﬂéj
4u}£ mn. /uk k mi ﬁ?"

2
1+i3~?{~§'—~3—~(9ﬁ;}
Ju}c mﬁ auk wn

The objective function is shown in Figure 3.17. If compared to the objective function of the type I
AVAL it can be seen that the problem with the local minimum is reversed and that a large initial
stiffness vatue will make it impossible for a local minimiser to find the optimum stiftness ratio.

(3.7)

f(/"’.&-)z)

o 3 E
na /

= r

=

g

5 .

=R ]
5| 107 ¢

b

?‘ /

R S
E

o

16° 10t 10°

Stiffhess ratio

Figure 3.17: Objective function vs. stiffness ratio o/ = 1.4 (o/o! =" and {7 = 0.01)
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frequency remains constant, a fine-tuning algorithm will find a new optimal stiffness for that
excitation frequency. If such an optimal value is found, the look-up table is updated. The methods
concentrated on using the transmissibility valve as the objective function. If the input :‘aihp}'_i_tudé is
known ‘to be constant, it is possible to use only one sensor to méasure the response of the system fo

provide the objective function value.
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4 De51gn methodologles of AVAIs for a pneumatlc rock drlll |
| handle R |

41 -In-t"r'od'uct'ion

In ﬂns chapte1 the d651gn methodologles of two AVAIS w111 be desm ibed. These methodo]ogies will

concentiate on the de51gn requuements of- a hand!e for a pneumatlc rock dr111 Many of ‘the more -
practwai aspects of the d651g11 of these devices are apphcatlon spec;fic but the basic requiremcnt of
coincidence of the excitation and isolation frequencies is universal as is the method of achieving

comcidence The rtock drill design is partwular]y demanding because the input contains Stgmﬁcant

arnphtudes at frequencies other than the impact frequency. Furtheimore the low overall mass and size

required as well as cost and robustness are necessary constraints.

This chapter will start with a discussion of the effects of tool vibration on the operators of hand-held
machinery. Current strategies for the réduction of hand tool vibration will be reviewed. It will then
continue with measurements that were done for a specific drill that is in widespread operation in South
African gold mines. These measurements were done to assess the current exposure of operators to
vibration and will be used as the baseline for any reduction method. The design methodologies used
for the two handles will then be discussed and evaluated. Here the problems related to noise in the
input will be addressed as well as the many practical aspects particular to each design.

4.2 Vibration reduction of tool handles

Exposure of the fingers and hands to long periods of shock or vibration can lead to a number of
disorders threatening the operators of hand-held tools with irreversible damage. Five disorders are
described by Griffen (1998) and are listed in Table 4.1. Combinations of these disorders are referred to
as Hand-Arm Vibration Syndrome (HAVS). The disorder that has received the most attention from
researchers is the vascular disorder Vibration White Finger (VWF). VWF is characterised by the
occasional whitening (blanching) of the fingertips especially when exposed to a cold environment.
Attacks are often accompanied by numbness and tingling and in rare cases gangrene has been
reported. VWF is also associated with primary Raynaud’s disease, which is a hereditary disease not
caused by vibration. Currently there is no treatment for the disease and prevention is therefore
essential, which means that workers must be reassigned as soon as symptoms are noticed.

Table 4.1: Disorders associated with HAVS

Circulatory
B Bone andjoint
C Neurologlcal
D | Muscle
=

General (e. g central nervous system) o
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(b)

Figure 4.2: (a) Standard handle, (b) isolated handle in transmissibility test set-up

If an operator is expected to drill continuously for 8-hours the vibration levels must be limited to 10%
of the current value, which will be a considerable achievemnent. A proposed isolated handle is shown
in Figure 4.2(b). The deveiopment of this handle is described by Prajapati and Hes (1999). The main
problem with using isolators in this application is that a Jow natural frequency is directly in conflict
with the static deflection requirement. A low static deflection is necessary for the operator to remain in
control of the tool. The natural frequency is related to the static deflection: -

F
= 4.1
P mé (@.1)

£

where J,, is the static deflection, F the thrust forge of the operator and m the combined mass of the
handie and the operator’s hand. The displacement transmissibility for an undamped system at the
excitation frequency (w,) is (Chapter 1}:

——— (4.2)

For a 10% transmissibility the excitation frequency ratio must be 3.2. For a pneumatic drill with an
operating frequency of 35 Hz the required natural frequency will be 11 Hz, According to Griffin
(1990) the apparent mass of the hand at 35 Hz is ~0.4 kg. The handle mass was measured as 1.745 kg
and the total sprung mass is therefore 2.145 kg. For a thrust force of 150 N the static deflection will be
~15 mm. Such a large deflection will not be acceptable for safe tool use. Often preload of the spring is
used to limit the deflection experienced by the operator. In this case the preload was measured to be
~12 kg. The only problem with using preload is that it is difficult to be certain that the operator always
pushes with the same force.
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Other solutions have been reported, for instance, Alabuzhev et al. (1989) suggested vibration
reduction using quasi-zero stiffness handies on jackhammers and riveting tools. Barber (1992) also
teported other methods ‘which required fundamental design changes to the machme to reduce the
v1brat10n exper:enced by the operator Palej et'al. (1 993) showed that an active pneumatsc spring could
have a dynarmc stiffness 20 times lower than its static sfiffness and subsequenﬂy reduced v1bratxon of
a rweter 4 times. Raw (1999) ach1eved a 45% yibration reductlon on a road- breakmg tool by usmg a
iead srhcone comp051te matenal to cover its ha.ndle each suspended lead pamc]e essentla.lly acting as
a v1brat1on absorber. Andersson {1990) showed an 835%. reduction in acceleratzon for a hammer drill
usmg an’ 1solated handle. Blsum (2001) showed that the addmon of mass could greatly reduce the
v1brat10n of hand’ tools In his, desxgn water 1s pumped from astor age tank to the tool at the moment it
is switched on and back when switched off. This addition of mass achieved a 60% reduction of handle
vibration. Gwinn and Marjoram (1999) describes several isolated handle concepts. The first shown in
Figure 4.3 uses a softening spring as the isolation element (annotation 44A). The purpose of the
softenirig spring is to provide a fower spring rate at the operating point after the application of the
thrust force by the operator. The moment put on the handle is transfetred using a bearing (annotation
40A and 40B). In Figure 4.4 a vibration absorber is put in the load path forming a VAL The mass of
the absorber is shown as annotation 86, Figure 4.5 dgscribes a handle with a fixed frequency LIVE
type isolator, similar to the one proposed in this thesis. The design is greatly complicated by the air
supply that runs through the handle. This necessitates a seal, in this case two O-rings (annotation 84),
which will add considerable amounts of damping to the system.

ATXTAL

Figuré 4.4: Handle with VAT (Gwinn & Marjoram, 1999)
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Figure 4.5: Handle with AVAI (Gwinn & Marjoram, 1999)

It is importasit to note that the pneumatic rock drili’s operation differs from most other pneumatic toois
in that the forward thrust is provided by a pneumatic piston called a jack-leg. The operator is required
to counterbalance the vertical force and normally does this by leaning on the handle with his right
hand, while his left hand is used to operate the jack-leg pressure controf valve (Figure 4.6). It seems
therefore that it will be impottant for the handle to be able to transfer this moment to the-drili, while
the axial stiffness is less important. Some axial stiffness is, however, still necessary since the drill is
often jerked to remove the drill steel from the face. A minimum stiffness of 100 N/mm should be
sufficient since it will allow a static defiection of 3 mm at a force of 30 kg.

K—-ﬁ'—""”“m“ﬁ—m—m—_*ﬁ-ﬁ T

Drill steel

N

Figure 4.6: Pneumatic rock drill operation

4,3 Vibration measurement of a Boart Longyear S250 pneumatic rock
drill

At the start of this work the standard regarding measurement and assessment of hand transmitted
vibration was ISOQ 5349:1986. The measurements were done using the guidelines in this standard. [SO
5349:2001 was published in June 2001 and differs from the previous standard in many respects. The
most important differénce is that the evaluation of the weighted rms acceleration is done in vector
fashion, while previously only the dominant axis was used. The exp'e'rimen't_al work followed the
procedure of the eatlier standard and to allow for continuity the theoretical part will be developed
using the same standard. In the following paragraphs the assessment procedure will be described
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specifically for the current drill handle. Later the response of the new handle will be compared to this
reference design to show the improvement that is possible.

The measurement set-up is shown in Figure 4.7 and Figure 4.8. The drill is a percussive tool with the
z-direction the axis of operation. The x-direction is vertical and the y-direction horizontal. Three Brtiel
& Kjrertype 4393 charge accelerometers were used to measure the operational vibration of the handle.
The accelerometers were mounted on mechanical filters with a cut-off frequency of 3000 Hz in
accordance with the standard's guideline for percussive tools. The handle did not have any additional
isolation material (Figure 4.2a) and is usually used with a work glove that offers negligible isolation.
The pressure was also measured to establish the relationship between excitation frequency and supply
pressure. It was additionally found that the pressure measurement could be used to calculate the
excitation frequency. Such an approach could be much cheaper than using a piezoelectric
accelerometer.



The test started with a collaring operation shown in Figure 4.9. The collaring establishes a starting
hole for the drilling operation. After collaring the second operator lets go of the drill steel and the
drilling commences. The memory of the Siglab 20-42 FFT analyser allowed for 32 seconds of data to
be sampled at 5120 Hz on 4 channels. The specified frequency range of 5-1500 Hz is easily covered.
This corresponded to an almost complete hole of ~1.8 m at the maximum pressure tested. At lower
pressure the drill speed is lower. Because the drill performance is different in different types of rock a
standard Norite block is used for all testing. Four drills were measured. Three of these were new and
their operational characteristics will probably vary with time. The fourth was a drill used for
development work and consequently well run in.

As would be expected the acceleration in the z-direction was the largest, but in the other two directions
significant values were measured which could have an impact on the design under the new ISO
standard. A typical measurement is shown in Figure 4.10. The acceleration values have been
integrated to show the handle velocity and displacement. Although 95% of the displacement
amplitudes were less than 2 mm for all operating conditions, the absorber has to be able to cope with
maximum values of up to 8 mm.
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Figure 4.10: Typical measurement in the z-direction









When the excitation frequency vs. pressure is plotted a clear trend emerges as shown in Figure 4.12,
As the supply pressure increases, the excitation frequency increases linearly. Since four machines
where tested of which one was well 1un in there is reason to beheve that well-maintained machmes
will falI w1th1n the 95% conﬁdence lines. Tf the handle is deSIgned s0 that the bandwidth envelo ped the -
excitation frequenmes then good performance for any drill can be ensured The main mnovatmn of the
AVAI as applled to the hcmdle fies in the fact that the stiffiiess of the air spring can be made to be a
functmn of the supply line air pressure and therefore 11. will be self- tumng ThIS is a major advantage in
an environment where the use of an electronic controI system will be expensive.

4.4 Type I amplified vibration-absorbing isolator

This section will document the design of the type I AVAL Firstly, from measured data it was clear that
the excitation does not consist of a single frequency and that the effect of noise in the input must be
assessed. The following paragraph will analyse the effect of noise in the input. Subsequently, the
insight gained from the generat approach will be used to simulate the exact handle response using the
measured input.

4,4,1 Narrow-band excitation with noise

As shown in §4.3 the excitation consists of large magnitude excitation over a limited frequency band
as well as Jow and high frequency noise and harmonics, In general excitation of this type can be
enveloped as shown in Figure 4,13, For the following discussion the AVAI response will be calculated
in a non-dimensional sense in order to preserve generality. Firstly, it is assumed that the average of the
narrow-band excitation (c3.) is half of the total bandwidth (AQ,). This assumption is done simply to
iltustrate the effect of noise and bandwidth and does not directly pertain to the handle excitation.
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Figure 4.13: Power speciral density envelope

The following two non-dimensional ratios can now be defined. The ratio of noise (g) to peak
magnitude (M) is:
" — (4.8)
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The ratio of excitation bandwidth (Aw,) to noise bandwidth (A€,):

Aw
B=— 4.
0 {4.9)
The one-sided PSD of the response is:
W, (i0) =W, (io)|H (io) (4.10)

where x describes the response and y the input and H is the transfet function of the isolator. The mean
square of the response can be calculated in the frequency domain (Rao 1990)

X = [P, (io)do= [, (i0)|H (o) do (4.11)

The ratio of output to input mean square respotise is:

= ¥ _l: za))|H(za) l do

= (4.12)
Y ’Em' W, (io)do
The numerator of Equation (4.12) can be expanded as foilows:
43 . RN 0,/2-aa, /2 , L2 0, /24 A, /2 . N
[ w, ()|t (i) do= [ W, (o) (o) do+ [ (i) (i) do
a (4.13)
+ LMZ+M e (i [H (iw) ! do
Integrating by parts for one of the terms in Equation (4.13) gives:
0, /2~ Ao, f2 . Lo\ L NIACLf2-Am 2 pACL/2-Be /2
[ W, (io)H (i0)f do =W, (io)), f | (i) da
feso,n dW, (i) wafr-sar
_ fﬂ’ mméT(L H(za))i da))dw i
aw, (i '
but (o) _ 0
dow
[, ()| (o) doo =W, (i)~ f“”"‘"’“jﬂ (i) do
The total response is now:
fﬂu m))[H (iw) ] do =W, (:m) MRS b2 EWZ_M’/Z H(iw) 12 dw
(4.13)
L NIACLf2vAe f2 f2+ae/2 Y
+H/y (l ){aﬂt/l-Aw,/l A(),,‘2~~Am/2] [ do+W, (Im)lm,‘%mu /2 -[::fzmw ,‘ZIH(ICU){ do
Solving for the input described in Figure 4.13:
L““'Wy (in)do =26(AQ, ~Aw, )+ MAG, (4.16)
The ratio (R) of cutput (X) to input (¥) mean square response is now:
£ (22w, 2 . 2 1 /2 a0, 02 . 2 £ RN
- i |H (m))i dot | o on |1 (m))l de+ i f‘:ﬂ_mﬂEH (io)] do win
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Figure 4.21: Schematic of type I AVAI design

Of all the parameters determining the design the stiffness is the most difficult to estimate accurately.
For the type T AVAI the stiffness elements are the primary spring, the membrane stiffness and the
stiffness contributed by the air spring, The primary spring stiffness is a function of geometry,
boundary conditions and dynamic material properties. The description of dynamic material properties
requires extensive testing, As a first estimate static material properties will be used.

The membrane stiffness can be calculated using the pressure deflection equation for a clamped circular
plate (Young & Budynas, 2002):

64m Et’

") (4.19)

m

with ¢ the membrane thickness, £ the modulus of elasticity and » the Poisson’s ratio. A soft rubber
(Nitrile) was used for the membrane of which the maximum Young’s modulus was estimated to be
less than 20 MPa. For a 2 mm thick rubber membrane the stiffness will be much smaller than that of
the air spring.

The air spring stiffness for a closed double-acting air spring is a function of displacement (Figure

4.22} [Equation (D.4)]:
k,(x)=nPAh" [(hixjmx +(hixjm}

forx <« h (4.20)
L 2B,
“ h
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absorber that changed the air pressure in the spring using an arrangement of valves. Since the
operational frequency of the drill is related to the air pressure, it is proposed that the air spting be
connécted d1rect1y to the suppIy pressure through a flow restriction. The flow restriction will enisure
that the pressure in ‘the sprmg Cai1 Tise on compress1on instead of sunply pushmg the air back mto the
suppiy line, while a change in the supply line pressure will cause the pressure in the spring to equalise
after some time delay This assembly will essentlaliy achieve the aame objec‘[;ve as the wbrat;on
absorber described by - Longbottom et al,, without the complexity of a valve arrangement The
dlsadvantage isa longer timie delay m changmg the pressure, additional da,mpmg and lower stszness

Air sprlng dampmg i known to be very low, for example Flrestone commerc1a1 air spnng 11terature
states a dampmg ratio of 0.03. Damp;ng in an air spring or;gmates from heat transfer and from
material losses in the rubber composite bellows. Above 3 Hz the compression process is adiabatic and
heat transfer losses will become negligible (Cavanaugh, 1976). In this design the losses through the
pott is an additional source of damping. These losses can be minimised by using a small orifice. There
will be a trade-off between the amount of damping added and the time delay and a decision here will
have to take the application considered into account.

Two sets of theory exist that can be used to describe flow in and out of an air spring. Cavanaugh
(1976) assumed that the air spring is connected to an auxiliary tank through a capillary, while Palej e
al. {1993) considered a connection through an orifice. The capillary theory results in algebraic
equations, which can easily be solved while the flow through an orifice requires that a non-linear
differential equation be solved. A capillary can further be distinguished from an orifice because the
flow resistance results from wall friction rather than gas momentum. Although the theory is certainly
more complicated, it is much easier to source an orifice and for this design a standard liquid petroleumn
(LP) gas bottle orifice of 0.15 mm diameter was used.

The mass flow rate through an orifice is given by (Palej et al., 1993):

) t P Ifn P {n+1)fn vz P
cap i —| | -|= for o, <—<1
\noirr () L2 P

()i |
C4,P,| — (m%mj for 0S4 sa,
RT \n+l P

(4.21)

where P, is the supply pressure, 7; is the absolute supply air temperature, P is the pressure in the
spring, R is the gas constant, C the discharge coefficient and 4, the orifice area. When the pressure in
the spring becomes larger than the pressure in the supply line the spring pressure becomes the supply
pressure P, and the supply line the pressure P. In general, the discharge coefficient is a function of the
pressure ratio. The product C4, is the reduced flow area of the vena coniracta and the discharge
coefficient is therefore always less than 1.

Equation (4.21) can be approximated as follows (Wang & Singh, 1987):

L
= C A, Dpﬁ - Pllé_]z sign( 7, - P) {4.22)
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Lastly, it is important to keep in mind that up till now the change in volume of the air spring was
assumed to be the area multiplied by the displacement, which is not the case for the present design.
The a1r spring volume change is defined by the shape of the membrane and can be written as a
function of the displacement of thé centre of the meitibrane (x): ' '

V:%éa (4.26)

The de_ri_vat_ion of the displaced volume assumies a fixed boundary for the membrane and is shown in
Appendix E.

The primary spring stiffiess is a furiction of the elastomer material property as well as geometry.
Time-independent material behaviour for elastomers is generally described in terms of strain energy
density functions. The well-known Ogden polynomial model correlates well with experimental data up
to 700% strain, Clearly, the maximum strain for the spring will not be that large and it is possible to
use linear assumptions to obtain a design value for the stifthess. It is important to keep in mind that
elastomers are incompressible and their Poisson’s ratio is therefore close to 0.5. The relationship
between shear modulus and the modulus of elasticity is:

_E

T 2(1+v)

(4.27)

The shear modulus is therefore % of the modulus of elasticity for nearly incompressible materials. As
stated before it is required that the stiffness is low and therefore the softest possible low damping
rubber will be used. The softest readily available was unfilled natural rubber with hardness 35 Shore
A, From Davey and Pane (1964) the modulus of elasticity for his type of rubber can be estimated as
~1.2 MPa.

B
P

Figure 4.29: Primary spring geometry
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The primary spring geometry is shown in Figure 4.29. Due to the boundary condition it will be
difficult to find an exact solution for the stiffness. Instead, a number of assumptions will be made and
this will be compared with finite element (FE) results to show that they are valid for design purposes.
The effect of geometry on the stiffness for a cylindrical spririg can be found by summing the stiffiéss
of series springs from the inner to the outer radius (Figure 4.30).

Figure 4.30: Cylindrical spring

A section of the spring at radius r will have a rectangular cross section and assuming that shear effects
dominates, the stiffness is (Gere & Timoshenko, 1991):

5k = 2ETNG (4.28)
or
The total stiffness of the series springs is:
LU T LS (4.29)
ko 272G vk
If the height is constant the stiffness is:
k=229 (4.30)

To separate the effect of the radius ratio from that of material property and height, the geometric
stiffness coefficient is defined as:

(4.31)
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Figure 4.33: Force vs. displacement result from the FE model

The effect of a moment acting on the handle is illustrated in Figure 4.34. It is difficuit to estimate the
amount of angular deflection that will interfere with operator efficiency and comfort. The prudent
course of action is to minimise this deflection as much as possible. Appendix D.4 estimates the load
required to balance the force of the jack-leg acting on the drill handle. The estimate shows that the
load can approach 80 kg, which is comparable to the mass of the operator and is therefore achievable.

Primary spring
Figure 4.34: Effect of a moment put on the AVAI

The angle through which the handle will rotate can be estimated by calculating the moment balance on
the AVAI as shown in Figure 4.35 [Equation (D.11)}.

j[&iji(&l}
G=sin” k\b 2) k\b 2 (4.36)

b

For the present design the dimensions are ¢ = 186.76 and » = 105.72 mm.
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Figure 4.35: Moment acting on the ha_n.dle

The radial stiffness of the cylindrical spring shown in Figure 4.30 was approximated as follows by
Gobel (Davey & Pane, 1964):

0.00974°
Rk, 7.57h {H } 437

Bt =
] ()

G TN
G in{
Adkins and Gent proposed the following empirical equation (Davey & Pane, 1964):
2
Hfrhli(mi] +I}
r kr r;
kf="t= = = — (4.38)
{BRECEBE
" ¢ 7

(AR
where H = 80, J=25 and M = 9 for a short bush.

ool

Table 4.5: Radial geometric stiffness comparison

Gobel (4.37) 1.6273
Adkins and Gent (4.38) 09717
Finite element method 1.1360

Using the above stiffness values in Table 4.5 it was estimated that the maximum angle would be less
than 7°, which seems adequate.

The most advantageous feature of this design is that assembly is much simpler than previous designs.
Previous designs required the assembly of two cylinders that moved inside one another, which
complicated both assembly and manufacture. The type [ design, however, uses spacing rods to
separate the two reservoirs, as shown in Figure 4.36. The port is connected via a cradie to the actuator.
The cradle assembly was designed to be stiff so that it would not influence the response of the handle.
Either end could have been connected to the handie or the actuator, but the most benefit will be gained
by connecting the heaviest part to the handle. By connecting it in this way the mass on the drill side is
5.39 kg and on the handig side 7,46 kg. The mass of the hand was ignored during design and testing
since it will haveé a very small effect.
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The major dimensions of the AVAL, are shown in Figure 4.39. The length of the AVAI is determined
by the space needed for the operators hand, the port, reservoir and air spring length and the gap needed
between the AVA? and the back of the drill. The length of the air spring and reservoir was dlscussed
before. The gap between the drill and the handle is détermined by the amphtude ‘of the dlsplacement of -
the drill, which was estimated to be a maximum of 8 mm. The length of the port is determined by the

ratio of port and reservoir diameters. It is poss;ble to shorten the device by increasing the dlameter but
this will decredse the distance between the springs, which will affect its rotation angle when the
moment is applied.

S50

Figure 4.39: Major dimensions

The design dimensions are shown in Figure 4.40. A large air spring height was chosen because it
could easily be made smaller later, while making it larger would be difficult. In fact, after testing the
spring height was changed to 5 mm by fixing a plastic disc inside the spring.

N 1033 .
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#
1 ¥ =
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Figure 4,40: Design dimensions

The preceding section showed how the spring stiffness of the primary spring and the air spring could
be estimated. Although the formulas could be used for an initial design, it is clear that there is some
uncertainty in the exact values, For this reason the absorber will be d_esi_g_ned so that it can be moditied
casily. After manufacture it is possible to reduce the air spring height as well as the port diameter,
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To estimate the benefit of adding an AVAI, the response to the measured excitation was simulated.
Three cases were considered In the ﬁrst case the device is tuned using the supply line pressure ie, the
the Ie_ast effectwe _met_hod since difference_s between. 1nd1v1dual drlils and _the estl_mated ave_rage 3_s n_ot
taken into account as can be seen from Figure 4.43. A second simulation shows the effect when the
AVAI is tuned using a control system that forces co;n(ndenee of the isolation and excxtatlon
flequencnes ‘while the dampmg ratio is kept constant The: excitation frequency 15 determmed by
calcuIaImg the EFT of the input exc1tat10n and. finding the frequency at whtch the maxmlum OCCUrS.
The: transrmsslblhty is then nminimised at the excuatlon frequency using an optunlsatton algorlthm to
calculate the optimal stiffness. The third case emp]oys a control sysiem to minimise the weighted rms
acceleration by adjusting both the stiffness and the damping. The simulation used the PSD method to
calculate the weighted rms acceleration. The weighted rms was minimised using both the stiffness and
damping as variables in an optimisation algorithm. The methods are summarised in Table 4.6.

Table 4. 6 Summary of tuning methods

Method | Stiffiess. . -0 7ol Damping
1 Derived from suppiy lme pressure | Constant
2 Optimal Constant
3 Optimal Optimal

250

~z- Dt 2 | \
e Dol 3 !

4 f)r:l§ 4

_40 P 1 L i
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& @

:
L
b

Figure 4.44: Percentage change in the weighted equivalent acceleration with the addition of a type 1 AVAI
using the supply line for tuning (red), tuning the device using the excitation frequency (black) and perfect
tuning (blue)

The percentage change in weighted rms acceleration for an AVAI tuned using the supply line pressure
only is shown in Figure 4.44 in red. The most benefit is achieved at higher pressures and at best a
~35% reduction was achieved. At low pressures it is possible that the AVAT can increase the weighted
equivalent acceleration. The percentage change in weighted equivalent acceleration for an AVAI tuned
to the excitation frequency is shown in Figure 4.44 in black. This result is better than if the supply line
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Figure 4.48 through Figure 4.50 show the damping required as a function of excitation bandwidth ratio
when the noise ratio is kept constant. The figures show that as the noise ratio is increased, more
damping is needed. It also shows that the benefit of using an AVAL is the most at small noise ratios
and small excitation bandwidth ratios. Figure 4.51 through Figure 4.53 confirm that the damping must
be increased as the noise ratio increases. Figure 4.48 through Figure 4.53 show that an optimal value
of damping exists for cach noise and excitation bandwidth ratio. In each of the cases considered here it
was more advantageous to use a tuneable AVAIL As was discussed in §4.4.1, it will be difficult to
prescribe a damping ratio during the design process.

452 Type Il AVAI design

A schematic of the type I1 AVAI is shown in Figure 4.54. It consists of a port with a Teflon bearing in
which a tungsten carbide siug with a sliding fit is mounted. The tungsten carbide is ground to a smooth
finish and has a density of ~14500 kg/m’. The Teflon bearing is press-fitted and then machined to
provide the sliding fit. The air spring is similar to the one used in the type I AVAI and consists of a
pressure supply line connected to the air spring cavity via an orifice. The reservoir is filled with fluid,
which transfers the motion to the slug, resulting in the amplification of the slug motion. Preferably the
fluid will have low viscosity and provide some fubrication, but due to the filling method used it was
not possible to use oil, and water had to suffice. A smail gap exists between the slug and the Teflon
bearing through which teakage can occur. The initial design proposed the use of slug stops as shown in
Figure 4.55. The purpose of the slug stop is to equalise the volume of fluid in the two reservoirs. After
considerable difficuity with the experimental work it was decided to replace these with slug springs.
The only disadvantage of using slug springs is that they can add damping to the system tarough
turbulence in the fluid. They will also cause an increase in the isolation frequency, but by choosing
their stiffness to be small this effect will be negligible.

It may be possible to provide a positive seal between the slug and the port by using a metal bellow or a
rolling diaphragm seal, but this will be costly. The large amplitude and number of cycles needed might
even make this method infeasible. It could also be possible to provide a pressure-activated icakage
path between the two reservoirs. When the stug impacts the stop, leakage will oceur between the two
reservoirs. Instead of becoming completely soiid, the leakage will provide additional damping and
decrease the shock load due to the impact.
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Figure 4.54: Schematic of type I1 AVAI design

The flexibility between the port and the reservoir is provided by a rolling diaphragm seal. This seal
also acts as the air spring boundary. Rolling diaphragms are zero-leakage seals that offer very little
frictional damping since the relative motion between the seal and the contact surface is small.
Additionally, the diaphragms are reinforced with polyester that do not stretch and will therefore have a
low loss factor. These seals have a limited number of standard sizes, which will put a constraint on this
design that was not present for the type I AVAL

The volume of the spring is determined by the average of the inner and outer diameter of the rolling
diaphragm and the diameter of the inner diaphragm mount as shown in Figure 4.55. The port and the
groove in the sfeeve must be machined according to the manufacturer’s specification to ensure that the
diaphragms seal properly and have adequate durability. When the seal rings are fitted the seal tends to
bulge. This is advantageous because it provides some low stiffness flexibility between the reservoir
and the port. The maximum relative amplitude is ~2 mm. The maximum motion possible can be
increased by fitting a custom made diaphragm with a second convolution in the reservoir area. This
second convolution should face towards the air spring as shown in Figure 4.56. Such a diaphragm
configuration will however make it impossible to transfer a moment from the handle to the drill. As
discussed in §4.2 the drill handle must transfer a large moment and this will have to be done in some
different way if this method is used.









a flat metal ring with an internally bonded trapezoidai rubber seal. Initially the holes were positioned
too close to the reservoir and it did not seal properly. The holes were moved closer to the radius,
which solved the leakage problem. Thus, with significant difficulty the diameter of the reservoir could
be maximised to 50 mm using a 70 mm inside diameter rolling diaphragm. The rolling diaphragm is
relatively fragile and caution must be exercised not to twist it while tightening the bezel or the inner
seal ring. ’

If it is assumed that the diaphragm deforms as shown in Figure 4.58, an effective reservoir area can be
caiculated,

-

Figure 4.58: Dimensions for the calculation of the effective area

The effective reservoir area is [Equation (D.14)]:

3 2
A =£(._j_h____ﬁfi_im+¢2 (4.42)
12\d,~d, d,~d,

The effective area ratio can be maximised by choosing the inner diameter 4, as large as possible. A
farge inner diameter will, however, limit the displacement that can be achieved. The major dimensions
of the design are shown in Figure 4.59 and Table 4.8. The device is smaller and considerably lighter
than the type I design. Two slugs were manufactured; one with a diameter of 16 mm and one of 20
mm. Changing the slug size requires the remanufacture of the bearing only.
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drills, The type IT AVAI levels were reduced to below 10 m/s” up to a pressure of 500 kPa for three of
the drills tested. Supply line pressure at the rock face is in South African mines are mostly below 400
IPa.
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S Experimental results

5.1 Introduction

This chapter documents the experimental results of the two AVAIs. The experiments measured the
transmissibility in the frequency domain. The results were processed to obtain the parameters that
were uncertain during the design process by fitting the analytical models to the experimental results.
This wiil aid future designs of similar absorbers since more accurate models will be available. The
experimental set-up measured transmissihility as shown in Figure 5.1. The AVAI was fitted to a
hydraulic actuator. Both Zonic and Schenck actuators were used, which were controlled by a custom
built PID controller. It was not possible to recreate the ampiitudes that the AVAI would experience on
a drill, but it was sufficient for characterisation. The air spring was fitted to a 6 har air supply via a
Festo pressure control valve. Accurate pressure readings of the supply pressure were obtained from a
strain gauge type GEM pressure transducer. An assortment of PCB ICP accelerometers and signal
conditioners were used. A Spectral Dynamics Siglah 20-42 FFT analyser sampled the data. It was also
used to supply the various excitation signals.

In the second part of this chapter the manual pressure regulator was replaced by a servo operated valve
system that could be controlled with a National Instruments 6024E DAQ card. This was done to show
that the device could be used in a closed-loop sense in a system where the excitation frequency can
vary arbitrarily.

ICP accelerometer

Pressure
transducer

6 bar \ F AVAI ]
air supply . prototype -
Pressure A

—l&) o}

regutator

ICP signal conditioner

[ 0§
a | SRS |
” o —————
o~ 0o _®¢°
Digital -
multimeter Fydraudic actuator & \ Computer
controtler <

Siglah 20-42 DAQ

Figure 5.1: Transmissibility measurement set-up
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The experimental set-up is shown in Figure 5.2. Here the AVAI was fitted to a Zonic hydraulic
actuator and controller. Four 10 kg weights were incrementally added to the AVAI (recall that the
mass of the AVAI on the isolated side is 7.5 kg). The stepped sine excitation method was used with a
0.2 Hz frequency resolution from 10 to 70 Hz. This method gave good results, with the lowest
correlation measured being 0.98. Acceleration measurements were done with 100 mV/g PCB ICP
accelerometers. The pressure was varied using a manual pressure regulator in increments of ~50 kPa
from 0 to 600 kPa.

A set of transmissibility curves measured in this way is shown in Figure 5.3, where it is compared to
an undamped conventional isolator with a similar natural frequency as reference. Also shown is a
straight-line curve fit through the points off minimum transmissibility at each frequency. These points
do not necessarily coincide with the isolation frequency since the minimum transmissibility is also a
function of pressure. The points were calculated by finding the intercept of the slope of each curve
with the following curve. The envelopes of all the curves are shown in Figure 5.4. As could be
expected, the transmissibility is lower as the isolated mass is increased.






To calculate the isolation frequency and bandwidth from the measured data it was necessary to fit a
curve through the data to find an accurate estimate. A typical resuit of one such 2™ degree polynomial
curve fit is shown in Figure 5.5. A number of data points close to the isolation frequency were used for
the curve fit. The resulting polynomial was used to find the isolation frequency as well as the
frequencies defining the bandwidth (w; and w,).
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Figure 5.5; Curve fit to calculate the isolation frequency and bandwidth

The isolation frequencies as a function of pressure calculated using this method is shown in Figure 5.6.
The AVAI covered a frequency range of ~12 Hz. By fitting a 2" degree polynomial through the data
the following relationship between the supply pressure {p; in bar) and excitation frequency (f. in Hz)
was found:

p, =0.0247F% -0.9884 f, +9.8658 (5.1)

This equation can be used in an open-toop control system.
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Figure 5.6: Isolation frequency curve fit
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The robustness and bandwidth are calculated using the definitions in Equation (2.20) and Equation
(2.21) and are shown in Figure 5.7.
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Figure 5.7: Robustness and bandwidth vs. supply pressure
The frequency range of the absorber is compared to the drill excitation frequency in Figure 5.8. With

some modification it should be possible to ensure that the isolation frequency falls within the 95%
confidence intervals of the excitation frequency.
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Figure 5.8: Isolation frequency vs, supply pressure

5.2.2 Parameter estimation

The parameters were estimated by fitting theoretical models to the experimental data. The purpose was
to extract the unknown physical properties, namely stiffness and damping, Mass values were not fitted
but rather measured, since this significantly improved the quality of the curve fit. The curve fit method
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chosen minimised the sum of the least squares error between the predicted and measured values at
each measured frequency. The value at each frequency was normalised by the sum of the squares in
order to allow equal weight of values at maximum as well as minimum transmissibility. This allowed
a goed fit over the entire measured frequency band. The objective function used is:

A R
Al T

{5.2)

where 77 is the measured transmissibility, T, is the predicted transmissibility and fthe frequency. Only
the absolute values of the transmissibility were used. The standard Matlab optimisation algorithm
fmincon.m was used to minimise the objective function. It was found that good initial values are
essential for a converged solution. Several models were fitted to the measured data. Although some of
the curve fits provided results that appeared valid, on closer inspection this was found not to be the
case. The main problem was how to compensate for the effects of spring and membrane geometry.
Initial attempts used a compensation factor for membrane size as a variable in the optimisation
algorithm, but these did not provide accurate estimates of the membrane stiffness. Finally an accurate
model accounting for both membrane and spring geometry was developed (refer to Appendix E). The
model is shown in Figure 5.9,
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Figure 5.9: Type I AVAI model accounting for geometrical effects
The main difference in this model is that the effect of the conical primary spring geometry as well as
the deformed shape of the membrane is taken into account when calculating the continuity equation

[Equation {E.10}]:
X, =Cy~-Cx+Cu

where: Cl“-rwlwﬁ’fw ﬂ +~di+1—Sj.
34 A d,

i 53
Cﬁli[{i} +5i—?~+11m1 (5-3)
4, |
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5.4 Control
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Figure 5.20: Pressure control valve

To demonstrate that the AVAI can be controfled to minimise the transmission of varying tonal
excitation, the experimental set-up of Figure 5.1 was modified such that the manual pressure regulator
was replaced by electronically controlled solenoid valves as shown in Figure 5.20. Although electronic
pressure regulators are available as standard items from pneumatic equipment suppliers, it was decided
to build one using components that were readily available. The advantage of this decision was cost
effectiveness, but the time needed to change the pressure was significantly longer. Since the objective
of this experiment was to show that the control method works and not the speed at which it could
change the isolation frequency, the valve system was considered adequate.

The operation of the control system for the supply pressure is explained in Figure 5.20. The National
Instruments 6024E DAQ card was nsed to open the appropriate valve and sample the pressure
transducer simuitaneously. The pressure transducer is located in the supply line before the orifice and
not inside the airspring. This location is necessary to make sure that the pressure fluctuation in the
airspring, as it is compressed, does not inflnence the measurements. The fluctuation in the supply line
due to the air spring operation will of course be a lot less because of the orifice. Once the pressure
reached the command pressure within adegnate accuracy, the valve was closed. After the valve is
closed leak-flow will occur to or from the air spring through the orifice resulting in the pressure
changing to a value outside the specified tolerance. To make sure that the command pressure is
reached the pressure is sampled again after a short delay and reset if necessary. This procedure
continued until the pressure stabilised. In practice the pressure was set after ~5 attempts. The pressure
set procedure is explained in the flow diagram shown in Figure 5.21.
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A practical aspect to consider when setting the pressure is the case where the optimisation aigorithm
calculates a pressure that cannot be obtained physically. If, for instance, a pressure of 700 kPa is
computed, the pressure set algorithm will be sent into an endless loop since the supply pressure is oniy
600 kPa. This can, of course, be remedied easily by using a constraint on the maximum stiffness, hut
even here caution is necessary. If, for instance, the algorithm uses a penalty function approach it could
calculate a stiffness value outside the achievabie range. Another such case occurs when a finite
difference calculation tries to use an out-of-range stiffness value to calculate the derivative. The above
issues are particular to the algorithm used and each design must therefore be carefuily studied to
ensure safe operation under alt conditions.

Only the type 1 AVAI was used to demonstrate the controllabiiity. The standard Matlab optimisation
algorithm fmincon.m was used for this purpose. This function is an implementation of the
sequential quadratic programming {(SQP) optimisation algorithm and can handle constraints. Since it is
assumed that the excitation is tonal, it is possible to calculate the transmissibility in the time domain
by simply dividing the rms output by the rms input value of a short set of sampled values, as was
explained in Chapter 3. It would be possible to minimise the rms output only, but that would not take
account of varying input amplitude. The objective function used is:

fip)= 1 & (5.7)
- 2
[

where # isthe input and 3 the output acceleration.

The excitation frequency can be estimated using zero-crossings, which is a fast and effective technique
for tonal signals. Using an FFT can also be considered, but it does have some disadvantages, notably
the time required for an accurate estimate. For this experiment the mean period of a number of zero-
crossings was used to calculate the excitation frequency. To make sure that the measured signal does
not contain frequencies other than the excitation frequency, a 6 order Butterworth band-pass filter
was applied before the estimation process.
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Figure 5.21: Pressure set flow diagram

The flow diagram of the control process is shown in Figure 5.22. Injtiatly the device is tuned using the
isolation frequency obtained from the characterisation test. After the pressure is set using this open
loop technique, the optimisation algorithm is started in an attempt to find a better solution. The
excitation frequency is calculated for each measurement of the objective function and if a change of
mote than 10% is observed the optimisation probiem is restarted. For a practical system the change in
excitation frequency allowed will be set according to the system bandwidth and the expected rate of
change in excitation frequency. In the control process a constraint on the stiffness value was calculated
to ensure that a too low stiffness does not make convergence impossible. The need for the constraint
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was discussed in Chapter 3. The experimental 2* frequency of maximum transmissibility value
calculated from the characterisation test was used as the constraint:

B o=0.6617~22.03f, +135.42 (5.8)

Start

Sample data
Bandpass filter
Cafculate excitation frequency (/)

Y

Set pressure

Y

Start optimisation

Y
Sample data

Bandpass filter =
Caleulate excitation frequency (/)

Calculate
transmissihility

4

Calculate new
pressure

Y

Set pressure

Figure 5.22: Control flow diagram

The results for a frequency step from 30 to 35 Hz are shown in Figure 5.23. The result is only used to
illustrate that the method can work and was not fine-tuned to give the best result possible. All the
issues regarding different algorithms were discussed in Chapter 3 and the advice contained therein
should be followed when a control system is designed for the AVAL
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Figure 5.23: Control result when changing the excitation frequency from 30 to 35 Hz

5.5 Conclusion

This chapter verified the mathematical models used for the two AVAIs by using experiments. In both
cases the effects seen in experiments were not fully explained in the initial mathematical models and
these had to be modified. The modified models represent a reasonable estimate of the actual system
behaviour and can be used to design the AVAIs. Due to various practical aspects it will not be possible
to eliminate testing entirely and some tuning would still be required for new designs. It is, however,
befieved that the models suggested will minimise the amount of modification needed after such
testing.

This chapter also confirmed experimentaily that the system could be controlled successfully. Control
was only implemented for the type I AVAI so as to demonstrate the method. The experiment showed
that it is possible to detect a step change in frequency and that the device can successfully be tuned to
the new excitation frequency.
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6 Conclusions

The ideal isolator is one that wiil support the equipment being isolated without transmitting any
dynamic forces. An isolator with infinite static stiffness and zero dynamic stiffness will achieve this
goal. Although this ideal isolation cannot be obtained in practice, it can be approximated through a
wide range of devices. The approximation occurs over a limited frequency band and methods of
increasing this band were investigated. The methods were classified as passive, adaptive and active
techniques. Passive techniques offer no flexibility, while active techniques approach optimal isolation
performance. Adaptive techniques can be seen as a compromise of flexibility and cost.

The isolation philosophy introduced the concept of adapting the isolator properties by considering
both the input characteristics and a set of evaluation criteria. The criteria could typically be
represented by a filter that would weigh the frequencies according to their importance. An
optimisation technique can then be applied to find the optimal set of isclator parameters that will
minimise the criteria. The system functions on-line in such a way that near optimal performance can
be guaranteed as the input or isolator characteristics vary with time.

Chapter { compared a wide range of isolators concepts, starting at the most simple passive isolator and
ending with the active amplified vibration-absorbing isolator. To compare the various devices the non-
dimensional blocked transfer dynamic stiffness was defined. This quantity was found to represent the
isolator properties without the additional complication of the equipment being isolated, as happens in
traditional transmissibility methods. Some isolation methods cannot be explained by considering the
dynamic stiffness alone and only in those cases were the transmissibility calculated. Methods used to
improve vibration” absorbers were adapted to isolators with interesting results, which can be
investigated in future work. The focus of this work was the broadening of the effective low stiffness
bandwidth of the amplified vibration-absorbing isolator by adapting system parameters. A sensitivity
study showed that the isolation frequency is the most sensitive to geometric variables, but these cannot
be changed easily in prac‘tice.'A considerable amount of work has been published on variable stiffness
devices. The range of stiffness values that can be attained and the speed at which it can be realised
remains a problem.

In chapter 2 time and frequency-domain methods were used to study two novel adaptive amplified
vibration-absorbing isolators. The type I AVAI used flexible reservoir walls to adapt the isolation
frequency. The type IT device incorporated a heavy metal slug. Both devices used variable pressure air
springs to change the stiffness. The use of air springs was convenient, offered low damping and had
the ability to be used with the pneumatic rock drill to eliminate the need for a control system.
Conceptual design methodologies were illustrated for both damped and undamped fixed and adaptive
isolation frequency AVAIs. To determine the effects of tuning, the equations were transtformed in
terms of constant frequency ratios and the stiffness ratio. The stiffness ratic was the only tuning
parameter considered.

Ta design the type I AVAI for fixed frequency excitation, optimisation was employed. This approach
made it possible to set goals for the required bandwidth and the proximity of the frequencies of
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maximum transmissibility to the isolation frequency. For the adaptive AVAI it was shown that
specific choice of the area and mass ratios could influence the tuning range. For the damped adaptive
AVAI the transmissibility at the isolation frequency was minimised when the area ratio was minimised
and the mass ratio maximised. This AVAI had a constant static deflection, which could be
advantageous in practice.

For the type II AVAI the main spring stiffness was made adaptive. The design methodology is
different from the type I because the travel of the slug is restricted and must enter the design process to
ensure that realistic area ratios are chosen. A design methodology was proposed that starts with the
overall device size and calculates the port diameter required. It was shown that a maximum of two
solutions could exist for each specified set of outside dimensions. Three additional models were
analysed each considering specific refinements to the basic model. The first investigated the effect of
rubber stops as an alternative to slug springs as a method for keeping the slug centred vertically. The
second took account of leakage between the port and the stug, which was shown te increase the
isolation frequency. It was concluded that the gap should be minimised. The third showed the effect of
using roliing diaphragm seals to eliminate jeakage. The roiling diaphragm seal will result in a larger
device since the effective mass is reduced.

Chapter 3 showed how optimisation could be used as a control method for the AVAI Several
objective functions were investigated including a ratio of output to input rms acceleration, quadrature
of the input and output accelerations and the /), transmissibility estimator. Quadrature can only be
used if the damping is small, while the rms method wili be easy to implement for a damped device.
The H1 estimator was considered to be the most accurate. Four separate scenarios were considered.
The first case assumed that the device needed to be tuned at start-up only. It was shown that as long as
the initial condition is appropriate and the step size can be controlled, the device could be tuned
successfully. For the type I device the initial condition had to be the maximum stiffness ratio that
could be achieved, while for the type 11 it must he the minimum. The second case considered a sudden
change in excitation frequency. For this case it was found that standard algorithms wouid not be
successful. The Ifopc algorithm could be used in this case. The third case considered a slow change in
either the excitation frequency or the system properties. Due to incorrect gradient information this case
cannot be handled using the optimisation method. Lastly, a general method was proposed where open-
loop tuning was used as a first stage and optimisation as fine-tuning during a second stage. The open-
ioop tuning is done using a look-up table established from a characterisation test. The look-up table is
updated with the information from the subsequent optimisation procedure if a lower transmissibility is
found. This method will be fast and will maintain its accuracy over time,

Chapter 4 showed how the design of an AVAI could be applied to a practical isolation problem.
Pneumatic rock drills are commonly used in the South African gold mining industry. It has been found
that the operators of these drills are exposed to harmful vibration levels. The maximum weighted
equivalent acceleration value measured on these drills at a test facility was 18.72 m/s*. The excitation
of these drills has a large tonal component, but also consists of wide-band noise. The tonal component
contributes ~50% to the overall weighted equivalent acceleration and any isolation method must
therefore address it with care. Measurements showed that the frequency of the tonal component is a
function of supply air pressure. It was shown theoretically that both the AVAls considered would have
a lower weighted acceleration that an equivalent isolator, depending on the amount of damping
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inciuded. Subsequently, a simulation of the actual system behaviour showed that both AV Als would
reduce the handle response. Three tuning methods were compared. The first used the supply line
pressure only, the second calculated the excitation frequency and tuned the device accordingly, while
the third adapted both stiffness and damping to minimise the weighted equivalent acceleration. The
last method resulted in the best performance, but using the supply line was adequate and has a major
cost advantage. The type [T AVAI acceleration levels were reduced to below 10 m/s’ up to a pressure
of 500 kPa for three of the dritfs simulated.

In chapter 5 the mathematical models used for the two AVAls were verified using experiments. In
both cases the effects seen in experiments were not fully explained in the initial mathematical models
and these had to be modified. The modified models represent a reasonable estimate of the actual
system behaviour and can be used to design the AVAls. Due to various practical aspects it will not be
possible to eliminate testing entirely and some tuning would still be required for new designs. It is,
however, believed that the models suggested will minimise the amount of modification needed after
such testing.

This chapter also confirmed experimentally that the system can be controlled successfulty. Control
was only implemented for the type I AVAI so as to demonstrate the method. The experiment showed
that a step change in frequency could be detected and that the device could successfully be tuned to the
new excitation frequency.

Future work on vibration-absorbing isolators:

i. The two AVAIs that were proposed in this werk should be made more robust and must be
tested on an actual pneumnatic drill at the amplitudes experienced in practice.

2. The augmentation of the AVAIs to reduce the response at resonance must be investigated.
This should include the addition of “skyhook” dampers etc.

3. The characteristics of the springs should be investigated so that stiffness and damping values
can be predicted with greater accuracy.

4. The reduction of damping at all possible sources and under all oading conditions must be
expiored,

The innovative use of vibration absorbers as isolators shows promise for solving the more demanding
isolation problems that exist today in a cost effective manner.
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A.1 Background (dynamic stiffness of the relaxation model)

@ F,

Figure A.1: Mechanical model of a relaxation isofator

Since the spring &' is in series with the dashpot, the force generated by each must be equal:
cly~-u)=ku
ey -1 =k'U
iwcY :(k’+ia)c)U (Al)
U= imc y
K +iwe

The total force of the two elements in parallel is:
Fp=kY +kU

; A2
kY b —2 _y (A2)
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The above equation can be written in non-dimensional form by dividing with k:
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A.2 Isolators

A.2.1 Passive isolator (intermediate mass isolator)

R

T x(8)

i
2k 2h

T ¥

Figure A.2: Mechanical model of an intermediate mass isolator

The equation of motion is:
mE+2k(1+in)x=-2k(1+in)(x-y)
m 4k (1+in)x=2k(1+in)y

The equation of motion can be rewritten in the frequency domain:
[4k (1+iq)—m2mA]X =2k(1+m7)Y

The transmissibility is now:
X 2k (1+in)

' 4k (L+in)~w’m,

The dynamic stiffness is a function of the displacement of mass m,:
Fo=2k(l+in)X

(A4)

(A.5)

(A.6)

(A7)

Using the transmissibility the equation can be written in terms of the input displacement amplitude ¥:

2k (1+in) }Y

F, =2k (1+in) {—4}{ [+ )=

(A.8)
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When normalised, the above equation becomes:

R (1+in)°
kY } oY
+ i —| —
m o, (A9
where: o, = hid
m,

A.2.2  Active isolator (absolute velocity feedback isolator)

T x(1)

| | T )

Figure A.3: Mechanical model with skyhook damping

The control force is proportional to the velocity, but in the opposite direction:

£ (1)=-pt (A.10)

The equation of motion including the control force is:
mitcx+kx=cy+ky—fx

Al
mi+(c—B)x+kx=cy+hy ( )
Transforming the equation to the frequency domain:
[_m2m+im(c+ ﬂ)+kJX=(iwc+k)Y (A.12)
The transmissibility is:
X k+iwe
= Al3
Y k+io(c+p)-o'm ( )
When normalised, the above equation becomes:
1422
wﬂ
2 - .
w
142 e i
22+ G) [m} (A.14)
k ¢ Jij
h = |, L= -
W ¢ 2me,” "' 2ma,
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A.2.3 Active isolator (general feedforward active isolator)

Fr

| Ty(r)

Figure A.4: Mechanical model of an active isolator

The control force is:

L(D=ay+(y+if)y

The total force transmitted is the sum of the spring, damper and control force:

£ =k(1+i7;)y+aji+(}/+iﬂ)y
=(k+y)y+i(kn+ f)y+ay

When transformed to the frequency domain the above equation becomes:
Fr=(k+y)Y +i(kn+ B)Y —aw’¥

When normalised, the above equation becomes:

fr o14ftB e
(k+7)¥ k+y k+y
2
STy Ly
k+y o

where: @] =, Lavd
o

(A.15)

(A.16)

(A.17)

(A.18)
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A.3 Vibration-absorbing isolators

A.3.1 Passive vibration-absorbing isolator

k ~ T 4

gl

2k
IB([)T my

h

B

T W)

Figure A.5: Mechanical model of a passive vibration-absorbing isolator

The kinetic energy of the system is:

7= %(m/{x'i +myk; )

From the above equation the derivatives can be found:

dr| ox, A

dfer) .
di\ag, )07

The potential energy is:

TR

=%|:2k(xj—xAy+y2)+2kxi+kﬂ(ximxAxﬂ+IE)J

From the above equation the derivatives can be found:

av

P 2hx, = 2ky +2kx, —kyx, —kyx, = (4k—k, ) x, —kyx, -2k
x4

é}—{w=wkﬂx,,+kﬁx,3

ox,

(A.19)

(A.20)

(A.21)

(A22)
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The equation of motion can be found by substituting the derivates in Lagrange’s equations and
incorporating a hysteretic damping model:

[mA 0}Fﬂ}{%(um)ms(1+m,,) —kﬁ(1+in3)}[x,,}=[2k(l+iﬂ)y} (A23)

0 m, | % ~k, (1+in,) ks (1+imy) || =, o

The second equation can be rewritten in the frequency domain as:
~k, (1+f7?a)X,1 +[k3 (1+z’771,)-a)2mBJXB =0
ky (Lrimy) o (A.24)

Xp=
# kg (1 +if;t3)—a)2m3

By substituting for X in the first equation the response of X, to the input ¥ can be found:

ey (14+7,)
ky (1+in,)-w'm,

{[41: (1+in)+ky (1+in,)—w'm, [, (1+in,) —mzmﬂ]—k§ (1+inﬂ)2}XA
=2k (1+in)[ ky (1+in, )~ em, |V
2k (1+ i) iy (1+ iy ) - 0 |
[4k(1+in)+k, (1+iny )~ o’m, ][k, (1+in,) = 0m, |~ ks (1+ i, )

[4k (I+in)+k, (1+iny)—w2nzA:]_X'A —k; (I+in,) X, =2k(1+in)Y

(A.25)

X,
v
The transmitted force can now be found in terms of the input by using the above transmissibility:
F=2k(1+in) X,

~ 4k* (1+in)’ [kﬂ (I+i7;.'ﬂ)—a)2m5:| v (A.26)
4k (U in) by (14 im,) - 0% m, [ Ky (14 i7,) ~ w0y |~ K2 (14, )’

Rearranging the above equation gives the normalised dynamic stiffness:

4k (T+in)k, (1+ir;r3)(l+i?]b, -’ izi]

7 A

. . . 1k , " . m 1 ,
4k(1+in)k, (1+m3){1}+m+z—ki(1+”h’)—wzﬁ}[lﬂ% —a? k_:J—ZT(l-H%)}

This equation can further be manipulated to be a function of non-dimensional terms only by
introducing the natural frequencies:

Fr _
iy | 1k oY oY 1k
l+in+——2(1+in V= — | H1+im, ~| — | I~=ZE(1+} A28
I n 4k( 1) @AJM My (CUHJ 4k( ) ( )
where: @, = Ay Wy = L.
n, By
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The frequencies at which the dynamic stiffness is equal to 1 can be calculated to define the bandwidth
of the device. For an undamped system the condition is:

Fr]
kY
LR
kY

=1

The stiffness ratio is given by p = ky/ky. For F/kY = 1:

For Fy/kY = -1:

@ 2
-1 =
Lo (m‘“j =1
kY | 1 oY [ 1
+_. —_—] —— R R — P
4#" @, @, 4”"
2 2 2 2 2 2
@ 1] H I @ @ @ @ I
| |zl e | ety —— gy | — | | | | e | — | ——
g Wy 4 4 0y @, @, Wy 4
(3 ()5 )
e e I o R B e B el 1)
4 Wy @, @, (g

2
e
£y ((DB) _
ol oY, (Y] 1
+—p, —| — == =4
4ﬂl [caA Wy 4#[‘
2 2 2 : z z
o [0} 1 1 @ & &@ & 1
I—|— | ==1+|— | - +=p, | — | +| — | =| — | | — | +=m
Wy ay 4 4 ay @, W, Wy 4

i
0= o —[Z,ukcai +2a} +m§)a)2 + 20} ]

(A.29)

(A.30)

(A.31)
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The solution for the above equation is:

o = ~b b —dac

- 2a

2
1 2 2 2 1 2
kam,,+2coA+a)l,i Z;zkwj+2a);+m§ - 8wlo;

2 2
Eyk+2+[ﬂ"~] - lyk+2+[3)~’5—J
ay 4 [ 4 w,

_ 3(3)‘J (A32)

A.3.2 Passive vibration-absorbing isolator (multiple-absorber VAI)

<

I??A

T x,(0)

@y O, @

i
;

F,
2h
2h

H

’[‘ 0

Ry T

Figure A.6: Mechanical medel of a multiple-absorber VAI

The derivation follows from the previous case where one absorber was considered. The kinetic energy

[EN

From the above equation the derivatives can be found:

dafar
dr\ ok,

N
T= %[mgi + Zm,:i:f} (A33)
g=i

J: mx,
(A34)

4)or
dt| ox,

Xy
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The potential energy is:

1 N

9=l

i N
=EI:4kxi m4locAy+2ky2 +quxi -ququA +kqx3:|

gl

From the above equation the derivatives can be found:
N N
Ll Ak+ Yk, |x, = D kx, —2ky
BIA g=1 g=] #
4

=k x, +kx
4 A ¢
qu

(A.35)

(A.36)

The equation of motion can be found by substituting the derivates in Lagrange’s equations and

incorporating a hysteretic damping model;

The first equation can be transformed to the frequency domain:

L oY 18k, 1,
{1+m+zz?l(l+mq)—[w—f1) }XA—EQZ;—'%(1+WQ)X?=-2-(1+m)}’

=

The ¢ equation in the frequency domain is:
—k, (1+in,) X +[ &, (1+in,)=0’m, | X, =0

The displacement .Y, can now be found:
k, (1 +in, )

g A

k, (E+i77q)——a)2mq

This equation can be used to eliminate the X, degree of freedom from Equation (A.38):

Nk . a ¥ 1k f+i??)2 |
S tim)-(2) A5 ey
1+mq—(-a:—]

q

| =

1+in+

g=] A g=

m, 0 0 - 07%,
0 m 0 0| %
0 0 m, 0\ |+
L0
00 0 0 mylxy
- ; -
dk(1+in)+ 3k (1+in,} & (+in) -k (L+in) - =k (+in)ix,] [2k(1+in)
g=1
—k, (1+im,) K (1+in,) 0 0 s g
—k, (1+77,) 0 K (1+in,) - 0 o .
: : : 0
~ky (1+iny) 0 0 0 ky(1+iny) & 0

(A.38)

(A.39)

(A.40)

(A.41)
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The transmissibility between the intermediate mass and the excitation point is therefore:
1 ;
X, 5 (1+in)

v o1&k , w Y
l+m+EZf(l+mq)-[$~J -

=l

The force transmitted is;
Fp=2k(1+in)X,

From which the normalised dynamic stiffness can be found:
o (1+in)

B
kY L&k, o V1 1&k  (1+m,)
1+m+zz—f—(l+my)—[EJ :E—-Zz—fmm(:—m———f;——

4=t

A.3.3 Passive vibration-absorbing iselator (non-linear VAI)

(A42)

(A.43)

(A.44)

For this case the auxiliary spring in Figure A.5 is assumed to exhibit Duffing non-linearity and the
auxiliary system is viscously damped while the primary system is undamped. The equation of motion

for the intermediate mass is:

MR+ oy (G =3y )+ Ak +Ey (3 =, ) +ak; (x, —xﬁ)3 =2ky

M., Cy.. . k k 3 1
Zi‘xa +Ei'(IA—xB)+xA+'4_—?C—('xA_xﬂ)+a1—;{;(x44_xﬂ) =37
1. Uk 25, . 1k 1 & 5 1
EXA+Z_J%B;&(IA_I”)+IA+ZTB('T‘_xﬁ)-’—aZf(x"_xﬂ) =Y
Lo Lk 2 . k 1k 5 1
x4+1f—a)€£—mj(x/l—xﬂ)+mja+Z—k"‘—mj(xd—x3)+azf—m§(x/{—x_,s) maa)iy

The auxiliary system equation of motion is:
MyXp =y (iff _in)_ka (xg—xp)-ak, (IA _xﬂ)s =0
Xp =200, (xd_iﬂ')_w; (xA —xﬂ)-cxa); (xA —xﬂ)3 =0

56'3—243601,()&‘4—)23)‘—0);I:(_IA—JCH)-!—C!(JCA-—xﬁ)3]=0

(A.45)

(A.46)

The force transmitted can be calculated by solving for x4 in the above equations and then applying:

Jr

= =1x,

k

(A.47)
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A.3.4 Adaptive vibration-absorbing isolator

Fin)
2k
m, T £ (0
ky(6), h
2k
x,(0) T Mg

T Wiy

Figure A.7: Mechanical model of a tuneable VAl

The equation of motion for mass m, can be written using Equation (A.45):
mi, ey (%, — %y )+ 4o, +hy (x, —x,) = 2ky
m, k 1 (AA48)

o Cpor. .
A +ﬁ(x,1 —p)+x, +ﬁ(xfi _xﬁ)=EJ’

The damping terms can be written in terms of the primary system stiffness so that it is independent of
the stiffhess ratio:

4 4k 2%
p (A.49)
where: ¢ &—ﬂu—c_, @y = |——
2m o, iy

Introducing this relationship and the primary system natural frequency into the equation of motion

produces:
14’,, i |

Lt - ) x, X=Xy )=—
‘Di 3 B(A £y )+ %, 4.“r¢(A n) 57
¥ +l§3—m2(i -, )+ @ix +—l~ H(x,-x, )= o A.50
A W\ Xy T Xy %4 .Uka’A(xA xe)“ w,y (A.50)

2 @, 4 2
where: @, = hil

m,



The damping term can further be simplified in terms of the mass ratio:

l-w 1= -
Eé’s‘a):iw;azzgsz M@= Cpof [, 0,
&

hil (A51)
where: %: U k Pa 29 i
Dy k PN

The equation of motion is now:

. = . | Lo,
Ryt 1, Sy, (-~ iy ) @4 +Z.Ukm,21 (x4=x5)= "2"“)}3’ (A.52)
where the stiffness ratio is the only parameter that is a function of time.
The equation of motion for the auxiliary mass can be found from Equation (A.46):
ity =y (G gy )~ ky (X, —X,) =0
(A.53)

ﬂ‘fﬁ"c_ﬂ(ia — )= (x, %) =0
ky 4

The damping term can be simplified as follows:
s 4k G 418 28 (A.54)

ky kpdk w28, u @y

Substitution in the equation of motion yields:

1. 28, .
Z)’”z‘”xu””””"f;"(xfi_xﬁ)_(x»i_xa)=0
b A (A.55)

w 2 . .
x,,-mg—amé (%)~ %5 )—p (x,—x;) =0

ks
2
@y My Ky
o kK
My
A.56
& (A.56)
ff)i___ i ,__4ﬂfik_4#m
C‘J; ﬁn?_ my ky My
my
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Substitution in the equation of motion yields:

.. 2 - w . . 1
S T el h (xA “Ia)“"ﬂmi (J‘A“’xa):o

H 0y 4 4,
. 2= 1 i Ty o
o F s N o —x.Y=0 A.57
Xy i NS 5 p——um 0y (xA B) a5 Dy (xA xB) ( )

. &y .. 1u
- -x,)-—o
Xn \/;; 0y (xA x}s) v y
In the frequency domain, when using the hysteretic damping, the normalised dynamic stiffness can be
written in terms of the mass and stiffness ratios, The equation for a passive VAI (Equation (A.28)) can
be rewritten using the relationship in Equation (A.56), yielding:

2
ou | w
i+in, -2 —
B " w (w)
kY 1 2 1
I+ P;(“‘"?a [m] 1+in, —-——[-EL -——,uk(1+i:73)2 (A.58)
ay, o, 4
k
where: g, =2, g, =k
m, k

The undamped frequencies of maximum dynamic stiffness can be found by equating the denominator

of Equation (A.58) to zero:
i w Y oY| 1
E+~—,uk—(——-] 1—41‘@-[—~} —p =0
4 @, mlo, 4
3 2 z 2 z
11, (ﬂ] _4&[_@_) _4&@.} 1, wm(gj (g] L,
(3 k (A
47 \o, o, yktm), 4 wlo, ) \o, 4
3 z 2 2 2
sl
@, Hy \ @Dy "o, M \ Dy )\ 0y (A.59)
0! — 0w}~ 4En e}~y 0} + 450 =0

Ay My

4 gt —(mj + 48 2 +;t,,,mi)m2 +o' =0
H .

o - [}1 A a) +CL)A+ ) }Jka)ﬁ)mz +%.&&mj =0

e "

The positive roots of the above polynomial are:

_=h~b —dac

Q%’Qi B 2a

1 1 ‘

PISRRTEN [PR NSO P

M Jl}?
o2 0 = b ’: ! (A.60)
Z
i&+I+ ! J.u,{i\/(1 Hy +1+~1~MJ 4
Q'.’. Q2 - 4 Hy 4 4 iad 4 "t
peacy T Y 2
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The above equation can be normalised as follows:

1 u 1 1 u 1N L
ek o LT A [—-—k+1+—p) -k
QO 4, 4‘\j4um 47,

3
@, o, 2

(A.61)

A.3.5 Active vibration-absorbing isolator (acceleration and displacement feedback)

T w0

m,
ky b
k h
xﬂ(r)T m % N 1\
¥n

Figure A.8: Mechanical model of an active vihration-absorbing isolator

The control force is using relative acceleration and displacement feedback with gains  and y:
JA)=a (¥ =3 )+y (%, -x,) (A.62)

The force can be introduced on the right hand side of Equation (A.23). This leads to:

{md 0}[fA]+[4k(l+in)+kﬂ(1+inﬁ) _kB(1+mﬂ)}[xﬁ]m[zk(lﬂn)wﬁ} (A.63)

0 m, || % —ky (1+im,) kﬂ(l-}-inﬁ) X, ~f

When simplified, the above equation becomes:

|:mA+a’ e }[:‘c’,‘]{u(wm)we(1+in,,)+y mkﬁ(Hinﬂw}{xd]=[2k(1+in)y} (A.64)

—a  mytalli, ~ky (1+in )=y ks (T+imy )+ 0

X5

In the frequency domain the above equation yields:
L4k (14 in)+hy (14 ing )+ y - o (my + @) | X, = [k, (1+in, ) + 7] X, =2k (1+in) ¥

, (A.65)
—[k,, (1+in3)+y]X,,+[k,, (l+in)+y-o (mﬁ+a):|XE =0
The second equation can be simplified to give an expression for Xy
L1 Sl Yt S (A66)

ky(1ing)+y -0 (my+a) *
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Introducing the above equation into the tirst equation yields the transmissibility:
[4k (1 in)+ky (1+ing )+ 7 =@ (m, + @) | X = [k, (1+im,)+ 7] X, =2k (1+in) ¥

[4k (1 in)+ kg (14 im )+ 7 = 0" (m, + @) | X, ~ [k, (1 +in,) +7] ka(1+:;i§1++:~?~ﬁr3}j(ymg —
_ 2k (1+in)| by (L+iny )+ 7 —0* (m, + ) |
[4k(1+iv])+k3 (1+iny)+y -’ (m, +a)][k3 (i )+~ (m, +a)]—[kﬂ (I+inﬁ)+y]2

X, =2k(l+in)Y
XA
}/

(A.6T)
For the undamped case the force transmitted is:
Fo=2kX, (A.68)
Substituting for the displacement of the intermediate mass in terms of the excitation:
K 4k* Ek3+}’—(gz (mB+CZ):| (A 69)
Y [4k+k5+jf—-a)l(md+a)}[kﬁ+,v—a)2(mﬂ+a)}-[kﬂ+,v]2 ’
The above equation can be non-dimensionatised:
Lo T2t
B kpty
kY [l+kﬂ+ymwz m,,+a] e Puta | _kuty
4k 4k k,+7 ) 4k
= (A70)

4k

where: m, = R
m,+a

The Routh-Hurwitz stability criterion is evaluated using the characteristic equation and the sub-
determinants defined by the coefficients of the characteristic equation. The characteristic equation can
be found from the determinant of the equation of motion, which for the undamped case is:

D(S)_4k+kﬁ+}'+sz(mA+a) —k, -y -5
- wky -y -5t ky+y+st(my+a)
z[4k+kﬂ +y+5t(m, +at)}[k‘tj +y+5 (m, +a):|—[-k_,1wywsza]2

=[mym, +a(m,+m,)]s* +[4myhk+dka + (my+m,)(ky +y)]s* + dkky + 4ky

(A.71)



The Routh-Hurwitz criterion requires that the coefficients of the characteristic equation be larger than
zere (Rao, 1990):

ay=mgm, +a(m,+m,)>0

> -l
m, +
a, m4mﬁf+4ka+k3m3 +ymy vk, +my >0 (AT2)
- 4k >0
a, = dkk, +4ky >0
v >-1
k.ﬂ
Additionally for a two degree of freedom system the following inequality must be satisfied:
aa,a, > a,a; +a,a; (A.73)
The above condition is not satisfied and it is concluded that the system is marginally stable.
A.3.6 Active vibration-absorbing isolator (relative velocity feedback)
For a control force defined by the relative velocity feedback is:
ﬁ(t):ﬂ(xﬁ“".%) (A.74)

The equation of motion must necessarily include a viscous damping model;
[m,, 0 ]Fﬁ]{ctcml, _cﬂ]{{c‘}rmk‘? _kﬂﬂxﬁ}z[z@ucﬁ ﬂ('xﬂ -x,,)} (AT5)
0 my | X, —Cy ey 1 %5 —k, ky || xy —ﬂ(x‘,, ——xA)

When transformed to the frequency domain the above equation becomes:

dk+ky +iw(dc+e,+ f)-a’m, —ky—iw(c, + B) Xa|_|2(k+iac) ¥ (A.76)
—kg_iﬂ)(f}}+ﬂ) k8+jm(c}}+ﬁ)_mzmﬁ |iXE ) 0 .

The second equation can be used to find an expression for the absorber displacement:
Ly tio (e, + )| X, [y tio(c, + B)~@'my | X, =0
K +iw(c, + f) v (A.TT)
ky+io(c, + f)-w’m,

B
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When the absorber displacement is eliminated from the first equation of Equation (A.76):
[k + &y +ieo(dctc, + fy-a'm, | X, [k, +io(c, + B)] X, =2 (k+iwc)¥

[4k+kﬂ +im(dc+cy +ﬂ)-a)2mﬁ:]XA —[kﬂ +io{c, +ﬂ):| i +ﬁ;}i?£cg;uﬂazzmﬂ X, =2(k+iwe)Y
{[4k+kﬁ +io(dc+e, +ﬂ)—cul'm,,:[[kﬂ +iw(c, +ﬂ)—a)2m3}—[k,3 +im(c, +ﬂ)]2}XA = (A.78)

2(k+fcuc)|:kn +iof{c, + ﬂ)_wzmn]}’
2(k+ia)c)[k,, +io(c, + ﬁ)—a)zm‘.;:'

X =
[4k+ &y +io (e +c; + f)—'m, | Ky +ico(c, + B) - @*m, = [k, +io(c, + B)]

The force transmitted is:
F, =2(k+fcoc)XA (A.79)

When substituting the intermediate mass displacement, this equation becomes:
2(k +r?a)c)|:k_E +iw(c, + f)- cuzmﬂ.]
[4k+ ky +iw(dc+c, +/3‘)—a)2mA][kB +io(c, +f)-a’my |-[k, +io(c,+ B)]

%'—zZ(k-o—iwc)

~ (A.80)

The equation can be normalised as follows:
2
4klkﬂ[1+i2igj [mz-—gﬂ }
o Da
¥ 1k @ w k 1) ’ @ ’
G| 1+ 232 e g | — 1+2— — k2I2
e [mA§+a)E k 43] [mdj i [mﬂ] [ * g’*J
2 2
[1+i2£‘lgj lufz—“’—gﬂ—[ﬁ’—] J
B W, Wy wy

o s 2 T - (AsD
1 @ 1 @
1+~"2 42 +A*—” 142 e ———Li1+i2—
[+4k '[ Ay g”} [m,,”{” mi,gﬁ [%” 4k(+’ wﬂg‘jj
where: £ = < §E=C”+ﬂ
2m 0, 2mgo,
The characteristic equation is:
Dis) dk+ky+s(dctey+ ) +s5'm, —kﬂ—s(cﬂ+ﬂ)
Si=
—ky (e, + 8) ky+s(c, + B)+5°my
m[4k+kﬁ+s(4c+cg+ﬂ)+.s'2mA]|:kﬁ+s(cn+/3)+52mﬂ]-«[kﬂ+s(ch+ﬂ)]z {A.82)

= mmys’ +(demy +cymy +mcy +m f+ Bmy) s’ +(dkmy +m ok, +dcc, +def+kymy) st
+(4cky + dke, + 4k ) s+ 4k,
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The Routh-Hurwitz criterion requires that the coefficients of the characteristic equation be larger than
Zero:
ag =mmy >0
a, =4cmy +ogiy +mcg+m 0+ Sy >0
Ly, —de T
iy + ny
a, =dkmy, +m .k, +Adcc, +def+kym, >0

f>—c, - e KMk (A.83)
b ac ¢ 4c
ay =4cky +4kc, +4kf >0
k
L ps-cy —-c—f—
a, =4kk; >0

Additionally for a two degree of freedom system the following inequality must be satisfied:
a,a, > aya; +aal
(demy + comy +mcy +m, B+ Bmy Y(dkmy +m ky +dcc, + dcfi+Fymy J(Acky +dke, +4kB)  (A84)

> mgmy (4cky + ke, +4kﬁ)2 + 4k (demy +cymy +mcy +m f+ ﬂm,,)2

The worst case occurs when the intermediate mass damping is equal to zero and then:
f>—c, (A.85)

A.3.7 Active vibration-absorbing isolator (absolute velocity feedback)

The contro} force when using absolute absorber velocity feedback is:

fo(0)=B%, (A.86)
The equation of motion is:
I EARE SRR EAN Ak+ky —ky |[24] 2hky +2cy+ fxy | (A87)
0 my || X —Cp ey || g —ky ky || xp ~-piy J

When transformed to the frequency domain, the above equation becomes:

{4k+kﬂ tio(dctey)-a'my,  —k,—io(c,+ B) }[Xﬁ}= [2(]‘”“)}}’ (A.88)

~k, —iwc, ky+io(c, + f)-o’my || X, 0

The second equation yvields the absorber displacement:

- k, tiwe, I% A89
? kﬂ+im(cﬂ+ﬁ)—a)2m,, . (A-89)
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Introducing the above egquation into the first equation yields the transmissibility:
[4k+kﬂ +f.cu(4-c+c3)-—lsoznﬁzli])('ff ~[ky+iw (e, + B) | Xy =2(k +ioc)Y
k, tiwe,
ky +a'a)(c“i +ﬂ)—a)2mﬂ
{[4k+ ky + o (4c + cy)wmlmA][kB +io(c, +ﬁ)—m2m3:|—[kﬁ +iw (e, + B) | (k, +ia)cﬂ)}XA (A.90)
=2(k+ ia)c)[kH +iw(c, + ﬂ)mmsz]Y
X, 2(k+ia)c)[k3+ia)(cﬂ+ﬂ)—a)2mﬂ:|

v [4k+k§ +ia)(4c+c,,)—a)2mﬁ]|:k,, +iw{c, +ﬂ)ma)2m3]w[kn +io(c, +ﬁ)](kﬂ +iocy)

[ 4k ky +io(dcte,)—o’m | X [k, +io(c, + B)] X, =2(k+iwc)¥

The force transmitted is:
Fo=2(k+ioc) X, (A.91)

Substituting for the displacement of the intermediate mass in terms of the excitation:

By 4(k+imc)2[ka+im(cﬂ+ﬂ)—a)2mﬂ:|
Y [4k+kB+im(4c+c5)—mzm4][kﬂ+ia)(c3+ﬁ)——a)2m,,:|—[k3+ia)(cﬂ+ﬂ)](kﬂ+ia)cy)
2
[1+ia)£] []+ia)£ﬁ+—ﬁ—m2¥m—”] (A.92)
E_L.: k k, k,
kY 1+1ﬁ+fw[m]—wzﬂ 1+inSt B M kPl
1k 1k 1k k o : x,

The above equation can be non-dimensionalised as follows:
2 2
(1+52g3J i:l+i2£§,,[l+£]-—[£} 1
fz’. a, [ <4 [

K 1k . @ Lk, @ oY L @ B oY 1k, @ ¥i) Y @ A93
{]+ZT+I2[Q—A¢+E—Z—;;~§B]—(B:J 1+IZE;¢R[1+§J-[E);J "Z"'“E“ §+i‘2‘(";;§ﬂ{1+:;] [l+I2E¢BJ ( )

c

c
where: { =—f—, (=
2mym, Im,,

The characteristic equation is:

Ak vk, +s{dctey)+sm, —k, —3(c, + )
~k, 8, kB+iaJ(cs+ﬁ)+s2mB

=[ 4k +k, +5(dc+cy)+5'm [y +5(c, + B)+5'my |~ (ky +50, ) ky +5(c, + B)]  (A94)

=5tm m, + (demy + e my, +m e, +m B)5 + (dkmy +kymy + dce, +dcf+m k)

+(dkey + 4k B+ dcky s + dkk,

Dis)=
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The Routh-Hurwitz ctiterion requires that the coefficients of the characteristic equation be larger than
zero:
a, =nmy >0

a, =dcmy +ogmy +mcp+m >0

Bey {Hﬂ]_%ﬂ

m, n

ay =dmy +kpmy +dcc, +deff+m o, >0
(A.95)

c dc 4e
ay =dkc, + 4k +4ck, >0

Ky
R e
Br—cy~c P
a, = Ay > 0
Additionally for a two degree of freedom system the following inequality must be satisfied:
a,a,a, > aya; +a,a;
(demy +cgmy +mcy +m, SY(dom, + kym, +dee, +4cff+ m kg ) (dke, +4kB+4ck,)  (A96)

> mmy (4he, + 4k +dck,) +4kk, (demy + cymy +moc, +m, BY

The worst case occurs when the intermediate mass damping is equal to zero and then:
B>-c, {A.97)

A.4 Amplified vibration-absorbing isolators

A.4.1 Passive amplified vibration-absorbing isclator

m

T x()

o |

Figure A.9: Mechanical mode} of a pendulum AVAI

The continuity between the response excitation and the pendulum displacement can be written by
considering Figure A.10.
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Figure A.10: Continuity description

The distance travelled by the absorber mass and its angle of rotation can be written as:

[ RY R
xﬂxlmme+—-y
roor (A.98)
g=2"1

s

The kinetic energy can be found in terms of the excitation and response degrees of freedom by
substituting the absorber degrees of freedom using the continuity equations:

1, . . :
T = E(mx2 + mﬂxé +1662)

2 A.
1 RY I,|.. RYR I,].. 1 RY 1,1, (A.99)
==l mamy| 1= | d=d X4 My | 1 — | === (XY | iy | | A Y
2 ¥ F rjr r 2 r ¥
From the above equation the derivatives can be found:
2
ﬁw[ﬁi){mﬂ@_ﬂ] J_g}h[mﬂ@mﬁm_f_g.}y
de\ &% F r rlr or
(A.100)
dfery_|, [EJL ool m (1 R\R _La s
di\ oy Plr r? Y v )r
The potential energy is:
Vzwék(xmyf (A.101)
From the above equation the derivatives can be found:
av
—é,;:k(x”“y)
(A.102)
oV
== k(y-x)
ay
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The Rayleigh term is:

R=%c(;’c—j})z (A.103)
From the above equation the derivatives can be found:
IR .
= =c(#-7)
{A.104)
oR I
e (}’ ”I)

The most general case including both viscous and hysteretic damping gives:

w5 & i ¢ -+ - x
Pl g T T e
rjr LA "

If the ¥ degree of freedom is prescribed and no external forces are acting on the system the second
equation must be neglected and the equation of motion becomes:

RY I le. . RYR I.].. .
{m+mﬂ(1-——r—] +;%’—:|x+cx+k(}+n)xz—[mﬂ[}—7J—;-—-;g—i|y+cy+k(1+q)y (A.106)

In the frequency domain the above equation can be used to give the transmissibility:

k('i+r;p)+i.cur:—.cuz{:m',‘3 {%—1)£+1—§}

7 ¥

(A.107)
2
k(i+n)+imc~—m{m+m3 (] _.EJ +LG:I

F

r2

The above equation can be non-dimensionalised by introducing the isolation and natural frequencies:

2
1+m+i23§m(5’-]

o @,

_ n i

2
1+m+i2-"ig—[~9m)
o, w

Ed

f k
where: ! k @, = <

@B = B , = , 4=
" R : I; R ]R I R o
b G " ~1 + - g
\/m+mﬂ[r I] +r2 \] B[r Pl 2| m+ 1| + @,

(A.108)
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The invariant frequency can be calculated by setting the absolute value of the transmissibility equal to
1. For transmissibility equal to 1 the trivial solution of zero results. When the transmissibility is equal

to -1:
2
2
@
S G IV |

2
N
a)ﬂ

2.2 2.2 2.2 2.2
mﬂa)i - mﬂ O‘)A m Wa)” a)z‘ + ﬂ),- a)A

20i0) = (a),f + a)fz) @} (A.109)
@2
o 1+£"4;
a)n
Dy

The force transmitted can be calculated by using the first equation of Equation (A.105) and
calculating the force £, needed to restraint the displacement x to zero:

{ms[E—EJ£+%_}ym@—k(l+n)y=L (A.110)

r F

When transformed to the frequency domain, substituting the external force (F,) with the transmitted
force (-F7) and neglecting the viscous damping, the above equation becomes:

{a)z [m}, [EMIJE*'{%]_}‘(HW)}Yﬂ £
¥ ror

i (A.111)
fr k(1+in)~a’ l:mB (£w1J£+%’—}
Y ¥ ror
Which can then be non-dimensionalised as follows:
2

F, ) @
—L =y - — All2
L iy [w] (A112)
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The damped natural and isolation frequencies can be calculated setting the derivative of the transmissibility equal to zero:

r 27 1)z
SRIRES
Xl 2|l \® @

P 2 2T 2
el e 429
1 Jw , @, w, @,
5 12 3 =
2 oY w Y : :
o o=
2 4 2 2 4 2 z 4 2 2 4 2
AT Al A AT <) A Tl 2 (2]
Cw @, @, @, o, @, @, Jw @, @, @, @, w, @,
gjw% 44 : l+iéd—l_2—co2+—1;m”‘ - iﬁ_jeri_m: 1+ o2 m2+—1—4a)”’ =0
(05 i a).' a)n a)ﬂ w.: 6')"2 C‘"J: ﬁ'): mfz (0!
S Y (N S SO R R i)
o & \o o o) wle oo’ oo
2 : PP 2
[‘”J -1 H‘”—J -1] +3§2[ “’J +1}
Q,, Q,— B @, w, o,
)
(A.113)



A.4.2 Passive amplified vibration-absorbing isolator (muitiple absorbers fitted)

Figure A.11; Mechanical modet of multiple absorbers fitted to a pendulum

The continuity is again given by Equation {A.98). The kinetic energy is;

| . e
T ug[mxz +myiy +1,6° +2qujJ

Faid
-;—”:m+mﬁ [1—%}2 i 13’ +2|:m3 (i ——?J?—%’—]xy +|im8 (?]2 +é§_:{y2 +§mq5€;
From the above equation the derivatives can be found:
%[gj=[,n+m5(l_gjz LH (-2)2-22];
%(%]: {m,, (?T +§§-}y{mg (1-1:-]-‘;--%—}5 (A.115)

d| aT .,
| e | 11X
dt| 0%, T

The potential energy is:

} (A.114)

(
(1-%]2 +2(1-w]§«}fxy+(-»}§-)2y2—2(1—§}mq—§qu+x5]}(A.116)
]

Zk +2(1——J—]—xy2k +(RJ yzgkq~2(l—§Jx§;kqxq
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From the above equation the derivatives can be found:

av RY' & R R

LA IR ETE I o -2 2% % R

S [ (-3 J[ L3155 *f]” 1)

o _ [ [I—EJRikq}r+ k+[ ) > k, |y- ) k.x, (A.117)
dy I | gt L

av R R

LA Y [P A L

x, “'( J*Jx 7 ry+ v
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The complete undamped equation of motion is:

i B Ve R R R )
k+m+(~«~1) k +in, (—wi)k‘(ii-iql) (——l)k!(]+ir;:) (“mi)kr(l‘rr‘r,")
X ; i ’ ¢ r r L ERY A
mim [—=1] +—~ 0 0 - o0l ¥ x m | d e
. : R s :
r r B (w—i)k‘(i-t-m‘) k 0 0 s r ror
Q mo 0 ol r ’ 0
o+ r x| F+
0 0 om0 s 1|k (144 Q k 0 : 0
: r : ) : .
0
£ o x
0 6 0 0 m L 0 ]
L , R
=~k (z+im) 0 0 o k
L r =

y+i 0

(;\.1 18)

With the x degree of freedom forced to zero by the force £, the first equation of the above set of equations can be transformed to the frequency domain:

R

=R _ (R R ‘ R I
F. =§(;——}}kq(1+zm)k’qm{k+m‘+(-r——lj;—§kq (1"'"?4)—032[??13(”;“1)";"”;?}}}’
The 2™ to ¢™ equation is given by:
. R )
I:kq(1+mq)—-a32mq:|Xqm::*kq(iﬂnq)}’

R .
v - ?(14‘1179)

4 @ 2 Y
()
Cl)q

By substituting the above equation into Equation (A.119) and noting that Fr = -F, the normalised dynamic stiffness can be written as:

B[ BBk E’.Efi]iwﬁmﬁ),m
k}’MHmJ{ 1Jrzk(1+mq)[ J ~| = lgk

z
F g=i CU, l . [0
+ H’]q - —
a)‘i‘

{A.119)

(A.120)

(A.121)



The undamped frequencies of zero dynamic stiffness can be found by setting the above equation to

zero. For one absorber attached to the pendulum mass the two frequencies are:

n k 2
1+[£_1J£z_l__ o -_@[“}EMEJ&M:O
r re k , FAF .lcI (o))

@, )
o |} +[£——-1]££mﬁ +o! |0 +olol =0
r rk
7
k k
ﬁmijﬁ—'wf +af + o] [—13 —E)E——i(uf +ol +o] | ~d0’w]
r rk r rok

(@) (@3) =

2

A.4.3 Passive amplified vibration-absorbing isolator (non-linear)
For a system with Duffing type non-linearity the equation of motion is;

2
‘:m+r;mi (I—EJ +]—<2"}c'-~-|:n‘11,j [l~£)£““{%:lj5+c(.t—i’)+k(x_y)"‘aks (x“}’)3 =0
r ¥ -

F 2 ¥

This equation can be non-dimensicnalised as follows:

2
I
I:m+mﬂ[}—£J +—%} {MB[E_EJE_%:I
r F rjr or
X+

k k

pro(x=3)+ (x=y)ralx-y) <0

1. 1 . ..
Ex—-a;z—y+%(x—y)+(x-y)+a(x-—y)320

o,

f—[—}lwzcm,, (x-3)+ @} [(x-y)+a(x-y)']=0

@,

(A.122)

(A.123)

(A.124)

A.4.4 Passive amplified vibration-absorbing isolator (motion transformation system)

Figure A.12: Mechanical model of motion transformatien system
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Continuity between the input, output and the rotation angle of the mass can be written as:

L x-y
rianec

where r is the mean thread radius and « the helix angle of the thread.

The kinetic energy is:
1 ,
T= E[micz + 147 ]
i, I ]
=2 i o e (52 = 2+
2[ rztanza( 7+ )

From the above equation the derivative is:

NN N
di\ o% rtan et a”

The potential energy is simply:

v =%—.l'c(x»« y)2

From the above equation the derivative is:

The equation of motion can now be found:

/ ., . I . )
[m-&-m)x+k(l+n])x =m_}’+k(l+lq)y

The equation of motion can be transformed to the frequency domain:
! I
k(1+4 —wz[m+ ]]X=[k 1+ir —0)2—}’
[ (1+im) Ftan’ o (1+1) Ftan® o

Form the above equation the transmissibility can be found:

N 2 !
X k(1+in)-o e
14 , 2
l+in)-~ +
(1+in)-e [m P tanzcc)

The undamped isolation frequency is found by equating the numerator to zero;

(A.125)

(A.126)

{(A.127)

(A.128)

(A.129)

(A.130)

(A.131)

(A.132)

(A.133)
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A.4.5 Adaptive amplified vibration-absorbing isolator

Figure A.13: Mechanical model of an AVAI with flexible fulcrum

The continuity between the xp, x and u can be written as:

Foo-3)
Xy g | [ ——x
r r

(A.134)
qu-x
¥
The kinetic energy is:
T :%{mf + my %5 + 167
2 2 (A.135)
:i{mxumy [(1~£) x%z(lm-ﬁ)ﬁxm(ﬁ] u2}+£§¢(u2m2;&+x2)}
2 r rjr r I3
From the above equation the derivates can be found:
d(af) ( R)R 1. (RT Io |,
| e | g | == |- = (Bt oy | — |+ i
di\ on FJr F r r
2 (A.136)
d(ar RY I.]. RYR I.].
—| = l=im+tm|l—— | +5 ¥+ my|I-—|——— |ii
di\ o r r rjr or
The potential energy is;
1
V:E[k(x—y)z+ku(u—y)2]
(A.137)

= %(k_xz = 2hxy + (k+ k) " — 2k, uy + ko’ )
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From the above equation the derivates can be found:

a¥
O okt k) y—ku—kx
Py (F+k)y—ku

o

=ku—ky (A.138)
u
oV
kA T
ox ky

The complete equation of motion (assuming excitation at the y-degree of freedom) is:

AR I, RY 1, |LE 0 k(+n)fe] | KQ+n)y
Hy 1——‘ ———‘2' My | — +'—2

m+m (E—-}-E—J2+~{ﬁn {1w5]ﬁwiﬁ
TE) T TR )RR [:’c}{k(lw) 0 ][xi| {k(1+n)y+f,
1

} (A.139)

In the frequency domain the I/ degree of freedom can be found in terms of X using the second
equation in the set shown above:

.
ky(1+ir}u)}’—wz{mﬁ(ﬁ—l)ig-b!%} (A.140)
X

The U degree of freedom can now be eliminated from the first equation, yielding the transmissibility
between the excitation and the response (assuming the force acting on m is zero):

2
[mﬂ(£—1]5+1~2¥]U+{k(1+in)—a)2|:m+m},(1—£J +I—§]}X=k(1+in)Y
¥ ! r r F
RY I RY I R R L
{kﬁ (E+inﬂ)—w2[m5[mJ +W€L}}{k(}+in)—wz|:m+mﬂ [i——J +—‘;]}X—{wz[mﬂ (——-1]-—+——‘;—}} X
s F r F ¥ Is r
2
={ku(1+mu)—m{mﬂ[ﬁj +1—§”k(]+in)}’—w2[mﬂ [5-1J5+1—§]ku (1+in,)y
3 ¥ r Py
P, I
k(1+z‘r;){k,, (1+1’nu)_m2[m5 [»EJ +-4 —mlkﬁ(l'\"i?h)[nlﬂ (ﬁ_l}£+—§~:l
¥ I ¥ ¥ F
RY' 1 RY 1 R YR 1,7
k (1+in,)—a® | m, -~-] +-E e k(1+iny -’ m+mﬁ{1——-] +-4 i+t mﬂ(———?{]——+—‘j
' r ¥ r F r roor

(A.141)

|
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The dynamic stiffness can be calculated by finding the force acting on the mass m that will force it to
zero from the first equation defined by Equation {A.139):

2
I
{ku (1+in,)- & [mg [EJ +—‘-§—}}k(1+in)}’—a)1 E:ms [E—ljﬂﬂr!—g}k" (t+in )Y
¥ ¥ ¥ ¥ ¥

+Fx{kﬂ (I+in")-—wz[m3 [%}2 +%—}}x0 {A.142)

I

The above equation can be normalised as follows:

Ry
1+in, —| —
@, (A.143)

fl’-a1+i?;r—
k

The frequency @, can be eliminated by introducing the stiffness ratio k,/k:

2
[
— 1 (1+7 .
F [m,) (1-+m.)

L=1+in~
! R

— 2

k . a

1+in, ——f 1 —
T]Il ku E_ [a)]

1
»

(A.144)
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A.4.6 Active AVAI (acceleration and displacement feedback)

ol ,

Figure A.14: Mechanical model of an active AVAI

For a control force given by the acceleration and displacement of the input 3
fo=aj+yy (A.145)

The dynamic stiffiress can be found by using the first equation of the set defined by Equation (A.105)
and adding the control force to the right hand side. The control! force contribution to the transmitted
force is calculated by taking the mechanical advantage of the pendulum into account. The equation is
now:

G A IS AA ) (A.146)

On substitution of the control force the above equation becomes:

{m»(Imﬁlg—%}ﬁ-k(lﬂn)ﬁfx-(aj>+7y)[§—1)
A E NC

By substituting the transmitted force and transforming to the frequency domain the above equation

b =k—y(£~[)+ik1}—m2 [mB [%—1}£+-{§«wa[£—lﬂ (A.148)

(A.147)

becomes:

A
¥ I3 v v
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The equation can be normalised if divided by the static stiffness:

e

[ ] (A.149)

W =

! R R I
R )

The stability of the system must be analysed by using the equation of motion when a mass is attached
to the system. The equation of motion is (Equation (A.152)):
: R
[m+mﬂ (E—}.] +£§-J5&+cx+kx =[m,j [—w-l] R %L]y-rcyﬁ-ky (i + yy)[£~1] (A.150)
r ¥ r

F ¥

Since no gains appear on the left hand side of the above equation the system is unconditionally stable.

A.4.7 Active AVAI (relative velocity feedback)

Figure A.15: Mechanical model of an active AVAT for transmissibility

The control force is:

fo=p(x-y) (1.151)
Equation (A.105) can be rewritten to include the control force:

2
[m+mn(£-—2] +%~J5&+ci+kx=[mﬁ[_j-?——})§+é‘zi]j3+cy+ky—fc[?—1) (A.152)
r

s [a
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By substituting the control force it follows that:
2
e R R 1.1, . ..
[’”*m}; (—E—lJ +1—;’j[x+cx+kx ={m5 [——IJ?+7~§«}y+cy+ky—ﬂ(x_y)(£_1J
F 3 3 ¥

¥ s
2
[m+mﬁ (E—E) +]—f-:[f+[:c+ﬁ[£wlﬂx+bc=[mﬂ [E—]J£+-j—g—’-:|ji+[c+ﬂ(£—lj]y+ky
¥ ¥ r F ¥ s r
By transforming to the frequency domain:
k+im[c+ﬁ(£—l)}mw2{mﬂ (—E—i)£+1—§}
2 r I ¥ r
Z
k+f@{c+ﬂ(£—lﬂ—w{m+mﬂ (E—IJ +£‘2’—}
r r r
By introducing some non-dimensional parameters:
2
a R @
1+i2-2 EANITR o
= - Dy [ﬁcﬁ(r IH (fo]
- 2
oy D R o
“’2};3;[“"’" ('}_IJ]“(Q,J (A.155)
B
2
2[m+mﬁ[£mlj +~]ﬂ‘§w]a}ﬂ
¥ ¥
The stability can be analysed by considering the characteristic equation:

z
J:m+m”{£w]) +—]%}-2+[c+ﬂ(}£—1j]s+k=0 (A.156)
r r -

(A.153)

(A.154)

where: ¢, =

The roots are:

~bt b ~dac

2a

2 2
m[c+ ﬁ(ﬁ—ij]t\j[c + 4 (ﬁwlﬂ —4[m+mﬂ [5—1) +1(2’1k (A.157)
_ ¥ ¥ F ¥
- 2
Z{m +my [5—1) +1‘2’:’
¥ ¥
The above equation will have at least one positive real part if -b > 0. To be stable the real part must be

—I:c+ ﬁ(?—])]d)
¢ (A.158)

>~

£

8128, =

negative:
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A.4.8 Active AVAI (absolute velocity feedback)

The system is described by Figure A.15 in §A.4.7. The control force is:
Jo=Bx

Equation (A.105) can be rewritten to inchude the control force:
2
[m+m3 (ﬁ—iJ +%’-].'x'+c:&+kx = [MB (-————IJ +£wa+cy+ky A (————1)
¥ ¥ r ¥
By substituting the control force it follows that:
: R 1
[m+mg(£»d} +m{m§1i+cx+kx={ ( J —‘2’-:|y+cy+ky ﬁx[_"lj
¥ 2 F s
: R R 1,
[m+mﬂ (5“1] [F}H[H ﬁ[ﬂ—lﬂ +kx = { (——EJ + eyt ky
¥ 14 r F
By transforming to the frequency domain:
k+ioc~a’ [mﬂ (ﬁ_ Jﬁ-'”{%]
Fr ¥ F J .
2
k+im[c+ﬁ(£—1)]—m2 {m+mB(RwI] +i’%}
r ¥ r
By introducing some non-dimensional parameters:
2
@ @
t+i2- g - —
G v

I+i2-§:[§ +< ("}R""E)]_(%T

B

2
2[m+m3 (E—IJ +£(2—;}60,,
r r

where: &, =

(A.159)

(A.160)

(A.161)

(A.162)

(A.163)

The stability criterion is the same as for the relative feedback case, but is irrelevant in any case since

positive feedback wiil be used and stability will therefore not be a concern.
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APPENDIX B

Derivations for chapter 2
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B.1 Adaptive AVAT with variable reservoir wall flexibility (Type I)

B.1.1 Reservoir flexibility covering full wall

oo

-

I i

u(f) L

hE e, §

i

¢

H

— b

x(f)

28]

Figure B.1 Mechanical model of an adaptive AVAI with flexibility covering the complete reservoir wall

In Figure B.1 the displacement of the top reservoir wall is equal to the bottom reservoir wall (u),

because the fluid is incompressible. Continuity gives the displacement of the fluid in the port:

ud, = (4, — 4, )x+ 4,x,

X, ={1—§"—Jx+%u

a [

2 2
where: Aa=;r%:'-, A,5=JTEL,

The total kinetic energy is:

1 ] ) <2
Tzz(mxx +m,y +mﬂx3)

2z
. y
sl em g em|[1-2 ] 2a2f1-2 | d gy
2 A, A4,

From the above equation the derivatives can be calculated:

afery_,
a oy )

(B.1)

(B.2)

(B.3)
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The potentiai energy is;
1 2 2
v =o[kx=3)  (u-5)]

: (B.4)
e E(kxz = 2hxy+(k+k, )y - 2k, uy + k)

From the above equation the derivatives can be calculated:
L (k) y—hu— ke
o
Ot
4
ox

=ku-ky (B.5)

=kx-——)'g)
The Rayleigh term is:
1 Y Y-
R—"i-l:(?(.l—y) +c, (- %) :I

(B.6)
=2 [ek~2chp + ¢ + ¢ it 2e, 0+, 57 |

From the above equation the derivatives can be calculated:
OR . L
—=(cte,)y—cu—-cx
ig

=cfi—c,J (B.7)

R
ou
?—}3 =Cck~-cp
ox

Lagrange's equations are defined as (Rao, 1990):

4 o —a—7+ﬂ=g(”) F=12,0m (B.8)
dr\ x, dx, o, !

The equation of motion can be derived by substituting the derivatives into Lagrange's equations:

m, 0 Y . - .
4V Ry ¥ fe+e, —c —c |y [kt -k -k iy 5
0 mx+mn[l—j’] mB[ Wf]"jm 4 ¢ ¢ O hx+ -F kD jx|=|f] (BY)
“ i f | -c, 0 ¢ i# -k, 0 &, ||lu 0
A VA4 A
0 | -k m. | =&
2 B[ AHJAO B(Aa]
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If the forces £, and £, are zero and the y-displacement is prescribed, the equation for the y degree of
freedom can be eliminated from the equation of motion:

T R T THE) e

FRvE 4, ? i |0 ¢ ||u] |0 Kk |u e y+Ey
my | L= | Mg | —=
AD Aﬂ' Aﬂ'
The above equation can be transformed to the frequency domain by assuming harmoenic excitation:

2
k+iwe— o’ m, +my 1—i41’- —mzmﬁ[i—iJﬁ’—
Aﬂ An Aa |:X:| |: iwc+k }Y

Ny |”
—w’m, 1—i Y k, +iwe, —w'm, 4
4,4 4,

a a

(B.11)

iwe, +k,

The second equation in the set defined above can be used to find an expression for the I/ degree of
freedom:

(iwe, +k )Y +o'm, (1—%)?—”«
- (B.12)

o

2
- 2 Ab
k, +iwc, —m my, [___)

U:

A

a

The above equation can be used to eliminate the [/ degree of freedom from the first equation in the set
defined by Equation {B.11), which leads to the transmissibility:

2
A4 A 14
(k+iwe)| k, +ioc, —w’my| 2| |+ o (K, +ioe, )my | 1-22 |2
A 4, )4

el

- : : _ (B.13)
k, +iwe, —w’m, 4 k+ioc—'{m_+m, -4 w!wim, 1—£flm <3
A" Aﬂ Aa Aﬂ

The next section will assume that the excitation occurs at the x degree of freedom as this was the
preferred orientation as explained in Chapter 2. If the forces £, and £ are zero and the x-displacement is
prescribed, the equation for the x degree of freedom can be eliminated from Equation (B.9):

X
Y

m, 0 cx + kx
j} C + Cﬂ _Cﬁ y k + kh‘ _—kﬁ y k
AN |+ |+ = 44, . (B.14)
0 m,g "Mé” & _Cu CH U Mku kx.' u _mﬁ 1__ —x
A, A )4
The above equation can be transformed to the frequency domain by assuming harmonic excitation:
k+k +io(c+c,)-o'm, ~(k, +iwe, k+iwc
: {Y] A4 X (B.15)
. . 4 =2 5 | .
—(k, +iwc,) k +imc, - a’m, [AT:J Ul jw'm, [ “”2:]”2:
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The second equation in the set defined above can be used to find an expression for the U degree of

freedom:

w'm, (1—%}%X+(k” +iwc,)Y
U= - 5 (B.16)
k, +iac, —wzmﬁ(é‘a—]
A

Tt

a

The above equation can be used to eliminate the {7 degree of freedom from the first equation in the set
defined by Equation (B.13), which leads to the transmissibility:

2
(k + iwc)'ik“ +ioc, - w’m, (%} }+ (k, +iwc, ) m, [1 - —ﬁb—jf:ﬁ

a a

= : . (B.17)
i:k" +ime, —o'm, (%’—J }[k +k, tio(ctc,)-o'm, ] ~(k, +iwc, )2

a

r
X

For the undamped case non-dimensionalisation of Equation (B.17) yields:

2
k k,,—a)zmﬁ A +kua)2mﬁ }_.‘_4}. _’_4_&
Y An Aﬂ A.'z

X RS
kk—a)zmﬂ(jl} [k+k,-o’m, |-k

o

2
(2] Jmialt
2 o 2 o i

ki, 1o +a
. kn k
4,
e k m k
kk M A] L4 g2 Ty |
H l_wl “ k k
ku
2
A A V4
w08 e s
Pt LA 2/’
- k, k
- 3
A
2m1‘3 = 1+ku 2z ¥ ku
1-w 2 k k k
ku
2 2
o, @,
= 2 z
a)l wl
where: a,f:f_‘_’ w} =, k =, &= k (B.18)
¥ Ab Ab AIJ
s g, dmiry
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If the area ratio is much Iarger than 1 then w; and w; are related:

2 _ k o T o
Wy = e TG0, WO,

()

(B.19)

The isolation frequency can be calcuiated by setting the numerator in Equation (B.18) equal to zero:

The frequency ratio m;/w, can be written in terms of the mass {u,,) and area (1) ratios:

k 4, )4,
: D w4 4
@, m, a a 5| A 4
i = = rmg— __1 L ...1
[E)-,] k my k my {Aﬂ, JAa .um(#A )pri
s

The frequency ratio w/w; can be written in terms of the mass and area ratios:

k [A,,T
2 — Mg | — 2
(ﬂ] M kA4 b@(ﬂ o
mi~A

k m, k m, A

o

Gy
“) my(d A, Lm(4)
m,\ A4, A,y m, A,

1

Hbty

(3

Ho (g = Dy pg +

(B.20)

(B.21)

(B.22)

(B.23)
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The undamped frequencies of maximum transmissibility can be found by equating the denominator of
Equation (B.18) to zero:

Rl RROl

e Lo

&I emefe] s
a2 oone (2]

“ )

The following two relations will assist in writing the equation in terms of the stiffness ratio (1 = £/k)

and constant frequency ratios:

E’L:L@ (B.25)

! “« . 17 (B.26)

When introducing Equation (B.25) in Equation (B.24) the frequencies of maximum transmissibility
can be written in terms of the stiffness ratio:

2) [_%_T:i[g—j(l+”*')+1$\/[ﬂ%]z(l+pk)+1}z_4;1;(%]2
o A6

= ' (B.27)

(1+y,,)(%i—)2+uﬁJ{(um[gﬂzwk} *M{%T
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For the damped case Equation (B.17) can be non-dimensionalised as follows:

4, }Ji

2
m | 22—
[Iﬂ'm-i) mﬁ(%] -] 1+ i S sz
k 1+im%wm2ww—# k, k

k

_ u £

X A, ’ 2
My —;1" i:l.,.ﬂ.,.fwm_w?fi}.i& 1.”'@5&
I+ia)-%—— CI Nl A k k k k k,

w 1
]2

(E+i2£§ij|:l+i2£§z-(—@—J }—(!-&-ﬁﬂg}]{
o, w, 0, @,

Blje

- : 2 ~ (B28)
k, . k
{1+—i+12( £+ k - 42] {m]] }[1“252—;2 (;’ZH T(IHZZZQJ
where: &) = 2m - §'2=——2‘——2—
! 2m, [;ﬁ:] @,

Equation (B.28) can be written in terms of frequency and damping ratios that are independent of the
stiffness ratio;

2 2 2 2
ezefz szl oz zelale
0y H, @y O @y ) My @y @; J | @

'j{;: - i _ (B.29)
144, +i2 (cj, D ng ( J 1+i3~—?—‘—@—§_2—i(@} (E’—] —pk(ufif‘-’m‘--ﬂ@}
@y Hy @y O, g \ @y )\ Dy Hy @y @
Equation (B.14) can be non-dimensionalised as follows for the first equation:
myj}+(c+cu)y—cyzl'+(k+kﬂ)y—kuu=c,t+kx
ﬂj) Siu - ,u—u+(1+y Yy— yu=—~x+x
k k "k "k, i Pk
2y+2[£'—+‘ukg ]y 24, gzu-{-(i-rpk)y = I
o, @ o, @, o,
y+2[;"+yk ;m{zja)iy 2pk ~Llwp+al (1+u)y-olgu-200%-0lx=0 (B.30)
2 2

. @ =
y+2[¢,+%—i—§2} o,y - 2 L wa+of (1+ 1)y~ ol pu~20 % —wlx=0
2 2

=iy -
& _Nm 1 - 114,

where: —== e 2 ¢, ————
, M@y Ho, M @

216



And as follows for the second equation:

2
A S A A4, .
mB{A_i) u+c"(u~—y)+ku(u—y)—mg[i-—l]ﬁx:ﬂ
2
n, A R ébw*l 4
An -.+c,,(. .)+ Aa Ac.'
il + = (1~ H—y— =
g R T

%ii+2£(ﬂ—j/)+u»—yww~£~w:1?i=0
0y b v W

2
a+z¢2w2(z:r-y)m;(u—y)—i[%] ¥=0
w\@

4 \ O

N2
. P — @ o
U+ 2,0, (u—y)+pka)22(u—y)—(5%-) ¥=0

[ =
where: {,@, = —=0, /1, &, = £, d,
N H

B.1.2 Reduced-area reservoir wall stiffness

R
) 2,2

; - u(tL

!
AN ; __‘L 0]
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f
S
=~
|2l
I
N
N

Figure B.2: Mechanical model of an AVAI with reduced-area reservoir wail stiffness

The fluid continuity through the port is changed with the reduced area give by A,:
v(d, ~A)+ud, =(4, -4 )x+4,x,

X, ={1-—4¢-Jx+£”—§——€9—y+iu

A, A,
2 z 2
where: A4, =:r%"—, 4, = :r%, A, = :rd—”

(B.31)

(B.

32)

The above equation reduces to Equation (B.1) when the reduced area covers the full wall (i.e. 4, = 4,).
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The continuity equation will be used to eliminate the fluid motion (xz) from the equations of motion.
The equation of motion is derived using Lagrange’s equations. The kinetic energy is:

T =—;-{myy2 +o1 % +m35c;}

2 2
1 3 .2 A0 . A 14, —A4 A, — A
=—sm yV +mi +m e By S I [ e Bt 53, b T | 2 3.33
2{ ny BH AJx+[ AJ ) xy+( y ]y {B.33)

The derivates are:

dor A=A AN A, -4, (A -434 .
— ==ty V+myi| b~ X+ U
di\ oy 4, A, A, A, A,

d[ar] A 4. A(4-4). (4Y.
—l— |=m ——|x+— Y| — | U
di\ o A\ 4] Al 4 A4,

The potential energy and Rayleigh terms do not depend on the continuity equation and are therefore
exactly as before (refer §B.1.1). The equation of motion can be derived using Lagrange’s equations
and by assuming that the x degree of freedom is prescribed:

“} s I H e

u u

4 (B.35)
(——I]( 2 A}ic'+r:5c+kx
A
N _c_
A ‘ x

Transforming the above equation to the frequency domain yields:

2
2 A~ A4 -d
ktk, +io(c+e, )~ m, +m,| -—F —k —iwe, —w'm, R
A, A, A4, liyj!
. 2 A, -4 14 . , 4 Y U
“kn "‘[G'JC'" - mﬂ < j k" + IG’JC!.‘ — @ m,ﬂ A"
44 “ (B.36)
A A -
a-’zms( "*'b*}( 2 J+za)c+k
A, i
- X

The second equation in the set described above can be used to eliminate the U/ degree of freedom.
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The non-dimensional transmissibility can be found as follows:

2
2 A A A, 4,
k+ioc~@’my,| -1 A=A k +ioc, —w'm, A —wtmy, | -1 k, +ioc, + &'my Aod 4
A, Aa A,, 4, A4, 4, 4,

Y

Y P 2 2

. - A -4 14

k+k, +vio(c+c, -0\ m +my, Ao A k, +ioc, - o'm, AL k, +ime, + w'm, | ¢ |

y ) 4, 4, )4

A A
n[A)2)

A4 4

1+ioS — ot (1~ 2) — 0 2N 22 vio - o
3 3

i u H

2 2
] BB
142 “ — P Al 1+IaJk +of (- A4 k-m-

k + k A,
AN P ) e SO S A | PP - S S P LY () § A S
k k k k k k k i k

4 £ it 1

[:I+i2—@—é', 414)[?} ][niz"’gl —AZ[E’_J ]—A[ J {1“2—;2 +(1—JL);L( ”
@ @; ©y @y @, w @,
{ [ Agz]-{[ﬂJ:(l—a)zﬂ[f‘lJ }Hnizmg - A [”’J }J‘"[Hizf’—gﬁ(l-z)x[ﬂﬂ
k o, @, ko, @, @, k @, o,
A
4,

2

where: A= (B.37
The transmissibility can be written in terms of the stiffness ratio and constants defined by Equation (B.25) and (B.26):
2 2 z z 2 b 2
zefe] 3z 2V AR T2 s
@, @, .Uic @, o B\ 0y W, @ @, Hy @y He \ @ w, "
- (B.38)

¥
X @ oY (oY 20 0> MloN{o) 2 0 @5 ileY
T+ g, +i2- [¢1+4¢2J J +(i~4) [TEJ [—J 1+i J«u:fﬁ[tﬁtj [J - 1+im—T‘—;’2+(I~A)———[_}
@ @, @, e 0y i\ @, @ H, @, &, i\ o,



B.2 Adaptive AVAI with slug (Type II)

B.2.1 Slug springs

dy

" % %Jﬁ a; %
%kﬁkfécs, L EL N

My »>/ xa(F)‘ 7 ml X0 }.ﬁi_/
A 2817

‘Vzkg% lff %Cﬂg ‘/ g % -
i

| I ; L
] é f J/wi ¥ LT

H H

Figure B,3: Mechanical model of an adaptive AVAI with a slug

The equations of motion will be derived using Lagrange’s equations. The equations of motion for this
configuration can also be derived by considering force balance as shown by Halwes (1981a). The fluid
continuity through the port is:

yA, = (Ab - Aa)x + A4 x;

B.39
x3:£lw%Jx+§h—y ( )

a a

The kinetic energy is:

T m—;«(mxicz +m3j:§ +my}"2)

2 2
sl ) e

where: m; = pA[l

220



From the previous equation the derivatives can be found:

2
4 —6—7: =|m, +m, ﬁ—1 X+my i-—l ﬁ’—j)
di\ ot A, A, A,

, (B.41)
d{er 4, N4, . 4.
== e By (el B NN ki
df[@] mﬁ[Ag ]Aax {"””'”B[AJ }y
The potential energy is:
;
V= E[k (x—y)2 +k, (xﬂ -y)z]
; ALY (B.42)
z5|:k+k8 (]_/Tj] }(IZ—ny+y2)
From the previous equation the derivatives can be found:
2 2
av 4 A
oa| btk 1= x—|ktky|1-2
feen(-4) a4
) \ {B.43)
av A 4
=kt | 1-22 | k+k | -
o { B( AJ 136 { H[ Au] })
The complete equation of motion can be found using Lagrange’s equations:
H z 2
A A A A A
wonfg] wfiolgl [l feisl],
4, )4 A |07 4 Y 4 ) LY
- H[/{-"—i}j my+mﬂ(m’&) u{c_i_cﬂ[_jm]} :| C+C"(j_~1]
L i (B.44)
k+k5[—’*—1 | k+k, Ay
An Ag X 0
+ , 2, =(,
A A
—[k+kﬂ(7:_i] } k+k, (A_:_l]
Assuming that excitation occurs at the ¥ degree of freedom, the second equation is eliminated:
2 2 2
|:mx+mﬂ(§i—‘£] ]5&+[c+83[%—1] ]x-s-{k-{'ku[wﬁé«w } jlx
’ ’ ' (B.45)

2 2
A A . A , A
=my| L-1[2¥+|ctey| ~2-1 |k +k | -1
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The equation of motion can be non-dimensionalised by introducing the damping ratio and the isolation
and natural frequencies:

2z
B+ 2w i+ 0l = [E’—J S+ 20w, p+ by
(4]

(B.46)
where:
The transmissibility is:
2
14220 {3}
@, w,
= : (B.47)
122y - [—‘”—J
a)’! a)i’l
Assuming that excitation occurs at the x degree of freedom, the first equation is eliminated:
m, +m A 2 J+|c+e i——lz V| k+ky, -—12 ¥
4 LA A,
(B.48)

4, 4, 4 Y 4, Y
=mﬁ[}f—1JZx+[c+cB[?:— J 1x+|ik+k [Z-—IJ X

The equation of motion can be non-dimensionalised by introducing the damping ratio and the isolation
and natural frequencies:

2
. ) @, . .
V4200, 7+ 0l y r[w"—} P+2w i+l x
o,

The equation is the same as when the x degree of freedom is the excitation degree of freedom, except
for the definition of the natural frequency and damping ratio. In the analysis that follows the ratio X/}
can therefore be inverted as long as the corresponding definition of the natural frequency and damping
ratio is used. The transmissibility can be rewritten in terms of the isolation frequency by introducing
the frequency ratio:

2
1+ 23)— d ¢~ ( ]
X @y o (B.50)
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The frequency ratio is a function of the mass and area ratio only. For excitation at y

o)A m(A 4
B
(&’_J B A, JA m A4 )4 p =Dy

2 2 2
@, A 4 -1
’ mx+m‘,}(———b——1} 1+£’£(¢W1J L s (1) (B.51)
A, m \ A,
where: ,um=ﬁ, yA=—/—I”—
mI A{Z

and for excitation at x:

m i—E E Y S E
(&Jz_ ! Art ‘4a__my Aa Aﬂ_ﬂm(ﬂ,ﬂlmi)#/{

o, 2 i 1+ 1, 3
m, + (i 1+Eﬁ(—4”—J Hutla (B.52)
A, m,\ 4,
A
where: =&, 2 b
nl'm X qu An

The frequency ratio must be as small as possible, which can be achieved if the denominator is much
targer than the numerator of the previous 2 equations. Considering the first equation:
H (#4“3)#42 01
I + ﬂrn (/‘IA - I)
4
o (g =) 1y = 1, (12, ~1) D 1
H ()UA_I)[P’A"(#A”])]D 1 (B.53)

(s -1)0 1
condition metif 4 — 0 and/or g, — 1

The second equation follows similarly. The current natural and isolation frequencies can be written in
terms of their initial vatues (before changes to the stiffness ratio) indicated by the prime;

2 2
k| 21| kak|
. 4 A

i <

@, F B H D,
4k, (——’i—i) m+mﬁ(w—lj
2 2
k+k,{~§-’?~—1] k'+k;(fj—*—1)
@) = A" 2 ’ A = p oy (B.54)
’ L ‘_b—.. _—b—
k+k3[~;lz~-1 m+mn( ] I]Aﬂ
@, ¢ o,
§=2 ~—
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The transmissibility can conveniently be written in terms of the stiffness ratio:

2 2
. D W) o’ )
mﬁ wﬂ wl w}'f
r
I

2
1r2 2 Lo @ [
ey Hy H 00 @,
r2 2
1_+i22i¢'~&[ﬂJ

@, H @,
2 2
1+:23,—1_§'w3-{5’i} [ff’l}
_ @, H He \ @,
- 2
1+fzf¢m¥m§'m£(fﬁ})
@, Ky P
2
k+k, (i—l]
A, c

y P p 2
K+ kg [“j“—ij 2|imx+ml{u;15—1J ]rﬂ;

The dimensions used in the design of the device are shown in Figure B.4,

where: g, =

A .
AN
- ‘.NE..,___.

:
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/
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[
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Figure B.4: Definition of dimensions

(B.55)
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The isolation frequency can be rewritten to find the slug length:

2
k+k, [%-1}
= 2 (B.56)

A A
PN S e A
7 A A‘rp [

a

The slug displacement for an undamped device can be found from the continuity equation:

4
Xp=-LY B.57
b= (B.57)

o

The total length required is a function of the reservoir length (/) the protrusion length (I,) and the slug
length (1):
[o=20 =20 +1 (B.58)

If the length of the protrusion (/) is assumed to be equal to the slug displacement:

I, zzz,—sz—m/ (B.59)

a

The length of the reservoir is a function of the compressed length of the spring (Z.):
L=1+20 Y (B.60)

The total length required can be rewritten using the expressions in Equation (B.59) and Equation
(B.60):

l.,.=2!c+2[-§f’——lJY+l (B.61)

o

The port area can now be found in terms of the outside dimensions of the device using the expressions
for the slug fength Equation (B.56) and the total length Equation (B.61):

A, 4 A 4 4 4 N4, 4 N
Lol | -1 |—pd =20 | L1t pd +2| 2wl |V =1 |~tpd +htk,! -1
A, A A, A, A, A, A A

, A . 4, 4Y 4 4N .4

L —A—:-Ahpwl,.wabp =2 o -Ej/ib,owﬂ(,mfffbp+2meApr}:—J —-Z-z+§:{+k+k3 [(i—} —2»;1:’?«+1}
A 2 A 4 4, 4 4,

Lol L p-taw' dp=2a _A_p 21ca),Ahp+2YmAp~Z-—4}’w‘Apr +Waldptkek, =2 v ~2k, -+ k,

PA Lol A p A 22U p A A + 2’ A p AL -2V A, p Al + AV A p A A,
~Wel A pl kL kL + 2k A4 R AL =0

Qa’Ap-20Waldp-Laldp-k-k)A + !pr -2l p A +4¥ el A p+2h,4, )4 ~2Yelpd —k 4 =0
Pt B’} i T b B BTh u i b f-a ]
(B.62)

lm pAid
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The current isolation frequency can be written in terms of the initial isolation frequency by equating

the numerator to zero:
2 12
@ o;
) ~H

1+, (1, 1)’

A {excitation at x) (B.63)
Ho (14 =1) 4

or

1+1um (nu/i _1)2
H b

, {excitation at y)

The damped isolation frequency can be written in terms of the stiffness ratio:

O PR
2y~ .

_(&Jz —1- Mﬂ]z -1 +8£{(9&T + ;} (B.64)
@; o, ] e |\ @,
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B.2.2 Slug stops

4[:}_m

1

J x(1)

Ly

ik

nk

dy
Il
é 5
k3 Te
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>- da | 7/

Figure B.5: Mechanical model of a type 11 AVAI with slug stops

Continuity is described by Equation (B.39), For this derivation it is assumed that the stop will stay in
contact with the slug if the relative displacement between the slug and the reservoir is larger than the
gap (k). This might not be the situation for high damping ratios, in which case the approach taken by
Luc and Hanagud (1998) is more appropriate. For this derivation it will be more convenient to use

force balance on the various components rather than Lagrange’s equations as was done up till now.

Graphically the stiffness can be represented as shown in Figure B.6, where f; is the force acting on the

slug,

e

Figure B.6: Graphical representation-of stop force

227



The stop force is:
1, = Bk, [y —x, —sign (¥ - x, ) ]

mﬁkx{y—x+%(x-—y)—sign[y—x+%(x—y)}h} (B.65)

o el

0 if <h

A
y——x+—j—(x——y)
where: f= !

zh

1 if ‘y~x+-§:#(x—y)

The stop damping force is:
fa=Pe(y-3,)

B.66
=pc_‘[y~x+i;1(x—y)] (B.66)

PAa
ﬂi
o

-PA,, f\ +J‘;f

Figure B.7: Forces acting on the slug when in contact with the bottom stop

The forces acting on the slug are:
=2pd + [+ fo = mpk,

k c m A A4
=t A bt A e T R
PEoa % o T 2, [[ AJ 4,7

i

where:

(B.67)
A, = ﬁ{y—x+~§1’—(x-,V)_Sigi{y—x"'gh“(x“«v)}h}

a

b= p|5- (- 5)]

a
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£

- (A b'Aa)

I k(y-x) + e(y-x}
Figure B.8: Forces acting on the port

The forces acting on the port can be found by substituting the expression found for the pressure in
Equation (B.67):
“2p(4, = 4, }+k(y—x}+c(y-%)=ms
k, c, m AN, A .. .
—{A—"Ad +TA” —A—B[[I—A—:Jx+jy”(,4b —A)+k(y-x)+c(p-x)=mx

a ] 4 a

2
L. A, 4 A . A A . . (B.63)
k(y—x)-&-c(ymx)—-ijd{—/—é—-— .J—C‘AV{A—:—I]—mBJ:(Z’:——IJ x——i—[—:{i——!}yJ:m}c
2
J:m-i-mﬁ(:%z“}J }'c‘:mB(j—:’w]}%j)+k(yn—x)+c(jz—i)—k.,.Ad (-«j«i——i}—cﬁ{j—i—l}

The above equation can be written in terms of non-dimensional parameters:

2
@ k A A

= | S0 | pan A G- SV S L U - N S
¥ ( ,-] y=2w, (i~ y)-o (x~y)-, kAd(A 1} 2;°w"A“(A I}

o

where: @, = j——————— - k - c, {B.69)

a
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B.2.3 Leakage

wmg [

:

[
rd

_I x(7) >_g 7/

o
!
Sy
£

L

eI P

H

Figure B.9: Mechanical model of a type II AVAT with leakage

ivhe

The effect of leakage will be studied with this model. Tt is assumed that the shug is connected to the
port through discrete dashpots as shown in Figure B.9. The exact properties of these dashpots can be
determined by finding the velocity-dependent shear force acting on the port and the slug. The shear
force is a function of the viscosity and the siope of the radial velocity profile in the annulus. The
dashpot properties will, however, not be calculated and this model will only be used to make a

qualitative assessment of the effect of modelling leakage,

If it is assumed that the gap between the port and the slug is small the leakage area is:

A, =end,

The continuity equation is:
v, = x, 4 +end x, +(4, ~ A, —end )x
A, end, — A, end,
Xy =—y+| 1+ x-
4 A A

a o

B

4

If the gap is zero then the above equation reduces to that found in Equation (B.39).

(B.70)

(BI1)
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The kinetic energy is:
T= —;—(m;c2 +my i) 4+ mit)

2
4, (4 -
:%{mxumﬂ[j%[ 2 Eﬁd"—}]i-—gﬁd" x,} +m,xf}

a

A 2 - 2 2 _
T )| - It (AL LY Y EL 0 B IPE Y o AP PG 7)
2 Aﬂ Aﬂ Al, Aﬂ Aﬂ'
4, end -
ok s o Ao VET 2
44 py A

a a

where: my = pAl, m = pendf,

The derivatives are:

d(ar exd, A4, | A, —end,  \erd, A, (4 -end §
—| 1= mtmy |14+ X+ m, &1 e I D W B
dr\ ax A ) A Al 4
A, —end d :
4 —al =, [ 2 LT L N M, + 1y, erd, ¥ - ﬁlf»wmgﬁd"j) (B.73)
ar\ o, A A, A, A, A,

d{or A (A ~end, N A end, | 4Y .
| e = iy, —| T — 1 | X — 1y, e X +m | — | ¥
dr\ 8y A 4 A, 4, A,

o a

The potential energy is:

V= tk(x-y)
f (B.74)
:Ek(x?' - 2xp+ y*)
The derivatives are:
ar
LS
dx b
Loy’ (B.75)
ij
ov
B & g
&y
- m?A
: :, N\

/ [ |
\ jgﬂj J
\. ( S

g —

Figure B,16: Fluid damping
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[A%

The Rayleigh term is:
1 ; : ;
- ;—[c(iw W e (5 -2) ve (3, -5)]

:é{c(i—j)i ce (3 -3 e Eﬁy—(d’ :’Té _1}—(”:“ . 1}]} (B.76)

1 2 . 2 .. A, ; " A, - end, ’ = emd ’ » A (A4 —end, . 4, ( emrd L A —end £xd .
= c(x —~xy+y')+cr(:ri,—x’,x+x )+c= —_ 3+ ~1 %+ =} | X 2 -t |y -2 —4+1|xp+2 e | ~+1 |%x
2 a4 A 4 o4 4 FR ' A A

From the above equation the derivatives can be found:

oR A, —end a8 A, —end end ) 4, ( 4, —end .
el R - o e S N I b R ) -1 “tl|-c, |X - c+e, — ———tm1]|¥
dx £ A A4, A, F A, A,

@

A, —end d Y d
AR oAz N2 )oe ivye [Tt v, |-, 2 )5 (B.77)
%, A A, 7 A, d A4\ 4,

2
oR A, - A d
= c+c‘—é’— A mend, i-c 2> e vl i +|c+e, 4 ¥
3 A A, A\ 4, A
The complete equation of motion can now be found by substituting the derivates found above in Lagrange’s equations:

d -4 4, - ’ A, —end d —erd d
|:m+m8(1+ﬂj___..iJ :|i+|ic+cﬂ+c»‘(l_:fzrmgiﬁlJ :|5‘+m3[ 5 A&"T 9_1]57; “-i!+|:c_r(Ab AE” 5“1)(57; a+EJ_Cp:Ij"[+h

T a

wgnd —~
;mﬁi[iﬁ&_;)y{cﬂj;}(mqﬂﬁk},

4\ 4 A

4, —end, N\erd, . A, - erd end, . end Y |.. end, Y )
my -1 I+|c, -1 +l|—c, |x+]|m+my ¥, +1| +¢, |%
4 ) A 4, A ’ A, o4 ,

m A, end, Src A ( exd, als
EA A Yy SAG Aa y

a a

o

(B.78)
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By transforming to the frequency domain:

2 2
k+im|e+e, +c, ~———-————Ab“£ﬁd“—1 — o’ | m+m, 1+————————gﬂd“_Ab X +<im|e, 4, —end, - gﬁd"+1 ~e, |- o’m, 4 - £nd, »»l\‘mdn X,
i Aa Aa Aa Aa g Aa J Aa
krio]ese o[BI ()| ot B[ ATy
Aﬂ AG' Aﬂ Aﬂ
, . (B.79)
i ¢, Ab_md"-—l Ejm’"Jrl ~e, |- w'm, A memd, g erd, X +{io]c, Md"ﬂ +e [~ m +m, exd, X,
‘ A, A, f 4, 4, L4, 4 A,
= {ia)cs —A"-(——Eﬁd” + IJ —w'm, A end, }Y
AN A, A A,
The second of Equation (B.79) can be used to find X

) d A, - 4, -
ime, = fi{gﬂ--+! — @ my, 4 erd, Y—Jim|e,| 2 end, -1 £rd, F1ll-c, [~@’m,| ~* erd, -1 end, X
4.\ 4, A, A, A, 4, i 4, 4,
(B.80)

i ermd, : 3 end Y
io|c, 41| 4, |—@ | mtmy, &
4, d 4,
Back substitution into the first of Equation (B.79) yields:

A, —end : - : - ? erd Y
{k+ia)[c+cﬂ+c)(-{’m§%wij :|ww{m+mﬂ (1+£§E§—-«é~] ”{iw[c{gzd" +1] +c, -’ mi+m5[ﬂz "J X
— _ — - ) .
lio|c, 4, —end, —1 end, #1l-c |-wm, A, —end, -1 erd, o<, 4, —end, " exd, 1], |-a'm, A, ~end, Wﬂwdﬂ ¥
Aﬂ Aﬂ‘ ! A{f Aa Aﬂ Aﬂ' Aﬂ J Aﬂ'
d : 3 : - —emd
=<im|c, % 1| +e, |0 m +m, exd, k+im c+cs—[ﬂ”— 4 Eﬁd"ml ma)zmg—f‘i'_ A _erds_4)\ly
4, ’ A, 4,0 4, A4\ 4
A, —end d A, —end d erd 4, emd
—~diw c, p —ET LA £x 4] l-c "’*C’szg h ~ET 6 _1 £rd, imcffg_ _“f__j_r_a__'_; _wzl?lﬂ-—bgﬁ aly
A4, A, g A, A, tA\ 4, A A,

X, =

(B.81)




The foliowing natural frequencies and damping ratios are now defined:

(B.82})
C)
Cﬂz : 2
o mam| 24l 1]
i B Aa da [
The transmissibility can be found by using the above non-dimensional relationships:
X _AB-CD
Y EF-G
A @ : oY (oY
Zwmi2—| 44—t +, |- = [
k (] a g wl wn
2 2
.{5‘_214_;2% é’+é’€_‘.{.1.f’.. ﬂ_d{i_} — _ﬂ.J.’L ﬁ
k A A\4, 4, o ) | o,
2 2
c @ 4 £ g @ @\
—= 2| & | d— 1| 4=+ 1 |-, || 2| | —
k ni:é"[Aa da J[ @ ] ¢P:| [ms] [a).-r]
D @ , A £ oV oY
DR S A 1| 2| | —
k w, A\ d, o )\,
E @ A4 £ ’ PRY
Z=l4i2—| L+ | 1| [ —
k CU” I:é’ é’p é') [Aa dﬂ J ] (mﬂ'}
F w £ : oY (oY)
—=i2— | d—+]1| + - =] | —
k ﬂJw |:¢![ drl ] é'p] (m,’J [an
G @ 4 & & o, Vi oY
=i | e D || A=+ | || | | =
k @, {:gl[Aa dﬂ J[ dﬂ ) CP:| [CUEJ {mn}
2
ﬂ._i_ 4£_ é& im4i_3
o, Ty d ®, A\ 4, d,
o T w T
Loom [fb__g;f_..l] ' nﬂ+[ﬁm4iwl]
m ] Aa da mﬂ Ac.' dcr (B » 8 3 )
P 4
CU“ _ da Aa dﬂ W, o An
z;"""“ 2 2
e Mo ffz-_4_‘£__g “ " + fém__;;iwl
mb‘ Aa dr.' ntB An a
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B.2.4 Slug with diaphragm seal

dy

7 % 7/4[;:(1)

xp(f) ~

0!

% ;
(-
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!

’f" il
)

E

Figure B.11 Mechanical model of a type II AVAI with a rolling diaphragm seal

To derive the continuity equation it must be recognised that the diaphragm cannot stretch and that the
relative motion between the slug and the port is:

Considering continuity gives:

v, = 2,4, +%(x8 +x)(4, -~ A,)

]

The total kinetic energy is:

T =é~(mi'2 +my 5 )

A, -4
T:—I- m+m, | 2—=2
2 A, + A,

z
2
j X ~my

1
X, :E(IB +x)

24,

From the above equation the derivatives can be found:

d[aT)
—|—|=|m+
dt\ Ox

d{8r
400
dr\ 8y

4 -4Y |,
HIB X+m
A+ A4,

44, (A, ~4,)

AbMAn
= X+
A+ A A+ 4,

4Ab (Aa o Aa)
(Ab + An )2

4.4, (AB - A,,)
! (4, + 4, )2

X
(4, +4,)

A, + A,

2
A, 2
+Aﬂ] Y }

(B.84)

(B.85)

(B.86)

(B.87)
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The potential energy is (ki represents the total stiffness of both diaphragms):

1 2 2
Vmé—lik(x—-y) +kR(xB-x):|
_1 K- y) +k 24, (44 2 (B.88)
2 AL R )

From the above equation the derivatives can be found:

2
4, = A - 24, (4,4
CUR PN i Sak ) B e et S P YA 16 ")+k,{ L
ox A+ 4, A, + 4, (4, + Aa)z A + 4,

2
4 24, (A4, -4
o k+k, » (4 ;)+kR 24, |ay kv, 24 y
oy (4, +4,) 4, + 4, A, + 4,

The Rayleigh term is:

(B.89)

1 . . .
ng[c(xmy)2+ck(xﬂ_x)2]
=1 e(x-y) +e 24 oA, 2 B0
2 Vel A v A

From the above equation the derivatives can be found:

2
aR Ay - A A -4 , 24, (4,— 4,) 24, |.
=|c+c | —2¢, L+, [x-]e+e + 2
r: R(A,,-FA} R n} [ r Cy ] ¥y

Pl i L + A, (4,+4,) A4, +4
2

AR 24, (4, -4 24 24

e = | C {4 2”)+CR 2 |i+|e+e, b Y

v (4, +4,) A+ 4, A+ 4,

The complete equation of motion can now be found by substituting the derivates found above in

(B.91)

Lagrange’s equations:

2 2 3
A, — 4 A, —A A —A A —-A .y

Moy | = | E e e | S| —2e, Tt [+ Rk | 1| — 24k, A Ltk |x
W, + A4, A+ A, A+ A, A, + 4, A+ 4,

A
oy 2 | § | kg ZA”(A"M?)+ . 24,
(Ab +Aﬂ) Ah +Aa (Ab +Aa) Ab +Aa

(B.92)

The transmissibility can now be calculated by transforming the above equation to the frequency

domain:
24, (A4, -4 24 24 {4 - 4 24 , 4444 -4
k+k, (4, 2“)+ ; f—tiwictc, 4 2"}+cR : +w'mﬂ——ﬁ—€—~ﬂ—»—————~2")
X (4, +4) A, + 4, (4, +4,) A, + 4, (4+4)
Yo A -aY 4 -4 4 -4y A - A A -4y
k +kR h L4 _2kR ] (] +kn + fﬂ') C+CR b £l _2Cn 1 3 +CR + wl m+m3 & a
An‘l + Arl Ab + A{l Ab + An Aﬁ + Au- Ab + Aﬂ

(B.93)
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The isolation frequency is:

24,(4,-4,) T 24,

k+k}e(A+A)2 LRy
@ = b i (B.94)
44 (4, -4,)
D ()

The effective mass tertn can be rewritten as follows:

A -4 z A A — A
Tty Wiwmﬂ 44, o f’( "’2 ") = 4 7 My {1—1{”‘]5&‘ (B95)
(4, +4,) (4,+4) A { 4, J

By comparing the effective absorber mass term in Equation (B.94) with the isolation frequency of a
system without a rolling diaphragm an effective mass ratio can be found:

[V .. (B.96)

ratier A z
L4
Aﬂ
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APPENDIX C

Derivations for chapter 3
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C.1 Type I AVAI (equation of motion)

The equation of motion from Appendix B can be non-dimensionalised and written in terms of the
stiffness ratio as follows for the first equation:
myji+(c +cu)j)—c"1k+(k+k")y—kuu = ¥+ ko

mJ’ 3 c Cy ; Ey c .
Al el e o p i (L )y =i x

kﬂ kd
1 . <,
2)}-;—2[4-1 pk—é—i}y—Z,uk §2u+(]+pk)y pu=2"t%+x
@ o, o, w, @,
.. , @ . .
y+2[§l +ﬂkj§zjw1y—2#kj§2wlu+w? (14 g )y - o g~ 25 0%~ @ x =0 (C.1)
2 2

'.l

. (22
y+2(§[+;)__—‘§2] - 2% b Z i+ o) (1+,u,‘)y @} =20 @ % — ol x =0
2

g
o s _
. 41 - Au.k = I = 1 _ 1 Cz
where: = e e 2R
@, @y \p iy My

And as follows for the second equation:

2
A0 . L A A, .
my [-&i—] iitve, (d—3)+k, (u=y)-my, {—/ﬁ-—l]j:—x=0
3
A
my 141 my éb——l 2
A0 C,,(. ) A, A 0
T i - Py —— L L ¥
3 vy Y %

4 u N

I 1
—-—-u+2 - y)+ru-—y———%=0
o] W, P Hy @ (C.2)

z
ii+2§1w2(z’t-jﬁ)+a)j(u—y)—i{—a§-] i=
H\ 9,
ii+2§72a72(ﬂ—j/)+;£k&5§(u——y)~(€o~f—J ¥=0
@,

- —
where:  £,m, = =g, S pt, &, = ¢, 0,
v
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C.2 Typel AVAI (quadrature objective function)

The quadrature objective function can be evaluated by finding the point product of the input and
output signals. This must be done over a predetermined time period 7. Assuming that the input and
output are given by two harmonic functions:

x(t)= X cos(wt+0)

(C.3)
y(r) =Y cos(wr)
where f is the angle between the response of the system and the input.
The input can be rewritten as;
x(f)=Xcos{wt+0) | ' (C4)
= X cos(pe)cos (@)~ X sin(wr)sin(g)
The point product is {Long ef al. 1994):
f=x()y ()
1 Ii2
- _[ [X cos(wi) cos (@)~ X sin(we)sin(@)]Y cos(wr+ ¢)di
-Tf2
z T2
= j X cos(wr)cos(g)Y cos(wt + ¢}~ X sin(wr)sin(0)Y cos(wt +¢)dr (C.5)
-1z .
~ XYcos (2
2

=0 when 0=(2n+1)g— n=012.

C.3 Type Il AVAI (equation of motion)

The equation of motion from Appendix B can be written in terms of the stiffness ratio to make funing
possible. The equation of motion is:

2
j}+2§wﬂy+wfy=(%—J ¥+20w x+olx (C.6)

i

As before, the current natural frequency and damping ratio can be written in terms of the initial value

as follows:
1
g = -
Ny (C.7)
CU” = ,le Cl)’:

Substituting the above relations in the equation of motion:
, 2
j3+24'hl,',j)+ykw;y=(—%,—] X+20w %+ ox (C.8)
o

i
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APPENDIX D

Derivations for chapter 4
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D.1 Vibration measurement of a Boart Longyear S250 rock drill
(calibration factors)

Table D.1: Calibration factors
Sl xedirection’ | - yedirection’ | ¢ z-direction

Calibration factor [V/g] 0.029176 0.031604 0.031604

D.2 Type I AVAIT design (air spring stiffness)

Py ! P,V

Figure D.1: Double sided air spring

The force balance acting on the piston is:
F=(P-P)4 (D.1)

Assuming adiabatic compression the pressure in the top and bottom chambers can be written in terms
of the initial pressure (P;) and volume (¥)):
RV, =RV’ (D.2)

where 7 is the ratio of specific heats (1.4 for air).
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The force relationship of Equation (ID.1) can now be written in terms of the initial pressure and volume

values:

s8]

(D.3)
S (ORES)
h—x h+x
where A is the initial height.
The stiffness of the spring is the derivative of the force with respect to displacement:
dF, 1 n+l I e+l
k=% =npaw 4
& Kh—x] +[h+x] J (D4)
At small displacements this reduces to:
k= 2nP A (D.5)
h
D.3 Typel AVAI design (heavy liquid properties)
Table 3.2 Summary of liquid properties at 25°C
Ted 1 5 [ & [T G| e
L L el | Nemy | 1O )| ming
Water H.0 998 1.00x107 0 100 0
Bromine Br, 3113 0.91x10° -7 50 4
Bromoform CHBr, 2894 N/A | 150 3
Carbon tetrachloride CCl, 1590 0.97x10™ -23 76 3
Lead tetrachforide PbCl, 3174 -15 105
LST 2954
Mercury Hg 13550 1.56x107° | -38 | 356 4
Phosphorous tribromide PBry 2846 -40 173 3
Selenium bromide Se,Br, 3597 227
Selenium monochloride Se,Cly 2764 -85 130
Tetrabromoacetylene Br,CHCHBr, 2954 0 135 2
Thionyl bromide SOBr; 2675 -52 138
Thiophosphorylbromidechloride PSBr,Cl 2475 -60) 95
Tindibromidedichloride S$nBr,Cl, 2814 -20 65

" Baker SAF-T-DATA™ heaith rating, 0 = no hazard, 4 = extreme hazard.




D.4 Type I AVAI design (forces acting on the drill)

Figure D.2: Forces acting on the drill

The forces acting in the x-direction:

The forces acting in the y-direction:

=—R ~F+Psin(0)

The moments about R:

Y M=0

o
=F{a+b)-Psin(0)a+Pcos()e
Fe Psin(@)amPcos(E)c

a+bh
Table D.2: Drill dimensions
Dimension - - 1 Valuefmm} 0
a 1690
b 330
C 70
Piston diameter 63

(D.6)

(D.7)

(D.8)
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Figure D.3: Force vs. angle for a supply pressure of 400 kPa

D.5 Type I AVAI design (forces acting on the handle)

Nk:
¢:“?
u‘ i
J
(= —1
o

Figure D.4: Moment acting on the handle

The deflection at point R; can be calculated using the sum of the moments about R;:

> M=0

:F(a+—il]-wR1b
2
F[mg] (D.9)
R =——i
b
51=£[E+i)
E\b 2
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The deflection at point R, can be calculated using the sum of the moments and force balance in the y-

direction:
Y F =0
T
=—R,—R-F
b
F[GHLEJ (D.10)
Rl = ——EMWF

The rotation angle can now be calculated by using Equation (I2.9) and Equation (D.10):
# =sin™ [52_'_‘?'1_)
b

msgn{-g[%—%]—%[%gj} ®.11)

D.6 Type IT AVAI design (effective area calculation)

A

dp

Figure D.5: Definition of dimensions

The volume change due to relative displacement & is:

AV:%Abh—%A,(h-—é) (D.12)
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The relationship between h and 4 is:

1 o1
~d, ~d,~—d,
22" a2
h 5 (D.13)
he—t_s
d,~d,

The volume change can now be written as:

1 1
AV ==Ah-——A{h=5)
37T

d d
LR T PN GO, S S (D.14)
3% d, 37\ d, ~d,
= _w‘_{fih__ dd; +d,2 5
12\d, -4 4 -4

D.7 Type 11 AVAI design (damped design method)

The ratio of natural to isolation frequency is independent of the change in stiffness:

(D.15)
2 h 1)
[Q—J = : : (D.16)
QR RED
wl a){
The right hand side of the equation is constant;
2 r P 2
—[ﬁﬂ-] ~1- Hf"—J —1} +8¢2HﬂJ +1}
W, @, o,
= = 5 (D.17)
o els] )
@, @,
The isolation frequency can be written in terms of the constant C:
O =wC
2 k
Q =————C (D.18)
Ay
mem %)
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The device has to be designed such that the excitation frequency coincides with the isolation
frequency (i.e. @, = Q,). If it is assumed that the stiffness consists of a spring in parallel with the air
spring, the stiffness can be written in terms of the pressure:

k=k,P+k, (D.19)

Since there are two unknowns, two sets of excitation and pressure values are needed to solfve for k&, and
k.. In matrix format the set of equations are;

el

]

5
5

To solve for the stiffness:

[ [ﬂ)z}
el e
c ro1] | Q

2
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APPENDIX E

Derivations for chapter 5
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E.1 Refined model for a type I AVAI

Figure E.1: A liquid vibration absorber system with base excitation

_t x(t)

T 0

The displacement of the top and bottom elements must be equal under steady-state conditions because
the fluid is incompressible. To find the continuity it is necessary to calculate the fluid displaced by the
membrane. To do this it is necessary to know the shape of the membrane when deflected. If it is
assumed that the displacement of the membrane assumes the shape of a paraboloid, the volume

displaced can conveniently be written as:

v=tan
2

(E.1)

with % the height of the paraboloid, which in this case is the relative displacement between » and y.
Alternatively, if the membrane behaves as if fixed at the boundary, no rotation is possible and the
deflected shape can be calculated (Young & Budynas, 2002).

The shape is a function of the radius:

M
(P=y +———et LT
d y‘ZDU+ﬂ 4
4
where: LT =- 4
4 640D
4
Q
Yo =T
64D
2
1+
a2 4 0Y)
16
3
pe_ B
12(1-v?)
forr, =0

(E2)
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a is the disk radius, v Poison’s ratio, ¢ the distributed load, E is the Young’s modulus, ¢ the membrane
thickness and y, the displacement of the centre of the disk. From the above y can be rewritten:

2 4
U I
azD 64D
(E.3)
= 1-w%~r2 +-’i
Y. i a
The displaced volume can now be calculated:
alr 2 r4
Vo= == 4 |rdBdr
T3]
T2 P
=27y, [r~-sr +—dr
O
4 P
=2ry, [lrz - }.,wr_ + J_} (E4)
2 2at 6a' o
1,
=—may,
3 yL
=1y
3 b Ye

To make provision to test assumption regarding membrane shape the derivation of the equation of
motion will be done in terms of a shape factor S The volume is therefore:
V==584h (E.5)

The change in volume can be calculated by subtracting the initial volume from the current volume. In
Figure E.2 the initial values are denoted by the subscript i, while the current values are without
subscript,

i

Vi U;

Figure E.2: Membrane displacement
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The volume after relative displacement § is:

v, :%A,Jhn A, (hwcS)m%Aa (h, ~h+5)

h =22 (E.8)
Z
Lo g
db

d d
S L SR S A
37"d, ~d, 37d, —d,

The change in volume due to the relative displacement § is;

AV, =V, -V,

_[Adi-Ad, 7,
Tl 3(d,~d) T

(E.9)
= A5

The total displaced volume is a function of the absolute and refative displacements of both x and y as
explained in Figure E.4,

@ (4n- A

A r'.(x - V)
Sesese
PSS (A - A

Figure E.4: Total displaced volume



The continuity is now given by:

[4d -Ad
(1-5 )4 y+S,du= W~Aﬂ}(x—y}+(Ab—A‘,)y+Anxﬂ
L b @
[ Ad,-Ad, A4 4 p
xg=hl—m}(lﬁ—y)+[1—A—in+(l“Sf)fy+Sfji"u
I A!xd!a - Aadﬂ Ab Ahdb - A)do Ab
=|Th " ete g lh o N Pt 3
34,4, ~d,) fAJ “{ 4 (d,—d ) [T

=Cy-Cx+Cu (E.10}

_hdmAd, o4 _1A4(4Y 4
"34,(d,-d) T4, 34.|\4, \ 4

2
Ad, -Ad 4,1(4d d
C, =1-—2t oo ALY L%y
34,(d,-d,) 34,\4d, d,
Ab

¢, =5, -

The kinetic energy is:
T= lmxfcz +~~1«»myy2 +im,jx;
% 2 2 (E.11)

= mexz + ém_vyi’ + -;-m,, (CHy* + Cix* + Cu® = 2C,C,y + 2C,C, pit - 20,0, 31t

The derivatives are:
_[Z_) =m, i +my (C15 = C,C, 5 - C,Cy)

=-—m,C,C, ¥+ (mx + mﬂczz)jé —my, C,Cii

d(ar y - . "
— e =m y+m, |C ¥y -CC,x%+C.Cii
dx[ﬁyJ P E( 1 ¥ Ly i3 ) (E.12)
= (m, +m,C7 ) =y CCo% + myC, G
d{ar ) . .
E[EJJ = my (Clit 4+ C,CJ = O, %)
= 1y G Co ¥ = my CyCod + myCrii
The mass matrix is:
M, M, M, |m+mCl -mCC, mCC,
M, M, M/|=|-m,CC, m +m,C; -mC,C, (E.13)
M, M, M, m,CC,  -mC,C, mCh

The potential energy and Raleigh terms are the same as before (refer to Appendix B). The equation of
motion with v prescribed and no external forces acting on the system is:

MS MG x n ¢ 0 ).’ + k0 x = ky+Cy—M4y (E.i4}
My M| |0 ¢ J|n] [0 & Ju] [ky+ep-My
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By transforming to the frequency domain:
k+imc:m2M5 -o*M, 2 X _ k+imc+mziv!4 v (E.15)
-0 M, k, +iwc, ~o M, || U k, +iwe, +o° M,
The membrane displacement is:

(k+imc+sz4)_-};):§:+i“’C”sz5)X (E.16)
&

U=

The transmissibility is:

X w* M, (k, + ioc, +a)2M3)+(kn +ime, - &' M, )(k +ioc+ o’ M,)

A - (E.17)
¥ (k“ +imc, —a)zMg)(k+imc—w2M5)~(aJ2Mﬁ)
The following natural frequencies can be defined:
:  k k
0)‘ :—:—————2-—
1”1 m, +mBC1 (EES)
The transmissibility can now be non-dimensionalised:
M, k M M
0 Lol 1rioe Sy o T3 g 1rip St - 0?22 1+inSrat
X K kK, k k, k, k k
Yo M MY
1+ia)-c’—'~—a)2~hj3 1+im£—a}2-——§- -—k—“ wzm‘iﬁm
k, k, k k k k,
-’ m GG I+ia)££”—+ o’ LSS +1+iod - o myCs T+ios -’ GGy
k, k k, k k, k) k k
= z
1+.f'a)fi—a)2 mmﬁCf ]+ia)£-—a)1———————m‘ +mBC22 —-]fﬁn w* my GGy
k!-‘ k}l k k k k"
2 2z 2 2
! k
Glollspeh, LGlo) 1 p@,y (23 11n% (£
C, \ w; k kEC\ o, @, 1, @, ar,
) o PRY @ oY| k|ClaY i
vz (2] e -(2T]£[()
@, , ;g @ k| C;\ oy
k k 2 k k I kn ku
m‘ e a1 A — - a wG — P
M, mGC M, mC/C, M, myC,C,
k k C k C
ﬂ);2=~A:}f—= "2, §:k—3 9’2, w, =-k—= T ézm—-‘lﬂ)gzz
PR e k, C, My m, +mgCy G
[ c C
= L = , = (E.19)
2m,Cloo)” 7 2(m, +m,C} ), & 2m,C,C,m,

The equation of motion with x prescribed and no external forces acting on the system is:

M, M, y+ c+c, -c, ):J+ k+k &k |ly _ kx+c.7'c—.1."|42)'c' (E.20)
M, M, || i -, e, ||# -k k u -M,

" u
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By transforming to the frequency domain:

k+k, +io(cte)-o’M, -k ~iwc, —0'M, |[V] [k+ivc+o’M, ¥ E21)
~k, —iwe, — o' M, k +iwe, —o’M, U w* M, '

The membrane displacement can be found from the second equation in the set defined above:
(k" +ime, + ﬂJZMZ)X ~[k +k, +iw(c+c, )~ szi] 4

_(ku +iec, +m2M3) (E.22)

The transmissibility is:

v (b +ioe, +of My’ M, + (K, +ioc, - oM, ) (k+iwc+o" M, ) (E.23)

X (kn +iwe, —culMg)[kJrk" +im(c+c”)-a:2M]:|—(ku +iwe, +m2M3)2

The transmissibility can now be non-dimensionalised:

o Mo 1+im£’i—f¥#+ml~% + 1+iaJ-c—”——a;2y~9~ E+z‘m5+m2—ﬂi€
Y I, k k k, k, k k
X k K i MY
1vinSmwr Mol B ] £ Bl cot M R S s
k, k| k Kk ok, K|k k, k,
2 mBC?,CE 1+ @ ] c!f + 2 mBCECB + 1+iw u wl mﬂc'_’»z l+1’ Emml mBClCZ
k" H N kll k
2

’ k
2 2 2 2
««93{3’,—} 1+isz’;--’fitgy+5&§i(f7] + 1+f2-"—"7g"w[ﬂ,J 1+f2—“’—¢2—(—“’m”
C,\ &y w, k k C\ o, w, @, @, w,
2
k

0)2_ k - k @ _______]E____ k J2__kn___ kn 12 W ku
M, mCGo M, mCC,~ M, mCC~ T M, mCi
C k k C
‘:‘)32 ='k—_3m(;2! 3,2 = _3%,2’ a’lz == 7 [:2 = '_360‘;2
k, C 1 M, m, +m,C G,
¢ c c
£, = o = £, = i (E.24)
2m,Croy” T 2{my + myCl o, I am,C @,
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